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Introduction

The book represents the author’s PhD thesis entitled “The study of simplicial
complexes of non-positive curvature” written under the guidance of Prof. Dr.
Dorin Andrica at the Faculty of Mathematics and Computer Science, “Babes-
Bolyai” University, Cluj-Napoca, Romania. The PhD thesis was sustained in
public on the 11th of December 2009.

The book is naturally divided into two parts. In the first part we introduce
the notion of discrete Morse-Smale characteristic of a finite simplical complex
and we define exact and [F-perfect discrete Morse functions on a finite simpli-
cial complex, F being any coefficient field. Further we give a few examples
of F-perfect discrete Morse functions on finite simplicial complexes (see [4],
[30]).

In the second part of the book we investigate metric and combinatorial
conditions which guarantee the collapsibility of a finite cell complex of di-
mension 2 and 3.

Namely, we find combinatorial Cartan-Hadamard theorems on finite cell
complexes of dimension 2 and 3. The classical version of the theorem states
that simply connected, non-positively curved spaces are contractible. Re-
placing the smooth setting by the discrete one, the notion of contractibility
is replaced by the one of collapsibility. The two notions are not equivalent.
Although collapsible cell complexes are always contractible, contractible cell
complexes are not necessarily collapsible. Bing’s house with two rooms, for
instance, is a contractible cell complex because it is a triangulation of the
3-ball, but it is not collapsible since every edge is contained in at least two
2-cells.

One metric condition we consider is given by the CAT(0) inequality. A
geodesic metric space is a CAT(0) space if geodesic triangles are thinner than
comparison triangles in Euclidean space (see [2], [3], [12], [13], [14], [23], [10],
[11]). Another metric condition we have in mind is given by the strongly
convex metric (see [35], [12], [33], [34]).

The combinatorial condition we consider is given by the 6-property of a
simplicial complex (see [16], [17], [31], [21], [22]). A 2- dimensional simplicial
7



complex has the 6-property if the link of each vertex is a graph of girth at
least 6. The girth of a graph is defined as the minimum number of edges
in a circuit. The 8-property for 2-dimensional square complexes and the 12-
property for 2-dimensional hexagon complexes can be defined similarly. In
higher dimensions, the 6-property is called local 6-largeness (see [24], [25]).

In dimension 2, the 6-property (8-property, 12-property) coincides with
the CAT(0) property of the standard piecewise Euclidean metric on a sim-
plicial (cubical, hexagonal) complex. This holds since a two-dimensional
polyhedral space is a space of nonpositive curvature if and only if the link of
each vertex does not contain a subspace isometric to a circle of length less than
27 (see [13], chapter 4.2, page 113; see [12], chapter I1.5, page 207). Hence the
standard piecewise Euclidean metric structure on a 2-dimensional simplicial
(cubical, hexagonal) complex is nonpositively curved if and only if the link
of each vertex of the complex has girth at least 6 (8, 12). We emphasize that

the equivalence no longer holds in higher dimensions (see [24]).

The collapsibility of finite simplicial complexes was studied before. W.
White showed in [35] that finite, strongly convex 2-complexes collapse to a
point and that finite, strongly convex 3-complexes collapse to a 2-dimensional
spine. His proof is based on the definition of an elementary collapse. So in
dimension 2, the collapsibility of a finite simplicial complex can be ensured by
a metric condition. In dimension 3, however, the metric condition alone does
not guarantee the collapsibility of the complex to a point. Still, we will show
that, by adding a combinatorial curvature condition, called local 6-largeness, a
finite, strongly convex 3-complex can also be simplicially collapsed to a point.
A proof of this result is one of the paper’s objects (see [7]). An important step
in our proof is to investigate whether the subcomplex obtained by performing
an elementary collapse on a finite, 6-large complex of dimension 2 (3), remains
6-large.

Besides W. White, D. Rolfsen also studied spaces that admit a strongly
convex metric (see [33], [34]). Namely, he proved that any finite, strongly

convex and without ramification 3-complex, is homeomorphic to the 3-ball.

The collapsibility of a finite 2-complex can be ensured by another metric
condition, different from the one in [35]. No combinatorial condition is

8



necessary to prove that a finite 2-complex with a CAT(0) metric, is collapsible.
A proof of this result is another of the paper’s objects (see [28]). A key step
in our proof is to show that any finite, CAT(0) 2-complex retracts to a point
through subspaces which are, at each step, CAT(0) spaces. Our proof relies
on the definition of an elementary collapse.

J. Corson and B. Trace proved that a finite, simply connected, 2-dimensional
simplicial complex that has the 6-property, collapses to a point (see [17]). Their
proof uses van Kampen diagrams (see [31]). Hence a combinatorial condition
also suffices to show that finite, 2-dimensional simplicial complexes collapse
to a point.

K. Crowley proved in [18] that a finite simplicial complex of dimension
3 or smaller endowed with the standard piecewise Euclidean metric that
is nonpositively curved, simplicially collapses to a point, under a technical
hypothesis. Namely, every 2-simplex in the complex must be the face of at
most two 3-simplices in the complex. The main tool used in her proof is
discrete Morse theory (see [19], [20]). The condition which guarantees the
collapsibility of the 2-complex in [18] seems metric, although it is in fact
combinatorial. Namely, endowing the 2-complex with the corresponding
standard piecewise Euclidean metric such that each interior vertex of the
complex has degree at least 6, the naturally associated piecewise Euclidean
metric on the 2-complex becomes CAT(0).

The results we obtain in the last two sections of the book are based on
regular tessellations of the Euclidean plane. There are only three regular
tessellations of the Euclidean plane: by triangles, squares, and hexagons. Let
p and g be positive real numbers such that % + % = % As is well known, the
only positive integral solutions this equation has, are (3, 6), (4, 4), and (6, 3). It
is hence possible to subdivide the Euclidean plane into regular p-gons such
that each vertex is g-valent if and only if (p, q) is one of the pairs (3,6), (4,4),

or (6,3).

J. Corson and B. Trace used in [17] the first possibility of subdividing
the Euclidean plane (by triangles) when proving the collapsibility of a finite,
simply connected, 2-dimensional simplicial complex with the 6-property. K.
Crowley used in [18] the same method of subdividing the Euclidean plane

9



when showing the collapsibility of a finite, CAT(0) simplicial complex of
dimension 3 or less. We focus in this paper on the other two possibilities
of subdividing the Euclidean plane (by squares, and hexagons) and obtain
similar results (see [29], [9]).

Namely, in section 4 we prove thata finite, simply connected, 2-dimensional
square (hexagon) complex satisfying a combinatorial condition, collapses to
a point (see [29], [27]). The combinatorial condition we consider is given
by the 8-property (12-property) of a square (hexagon) complex. Besides, we
show that a locally finite, simply connected, 2-dimensional square (hexagon)
complex with the 8-property (12-property) is an infinite ascending union of
finite collapsible subcomplexes (see [29], [27]). Our proof uses van Kampen
diagrams.

In the last section of the book we prove that a finite, CAT(0) cubical com-
plex of dimension 3 or less endowed with the standard piecewise Euclidean
metric, is collapsible, under the same technical assumption as in [18] (see
[26]). We also show that a finite, CAT(0) hexagonal complex of dimension 2
endowed with the standard piecewise Euclidean metric, collapses to a point
(see [9]). The CAT(0) 2-dimensional cubical (hexagonal) complex is con-
structed by endowing the 2-complex with the standard piecewise Euclidean
metric such that each interior vertex of the complex has degree at least 4
(3). The naturally associated piecewise Euclidean metric on the 2-complex
becomes then CAT(0). Our proof follows by applying discrete Morse theory.

It is interesting to note, however, that the collapsibility of a finite, simply
connected simplicial (cubical, hexagonal) 2-complex with the 6-property (8-
property, 12-property) implies the existence of a strongly convex metric on
the 2-complex. This holds since a collapsible simplicial (cubical, hexagonal)
2-complex admits a strongly convex metric (see [35], [5], [6]). We emphasize
that the implication was already clear for simplicial (cubical, hexagonal) 2-
complexes with the 6-property (8-property, 12-property) endowed with the
standard piecewise Euclidian metric. Still, due to their collapsibility, all
finite, simply connected simplicial (cubical, hexagonal) 2-complexes with the
6-property (8-property, 12-property) admit a strongly convex metric, not only
those endowed with the standard piecewise Euclidian metric (see [35], [5],

10



[6]).
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in writing this paper, for his precious and constant advice, for patience. I
gratefully acknowledge his support during the preparation of this paper.

I would also like to thank Prof. Dr. Mircea Craioveanu and Prof. Dr.

Csaba Varga for their helpful suggestions and useful remarks.






1 Preliminaries

We present in this section the notions we shall work with and the results we
shall refer to.

In the first part of the section we introduce the fundamental concepts
we shall be concerned with throughout this paper and give a few results
regarding them.

In the second part of the section we define the CAT(0) spaces and we
study some of their basic properties. Roughly speaking, CAT(0) spaces are
geodesic metric spaces whose definition is based on a comparison with the

Euclidean space.

The third part of the section presents van Kampen diagrams, a useful
tool for proving the collapsibility of finite 2-dimensional cell complexes. Van
Kampen diagrams enable us to study a cell complex by associating to each
closed edge-path in the complex a diagram in the Euclidean plane which
contains all the essential information about the closed edge-path. Besides,
we introduce in this subsection a family of conditions on a simplicial com-
plex which characterizes locally the simplicial non-positive curvature of the
complex. We call these conditions local 6-largeness except that in dimension
2, local 6-largeness is called the 6-property of the complex.

1.1 Basic concepts

We present in this subsection basic facts about geometric notions such as
distance, geodesic, angle, curvature and elementary collapse.

Definition 1.1.1. Let (X,d) be a metric space. If x,m,y are three points in X
such that d(x,m) + d(m, y) = d(x, y), then we say that m lies between x and y. We
call m the midpoint of x and y if d(x, m) = d(m, y) = 1d(x, y).

Definition 1.1.2. Let (X, d) be a metric space. X is a convex metric space if
for any two points x,y in X, there exists at least one midpoint m. X is a strongly
convex metric space if for any two points x, y in X, there exists exactly one midpoint
m. X is a without ramifications metric space if for any three points x, y,x" in X,
no midpoint of x and y is also a midpoint of x" and y, unless x = x’.
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Definition 1.1.3. Let (X, d) be a metric space and let c : [a,b] — X be a path in
X. The length I(c) of c is defined by:

o)= sup Y dct), c(tin)),

a=ty<t <..<t,=b

where the supremum is taken over all possible partitions witha = t) < t; < ... <
ty =D.

Theorem 1.1.4. Let (X, d) be a metric space and let c : [a,b] — X be a path of
length Iy < co. Then the function A : [a,b] — [0, 1] defined by A(t) = I(cla,q) is a
continuous weakly monotonic function.

Proof. See [12], chapter 1.1, page 13.

O

Definition 1.1.5. Let (X, d) be a metric space and let x, y be two distinct points
in X. A segment c: [a,b] — X in X connecting x to y is a path which has, among
all path joining x to y in X, the shortest length.

Theorem 1.1.6. Let (X, d) be a metric space. Let x and y be two distinct points
in X.

1. A subset S of X containing x and y is a segment joining x to y if there exists
a closed real line interval [a,b] and an isometry ¢ : [a,b] — X such that
c(a) = xand c(b) = y.

2. Apathc:[a,b] = X joining x to y is a segment from x to y if and only if
l(c) = d(x, y).

Proof. See [2], chapter 1.2, page 76.

O

Theorem 1.1.7. Let (X, d) be a complete metric space. There exists a segment
in X (which is not necessarily unique) between any two distinct points x,y in X if
and only if X is a convex metric space.

Proof. See [32].

14



Theorem 1.1.8. Let (X,d) be a complete metric space. There exists a unique
segment in X between any two distinct points x, y in X if and only if X is a strongly
convex metric space.

Proof. See [32].

O

Definition 1.1.9. Let (X, d) be a metric space. A geodesic path joining x € X
toy € Xisapathc : [a,b] = Xsuchthat c(a) = x, c(b) = yand d(c(t), c(t')) = |t -]
forallt,t' € [a,b]. The image  of c is called a geodesic segment with endpoints x
and y.

A geodesic metric space (X, d) is a metric space in which every pair of points
can be joined by a geodesic segment. We denote any geodesic segment
from a point x to a point y in X, by [x,y]. We emphasize that any such
geodesic segment is not determined by its endpoints. Thus, without further
assumptions on X, there may be many geodesic segments joining x to y.

A geodesic triangle in X consists of three points p,q,r € X, called vertices,
and a choice of three geodesic segments [p, 4], [g, 7], [, p] joining them, called
sides. Such a geodesic triangle is denoted by A([p, g1, [, 7], [, p]) or A(p,q,7).
If a point x € X lies in the union of [p,q], [¢, r] and [r, p], then we write x € A.
A triangle A = A(p,q,7) in R? is called a comparison triangle for A = A(p, g, 7) if
d(p,q) = dre(p,q), d(q, ) = dga(q,7) and d(r, p) = dpa(7,p). A point x € [g,7] is
called a comparison point for x € [q,r] if d(g, x) = dR2(g,%). The interior angle
of A = A(p,q,7) at p is called the comparison angle between g and r at p and it
is denoted by Z,(g, r) (the comparison angle is well-defined provided g and r
are both distinct from p).

We give further Alexandrov’s definition of the angle between geodesics

issuing from a common point in an arbitrary metric space.

Definition 1.1.10. Let (X,d) be a metric space and let ¢ : [0,a] — X and
¢ 1 [0,a’] = X be two geodesic paths with c(0) = ¢’(0). Given t € (0,a] and
t' € (0,a’], we consider the comparison triangle A(c(0),c(t),c’(t')) in R* and the
comparison angle Zqo)(c(t),c’(t')). The Alexandrov angle or the upper angle
between the geodesic paths c and ¢’ is the number /(c,c’) € [0, ] defined by:

15



L(c, ) :=limsupZyo)(c(t), ¢’ (') = lim sup Ze)(c(t), c'(t')).
£ —0 e00<tpr<e
In the above definition of angle, it is important that one takes a lim sup;
in general the limit lim; ;o Z¢0)(c(t), ¢’ (') does not exist. In the metric spaces
we study in this paper, namely those with curvature bounded above, this

limit always exists.

The Alexandrov angle between two geodesic segments which have a
common endpoint, is defined to be the Alexandrov angle between the unique
geodesics which issue from this point and whose images are the given seg-
ments. Alexandrov angles in IR? are equal to the usual Euclidean angles.

The Alexandrov angle between the geodesic paths ¢ : [0,a] — X and
¢’ : [0,a'] — X in a metric space (X, d) depends only on the germs of these
pathsat 0. If ¢’ : [0,4”] — X is any geodesic path for which there exists ¢ > 0
such that c”’ |jo.e)= ¢’ |jo,¢], then the Alexandrov angle between ¢ and c” is the
same as that between c and ¢’.

We outline the importance of the above remark in this paper, since we

shall use it frequently when showing one of our main results.

Definition 1.1.11. Let (X,d) be a convex metric space. Let ¢ : [0,a] — X
and ¢’ : [0,a’] — X be two geodesic paths with c(0) = ¢’(0) = p which have no
other common points in the neighborhood of p. The geodesic paths c and ¢’ divide a
sufficiently small neighborhood of p into two sectors U and V. We consider in U the
geodesic paths cy, ¢, ..., ¢y, numbered according to their position relative to c and c’.
We denote by o, a1, ..., ay, the Alexandrov angles between c and c1, ¢y and cy, ..., ¢,
and c’. The upper limit of the sum ag + a1 + ... + a,, for any geodesic paths c; in U,
1 <i < n,is called the Alexandrov angle of the sector U.

Definition 1.1.12. Let (X, d) be a convex metric space and let p be a point in X.
Let Uy, ..., U, be sectors around p which form a full neighborhood of p. We call the
sum of the Alexandrov angles of the sectors Uy, ..., U, in X, the full angle around
the point p in X.

We define further the curvature of a triangle and the curvature of a point

in a convex metric space.

16



Definition 1.1.13. Let (X,d) be a convex metric space. Let A(p,q,t) be a
geodesic triangle in X. Let a, B,y be the Alexandrov angles between the sides of A.
The curvature of the geodesic triangle A is defined by w(A) = a +p +y — .

Definition 1.1.14. Let (X, d) be a convex metric space. Let p be a point of X.
Let O be the full angle around the point p in X. The curvature at the point p is
defined by w(p) = 21 — 0.

The following theorems give important characterizations of triangles of

zero curvature in a convex metric space.

Theorem 1.1.15. Let (X, d) be a convex metric space and let A(p,q,r) be a
geodesic triangle in X whose curvature equals zero. Then A(p, q, 1) is isometric to its
comparison triangle A(p,q,7) in R

Proof. See [2], chapter V.6, page 218.

]

Theorem 1.1.16. Let (X, d) be a convex metric space and let G be a subspace of
X. G is locally isometric to the Euclidean plane (i.e. each point has a neighborhood

isometric to a subspace of the Euclidean plane) if and only if the curvature of each
geodesic triangle in G equals zero.

Proof. See [2], chapter V.6, page 219.
O

Alexandrov’s lemma, given below, will be referred to frequently in the
third section of the paper.

Lemma 1.1.17. Consider four distinct points A, B, B, C in the Euclidean plane.
Suppose that B and B’ lie on opposite sides of the line through A and C.

Consider the geodesic triangles A = A(A, B,C) and A" = A(A,B’,C). Let a, B,y
(a’,B’,y") be the angles of A (A") at the vertices A, B,C (A, B’, C).

If y +y" > m then,

(1) d(B,C) + d(B’,C) < d(B, A) + d(B, A).

17



Let A be a triangle in R? with vertices A,B, B such that d(A,B) = d(A,B),
d(A,B') = d(A,B’) and d(B,B’) = d(B,C) + d(C,B’). Let C be the point of [B,B']
with d(E, E) =d(B,C). Let a, E, ,EI be the angles of A at the vertices A, B, B. Then,

Qaza+a,B>pp >p andd(A,C) > d(A,C).
If y +y" < 7 then,
(3)d(B,C) +d(B',C) > d(B, A) + d(B’, A).
Also,
@a<a+a,B<pB <p andd(A,C) <d(A,C).

Any one equality is equivalent to the others, and occurs if and only if y +y’ = m.

Proof. See [12], chapter 1.2, page 25.

O

The unit n-cube I" is the n-fold product [0, 1]?; it is isometric to a cube in
E" with edges of length one. By convention, I is a point.

We define a cubical complex by mimicking the definition of a simplicial
complex, using unit cubes instead of simplices. Cubical complexes are more
rigid objects than simplicial complexes and in many ways they are easier to
work with.

Definition 1.1.18. An n-dimensional cubical complex K is the quotient of a
disjoint union of cubes X = \J, I'"* by an equivalence relation ~. The restrictions
pi : I" — K of the natural projection p : X — K = X|. are required to satisfy:

1. for every A € A, the map p, is injective;
2. ifpa("™) Y pa(I") # O, then there is an isometry hy - from a face T C I'"
onto a face Ty C I'"V such that py(x) = py(x’) if and only if x" = hj y(x).

In other words, K is a cubical complex if and only if each of its cells C} is
isometric to a cube I'*, each of the maps p, is injective, and the intersection
of any two cells in K is empty or a single face.

18



There are many interesting examples of cubical complexes all of whose
cells are cubes, but which do not satisfy all the conditions of the above
definition (see [1], [12]). We use the term cubed complex to describe this larger
class of complexes, except that in the 2-dimensional case we use the term

square complex.

The unit 2-hexagon J? is isometric to a regular hexagon in [E? with edges

of length one. By convention, ] is a point.

We define a 2-dimensional hexagonal complex by mimicking the defini-
tion of a 2-dimensional simplicial complex, using unit hexagons instead of

simplices.

