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Introduction

The purpose of this work is to determinate the approximate solutions of boundary
value problems with conditions inside the interval (0,1) using collocation method with
global B-spline functions of degree k (order k + 1), orthogonal polynomials Tchebychev
and combined methods with B-spline functions or C.C method and Runge-Kutta methods.
Also using the solver BVP4C we compare this methods for boundary values problems with
boundary conditions at infinity.

This work is structured in six chapters and an appendix:

Chapter 1- Main results,

Chapter 2-Mesh Selection,

Chapter 3- Linear form,

Chapter /- Nonlinear form,

Chapter 5- Boundary Conditions,

Chapter 6 - MATLAB ' and MAPLE ? Codes.

Appendixz A1 -Errors and Floating Point Arithmetic

In the first Chapter, we present main results on existence and uniqueness of two-point

boundary value problems related to linear or nonlinear differential equations, basic issues

'MATLAB is a trademark of Mathworks Inc., Natick M.A. United States of America
2MAPLE is a trademark Waterloo Maple Inc., Ontario Canada



on polynomial interpolation, Newton’s method, and collocation methods. It also present
a series of known results in the theory of differential equations to be used as numerical
examples studied by us in subsequent chapters.

The purpose of the second Chapter is to discuss the practical selection of such a
mesh, with the objective of achieving a sufficiently accurate solution as inexpensively as
possible.

In the third Chapter, we study both problems with oscillatory and non-oscillatory
solutions and numerical examples in this chapter are of great technical domains: theory
of waves and environmental protection (pollutant transport in rivers), flame propagation
in nuclear reactors and reaction diffusion equation . Under certain conditions imposed
using arbitrary grid we determined a global approximation method for the oscillatory
solutions based on cubic B-spline functions, in which the internal memory used and run
time are smaller than if we use a global C.C. ( Tchebychev Collocation) method. In the
case of existence of singularities at the ends of interval (0, 1), we determine an approximate
solution using a global method based on B-spline functions of degree k and Runge-Kutta
methods and compare this results with those obtained using the solver BVP4C.

We dedicated Chapter 4 to study the linear and nonlinear problems with unique

solution, and to determined the approximate solution using four methods:
1. A global collocation method with B-spline functions of degree k,

2. A collocation method based on combined B-spline functions of degree k and Runge-

Kutta method,

3. A combined method based on collocation methods and Runge-Kutta method or C.C

(Tchebychev Collocation) method,

4. The solver BVP4C.

Chapter 5 is dedicated to treat the BVP problems with Boundary Conditions at

Infinity , that model various phenomena in physics, chemistry, biology, medicine.
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The development of mathematical software MATLAB and MAPLE diminished the im-
portance of rounding errors without diminishing the importance of algorithms speed of
convergence and that’s why in Chapter 6 we gave codes in MATLAB and MAPLE for examples
used in paper, also we present codes for some problems using the solver BVP4C.

In Appendiz A1 we recall some fundamentals results concerning computation errors
evaluation.

The writing of this book has benefited enormously from a lot of discussion with prof. dr.
Ion Pavaloiu, prof .dr. Ioana Chioreanu from ” Babeg-Bolyai ” University Cluj-Napoca and
prof. dr. Eugen Draghici from ” Lucian Blaga ” University Sibiu. We appreciate the help
provided by many experts who have commented on portions of this work, prof.dr. Damian
Trif , conf. dr. Radu T.Trimbitag from ” Babes-Bolyai ” University Cluj-Napoca, and
prof.dr. Alexandru I. Lupag from ” Lucian Blaga ” University Sibiu have been especially
helpful.

I wish to dedicate this book to my wife Ligia Pop.

Daniel N.Pop

Lucian Blaga University of Sibiu

Herman Oberth Computers and Electrical engineering
Department

Bd-ul. Victoriei street nr: 10

Romania

E-mail:popdaniel31@yahoo.com



Chapter 1

Basic Notions and Main Results

1.1 Conditions of existence and uniqueness for two
point boundary value problems in compact in-
terval [a, b].

The problem studied in this work has the form (PVPN)

y'=—f(z,y), xel01]
y(a) = o, (1.1)
y(b) =08, a,be(0,1), b<a
where f(x,y) € C([0,1] x R), a,b,a, 3 € R.
We also consider the problem (BVPN)

y”(l’) + f(x,y) =0, LS [a7 b]
y(a) = a, (1.2a)

The problem (BVPN) is equivalent to an integro-differential equation of Fredholm type

b

b— ia t /G(% s)f(s,p(s))ds,

y(o)= L5 07

a

9



where G (x, s) is Green’s function given by:

(s_z)ﬂ, if a<s<zxz<b
G(z,s) = -

=albos) if g <z <s<b

Definition 1 Let [a,b] C R, finite interval and a function f : [a,b] x R — R, f satisfies

a Lipshitz condition in variable y, if there exist a real constant K € R so that:

[f(x,y) = f(zoye)] < K |yi — y2 (1.3)

v(xvyl)’ (%?/2) € Qa
and ) C [a,b] X R is a domain.

Theorem 2 (Picard) [51, page 33]If f : [a,b] x R — R satisfies the conditions

1. f s continuous in a domain Q2 C [a,b] X R,
2. f satisfies a Lipschitz condition of the form (1.3),
3. (b—a) < h, where h > 0 is small enough,

4. if in addition h verifies the relationship:

1
5K-h2+4-hg1,

then there exist the unique solution of the problem (BVPN) on the interval [a,b] of

length h.

Next we give the following theorem which offers a sufficient condition of uniqueness of

the solution of the problem (BVPN).

Theorem 3 (R.D Russel, L.F Shampine) [61, pag 10] Suppose that y(x) is a
solution of the boundary value problem (BVPN), that the functions

f(x,z) and %&;z)

10



are defined and continuous for a < x < b, and |z —y| < 6, § > 0, and the homogeneous
equation y"(x) = 0 subject to the homogeneous boundary conditions y(a) = y(b) =0 has

only the trivial solution. If the linear homogeneous equation

" of(x.y) .\ _
2'(x) + 8—yz(:c) =0,

has only trivial solution, then this is sufficient to guarantee that there exists a o > 0, such

y(z) is the unique solution of the problem (BVPN) in the sphere
{w:[w—y" <o}
Also we we recall the following result.
Theorem 4 [35, pp: 112-113] Suppose that
D={a<z<b—-00<y< o},

and f(x,y) is continuous on D. If f satisfies a Lipschitz condition on D in the variable

y, then the initial value problem (IVP)

has a unique solution y(x) for a < x <b.

If the problem (BVPN) has the unique solution, the requirement y(x) € C*[0, 1] ensure
the existence and the uniqueness of the solution of the problem (PVPN).

We will consider the cases:

1. f linear, i.e f(z,y) = q(z)y(z) — r(z), where ¢, r € C[0, 1].
2. f nonlinear (' missing) .

11



Remark 5 In the following we use the notations: for linear boundary value problem

(BVPL), (PVPL) and (BVPN), (PVPN) if f is nonlinear.

In linear case occurs:
Theorem 6 ([17, pag 520], [47, pag 286]) Let the (BVPL) problem, and in addition:
1. q(x) ,r(z) € Cla,b],
2. q(x) > 0 pe [a,b],
then the (BVPL) problem has unique solution.

Theorem 7 [1, pag 461] The (BVPL) problem has unique solution, iff homogeneous

problem (with r =0, o= (=10 ) has only trivial solution.

The question is how we determine an approximate solutions of the problem (PVPL),
methods are considered from one of the following classes: discrete methods and collocation
methods.

Since in linear case we have studied the oscillatory and non-oscillatory solutions, we

recall some notions and basic results consisting in disconjugate criteria.
Definition 8 [60, pag 79] Let the differential equation
—y"(x) + q(z)y(z) =0, (1.4)

where q € C([a,b]. A solution of differential equation (1.4) is called oscillatory if it has

more than two zeros on the interval [a,b).

Remark 9 According to Sturm’s theorem [60, pag 76] that, if the differential equation

(1.4 ) has an oscillatory solution, then all they are oscillatory solutions.

Theorem 10 (Lyapunov) [38, pag 14] The differential equation

—y"(x) + q(x)y(z) =0,

12



has oscillatory solutions on [a,b], if

b

(b—a) / g(2) d > 4,

a
and non-oscillatory solutions, if

b

(b— a)/ lg(2)] dz < 4.

a

13



1.2 Newton’s method

The best-known and most popular method for solving nonlinear equations is Newton’s

method. Let f(x) be a real-valued scalar function and let z* be a root, i. e.,

f@) =0 (1.6)

Having chosen an initial approximation so, we compute :

, m=0,1,2,. (1.7)

m

Newton’s method arises from linearizing f(z) , i. e., replacing f(z) by a linear ap-
proximation [(x) consisting of the first two terms in its Taylor ezpansion about x,,, and

solving I(z,,) =0 . Thus,

and z,, in (1.7) is the root of I(z).
One can show that if |2y — 2*| is small enough and f satisfies some (weak) conditions,

this process gives second-order convergence i.e.,
* * 2
i1 — 27| = O(|zm — 27[)7,

The same idea can be used to solve a system of equations

where

Expanding f(z) around an approximation z,,0f z* gives the linear expression

lx) = f (@") + (&™) (@ —2™),

14



where

0 fa 9 fa
@f 0 1 0 an
Jz)=-") = :
(@) (8xj>
O f n 0 fn
0 x1 0 xn

is the Jacobian matriz of f(x) (also denoted by Vf).

Thus, given an initial approximation x° , the generalization of (1.7) is
J(@™) (2™ — ™) = —f (z™). (1.9)

An important factor in assessing an iterative method is how quickly it converges. The
rate of convergence of a convergent iterative method is the (largest) constant p > 1 such

that for some constant ¢ > 0

xm—l—l: . ZL‘*

<c-lz™m—x*P. (1.10)

If p = 1 then the convergence is said to be linear (and we must require ¢ < 1 for
convergence) and if p = 2, it is quadratic. If p > 1 then we can fairly safely use the

approximation:

|z — 2| = |2 — 2™ =t e (1.11)

and a practical estimate of the rate is given by :

In(=2£)

p = T e N (112)
ln(—em_l)
For Newton’s method, as in the scalar case, one can show that if |2* — 2 is small

enough and f satisfies suitable conditions, there is quadratic convergence (see the next

Theorem).
Theorem 11 [41] (Newton-Kantorovich) Assume that f(s) is continuously differentiable

on a sphere D = S(x°,r) and that

|J@)7'f (2] < o (1.13)
|7 < 8,
[J(z) = JW)Il < ~vle—yl z,yeD,

15



hold. If o < % and r > r_ then
(i) There exists a unique oot x* in S (x°,r_ ),
(1) The Newton sequence of iterates starting from s° converges to s*.
If 0 < % then
(13i) s*

(iv)

is the unique root of f(x) in S(z°, min(r,r+)).

9 mQ

|z™ — 2| < (20) , m=0,1,...

Quadratic convergence, when present, makes for a very rapid process in an actual
computation, because the number of accurate digits roughly doubles per iteration step.

Thus, Newton’s method converges very rapidly when s° is sufficiently close to x*.

It should be realized, though, that this is a local property. Newton’s method may

behave poorly when |z° — x*| is not small or ¢ is large. In fact, it may not converge at all.

Remark 12 Further generalizations of these results are possible. For example, if the hy-
potheses of the theorem are satisfied except that errors are made in solving (1.9) (e.q.,
because a numerical method is used to approximate the solution, or simply because of
roundoff errors), and if these errors are sufficiently small, then the conclusions of the

theorem still hold, with the bounds suitably perturbed.

1.2.1 Quasi-Newton methods

There are two main drawbacks to Newton’s method. The first is the fact that the
method is guaranteed to converge only if the initial guess is already ”sufficiently close” to
the solution (i.e., a local convergence result).

The second drawback is the expense of the method: each iteration (1.9) requires the
evaluation of the Jacobian J(x™) and the right hand side f(z™) and the factorization of
J(2™). In many instances the first partial derivatives needed for J(z™) may be unavailable.

Even if they are, when J(2™) is a dense matrix, each iteration requires roughly n?+n scalar

16



function evaluations and @(n?) arithmetic operations to solve the linear system (1.9). This
provides motivation to find cheaper ways to perform the iteration.

Quasi-Newton methods approximate J(z™"!) by modifying J(z™) in a simple way
that allows iterates to be computed cheaply. Probably the simplest way to do this is
to hold the Jacobian fixed, e.g., to use J(z™) as the approximation to J(z™') when

m+2 and repeat this process for several iterations. Another way is to use so

calculating x
called Broyden updates, whereby an approximation ij to J(z™!) and a factorization
of 7m+l are obtained from the previous approximate Jacobian T by performing only

O(n? ) arithmetic operations and evaluating only f (z™) and f (z™*1).

Specifically, if

then with Az™ = g™+l — gm

~ ~

Jm+1 - Jm +

s Az (w™ — T Az™)T (1.14)
| Az,

Given, for example, a QU factorization of jm it is possible to find the corresponding
factorization of Jy,4 in O(n? ) arithmetic operations before finding 2.
Alternatively, if
Hp, = An_mla Hpy1 = A’r:l-li-l7
then this inverse can be directly calculated from

(H,Az™)(Az™ — Hw™)T

H,..=H, 1.15
+1 * (AT Hypo (1.15)
With this approach, Broyden’s method can thus be implemented in the form

g™t =™ — H, f(a™) (1.16)

This requires only n scalar function evaluations and Q(n? ) arithmetic operations per
iteration although (1.14) has preferable stability properties (which in turn are inferior
to those of Newton’s method). The Broyden update is sometimes called rank-1 update.

Indeed, the matrix J,, 11 — J;, is of rank 1.

17



A price paid for using quasi-Newton methods such as (1.14) is that the convergence

rate drops from quadratic to superlinear; i. e.,

R I T [ (1.17)

where lim,, .o 7v,, = 0. A property of superlinear convergent iterates is that

|xm+1 _ xm|

lim =1

so it is reasonable to use distance between successive iterates as a measure of error,
as in (1.11). Many quasi-Newton methods such as (1.16) suffer from the more serious
disadvantage that the updates do not preserve matrix sparsity, making them impractical

in many applications (including for most methods for solving BVPs).

1.2.2  Quasilinearization

While Newton’s method has so far been considered only for solving a system of non-
linear equations (1.8) (with a solution sx € R"), it is also possible to apply it in a direct
way to a nonlinear operator equation, which in our case is a nonlinear BVP.Historically,
this has been called quasilinearization, a name which of course refers to the fact that a
nonlinear equation is in some way linearized. We also use this name, since it allows us to
conveniently distinguish it from the case where Newton’s method is applied to a discrete
system of nonlinear equations.

To see how quasilinearization is done, it is desirable to express BVPs in operator

notation. We define the nonlinear differential operator
Ny(z) ==y (z) — f(x,y(x)), a <z <D, (1.18)

and the boundary conditions

Gy == g(y(a), y(b)), (1.19)



and consider the BVP:

Ny = 0,a<z<b

Gy = 0
The linearization about a known function y™(z) now has the form

Ny(x) = Ny"(@)+N'(y")(y(x) —y"™(@)), a <z <b

Gy = Gy"+G'(y")y—y").
Setting the right-hand sides to 0 and solving for ™!, we obtain

N'(y™)(y" " (z) —y™(2) = =Ny™(2), a<a <b

(1.20a)

(1.20Db)

(1.21)

(1.22)

The operators N '(y) and G'(y) are called Frechet derivatives of Ny and Gy respectively,

but it is not our intention to discuss the functional analysis explaining what properties

they have. Instead, we just explain how one does the quasilinearization in practice. If D

denotes differentiation, i.e., Dy := y/(z), then formally differentiating (1.19) with re-

spect to y gives a differential operator N '(y) which depends on the function y where the

linearization takes place and operates on any function w € C[a, b]

N (y)w(z) = [D - 2—5@, y(z))w(a).

Also, differentiating (1.20a) with respect to y(a) and y(b), we have :

dg(y(a),y(b)) dg(y(a),y(b))
oyia) VT aym O

Substituting (1.23,1.24) into (1.22,1.21), we get the linear BVP for w(x)

G'(y)w =

w'(z) = A@)w(z) = —(Dy™(z) = f(z,y"(2))), a <z <b

19
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where

Ba = 8y(a) (ym(a)’ ym(b))a
09 . m
b m(y (a),y™ (b))

Thus (1.25,1.26) and

Y (z) =y (@) + w(2)

(1.26)

(1.27)

(1.28)

comprise one step of Newton’s method applied to the nonlinear BVP (1.20a, 1.20b).

We see that this quasilinearization amounts to solving a nonlinear BVP by an iterative

method where a sequence of linear BVPs (1.25), (1.28) is solved, m = 0, 1, .... with y°(z)

a given initial solution guess.

In fact, we can rewrite (1.25) as

where we define the linear operators like

Lly™|() = [D = A()](")

using (1.27).

20
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The Newton-Kantorovich Theorem can be used to guarantee convergence of the quasi-
linearization method under suitable assumptions. In this new context (1.13) holds for 3°
near y if the operator [D — A(z)] is smooth and invertible at y(x). This translates into

invertibility of the variational problem
Llylw =0, BlyJw =0 (1.33)

i. e, one requires that y(z) be isolated or that the unique solution to (1.33) is w = 0. The
bound in (2.64b) reflects the effect that perturbations in the right-hand-sides of the two
equations (1.13) have upon the solution. It turns out that the sensitivity of the nonlinear
BVP near an isolated solution and the convergence properties of quasilinearization are
directly related to the conditioning of the variational problem for the desired solution.

Given the nonlinear BVP

Nu(z) = u™(z) = f(z,u,u’, .., u™ V) =0 a<z<b (1.34)

g(u(a), ..., u™ Y (a),u(b), ..., u V(b)) = 0, (1.35)

we can write
y(@) = (@), s yn(@) = (w(2), ..., "V (@),

Corresponding to the steps in (1.23) through 1.35), one can show that quasilineariza-

tion takes the form

where



at

and
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1.3 Polynomial Interpolation

1.3.1 Lagrange polynomials

Given a set of n points 1, xa,...x,, and function values f(x1),...f(z,), the polynomial

interpolation problem is that of finding a polynomial p(z) which satisfies
p(xz;) = f(z;),i=1,2,..n. (1.36)

The points [z;]?" _,are called interpolation points and p(z) is said to interpolate f(z)
at these points. Interpolation polynomials are frequently used in data fitting; moreover,
they play a central role in the development and analysis of numerical methods for solving
differential equations.

Assume for now that the interpolation points [z;| _jare distinct. Then there is a
unique polynomial p(x) of order n (degree < n) satisfying 1.36). A simple constructive

proof that p(x) exists involves writing p(z) in its Lagrange form

pla) =Y flai)L(z), (1.37)

i =1
~ (- xy) .
Lz)= ][] W 1<i<n. (1.38)
j=li#j

Since each L;(z) is a polynomial of degree n — 1 which satisfies
Li(z;) = 0

the function p{z) is a polynomial of order n which satisfies (1.36). Uniqueness of the
interpolation polynomial readily follows, since if g(x) were another polynomial of order
n (denoted q € P,) satisfying (1.36),r(z) = p(z) — ¢(x) would be a polynomial of order n
with zeros at z1,...xz,. This implies r(z) = 0.

Another obvious way to compute p(x) is to write

n

pla) = aj’™!

J =1
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and to determine the unknown coefficients by satisfying (1.36). This results in the

system of equations:

<<

S

I
s

(1.39)

where
V= (xgil)?,j -1, @ = (Cll, ---an)T 3 f = (f (l’1>, '-'f(xn»Tv (140)

the matrix V is called is called the Vandermonde matriz and the i** column of its
inverse can be shown to consist of the coefficients of I; (z) in (1.38).

The Lagrange form (1.38) is convenient from a theoretical standpoint, but in practice it
is expensive to evaluate and cumbersome to use when interpolation at additional points is
desired. The Vandermonde system (1.38) can be ill-conditioned. This motivates developing
a computationally more convenient form for p(x).

Assume that the n distinct points x1, 29, ...z, lie in an interval [a, b] and that the values
of f(z) at these n points are given. Furthermore, assume that f(x) is sufficiently smooth,
so whenever f @) () is used we are assuming that f (z) € C¥]a,b].

We define divided differences of f(x) at the points x1, z, ...z, as follows:

The 0% divided difference f (x) at z; is
flai) == f (@), 1<i<n
The k" divided difference f (i, g1, i b @y, 0, .. xip g 18 recursively defined as

1]

f [$i,93i+1, $Z+k] — f [xi+17xi+27~--xi+k] — f [xz',l'i+1,---3€z'+k71]’ 1<i<n (1.41)

Titk — T

A further useful property of divided differences is that

f®©)
R

[l ziga, wigk) = (1.42)

for some point £ in [a, b]. After constructing a table of divided differences for f (x) at

the interpolation points, we express the interpolating polynomial directly in its Newton
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form :
i1

p(z) = Zf [x1, Ta, ...1;] H(z — ;).

i=1 Jj =1

The Newton form for p(x) overcomes the two disadvantages of the Lagrange form. To
evaluate p(z) at a point = z nested multiplication (Horner’s algorithm) can be used.
The following algorithm produces a; = p(z).

Evaluating polynomial in Newton’s form

Apii =0
FOR j=n,,...1 DO
aj = f |x1, .25 + (2 — xj)a;41

If the polynomial of order n+ 1 interpolating f(x) at xi,zs,...x,.1 is needed, we only

have to extend the divided difference table to give f [x1,Z2, ..., 1] since

i—1

p(x) + f [x1, 2, ... Tpi1] H (x —x;), (1.43)

j =1
is desired polynomial.

The form of the error arising from interpolation is given in the following theorem.

Theorem 13 [0, pag: 58]/ The unique polynomial p(x) of order n interpolating f(x) at

X1, T, ...T, has, for any T € [a,b], the error term :
i@ - p@ = L [ @ - (1.1

for some & € [a, b].

If f ™(x) is bounded by M, on [a,b], then from (1.44) the interpolation error is
bounded by M, C,, h", where h = b — a and C, is a constant which depends on n. The
rate at which C), actually grows with n depends upon how the interpolation points are

n/2

selected. For example, for equally spaced points C), grows like €™~ while for the so called

Chebychev points C,, only grows linearly with n.
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1.3.2 Osculatory interpolation

Frequently we wat to interpolate derivative values of f(z) in addition to function
values. This is called osculatory interpolation.It can be done simply when the Newton

form of the interpolating polynomial is used. The definition of k* divided difference of

f(z) is extended to the case x1 = x9 = ... = x4, by defining
®) (g,
f [z, 2, ...igg] == fk—'() (1.45)

The basic properties of divided differences can be shown to still hold. Note that if 21 =
Ty = ... = x, the Newton form (1.43)is just the first terms of the Taylor expansion

about x;
n—1 ;
f (Z)(xi) i
pe) =3 -y
i=0

wich is, of course, a polynomial matching the first n derivatives of f (z) at x.

Theorem 14 Given points x1,xs, ...z, in |a,b] the polynomial

pa) = 32 by [Tl = )

interpolates f (x) in the following sense :

If the point z occurs | times among the points {951'};":1 then

1.3.3 Piecewise polynomials

In this subsection we define a spline as any piecewise polynomial function.

Definition 15 Given a partition A of some interval [a,b] as
ANA={a=29<z <..<z, =0}, (1.46)

P, & is defined as a family of functions which on each subinterval of A are polynomials of

order k. Thus s(z) € P, x if
s(x) =aj0+a1(x —x1) + oo+ a1 (T — z;)f 1 (1.47)
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on [z;, ;1] for some constants {aij}é?;é, 1 <i < N. At a mesh point x;, when s(x)

is not continuous, we shall arbitrary define s(x) to be right continuous by settings:
s(z;) = Fi(w:)

s(b) = Py (b)

The representation (1.47) is called the local monomial representation(splines)

for s(x).

Definition 16 The subfamily of P, x consisting of splines s(z) € Cm=Vla, b] we denote
by IP’k@m.

It may be desirable to construct a basis for P, x ,,,,i.e a convenient set of splines which
span Py x ,,. For special case m < g , Hermite-type bases are one possibility [6, pp:
60-61].

In this subsection we show briefly how to construct a more general alternative basis

the B-splines basis which has historically been the most used general basis of P, x .

Definition 17 The truncated power function (t)), (r > 0) € C""Y(—o0,00) is the

function defined by

o if 1> 0
(t), := (max[t,0])" = : (1.48)
0, ift <0

Let {t; }jJ;kl, J = (N —1)(k—m)+k, be a sequence of nondecreasing points such that

b1 <ty < ... <t = 11,02, 73, ...TN

are each repeated (k —m) times and

INy1 = tj+1 S tj+2 S S tj+k

For 1 < j < J define M;(x) by

M;(x) = galt, L]
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where

The B-spline of order k ontj,...tj4; is
Bji(x) = (tjsr — t;)(=1)*M;(2), 1 < j < J. (1.49)

The set {B;x(z)}/_, forms a basis for P, x,,.This basis has a number of attractive
features. For example, B; () is positive on (t;,¢;4x) and zero elsewhere; i.e., B;;(x) has
local support (t;,t;4x), S0 computations using a B-spline basis generally lead to linear
systems of equations with banded matrices. Evaluation of k£ th-order B -splines and
their derivatives can be done by generating lower order ones first, utilizing a relation
expressing p th-order B -splines in terms of (p — [)st-order ones. Specifically, the following
algorithm can be used to evaluate the k nonzero it th-order B -splines B; ;(z) at

r € (tj;tjr1).

Algorithm for B-spline evaluation

B;i(z) =1
FORI=1,...,k—1 DO
Bj 141(x) =0
FORi=1,...,1 DO
Mjyiy(x) = Bjyiora/(tjr — tivizt)
Bjyicio1041(x) = Bjrici—141(2) + (tip — ) M pi(z)
Bjyicici41(x) = (0 = tjp-1) Mjpi(x)

J

If s(z) = Z ayi+1Br (), then its derivates can be found for x € (¢;,%,4%) from

r 1

J
sV () = Z ari+1Bi-i(z), (1.50)

i=j—k+i—1

where
ap , if 1=0
ap =
l7 + k’ o al’j,al,lyj .f . 0
( z)—tk+j_l_t Lot i >
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Spline interpolation

Consider the problem of interpolating a function f (z) at J = (N —\)(k —m) + k
points z; < 23 <...< 2; in [a,b] with a spline function s(z) € P, x,,. Given a B -spline
basis for P x ,,, this problem is equivalent to solving the linear system of equations

s(2) =Y Biklz)ai = f (%), 1<j < J (1.51)

i =1
for the unknown coefficients {a;};_; It can be shown that the matrix {B;(2;)}/;,
is nonsingular iff B;x(z;) # 0 for 1 < j < J. From the local support property of B-
splines, the matrix has bandwidth at most 2k — 1 whenever the interpolation problem
has a unique solution. In fact, the matrix is totally positive (i. e., all minors have strictly
positive determinants), which implies that Gaussian elimination without pivoting can be
used to solve (1.51). Note that using a local representation like (1.47) instead to find s(x)
would require forming a system of equations involving the J interpolation conditions and
the

(N — I)m continuity conditions at {x;}X,.

The form of the error for spline approximation is what one might expect from the

comments following.

Theorem 18 [6, pag 62] If f(x) € CW[a,b] then there is a spline S(z) € Pyx,,
satisfying

max |f(z) = 3(2)] = |[f = 5] < Ch* || FV]] (1.52)

a< z< b

for some constants Cy independent of f(x) , h = maxi< ; < N(Tiy1 — T;)-

Corollary 19 Under conditions , a spline approximation is determined locally e.qg each B-
spline coefficients a; only depends upon f(x) on [tit1—, tivx] and (1.52) can be strengthened
to

max |f(z) = 3@)] = ||f =5l < Ceb* || £P)]

ti < <t 41

[tistiva]

where E, =maxi< ; < N (tiv14k —titk) and 6’; is a constant independent of A and f(x).
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This form for error motivates selection of a mesh which equidistributing or

distributes equally the local errors Hf(k)‘ o]

In fact if

A a=7T1<T9<..<T =0,

N4+1

is chosen such that

Tj+1 b
[l 0@ de= 5 15 O@] " do 125 <

then there exist a function s*(r) € P, z,, satisfying
b
k

C
I =570 < Sl 17 ) aal.

a
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1.4 Numerical methods with nonuniform mesh

1.4.1 Discrete methods

The discrete methods are one step methods and multistep methods. Since in following
chapters we use Runge-Kutta methods for initial value problem (IVP), we recall the

following results.

One step Runge-Kutta scheme

A discrete numerical one step approximation solution {y; : ¢ = 0,1,...n} can be calcu-

lated on nonuniform mesh A of the interval [a, b]
AN={a=20<z1<..<3, =0}, (1.53)
defined so that

where y(z) € C'a,b] is unique solution of (BVPN) problem. We denote the stepsize
by
hi:xi+1_wi X i:0,1,2,...,n—1. (154)

If

we have uniform mesh.

In the case of nonuniform mesh we denote by:
h:=max |z, — ;] , 1=0,1,2,...,n—1, (1.55)
h:=min|z;; — 2| , 1=0,1,2,....,n — L. (1.56)
We construct the following collocation points like in ([64], [65])

§y=Tit+hip; 1<j<k 0<i<n-—1, (1.57)
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on each subinterval [x;,z;41], i =0,1,..., N — 1, where
0<p <py<..<p,<l, (1.58)

are the roots of k-th Legendre polynomial (see [5] for more details).

Definition 20 [0, pag 69] The general form of a q—stage Runge-Kutta method is

Yo(a) = a,

k _ (1.59)
Yirr =Yi +hi ) Bifiy; 0<i<n—1
j=1

where

k
fij = f(gijayi +hizaﬂfil); 1<j5<k.

=1
The Runge-Kutta method (1.59) is called explicit if

k k
D Bi=1Y au=p; 1<j<k (1.60)
=1 =1

where p; are given by (1.58), it is called implicit otherwise. Explicit schemes have
the advantage that the computation of new approximation y;,, is straightforward. For

implicit schemes we need to solve a nonlinear equation (if f is nonlinear). If :
0
5 i <1,
Ay

where the matrix A is define as [6, page: 113], then this can be done by a simple fixed-
point iteration and otherwise by the more expensive Newton method. Note that an implicit

scheme always requires to predict a starting value for the iteration.

Theorem 21 [6, pag 220] If f(x,y) € CP™([a,b] x Q), @ € R a Runge-Kutta

scheme it is accurate of order p for a (BVPN) problem. Hence
lyi — y(z;)| = O(RP), 0 <i<n-—1. (1.61)
Also at collocation points
§ijy 1=0,1,..n, 7=1,2,.. k,
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it holds
i —y(€,)]| =O) + O(h ™)1 < j <k, 0<i<n-—1,

where h; = x;41 —x;, h= max {h;}.
0< i< n—1

1.4.2 Collocation methods

Let A be a arbitrary mesh of the interval [a, b] given by (1.53) and we construct the
collocation points like in (1.57).
One renumbers the collocation points, such that the first is §, := a, &, := xo + hopy, and

the last Ex_1 = 21 + hp_1ps, En = b. So the grid A becomes

where N = nk + 2. We denote by P, x,, the set of functions s(z) € C?[a, b] which have
the following proper ties for any ¢+ = 0,1,2,.... N — 1
Los(z) = si(x), v €&, &),

2. s;(x) are polynomial of degree k.