Definition 1.1.19. A 2-dimensional hexagonal complex K is the quotient of a
disjoint union of hexagons X = |, J** by an equivalence relation ~. The restrictions
pa s J* — K of the natural projection p : X — K = X|. are required to satisfy:

1. forevery A € A, the map p, is injective;
2. ifpa(JP) Npa(J?) # 0, then there is an isometry hy i from a face T, C J*
onto a face Ty, C J* such that py(x) = pr(x') if and only if X' = hy v (x).

There are many interesting examples of 2-dimensional hexagonal com-
plexes all of whose cells are hexagons, but which do not satisfy all the con-
ditions of the above definition. We use the term hexagon complex to describe
this larger class of complexes.

We find in this paper necessary and sufficient conditions for the collapsi-
bility of a finite cell complex. We define further the notion of collapsing a cell

complex.

Definition 1.1.20. Let K be a cell complex and let a be an i-cell of K. If p
is a k-dimensional face of o but not of any other cell in K, then we say there is an
elementary collapse from K to K\ {a,p}. If K = Ko 2 K; 2 ... 2 K,, = L are cell
complexes such that there is an elementary collapse from K;_y to Kj, 1 < j < n, then
we say that K collapses to L.

Definition 1.1.21. Let K be an n-dimensional cell complex. A k-dimensional
subcomplex K’ of K is called a spine of K if K collapses to K’, k < n.

19



Let K be a finite, connected cell complex endowed with the standard
piecewise Euclidean metric. We define the standard piecewise Euclidean metric
on |K| by taking the distance between any two points x,y in |K| to be the
infimum over the lengths of all paths in |K| from x to y. Each cell of K
is isometric with a regular Euclidean cell of the same dimension with side

lengths equal 1.

Let K be a finite, connected cell complex endowed with the standard
piecewise Euclidean metric. A finite sequence of vertices [v = vy, 02, ..., Ug41 =
v’] in K such that any two consecutive vertices v;, vi4; span an edge for
1 <i <k, is called a combinatorial path between the vertices v and v" in K. Such
a path has length k and is closed if v = v’. If there exists a combinatorial path
from v to v’ of length k, but there does not exist a combinatorial path from
v to v’ of length less than k, then we call any combinatorial path of length k
joining v to v’, a combinatorial geodesic. The combinatorial distance between any
two vertices v, v” in K, denoted by d.(v, '), is the length of any combinatorial
geodesic joining v to v’. We call the vertex v a neighbor of v" if d.(v,v") = 1.

Definition 1.1.22. Let K be a cell complex and let v be a vertex of K. The
degree or valence of v, denoted by deg v, is the number of edges issuing from v.

Definition 1.1.23. Let K be a cell complex and let o be a cell of K. The link
of K at o, denoted Lk(o, K), is the subcomplex of K consisting of all cells which are
disjoint from o and which together with o span a cell of K.

Definition 1.1.24. Let K be a cell complex and let ¢ be a cell of K. The (closed)
star of o in K, denoted St(o, K), is the union of all cells of K that contain o. The star
St(o, K) is naturally the join of o and the link Lk(o, K).

Definition 1.1.25. A point of an n-dimensional cell complex K is an interior
point if it is contained in a neighborhood U where U is homeomorphic to the unit
n-ball B", and U C K. Otherwise, the point is an exterior point of K.

Definition 1.1.26. Let D be a disk. The area of D is given by the number of
2-cells of D.

The following theorem will play an important role in the last section of the
paper. We mention that the same result was proven in [36] on finite simplicial
complexes.
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Theorem 1.1.27. Let K and M be finite cell complexes, and let L be a subcomplex
of K. Let f : |[K| = |M] be a continuous map such that the restriction f|L is a cell
map from L to M. Then there exists an integer r, a subdivision K, of K and a cell map
g : Ky — M such that g|L = f|L and g is homotopic to f keeping L fixed.

Proof. See [15], chapter I1.4, page 146.

1.2 CAT(0) spaces

We define in this subsection CAT(0) spaces and present some of their basic
properties.

Definition 1.2.1. Let (X, d) bea metric space. Let A(p, q, r) be a geodesic triangle
in X. Let A(p,q,7) C IR* be a comparison triangle for A. The metric d is CAT(0) if
forall x, y € A and all comparison points X,y € &, the CAT(0) inequality holds:

d(x, ) < dp2 (X, 7).

Definition 1.2.2. A metric space X is called a CAT(0) space if it is a metric
space all of whose geodesic triangles satisfy the CAT(0) inequality.

Definition 1.2.3. A metric space X is said to be of curvature < 0 (or non-
positively curved) if it is locally a CAT(0) space, i.e. for every x € X, there exists
ry > 0 such that the ball B(x,ry), endowed with the induced metric, is a CAT(0)
space.

The CAT(0) spaces have the following important properties.

Theorem 1.2.4. Let X be a CAT(0) space.

1. The balls in X are convex (i.e., any two points in such a ball are joined by
a unique geodesic segment and this segment is contained in the ball) and
contractible;

2. (Approximate midpoints are close to midpoints.) For every ¢ > 0 there exists
0 = 0(¢) > 0 such that if m is the midpoint of a geodesic segment [x, y] C X
and if
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max{d(x, m'), d(y, m')} < 3d(x,y) +o,
then d(m, m’) < e.
Proof. See [12], chapter I1.1, page 160.
O

The notion of angle makes perfect sense in spaces of curvature bounded
above. Namely, in CAT(0) spaces, angles exist in the following strong sense.

Theorem 1.2.5. Let X be a CAT(0) space and let ¢ : [0,a] — X and ¢’ :
[0,a'] — X be two geodesic paths issuing from the same point c(0) = c’(0).
Given t € (0,a] and ' € (0,a’], let A(c(t),c(0),c'(t')) be a comparison trian-
gle in R? for a(c(t), c(0),c(t)). The comparison angle Zqo)(c(t),c’(t)) is a non-
decreasing function of both t,t' > 0 and the Alexandrov angle /(c,c’) is equal to
Limy ¢ Ze(o)(c(F), ¢ (') = limy—g Ze(o)(c(t), ¢’ (£)). Hence

/(c,c) = ltin(} 2 arcsin Ld(c(t), '(t)).

Proof. See [12], chapter I1.3, page 184.

O

Let p, x, y be points of a metric space X such that p # x and p # y. If there
are unique geodesic segments [p, x] and [p, y], then we write /,(x, y) to denote
the Alexandrov angle between these segments.

Theorem 1.2.6. Let X be a CAT(0) space. For fixed p € X, the function

(x, y) = £p(x, y) is continuous.
Proof. See [12], chapter I1.3, page 185.
O
The following theorem gives important characterizations of CAT(0) spaces.

Theorem 1.2.7. Let X be a metric space. The following conditions are equiva-
lent:

1. Xisa CAT(0) space.
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2. For every geodesic triangle A(p,q,r) in X and for every point x € [q,r],
the following inequality is satisfied by the comparison point x € [q,7] C
Ap,q,7) C R

d(p,x) < d(p, ).
3. The Alexandrov angle between the sides of any geodesic triangle in X with
distinct vertices is no greater than the angle between the corresponding sides
of its comparison triangle in R?.

Proof. See [12], chapter I1.1, page 161.

We present further other important properties of CAT(0) spaces.

Theorem 1.2.8. Any CAT(0) space is contractible; in particular it is simply
connected.

Proof. See [12], chapter II.1, page 161.

O

Theorem 1.2.9. Let (X,d) be a CAT(0) space. Then the distance function
d : X X X — IR is convex and strongly convex.

Proof. See [12], chapter I1.2, page 176 and chapter II.1, page 160.

O

The following basic theorem states in particular that a CAT(-1) space is a
CAT(0) space.

Theorem 1.2.10. If X is a CAT(k’) space for every k' > k real numbers, then it
is a CAT(k) space.

Proof. See [12], chapter II.1, page 165.

O

The following theorem relates the local to the global context, representing
a generalization of the Cartan-Hadamard theorem to the context of complete
geodesic metric spaces.
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Theorem 1.2.11. Let X be a complete connected metric space. If X is simply
connected and of curvature < 0, then X is a CAT(0) space.

Proof. See [12], chapter 11.4, page 194.

1.3 Van Kampen diagrams. Simplicial nonpositive
curvature

Van Kampen diagrams constitute a significant part of small cancellation the-
ory which deals mostly with dimension 2 (see [31]). It turns out that van
Kampen diagrams are an adequate tool for studying the collapsibility of fi-
nite cell complexes of dimension 2. In the first part of the subsection we
introduce this notion and we present some important and typical results

dealing with it.

In the second part of the subsection we introduce a family of conditions on
a simplicial complex that we call local 6-largeness (see [24]). They are simply
stated, combinatorial and easily checkable. Local 6-largeness describes the
curvature of a simplicial complex in combinatorial terms; it represents a
combinatorial analogue of metric non-positive curvature. Local 6-largeness

in dimension 2 is called the 6-property of the simplicial complex.

Let Kbea cell complex. A closed edge is an edge together with its endpoints.
An oriented edge of K is an oriented 1-cell of K, e = [vg,v1]. We denote
by i(e) = vy, the initial vertex of e, by t(e) = vy, the terminus of e, and by
el = [v1, vo], the inverse of e. A finite sequence a = eje;...e, of oriented closed
edges in K such that t(e;) = i(ej41) for all 1 <i < n —1, is called an edge-path
V=gl el If te,) = i(eo), then
we call a a closed edge-path or cycle. We denote by |a| the number of 1-cells

in K. The inverse of « is the edge-path a~

contained in a and we call |a| the length of a. A region is a 2-cell of K.

Definition 1.3.1. A combinatorial map f : K; — Kj between cell complexes
is a continuous map such that each open cell of Ky is mapped homeomorphically onto
an open cell of K.
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Definition 1.3.2. A combinatorial 2-complex K is a 2-dimensional cell com-
plex such that the 2-cells are attached through continuous maps from S' to K.

Definition 1.3.3. A combinatorial disk is a combinatorial 2-complex homeo-
morphic to a disk.

Definition 1.3.4. Let K be a cell complex. Let a = egey...e, be a closed edge-
path in K. A van Kampen diagram for « is a pair (D, ¢). D is a finite, simply
connected combinatorial disk embedded in the plane, bounded by the closed edge-path
B = fofi--fu. ¢ : D — K is a combinatorial map assigning to each oriented edge
fi of B in D an oriented edge ¢(f;) = e; of a in K such that ¢(f71) = ¢(fi)™" for all
0<i<n

Theorem 1.3.5. Let K be a 2-dimensional cell complex and let o be a closed
edge-path in K. « is null-homotopic if and only if there exists a van Kampen diagram
for a.

Proof. See [31], chapter V, page 237-239.

O

Definition 1.3.6. Let K be a cell complex. Let a be a closed edge-path in K.
Let (D, ¢) be a van Kampen diagram for a. Let D1, D, be regions (not necessarily
distinct) of D with an edge e C dD1 (\dDs. Let edy and 6,e™! be boundary cycles
of D1 and D», respectively. Let ¢(61) = f1 and ¢(02) = fo. The diagram (D, ) is
called reduced if one never has fo = f;*.

Definition 1.3.7. Let K be a cell complex. Let o = ege;...e,, be a closed edge-path
in K and let (D, ¢) be a van Kampen diagram for . The area of the diagram is given
by the number of regions of D.

Theorem 1.3.8. Let K be a 2-dimensional cell complex and let o be a closed
edge-pathin K. Let (D, ) be a van Kampen diagram for a. If (D, ¢) is a van Kampen
diagram of minimal area, then the diagram is reduced.

Proof. See [31], chapter V, page 241.
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Definition 1.3.9. Let K be a cell complex. A subcomplex L in K is called full
(in K) if any cell of K spanned by a set of vertices in L is a cell of L. A full cycle in
Kis a cycle that is full as subcomplex of K.

Definition 1.3.10. Let K be a cell complex. We define the systole of K by
sys(K) = min{|a| : a is a full cycle in K}.

In graph theory, we use instead of the term systole, the one of girth of the graph.

Definition 1.3.11. A 2- dimensional cell complex has the k-property if the link
of each vertex is a graph of girth at least k, k € {6,8,12}.

Theorem 1.3.12. Let K be a 2-dimensional cell complex with the k-property
and let a be a closed edge-path in K. If (D, ¢) is a reduced van Kampen diagram for
a, then D also has the k-property, k € {6,8,12}.

Proof. See [31], chapter V, page 242.

O

In the remaining part of this subsection we introduce a combinatorial
curvature condition on simplicial complexes, called local 6-largeness and we

give a few results concerning this condition.

Definition 1.3.13. Let K be a simplicial complex. We call K 6-large if sys(K) >
6 and sys(Lk(o, K)) > 6, for each simplex o of K. We call K locally 6-large if the
star of every simplex of K is 6-large. We call K 6-systolic if it is connected, simply
connected and locally 6-large.

An important result of the paper relies on the following fact.

Theorem 1.3.14. Let K be a finite, simply connected, 2-dimensional simplicial
complex. If K is locally 6-large, then K is collapsible.

Proof. See [17].
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The following remark will be of crucial importance when proving an
important result of the paper.

A simplicial complex K is 6-large if every cycle of length less than 6 has

some two consecutive edges contained in a common 2-simplex of K.

The following theorem can be viewed as a combinatorial analogue of
the Cartan-Hadamard theorem proven on geodesic metric spaces in [12] (see
chapter 11.4, page 193).

Proposition 1.3.15. If K is a 6-systolic simplicial complex, then K is 6-large.

Proof. See [24], chapter 1, page 10.

O

Definition 1.3.16. The homotopical systole of a simplicial complex K is
the minimal length of a cycle that is homotopically nontrivial in K. We denote
homotopical systole of K by sys,(K).

The following corollary states that the converse of sorts of the above result
also holds.

Corollary 1.3.17. A simplicial complex is 6-large if and only if it is locally
6-large and sys,(K) > 6.

Proof. See [24], chapter 1, page 10.
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2 Elements of discrete Morse theory

We introduce in this section fundamental notions and results in discrete
Morse theory. Besides we define the discrete Morse-Smale characteristic of a
finite simplical complex and the exact and [F-perfect discrete Morse functions
on a finite simplicial complex, [F being any coefficient field. We also study

examples of [F-perfect discrete Morse functions on finite simplicial complexes.

2.1 Discrete Morse theory for cell complexes

The goal of this subsection is to present an overview of the subject of discrete
Morse theory sufficient to apply the theory when proving the collapsibility of
finite cell complexes of dimension 2 and 3. We will introduce the main notions
in discrete Morse theory and we will give a few basic results in discrete Morse
theory. For further details on the subject, see [20] and [19].

Let K be a cell complex. We denote by a(? an i-dimensional cell of K and
by a < f the fact that « is a face of p.

Definition 2.1.1. Let K be a cell complex. A function f : K — IR is a discrete
Morse function if for every a®) € K

141D > a | f(B) < f(a)} < 1and

2.8y <a| f(y) > fla) < 1.

Definition 2.1.2. Let K be a cell complex and let f : K — IR be a discrete Morse

function. A cell a') is critical if
1 #BSY > o | f(B) < f(a)} = 0and

2. 4D <al f(y) = f(@)} =0.
Definition 2.1.3. Let K be a cell complex and let f : K — R be a discrete Morse

function. For ¢ € IR, we define the level subcomplex

K(c) = Uaeiy, f<c Up<a B-
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That is, K(c) denotes the subcomplex of K consisting of all cells a with f(a) < c,
together with all of their faces.

We prove further one of the fundamental results in discrete Morse theory.
Its proof is based on the following two lemmas.

Lemma 2.1.4. Let K be a cell complex, let f : K — IR be a discrete Morse
function and let a be an i-cell of K. Then « is not critical if and only if either of the
following conditions holds:

1. 3B > a such that f(B) < f(a);
2. WY < asuch that f(y) > f(a).

The above conditions cannot both be true.
Proof. See [19], chapter 2, page 103. m]

Lemma 2.1.5. Let K be a cell complex, let f : K — IR be a discrete Morse
function and let a be an i-cell of K. Suppose that p > «. Then there is an (i + 1)-cell

B such that & < p < pand f(B) < f(p).
Proof. See [19], chapter 3, page 104. m]

We following theorem represents one of the main results in discrete Morse
theory.

Theorem 2.1.6. Let K be a cell complex and let f : K — IR be a discrete Morse
function. If a < b are real numbers such that [a, b] contains no critical values of f,
then K(a) collapses to K(b).

Proof. Note that if iV > o satisfies f(8) < f(«), then we may perturb f
by replacing f(8) by f(B)—¢, or f(a)by f(a)+¢, for ¢ > 0small enough, without
changing which cells are critical. If a® satisfies f(8%V) # f(a) # f(~), then
we may perturb f by changing f(a) by f(a) £ ¢, or f(a) by f(a) + ¢, fore >0
small enough, without changing which cells are critical. Combining such
operations, we may perturb f slightly without changing K(b) or K(a) so that
f : K — Ris injective.

If £~1([a, b]) = 0, then K(a) = K(b) and so there is nothing to prove. Other-
wise, by partitioning [a, b] into smaller intervals if necessary, we may assume
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that there is a single noncritical cell a with f(«a) € [a,b]. According to Lemma
2.1.4 exactly one of the following holds:

1. 3D > a such that f(B) < f(a);
2. D < asuch that f(y) > f(a).

In the first case, we must have f(f) < a. Thus p C K(a). Because « is a face of
B, we have a C K(a) so that K(a) = K(b) and again there is nothing to prove.

In the second case, Lemma 2.1.4 implies that the first case cannot be true.
So, for all g1 > a, we have f(8) > f(a). In particular, f(8) > b. So, by
Lemma 2.1.5, for any > «, f() > b. Therefore,

a () K(a) = 0.

We have assumed that there is ) < a such that f(y) > f(a), so that, in
particular, f(y) > b. If YD 2y s any other (i — 1)-face of @ we must have

f) < f(a)
so that

fy) <a.

Hence y and all of its faces are contained in K(a).

Let @ # a be any other (i)-face of K with @ > y. Then, because f is a
discrete Morse function on K, f(a) > f(a) > b. According to Lemma 2.1.5, if
a is any face of any dimension such that & > y, then f(a) < b so that

y N K@) = 0.
Altogether, it follows that K(b) can be expressed as a disjoint union
K(b) = K@) UaUy

where y is a free face of a. Therefore

K@) \ K(@).
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Let Kbe a cell complex. Associated to a discrete Morse function f : K — R
is a gradient vector field V : K — K| J{0}. We define V(a) = B, if a® < gi*D
such that f(a) > f(B). We define V() = 0 for all cells a for which there is no
such B. It is often easier to work with the gradient vector field associated to
a discrete Morse function rather than the function itself.

Definition 2.1.7. Let K be a cell complex. A discrete vector field is a map
W : K — K\J{0} such that for each o)

1. there is at most one cell y in K with W(y) = a;
2. W(a) = 0 or a is a codimension-one face of W(a);

3. if a € ImageW, then W(a) = 0.

Definition 2.1.8. A sequence ag),ﬁ(oi”),a(li), g”l),ag),ﬁ(ziJrl), o BUY, af;)rl of
cells is a W-path if W(a;) = B for 0 < j < rand f; > aj1 # aj. Such a path is

nontrivial if r > 0 and closed if ap = 1.

We will refer to the following characterization of gradient vector fields
frequently.

Theorem 2.1.9. Let K be a cell complex and let f : K — IR be a discrete Morse
function. A discrete vector field W defined on K is the gradient vector field of the
discrete Morse function f if and only if it has no nontrivial closed W-paths.

Proof. See [19], chapter 9, page 131.

O

The proof of main results in the last section of the paper also relies on the
following theorem.

Theorem 2.1.10. Let K be a cell complex that admits a discrete Morse function
f. If there exists a critical 3-cell B and a critical 2-cell a with a unique gradient path
from the boundary of B to o, then K admits a new discrete Morse function g with the
same critical cells as f, except that p and a are no longer critical.
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Proof. See [19], chapter 11, page 140.