We wish to find an approximate solution of the (BVPN) problem, having the following

form

ux(z) = Z ¢;;(x), (1.63)

where gbj(x) € Pxs J = 0,1,2,...N are linearly independent functions, and ¢; are
real parameters. These parameters are determined so that ux(z) satisfy the differential

equation (1.2a) in (N — 1) points
&LelA =12, N —1,
and satisfies the boundary conditions

ug(a) = a, ug(b) = 5.
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We impose the condition as for every j = 0,1,2,...n, ¢;(z) and any linear combination
of these are C''[a, b] class (like the exact solution of (BVPN) problem).

In this paper we use for {¢;(r), j =0,1,2,...N } the following functions:
1. B-splines of order k + 1 (degree k),

2. Chebychev orthogonal polynomials of first kind.

B-splines of order k+1 (degree k)

For reason of efficiency, stability, flexibility in order and continuity, we choose B-
splines as basis functions. Efficient algorithms for calculating with are given by deBoor
([14], [15] ) and Riesler [59, page 18]. Let the grid A given by (1.62) for = € [a,b] and

0<i< N—k—1, we define B-splines functions of order k+1 (degree k) so:

1 if €Z§$<£’L+17i20717"'7N_1
0 otherwise

Bik(x) = 51;5—5 Bij-1(z) + ﬁBz‘-i-l,k—l(x)a

if & <&pp and &y < &ippar-

(1.64)

We recall some properties of B-splines functions of order k+1 (degree k):
Proposition 22 [59, teorema 1.4.3, pag. 25] With the above notations:

1. B, i(x) is a polynomial of degree k,

2. Bix(z) =0 foraz ¢ [Si,fiJrkH} ,

3. Big(x) >0 for x € (&, 1641

4. Bix(x) form the basis in Py % ..

Definition 23 /6, pag 218] Given a grid A of the interval [a,b] (1.62), a collocation ap-

proximate solution in k stages given by (1.63) is continuous piecewise polynomial function
ur(r) = Y e;Bix(x), (1.65)
i=0
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which reduces to a polynomial of degree at most k (order k+1) on each mesh subinterval

and satisfies (1.2a) in grid A and boundary conditions.

Since in this work we used combined methods: collocation method with B-splines

functions and Runge-Kutta methods we recall some results [6, pp: 210-219].

Theorem 24 [6, Theorem 5.73, page 219] Given a mesh A of the interval [a,b]
given of (1.62), there is only one step explicit Runge-Kutta method with k stages (1.59)
equivalent to the collocation method (1.65), (i.e. they have same order of convergence).

Moreover

where x; € A, and &;; are collocation points given by (1.57).

If y(z) is the exact solution of (BVPL) problem and ux(z) is approximate collocation

solution in k stages we denote by

ex(z) == uan(x) — y(z). (1.66)

Theorem 25 [6, Theorem 5.75, page 219] The k—stage collocation approximate solu-
tion exist for boundary nonlinear value problems (BVPN) and it is obtained in a stable
way. Moreover, the error and its derivatives satisfy for everyi=20,1,...,n

max  |ea(z)| = O(RF),

T i ST<Tit1

max
T <T<Tit1

Q@) =O(H1) 07 1< <k,

where

h
Qi =, hl = Tijr1 — Ty, h = max {hz},

h; 0< i< n—1

and eg) (x) is derivative of order j.
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Collocation spectral methods

1. Tchebychev polynomials-General properties. In their book [27], For and
Parker collected the underlying principles of the Tchebychev theory. The polynomials
whose properties and applications will be discussed were introduced more than a century
ago by the Russian mathematician P.L. Chebychev (1821-1894). Their importance for nu-
merical analysis was rediscovered around the middle of the 20—th century by C.Lanczos

[43] .
Definition 26 The polynomials Ty (x), k € N defined by:

Ty (z) = cos(karccos(z)), —1 <x <1, k=0,1,...N, (1.67)
are called the Tchebychev polynomials of the first kind.

Definition 27 The polynomials Uy(z), k € N defined by

_sin((k + 1) - arccos(x))

Ulo) == T Vi

are called the Tchebychev polynomials of the second kind.

xe[-1,1]; k=0,1,...N, (1.68)

Proposition 28 (Orthogonality) [29, page: 6] The polynomials Ty(z), k € N are
orthogonal i.e,

(T, Tin)yy = = * Cp = Opm; mym €N, (1.69)

bo |
O

relative to weight function

1
v1— a2

where Oy, Stands for the Kronecker delta symbol and, throughout in this work, the

w:l=[-11->R, w(x):= (1.70)

coefficients are defined by
0, ifn<0
=13 2 ifn=0 . (1.71)
1, ifn>1
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Definition 29 [44, pp: 5-6] We say that the functions :

by - ON @, 0] = R,

form a Chebychev system (or T-system) of order N on |a,b], if any nonzero linear com-

bination of these functions
N N
Zakqbk, (Z a? > 0) ,
k=0 =0

has at most N zeros on [a,b].

Remark 30 Using the results, [44, page: 8] it follows that the set of Chebychev orthog-
onal polynomials Ty(z), k =0,1,2,...N, form a Chebychev system of order N on [—1,1]

and moreover for every function:
u(w) € Ly, (1)

where L2 (I) is the set of square integrable functions on I relative to weight w, can be

developed in a Chebychev series

u(x) = u-Ti(x), (1.72)
k=0
where
* 2
= 71 T w)
Y e (u, Th)

and ¢ are given by the relationship (1.71).

Spectral methods for o.d.e

The spectral methods are particulary attractive due to the following approximation
properties. The distance between the exact solution y(z) of the (BVPN) problem and its

spectral approximation uy(z) is of order Ni [29, Remark 27, page: 29| i.e,

C
Ns’

ly(x) — un(2)]| <
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where the exponent s depends only on the regularity (smoothness) of the exact solution
y(x). Moreover, if y(z) is infinitely derivable, the above distance vanishes faster than any
power of 1/N, and this means spectral accuracy.

Let’s consider the partition of the interval [0, 1] so
O:§0<§1<<£N:17

where
_ v
cos 3 + 1

2

We observe that the nodes are symmetrically located around 1/2 if N is even.

5]: 7j2071,...7N.

This nodes are called Gauss-Lobatto -Chebychev points ( shortly G.L.C). In this work
we try to find the approximate solution ux(z) of the exact solution y(x) of the (PVPN)
or (PVPL) problem so:

N
uy(x) = Zujlk(x),N €N,
k=0

where u; := uy(§;) which satisfies (1.2a) in collocation points §;, j=1,2,..., N—1 and
boundary conditions:

U’(&)) =G, u(£N) = .

1.4.3 Examples of technical problems

1. Reaction diffusion equation (linear form)

In the paper [46][52] P.A.Domenico, F.W. Schwartz, described the propagation of
heat from chemical reactions through a bar of given length L, the axis Ox is chosen along
the bar, which occupies the interval [0, L]. We consider the problem of non-stationary

heat transfer in the bar, and if L = 1 we take the heat source as follows
s(z) = 10e7°* "

The problem may change to the advection-diffusion equation on introducing the
advection speed U(z), constant or variable and considering the case of stationary and

apply to the transport of pollutants in rivers, where U(x) is the local speed of transport.
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In this paper we consider the case U(x) = m(constant). We treated the case m = 4,

given a differential equation whose solution is non-oscillatory

—2" 4+ 42 (x) =107 0< 2 < 1 (1.73)

Using a substitution of the form [60, page: 77|

where

pla)=e™ o) #0,

differential equation (1.73) can be transformed as follows
—y" +4y(x) = 10e7 0 <z < 1. (1.74)
2. Burden and Faires problem [17, problem 5, page: 561] This problem appears

in the resistance structure calculation of certain construction

_y”_y:xv VIS (071)
sin + sin %
y(%):smi_i’y(%):ﬁ_%

3. Frequency domain equation for the vibrating string. This problem is con-

(1.75)

sidered in the paper of Greengard and Rokhlin [32, page: 443]:

y"(x) + (k* +5)y(x) = 5sin(kz), 0 <z <1 | (1.76)
y(c) = sin(ke), y(d) =sin(kd), 0 <c<d<1

The exact solution is: u(x)=sin(px). Here we solve a problem using B-splines functions
and Tchebychev Collocation method of type which arises when dealing with a frequency
domain equation for vibrating string and we compare the costs (Run-times and Internal
Memory). In order to demonstrate the performance of B-splines method on large scale

oscillatory cases, we solved the problem for p ranging from 9 to 630 and n between 10

39



and 1200. We observed that reliable results can only be expected under the assumption
of scale resolution, is small, i.e that p/n < 1. In this situation the error in approximating

the exact solution

u(z) = sin(px)

is of order O(h?). We treated the case: ¢ = Pi/54, d = Pi/12, k = 9.

4. Bratu’s problem ([29], [69], [70]). Spontaneous combustion occurs in the model

—y"+ X =0, 0< <1,

y(0) = y(1) =0,

(1.77)

where A > 0 is a parameter. Substituting a function of the form:
0 0
y(x) = —2log(cosh((z — 05)5)/ cosh(zl),

which satisfies the boundary conditions, into differential equation, we find that y(z) is a

solution if:

0 = V2\sinh (Z) . (1.78)

This nonlinear algebraic equation for # has two, one or no solutions when A < A.,, A = A,

or A > A, respectively. The critical value \. satisfies

1= 3\2/ 2\ sinh(%).

We treated the case A = A\, = 1.

A diagram of bifurcation for this problem is also available in the monograph of
U.Ascher, B.Mattheij and R.D.Russel [6, page: 491].

5. The average temperature in a reaction-diffusion process [29, page: 45|

Consider the BVP problem

W4 uP=0,0<zx<L
(1.79)

u(0) =u(L) = 0.
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It represents the steady state of the reaction-diffusion system. Ph. Korman [42] invokes
a phase-plane analysis to observe that the positive solution @(x) is unique u(x) > 0 for

x € (0,L) and for any L this solution satisfies

/ (x)de = — (1.80)

Also he have proved that the solution u(x) satisfies

/ V20 T Dunia(F(1) = F(0))

where F'(v) is the primitive function of

v/V1—ovrtl v =

urnax

and the U,y is the maximum value of w on [0, L].The independence on the domain
condition (1.80) could be interpreted in the sense of Levine [45] where ”large domains are
less dissipative” than small domains.

D.Trif, C.Gheorghiu [30] prove that, for p = 3, the boundary value problem (1.79)
has a unique positive solution and solve it using spectral Galerkin methods, convergence
rate being @(107%).The authors use Newton quasilinearization method, taking as starting
solution the function

ug = (1 — %)%
further they demonstrates that this iterative process is convergent.
Remark 31 For different values of parameter p the problem (1.79) may have a unique

positive solution or multiple oscillatory solutions. Bifurcation diagram of this problem is

found in the work [6, pag 491].

6. The charge density in atoms of high atomic number. The Thomas-Fermi
equation,

y// _ $—1/2y3/2, (1.81)
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is to be solved with boundary conditions
y(0) =1, y(o) = 0. (1.82)

This (BVP) arises in a semiclassical description of the charge density in atoms of high
atomic number. There are difficulties at both end points; these difficulties are discussed

at length in Davis (1962) and in Bender and Orszag (1999). Davis [24] discusses series

solutions for

y(x) as © — 0.

It is clear that there are fractional powers in the series. That is because, with y(0) = 1,

ODE requires that

yz) ~ 2z as x — 0,

3/2

and hence there be a term %x in series for y(z). Of course, there must also be lower-

order terms so as to satisfy the boundary condition at = = 0. Bender é Orszag discuss

the asymptotic behavior of y(x) as x — 0. Verify that trying a solution of the form
y//(x) ~ al,a7

yields

yo(fE) = 144'1:_3a

as an exact solution of the ODE that satisfies the boundary condition at infinity.
7. Models for a transport, reaction and dissipation of pollutants in rivers.

One model study by Ames and Lohner (1981) [2], gives rise to a system of three first-
order PDE in one space variable x and time ¢. By looking for traveling wave solutions,

that depend only the variable
z=x—1
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they reduce PDE, to ODE

f"=B8gf (1.83)
9" = —Bgh
K’ = \3gh

Here f represents a pollutant, g bacteria, and h carbon the physical parameters A and

[ are constants. After showing that the equations for g and h imply that

h(z
9(z) = E - (A) (1.84)
where E is a given value for g(0o). They reduce the system of ODE so
" h
R = \3(E — X)h’ (1.85a)
h
f'=BE=F (1.85b)
Since:
h(cc) =0 (1.86)
the equation (1.85a) can be approximated for large z by:
' = EX3h
For 3 =X =10 and E = 1, this equation becomes
h" = 100h (1.87)

with solution

h(z) = Aet%? 4 Bem 102

Because h(0) =1, h(oco) = 0 implies A = 0 and B = 1, then the approximate solution

h(z) of the problem: (1.87) with conditions (1.86) is asymptotically multiple of e~
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With h(z) = e 1% 3=X=10, E =1 the equation (1.85b) becomes

6—1Oz

"=10 (1 — 1.
F1=10 (1= ) . (189
subject to boundary conditions

F(0) =1, foc) = 0. (1.89)

Also for large z the equation (1.88) can be approximate by

" =10f.

Solving this approximating ODE we find saturation behavior in transient area (an interval
bounded by that starts from 0) and not the behavior of the asymptotically area where
h(z) ~0, f(z) ~ 0.

We present two approximation methods for exact solutions of the problems (1.87) and
(1.88) with conditions (1.86),(1.89). We divide the interval [0, 00) in two subintervals like:
a transient area [0, 10] and the asymptotically area (10, 00),where z = 10 is the positive
solution of equation

r? — 100 = 0.

8. Flame propagation in nuclear reactors A reaction diffusion equation looks like

the heat equation with a function f(u) added on:
ur = Au+ f(u) (1.90)

Such equations appear in the sciences as models of diverse physical, chemical and bi-
ological phenomena. Since f may be nonlinear, explicit solutions cannot usually found.
Wheareas the linear wave equation propagates arbitrary solutions at fixed speed, reaction
diffusion equations may single out certain wave forms and allow only these to propa-
gate without distortion. a typical problem for an equation of this kind investigates the

existence, form and stability of these traveling waves. Such a solution can be written as

u(z,t) =U(2), z=x —ct (1.91)
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where ¢ is the wave speed. The existence of traveling waves in chemical reactions
was first observed and studied by Luther at the beginning of twenty century. Fischer’s

equation was one-dimensional and had a specific "logistic” reaction term

u; = Dug, + ru(l — %)

Fischer propose this equation as a model of diffusion of a species in a 1D habitat: D is
the diffusion constant, r is the growth rate of the species, and K is the carrying capacity.

A dimensionless version of the equation take the form:
Up = Uy + u(l — u) (1.92)

Since 1937 has also been used to study flame propagation in nuclear reactors. The
solution to (1.92) depends on the initial data, ug(x).Kolmogorov proved that wuy(z) is

monotonic and continuous with

1, z<a
up(z) = ’ —oo<a<b<oo,

0, z>0b

then the solution evolves into a traveling wave with speed ¢ = 2. We can begin to
understand the behavior of the FKPP equation by noting that since the right-hand side
of (1.92)is zerou =0oru =1

two solutions are obvious: u(z,t) = 0 or u(z,t) = 1 for all x,t.More generally it is
clear that for initial data ug(x) = C, the wave will remain flat for all ¢ with u(zx,t) = C(¢).
Moreover the sign of the term u — u? such the positive solutions will be repelled from 0
and attracted to 1. Now the real interest in (1.92) lies in the behavior when both u ~ 0
and u ~ 1 are present: how does the wave get from one of these value to other and how
does the wave front connecting the two move with time 7

The generally answer is that regions with u ~ 1 tend grow,eating up adjacent region
with v ~ 0 and the wave may travel in either direction.In this book we solve this problem
with conditions at infinity

W +cu +u(l—u)=0 (1.93)
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and the solution is to satisfy the boundary conditions
u(—o0) =1, u(oco) =0 (1.94)

For "large” ¢ the solution u(§) is approximated by outer solution wuy(§) that is the
solution of ODE

ug + up(l —ug) =0

Generally such a solution cannot satisfy both boundary conditions, but in this instance

the solution
1

1+ e

up(§) =
does.