O

Let K be an n-dimensional cell complex containing exactly m; cells of
dimension i, 0 < i < n and let IF be any coefficient field. We denote by C;(K, IF)
the space F", i.e. Ci(K, F) denotes the free abelian group generated by the
i-cells of K, each endowed with an orientation. The following is one of the

fundamental results in the theory of cell complexes.

Theorem 2.1.11. Let K be an n-dimensional cell complex. Then there are
boundary maps d; : Ci(K,IF) — Ci_1(K, IF), 0 < i < n, such that

0dis100;=0
and such that the resulting differential complex
€10 — Cu(K,TF) 25 Cua (K TF) 25 . 25 Co(K, TF) — 0
calculates the homology of K. That is, if we define

Ker(d;
Hi(S,0) = 1

then for each i
Hi(cgl a) = Hi(K/ IF)

where H;(K, IF) denotes the singular homology of K.

Proof. See [19], chapter 3, page 122.

O

We call the differential complex € in the above theorem the Morse complex
of K.

Let K be an n-dimensional cell complex. For 0 < i < n, let M; denote the

span of the critical i-cells of K, i.e.

M ={),ex 350 | a5 € Z, if a, # 0 then ¢ is a critical cell of K}.
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Theorem 2.1.12. Let K be a n-dimensional cell complex. The Morse complex
of K is isomorphic to

M:0— Wy 5 My 5. 5 Mo — 0.
Proof. See [19], chapter 8, page 124.
O

The Morse inequalities, given below, will be used frequently throughout
this paper.

Theorem 2.1.13. Let K be a finite n-dimensional cell complex with a discrete
Morse function. Let m; denote the number of critical cells of dimension i, 0 < i < n.
Let IF be any coefficient field and let b;(K, IF) = rank H;(K, IF) = dimy H;(K, IF) denote
the i" Betti number with respect to F. Let x(K) denote the Euler characteristic of K.
Then the following inequalities hold:

1. The Weak Morse Inequalities:

a. m; 2 b;for0<i<n;

b. my—my +my— ...+ (—1)”71”1,1 =by—b1+by— ...+ (—1)nbn = x(K),

3. The Strong Morse Inequalities:

m; — mi_q + ... + (=1)mg > b; = bi_1 + ... + (—1)"bofor 0<i<n+1.

Proof. See [19], chapter 8, page 124.

2.2 Discrete Morse-Smale characteristic

In this subsection we introduce the notion of discrete Morse-Smale charac-
teristic of a finite simplical complex. We define further exact and F-perfect
discrete Morse functions defined on a finite simplicial complex, IF being any
coefficient field. Besides we give a few examples of [F-perfect discrete Morse
functions defined on finite simplicial complexes (see [30], [4]).
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Let K be a finite n-dimensional simplicial complex. Let Q)(K) denote the
set containing all discrete Morse functions defined on K. It is clear that
Q(K) # 0. Consider, for instance, the trivial example f(0) = dimo, 0 € K. For
f € Q(K), let m;(f) denote the number of critical simplices of dimension i of
K, 0 <i < n. We denote by m(f) the total number of critical simplices of K,
ie. m(f) = YL, mi(f).

Definition 2.2.1. Let K be a finite n-dimensional simplicial complex. Let Q(K)
denote the set containing all discrete Morse functions defined on K. The discrete
Morse Smale characteristic of K is defined by y(K) = min{m(f) : f € Q(K)}.

So the discrete Morse-Smale characteristic represents the minimal number
of critical simplices of all discrete Morse functions defined on K.

We denote by y;(K) the minimal numbers of critical simplices of dimension
i of all discrete Morse functions defined on K. So y;(K) = min{m;(f) : f €
QK)},0<i<n.

Let L be a finite n-dimensional simplicial complex and let ¢ : L — K be a
simplicial isomorphism. We consider the discrete Morse functions f : K — R
and g : L — IR such that the following diagram commutes, i.e. g= f o .

”
L—K
( "o
g\/f g=1r
R

We define the sets C(f) = {a® | a is a critical simplex of f, 0 < i < n}
and C(g) = {9 | B is a critical simplex of g, 0 < i < n}. Because v is a
simplicial isomorphism, C(f) = ¢(C(g)). Besides we notice that the simplicial

isomorphism 1) preserves the dimension of critical simplices.

Let K and L be two isomorphic simplicial complexes. The above remarks
imply that y(K) = (L) and y;(K) = y:i(L), 0 < i < n. The numbers y(K) and
vi(K) represent hence isomorphic invariants of the simplicial complex K.

We define further the exact discrete Morse function defined on a finite
simplicial complex.
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Definition 2.2.2. Let K be a finite n-dimensional simplicial complex. Let Q(K)
denote the set that contains all discrete Morse functions defined on K. The discrete
Morse function f € Q(K) is called exact (or minimal) if m;(f) = yi(K), 0 <i < n.

So the number of critical simplices of any dimension of an exact discrete

Morse function defined on a finite simplicial complex is always minimal.
We introduce next the F-perfect discrete Morse function defined on a

finite simplicial complex, IF being any coefficient field.

Definition 2.2.3. Let K be a finite n-dimensional simplicial complex. Let Q(K)
denote the set that contains all discrete Morse functions defined on K and let IF be
any coeﬁcient field. A discrete Morse function f € ((K) is called F-perfect if
m;(f) = ),0<i<n.

Considering the weak Morse inequalities, we have:
mi(f) 2 min{mi(f) : f € QK)} = yi(K) = bi(K, IF).

The above inequality will be used frequently throughout this subsection.

The following result outlines the relation that exists between the [F-perfect
discrete Morse functions defined on a finite simplicial complex and the dis-
crete Morse Smale characteristic of the complex.

Theorem 2.2.4. Let K be a finite n-dimensional simplicial complex. One can
define on K an IF-perfect discrete Morse functions if and only if y(K) = b(K, IF) where
b(K,TF) = Y., bi(K, FF) is the total Betti number of K with respect to TF.

Proof. We start by proving the direct implication. Let f € ()(K) be a fixed
F-perfect discrete Morse function defined on K. The weak Morse inequalities

imply
m(f) = Lisgmi(f) = Li_o bi(K, F) = b(K, IF).
Thus

Y(K) = min{m(f) : f € Q(K)} > b(K, IF).
36



Because f is an [F-perfect discrete Morse function defined on K, we have
m;(f) = bi(K, TF) for 0 <i < n. Hence

Y(K) = min{m(f) : f € QK)} < b(K, TF).

Altogether the above inequalities imply y(K) = b(K, IF).

To prove the converse implication, let f € ((K) be a discrete Morse
function defined on K. The hypothesis y(K) = b(K, IF) implies

Yicolmi(f) = bi(K, FF)] = 0.
According to the weak Morse inequalities, we have
m;(f) — bi(K,JF) >0 for 0 <i < n.
Hence
mi(f) = bi(K,IF) for 0 <i < n.

So f is an [F-perfect discrete Morse function. m|

Further we give a few examples of Z-perfect discrete Morse functions

defined on finite simplicial complexes.

Example 2.2.5. We consider the circle S'. The singular homology of S! is

Zifi=0;
Zifi=1.

Hi(sll Z) =

Since by(S',Z) = 1 and by(S!, Z) = 1, the total Betti number with respect
to Z is b(S',Z) = 2. Since y(S') = b(S!,Z) = 2, Theorem 2.2.4 implies that
one can define on S! an Z-perfect discrete Morse function, f : S' — R with
exactly two critical simplices. We notice that f is also an exact discrete Morse
function defined on S!. The above figure illustrates an Z-perfect discrete
Morse function defined on S'. The encircled values are the ones attached to
the critical simplices.
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An Z-perfect discrete Morse function with two critical simplices de-
fined on S!

Example 2.2.6. The figure below illustrates a triangulation of the sphere
S?. The singular homology of S? is
Zifi=0;
Hi(S*,7Z) ={0ifi=1;
Zifi=2.

5 6 10 6 5

8 10
9 @ 11 ”
6
D) 13

An Z-perfect discrete Morse function with two critical simplices de-
fined on S?

Since by(S?,Z) = 1, b1(S?,Z) = 0 and b,(S?, Z) = 1, the total Betti number
with respect to Z is b(S*,Z) = 2. Since y(S?) = b(S*>,Z) = 2, Theorem
2.2.4 implies that one can define on $* an Z-perfect discrete Morse function
f : §* - R with exactly two critical simplices. We notice that f is also an
exact discrete Morse function defined on S?. The figure below illustrates an
Z-perfect discrete Morse function defined on S%. The encircled values are the
ones attached to the critical simplices.
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Example 2.2.7. The figure below illustrates a triangulation of the real
projective plane IP2. The singular homology of IP? is

Zifi=0;
H(P*,Z) ={Z,if j = 1;
0if j=2.

15

An Z-perfect discrete Morse function with
three critical simplices defined on IP?

Because bo(]Pz, 7)) =1, bl(IPZ,Z) = 2 and bz(IPZ, Z) = 0, the total Betti
number with respect to Z is b(IP>,Z) = 3. Since y(IPZ) = u(IP*,Z) = 3,
Theorem 2.2.4 implies that one can define on IP?> an Z-perfect discrete Morse
function f : IP* — IR with exactly three critical simplices. We notice that
f is also an exact discrete Morse function defined on IP>. The above figure
illustrates an Z-perfect discrete Morse function defined on IP2. The encircled

values are the ones attached to the critical simplices.
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3 Collapsing simplicial complexes by using
an elementary collapse

This section provides metric characterizations of collapsible simplicial com-
plexes of dimension 2. Besides, we find metric and combinatorial conditions
which guarantee the collapsibility of a finite simplicial complex of dimension
3. Namely, we show that finite 2-complexes that admit a CAT(0) metric are
collapsible (see [28]). Similar results are obtained in [35] on finite, strongly
convex 2-complexes. Namely, W. White showed that finite, strongly convex
2-complexes collapse to a point, and that finite, strongly convex 3-complexes
collapse to a 2-dimensional spine. So in dimension 3, the metric condition
alone does not ensure the collapsibility of the complex to a point. Still, by
adding a combinatorial curvature condition, called local 6-largeness, we will
show that finite, strongly convex 3-complexes can also be simplicially col-
lapsed to a point (see [7]). As in [35], our proofs rely on the definition of an

elementary collapse.

In subsection 3.1 we show that any finite, CAT(0) 2-complex retracts to
a point through subspaces which are, at each step, CAT(0) spaces (see [28]).
An important step in the proof is to show that the subcomplex obtained by
performing an elementary collapse on a finite, CAT(0) 2-complex remains a
CAT(0) space. In subsection 3.2 we study strongly convex simplicial com-
plexes of dimension 2 and 3 (see [35]). In subsection 3.3 we recall the basic
steps in W. White’s proof when showing the collapsibility of finite, strongly
convex 2-complexes (see [35]). In subsection 3.4 we prove that any finite,
locally 6-large, 3-dimensional simplicial complex is collapsible, when en-
dowed with a strongly convex metric (see [7]). An essential step in the proof
is to study whether the subcomplex obtained by performing an elementary
collapse on a finite, 6-large simplicial complex of dimension 2 (3), remains
6-large.
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3.1 Collapsing a CAT(0) 2-dimensional simplicial
complex

In this subsection we show that finite, CAT(0) 2-complexes are collapsible
(see [28]). We emphasize that the 2-dimensional simplicial complexes in this
section are not endowed with the standard piecewise Euclidean metric and
their interior vertices do not necessarily have degree at least 6, as in [18]. Still,
they can be simplicially collapsed to a point.

The collapsibility of finite, CAT(0) 2-complexes is a consequence of the fact
that finite, strongly convex 2-complexes also collapse to a point (see [35]). This
holds since a CAT(0) complex has a strongly convex metric. We present in this
subsection a second proof for the collapsibility of finite, CAT(0) 2-complexes
showing that these spaces retract to a point through CAT(0) subspaces.

We start investigating the collapsibility of finite, CAT(0) 2 -complexes by
proving that they have a 2-simplex with a free 1-dimensional face. Besides,
the following proposition characterizes the curvature at the interior points of
a CAT(0) 2-complex.

Proposition 3.1.1. Let K be a finite, 2-dimensional simplicial complex. If |K|
admits a CAT(0) metric d, then:

1. K has a 2-simplex with a free 1-dimensional face;

2. |K| has curvature < 0 at any of its interior points.

Proof. 1. We argue by contradiction: suppose that K contains no 2-

simplex with a free 1-dimensional face.

Let e be a 1-simplex of K. There exist at least two 2-simplices 01 and o0, in K
such that e < 01 and e < 0. Let A(a, b, c) be the 2-simplex 07 and let d be a
point on the edge e = [, c].

Let A(a, b, d’) be a comparison triangle in IR? for A(a, b, d) and let A(a’, d’, ¢’) be
a comparison triangle in IR? for A(a,d, ). We place the comparison triangles
A@,b',d")and A(a’,d’, c’) in different half-planes with respect to the line a’d’
in R2.
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Because any geodesic triangles in |K] satisfies the CAT(0) inequality and d €
[b,c], m = £4(b,¢) < 24(b,a) + Ly(a,c) < Lp(V',a") + Ly(@',C"). So Ly(b',a") +
Ly(a’,c") = m. According to Alexandrov’s lemma, we have d2(a’,d") < d(a, d).

But A(a’,V’,d") is a comparison triangle for A(a,b,d) and hence dy:(a’,d") =
d(a,d). Because one equality in Alexandrov’s lemma implies the others, the
following equalitieshold 24 (', a’")+ 24(a’, ") = 11, £p(a,d) = Ly(a’,d"), Lc(a,d) =
Lo(a',d") and 2,(b,d) + £4,(d,c) = £y(U', ). So the sum of the angles between
the sides of 01 equals . Therefore, since |K| has a convex metric, the curvature
of the 2-simplex o1 equals w(o1) = m — m = 0. It similarly follows that each
2-simplex in K has curvature zero. Each 2-simplex in K is therefore isometric

to its comparison triangle in IR?.

Each 1-simplex in K is a face of at least two 2-simplices in K whose 1-simplices
are further faces of at least two 2-simplices in K and so on. Each 2-simplex in
K is isometric to its comparison triangle in IR? and K has no 2-simplex with
a free 1-dimensional face. Since K is finite, this implies a contradiction. So K
has a 2-simplex with a free 1-dimensional face.

2. Letebe a 1-simplex of K that is the face of at least two 2-simplices in K,
o1 and 0. Let A(a, b, ¢) be the 2-simplex 01 and let A(b, ¢, f) be the 2-simplex
02. Let d be a point on the edge e = [b, c].

Let A(a’,b’,d") be a comparison triangle in IR? for A(a, b, d) and let A(a’, d’, ") be
a comparison triangle in IR? for A(a,d, c¢). We place the comparison triangles
A@,b',d")and A(a’,d’, ") in different half-planes with respect to the line a’d’
in R%. Let A(b”, f’,d”) be a comparison triangle in R? for A(b, f,d) and
let A(f”,d”,c”) be a comparison triangle in R? for A(f,d,c). We place the
comparison triangles A(b”, f”,d"”) and A(f"”,d”,c”) in different half-planes
with respect to the line d” f” in R?.

Because dpa(a’,d’) = d(a,d) and dp=(d”, f”') = d(d, f), Alexandrov’s lemma
implies that /4 (V’,a") + Z¢(a’,¢’) = m and 24 (b, f”') + Lo (f",c”") = m. So
Lg(b,a) + £4(a,c) = mand 24(b, f) + 2a(f,c) = . Hence, because the 1-simplex
e is contained in at least two 2-simplices in K, the full angle around the
point d equals at least 2. We denote by O the full angle around the point
d in |K|. Because |K| has a convex metric, the curvature at the point d is
w(d) =2t — 0 < 0. It similarly follows that the full angle around any interior
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point in |K]| equals at least 2. |K]| has thus curvature < 0 at any of its interior
points.

O

We show further that the subcomplex K’ obtained by performing an el-
ementary collapse on a finite, CAT(0) 2-complex K, remains non-positively
curved. We treat only the general case when K’ is obtained by pushing in
an entire 2-simplex with a free 1-dimensional face, by starting at its free face.
We emphasize that the same result holds for any deformation retract of a
finite, CAT(0) 2-complex K obtained by pushing in any geodesic triangle 6 in
IK| such that one side of 0 belongs to a free 1-simplex of K. First we need a

lemma.

Lemma 3.1.2. Let K be a CAT(0) space. Then any path c : [0,1] — K in K has

a unique midpoint.

Proof. Let t € [0,1] such that I(clj,q) = I(cljt1]) = %l(d[o,l])- Because K is
CAT(0), Theorem 1.2.4 implies that for every ¢ > 0 there exists 6 = 6(¢) such
that if

I(clio1) = Lclge1) = S1clo) < %l(cl[o,u) +9,

t" € [0,1], then d(c(t), c(t')) < €. So, because d(c(t), c(t')) < € for every ¢ > 0,
d(c(t),c(t')) = 0. The path c has therefore a unique midpoint.

O

Proposition 3.1.3. Let K be a finite, CAT(0), 2-dimensional simplicial complex
and let o be a 2-simplex in K with a free 1-dimensional face e. Then the subcomplex
K" = K\ {e, 0} is non-positively curved.

Proof. Let A(a,b,c) be the 2-simplex o and let e = [b,c] be its free 1-
dimensional face. We denote by r := max{d(a, b),d(a,c)}. We consider in |K]
a neighborhood of 2 homeomorphic to a closed ball of radius 7, U = {x €
IK| | d(a,x) < r}. U endowed with the induced metric, is a CAT(0) space.
Because U is complete and it has a strongly convex metric, any two points in

U are joined by a unique geodesic segment which is contained in U. So any
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geodesic triangle with vertices at any three points in U, belongs to U and it
satisfies the CAT(0) inequality.

We consider in |K’| a neighborhood of 2 homeomorphic to a closed ball
of radius r, U’ = {x € |K’| | d'(a, x) < r}, endowed with the induced metric d’.
We notice that U’ = U \ {e, 0}. We find next the geodesic segments in U" with

respect to d’.

Let p, g be two distinct points in U that do not belong to the interior of ¢
such that the geodesic segment [p, q] intersects o and it does not pass through
a. We denote by m the intersection point of [p,q] with [a,b] and by n the
intersection point of [p, q] with [a, c].

Lemma 3.1.4. Let ¢ : [0,1] — U be a path in U joining p to q that does
not intersect 0. Then there exists a point sy on ¢ such that the geodesic segments
[p,sol and [q,s0] do not intersect o and for whom the following inequality holds:

d'(p,a)+d'(a,q) <d'(p,s0) +d (50, 9).

Proof. We call the points on ¢ such that the segment [g, c(t)] intersects ¢
and the segment [p, c(t)] does not intersect o, points of type L.

We call the points on c such that the segment [p, c(t)] intersects o, points of
type II. Notice that if c(t) is a point of type II, then the segment [g, c(t)] might

also intersect o.

We call the points on ¢ such that the segments [g, c(t)] and [p, c(t)] do not
intersect o, points of type IIL

Suppose that there are no points of type IIl on c. Any point on the path c
is hence either a point of type I or a point of type II. Thus, for any ¢ € [0, 1], at
least one of the segments [g, c(t)] and [p, c(t)] intersects o.