Returning to the original independent variable, we have the outer solution

1
1+ eo/e

U(z) ~

9. Keller problem

In [40, Section 6.2] Keller discusses the numerical solution of a model of the steady
concentration of a substrate in an enzyme-catalyzed reaction with Michaelis-Menten ki-
netics. A spherical region is considered and the PDE is reduced to an ODE by symmetry.

The equation

Y y
V425 = —— 1.95
Y r  e(y+k) (1.95)
involves two physical parameters, € and k. The boundary conditions are y(1) = 1, and
the symmetry conditions y/'(0) = 0.

In this book we solve the problem using BVP4c,for the parameter values

e = 0.1
E = 0.1
We approximate y(x) on the interval [0, d] with a few terms of a Taylor series expan-

sion and solve the BVP numerically on [d, 1].Two terms of a Taylor series for y(x) and

46



one for y/(z) are satisfactory when

d =0.001

We will need to communicate d and the parameters ¢ and k to our functions for

evaluating the ODEs and boundary conditions.

Remark 32 If the reader do not set any options will need to use [ ] as a placeholder

in this argument that precedes unknown parameters in the call list of bup4c.

47



Chapter 2

Mesh Selection

All numerical methods for solving BVPs on a computer involve at some stage dis-
cretization of differential equations on a mesh. Choosing a good mesh is essential if a
method is to be efficient for problems with solutions having narrow regions of rapid
change. Essential parts of this chapter have been taken from ([6], [28],[33],[35]).

Indeed recall the importance of a good initial guess means a satisfactory initial guess
to start the discrete nonlinear BVP, where a good initial guess means a satisfactory initial
solution profile, discretized on an appropriate mesh. Since the computational effort for
a given basic discretization method increases with number of mesh points we want the
coursed possible mesh which still yields an approximate solution with an adequate error.

This means, in particular that the mesh must be sufficiently fine there exists a solution
to the discretized system and that the discrete BVP adequately represents the continuous

BVP.The choice of a mesh should generally be based on two considerations :

1. controlling discretization error,
2. preserving stability.

We shall loosely to the former as accuracy considerations

Counsider the nonlinear BVP:

/

y = f(z,y), a<zx <y (2.1)

48



and boundary conditions:
9(y(a), y(b)) =0, (2.2)
where as usual we assume that there is an isolated solution y(z)that we wish to
compute and that f and g are sufficiently smooth. Suppose that a basic method is used

which, for a mesh n on [a, ], gives a corresponding discrete or continuous approximate

solution y,(z).

2.1 Mesh Selection Problem

Given a BV P (2.1) and an error tolerance TOL, find a mesh

Ata=r1<r3<..<axy<xNyy1=0D (2.3)
with
h = 1211%}1(\7 hi, hl = Tjy1 — T4 (24)

such that N is "small” and the error in y,(z) as an approximation to y(z) is less than
TOL (in an appropriate norm, measuring absolute or relative errors).

The notion of a "small” N is certainly more qualitative than quantitative. We can
attempt to make this precise in at least two ways.

One is to look for an optimal mesh, i. e., a mesh which yields a minimal mesh size
N for a given error tolerance T'O L. In practice, however, the exact solution of the resulting
optimization problem turns out to be too expensive, if not impossible. Thus we settle for
a quest for good meshes, i. e., meshes with N not much larger than the optimal one.
To make the notion of a good mesh more quantitative, we could consider a sequence of
tolerances and meshes and require that, as TOL— > 0, the mesh size N = N(TOL)
satisfies

N(TOL) < CN*(TOL)
with N*(T'OL) the optimal mesh size for this error tolerance and C' = 1 a constant

independent of TOL.
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A dual formulation for the mesh selection problem is often found useful. This formu-
lation requires, given a mesh size N, to find a mesh which minimizes the error in some
norm.

For a given BVP and numerical method, the appropriateness of the discretized system
is directly determined by the mesh. Generally speaking, the mesh must be fine in regions
where the desired solution changes rapidly but can be relatively coarse elsewhere, provided
that the resulting scheme is sufficiently stable. A suggestive example is presented in book
6, pag:360].

When attempting to analyze mesh selection, it is easy to see what we want: the role
of mesh selection is to obtain a global solution to (2.1) as cheaply as possible for a given
accuracy. Unfortunately, the mesh selection analysis is faced with an inevitable dilemma:
A strategy is generally more successful if it utilizes the special properties of
the particular numerical method being used, namely its error form. However,
this error form is normally based upon an asymptotic analysis, and the very fact that
mesh selection is important at all is often because one does not yet have a good numerical
approximation. Consider mesh selection for the limiting case h — 0, or even N — oo. For

when N — oo, all quasiuniform meshes (i. e., all meshes satisfying )
h <K - Rhuyin, hmin :=  min_hy, (2.5)

for some fixed constant K yield an Q(N~!) error when a difference scheme of order
s is used.

In general, we distinguish between two types of mesh selection:

1. a priori and

2. adaptive.

The first type is usually relevant in specialized circumstances. For instance, one may

have some information (perhaps obtained by a preliminary mathematical analysis on the
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shape of the desired solution for a given BVP. Such an initial solution profile can then be
used to produce an initial mesh, like an equidistributing mesh.

In most of this chapter we restrict consideration to adaptive mesh selection, where the
mesh and the approximate solution are repeatedly updated until prescribed error criteria
are deemed satisfied.

Although our characterization is somewhat artificial, we divide adaptive mesh selection

methods into two basic groups:

1. direct and

2. transformation methods.

The direct methods have generally been the most useful in applications to date, and

in opinion of Ury Ascher they are the most important.

2.1.1 Error equidistributing and monitoring

Given a mesh A as in (2.2) and an approximate solution y,(z), we denote by e;, some
measure of the error on the " subinterval of the mesh,[z;, z;,,]. This may be an

absolute or a relative error, or a combination of both. For instance, we may set
e:=lyi—ylz;)|, 1<i<N+1 (2.6)

when a simple finite difference scheme is used on 7, or

e; = max |y.x) —y@)| =y —ylli, 1< <N (2.7)

Ti<T<Tit1
if the approximate solution is defined continuously. Throughout this chapter we use
the max (or sup) function norm.
The error e;, depends on the subinterval [x;,z;1] and generally increases as h; increases.

It will turn out to be convenient to consider a corresponding error measure d;, which only
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varies linearly with h;; i. e., we write

with ®;, independent of h;.
For example, if the discretization method is a difference scheme of order s then the

results in [6, Section 5.5] tell us (under sometimes unrealistic assumptions) that

[y — y(@i)l = CB; ly; ()| + O(R; ™) + o(h?)

so an expression like 2.8 can be written
D; ~ CV/s |y(s)(:vi)}l/s '

This expression for ®;, does depend on the mesh, but not in a crucial way, and we
ignore this dependence when obtaining next results.
Given N, we can try to choose the mesh mso that max;< ;< x |e;| is minimized. A

related, simpler choice is to minimize
max |d;|
instead. Using this, we obtain a minimax problem with only one constraint

Immm;Z:m:b—w (2.9)

i =1
The solution of the trivial optimization problem (2.9) is to make all d;, equal to the

same constant A\, which yields

hi = M\ ®;,1<i<N, (2.10)
N

A= (b—a)/ ) ot
j =1

We now generalize the above and consider a smooth function ® instead of just a set

of discrete values on 7.
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Definition 33 [0, pag:363] A function ®(z,y) is called a monitor function if it has con-

tinous partial derivable on
{(z,v) v e S,(yx)),a<x<b
for some sphere S, of radius p > 0 about y(x), and if
O(x,y(x) >5>0, a<zx<b (2.11)

fore some & > 0. A mesh m is equidistributing with respect to a monitor function

O(x,y(x)) on [a,b] if for some constant A

Tip1
O(x,y(x))de =\, 1 <1< N, (2.12)

T

It follows that:

6
A= (2.13)

where: ,
6= /q)(a:,y(x))da; (2.14)

a

Also the mesh 7 is equidistributing with to a mesh function

d = (di(y).... dn(y)"
if,
|d;(y)| = const,1 <i < N (2.15)
A sequence of meshes [7y]|% _ y, is asymptotically equidistributing (as ,eq.) with

respect to ®(x,y(x)) if

/@(m,y(z))dw =AN1+0(h)), 1<i<N (2.16)

T

and asymptotically equidistributing with respect to d if

|d;(y)| = const(1+O(h), 1 <i < N. (2.17)
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For convenience, we shall just refer to a mesh 7 as being as.eq., or to an as.eq. mesh,
and implicitly assume that N is sufficiently large that an approximate solution in fact ex-
ists for an appropriate unspecified sequence of meshes. We are now prepared to investigate

various ways to choose monitor functions and select as.eq. meshes.

2.1.2 Direct Methods

A mesh selection method (or rather, a solution method) from the class considered here
may be described as follows:

Outline: A direct method Given a discretization scheme and an initial solution

profile
REPEAT
° Determine a mesh 7 from the current solution

o Solve the BVP (2.1) for y,(z)on the new mesh

UNTIL error tolerance is satisfied.
Normally one starts from a given initial (coarse) mesh and first solves (2.1) on it.
The main question is, given an approximate solution ¥,(z)on a current mesh 7,
how is a new, refined mesh 7* determined? In view of the preceding section, we would
know how to proceed if a monitor function try were available: We would determine
an as.eq. mesh if with respect to ®(z,y(z)), where N and the constant A in (2.13) are
determined by using the desired error tolerance. For a monitor function we now consider

two choices:
1. one arising from equidistributing the local truncation error and
2. valid for collocation methods, using a localized form of the global error.

Suppose that the discretization method used to solve (2.1) gives an approximate so-

lution y,(z) which satisfies the error bound
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lyn =yl < K max|7;(y)| (2.18)

. Under normal circumstances, the local truncation error of a difference scheme of order s

satisfies

ri(y) = WT(x) + O(HY), p> s (2.19)

where T'(z) is continues function involving high derivatives of y(x). It is then natural

to choose the monitor function

(x,y(x)) = [T(x)]"* (2.20)

The theoretical significance of this is given in

Theorem 34 [6, pag:365] Suppose that an as.eq. mesh n with respect to|T(z)|** is de-

termined, 1. e.,
Tit1

T ()" dz = X1+ O(h)), 1<i<N (2.21)

where:

Y

b
0 = /\T(x)|1/sdx.

==

Then the corresponding discretization method with error satisfying (2.18) and (2.19)
gives:

lyn — yll < KX°(1+ O(h) +O(hP) (2.22)
B.Matheij [6] prove:
Corollary 35 If
My ={x: |T(x)|'"* > L},
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with L chosen such that

b

/ T () dx = %/ T () [ dx = g (2.23)

a

then the error satisfies

o~ < KDy 7y (1 - 00m) + 00), (2:24)

where p(My) is the measure of M.

Remark 36 For a BVP whose solutiony(x) has a boundary or interior layer (i. e., a
small subinterval where the solution varies fast), if (2.19) holds and T(x) involves some
derivative(s) of y(x) then My, is often an interval of width proportional to the layer width,
say €. In such a case, the first term in the bound (2.24) can be independent of the layer

width, and the error from an as.eq. mesh can be essentially independent of e.

Remark 37 It is not always obvious how T (x) can be approximated in practice. If an ap-
prozimation to y(x) is available, then its derivatives or divided differences (i. e.derivatives
of an interpolant, if it is only a mesh function) can normally be used to approximate the

derivatives appearing in T(x). This is discussed in detail for collocation in the next section.

2.2 A Mesh Strategy for collocation

From the last section we have a general mesh selection approach in which we alter-
nately solve a BVP using a discretization method and adjust the mesh by using a monitor
function which itself involves the current approximate solution. Here we choose the dis-
cretization method to be spline collocation, which can be viewed as a family of high-order
finite difference schemes as described in last section. The BVP is a higher- order equation,
unlike that in the previous section, but the viewpoint taken there easily generalizes, since
the determination of the mesh and the solution of the unmodified BVP are done sepa-

rately. For the monitor function we can, of course, choose the local truncation error as
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described in last section, but a robust algorithm is obtained by instead using the leading
term of the error away from the mesh points ([64][65]). While the resulting strategy is far
from being the only reasonable one, it has proven very successful in practice and is the

one used in the collocation code [10].

2.2.1 A practical mesh selection algorithm

We use the spline collocation method for solving the BVP

Lu = u™ = ch(x)u(l_l) =q(x), a<z<b (2.25)
i=1
By(a) + Bay(b) = 33, (2.26)

where

(u(x), v (x), ..u™ V()T

<

—~
8

~—
I

The collocation solution w,(z) is determined, for a given mesh 7 and for k£ given
collocation points on each mesh subinterval, as that piecewise polynomial function of
order k + m which has m — 1

continuous derivatives {i. e.,u,(z) € P pym N C™ ' a,b] and satisfies the differential
(2.25) equation at the collocation points and the BC (2.26).

Then for x; < x < x4 :

Tr — X

h;

w(x) — up(z) = hEFmy*+m () P( )14 O(hy)) + O(hP), (2.27)

where
k

1
PO = =y | 0~ 7 TLe = e (2.28)

=1
For the Gauss points | pz|’1C , which we shall use here, p = 2k. Recall that we have the lo-
cal representation 2.27 for the global error, because the scheme is actually superconvergent

for certain solution and derivative values.
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Thus, corresponding to (2.18) we have

[ur —ull; == max |u,(z) — u(z)] < CRIT™ ||| + O(h)

¢ T, <x<wiy1
where C; = 6(1 + O(hy)),
C:= max |P(¢)].