We define the mapping m : ¢[0,1] x c[0,1] — ¢[0,1] by Vt;,t, € [0,1],
m(c(), c(t2)) = c(t), t € [0,1], where el 1) = Kclp) = 31(clpr)- Since K
is CAT(0), Lemma 5.1.3 implies that the path ¢ has a unique midpoint. The

mapping m is therefore well-defined.
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We define the sequence (s,,),eN,n— Of tuples (s;,, s;,) as follows:

— the elements s;, are points of type I;

— the elements s;, are points of type II;

- s0=(s{,s5)=(p, 9);

(s, m(s), s)), if m(sy, ) is a point of type II;
—s1=(s},87)=
(m(sg,s5),80),it m(sy, s;)) is a point of type I;

(87,1, m(s;

Wit m(s’_,, s ) is a point of type II;

nl’ nl’

— Sn:(s;w 5%’):

(m(s/_y,s )8 ,)it m(s)_,,s ) is a point of type L.

nl’

Lets;, = c(t;,) be a point of type I on c and let s, = c(t;/) be a point of type Il on
c,n>1.

Since s, is a point of type I on ¢, while s;, is a point of type II on ¢,
the geodesic segments [g, s;,] and [p, s/ ] intersect 0. Because these geodesic
segments are unique and because the value of any Alexandrov angle lies, by
its definition, between 0 and 7, we have

L4, p) + La(p,sy) < T
and
Za(p, q) + Za(q,5) < 7.
Adding the above inequalities, we get
2 £,4,p) + La(p,sy) + La(q,57) < 21

Further, because the curvature at the pointa in U is <0,

La(q,p) + La(p,s,) + La(S),,80) + La(sy, q) = 27
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The path c connecting p to g in U.
The blue points s; on the path c are points of type I, 0 < k < n.
The red points s;” on the path c are points of type I, 0 < k < n.

(0,55 (P, 9

(s1,87) = (sp,m(sp,s7));

(s5,87) = (m(sy,sy),s));

(85,85) = (m(s),55),55);

(S;ll S;z,) = (S;//l_ll m(S:l_ll S;,l/_l ) or (m(s,/,,_ll 5:1,—1)’ S,n/—l .

The above relations imply that z,(s;,s;) > Z:(p,q). Hence, since Z,(p,q) >
Zq(b, ) # 0, we have
lim 2,(s],,s)) # 0. (1)
n—oo

Further, since
I(clie, ) = %Z(Cl[o,u), itt, <t

I(cliey 1) = %Z(Cl[o,l]), ifty) <t,
it follows that

n—rn’s

Hml(cly ) = 0, ift] <t/
n—oo

hml(CI[t;{,t;]) = O, if t;zl < t;l
n—o00

There exists a unique geodesic segment in U joining s;, = c(t;) to s;, = c(t,)
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whose length equals d(s;,, s;/). Because

0 <d(sy,sy) < Il ), ift, <t),

0 <d(s,,s) < Icluyy), it <t
we get
limd(s;,s;) = 0. (2)

Because the path ¢ does not pass through 4, the points s;, and s;, are both
distinct from a. The angle of the geodesic triangle A(a, s}, s;;) at a is hence the
Alexandrov angle between the geodesic segments [a,s;] and [a,s;, ] issuing
from a. We consider the comparison triangle A(a, s, s)/) in R? for A(a,s),s))).
The comparison angle (s}, s;) is well-defined since s}, and s, both differ
from a. By (2), it follows that

lim Z,(s},s//) = 0.

n—00

Since U is CAT(0),
0 < La(sy,s7) < Zasy,57))
and hence
lim Z4(5,5//) = 0.
Due to (1), the above relation implies a contradiction. So there exist points of

type III on the path c. Let sy be a point of type IIl on c.

Because the geodesic segment [p,q] intersects o and it does not pass
through a, Z,(p,q) < m. So, since the curvature at the point a in U is < 0,
we have

lu(Pr SO) + ZLI(SO/ (J) > Tt (3)

Leta(p’,a’,s) be acomparison triangle in R? for A(p,a,s0)and let A(q’, ', S;)
be a comparison triangle in R? for A(g, 4, sp). We place the comparison trian-
gles A(p’,a’,s)) and A(q’,a’, sp) in different half-planes with respect to the line
a’s}y in R?.
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Comparison triangles in R?

Because any geodesic triangle in U satisfies the CAT(0) inequality, by (3)
we have Zy(p’,sy) + Z#(s),q') > 7. So the comparison triangles A(p’,a’,s))
and A(q’,a’,s}) in R? are placed one with respect to the other as in the figure
from above. Because the curvature at any point in R? equals zero, while
any Euclidean triangle has curvature zero, we get: /,,(@’,q") < Z,(s;,q') and
Lyp(@,p') < Ly(s{,p’). The point a’ lies hence in the interior of the Euclidean
triangle A(p’,s;,q’). We consider a point a” on [p’,s;] such that 4’ lies on
[a”,4q']. Thus

dpe(p’,a') +dge(@’,q') <
<dge(p’,a") +dgea”,a’) +dg(a’,q’) =

=dp(p’,a"”) +dgr2(a”,q").

Further
Ape(p’,a”") +dge(a”,q’) <
<dge(p’,a”) +dga(a”,s)) +dga(s(,q') =
= dye (¢, ) + de (50, )
Hence

Ape(p’,a") +dpe(a’,q") < dge(p’, sp) + dR2(56' 7).
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The above inequality implies that in U we have

d(p,a) +d(a,q) < d(p,s0) +d(so,q),

for any point sy such that the geodesic segments [p,so] and [so,q] do not
intersect 0. The geodesic segments [p, so] and [sp, ] in U belong therefore to
U’. So the same inequality holds in U’

d'(p,a) +d'(a,q) <d'(p,s0) +d'(s0,9).

O

Lemma 3.1.5. The geodesic segment [p,q] in U’ with respect to d’, is the union
of the geodesic segments [p,a] and [a, q].

Proof. We denote by ¢ : [0,1] — U’ the path obtained by concatenating
the segments [p,a] and [4,g]. Among all paths joining p to g in U’ which pass
through a4, the path c has the shortest length.

Suppose that there exists a path ¢ : [0,1] — U’ connecting p to q in U’
that does not pass through a and whose length is less or equal to the length
of the path c. Because the path cy does not intersect o, there exists, according
to Lemma 3.1.4, a point sy on ¢y such that the geodesic segments [p, so] and
[0, g] do not intersect 0. The geodesic segments [p, so] and [sp, ] in U belong
therefore to U’. So

d’(p,so) +d'(so,q) < l(co) <Il(c) =d'(p,a) +d'(a,q)

which is, by Lemma 3.1.4, a contradiction. Thus any path in U’ joining p to g
and which does not pass through g, is longer than c.

Altogether, it follows that the geodesic segment joining p to g in U’ with
respect to d’ is the union of the geodesic segments [p,a] and [a, g].

O

Lemma 3.1.6. Let r be a point in U such that the geodesic segments [r, p] and
[, q] do not intersect o and such that the quadrilaterals ramp and rang are convex.
Then, the geodesic triangle A(p, 1, q) in U’ satisfies the CAT(0) inequality.
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The subcomplex K’ is non-positively curved

o r
q qIl
Comparison triangles in R?

Proof. By Lemma 3.1.5,d'(p,q) = d’'(p,a) + d'(a, q).

Let A(p”,7”",q"") be a comparison triangle in R? for A(p,7,¢q) in U’. Let
A(r,p’,a") be a comparison triangle in R? for A(r, p,a)in U and let A(r',q’,a")
be a comparison triangle in R? for A(r,q,4) in U. We place the comparison
triangles A(r',p’,a") and A(7, q’, a’) in different half-planes with respect to the
line 7a’ in IR?.

Because U is CAT(0), the following inequalities hold: /,(r,a) < £,(¥,a’),
Li(p,a) < Lp(p',a"), Ly(r,a) < Ly(V,a"), £,(q,a) < Lpy(q',a").

We considera” € [p”,q"”]such thatdg:(p”,a”) = dge(p’,a’). Since £, (', p')+
Ly(r',q") = i, Alexandrov’slemma implies that 2, (p’, a’)+ 2, (q',a’) < £+(p”,q9"),
Ly(r',a") < Ly (r”,a")and £y (1,a") < Ly (r”,a"”).

So the following inequalitieshold: /,(r,a) < 2,(v',a") < £,/(r”,a"), £4(r,a) <
Lyt a') < Lg(r”,a"), L(p,q) < L(p,a) + £(q,a) < Lp(p',a') + £0(q',a") <
Lw(p”,q"). The geodesic triangle A(p,r,q) in U’ satisfies thus the CAT(0)
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inequality.
O

Lemma 3.1.7. Let r be a point in U such that the geodesic segments [r, p] and
[r,q] do not intersect o and such that the quadrilateral ramp is convex, while the
quadrilateral ranq is concave. Then, the geodesic triangle A(p,n,r) in U’ satisfies
the CAT(0) inequality.

Proof. By Lemma 3.1.5, d’(p,n) = d’(p,a) + d’'(a,n) and d’(r,n) = d’(r,a) +
d’(a,n).

The subcomplex K’ is non-positively curved

Let A(p’,n’,7") be a comparison triangle in R? for A(p,n,7) in U’ and let
A(p”,a"”,r"") be a comparison triangle in R? for A(p,a,r)in U.

pII r“

Comparison triangles in R?

Because U is CAT(0), the following inequalities hold: Z,(a,7) < Z,(a”,1")
and Z,(a,p) < Lw(a”,p").

We consider a point a’ in the interior of the Euclidean triangle A(p’, n’, ")
such that da(p’,a’) = d'(p,a) and dge(r',a’) = d'(r,a). Thus £, (a’,7") <
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Ly(n',v") and Zy(a’,p’) < £n(n',p’). Since the Euclidean triangles A(p’,a’,7")
and A(p”,a”,r"”) are congruent to each other, /,(a’,7") = Z,(a”,7”) and
L@, P') = Lo (@),

So £y(n,r) < Ly(n',1") and Z,(n,p) < £.(',p’). Since the angle between
the geodesic segments [n, p] and [n, 7] in U’ equals zero, the geodesic triangle

A(p,n,r) in U’ satisties the CAT(0) inequality.

O

Lemma 3.1.8. Let r be a point in U such that the geodesic segment [r, p] inter-
sects 0. Then, the geodesic triangle A(p,q,r) in U’ satisfies the CAT(0) inequality.

Proof. By Lemma 3.1.5, d'(p,q) = d'(p,a) + d’(a,q) and d’(p,r) = d'(p,a) +
d'(a,r).

Comparison triangles in R?

Let A(p,q’,7") be a comparison triangle in R? for A(p,q,7) in U’ and let

A(r"”,a”,q"") be a comparison triangle in R? for A(r,a,g) in U.
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Because U is CAT(0), the following inequalities hold: 7,(a,q) < £+(a”,q")
and Z4(a,r) < Ly (a”,1").

We consider a point 2’ in the interior of the Euclidean triangle A(p’,q’,1")
such that dpa(',a") = d'(r,a) and dp:(q’,a") = d'(g,a). Thus £.(a',q") <
Lp(p',q') and Zy(a',7") < Ly (p’,7"). Since the Euclidean triangles A(r,a’,q")
and A(r”,a”,q"”) are congruent to each other, /.(a’,q") = 4+(a”,q"”) and
Lo(@',17") = Lyr(a”,1").

In conclusion, the geodesic triangle A(p,q,r) in U’ verifies the CAT(0)

inequality.

O
Lemma 3.1.9. Every point in |K’| has a neighborhood which is a CAT(0) space.

Proof. Let u,v,w be three distinct points in U chosen such that they do
not belong to ¢ and such that the geodesic segments [u, v], [, w] and [v, w]
in U do not intersect 0. Because the geodesic triangle A(u, v, w) in U’ satisfies
the CAT(0) inequality and considering the Lemmas 3.1.6, 3.1.7 and 3.1.8, we
may conclude that any geodesic triangle in U’ fulfills the CAT(0) inequality.
So U’ is a CAT(0) space.

Let y be a point in |[K] that does not belong to ¢. Let U, be a neighborhood
of y homeomorphic to a closed ball of radius r,, U, = {x € |K| | d(y,x) < ry}.
The radius r, is chosen small enough such that U, does not intersect 0. For
any y in |[K’| that does not lie on [g, b] or [4, c], we consider a neighborhood LI;
that coincides with U,,. uy is hence a CAT(0) space.

So every point in [K’| has a neighborhood which is a CAT(0) space.

O

We are now in the position to show the main result of the subsection: any
finite, CAT(0) 2-complex retracts to a point through subspaces which remain,
at each step, CAT(0) spaces.

Theorem 3.1.10. Let K be a finite, CAT(0), 2-dimensional simplicial complex.
Then K collapses to a point through CAT(0) subspaces |K’|.
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Proof. Proposition 3.1.1 implies that K has a 2-simplex with a free 1-
dimensional face. We fix a point p in the interior of a 2-simplex of K. We
define the map R : K| X [0,1] — |K| which associates for any x € |K| and for
any t € [0,1], to (x, t) the point a distance ¢ - d(p, x) from x along the geodesic
segment [p,x]. Because |K| has a strongly convex metric, the map R is a
continuous retraction of |[K| to p. R(IK| x [0, 1]) is therefore contractible and
then simply connected. Let g, b, ¢ be any three distinct points in R(|K]| x [0, 1])
such that the unique geodesic segment [b, c] belongs to a 1-simplex that is
the face of a single 2-simplex in the complex. For each 6 = A(a,b,c), we
deformation retract R(|K| X [0, 1]) by pushing in 6 starting at [b, c]. We obtain
each time a subspace |K’| = R(|K]| x [0,1]) which remains simply connected
and, by Proposition 3.1.3, non-positively curved. So |K’| is a CAT(0) space
implying that any two points in |K’| are joined by a unique geodesic segment
in [K’|. If at a certain step we delete the point p, we fix another point in
the interior of a 2-simplex of K’, define the map R as before and retract the
space by CAT(0) subspaces further. Since K is finite, we reach, after a finite
number of steps, a 1-dimensional spine L. Since |L| is also a CAT(0) space, it is
contractible. Taking into account that a contractible 1-complex is collapsible,
the result follows.

O

Since a CAT(k) space is a CAT(0) space, for any real number k < 0, the

above result implies the following corollary.

Corollary 3.1.11. Let K be a finite, CAT(k), 2-dimensional simplicial complex,
k < 0 being a real number. Then K collapses to a point through CAT(k) subspaces
K"].

3.2 Strongly convex simplicial complexes of dimension
2and 3

We study in this subsection finite, strongly convex simplicial complexes of
dimension 2 and 3. Namely, considering W. White’s proofs, we show that
these spaces are contractible and locally contractible and we obtain further
results necessary to prove that such spaces are even collapsible (see [35]).
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In the following lemma we investigate the contractibility and local con-
tractibility of strongly convex simplicial complexes.

Lemma 3.2.1. Let K be a finite simplicial complex that admits a strongly convex
metric. Then K is contractible and locally contractible.

Proof. Because K is a complete strongly convex metric space, any two
points x, y in K can be joined by a unique segment in K. So, for each t € [0, 1],
there exists a unique point zin |[K| such thatd(x, z) = t-d(x, y) and d(z, y) = (1-f)-
d(x, y). We denote the interval [0, 1] by I and the point z by P(x, y, t). We prove
further that the function P : |[K| X |[K|xI — |K] is continuous. Let x;, x, y;, y € K]
and let t;,t € I such that x; — x, y; = y and t; — t. Because K is compact, the
sequence p; = P(x;, y;, t;) has a subsequence p,,, = P(Xy,, Yn,, tn,) that converges,
say to p. Since p,,, = P(xy,, Y, tn;), the definition of the function P implies that
A(Xp,, Pn;) = tn;d(Xn,, Yu,) and d(py,, Yn,) = (1—=t,)-d(x4,, Yu,). Letting i converge to
infinity, we getd(x,p) = t-d(x, y) and d(p, y) = (1—-t)-d(x, y). The definition of P
implies that p = P(x, y, t). So, since p,, = p, we have P(x,,, Y, tn,) = P(x, y, 1),
for any subsequence {x,,} of {x;}, for any subsequence {y,,} of {y;} and for any
subsequence {t,,} of {t;}. Hence, since P(x;, y;, t;) = P(x,y,t), P is a continuous

function.

Let xo be a fixed point of |[K|. We consider the homotopy H : K| X [0,1] —
K|, H(x,t) = P(x,xo,t): H(x,0) = x, Yx € |K|, H(x,1) = xp, Yx € |K| and
H(x,t) = z, Vx € [K|, Vt € [0,1] where z € [x, x¢]. So, since H shrinks |K| along

segments towards xy, K is contractible.

Let A be a subset of |[K| and let a be a fixed point in A. Because A has a
strongly convex metric, we can define the homotopy H : A X [0,1] — A that
shrinks A along segments towards a. So K is locally contractible.

O

The proof of the collapsibility of finite strongly convex (, locally 6-large)
simplicial complexes of dimension 2 (3) uses the following result.

Lemma 3.2.2. Let K be a finite 3-complex that admits a strongly convex metric.
Let L be a subcomplex of K that contains 3-simplices of K and their faces. Let a be a
3-simplex of L and let p be a fixed point in the interior of ov. Then there exists a point
xo of |L| such that:
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1. xq is not a vertex of K;
2. forany y € |L| such that xq € [p, y], the points xo and y coincide.

Furthermore |Lk(xo, L)| can be contracted to a point in |Lk(xo, K)|.

Proof. We define the contraction H : |K| X [0, 1] — |K| such that H(x,0) =
x,Vx € [K|, H(x,1) = p,¥x € |K| and H(x,t) = z,Vx € |[K|,Vt € [0,1] where
z € [x,p].

We choose ¢ small enough such that the set S.(p) = {y € [L| : d(p, y) = &}
separates the 3-simplex a. Because S.(p) N H(K© x [0, 1]) is a finite set, the
set Sq(p) \ H(K© x [0,1]) differs from the empty set. Let x be a point in
Se(p) \ H(K© x [0,1]). We define the set F = {ly €IL| : x € [p, y]}. Because K is
compact, F is also compact and hence it is bounded. So there exists a point
xo in F such that for any y € F, d(y, p) < d(xo,p). According to the hypothesis,
forany y € |L|, xo € [p, y]. So d(y,p) > d(xo,p). In conclusion d(y, p) = d(xo, p).

Because K is a complete strongly convex metric space, there exists a unique
segment joining p to y and there exists a unique segment joining p to xo. Thus,
since xo € [p, y] and d(y, p) = d(xo, p), the points y and x; coincide.

Altogether, there exists a point x in |L| that is not a vertex of K such that
for any y € |L| with xq € [p, y], the points xo and y coincide.

Because St(xg, K) has the structure of a cone, |St(xg, K)| = xo|Lk(xo, K)I,
we can define the continuous map 7 : |St(xo, K)| \ {xo} — |Lk(xo,K)|. We
choose ¢ > 0 small enough such that S.(xg) C [St(xp,K)|. We define the
continuous map 7, : |Lk(xp, K)| = S.(x09). We consider further the mapping
ntH(-, t)mte : |Lk(xo, L)l — [Lk(xo,K)|. This map is well-defined if there exists
a neighborhood Nj of xy such that H(Ny,t) C int|St(xo,K)|, Vt € [0,1]. Fur-
thermore, because |Lk(xo, K)| is locally contractible, the neighborhood Ny of x
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must be chosen such that TH(Nj, t) can be contracted to a point in [Lk(x, K)|.
Besides ¢ must be chosen small enough such that S.(xp) C Ny. If these con-
ditions are fulfilled, the map nH(:, t)rt, is well-defined. Since mH(:, t)m, is
continuous, it preserves the structure of |Lk(xo, K)| of being contractible to
a point in |Lk(xp, K)|. Hence |Lk(xo,L)| can also be contracted to a point in
|Lk(xo, K)I.

3.3 Collapsing a strongly convex 2-dimensional simpli-
cial complex

We give in this subsection a metric characterization of collapsible 2-complexes.
Namely, considering W. White’s proof, we show that finite, strongly convex
2-complexes collapse to a point (see [35]).

Theorem 3.3.1. Let K be a finite, strongly convex, 2-dimensional simplicial
complex. Then K has a 1-dimensional spine.

Proof. Let a1 be a 2-simplex of K and let p be a fixed vertex in the interior
of a;. Lemma 3.2.2 implies that there exists a point xp in |K| such that:

1. xgisnota vertex of K;
2. for any y € |K]| such that xy € [p, y], the points xy and y must coincide.

Let p be a 1-dimensional face of a; such that xj lies on g.

We show that K has a 2-simplex with a free 1-dimensional face. Suppose,
on the contrary, that K has no 2-simplex with a free 1-dimensional face. So
B is contained in at least two 2-simplices a1 and a,. Because xq lies on f and
p is a point in the interior of a1, we can prolong the segment [p, xg] towards
the interior of a,. But in that case the second property of the point xy does
no longer hold, which is a contradiction. So K has a 2-simplex with a free
1-dimensional face.

Performing an elementary collapse on K, we obtain a subcomplex K’. It
similarly follows that K" has a 2-simplex with a free 1-dimensional face so it
also admits an elementary collapse. Because K is finite, there exists a finite
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K contains a 2-simplex with a free 1-dimensional face

sequence of elementary collapses starting with K which eventually terminates

in a 1-dimensional spine.

We prove further the main result of the subsection.

Corollary 3.3.2. Let K be a finite, strongly convex, 2-dimensional simplicial
complex. Then K is collapsible.

Proof. Because K admits a strongly convex metric, it has a 1-dimensional
spine L. Since K is contractible, L remains contractible. A contractible 1-
complex being collapsible, the corollary follows.

3.4 Collapsing a locally 6-large, strongly convex
3-dimensional simplicial complex

We prove in this subsection that finite, locally 6-large, strongly convex 3-
dimensional simplicial complexes are collapsible (see [7]). The proof has
two steps. Firstly, following W. White’s proof given in [35], we show that
these spaces collapse to a 2-dimensional spine. The spine does not inherit the
metric condition, but it inherits the combinatorial curvature condition and it
remains simply connected. Secondly, we refer to a result proven by J. Corson
and B. Corson (see [17]) to conclude that the combinatorial condition ensures
the collapsibility of the simply connected, 2-dimensional spine (see [7]).

We start by investigating whether the subcomplex obtained by perform-
ing an elementary collapse on a finite, 6-large simplicial complex of dimension
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3 and 2, remains 6-large.

Lemma 3.4.1. Let K be a finite, 6-large 2-complex that has a 2-simplex a with
a free 1-dimensional face p. Then the subcomplex K’ = K\ {B, a} is 6-large.

Proof. Lety beafull cyclein K of length 7 with one edge e; which coincides
with f and with another edge e, which coincides with another face of . So
the edges e; and e, are consecutive edges of the 2-simplex a. By performing
an elementary collapse on K, the cycle y in K becomes a cycle )’ in K" which
has length 6. So K’ remains 6-large.

Let y be a full cycle in K of length 6,5 or 4 with one edge e; that coincides
with f and with another edge e, that coincides with another 1-dimensional
face of a. So the edges e; and e, are consecutive edges of the 2-simplex a. By
performing an elementary collapse on K, the cycle y becomes a cycle )’ of
length 5,4 or 3. Since y’ is a full cycle in K as well, it must have some two
consecutive edges contained in a common 2-simplex of K. So, since )’ also
has some two consecutive edges contained in a common 2-simplex of K’, K’

remains 6-large.

O

Lemma 3.4.2. Let K be a finite, 6-large 3-complex that has a 3-simplex «a with
a free 2-dimensional face . Then the subcomplex K" = K\ {B, a} is 6-large.

Proof. Lety be a full cycle in K of length 6 which has some two consecutive
edges e1,e; which are faces of . Since by performing an elementary collapse
on K, we do not delete any edges of K, there exists a cycle " in K’ that
coincides with y in K and has therefore length 6. Thus K’ remains 6-large.

Let y be a full cycle in K of length 5 or 4 such that it has some two consec-
utive edges e, e, which are faces of f (see the figure below). By performing
an elementary collapse on K we do not delete any edges of K. So there exists
a cycle y” in K’ that coincides with y in K. Because K is 6-large and since y
has length less than 6, y must have some two consecutive edges contained in
a common 2-simplex of K. In case this 2-simplex is §, whom we delete, we
consider another full cycle y” in K which contains the third edge of f (that
differs from e; and e;) and the other edges of y (which differ from e; and ey).
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Because y”” has length less than 6 and since K is 6-large, )" must have some
two consecutive edges contained in a common 2-simplex o of K. So y has
some two consecutive edges contained in a common 2-simplex ¢ of K. Thus
y’ also has some two consecutive edges contained in a common 2-simplex o
of K. So K’ remains 6-large.

€ [ €

) )

K’ remains 6-large

O

Lemma 3.4.3. Let K be a finite, 6-large 3-complex that has a 3-simplex « with
a free 1-dimensional face B. Then the subcomplex K" = K\ {B, a} is 6-large.

Proof. Let y be a full cycle in K of length 6 or 5 such that one of its 1-
simplices is . By performing an elementary collapse on K, we delete f and
the two 2-simplices of a which have 8 as a face. We obtain a cycle )’ with
length 1 greater than y. So y” has length 7 or 6 implying that K’ remains
o-large.

Let y be a full cycle in K of length 4 such that one of its 1-simplices is . By
performing an elementary collapse on K, we delete  and the two 2-simplices
of @ which have f§ as a face. We obtain a cycle y” with length 1 greater than y.
Because )’ is a full cycle in K and since K is 6-large, )" must have some two
consecutive edges contained in a common 2-simplex of K. Thus K’ remains
6-large.

O

We show further that any finite, strongly convex 3-complex has a 2-

dimensional spine.

Theorem 3.4.4. Let K be a finite 3-complex that admits a strongly convex
metric. Then K has a 2-dimensional spine.
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Proof. Let L be a subcomplex of K that contains 3-simplices and their
faces. Let a1 be a 3-simplex of L. Let p be a fixed point in the interior of a;.
Lemma 3.2.2 implies that there exists a point xq in |L| such that:

1. xgisnota vertex of K;
2. forany y € |L| for whom xq € [p, y], xo coincides with y.

We denote by f the simplex that contains xp. Suppose that f is 2-dimensional.

We show that K has a 3-simplex with a free 2-dimensional face. Suppose
that, on the contrary, K has no 3-simplex with a free 2-dimensional face.
So there exist two 3-simplices, one of them being a;, the other one, say a»,
such that § < a; and p < ay. Because x is contained in 5, we can prolong
the segment [p, xo] towards the interior of a,. But in that case the second
property of the point xy does no longer hold which is a contradiction. So K
has a 3-simplex with a free 2-dimensional face.

K contains a 3-simplex with a free 2-dimensional face

Suppose that f is 1-dimensional. We consider the link of fin L, Lk(B,L) =
{ y(l) € L|pu € L}. We consider the link of x( in L. We notice that Lk(x,, L) is the
suspension of Lk(B, L).

\’
K contains a 3-simplex with a free 1-dimensional face

62



We show that K contains a 3-simplex with a free 1-dimensional face.
Suppose, on the contrary, that K has no 3-simplex with a free 1-dimensional
face. So Lk(xo, L) might contain a 2-sphere. Because Lk(x, L) is the suspension
of Lk(B,L), Lk(B, L) contains in that case a closed curve. Since |Lk(xp,L)| can
be contracted, according to Lemma 3.2.1, to a point in |Lk(xo, K)|, [Lk(xo, L)l
can not contain a 2-sphere. Lk(B, L) can therefore not contain a closed curve.
So Lk(B,L) has a 1-simplex e with a free vertex v. Since e € Lk(, L), pe is a
3-simplex in L. Because v© < eV and v is a free vertex of e in Lk(B,L), it
follows that [Bv]® < [Be]®. So L has a 3-simplex e with a free 1-dimensional
face Bo.

Because K contains a 3-simplex with a free 2-dimensional face and a
3-simplex with a free 1-dimensional face, there exists a finite sequence of
elementary collapses, starting with K, which eventually terminates in a 2-
dimensional spine K.

We present one of the main results of the paper.

Theorem 3.4.5. Let K be a finite, locally 6-large, 3-dimensional simplicial
complex that admits a strongly convex metric. Then K is collapsible.

Proof. Because K admits a strongly convex metric, it is contractible and
then simply connected. Since K has a convex metric, it is connected. So K is
6-systolic and then, according to Proposition 1.3.15, 6-large.

Since K admits a strongly convex metric, Theorem 3.4.4 implies that K
has a 3-simplex with a free face. By performing an elementary collapse on
K, we obtain a subcomplex K" which remains simply connected. According
to Lemma 3.4.2 and Lemma 3.4.3, K" also remains 6-large. So, by Corollary
1.3.17, K’ is locally 6-large.

Since K is finite, a finite sequence of elementary collapses starting with
K eventually terminates in a 2-dimensional spine L. Since L is finite, simply
connected and locally 6-large, the result follows by applying Theorem 1.3.14.

O
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4 Collapsing cell complexes by using van Kam-
pen diagrams

This section provides combinatorial characterizations of collapsible 2-dimensional
cell complexes. We prove that finite, simply connected, 2-dimensional square
(hexagon) complexes with the 8- (12-) property are collapsible (see [29], [27]).
Besides, we describe the combinatorial structure of locally finite, simply con-
nected, 2-dimensional square (hexagon) complexes with the 8- (12-) property
(see [29], [27]). ]J. Corson and B. Corson obtained in [17] similar results.
Namely, they proved that finite, simply connected, 2-dimensional simplicial
complexes that have the 6-property, collapse to a point. They showed fur-
ther that locally finite, simply connected, 2-dimensional simplicial complexes
with the 6-property, possess a simple combinatorial structure. As in [17], our

proof uses van Kampen diagrams.

4.1 Collapsing a 2-dimensional square complex with
the 8-property

We consider in this section finite, 2-dimensional, square complexes that have
the 8-property and prove that they are collapsible. We also analyze the
combinatorial structure of infinite, 2-dimensional square complexes with the

8-property.

Definition 4.1.1. A 2-dimensional square complex K has the 8-property if the
link of each vertex of K is a graph of girth at least 8.

The following lemma gives an important property of square disks whose
interior vertices have degree at least 4.

Lemma 4.1.2. Let D be a square disk whose interior vertices have degree at least

4. Then

Y, 3—degv) >4,
vedD

summing over the boundary vertices of D.
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Proof. We denote the set of interior vertices of D by int(D). We denote by
V, Vint, Vert, E, Eoxt and F, the number of vertices, interior vertices, exterior
vertices, edges, exterior edges and 2-cells of D, respectively. The following
relations hold in any square disk: 1 = V — E + F (Euler’s characteristic),
2E — Ext = 4F, Vot = Eeyt, ), deg v = 2E. Using these relations, we obtain

6=6(V—E+F)=
=6V -3.2E-3V,, =

=6V - ( Y, degv+ ) degv)—35Vey =

veint(D) vedD

=34Vii— T degv)+3(3Veu — L dego).

veint(D) vedD
Thus

4= ) (4-degv)+ ), (3—degnu).

veint(D) vedD

Since Dis a square disk whose interior vertices have degree atleast4, ), (4-
veint(D)
deg v) < 0. Using the above relation, it follows

Y, 3—degv) >4.

vedD

O

Let K be a square complex. We define the following elementary operations
on edge-paths in K.

1. Free reduction: Let a be an edge-path containing a subpath of the form
ee~! and let B be the edge-path obtained by deleting this subpath. We call the
passage from « to f3 a free reduction.

2. Short-cut: Let vy, v1,v2,v3 be the vertices of a 2-cell in K. The passage
from one edge-path to another, obtained

66



a. either by replacing an occurrence of a path [vg, v1][v1, v2][v2, v3] by the
single edge [vg, v3],

b. or by replacing an occurrence of a path [vy, v1] by the edge-path [vy, v3]

[v3, v2] [02, 01],
is called a short-cut.

3. Elementary exchange: Let vy, v1,v2,v3 be the vertices of a 2-cell in K. The
passage from one edge-path to another, obtained by replacing an occurrence
of a path [vg, v1][v1, v2] by the path [vg, v3][v3, V2], is called an elementary ex-
change.

One can notice that none of the elementary operations alter the endpoints
of an edge-path. Free reductions and short-cuts change the length of an
edge-path, whereas elementary exchanges do not. This will be important.

If we can pass from one edge-path a to another edge-path f via a fi-
nite sequence of elementary exchanges, then we call the edge-paths a and
B exchangeable and we write a = . An edge-path «a is strongly reduced if for
any edge-path f, exchangeable with «, f does not admit a free reduction or
short-cut.

If there exists a finite sequence of elementary operations passing from an
edge-path a to another edge-path , then @ and p are path-homotopic. The
converse affirmation also holds for 2-dimensional square complexes with the
8-property.

Theorem 4.1.3. Let K be a 2-dimensional square complex with the 8-property.
Let B be a strongly reduced edge-path in K. If « is any edge-path, path-homotopic to
B, then there exists a finite sequence of elementary operations passing from a to p.

Proof. We apply elementary operations on a until it becomes strongly
reduced. We must prove the existence of a finite sequence of elementary
exchanges from «a to f5.

Since the edge-path af™! is null-homotopic, there exists a van Kampen
diagram (D, ¢) for ap~!. Dis a square disk. We choose a van Kampen diagram
for ap™! of minimal area. (D, ¢) is thus a reduced van Kampen diagram for
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aB~L. Since the edge-paths a and B in K are strongly reduced, no boundary
vertex of D has degree smaller than 2.

Let vp, v1 and v, be boundary vertices of D. Because K has the 8-property
and (D, ¢) is a reduced van Kampen diagram for a closed edge-path in K, D
also has the 8-property. Thus, since (3 —degv;) <1,0 <i <2, Lemma 4.1.2

implies
4 < (3—deguvy) + (3 —deguv) + (3 —deguvy)+

+ Y (8—deguv) <

vedD,v¢{vy,v1,02}

<3+ Y (3 —deg ).

vedD,v¢{vy, 01,02}

So D has an exterior vertex v ¢ {vg, v1, 02} such that deg v < 2. Since degv = 2,

the open star of v in D contains one 2-cell.

By deleting in D the open star of v, we perform either a short-cut or an
elementary exchange on a or f and we construct a disk D’ = D\ St v. Because
a and f are strongly reduced, we can not perform short-cuts on them. So,
the disk D’ is obtained by performing an elementary exchange on, say a. We
reach hence another edge-path y. Thus y = a.

Because elementary exchanges preserve the length of edge-paths, the
diagram (D’, ¢) is a van Kampen diagram for a™! as well. But the disk D’
has one 2-cell less than D, which is a contradiction since D has minimal area.
So, by performing an elementary exchange either on a or on , we reach either
por a. Hence a = .

O

Let K be a 2-dimensional square complex. Let ¢, ¢’ be two directed edges
in K such that i(e) = i(¢’) = v. We denote by p(e, ¢’) the length of a shortest
edge-path in Lk(v, K) joining t(e) and t(e’). We define p(e,¢’) to be infinite,
if there does not exist an edge-path joining f(e) and t(¢’) in K. We call an
edge-path ey...e, in K a locally geodesic if p(e;*,e;11) > 4 forall 1 < i < n. The
term “locally” does not have to its traditional meaning. Instead, it suggests
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that such an edge-path can not be deleted by any elementary operations on K.
So there exists an edge-path between any two points in K joined by a locally

geodesic, no matter the elementary operations we perform on the complex.

By its definition, a locally geodesic edge-path does not admit any ele-
mentary operations. So, if K is a 2-dimensional square complex with the
8-property, any closed locally geodesic edge-path in K is, by Theorem 4.1.3,
essential.

The following results represent applications of Theorem 4.1.3. The first
proves the collapsibility of finite, simply connected, 2-dimensional square
complexes with the 8-property. The second gives a combinatorial description
of a locally finite, simply connected, 2-dimensional square complexes with
the 8-property.

Corollary 4.1.4. Let K be a finite, simply connected, 2-dimensional square
complex with the 8-property. Then K is collapsible.

Proof. Suppose that there exists a connected subcomplex of K, L, that has
more than one vertex and that does not admit any elementary collapses. If L
is 1-dimensional, its fundamental group is nontrivial. If L is 2-dimensional,
each 0- and 1-cell of L is contained in at least two cells of L. Because a locally
geodesic edge-path does not permit any elementary collapses, by choosing
edges in succession, we can construct in L a locally geodesic edge-path a.
L being finite, « is eventually closed. Hence, because L inherits from K the
8-property, Theorem 4.1.3 implies that a is not null-homotopic in L. The
fundamental group of L is therefore nontrivial. But |K] is simply connected;
the fundamental group of any connected subcomplex of K is therefore trivial.
This implies a contradiction. So any connected subcomplex of K admits an
elementary collapse. K being finite, there exists a finite sequence of elemen-
tary collapses, starting with K, which eventually terminates in a one-point

subcomplex. So K collapses to a point.

O

Corollary 4.1.5. Let K be a locally finite, simply connected, 2-dimensional
square complex with the 8-property. Then K is a monotone union of a sequence of
collapsible subcomplexes.
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Proof. Let vy be a fixed vertex in K. For each integer 7, let L, be the full
subcomplex of K generated by the vertices that can be joined to v, by an
edge-path of length at most n. Thus, for each n, L, is finite and connected.
Since K = (J;,-1 Ly, the corollary follows due to the above result, once we have
shown that, for each n, |L,| is simply connected.

Let @ = ey...e, be a closed edge-path in L, with endpoints at vy. We denote
by v; = t(e;) = i(ei+1) and by y; an edge-path in K from v, to v; of minimal
length. We consider the edge-path y = e1p7'y1e2)5 2. €n-1y, ! Vuo16q in Ly
that freely reduces to a.

Because [K] is simply connected, the edge-paths y;e;.1 and y;.1 are path-
homotopic. Because K has the 8-property, Theorem 4.1.3 implies that there
exists, for each i, a finite sequence of elementary operations passing from
yieir1 to yiz1. Each edge-path in this sequence lies in L,. The edge-path y is
therefore null-homotopic in L, and so is a. |L,| is hence simply connected.

O

Since 2-dimensional square complex with the 8-property are collapsible,
the weaker condition of contractibility does also characterize these spaces.

Corollary 4.1.6. Let K be a locally finite, simply connected, 2-dimensional
square complex with the 8-property. Then K is contractible.

Since collapsible square 2-complexes admit a strongly convex metric,
we may conclude that a combinatorial curvature condition on a square 2-
complex, given by the 8-property, guarantees the existence of a strongly

convex metric on the complex.

Corollary 4.1.7. Let K be a locally finite, simply connected, 2-dimensional
square complex with the 8-property. Then K admits a strongly convex metric.

4.2 Collapsing a 2-dimensional hexagon complex with
the 12-property

This subsection gives a second combinatorial characterization of collapsible 2-
complexes. Namely, we prove that finite, 2-dimensional hexagon complexes
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with the 12-property, collapse to a point.

Definition 4.2.1. A 2-dimensional hexagon complex K has the 12-property if
the link of each vertex of K is a graph of girth at least 12.

The following lemma gives an important property which holds for any

hexagon disk whose interior vertices have degree at least 3.

Lemma 4.2.2. Let D be a hexagon disk whose interior vertices have degree at
least 3. Then

Y. (3 —dego) >3,
vedD

summing over the boundary vertices of D.

Proof. We denote the set of interior vertices of D by int(D). We denote by
V, Vint, Vert, E, Eoxt and F, the number of vertices, interior vertices, exterior
vertices, edges, exterior edges and 2-cells of D, respectively. The following
relations hold in any hexagon disk: 1 = V — E + F (Euler’s characteristic),
2E — Ext = 6F, Vot = Eeyt, ), deg v = 2E. Using these relations, we obtain

6=6(V—E+F)=
=6V —4E - Voy =

=(6Viy—2 ), degv)+ (5Ve —2 ), dego).
veint(D) vedD

So

3= Y (B-degv)+ Y (3-dego).
veint(D) vedD
Because D is a hexagon disk whose interior vertices have degree at least 3,

wehave ), (3—degwv)<0. The above relation further implies
veint(D)

Y (% —degv) > 3.
vedD
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O

Let K be a hexagon complex. We introduce the following elementary

operations on edge-paths in K.