0< ¢ <1

A natural choice for a monitor function is therefore
}U(Hm) (x)’l/(ﬂm) , for x; <x <y (2.29)

The exact solution u(z) and hence also u**™)(x) are unknown, and one cannot directly

replaceu(z) by u,(z) in (2.29) because u,.**™ = 0.However, suppose that

v(z) € PorN Cla, b

is the piecewise linear function which interpolates u{f™™ " (x) at the subinterval mid-
points; i. e.
V(@ir1j2) = D (2141)2)

[ < i < N, and define the monitor function like:
(w, v(w)) = o/ () (2.30)
Since P*+m=1)(1/2) = 0 implies:
v(@igry2) = U (@i e) = W (@) + O(RF), 1< i< N

and hence v'(z) = u**+™ (2)(1 + O(h));i.e is an O(h) approximation to the monitor

function in (2.29). Moreover v'(z) is a piecewise constant function, so

b
0= / W/ ()| ™ dy (2.31)
is easy to compute. Finding an as.eq mesh (2.3) such that
Tit1 9
' ()] dy = T lSi<N

T
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is also easy since

1/ .
o) = 7 / o' ()] Y4+ g (2.32)
a piecewise linear. Thus if we know x; then finding x;,; such that
1

amounts to inverse interpolation for this simple function. From the last theorem , if 7*
is the new mesh determined from (2.31) then the new spline collocation solution - (x)
satisfies :

~ 0
e =l < C(F)* (1 +O(R)) + O(h*) (2.34)
A new mesh size N such that the collocation solution on the corresponding as.eq. mesh

has uniform error less than tolerance TOL, can be predicted from (9.20) by choosing :

~

_ 00 G\ 1/km)
N =6() (2.35)

Here C is known from (2.27). If TOL is a relative tolerance, then a trivial modification

to (2.35) is made using ||us|| -

2.2.2 Algorithm for collocation with mesh selection

Input: A BVP (2.25) + (2.26), a collocation method with k,m,C, an error tolerance
TOL, and an initial mesh 7.
Output: an approximate solution u, ()
1. Set FLAG := false
2. REPEAT
2.1 Solve the collocation equations for u,(z).
2.2 Form the piecewise linear interpolant v(z) to ugr]”m*l)(x) using values at
Tiy12(1 <@ < N)
2.3 Calculate 6 from (2.31)
2.4 1F O((2)*+m < TOL THEN FLAG := true

29



2.5 ELSE
Find a new N from 2.35.
Solve for a new mesh 7 from (2.32) +(2.33)
UNTIL FLAG = true (or iteration limit exceeded)

To implement a practical mesh selection strategy, additional bells and whistles are
needed to ensure that the strategy does not go agree. Carl de Boor [13] propose package
COLSYS, for a scalar BVP. Also he suggest for robustness, errors are estimated for
mesh selection and for termination of computation in two different ways. The rough
error estimation for mesh selection has already been described. For termination (and
to provide error estimates for intermediate meshes), an extrapolation principle is used.
specifically, when two collocation solutions u,, (z) and wu.,(x) are computed on meshes
71 and 7o, where 7o is m; "doubled” (i. e.,each subinterval is halved), the error on my is

estimated from (2.27) by

w(x) = un, () = m(um(fﬁ) — Un,y (7)) (2.36)

Given an approximate solution u,(x), the quantities

5”“’” 1/(k+m)
=, max  h(or) ’

N ~
h Clv'| 1/(k+m)
n=2 hlZop) ’
i =1
T2
r3 = N7

are computed. The ratio 1 /rs gives some idea of the gain to be achieved by redistribu-
tion. Specifically, if it is large then the maximum subinterval error estimate is significantly
larger than the average one, and the mesh is not well-distributed. The code checks to see

if :
™

— <2 2.37
o< (237



e If (2.37) is satisfied, then the mesh is considered to be sufficiently equidistributing

to not warrant construction of an entirely new set of points [z;], and the mesh is

"doubled,” i.e.,
*
™ = [xlax?)/%w?a "'7$N7$N+1/27xN+1]

This facilitates error estimation with (2.36).

e If (2.37) is not satisfied, then ry predicts the number of points needed to satisfy the
tolerance [cf. (2.35)]. Normally

N* = min|[N, max(N, rs)]

is used instead of r, mainly to prevent jumping to incorrect conclusions early in
the mesh selection process. Then the new mesh if is chosen using (2.32). However,
this strategy is not followed and the mesh is doubled instead if one of the following

holds:

(1) N is less than it was for the mesh previous to T,
(ii) the current N has been used for three consecutive meshes, or
(iii) there have been three consecutive equidistributing and doubling (i. e., N/2 and N
mesh points have been used three consecutive times). These precautions prevent cycling
or, again, prematurely
jumping to conclusions about what a desirable mesh is, by insuring that N increases
gradually. Also, when the choice

)
N =2Z=<N
2

is made, then doubling, it is to be hoped, will provide a solution (and error estimate)
satisfying the requested tolerance.

The user also has the option to (i) insert an initial mesh, (ii) insert fixed points (points
required to be included in all subsequent meshes), and (iii) turn off the mesh selection
so that only mesh doubling is used. These can be particularly useful features if one has

special information about the solution, such as the location of boundary layers.
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2.2.3 Transformation methods

With transformation methods, a change of variables is applied to the given BVP (2.1)
to produce a transformed problem which is, we hope, more amenable to effective numerical
computation. Thus, a coordinate transformation x(t¢) of the independent variable is sought
such that as a function of t the solution y(x(t)) of (2.1) looks smoother, i. e., varies slowly.
We shall see how the direct methods of the previous sections can be viewed as particular
ways of achieving such a coordinate transformation (in particular see (2.32)]. Indeed, the

monitor function is used to provide a description of suitable coordinate transformations.

Definition 38 A coordinate transformation t(x),t : [a,b]— > [0,1], is called admissible

if it satisfies

j—; = %q)(x,y(q;)), a<z<b (2.38)
t(a) =0, t(b) =1, (2.39)

where ®(x,v(z)) is monitor function and 6 is given by (2.14).

Explicit method

If some knowledge of the solution y(x) is available, then an explicit coordinate
transformation z(t) can often be chosen to appropriately conform to this solution’s be-

havior and to furthermore satisfy

d
s 0, 0<t<1
dt

z(0) = a, z(1)=0.
The BVP (2.1) can then be rewritten as

T = Ft )2’ (t), 0<t <1 (2.40a)
0
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~

where y(t) := y(x(t)) and f(t,y(t) := f(z,y(x)).We must to choose z{t) in such a way
that y(¢) will be smooth and well-behaved, so that the transformed BVP will be ”easy”
to solve. Since this frequently involves smoothing out regions of rapid variation that y(x)
may have, z(t)or its inverse t(x) = x~! (¢) is often called a stretched coordinate. Ideally,
the coordinate stretching should be sufficiently successful that the transformed BVP (2.40)

could be efficiently solved on a uniform mesh (using our basic numerical method).

Implicit method

Obvious disadvantages of explicit coordinate transformations are that a priori knowl-
edge of the behavior of y(x) is needed and that choosing an appropriate x(t) is at best
very complicated if components of y(x) are badly behaved in several regions of [a,b]. An
alternative is to build an implicit mesh selection strategy into the problem statement.
There are many approaches to choosing an admissible coordinate transformation y(x),
or t(x), for which y(t) is well-behaved. By ”well-behaved” we mean here that an equally
spaced mesh in the variable ¢ is satisfactory for solving the transformed problem for y(t)
efficiently. Suppose we have decided upon the choice of the monitor function ®(z,y(x)).
We can use the conditions (2.40a) for an admissible coordinate transformation to augment
the original BVP (2.1). The requirement of an equidistributing mesh of size N, i. e., a

mesh satisfying (2.12), can be simply expressed in terms of ¢(x) using by

| >

), 1<i<N-1 (2.41)

) = () = 1o

The mesh selection strategy can thus be accomplished if we solve the BVP (2.1, 2.38)
subject to (2.41) with 6 an undetermined constant . This, however, can be written in an

equivalent form as follows: Write (2.38) in terms of ¢ as the independent variable, add a
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trivial ODE for the constant 9, and add boundary conditions to obtain the system

y) = ft,y@)' ) (2.42)

where ®(t,(t)) := ®(z, y(z). It is also nonlinear even if the original BVP is linear. A
nice feature of the BVP (2.42) is that when it is solved, the constraints (2.41) are simply

satisfied by letting

1
), 1<i<N+1 (2.43)

x; = x(

In practice, of course, the BVP (2.42) must be solved approximately. It is to be hoped,
though, that the solution is smooth and can thus be computed on the uniform mesh

{0,1/N, ..., 1}, whereby approximate values of

y(zi) =y((i = 1)/N)

with x;, defined in (2.43) are obtained. In general, a monitor function p(z,y(z)) is chosen
as some measure of the change in the behavior of y(z) which is also reflected in the
error behavior for the numerical solution. One common choice is the arc length monitor

function,

ol y(@)) = 1+ @) = 1+ |/ (@, y(a): (2.44)

The advantages of the arc length monitor in this context are that it does not involve
high derivatives of y(x) and that it is a smooth function of its arguments.
This is much more important here than in the previous subsections, because the mon-

itor function is one of the BVP unknowns to be actually computed.
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Chapter 3

Cubic B-spline collocation method

with uniform mesh

3.1 Mathematical support
The purpose of this section is to approximate the solution of the following problem:

Ly(z) = r(x),0<z<1 (3.1)

where
d  dy

Ly(e) ==~ () + a@y(@),0 Sz < 1. (32)

and ¢(z),r(z) € C(0,1),q(z) < 0,y(z) € C*(0,1), using cubic B-splines collocation
method. In fall back we assume that the function r(z),¢(x) are such that the problem
(3.1) has a unique solution. To describe the basic method in this and later sections we

choose a uniform mesh of the given interval (0, 1) like

A=0=x<11<..<xpp1=1lx;=7h, j=0,1,...,n+1, h=

— (33

65



We introduce the domain of definition of the operator L, defined by ( 3.2), as
Dg(L) = {u € C%(0,1)|Lu € C*(0,1) and u(a) = A, u(b) = B },
and suppose that Dg(L) is dense in C*(0,1) such that
L: Dg(L) C C*(0,1) — C*(0,1).
We also define
U:={ue Dg(L) : ul|[r;, xis1] € m3,u € Clzj, 4]},

where 7,, is the set of polynomials of degree at most three. We use the following

notations
q; = q(x;),rj == r(z;).
Obviously, dim U = n + 2. Since U C C?*(0,1) (see [59]) there exists in U a basis

consisting of cubic B-splines functions:

{807 S1, ---Sn—l—l}

and moreover ([72, pag 69])

sl(x):S(E i), 1=0,1,2,.n+1 (3.4)
) = ()i = 01,2, 4 1 (3.5)
s 7i(2) = 557(5 —1),1=0,1,2,..n
where
(
0, ifr €R\ [~2,2]
(2—2) —4(1 —x)3 — 623 +4(1 + )3, if z € [-2,—1]
S(x) = (2—2)? —4(1 —x)3 — 623, if ze€[-1,0]

(2—x)® —4(1 —x)3,if z € [0, 1]
(2—2x)3 ifzell,2]
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Cubic B-spline

Figure 3.1: Cubic-Spline

The graph is depicted in figure 3.1:

We observe that

0,ifzeR\ [-2,2]
r+2,if —2<z< -1
S(x)=% —3z-2,if —1<x<0

3r—2, if 0<z<1

2—x,if1 <z <2

We also see

S7(0)=-2,87(~1)=S"(1)=1;,8"(1) =S "(~1) = —%s 7 (0) (3.7)

Using Orthogonal Spline Collocation Methods an approximate solution s,(x) € U has
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the form
n+1

sy(x) = Zci si(x), ¢; €Ri=0,1,....,n+1
i=0
Moreover, from (3.4)

n+1
%@%:Z}mSg—U,QERi:Qme+1

1=0

Lemma 39 For any:=0,1,2,...n,n+1, j =1,2,...n the following relations hold

s fi=7—Lli=7+1
0, otherwise
~lifi=j-li=j+1
1
— ifi =1 3.9
o Lifi=) (39)

0, otheruise

s; (25) =

Proof. Since s;(x;) # 0, only for i = j — 1,7, j + 1,using (3.5) we obtain

ifi = j—l#si(ﬁj)zs(‘j_i)zs(l):i
ifi = j isi(ﬂcy‘)—s(ﬂ'—")—s(o)_é
= s sl =56 ) = S =

Also s;”(x;) # 0, only for ¢ = j — 1, j, 7 + 1,using (3.5) we obtain

1
ifi = j—1:>8”1'(33'j):4—h2
o . " 1
iti = ﬁsi(xj):—ﬁ

1
ifi = j+1:>5”7;<l’j) :W

Lemma 40 For any xg € [z, z;+1],7 = 1,2,...,n — 1 the following inequalities hold
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1

0< }ILIL% 8j+2($0) = }Lli% Sj,1($o) < ﬁ (310)
1
21 < hm 5J+1(9c0) = hgtl) s;i(zo) < 3 (3.11)

Proof. Let A(h) := sj1a2(x0); n(h) = sj11(x0); p(h) = sj(x0); ©(h) = sj_1(x0).In ([72, pag

72]) one shows that

X .
sjv2(zo) = S(3—j—2)=
4
[(j +4)h — 2] — 4[(j + 3)h — 2] + 6[(j + 2)h — z]* — 4[(j + 1)h — 2]®
ifh<xz<(j+1)h
(G +4)h —2]* =4[ + 3)h — 2]® +6[(j + 2)h — 2]’
if G+1h<z<(j+2)h
1
= % [(G+4h =2 = 4[( + 3)h — 2]’
if (j+2h<z<(j+3)h
(G +4)h — 2
if (j+3)h<z<(j+4)h
\ 0, otherwise
Because z € [, 2;41] and x; = jh it follows o € [jh, (j + 1)h]. Then
3
- _ "o
0 <HmA(h) =354
Since 0 < xy < 1, we obtain the following relations on A\, ¢, n, p
0 lim A(h !
< (h) < ﬂ’
3
. . x
0 < }1112% p(h) = Yl hm{[(J + 1)h — x]* — 4[(jh — zo]® + 6[(j — 1)h — 0]’} = ﬁ
and:

1
O<;1Lll>r(l)¢(h) <3
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also:

. o 1 . . 3 . 37 .1;%
0 < %%n(h)—ﬂ}l%{[(j—i—@h—xo] — 4[jh — o] ==
1 : 1
a =g
and:
0 < lim p(h) = - im{((j + 2)h — mu]? — 4[(j + 1)h — x*} = 20
noo PN T g gt o J Tolr =g

Finally 0 < xg < 1,implies

ool —

1 .
51 < Jmp(h) <

Lemma 41 For h — 0, it holds

0 < o(h) <nh) < % (3.12)
0 < Ah)<n(h) < é
0 < (k)< plh) <
0 < Ah) < p(h) < %
% < o(h) + n(h) + A(R) + p(h) < % (3.13)

Proof. The relation (3.12) and (3.13) are immediate consequences of the previous Lemma.
|

We show that

s,(1) = ZciS(% — ), (3.14)

i=0
can be determinate to be an approximate solution of the problem (3.1). We impose

the conditions:

Lsy(x)=r(z), 0<z <1 (3.15)

syla) =A,s,(b) =B, 0<a<b<l (3.16)
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Theorem 42 (Daniel N.Pop) If the problem (3.1) has a unique solution, then there exits

and it is unique a function s,(x) which verifies (3.15) and (3.16) on mesh points
x; = jh,j=1,2,3,..n.

Proof. We suppose that a € [z}, z;41]. Since z; # 0, only for ;o <z < zjio
then: S(% —i) # 0, only fori =j —1,5,j + 1,5+ 2 and
a . a . . a .
A= ijls(ﬁ — ] + 1) + CjS(E —j> + Cj+1S(— — 7] — 1) + Cj+28(ﬁ i 2)
Let a:=S(3 —j+1);8:=5(3 —j);v:=5(3 —j —1);0:= 5(j; —j — 2) then

Cj71‘Oé+Cj'ﬁ+Cj+1"}/+Cj+2'(5:A (317)

Since a < b, then b € [Tj4m, Tjtms1),7 = 1,2,...,n,m = 1,2, ..n — j and S(% —1i) #

Oonly for t=74+m—-1,7+m,j+m+1,5+m+ 2.

Also
B = s,(b) =
b ) b ) b .
= a8~ = D) S — = m) S~ m 1) +
b )
+Cj+m+1s(% —)]—m— 2)

Let = S(2—j—m+1);e:=5L—j-—m);7:=52—j—m-1);¢:= S(L—j—m—2)
then
Cjtm—1 P+ Cjym €+ Cjpmi1 - T+ Cjymy2 - § =B (3.18)

We impose the conditions
Lsy(z;) =157 =1,2,..n.

Using (3.4) and (3.5) we have

n+1

1 o o :
Ls,(z;) = —Zci[ﬁS” (j—19)—q;SG—1)]=r;;=1,2,..n.

=0
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Because s;(z;) # 0 and s”;(z;) # 0 only for i = j — 1,5, + 1, using Lemma 11 we

obtain
Lsy(e;) = =78 O)=5e5-1+¢; = 5ol +
SO e+ +gem] = rii=12,.n
Relations (3.6) and (3.7) yield
Lsy(x;) = ;lcj_l(% — %) + %Cj(% + %) + cj+1(% — %) =r;j=12.n.