1. Free reduction: Let a be an edge-path containing a subpath of the form
eel. Let B be the edge-path obtained by deleting this subpath. We call the

passage from a to f§ a free reduction.

2. Short-cut: Let vg,v1,02,03,04,05 be the vertices of a 2-cell in K. The

passage from one edge-path to another, obtained

a. either by replacing an occurrence of an edge-path [vy, v1] by the edge-
path [vo, vs] [vs, v4] [04, 3] [V3, V2] [02, V1],

b. or by replacing an occurrence of an edge-path [vy, v1] [v1, v2] by the edge-
path [vo, vs] [vs, v4] [0, v3] [0, 02],

c. orbyreplacing an occurrence of an edge-path [vg, v1] [v1, v2] [v2, V3] [V3, V4]
by the edge-path [vg, vs] [v5, V4],

d. orbyreplacing an occurrence of an edge-path [vy, v1] [v1, V2] [02, V3] [v3, V4]
[v4, 5] by the edge-path [vy, vs],

is called a short-cut.

5. Elementary exchange: Let vy, v1,02,03,74,05 be the vertices of a 2-cell
in K. The passage from one edge-path to another, obtained by replac-
ing an occurrence of an edge-path [vg, v1][v1, v2][v2, v3] by the edge-path
[v0, vs][vs, v4][v4, V3], is called an elementary exchange.

Similar to the elementary operations defined on square complexes, the
ones defined on hexagon complexes do not alter the endpoints of an edge-
path either. Although free reductions and short-cuts modify the length of an
edge-path, elementary exchanges do not. This will be important.

In a 2-dimensional hexagon complex with the 12-property, we can essen-
tially pass from one edge-path to any path-homotopic edge-path, via a finite
sequence of elementary operations, as proven in the following theorem.
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Theorem 4.2.3. Let K be a 2-dimensional hexagon complex with the 12-
property. Let B be a strongly reduced edge-path in K. If a is any edge-path that
is path-homotopic to B, then there exists a finite sequence of elementary operations
passing from a to p.

Proof. We apply elementary operations on a until it becomes strongly
reduced. We must show that there exists a finite sequence of elementary
exchanges from « to f8.

Since a and B are path-homotopic, the edge-path af™ is null-homotopic.
So there exists a van Kampen diagram (D, ¢) for af~!. D is a hexagon disk. We
choose a van Kampen diagram for af~! of minimal area. Since the diagram
(D, ¢) is reduced and the edge-paths a and f in K are strongly reduced, D has
no boundary vertex with degree smaller than 2.

Because K has the 12-property and (D, ¢) is a reduced van Kampen dia-
gram for a closed edge-path in K, D also has the 12-property. Let vy, v1,v2, 73
and vy be boundary vertices of D. Since (g —deg v;) < %, 0 <i<4, Lemma
4.2.2 implies that

3< (3 —degwy) + (3 —degv1) + (3 — deg ) + (3 — deg v3)+

+(2 — deg vy) + L 3 —deg) <

vedD,vé(vy,v1,02,03,04}

+ b 2— degv).

vedD,vé{vy,01,02,03,04)

<

N1

So D has an exterior vertex v ¢ {vg, v1, 72, U3, 04} such that deg v < 2. Because

deg v = 2, the open star of v in D contains one 2-cell.

Because a and f are strongly reduced, we can not perform short-cuts or
free reductions on them. By deleting the open star of v in D, we obtain a disk
D’ = D\ Stv. So D’ is constructed by performing an elementary exchange
on, say a. We reach hence another edge-path y. So y = a.

Since elementary exchanges do not change the length of edge-paths, the
diagram (D’, ¢) is a van Kampen diagram for a3~ as well. But the disk D’ has
one 2-cell less than D, a contradiction because D has minimal area. Therefore,
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by performing an elementary exchange either on « or on 8, we reach either
ora.Soa = p.

O

Let K be a 2-dimensional hexagon complex. Let e, ¢’ be two directed edges
in K such that i(e) = i(¢’) = v. We denote by p(e, €’) the length of a shortest
edge-path in Lk(v, K) joining t(e) and t(e’). We define p(e,¢’) to be infinite if
there does not exist any edge-path in Kjoining t(e) to t(¢’). An edge-pathe;...e,
is called a locally geodesic if p(ei‘l,eiﬂ) > 6 forall 1 <i < n. By its definition,
a locally geodesic edge-path does not permit any elementary operations. So,
if K is a 2-dimensional hexagon complex with the 12-property, any closed
locally geodesic edge-path in K is, according to Theorem 4.2.3, essential.

Applying Theorem 4.2.3, the collapsibility of any finite, simply connected,
2-dimensional hexagon complex with the 12-property, follows.

Corollary 4.2.4. Let K be a finite, simply connected, 2-dimensional hexagon
complex that has the 12-property. Then K is collapsible.

Similar to infinite, 2-dimensional square complexes with the 8-property,
infinite, 2-dimensional hexagon complexes with the 12-property also possess
a simple combinatorial structure.

Corollary 4.2.5. Let K be a locally finite, simply connected, 2-dimensional
hexagon complex with the 12-property. Then K is a monotone union of a sequence of
collapsible subcomplexes.

Since 2-dimensional hexagon complex with the 12-property are collapsi-
ble, the weaker condition of contractibility does also characterize these spaces.

Corollary 4.2.6. Let K be a locally finite, simply connected, 2-dimensional
hexagon complex with the 12-property. Then K is contractible.

Because collapsible 2-dimensional hexagon complexes admit a strongly
convex metric, the 12-property ensures the existence of a strongly convex

metric on the complex.

Corollary 4.2.7. Let K be a finite, simply connected, 2-dimensional hexagon
complex that has the 12-property. Then K admits a strongly convex metric.
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5 Collapsing cell complexes by applying
discrete Morse theory

The results we obtain in this section are based on the regular tessellations of
the Euclidean plane: by triangles, squares, and hexagons. K. Crowley used
in [18] the first possibility of subdividing the Euclidean plane (by triangles)
when proving the collapsibility of finite, CAT(0) simplicial complexes of
dimension 3 or less endowed with the standard piecewise Euclidean metric
, under a technical hypothesis. We consider the other two possibilities, and

obtain similar results.

We review first the basic steps in K. Crowley’s proof (see [18], [8]). We
show further that CAT(0) cubical complexes of dimension 2 and 3, endowed
with the standard piecewise Euclidean metric, and hexagonal complexes of
dimension 2 endowed with the standard piecewise Euclidean metric, also
collapse to a point (see [26], [9]). As in [18], our results follow by applying

discrete Morse theory.

In subsection 5.1 (5.5, 5.9) we analyze the geometry of CAT(0) triangu-
lated (cubical, hexagonal) disks. In subsection 5.2 (5.6, 5.10) we show, by
applying discrete Morse theory, that any CAT(0) simplicial (cubical, hexag-
onal) 2-complex is collapsible. The construction of the CAT(0) simplicial
(cubical, hexagonal) 2-complexes is essential. Namely, we obtain a CAT(0)
simplicial (cubical, hexagonal) 2-complex, by endowing the 2-complex with
the standard piecewise Euclidean metric such that each interior vertex of the
complex has degree at least 6 (4, 3). The standard piecewise Euclidean metric
on the 2-complex becomes then CAT(0). In subsection 5.3 (5.7) we investigate
the geometry of CAT(0) simplicial (cubical) 3-complexes. The main result of
section 5.3 (5.7) states that any CAT(0) simplicial (cubical) 3-complex admits,
for each closed edge-path, an immersion of a CAT(0) triangulated (cubical)
disk of minimal area which maps the boundary of the disk to the edge-path
in the complex. Subsection 5.4 (5.8) finds necessary and sufficient conditions
for the collapsibility of a finite CAT(0) simplicial (cubical) 3-complex.
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5.1 The geometry of CAT(0) triangulated disks

We present in this subsection results proven in [18] regarding the geometry
of CAT(0) triangulated disks. A CAT(0) triangulated disk D is constructed by
endowing it with the standard piecewise Euclidean metric such that each of
its interior vertices has degree at least 6. The standard piecewise Euclidean
metric on the disk becomes then CAT(0).

Lemma 5.1.1. Let D be a triangulated disk whose interior vertices have degree
at least 6. Then

Y. (4—degv) > 6,

vedD

summing over the boundary vertices of D.

Proof. See [18].

O

Definition 5.1.2. A geodesic disk is a triangulated disk D that satisfies deg
v > 6 for all interior vertices v, and whose exterior vertices lie on the combinato-
rial geodesics [V, Uy—1, ..., v1,00] and [Un, Vy—1, ..., v1,00]. If v, = v,, we call D a
geodesic disk of type L If d.(v,, v,) = 1, then we call D a geodesic disk of type
1L

Definition 5.1.3. Let | be a simplicial complex whose underlying space is
homeomorphic to R? such that degv > 6, forallvin J. A connected, finite subcomplex
S of | is called a string of pearls if it is simply connected and if its exterior vertices
lie on the combinatorial geodesics [v,, Vp-1,...,01,00] and [0y, Vy-1, ..., 01,00]. If
Uy = Uy, then we call S a string of pearls of type L If d.(v,,v,) = 1, then we call S
a string of pearls of type II.

Theorem 5.1.4. Let S be a string of pearls whose exterior vertices are the vertices
of the combinatorial geodesics [v,, Vy-1, ..., V1, Vo] and [0y, Vy-1, ..., U1, Vo). Then each
vertex v of S lies on a combinatorial geodesic either from v, to vy or from v, to vy.

Proof. See [18].
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Corollary 5.1.5. Let S be a string of pearls whose exterior vertices are the
vertices of the combinatorial geodesics [v,,Vy-1,...,v1,00] and [0y, Vy-1, ..., U1, Vol.
Then d.(v,vg) < n, for each interior vertex v of S.

Proof. See [18].

O

Lemma 5.1.6. Let S be a string of pearls whose exterior vertices lie on the
combinatorial geodesics [vy, Vy-1, ..., V1, Vo] and [Un, Op-1, ..., 01, 00], n = 2. If v,1 #
Uy—1, then vy, vy_1,Vp—1 Span a 2-simplex in S.

Proof. See [18].

5.2 Collapsing a CAT(0) 2-dimensional simplicial com-
plex

We give in this subsection an apparently metric although in fact combinatorial
characterization of collapsible 2-dimensional simplicial complexes.

Theorem 5.2.1. Let K be a 2-dimensional simplicial complex endowed with the
standard piecewise Euclidean metric. If each interior vertex of K have degree at least
6, then K is collapsible.

Proof. See [18].

O

Notice that the simplicial complex in the above theorem is a CAT(0) space
and therefore a CAT(k) space, k < 0 being a real number.

5.3 The geometry of CAT(0) 3-dimensional simplicial
complexes

We investigate in this subsection the geometry of CAT(0) simplicial complexes
of dimension 3 or less.
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Lemma 5.3.1. Let K be a simplicial complex whose underlying space |K| is
simply connected. Let [wy,w,, ..., wx, w1] be a closed combinatorial path in K. Then
there exists a triangulated disk D whose k exterior vertices are the vertices of the
closed combinatorial path [v1,v, ..., Uk, v1]. Furthermore, there exists a simplicial
map |§| : |D| — |K] satisfying ¢(v;) = w; for all i.

Proof. See [18].

O

Lemma 5.3.2. Let K be a simplicial complex. Let wi,wo, ..., wi be distinct
vertices and let [wy, Wy, ..., wi, w1] be a closed combinatorial path in K. Let D be a
triangulated disk whose exterior vertices are the vertices of the closed combinatorial
path [v1,vy, ..., Uk, 1] such that |@| : |D| — [K| is a simplicial map with ¢(v;) = w;
forall i. If D has minimal area, then:

1. || maps i-simplices to i-simplices, 0 < i < 2;
2. 1l(B1) # |Pl(B2), whenever [3(12) * ‘Bgz) contain a common edge.

Proof. See [18].

O

Lemma 5.3.3. Let K be an n-dimensional simplicial complex (n > 2) endowed
with the standard piecewise Euclidean metric. Then:

7 n+1\ - i
1. for any vertex w of K, B(w, o ) € St(w),

2. let w be a vertex in K and let m be the midpoint of an edge e in K. If
d(w, m) < # then m € St(w);

2(n+1)
7

3. if wand w’ are distinct vertices of K such that d(w,w") < , then

dw,w') = 1.

Proof. See [18].
o
Lemma 5.3.4. Let K be an n-dimensional simplicial complex (n > 2) endowed

with the standard piecewise Euclidean metric. Let [w1,w,, w3, wi] be a closed
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combinatorial path in K. If |K| is CAT(0), then the vertices w1, w, and ws span a
2-simplex in K.

Proof. See [18].

O

Theorem 5.3.5. Let K be a 3-dimensional simplicial complex. Let wy,..., wy be
distinct vertices such that [wy, ..., wy, w1] is a closed combinatorial path in K. Let
D be a regular piecewise Euclidean disk whose exterior vertices are the vertices of
the closed combinatorial path [vy, ..., vk, v1] such that || : |D| — |K| is a simplicial
map with ¢(v;) = w; for all i. If D has minimal area and |K| is CAT(0), then |D| is
CAT(0).

Proof. See [18].

O

Lemma 5.3.6. Let K be a simplicial complex of dimension three or less endowed
with the standard piecewise Euclidean metric. Let wy, ..., Wy, W1, ..., Wy, be distinct
vertices on the combinatorial geodesics [wy, Wy—1, ..., w1, Wol and [Wy,, Wy—1, ..., W1,
wo] satisfying d.(wy,, wy,) = 1, m € {n,n—1}. Let D be a triangulated disk whose ex-
terior vertices are the vertices of the combinatorial path [vy, v1, ..., Un, Om, Um—1, -, V1].
Let |¢| : ID| — [K| be a simplicial map with ¢p(v;) = w; and ¢(v;) = w; for all i.
Let 8 denote the unique 2-simplex of D containing the edge [v,,v,]. Let w be the
vertex of |p|(B) opposite [wy,, Wy]. If D has minimal area and |K| is CAT(0), then
de(w, wp) =n—1.

Proof. See [18].

5.4 Collapsing a CAT(0) 3-dimensional simplicial
complex

We find in this subsection necessary and sufficient conditions for the collapsi-
bility of a finite simplicial complex of dimension 3 or less. The result follows
by applying discrete Morse theory.
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Theorem 5.4.1. Let K be a finite simplicial complex of dimension 3 or less
endowed with the standard piecewise Euclidean metric. If |K| is CAT(0), then K

admits a discrete Morse function with no critical edges.

Proof. See [18].

O

Corollary 5.4.2. Let K be a finite simplicial complex of dimension 3 or less
endowed with the standard piecewise Euclidean metric. If |K| is CAT(0) and if it
satisfies the property that every 2-simplex of K is a face of at most two 3-simplices of
K, then K is collapsible.

Proof. See [18].

O

Since a CAT(0) space is a CAT(k) space, k < 0 being a real number, the
following holds.

Corollary 5.4.3. Let K be a finite simplicial complex of dimension 3 or less
endowed with the standard piecewise Euclidean metric. If |K| is CAT(k), k < 0 being
a real number, and if it satisfies the property that every 2-simplex of K is a face of at
most two 3-simplices of K, then K is collapsible.

5.5 The geometry of CAT(0) cubical disks

The proof of the collapsibility of finite CAT(0) cubical 3-complexes is based
on results obtained on CAT(0) cubical disks immersed cellwise into cubical 3-
complexes. Understanding the geometry of CAT(0) cubical disks is therefore
necessary. We will show that a CAT(0) cubical disk possesses a good direction

of flow along the edges of its triangulation.

Let D be a cubical disk endowed with the standard piecewise Euclidean
metric such that each of its interior vertices has degree at least 4. The standard
piecewise Euclidean metric on the disk becomes then CAT(0).

The following inequality holds in any cubical disk whose interior vertices

have degree at least 4. The proof was given in section 4.1.
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Lemma 5.5.1. Let D be a cubical disk whose interior vertices have degree at
least 4. Then

Y. (3—deguv) >4,

vedD
summing over the boundary vertices of D.

Definition 5.5.2. A geodesic disk is a cubical disk D that satisfies deg v > 4
forall interior vertices v, and whose exterior vertices lie on the combinatorial geodesics
[Un/ On-1,---, 01, Z)0] and [Unz 571—1/ e 7_]1/ UO]-

Lemma 5.5.3. Let D be a geodesic disk whose exterior vertices lie on the com-
binatorial geodesics [vy,, Vp-1,...,01,00] and [0y, Vy-1, ..., 01, 00], n > 2. Then D has
an exterior vertex v € {vy,71, ..., Up—1, Uy—1} such that deg v = 3.

Proof. For 1 < k < n -1, the degree of vy must be at least 3. Otherwise the
vertices Ux_1, Uk, Uk+1, Vk+2 Would span a 2-cell in D, contradicting the fact that
[Vn, ...) Vk=1, Uk, Uk+1, Uk+2.-., V0] is @ combinatorial geodesic in D. Similarly, deg
7e>3,1<k<n-1.

Because the boundary vertices vy and v, of D have each at least one

neighbor, (3 — deg vp) + (3 — deg v,,) < 4. Lemma 5.5.1 further implies

4 < (3—-deguvy) +(3—degu,) + Y (3—degu) <
vedD,v¢{vy,0,}

<4+ Y (3 —deg ).
vedD,v¢{vy,v,}
So there exists an exterior vertex v € {vq,7v1, ..., Uy—1, Uy-1} such that deg v < 3.
D has therefore an exterior vertex v € {vy, vy, ..., V-1, Un-1} such that deg v = 3.

O

The following definition generalizes the notion of geodesic disk.

Definition 5.5.4. Let | be a cubical complex whose underlying space is homeo-
morphic to R? such that deg v > 4 for all interior vertices v of J. A connected, finite
subcomplex S of ] is called a string of pearls if it is simply connected and if its exterior
vertices lie on the combinatorial geodesics [v,, Vy-1, ..., v1, Vo] and [vy, Up-1, ..., U1, Vo]
inJ.
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Let S be a string of pearls whose exterior vertices lie on the combinatorial
geodesics [0y, Uy-1, ..., 01, v0] and [v,, Uy—1, ..., U1, Vo). Each exterior vertex in S
lies, by the definition of a string of pearls, on a combinatorial geodesic from
v, to 9. We show that each vertex of S lies on a combinatorial geodesic from
v, to vg. There exists hence a good direction of flow along the edges of a
string of pearls.

Theorem 5.5.5. Let S be a string of pearls whose exterior vertices lie on the
combinatorial geodesics [v,, Vy-1, ..., 1, Vol and [vy, Vy—1, ..., U1, Vol. Then each vertex
of S lies on a combinatorial geodesic from v, to vy.

Proof. Lemma 5.5.3 implies that S has an exterior vertex vy, 1 < kj <n-1
such thatdeg vy, = 3. So the closed star of vy, in S contains two 2-cells and their
faces. We consider the subcomplex S; = S—Stvy, of S obtained by deleting the
closed star of v, in S. Because S is a string of pearls, it is simply connected.
Because S deformation retracts to S1, S; remains simply connected. Each
interior vertex of S; is an interior vertex of S and has therefore at least 4
distinct neighbors. So the subcomplex S is a string of pearls. Each exterior
vertex of S; lies therefore on a combinatorial geodesic from v, to vy.

Because S; is a string of pearls, Lemma 5.5.3 implies that it has an exterior
vertex v, with 3 distinct neighbors, 1 < k, < n — 1. So the closed star of vy, in
S1 contains two 2-cells and their faces. Because the subcomplex S; = Sy —§ka
remains a string of pearls, every exterior vertex of S, lies on a combinatorial

geodesic from v, to vy.