Because ¢(z) < 0, for any 0 < = < 1, then

1 q; 1
1%
and let
24 - h?
p] = h2,qj_6rj;
‘ _4(h2'q]'+3)
J h2(]j — 6 ’

then the relation (3.19) has the form

ijl —+ tj . Cj + Cj+1 = pj'

We also observe that

(3.19)

(3.20)

(3.21)

The relations (3.20), (3.18), (3.17) form a linear system of (n + 2) equations with

(n + 2) unknowns cg, ¢1, ..., Cpy1 -
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o+ tict +c2=po

c1 +taca +c3 =1

Cj-1+1iC¢j + Cjt1 = p;
Qacj_q + 603‘ + YCj+1 + 5Cj+2 =A

Cj +tjt1Cjp1 + Cjva = Pt

Cjtm—1 T LjgmCjitm + Cjgm41 = Djtm
HCjtm—1 + ECjym + TCjrmy1 + ECjpmia = B

Cjgm + Ljpmt1Citm41 T Cjpmt2 = Djmt1

Cn—1 + nCyp + Cn+1 = Pn

The system matrix is a band matrix with at most four nonzero diagonals. We denote
this matrix with C' and his determinant with det C.If we develop det C' after the columns
0,1,2,...,7 —2,7+m+3,....,n,n+ 1 we obtain:

1 ¢t 1 0 0 0 O 0 0
a B v o6 0 0 0 0 0
0 1 typ 10 .. 0 O 0 0
det C' =
1 tjm 1 0
pooc T g
0 1 tjpma 1
If in Lemma 12 we set xg := a;xg := b then applying Lemma 13 it follows that

a, 3,7, 0 are nonzero. In det C' using the properties of determinants, we obtain
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1 tjma 1 0 0 0 0 0 O
0 1 tze 1 0 0 0 0 O
det C' =
1 tjgma 1 0
0 1 tigm 1
0 0 e f
where

c : =p—at;—0;

d : =7—oa—0tj;
e 1 ==& Witm;
[ =7 =&rmn — 1

From (3.21) and Lemma 12 we have

3
lime = lm(y—a—6dtjq) = %,Va € (0,1),

h—0 h—0
. . a?
limd = lm(5—at; —0) = ,Ya€(0,1),

b3
lime = }llin%(s —&— ptjim) = g,Vb € (0,1),

h—0
. . b’
}llli%f = }llli%(T - ftj+m+1 - ,u) = g,Vb € (07 1)

Let
6 - O[tj -0
T =
Yo — 5t]‘+1
Lo T~ Etjrmi1 — |
ez:g_g_:utj—i-m
then
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I 54 1 0 0 0 0 0 O
0 1 ¢4 1 0 ... 0 0 0 0
det C=c-e
1 tyma 10
0 1t 1
0 0 1 z
But,
}lli_)r%x(h) = }lllir(l) z(h) =1
and from (3.21) we have:
lim 1, (1)] = 2
Let ) -
r 1 0 0 0 0 0 0 0
1 iy 1 00 .0 0 0 0
0 1 t4 1 0 .. 0 0 0 0

1 tjyma 1 0

0 1 tjgm 1

i 0 0 1 z |

The matrix D is symmetrical, and for h — 0 is diagonal dominant, therefore is non-

singular. Then det D # 0,det C' # 0 and the system has a unique solution. m
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3.2 Numerical Results

3.2.1 Example

We shall approximate the solution of following boundary value problem

—Z7(t) - 243Z(t) = 0<t<]l, (3.22)
T, sin(?’fﬂ) — L7 sin(9V/3)
25 = 243 sin(9¢/3)

0 sin(gi#) — L sin(9V/3)

23 = 243sin(92/3)

|

The problem (3.22) has a unique solution

sin(9+v/3t) — tsin(9v/3)

=5 sin(9¢/3)

We used Maple 14 to solve the problem exactly and to approximate the solution, the

mesh considered was uniform, with

Since

/ ()] > 4

using unconjugated criteria given by Lyapunov (1893) the problem (3.22) has an os-
cillatory solution.
Both solution are represented on same graph in figure 3.2(a).The graph error in a

semilogarithmic scale is given in figure 3.2(b).
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(a) Exact and Approx solution (b) Errors

Figure 3.2: Numerical example with uniform mesh
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3.2.2 Coefficients of approximation

0.05875642949

0.01478815919

0.02952783767

0.04419585544

0.05875642949

0.07317381026

0.08741229213

0.10143662548

0.11521015320

0.12869854210

0.14186608740

0.15467756260

0.16709789740

0.17909216930

0.19062560250

0.20166362270

0.21217182700

0.22211602950

0.23146224290

0.23146224290

0.24017673290

0.24822599740

0.25557677910

0.26219610900

0.26805128590

0.27310991060

0.27733988500

0.28070942340

0.28318708480

0.28474176000

0.28534270740

0.28495953220

0.28356223750

0.28112120050

0.27760721550

0.27299148300

0.26724561130

0.26034167640

0.25225216060

0.24295003250

0.23240871200

0.22060210090

0.20750458460

0.19309105680

0.17733688270

0.16021798320

0.14171079360

0.12179225390

0.10043989140

0.07763175011

0.05334645858

0.02756317540
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Chapter 4

Linear form of boundary values

problems

4.1 Formulating the problem

We consider the linear boundary value problem with conditions inside the interval

0,1] (PVPL)

—y"(x) + q(x)y(x) = r(x), xel0,1
V@) o) =1, 0] "
yla) =a, y(b) =5,  abe(0,1),

where ¢(x), r(x) € C[0,1]; y € C*0,1], a,b, o, € R.

If the solution of two points boundary value problem (BVPL)
—y"(x) + q(x)y(x) = r(z), x € la,b
y'(x) + q(x)y(x) = r(z) [ ]’ (42)

yla) = a, y(b) = B,
exists and it is unique, then the requirement y(x) € C'[0, 1] assures the existence and the
uniqueness exact solution of the problem (4.2).

We present three approximation methods:
1. Global method with cubic B-spline function,

2. C.C method,
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3. Combined method Runge-Kutta and B-spline functions of degree k.
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4.2 Global method with cubic B-spline function

Consider the linear boundary value problem (PVPL) given by (4.1) and further con-
sider that occurs the conditions of existence and uniqueness of exact solutions y(z). We

recall some properties of orthogonal Legendre [44] polynomials.

Definition 43 We define the orthogonal Legendre polynomials as follows

1 an
—2npldyn

Pa(y) (= 1)"n=012, .
Proposition 44 The roots of orthogonal Legendre polynomials are contained in (—1,1).

The graph of Legendre polynomials of degree k = 1,2, 3,4,5 is depicted in the figure
4.1

legendre polynomials

T

0.5

Pa(x)
)
I
1

-05 Po(x) 7
P1(x)

P2(x)

P3(x)

|~ Pa(x)

1r I L )

Figure 4.1: Legendre orthogonal polynomials

Using the affine transformation

y:=2r—1
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we obtain the orthogonal Legendre polynomials on (0, 1) having all roots within (0, 1)

- 1 da ., "
P,(z) = Z"n!%[x (x—1)"; n=0,1,2,..

4.2.1 Construction of collocation points and the base of cubic

B-spline functions

We construct the partition of [0,1] like in (1.53), the step-size (1.54) and collocation
points (1.57).

Collocation points form the following matrix

hopy hopo e hopy,
Y 1+ hipy 1 + hip, cee 1+ hipy
Tp—1+ hnflpl Tp-1+ hn71p2 s Tpo1+ hnflpk

We note that the points x; of grid (1.53) are not collocation points, so you must insert
their heads interval, i.e. 0 and 1, and inside a, b and so we get nk + 4 points .

We renumber the collocation points such that
§o =10, & = hop1, & = hopa, --&npr = Tt + hn1pp, Enge = 1,
where N = nk + 2. Therefore, the partition of [0, 1] becomes
A={0=¢§ <& <..<a.<b.<Ey,=1}.
We augment the above partition A [72] to form
A, <6, <E=0<8 < <&y =1<Envis <Enia (4.3)
where

§ = a; §yp=b; 0<I< N+ 1<li+p<N+2
5—1 - 5—2 = 50 - 5—1 = 51 - 507
§N+4 - 5N+3 = 5N+3 - §N+2 = §N+2 - 5N+1.
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To simplify the presentation, we use the abbreviations

¢ =q(&); hi =& —&; h= max h;; h:= min h,.

0<i<n =~ 0<i<n

Definition 45 For ¥V z € [0,1] and ¥V 0 < i < N + 1, the cubic B-spline functions with

the five knots : &;, &1, §iqas Einss Eiqa are given by

(

1 if § <w <&
0 of x€l0,1]—[,&41)

Big() = =520 Bia(x) + %Biﬂ,z(%)

B’i»o (I) =
(4.4)

if § <&z and ;i <&y -

4.2.2 The existence and uniqueness of approximate solution

We wish to find an approximate solution of the boundary value problem (PVPL) (4.1)

in the following form

N+2

ug(e) = ¢;Bis(x), (4.5)

i= 0
where B; 3(x) is a cubic B-spline function with knots {&;,,}7 _ _o.
We impose the conditions:
(c1) The approximate solution ux(z) given by (4.5) verifies the differential equation
of (4.1) at

Z:{fj, j:177N+17 ‘77&[7 ]%l+p}

(c2) The approximate solution ux(x) (4.5) verifies

ux(§) = a, Uz(fup) = .

We recall that a = &, and b= ¢, ..
Conditions (c1) and (c2) yield to a linear system with N 4 3 equations and N +
3 unknows ¢;, 1 =0,...., N +2 :
A-c=n. (4.6)
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We denote by
filz) == B;’?)(x) —q(x)B;3(x),i =0,1,...N,
then
fil¢;); 1€40,1,2.., N +2} je{l,2,..N+1}\{l.l+p}
A= Bis(&)i=1—1,1,1+1 : (4.7)
Bis(&yp)ii=1l+p—11+pl+p+1
The system matrix A is tridiagonal with 3 nonzero elements on each row. The right

hand side of (4.6) is

Y= [7“(51)7 -~-7“(5171)a YT (fz+1) ) "'r(fl+p71)v Y2, r(€l+p+1)7 ---T(fn+2)]-

Lemma 46 [59, pag 23]For every | >0, z € [0,1], B;,(x) € C'[0,1] occurs

/ B, 171(37) Bi+1 zq(x)
B: =1 : — : . 4.8
) = e T Gy — ot (48)

Lemma 47 (Daniel N.Pop [53]) For ¥ z € [0,1] and B;3(x) € C?[0,1] 0 < i <

N +2 then

” BZ 1(1’)
B..(z) = 3! : — 4.9
i3(7) [(hz + hiv1 + hive)(hipa + hy) (49)
B Bip1,1(x)(hiva + 2hig1 + 2hio + hiys) +
(hiva + hig1)(Rige + higr + 1) (higs + higa + hiy)

Bz‘+2,1($) ]
(hits + higa + hip1) (Rigo + hips)™

_|_

Proof. For [ = 3 we get from (4.8)

Bale) =3 f;@(i) +hi (hwﬁwhliiﬁ s
then / /
" Bl o(x B! T
Bi73(x) =7 |:hi+2 +Z}2Li(+1) + h; a hiys +z;:+22<-2 hi+l:| ' (4.10)
Using again (4.8) for [ = 2 it results
B!,(z) =2 [ hilfgl = hé;:;fil] , (4.11)
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B (gj) B; 2 1(."17)
B / ) =9 i+1,1 o i+2, . 4.12
i+1.2(7) hivo +hiv1 hiyz + hipo | )

Replacing (4.11) and (4.12) in (4.10 ) we get (4.9). m

Theorem 48 (Daniel N.Pop)[53] If for every x € [0, 1]
q(z) < K <0, (4.13)

then the matriz A given by (4.7) is nonsingular.

Proof. In the following we denote by
fi@) = B!y(x) — K - Big(x), Vi=0,1,..N +2. (4.14)
Since B;3(x) > 0 for every = € (§;,4,&;43) [59, pp: 18-20] resulting

Bi,3(€j+1) > 0, Bi,3(§j+2) > 0, Bi73(fj+3) > 0. (415)

Bis(§,) > Oi=l+p—11+pl+p+1
From (4.4) and (4.9) we obtained the following inequalities

Bi,3(€j+2) > Bi,3<€j+1) + Bi,3(§j+3)7 j = _27 _17 07 17 N7 (416)

3!
B, (€.
ialéin) (hj2 + hje1 + hi)(hjer + hy)
BIyE,) = 3(hy + 2Ry + 2hj s + hyis) >0,
’ (Rjv2 + hjer & hy) (Rysa + b)) (Ryes + hyya + hypa)

> 0,

" 3!

BYy(€:ys) = -
1,3(£J+3> (hj+3 + hj+2 + hj+1)<hj+2 + hj+3>

B ;/,3(5]'+2) > B;:3<£j+l) +Bz{:3(€j+3)7 j = _27_170717"'N'

Using again (4.14) and (4.16) we get

fil€2) > fil€j01) + fil€j43), Vi=-2,-1,0,1,..N.

From the above relationship we deduce that collocation matrix A given by (4.7) is strictly
diagonally dominant, so nonsingular and det A # 0.

So the coefficients ¢; from the relation (4.5) can be determined uniquely. m
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To solve the system (4.6) we use Crout’s factorization algorithm for linear tridiagonal
systems [17, page: 353], this algorithm requires only (5N +11) multiplication/division and
(3N +6) addition / substraction and therefore has considerable computational advantages
compared with methods, where the matrix are not tridiagonal and irreducible, especially

for large values of N.

Conclusion 49 In terms of costs (time U.C and internal memory), effectiveness of this
method with cubic B-spline methods in comparison with a situation arises in pseudo-

spectral oscillatory solutions, as this that collocation matrix is dense.

4.2.3 FError study

Below we expose some considerations on the study of the error.

Theorem 50 [53] If y(x) € C'0,1] is the ezact solution of boundary value problem

(PVPL), then there exits a unique cubic B-spline function
uz(z) € S(A),

where
S(A) = {p(z) € C?0,1]/p(x) is a polynomial function of degree three for each

subintervals: [€;_o, &;10]; 0 <14 < N + 2}, which verifies

max |y(z) —ux(x))| < K - H?. Hy(2)|

3 §$§§i+4

[£i7£i+4] ! L= _27 _170’ 17 "'7N7 (417)

where

H = max{hi, hi+17 hz‘+27 hi+3}7
and K is real constant independent of A given by (4.3).

Proof. Using the results of U. Ascher [5] and C.deBoor [15], convergence of the method

presented in the previous paragraph takes place for every division

e je{-2,-1,01,...N+4}—{l,l+p}
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and more

y (&) —ul (€)= O(H™), Y0 <v <2, ¥k >2, (4.18)

where v means order derivative index and the index k is the degree of Legendre polynomial.

More in points §; = a, §;,, = b, according [6, page 222] occurs
[y(&) —ux (&) Ky H? -yt

(i) — ual€iy)l,

(4.19)

2)
‘[fl—2vfl+2] H [fl—2:51+2] ’

AN

K, H?. Hy(

2)
H Er4p—2:Eitpra

£l+p727§l+p+2]
where K, K, are real constants independent of division A given by (4.3 ) and y(x) €
C'[0, 1] the exact solution of the bylocal linear problem (PVPL). Using the relations (4.18)

and (4.19), that the proposed method is convergent with order of convergence Q(H?). m

4.2.4 Numerical results

In the works ([54], [55]) we prove the effectiveness of the method presented in above
paragraph for the case ¢(x) < K < 0, by two examples: one with oscillatory solu-
tion and other with non-oscillatory solution. For implementation of costs ( run times
and internal memory) we used a pair of commands Maple 13 ([3, page: 236], [34])
profile-show-profile, and for error control the command plots[log-plot].

To make a comparative study of computational costs and errors we took two different

divisions of the interval [0,1] so : N € {10, 36}.

1. Greengard and Rokhlin problem (oscillatory solution) We solve the by-
local problem (1.76) for k = 9 using cubic B-spline functions on two meshes A of the

interval (0, 1) given by (4.3). We obtain the following results

N | Run times Internal memory | Tolerance

10 2.955 64944668 0.5¢!

36 12.668 132688208 e?

For N = 36 we represented approximate solution in Figure 4.2(a) and errors in

logarithmic scale in Figure 4.2(b)
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(a) Approximate solution (b) Errors in logarithmic scale

Figure 4.2: Greengard-Rokhlin problem, non-uniform mesh, Cubic B-spline
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2. Burden and Faires problem(non-oscillatory solution) We solve the two-
points boundary value linear problem (1.75) using cubic B-spline functions on two meshes

A of the interval (0,1) given by (4.3). We obtain the following results

N | Run times | Internal memory | Tolerance

10 2.724 68700548 0.le”%

36 11818 235934564 0.1e~10

For N = 36 we represented approximate solutions in Figure (4.3(a)) and errors in

logarithmic scale in Figure (4.3(b)).

0.07
0.06 o3
0.05 '
0.
03 1e-05:
0.0?
0.0

ML L L U I LA B e 1E_m- T T T T
02 0e 06 0 12704 05 08
(a) Approximate solution (b) Errors in logarithmic scale

Figure 4.3: Burden-Faires problem, non-uniform mesh, Cubic B-spline
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4.3 Pseudo-spectral (C.C) method

Formulating the problem

We consider the linear boundary value problem (PVPL) with conditions inside the
interval [0, 1] . This problem will be solved numerically by dividing them into three two-

points boundary value problems as follows

e (BVPLI)
(@) +g@)ylx) = r(2). a <z <D,
y(a) = a, y(b) = 3 7 (4.20)
a,b,a, 0 €R,
o (BVPL2)
—y"(a) + a(a)y(e) = (). 0<w <a, o
yla) =a, y'(a) =7, a,a,v7 € R,
e (BVPL3)
(&) + g@)yl@) = r(e), b < 1, o)

y(b) =B, y'(b) =4, b,3,6 € R.

We determined the approximate solutions of the problems (4.20), (4.21) and (4.22)
using the C.C method [29, page: 36-38|.

Choosing the mesh of the interval [0, 1] and define the Tchebychev’ polynomials
of first kind on [a, b].

Definition 51 If Ty (x) = cos(karccos(z)) k = 0,1,2,..N are the Tchebychev’ poly-
nomials of first kind on [—1,1], we define the Tchebychev’ polynomials of first kind on

la,b] so
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b—a)r+ (a+0)
2

(b—a)r+ (a+0b)
2

Tk(( ) := cos(k arccos ) (4.23)

We choose to solve numerically the bylocal linear problem (PVPL) the following mesh of
the interval [0, 1]

1. on [0, q]

Il - (_COS%+1)a j:O717""N7 (424)

2. on [a, b]

2t = . j=0,1,...,N, (4.25)

3. and on [b, 1]

b—1 4140
a:;f:( )COSQN+ Y o1 (4.26)

The points of the mesh (4.24) are symmetrical to §, the points of the mesh(4.25) are

a+b

symmetrical to 432, and those mesh-points (4.26) are symmetrical to bl

-

In the figure 4.4 was depicted the Chebychev’ polynomials of first kind

T
Ell 74
0.5 /
Fl n=4/
- “ /
E /
L /
0.0 ‘\ -
El]) /
- \ ’/’
—05E \ / n=>5,

L1l TPU PN HPU NON ANPUR TPU O TP PO O PR PO B
-1.0 -0.5 0.0 0.5 1.0

T (x)

Figure 4.4: Chebychev orthogonal polynomials
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Solving numerical two-points boundary value problems (BVPL1), (BVPL2)
and (BVPL3).

In the paper [18], C.Canuto suggests to find approximate solution uy(z) using La-
grange interpolation polynomial. We use C.C method for determine the approximate
solutions of two-points boundary value problems (BVPL1), (BVPL2) and (BVPL3) on
collocation points given by (4.24), (4.25) and (4.26) as shown below.

Determination of the unknowns

c? = uN(x?), j=0,1,...,N,

consists in solving the following linear algebraic system

Ly(uy(23)) —r((2)) =0; j=1,...N -1

) (4.27)
un(a) = o un(b) = B,
where 7 are given by (4.25) and
N
Ly(x) =Y u(zy)l(z), (4.28)
k=1
is the Lagrangian interpolation polynomial.
Determination of the unknowns
Cl :uN(x]l)7.7:0717 7N7
consists in solving the following linear algebraic system
Ly(uy(@})) —r((@)=0; j=1,..,.N -1
sluw(e]) = (@) = 0; g | o0

un(a) = a; uy(0) =,
where z} are given by (4.24). We build uy(0) so

ux(0) = @ — aujy(a),

where the value u/y(a) is obtained by deriving Lagrange interpolation polynomial on z = a.

Uy (a) = Z - _1%. (4.30)
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Determination of the unknowns
A= uN(xg?), j=0,1,...,N,

consists in solving the following linear algebraic system

Ly(un(z}) —r((23) =0; j=1,..,N -1
un(b) = 05 un(l) = A,

: (4.31)

3
J

We build uy (1) so

where 7 are given by (4.26).

un(1) = B+ (1 = b)uiy(b),

where the value u/y () is obtained by deriving Lagrange interpolation polynomial on z = b.
|

wy (b) = Z T (4.32)

Proposition 52 If in collocation matrices of the systems (4.27), (4.29), (4.31) remove
lines which are obtained from boundary conditions, first and last column we obtain a

centrosymmetric matrices, which according ([20], [81]) are nonsingular.

Using the above proposition, it follows that if we use the method presented can

uniquely determine the values:

4.3.1 Numerical results

The Maple code to determinate the approximate solutions of the two-points boundary
value problems (1.75) and (1.76) using C.C' methods is in [26]. For establish the running
costs (run time and internal memory ) we set the pair of commands using Maple 14
profile-show-profile [34] and for errors in logarithmic scale we use the command

plots[plot-log |.
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1. Greengard and Rokhlin problem ( oscillatory solution)

For k£ = 9 and for different values of division: N € {10,36} we solve the two-points
boundary value problem (1.76) using C.C method on the collocation points of the interval
[0,1] given by (4.24), (4.25) and (4.26).

We got the following results

N | Run times | Internal memory | Tolerance

10 3.925 68943558 0.1le73

36 93.767 997685852 8e =2

For N = 36 we represented the approximate solution in Figure 4.5(a) and the errors

in logarithmic scale in Figure 4.5(b)

1 he-25-
05
1e-2;
| PRERAANAR RRSIRNNE (N m e
b2
45
Te-26;
1 02 04 05 08
E t
(a) Approximate solution (b) Errors in logarithmic scale

Figure 4.5: Greengard-Rokhlin problem, non-uniform-mesh, C.C method
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2. Burden and Faires problem

We determined the approximate solution of the problem (1.75) for two values of grid
: N € {10,36} using the collocation points of the interval [0, 1] (4.24), (4.25) and (4.26).

We obtained the following results

N | Run times | Internal memory | Tolerance

10 0.320 8014024 e 10

36 6.469 135614356 e 16

For N = 36, we represented the approximate solution in Figure (4.6(a)), and the errors

in Figure (4.6(b)).

o7
006 fe 16
b5
04
03 fe 17
b2

0
T | | oty
0 g2 04 05 08 1 02 04,06 08

(a) Approximate solution (b) Errors in logarithmic scale

Figure 4.6: Burden-Faires problem, C.C method
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3. Reaction diffusion equation

For equation (1.74), we determined an approximate solution using C.C method com-
bined with a pair Runge-Kutta method. With conditions inside the interval (0,1), we
obtained the following (BVPL) problem

—y "+ dy(z) = 10e75 *20 <z < 1,
y(1/4) =, y(1/2) =,

where the values 7,, 7, are obtained using Maple 14.

(4.33)

For N € {10,36}, we determined an approximate solution of boundary value problem
(4.33), and evaluate the costs ( Run times and Internal memory used) and the errors,

achieving the results

N Run times Internal memory Tolerance
10 1.402 23586232 e 07
36 13.610 249685652 e 13
The approximate solution for N = 36 is in Figure 4.7(a), and the error in semi-

logarithmic scale in Figure 4.7(b).

0.12;
0.1 Te-16+
004
s o171
0041
0.021
o S A e o 1E‘1H- T T T T
0 02 04 06 08 1 b2 ﬂjlﬂ_ﬁ 08
L
(a) Approximate solution (b) Errors in logarithmic scale

Figure 4.7: Reaction diffusion equation C.C method
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4.4 Combined Runge-Kutta methods and B-spline
functions

Principle method

The two-points boundary values problem (PVPL)(4.1) can be solve by dividing it in

three above problems so

e A two-points Dirichlet boundary values problem (BVPL)

—y"(@) +q(x)y(r) —=r(x) =0, x€(a,b)

, (4.34)
yla) =a, y(b) =8
e Two initial value problems (Cauchy problems):
1. (IVP-Left)
/
=z
Y z € [0,a]
Z/ = - f(x,y), ’ (435)
yla) = o, y'(a) =~
2. and (IVP-Right)
/
=z
! o relb
=~ fla,y), 7 (4.36)

where f(z,y) = —q(z)y(z) + r(z).

The values y'(a), y'(b) necessary to determine solutions of the problems (IVP-Left)
and (IVP-Right) are determined by differentiating the approximate solution of two-points
boundary values problem (4.34) in the points x = a and = = b.

For the two-points boundary values problem (BVPL) we use the collocation method
with B-splines of order k + 1, k € N* and to determine the approximate solutions of the
problems (IVP-Left) and (IVP-Right) we use Runge-Kutta methods. We use division A
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of the interval [a,b] given by (4.3), where the multiplicity of points a, b are k + 1 and
inside collocation points have multiplicity k.

We find the approximate solution ux(z) in the form

ux(x) = Z ¢;Biy(x),

where B;j(x) are B-splines functions of degree k, and real coefficients ¢; € R are deter-

mined by imposing the following conditions:

e (C1) the approximate solution ux(z) verifies the differential equation given by

(4.34) inside the grid A (multiplicity k).

e (C2) the approximate solution wux(x) verifies the conditions

where the points a and b have the multiplicity k£ + 1.

The conditions (C1) +(C2) lead to a linear system Ac = ~y, with (N + 3) equations
and (N + 3) unknowns.

The collocation matrix is

—B ;/k(gj) +q(§j)Bz’7k(€j)> for 7=1,2,...., N +1,
A=lagl; jo N2 = Bi(a), for j =0, . (4.37)

77777

B; (b), for =N+42
The right hand size of this system is
T
Y= [717 r(gl)a s ar(gN—1)>72] :

We denote by tx(x) the approximate solution of the problem (PVPL) (4.1), obtained

by combined method B-splines and Runge-Kutta methods.
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Theorem 53 (Daniel N.Pop) [56] Suppose that there exists p > k > 2, such that:

(a)

(b)
(c)

The linear problem (4.34) is well-posed, in the sense that the collocation matriz A

given by (4.37) has a condition number ry = cond(A), of moderate size ([75]) and

q,r € Ca,b];

The linear problem (4.34) has a unique solution and y(z) € C?|a, b),

The collocation points py, ..., p, gwen by (1.58) satisfy the orthogonality condition
1 k
/ O (x) H(a: — pp)dx =0, ®eP, i, (p<2k),
0 =1

where P,_j, is the set of polynomials at most degree p — k.

Then for

sufficiently small our method (Collocation and two Runge-Kutta methods) is stable
with constant C- kN (where C' is real constant ) and leads to a unique solution y(z)
of two points boundary values problem (4.2). Furthermore at mesh-points §; € A it

holds

’yw)(gj)_ﬂ%)(gj) =0(h"), v=0,1; j=01,..,N+2, (4.38)

while, on the other hands , for Vo € [;,&;4], 7=0,1...,N +1 occurs
Y (@) — (@) = O o), v =0,1, (4.39)

where hj = |€,, —&], j=0,1,2,.N+1, and h = oo X h;.

Proof. Using the results prove by U. Ascher, R. M. Mattheij si R. D. Russel in ([6,

Theorem 5.140, page: 253]) for linear boundary values problem (BVPL ) (4.34), we

obtained estimates (4.38) and (4.39). Errors obtained for the approximations o = y’z(a)

and 3 = y/z(b) are of order O(h?), ([28, Theorem 5.4.1, page: 293]). If we choose
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and embedded pair of Runge-Kutta method of order at least (p,p+ 1), and conditions in
hypothesis of theorem are fulfilled, then the final error have the order O(h?). The stability
of this method results from the equivalence of collocation method with a Runge-Kutta
method [6, Theorem 5.73, page: 219].

So if the mesh is sufficiently fine, the embedded pair of Runge-Kutta methods does

not increase the order of error. m

Remark 54 The condition number may grow rapidly when h is small. In the paper [6,
page:129] U.Ascher give the following estimation:

Ti41
KA zKth  max / |G (z4,t)| dt,
where K is a generic constant and G is the Green’s function for (BVPL) problem.

Remark 55 We suggest using the combined approach method (Runge-Kutta and B-spline
of degree k) if the problems (PVPL) (4.1) have singularities on the endpoints of interval
[0, 1]. Detection can be done using the step control algorithm ([1, pp: 376-380], [18]).

Conclusion 56 The error estimation does not depend on the number of collocation
points. Nevertheless, the Runge-Kutta methods requires an order greater or equal to the
order of error for derivatives at a and b. We conclude: collocation method combined with
Runge-Kutta method is an effective method to determinate an approximate solution of

(PVPL) problem.
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Chapter 5

Nonlinear Boundary Value Problem

5.1 The statement of problem

Consider the second order nonlinear boundary value problem (PVPN) so

Y ”(J}) + f(x,y) =0, T e [07 1}
y(a) = a; y(b) = 5, a,b € (0,1), a <b,

(5.1)

where a,b, o, € R and f:[0,1] x R — R.

We try to solve the above problem using three methods:

1. a global collocation method based on B-splines of order £ + 1.
2. a combined method based on B-splines (order k£ + 1) and a Runge-Kutta methods.

3. a pseudo-spectral collocation method (C.C method) with Tchebychev extreme

points combined with a Runge-Kutta method.

Our choice to use these methods is based on the following reasons:

1. We write the code using the function spcol in MATLAB Spline Toolbox ([49], [66], [69]),

and in MATLAB dmsuite [80].
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2. It is the most suitable method, for a general purpose code, among the finite ele-
ment ones. See ([8], [62], [63]), where complexity comparisons which support the
above claim are made and collocation, when efficiently implemented, is shown to be

competitive using extrapolation.

3. Theoretical results on the convergence of collocation method are given in ([39], [79]).

4. Several representative test problems demonstrate the stability and flexibility in [14].

5. For each Newton iteration, the resulting linear algebraic system of equations ( after

using Newton method with quasilinearization) is solved using methods given in [16].

6. There exists elegant theoretical results on the convergence of collocation method

(see for example [36]).

We also consider the (BVPN) problem

y”($)—|—f(x,y):0, T e [a7b]
y(a) =a; y(b) =4,  aba,fER

(5.2)

To apply the collocation theory, we need to have an isolated solution y(x) of the the
problem (5.2), and this occurs if the above linearized problem for y(x) is uniquely solvable.

This is assuring by (Theorem 3) (see [61]).
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5.2 Global collocation method based on B-splines

function of order (k+1)

First we are interested to a global approach for the solution of the problem (PVPN)
(5.1). We consider the grid A of [0,1] given by (4.3), and a number of such partitions

A, (n=1,2,3,...) which satisfy the condition

lim h(A,) =0, where h := max{h;}, h; = ;41 — ;.

n—oo

Definition 57 A function v(z) is in family L(A,, k,2) if v(x) is a polynomial of degree
k on each subinterval of A,,v(x) € CP[0,1] and the subfamily

L'(An, k,2) C L(A,, K, 2),
consists of all functions that satisfied the boundary value conditions
y(a) = a; y(b) =, a,b € (0,1), a <b.
The next lemma gives a sufficient condition for convergence.

Lemma 58 ([61], [79]) Let A be a grid (4.3) and if we form a set of points S,(n =
1,2,3,...) like in (1.53) then for a large n, there is a unique element ux (x) € L'(A,, k,2)

satisfying (5.2) at each point of S, and

8 @) =0

<4, j=0,1.