Deleting 2-cells in a string of pearls

We retract further and obtain each time a string of pearls. Because S is
finite, we reach, after a finite number of steps, a string of pearls " with no
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interior vertices. Because each exterior vertex of S’ lies on a combinatorial

geodesic from v, to vy, the theorem follows.
O

The following corollary proves that the combinatorial distance function

measured along the edges of a string of pearls, is maximized on its boundary.

Corollary 5.5.6. Let S be a string of pearls whose exterior vertices lie on the
combinatorial geodesics [v,, Vy-1, ..., 01, Vo] and [0y, Vy-1, ..., U1, v0]. Then, for each
interior vertices v of S, we have d.(v, vg) < n.

Proof. By Theorem 5.5.5, every vertex of S lies on a combinatorial geodesic
from v, to vg. Hence d.(v,vg) < d.(v,, vg) = n.
O

The following lemma provides information regarding the structure of the

star of an exterior vertex in a string of pearls.

Lemma 5.5.7. Let S be a string of pearls whose exterior vertices lie on the
combinatorial geodesics [vy, Vy-1, ..., 01, Vo] and [0y, Up-1, ..., 01, 00), 1 > 2. If v,1 #
Uy—1, then the vertices v,, Vy—1, Vy—1 and v, span a 2-cell in S.

Proof. For n = 2, the exterior vertices of S lie on the combinatorial
geodesics [v2,v1,v9] and [v,, 01, vp]. Thus deg v, > 2, deg v1 > 2, deg v; > 2
and deg vy > 2. Lemma 5.5.1 further implies

(8 —degv;) + (3 —degv) + (3—degu) + (3—deguvy) > 4.
So the following inequalities hold
deg v, <2,degv; <2,degv; <2and deguy <2.

Since the vertices v,,v1,v; and vy have degree exactly 2 in the subcomplex
bounded by the closed combinatorial path [v;, 71,71, vy, v2], they span a 2-cell

in S.

In general, let [vxi1, Uk, ..., 01, 00] and [Vk+1, T, ..., U1, V9] be the combinato-
rial geodesics the exterior vertices of S lie on. Suppose that the vertices
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Uk+1, Uk, Uk—1 and 7, do not span a 2-cell in S. The vertex vi,q has therefore
r > 2 neighbors. Assume without loss of generality that deg v.1 = 3. We
denote by vl’< the third neighbor of vi,1, besides vy and v;. Theorem 5.5.5
implies that vy, is the only neighbor of v; combinatorial distance k + 1 from
vp. Theorem 5.5.5 further implies that d. (v, vo) = dc(vx, vo) = k. Because D is a
cubical disk, v; has no neighbors combinatorial distance k from vy. It follows
by induction that v} is the only neighbor of vx_; combinatorial distance k from
0o. SO vk-1 is the only neighbor of v, combinatorial distance k — 1 from vo.

’

k
pearls. The vertices vy1, Uk, Ux—1 and v, span therefore a 2-cell in S.

Thus deg v, < 2, a contradiction since v; is an interior vertex of a string of

5.6 Collapsing a CAT(0) 2-dimensional cubical complex

We show in this subsection that 2-dimensional CAT(0) cubical complexes
collapse to a point. The idea of the proof is to fix a vertex v of the complex
and to apply discrete Morse theory to the function ”“combinatorial distance
from v”.

Theorem 5.6.1. Let K be a 2-dimensional cubical complex endowed with the
standard piecewise Euclidean metric. If each interior vertex of K has degree at least
4, then K is collapsible.

Proof. Notice that |K]|is a CAT(0) space and therefore a CAT(k) space, k < 0

being a real number.

We define on K the vector field V : K — K J{0}. We fix a vertex vy of K
and we define V(vy) = 0. For each vertex v of K different from vy, we define
V(v) = e = [v,u], where [v,u, ..., 1] is a combinatorial geodesic from v to vy.
Such a combinatorial geodesic exists because |K| has a convex metric. For
each edge e in the image of V, we define V(e) = 0. For each edge e not in the
image of V, we consider the string of pearls S bounded by e and the V-paths
from the endpoints of e to vg. Because e belongs to the boundary of S, there
exists a unique 2-cell o such that e < 0. We define V(e) = 0. So V is defined
such that it has no critical edges and a single critical vertex.
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The gradient vector field of a discrete Morse function defined on K

According to the definition of V, there exists, for each edge e € ImV, a
unique vertex v such that V(v) = e. To verify that V is a discrete vector
field defined on K, we still need to check whether, for each 2-cell ¢ € ImV,
there exists a unique edge e such that V(e) = 0. Let e be an edge in K whose
endpoints are combinatorial distance 7 and n — 1 from v,. Corollary 5.5.6 and
Lemma 5.5.7 imply that e is the only edge mapped by V to 0. V is thus a
discrete vector field defined on K. According to its definition, the arrows of
V always point closer to vg. So V contains no nontrivial closed V-paths. V is
hence a gradient vector field defined on K. So we can associate it a discrete
Morse function with no critical edges and a single critical vertex.

Because K is contractible, the weak Morse inequalities imply 1 = x(K) =
mg — my +my = 1 — 0+ mp, where m; denotes the number of critical cells
of dimension i. So m, = 0. The discrete Morse function defined on K has
therefore no critical cells of dimension 1 or 2 and a single critical vertex. The
collapsibility of K follows.

5.7 The geometry of CAT(0) 3-dimensional cubical
complexes

In this subsection we prove that there exists, for each knot in a cubical 3-
complex, an immersion of a cubical disk of minimal area into the complex

which maps the boundary of the disk to the knot. The main result of the
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subsection states that if the complex is CAT(0), then the disk itself is CAT(0).
This fact will allow us to use results obtained in subsection 5.5 on CAT(0)

cubical disks, in order to obtain similar ones on CAT(0) cubical 3-complexes.

Lemma 5.7.1. Let K be a cubical complex whose underlying space |K| is simply
connected. Then, for any closed combinatorial path [wy, ..., wy, w1] in K, there exists
a cubical disk D whose k exterior vertices are the vertices of the closed combinatorial
path [vy, ..., vk, v1] and a cell map |P| : |D| — |K] satisfying ¢(v;) = w; for all i.

Proof. Let A be a finitely triangulated cubical disk whose k exterior ver-
tices are the vertices of the closed combinatorial path [vy,...,vx,v1]. Let
Y (BAAN® — KO be a continuous map such that ¢(v;) = w; for all i.
Theorem 1.1.27 implies that there exists a subdivision D of A and a cell map
|| : ID| — |K| such that D and A have the same exterior vertices and such that
[Y| = || on the boundary of A.

O
The following lemma proves that the cell map which maps the boundary

of a cubical disk of minimal area to a closed edge-path in a cubical complex,

is an immersion.

Lemma 5.7.2. Let K be a cubical complex and let [wy, ..., wy, w1] be a closed
combinatorial path in K. Let D be a cubical disk whose k exterior vertices are the
vertices of the closed combinatorial path [vy, ..., vk, v1] such that |¢| : |D| — |K]| is a
cell map satisfying P(v;) = w; for all i. If D has minimal area, then

1. |¢| maps i-cells to i-cells, 0 < i < 2;

2. 1ol(B1) # |Pl(B2), whenever ,8(12) * ﬁéz) contain a common edge.

Proof.

1. Suppose that |¢| maps a 2-cell to an edge, a 2-cell to a vertex or an edge
to a vertex. |¢p| maps in each case an edge to a vertex. Let [a,b] be an edge in
D such that ¢(a) = ¢(b). Let [a,d, c, b, e, f,a] be a closed combinatorial path in
D such that for any closed combinatorial path [a,d’,¢’,b,¢’, f’,a] in D, at least
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one of the vertices d’,¢’, ¢’ or f’ is interior to [a,d, c, b, e, f,a]. We remove from
D any cell that contains a vertex interior to [a,d,c, b, e, f,a] as well as any cell
that contains the edge [a, b]. Identifying [a,d] with [b,c] and [a, f] with [b,e],
we obtain a cubical disk D’ whose exterior vertices coincide with the exterior
vertices of D, but which has at least two 2-cells less than D, a contradiction

since D has minimal area. || maps therefore i-cells to i-cells, 0 <i < 2.

2. Let d and c be the vertices of §; that are not in f, and let f and e be
the vertices of p, that are not in ;. Hence |p|(f1) = |pl(52) if and only if
() = §(0) and ¢(f) = (o). Suppose that ¢(d) = H(c) and G(f) = P(e).
As before, let [a,d,c,b,e, f,a] be a closed combinatorial path in D such that,
for any closed combinatorial path [a,d’,c’,b,¢’, f’,a] in D, at least one of the
vertices d’,c’, ¢’ or f’ is interior to [a,d,c, b, e, f,a]. We remove from D all cells
with vertices interior to [a,d, ¢, b, ¢, f,a] as well as ;1 and f, and their common
edge. Identifying [a, d] with [b, c] and [a, f] with [b, e], we obtain a cubical disk
D’ whose exterior vertices coincide with the exterior vertices of D, but which
has at least two 2-cells less than D, a contradiction since D has minimal area.

Thus [§l(B1) # [Pl(B2)-

O

Lemma 5.7.3. Let K be an n-dimensional cubical complex (n > 2) endowed
with the standard piecewise Euclidean metric. Then:

1. for any vertex w of K, B(w, 1) C St(w);

2. let w be a vertex in K and let m be the midpoint of an edge e in K. If
d(w, m) < g, then m € St(w);

3. ifwand w’ are distinct vertices of K such that d(w, w") < 2, then d(w, w’) = 1
or d(w,w’) = V2.

Proof.

1. Because the distance from a vertex w to the opposite face in an n-cell

equals 1, the result follows.
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2. Suppose thatm ¢ SH(w). Then St(e) ) SHw) = 0. Letxbea point outside
the star of e. Then d(x, m) > % -1. Any geodesic in K from m to w must leave
the star of e and enter the star of w. Therefore

d(w, m) > d(w, x) + d(x, m) >

21+1-1> V5

2 7

N

which is a contradiction. So m € St(w).

3. Suppose that w’ ¢ Stw. So any geodesic from w to w’ must leave the
star of w and enter the star of w’. Thus

dw,w')=>2-1=2,

which is a contradiction. Thus either d(w, w’) = 1 or d(w, w’) = V2.

O

Lemma 5.7.4. Let K be an n-dimensional cubical complex (n > 2) endowed
with the standard piecewise Euclidean metric. Let [wy, w2, w3, ws, w1] be a closed
combinatorial path in K. If |[K| is CAT(0), then the vertices w1, w,, w3 and wy span
a2-cell in K.

Proof. Let d(w,, ws) = 2. We will show that either d(w;, w;) < V2 or
d(w, ws) < V2.

Suppose that d(w,, ws) > V2. Let A7 = (wy,w),w)) be a comparison
triangle in R? for A1 = (wy,wy, wy) in K. Because |K| has a strongly convex
metric, there exists a unique point m on the edge [w,, w4] such that d(w,, m) =
d(m,wy) = % - d(wy, wy). Let m’ be the point in A] corresponding to m in 4.

Because |K]| is CAT(0) and A7 is isosceles, we have

4 Ny — 1
d(wy, m) < dpe(w),m') = V1 =12 < v
It similarly follows that
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d(ws, m) <

S

Hence
d(wy, w3) < d(ws, m) + d(m, ws) < V2.

So either d(wy, w3) < V2 or d(wy, wy) < V2. Assume without loss of generality
that d(w;, w3) < V2. Because d(wy,m) < L and d(ws, m) < L, Lemma 5.7.3

V2 V2

implies that m € §(w1) and m € §(w3). So the vertices wy, w,, w3 and wy span
a 2-cell in K.

O

The next theorem gives a combinatorial analogue to a classical result in
differential geometry which states that a minimal surface in R* has nonposi-
tive Gauss curvature. It represents the link between CAT(0) cubical disks and
CAT(0) cubical 3-complexes and it will enable us to obtain results on CAT(0)
cubical 3-complexes by referring to certain results proven on CAT(0) cubical
disks.

Theorem 5.7.5. Let K be a 3-dimensional cubical complex endowed with the
standard piecewise Euclidean metric. Let wy,..., wy be distinct vertices such that
[w1, ..., wi, w1] is a closed combinatorial path in K. Let D be a cubical disk endowed
with the standard piecewise Euclidean metric whose exterior vertices lie on the
combinatorial path [vy, ..., v, v1]. Let || : |D| — |K] be a cell map with ¢p(v;) = w;
foralli. If D has minimal area and |K| is a CAT(0) space, then |D| is also a CAT(0)

space.

Proof. The piecewise Euclidean metric on D is CAT(0) if and only if each
interior vertex of D has degree at least 4. Hence it suffices to show that D has

no interior vertices of degree 3 or 2.

Suppose, on the contrary, that there exists an interior vertex a of D such
that dega = 2. Letay, a3 be vertices of D labeled such thatd(a,a1) = 1,d(a,a3) =
1. Because D is a cubical disk endowed with the standard piecewise Eu-
clidean metric, there exist vertices a,,a4 such that [ay,4,a3,a4] is a closed
combinatorial path in Lka. Let b; = ¢(a;) for 1 < i < 4. Because D has minimal
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area, || preserves the dimension of cells. So [b1, by, b3, bs] is a closed combi-
natorial path in K. Lemma 5.7.4 implies that the vertices by, b, b3 and by span
a 2-cell in K. Let a be the 2-cell spanned by the vertices a1,a,,a3 and a4 in D.
Identifying the edge [a>,a1] with the edge [a4,41], and the edge [a;, a3] with
the edge [a4,a3], we construct a disk D’ = D \ {a}. The cell map ¢ restricted
to the vertices of D’ induces a cell map from the |D’| to |[K| which satisfies
the conditions of Lemma 5.7.1. But D’ has one fewer 2-cell than D which is
a contradiction since D has minimal area. D contains therefore no interior

vertices of degree 2.

Inside K

Suppose that there exists an interior vertex a of D such that dega = 3.
Let a1, a3,as be vertices of D labeled such that d(a,a;) = 1,d(a,a3) = 1 and
d(a,as) = 1. Because D is a cubical disk endowed with the standard piecewise
Euclidean metric, there exist vertices a,, a4, a¢ such that [a1,4;,43,a4,a5,a6] is a
closed combinatorial path in Lka. Let b; = ¢(a;) for 1 < i < 4. Because D has
minimal area, || preserves the dimension of cells. So [b1, by, b3, by, b5, be] is a

closed combinatorial path in K.

Let L = V3. We will show that at least one of d(by,b3),d(by, bs) and d(by, be)
is equal to 1. Suppose that d(bq,b3) > L and d(by,bs) > L. Let ¢ € [by, b3] such
that d(by,c) = % Letd € [by, bs] such that d(by,d) = % Let byb)byb) b by be a
regular hexagon in R2.

Let A} = (b}, b),b;) be a comparison triangle in R? for Ay = (by, by, b3)

in K. Let ¢’ be a point on A} corresponding to ¢ on A;. Because |K] is
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b;

Regular hexagon in R?

CAT(0), d(by, c) < dpa(b5, ¢’). Properties of the Euclidean triangles imply that
dye(by, ¢') < dye(by, ") = L. Hence d(by,0) < L.
R b

1 1

b b
"B C deh)

Comparison triangle in R

Let A} = (b}, b, b;) be a comparison triangle in R? for Ay = (by,bs,bg)
in K. Let d’ be a point on A/ corresponding to d on A;. Because |K]| is
CAT(0), d(bs, d) < dge(b;,d’). Properties of the Euclidean triangles imply that

dya (b, d') < dya (b, d") = % Hence d(bs, d) < %
2
L/3 d' d(d'bS) bl
5

1 1
bs

by

Comparison triangle in R?

Let A} = (b}, b}, bl) be a comparison triangle in R? for A3 = (by, b3, bs)
in K. Let ¢’ be a point on A} corresponding to ¢ on A3. Let d’ be a point
on A} corresponding to d on A3. Because [K| is CAT(0), d(c,d) < dg:(c’,d’).
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Properties of the Euclidean triangles imply that da(c’, d") < dga2(c”,d”) = %
Hence d(c,d) < % Due to the above relations, we have d(b,, bg) < d(b,c) +
d(c,d) +d(d, be) < L.

2
us ¢ d(eb)
U3
dl
d(db)>y

bj

5

Comparison triangle in R

Soeitherd(by, b3) < L,ord(by,bs) < L,ord(b,, bg) < L. Assume withoutloss
of generality that d(b,, bs) < L. Lemma 5.7.3 implies that either d(by, bs) = 1,
or d(by, bg) = V2. Assume without loss of generality that d(by, be) = 1.

It similarly follows that either d(by, b2) < L, or d(bs, bs) < L, or d(b3, bs) < L.
Assume without loss of generality that d(bs,bs) < L. Lemma 5.7.3 implies
that either d(b3, bs) = 1, or d(bs, bs) = V2. Assume without loss of generality
that d(bs, bs) = 1.

Lemma 5.7.4 implies that the vertices by, b3, b5 and bs span a 2-cell in K.
Let a be the 2-cell spanned by the vertices ay, 43,45 and a in D. Identifying
the edge [a6,a2] with the edge [a3,4,], and the edge [a¢,a5] with the edge
[a3,a5], we construct a cubical disk D’ = D \ {a}. The cell map ¢ restricted to
the vertices of D’ induces a cell map from the |D’| to |K| which satisfies the
conditions of Lemma 5.7.1. But D’ has one fewer 2-cell than D which is a
contradiction since D has minimal area. So D contains no interior vertices of

degree 3. In conclusion |D| is a CAT(0) space.

O

The following lemma finds information regarding the combinatorial dis-
tance function measured along the edges of a CAT(0) cubical 3-complex. The

proof is based on results obtained in subsection 5.5 on CAT(0) cubical disks.

Lemma 5.7.6. Let K be a cubical complex of dimension three or less endowed
with the standard piecewise Euclidean metric. Let wy, ..., Wy, Wy-1, ..., w1 be distinct
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vertices on the combinatorial geodesics [wy,, Wy-1, ..., w1, Wo] and [wy, Wy—1, ..., W1,
wo]. Let D be a cubical disk whose exterior vertices lie on the combinatorial path
[©0, ..., Uny Up—1, ..., U1]. Let |@| : |D] — |K] be a cell map with ¢p(v;) = w; for all i and
@) = w; for1 <i <n-—1. Let p denote the unique 2-cell of D containing the
edge [v,-1,v,]. Let wy, wop be the vertices of |p|(B) opposite [wy—1,w,]. If D has
minimal area and |K| is CAT(0), then d.(wy, wo) = n — 2 and d.(wo, wg) = n — 1.

Proof. Let vg1, vp2 be the vertices of  opposite the edge [v,,-1, v,,]. Because
IK|is CAT(0), Theorem 5.7.5 implies that the cubical disk D is a string of pearls.
It follows by Theorem 5.5.5 that each vertex of D lies on a combinatorial
geodesic from v, to vg. So dc(vp1,v9) = n =2 and dc(vp2, vo) =1 — 1.

Let [vg1, v v}, vo] be any combinatorial geodesic in D from vg; to .

e
Because D has minimal area, the cell map |¢| preserves the dimension of cells.
So [lpl(vor), 1l(v],_5), -, 1Ql(@)), IPl(vo)] is a combinatorial geodesic in K from
wo1 to wy of length n — 2. Hence d.(wo1, wp) < n — 2. Because the vertex wy; is

a neighbor of w,_1, d.(wp1,wp) > n — 2. In conclusion d.(woy, wp) = n — 2.

Let [vgp, v ., 0], 0] be any combinatorial geodesic in D from vy, to

’’

n-27 "
vo- Since [|Q|(v02), |Pl(V],_,), -, [PI(v]), |Pl(vo)] is a combinatorial geodesic in K
from wy, to wy of length n — 1, d.(wp, wp) < n — 1. Because the vertex wy, is a

neighbor of wy, d.(wg,, wp) > n — 1. In conclusion d.(wg,, wp) = n — 1.

5.8 Collapsing a CAT(0) 3-dimensional cubical complex

We find in this subsection metric conditions which ensure the collapsibility of
a finite cubical complex of dimension 3 or less. Asin [18], the result follows by
applying discrete Morse theory. We start by showing that any finite, CAT(0)
cubical complex of dimension 3 or less endowed with the standard piecewise
Euclidean metric, admits a discrete Morse function with no critical edges and

a single critical vertex.

Theorem 5.8.1. Let K be a finite cubical complex of dimension 3 or less endowed
with the standard piecewise Euclidean metric. If |K| is CAT(0), then K admits a
discrete Morse function with no critical edges.
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Proof. Let W : K — K U {0} be a vector field defined on K. We fix a vertex
wg of K and we define W(wy) = 0. For each vertex w different from wy, we
consider the edge e = [w, w’] where [w, w’, ..., wy] is a combinatorial geodesic
from w to wy. Such a path exists because |K| has a convex metric. We define
W(w) =e.

For an edge e in K, if there exists a vertex w € K such that W(w) = e,
then we define W(e) = 0. For an edge ¢ in K, if there does not exist a
vertex w € K such that W(w) = e, then we denote the endpoints of e by
wy—1 and w,. There exist combinatorial geodesics [w;—1, Wy—s..., w1, wp] and
[wy, Wy—1..., w1, wp] joining the endpoints of e to wy. We define the vector
field W along these combinatorial geodesics as follows: W(w;) = [w;, w;_1] for
1<i<n-1,Ww;) = [w;,wi—1] for 2 <i <n-1, W(w,) = [w,, w,-1] and
W(w1) = [wy, wo).

We consider in K the closed combinatorial path [wy, wy, ..., w1, Wy, Wy—1, ...,
w1, wp]. Because |K| is simply connected, Lemma 5.7.1 implies that there ex-
ists a cubical disk D whose exterior vertices lie on the closed combinatorial
path [vg, 1, ..., V-1, Vn, Up-1,...,01,00] and a cell map || : |D| — |K]| such that
¢(vi) = w; for all i and ¢(v;) = w; for 1 < i < n — 1. We choose the disk D of
minimal area. D has a unique 2-cell § such that the edge [v,,-1,v,] is a face
of . Because D has minimal area, |¢| preserves the dimension of cells and
hence e < [p|(B). We define W(e) = |p|(f). For any 2-cell a of dimension 2 or
3, we define W(a) = 0.

We prove next that W : K — KU{0} is the gradient vector field of a discrete

Morse function with no critical edges.

According to the definition of W, if a € Im(W), then W(a) = 0 for all cells
a € K. The definition of W also implies that either W(a) = 0 or W(a) is a
codimension-one face of a for all @ € K. In order to prove that W is a discrete
vector field defined on K we still have to show that for any cell & € ImW there
exists a unique cell y in K such that W(y) = a. Recall that if W(y) = a then y

must be in the boundary of a.

Lete € Im(W). Let w and w” denote the endpoints of e such that W(w) = e.
Because W is defined along the combinatorial geodesic [w,w’...,wy] which
flows towards wy, d.(w’, wy) < d.(w,wp). Hence W(w’) # e. For each edge
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e € Im(W), there exists therefore a unique vertex w such that W(w) = e.

Let e be an edge whose endpoints, denoted by w and w’, are combinatorial
distance n and n — 1 from wy. Let o be a 2-cell in K such that W(e) = o. Let wy,
and wy, be the other two vertices spanning the 2-cell 0. Lemma 5.7.6 implies
that d.(wo1, wo) = n — 2 and d.(wez, wo) = n — 1. According to the definition of
W, both endpoints of e map an edge of o (different from e). So e is the only
edge which can map to ¢. For any 2-cell ¢ in Im(W), there exists therefore a

unique edge e with W(e) = 0. So W is a discrete vector field defined on K.

Wh-1 ﬁ Wh
E)/_ 4

Wh-2 | | Wh-1
v v

Wh3 Wh-2

kS
h
=
<

W is a discrete vector field defined on K

We prove further that W contains no non-trivial closed W-paths, neither

of vertices and edges nor of edges and 2-cells.

Suppose, on the contrary, that there exists a nontrivial closed W-path

of vertices and edges in K: uéo),ef)l), (10),6(11), s uio),egl),uﬁ)l =

W-path is non-trivial, » > 0. Because W-paths of vertices and edges in K

u u(()o). Since the
point along geodesic paths, d.(u;, wg) = dc(uir1,wo) +1, 0 < i < r. Hence
de(uo, wo) = de(trs1,wo) + (r +1). Thus dc(urs1, wo) = de(uog, wo) — (r + 1) <
dc(ug, wo) = dc(uy+1, wo) which is a contradiction. So W contains no nontrivial

closed W-paths of vertices and edges.

Let ef)l), of)z), e(ll), 0(12), e, o, egr)l be a W-path of edges and 2-cells in K.
Forall 0 <i <r+ 1, we denote the endpoints of the edge ¢; by 4; and b; and
we denote the opposite vertices of ¢; in 0; by ¢; and d;. So [a;, b;, ci,d;] is a
closed combinatorial path in K. If d.(a;, wg) = k — 1 and d.(b;, wp) = k, Lemma
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5.7.6 implies that d.(c;, wg) = k — 1 and d.(d;, wp) = k — 2. According to the
definition of W, W(a;) = [a;,d;], W(b;) = [b;,c;] and W(e;) = 0;. Hence [d;, c;]
is the only edge of o; that is neither in Im(W) nor mapped by W to a 2-cell.
Therefore e;.1 = [d;, c;] and W(ei11) = 0;41. Lemma 5.7.6 further implies that
de(civ1, wo) = k—2and dc(di+1, wo) = k—3. Hence {d.(c;, wo)}._, and {d.(d;, wo)}_,

are non-increasing sequences. Further
de(ci,wo) = k=1 = dc(cip1, wo) — 1

and

de(di,wo) = k =2 = dc(diy1,wo) — 1.

e;

k-1 ' k
{1 U]
o]

K2 —a g
{01
i1

k-3 k-2

The numbers next to the vertices indicate the combinatorial distance
from wy.

Suppose that there exists a nontrivial closed W-path of edges and 2-cells in

K: e, 6®,eM, 62, eV 6P, eV = e Because the W-path i ivial, th
1€y 00,61 ,0] .0 ,0.7,e. =€ path is nontrivial, the
intersection of any two 2-cells is a face of each of them. Hence r > 2. Because
dc(a,, wo) = k — 1 and d.(b,, wy) = k, Lemma 5.7.6 implies that d.(c,, wp) = k-1
and d.(d,, wy) = k — 2. Since ¢,,1 = ey, we have that ¢,;1 = by and d,,1 = ag.

Therefore d.(d,+1, wo) = k — 1 and d.(c,;+1, wo) = k. It follows that
k=1 =d(co,wo) = dc(crs1,wo) = k

and

k=2 = de(do, wo) = de(dra1, wo) = k — 1.
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The above relations imply a contradiction. So there exist no nontrivial closed

W-paths of edges and 2-cells in K.

In conclusion W is the gradient vector field of a discrete Morse function

defined on K with no critical edges and a single critical vertex.

O

Lemma 5.8.2. Let K be an n-dimensional cubical complex satisfying the prop-
erty that every (n — 1)-cell is a face of at most two n-cells. Then there exist at most
two gradient paths from any critical n-cell in K to any critical (n — 1)-cell in K.

Proof. Leta""Y and B be two critical cells of K. Letw = ™, ...,ﬁgf)l,al(.”_l),
.,a"" D be a gradient path joining them. Let W be the gradient vector field
associated to the path w. Because W is a discrete vector field, there exists
a unique (n — 1)-cell a;_ such that W(a;—1) = fi—1. Since each (n — 1)-cell is
contained in at most two n-cells, there exists a unique n-cell f;_; such that

B, ..., ﬁff)l, a?"_h, 55"), .., is a gradient path in K.

So, because the gradient path , ..., f,, @ is completely determined by f,
and because there are at most two choices for f,, there are at most two gradient
paths from f to a.

We present one of the main results of the paper.

Corollary 5.8.3. Let K bea finite cubical complex of dimension 3 or less endowed
with the standard piecewise Euclidean metric. If |K| is CAT(0) and if it satisfies the
property that every 2-cell of K is a face of at most two 3-cells of K, then K is collapsible.

Proof. K admits, according to the previous theorem, a discrete Morse
function with no critical edges and a single critical vertex wy. If K is 2-
dimensional, since it is contractible, the weak Morse inequalities imply that
the number of critical cells of dimension 2 equals zero. So K collapses to the

critical vertex wy.

If K is 3-dimensional, according to the weak Morse inequalities we have
X(K) = mg —mqy + my —ms = 1+ my — m3, where m; denotes the number of
critical cells of dimension i. So the number of critical cells of dimension 2
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equals the number of critical cells of dimension 3. We will show that there
exists a unique W-path from each critical 2-cell in the complex to each critical
3-cell in the complex.

We consider the Morse complex of the function f with coefficients in any
tield IF

9 9
o M3 BNy 30 o< wy >— 0.

Because K is contractible, 0 = H,(K, IF) = I;Zaa; = 13?53

ds is therefore surjective. So there exists a gradient path from any critical

. The boundary map

2-cell to any critical 3-cell.

Let F = Z,. Because the map d; is surjective, there exists, for any critical
2-cell o, a critical 3-cell  such that < d3f,a >= 1mod2. Hence, mod2, there
exists a unique gradient path from f to a. Computing with coefficients in
Z, we notice that there exists an odd number of gradient paths from f to
a. Because K satisfies the property that every 2-cell of K is a face of at most
two 3-cells of K, the above lemma implies that there exists a unique gradient
path from S to a. The critical cells of dimension 2 and 3 of K can therefore
be canceled out in pairs. So K admits a new discrete Morse function with
no critical cells of dimension 1,2 or 3 and a single critical vertex wy. Thus K
collapses to wy.

O

Corollary 5.8.4. Let K be a finite cubical complex of dimension 3 or less endowed
with the standard piecewise Euclidean metric. If |K| is CAT(k), k < 0 being a real
number, and if it satisfies the property that every 2-cell of K is a face of at most two
3-cells of K, then K is collapsible.

5.9 The geometry of CAT(0) hexagonal disks

We will show in subsection 5.10 that CAT(0) hexagonal complexes of dimen-

sion 2 are collapsible. It is hence necessary to understand the geometry of

CAT(0) hexagonal disks. The aim of this subsection is to show that there

exists a good direction of flow along the edges of a CAT(0) hexagonal disk.
98



The construction of CAT(0) hexagonal disks is similar to the one of CAT(0)
cubical disks. Namely, we consider a hexagonal disk endowed with the
standard piecewise Euclidean metric such that each of its interior vertices has

degree at least 3. The standard piecewise Euclidean metric structure on the
hexagonal disk becomes then CAT(0).

The following lemma gives an important property which holds for any
hexagonal disk whose interior vertices have degree at least 3. The proof was

given in section 4.2.

Lemma 5.9.1. Let D be a hexagonal disk whose interior vertices have degree at
least 3. Then

Y, (3 —degv) >3,
vedD

summing over the boundary vertices of D.

Definition 5.9.2. A geodesic disk is a hexagonal disk D that satisfies deg
v > 3 for all interior vertices v, and whose exterior vertices lie on the combinatorial

geodesics [v,, Vp-1, ..., 01, V0] and [vy, Vp-1, ..., 01,00], n > 4.

Lemma 5.9.3. Let D be a geodesic disk whose exterior vertices lie on the com-
binatorial geodesics [vy, Up-1,...,01,00] and [0y, Vy-1, ..., 01,00], n > 4. Then D has
an exterior vertex v such that deg v = 3.

Proof. For 1 <k < n—1, the degree of v,y must be at least 3. Otherwise the
vertices Ux_p, Uk—1, Uk, Uk+1, Uk+2, Uk+3 Would span a 2-cell in D, contradicting the
fact that [vy, ..., Uk—2, Uk-1, Uk, Uk+1, Uk+2, Uk+3, ---, Vo] is @ combinatorial geodesic.
Similarly, deg vy > 3for1 <k <n-1.

We consider the boundary vertices of D, vg, v1, V1, Up—2, Un-1, Un—1 and v,.

Because (2 — deg v;) <  fori € {0,1,n — 1,n}, while (3 — deg 7;) < 1 for
i€f{l,n-2,n~-1}, Lemma 5.7.1 implies

3< (g —deg vg) + (% —degv) + (g —deg v1)+

(3 — deg Ty2) + (3 — deg v,1) + (3 — deg Tp1) + (3 — deg v,)+
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+ b 2 —degv) <

UEBDlvi{Uo/Ul /91,91-2,931-1,Un-1,%n }

+ Y, (% —deg v).

v€dD,v¢{v0,01,01,01-2,01-1,0n-1,Vn}

<

NIN

Thus there exists an exterior vertex v of D, v ¢ {vg, 1,701, U2, Un_1, Un_1,Vn}
suchthatdegv < 3. So D has an exterior vertexv & {vo, v1, U1, Un—-2, Un—1, Un—1, Un}
such that deg v = 3.

The following definition generalizes the notion of geodesic disk.

Definition 5.9.4. Let | be a hexagonal complex whose underlying space is
homeomorphic to R? such that deg v > 3 for all interior vertices v. A connected,
finite subcomplex S of | is called a string of pearls if it is simply connected and
if its exterior vertices lie on the combinatorial geodesics [vy, Vy-1,...,v1, V0] and
[04,Un-1, ..., 01,00, n = 4 in |.

Let S be a string of pearls whose exterior vertices lie on the combinatorial
geodesics [v,, Vp-1, ..., 01, 0o] and [vy,, Uy—1, ..., U1, V0], n > 4. The following the-
orem proves that each vertex in S lies on a combinatorial geodesic from v, to
00.

Theorem 5.9.5. Let S be a string of pearls whose exterior vertices lie on the
combinatorial geodesics vy, Vy—1,...,v1,00] and [v,,Vp-1,...,01,00], n > 4. Then
each vertex of S lies on a combinatorial geodesic from v, to vy.

Proof. Lemma 5.9.3 implies that S has an exterior vertex vy, 1 <k <n -1
such that deg v = 3. So the closed star of v, in S contains two 2-cells and their
faces. We consider the subcomplex S; = S — Stvy of S obtained by deleting
the closed star of v in S. We notice that Sy is simply connected and that each
of its interior vertices has degree at least 3. So the subcomplex S; remains a
string of pearls. Each exterior vertex of S lies therefore on a combinatorial

geodesic from v, to vy.

We retract further and obtain each time a string of pearls. Because S is
finite, we reach, after a finite number of steps, a string of pearls " with no
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Deleting 2-cells in a string of pearls

interior vertices. Because every exterior vertex of S’ lies on a combinatorial

geodesic from v, to vy, the theorem follows.

O

The following corollary states that the combinatorial distance function
measured along the edges of a string of pearls, is maximized on its boundary.

Corollary 5.9.6. Let S be a string of pearls whose exterior vertices lie on the
combinatorial geodesics [v,, Vy-1, ..., U1, Vol and [vy, Vy—1, ..., U1, V0], n > 4. Then, for
all interior vertices v of S, we have d.(v,vo) < n.

The following lemma provides information regarding the structure of the

star of an exterior vertex in a string of pearls.

Lemma 5.9.7. Let S be a string of pearls whose exterior vertices lie on the
combinatorial geodesics [vy, Vy—1, ..., V1, 0o] and [vy, Vy-1, ..., 01, 00], 1 =2 4. If v, #
Uy—1 and Un_y # Uy_p, then the vertices Uy, Un—1,Un-1, Un—2, Un—2 and v,_3 span a
2-cell in S.

Proof. For n = 2, the exterior vertices of S lie on the combinatorial
geodesics [v3, 02,01, v0] and [v3, 72,01, v9]. Thus deg v3 > 2, degv, > 2, deg
v > 2,deg vy > 2,deg vy > 2 and deg vy > 2. Lemma 5.9.1 further implies

2 —deg v3) + (3 — deg v2) + (3 — deg o)+

+(3 —deg v1) + (3 — deg T1) + (2 — deg vo) > 3.

Hence the following inequalities hold:
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deg vz <2,degv, <2,degv, <2,
degv; <2,degv; <2,deg vy < 2.

So, since the vertices v3, v, v1, 9, V1 and v, have each degree exactly 2 in the
subcomplex bounded by the closed combinatorial path [vs, v2, v1, v, U1, U2, V3],

they span a 2-cell in S.

In general, let [vk41, U, ..., 01, V0] and [0Uk41, Tk, ..., U1, Vo] be the combinato-
rial geodesics the exterior vertices of S lie on. Suppose that the vertices
Uk+1, Uk, Uk—1, Uk-2, Uk-1 and vy donot span a 2-cellin S. The vertex v, has there-
fore r > 2 neighbors. Assume without loss of generality that deg vx; = 3.
We denote by v, the third neighbor of vy, besides vy and v,. Theorem
5.9.5 implies that vy, is the only neighbor of vl’c combinatorial distance k + 1
from vg. Theorem 5.9.5 further implies that d.(vk, vo) = d.(vx, v9) = k, while
dc(Vk-1,v9) = dc(Ux-1,v0) = k — 1. Because D is a hexagonal disk, vl’{ has no
neighbors combinatorial distance k from vy and no neighbors combinatorial
distance k — 1 from vj. It follows by induction that v, is the only neighbor of
Uk—p, combinatorial distance k — 1 from vy. Hence vy, is the only neighbor
L is an
interior vertex of a string of pearls, this is a contradiction. The vertices vy.1, Uk,

of v,’(, combinatorial distance k — 2 from vy. Thus deg vl’< = 2. Since v

Uk-1, Uk—2, Uk-1 and vk span therefore a 2-cell in S.

5.10 Collapsing a CAT(0) 2-dimensional hexagonal
complex

We consider in this subsection 2-dimensional, CAT(0) hexagonal complexes

and prove that they are collapsible by applying discrete Morse theory.

Theorem 5.10.1. Let K be a 2-dimensional hexagonal complex endowed with
the standard piecewise Euclidean metric. If each interior vertex of K has degree at
least 3, then K is collapsible.

Proof. Notice that |K]| is a CAT(0) space, and hence a CAT (k) space, k <0
being a real number.
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We define on K the vector field V : K — K J{0}. We fix a vertex vy of K
and we define V(vy) = 0. For each vertex v of K different from vy, we define
V(v) = e = [v,u], where [v, 1, ..., vp] is any combinatorial geodesic from v to
vp. For each edge e in the image of V, we define V(e) = 0. For each edge e not
in the image of V, we consider the string of pearls S bounded by ¢ and the
V-paths from the endpoints of e to vy. Because e belongs to the boundary of
S, there exists a unique 2-cell 0 such that e < 0. We define V(e) = o.

Vo

The gradient vector field of a discrete Morse function defined on K

To show that V is a discrete vector field defined on K, we must verify
whether for each 2-cell ¢ € ImV, there exists a unique edge e such that
V(e) = 0. Let e be an edge in K whose endpoints are combinatorial distance n
and n — 1 from vy. Corollary 5.9.6 and Lemma 5.9.7 imply that e is the only
edge mapped by V to 0. V is therefore a discrete vector field defined on K.
By its definition, the arrows of V always point closer to vy. So V contains no
nontrivial closed V-paths. V is therefore a gradient vector field defined on K.
Thus we can associate it a discrete Morse function with no critical edges and

a single critical vertex.

The weak Morse inequalities imply that K has no critical cells of dimen-
sion 2. So the discrete Morse function defined on K has no critical cells of

dimension 1 or 2 and a single critical vertex. The collapsibility of K follows.

O
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