The approzimate solution ux (x) and its derivatives up to the order two converge uni-

formly to exact solution y(x). Moreover the rate of convergence is bounded by:

) @) 0

< an(y//>7 ] = 07 17

where 0 is a constant independent of n and F,(y") is the error of the best uniform

approzimation to y"(x) in L(A,,k,2).
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For reasons of efficiency, stability, continuity, we choose as the basis B-splines of order

k+1, where k = degree of Legendre polynomial. We wish to find an approximate solution
of (PVPN) problem (5.1) in L(A,, k, 2), having the following form

N+2

ug, (z) = Z ¢iBi (1), (5.3)

where B, () is a B-spline of order (k + 1) with mesh-points

AN:={&i=—k+1,..,N+k+1},

and ¢; are real constants to be determined.

Remark 59 Our approzimation method is inspired from [10, chap. 2,5].
Let

J={0,1,..., N +2}\{l,l + p}.

We impose the conditions:

e (cl) The approximate solution (5.3) satisfies the differential equation (5.1) at &},

J € J, where ; are the collocation points.

e (c2) The solution satisfies:

UZn(ﬁz) = Q, uZn(fH—p) = 5 , @ = 51; b= él-i-p‘

The conditions (c1) and (c2) yield a nonlinear system with (N + 3) equations

;

N+2
Z ¢iBig(a) =71,
2
Z ¢iBig(b) = 72, (5.4)
N+1 =0 N+1
\ Zl CiBz”(éj) + f(gja Zl CiBi(gj)) =0,

with unknowns {c;}N 2. If F = [Fy, F1, ..., Fxyo]” are the functions defined by

equations of the nonlinear systems, using the quasilinearization of Newton [6, pp.

52-55], we find the next approximation by means

W) = () _qpy®) (5.5)
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where ¢ is the vector of unknowns obtained at the v—th step and w®) is the

solution of the linear system
F'(Yw = F(c™). (5.6)
The Jacobian matrix F' ' = (J;;) is banded and it is given by

Bj(a), fori =0
Jij = { Bj(b), for i = N +2 : (5.7)
n+1
B(&) + 5(€s 3 B (EDy(E), fori=1,23,.N+1
To solve (5.1) we used the method presented in [21]; an initial approximation u® €

C1 10, 1] is required. The successful stopping criterion [7] is
||u(k+1) — u(k)H < abstol + Hu(kH)H reltol,

where abstol and reltol is the absolute and the relative error tolerance, respectively
and the norm is the usual uniform convergence norm. The reliability of error-estimation
procedure being used for stopping criterion was verified in [4]. Papers on this topics exploit

the almost block diagonal structure of collocation matrix and recommend LU factorization

([4], [16]).
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5.3 A combined method using B-splines and Runge-

Kutta methods

The nonlinear boundary value problem (PVPN) can be solved by dividing it in three

problems like:
1. A two-points nonlinear boundary values (BVPN) (5.2) on [a, b],

2. Two nonlinear problems Cauchy (IVPN-Left) on [0, a]

3. and (IVPN-Right) on [b, 1]

or treating it globally.

Assuming that the two-points nonlinear boundary values problem (BVPN) given by
(5.2) has the unique solution, the requirement y € C*[0, 1] ensure the existence and the
uniqueness of the exact solution of (5.1). For the existence and the uniqueness of the
exact solutions of the problems (IVPN-Left) and (IVPN-Right) we use Theorem 4 [35,
Theorem 3.1, page: 113].

We use the mesh A of the interval [0,1] given by (4.3). To solve numerically the
two-points nonlinear problem (BVPN), we use global collocation method with B-spline
functions of degree k presented in the previous paragraph, and for the two problems
(IVPN-Left) and (IVPN-Right) we use Runge-Kutta methods of order k.

Since f(z,y) € C*{[0,1] x R} and it must ensure continuity and differentiability in

r = a and x = b, we choose the order of multiplicity & for knots, §; € A, j#I11+p, and
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for inner points §, = a si {;;, = b the order of multiplicity & + 2. The values y '(a)
si y/(b) can be computed by differentiating the approximate solution of the two-points
boundary values problem (BVPN) (5.2) in points x = a and = b, and let ux(z) be the

approximation computed by the combined method.

Theorem 60 [58, section 3] If w is the isolated solution of (PVPN) problem, f has
continuous second order partial derivative and its accuracy is @ (h*™1), where h is the

norm of the partition /.

Proof. For the (PVPN) problem (5.1) we apply Theorem 5.147, page: 257 in [6].

We conclude that Newton method, applied to A, converges quadratically to the re-
striction of u to A, and the accuracy for the approximation and its derivative is Q(h**1),
that is:

u(z) -y ()| = OR), =z €ab], j=0,1.

We extend convergence and the accuracy to the whole interval [0,1] by using the
stability and the convergence of Runge-Kutta methods. A (k + 1)-order explicit Runge-
Kutta methods is consistent and stable, so it is convergent, and its accuracy is Q(h*™1).
Thus the final solution has the same accuracy. The stability and convergence of Runge-
Kutta method are guaranteed by Theorem 5.3.1, page 285 and Theorem 5.3.2, page
288 in [28]. =
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5.4 Some considerations on complexity

We will give a rough estimation of the complexity of above methods. We start with
the first method. In the sequel, B will be the cost for B-spline evaluation and f the time

for a function evaluation. The time required to construct the collocation matrix is
Co=2(Nk+1)(k+1)B.

To construct the Jacobian we need Nk(k+1)(B+ f). The construction of the right-hand

side requires

(Nk+2)B+ NkB + NEkf.
So, for the linear system construction we obtain
Wi = ((B+ f)k* + (4B + 3f)kN + B.
For a banded linear system with bandwidth w the total cost for solution, using LU, with

w2+
nl—+w
2 )

(see [25, pp. 79-82],[33]). In our case, n = Nk +2, and w = 3(k +2), and the cost for the

pivoting is

solution of linear system will be:
21 9 15 9k?
= k4K + —k* | N+ 15k + 21 + —.
Wy ( Sk g+ 35 ) +15k +21 + =
The cost of Newton step is Wy = W7 + Ws, that is
) 15 21 9k?
W, = {?Jr (f+B+7) k* + (3f+4B+7) k} N +2B +15k + 21+ ——.

The total cost is IW, + Cy, where [ is the number of steps required in Newton methods.
Since the convergence is quadratic, if the final tolerance is ¢, assuming 6,.1 = cd;, is the

error at i — th step, we obtain ([48, pp 295-297],[79]):

1 log |c| + loge

I = .
log 2 ©8 log || + log |do

For the second method, the same analysis works for (BVPN) solution part. We have an
additional amount of work for Runge-Kutta method. If the number of stages is s and the

number of points is p, the cost is Q(psf).
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5.5 A combined method with pseudo-spectral

Runge-Kutta methods

Consider the grid

0=z <. <v<a=z2p<t1<..<ay=b<anyp <..<aTngp=1

We choose Gauss-Lobatto-Chebychev type mesh:

on [a, b]
b— u b
= G)COSQ ot i=0,1,..N,

on [0, al

r;=—-(—cos—=+1),i=-1,-2,... — g,

|

and on [b, 1]

b—1)cos +1+b
I )COSQ NNt 2N

and

(5.10)

(5.11)

(5.12)

(5.13)

To approximate the solution of two points boundary nonlinear problem (PVPN) fol-

lows the ideas in [20]. Considering the Lagrange basis (l;) we have

y(x) =Y b(@)y(ze) + (Rvy)(x), € [a,b],
where
y V(g
(Rny) (z) = (N+1),(55—370)“‘(35—$N),

min{xg, 1, ..., zn} < & < max{zg, z1,..., TN},

is the remainder of Lagrange interpolation.

Since y(x) fulfills the differential equation given by (5.2), we obtain

> Gi@y(ee) + (Rvy)"(2:) = — (@i, y(z:),  i=1,...,N—1
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Setting y(xy) := yx and ignoring the rest, one obtains the nonlinear system

N
> iy = —fleny(z:),  i=1...,N-1, (5.16)
k=0

with unknowns yx, k = 1,2,..., N — 1, here yy := y(x9) = a,and yn := y(ay) = B
The approximate solution of (BVPN) problem given by (5.2) is in fact the Lagrange
interpolation polynomial at nodes {zx},k = —¢,...,0,1,...N, ..., N + p. The nonlinear

system (5.16) can be rewritten as

AYy = F(Yy) + by

where
A= [aik], @zk:%(%), k:,i:O,l,...,N—l,N, (517)
—f(z1,91) —aly(z1) — Bl (1)
F(Yy) = : , by = : . (5.18)
—flzn_1,yn-1) —aly(zn—1) — Bly(TN-1)
Since

€k<l’z> = gN—k(xN—z’); é%(l‘l) = %],R@N—i), k,l = O, 1, ey N — 1, N,

the matrix A is centro-symmetric (see [19] for proof), so nonsingular.
We introduce
GY)=ATF(Y)+ A by, (5.19)
where the solution Y will be fixed point of G. To solve numerically the problem(5.1)
on mesh given by (5.11) we use C.C' method on [a,b] and on [0,a], [b,1] Runge-Kutta
methods, where on [0, a] we use the knots given by(5.12) and on [b, 1] the knots given by
(5.13). The derivative y/(a) si ¢/(b) can be computed using the relations (4.30) and (4.32).
In [20, Theorems: 2.1, 2.2] F.A. Costabile and A.Napoli prove the following theo-

rems.

Theorem 61 If f verifies a Lipschitz condition with respect to second variable:

|F(z,11) — F(z,92)| < Lly1 — o
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and ||[A7Y| L < 1, then the system (5.16) has a unique solution which can be calculated by

successive approximation method
YD — Gy ™), n e N*, (5.20)
where YO fized and G given by (5.19), and the matriz A is (5.17).

Theorem 62 IfY = [y(x1),y(x2), ..., y(xn_1)]" , where y(x) € C[0,1] is the ezact solu-
tion of (BVPN) problem and:

YN = [y17y27 ~->ny1]

where y; are the values of approximated solution at x; € Ay computed by (5.16) and

R = [—(Rny)"(x1), ..., —(Rny)" (xn-1)]",

then for error: ||Y — Y || it holds:

LA~ R]

Y —Yy| < . 5.21

Combining the results obtained by F.A. Costabile, A.Napoli 20, Theorems: 2.1, 2.2]
with the stability and convergence of Runge-Kutta methods [28, Theorem 5.3.1 page 285,

Theorem 5.3.2 page 288] we obtain

Theorem 63 (Daniel N.Pop, Radu T.Trambitas , I.Pavdloiu [57]) If

AR
1—[lA=H[ L~

lyn(a) = y'(a)| = O(1),

lyn (D) — 3/ (b)] = O(h"),

O(h*) and

then for each point x; € Ay, i = —q,..., N + p occurs

ly(z:) — yil = @(hk)
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Proof. The condition ||[A™!|| L < 1, assures us that G is a contraction. From Banach’s
fix-point theorem it follows that (Y™) given by (5.20) is convergent to the exact solution

Y of the system (5.16) and the following estimation holds:

(AT HILID™

Y —y®
7 - vy < YR

[y ® —yo.

If accuracy of the collocation method for the problem (5.2) is Q(h*) ( i.e the ap-
proximate solutions y and its derivative y'(a),y'(b) are within this accuracy limit), and
if Runge-Kutta method is stable and has the order £k, then the final solution has same
accuracy. The stability and convergence of Runge-Kutta method are guaranteed by [28,

Theorems 5.3.1 page 285 and 5.3.2 page 288|. =
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5.6 Numerical examples

In the following we make a comparative computational study by examples of the three

numerical methods:
1. global method with B-spline functions,
2. combined collocation method with B-splines and Runge-Kutta methods,

3. C.C method combined with Runge-Kutta methods.

Using the idea given in ( [10], [13], [22]) we write the code using MATLAB Spline
Toolbox and sparse matrices, since the function spcol allows us to easily calculate

the inverse of collocation matrix. We write and implemented two functions in MATLAB :

1. polycollocnelin, for global collocation method with B-spline functions,

2. polycalnlinRK, for combine method ( B-spline collocation and Runge-Kutta).

5.6.1 The case where we know the exact solution

We gave in the paper [58], two numerical examples with know exact solution:

1. Goldner’ problem [31]

4 — _ 2)\3
J(@) + @)+ 2 o e (0,1)
(z+1) , (5.22)
y(1/4) = 3/20; y(1/2) =1/6
with the exact solution
2
r—x
y(r) = r+1°
2. Costabile’ problem [18]
y"(x) +e V@ =0; 2 €[0,1]
, (5.23)

y(r/6) = n(3/2), y(r/4) = n((2 + v2)/2)
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with the exact solution

y = In(sin(z) 4+ 1).

For the first example we applied two methods: global with B-spline of degree k and
combined B-spline with Runge-Kutta. Figure 5.1(a) and 5.2(a) present approximate solu-
tion for the two-points boundary value problems (5.22).Figure5.3(a) present approximate
solution for (5.23). Errors for the two problems are depicted in Figure 5.1(b),5.2(b) for
the first example and Figure 5.3(b) for the second example. We have chosen as initial ap-
proximation Lagrange interpolation polynomial with the values o and ( at a, b € (0, 1),

computed using the MATLAB function polyfit.

Aprox salution/Goldner/Bs+Rk

In Iyi-y , ()1

—start solution
—approx solution
O =110

| 1 1 1 1 | | | 1 WD | 1 | 1 1 | 1 | 1
0 01 02 03 04 05 0B 07 0B 03 1 0 01 02 03 04 05 0B 07 0B 03 1
X

105

(a) Approximate solution (b) Errors in semilogarithmic scale

Figure 5.1: Goldner nonlinear problem-Collocation method with B-spline+RungeKutta
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Goldner nonlinear equation-Global B-spline | Enor in semilogarithmic scale
02 — T T T T T T T

o ) — Etart solution
| —— Appro solution
O inner points: d=14 &=112
106 i | ] I 1 I | I i m'g I | 1 I 1 I | I |
0 61 02 03 04 05 06 07 08 09 1 0 61 02 03 04 05 06 07 08 09 1

i

(a) Approximate solution (b) Errors in semilogarithmic scale

Figure 5.2: Goldner nonlinear problem-Global collocation method

Table 5.1 gives the residuals:

e L forj=0,1,2,

)ym — )
for the global method based on B-splines. For the residuals it holds:

Hym e

— k+2—j ; —
A _@(HAH) ]7 forj—0,1,2

In order to compare the costs (run times) experimentally we used MATLAB functions tic

and toc,the results are given in Table 5.2. The time for combined method is a bit larger.
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0gr
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04r

03k

02r

[INRS

Approx solution/Costabile/BsGlobal

T T T T T T T i) T T T T
"l
B
;1 14
= {3
—start solution f
— approx salution &
O depil e=pid
1 i
1 1 | | | 1 WDIE | 1 | 1 1 | | | 1
ooo1 02 03 04 05 06 07 08B 09 001 02 03 04 05 0B 07 08 09
X
(a) Approximate solution (b) Errors in logarithmic scale

Figure 5.3: Costabile-non linear problem
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N | My = usll | fly =gl | lly” =zl | My =zl | lly" =gl | lly” = gl
) 6e — 05 0.000123 | 0.002290 | 1.04e — 05| 2.15e — 05| 0.000172
6 6e — 05 0.000123 | 0.002290 | 3.72¢ — 06 | 8.47¢ — 06 | 0.000124
7 6e — 05 0.000123 | 0.002290 | 1.59¢ — 06 | 3.96e — 06 | 0.000106
8 6e — 05 0.000123 | 0.002290 | 7.37e — 07 | 2.02e — 06 | 5.65¢ — 05
9 | 6.9e—06 | 1.63e — 05| 0.000769 || 3.84e — 07 | 1.16e — 06 | 3.61e — 05
10| 6.9e — 06 | 1.63e — 05| 0.000769 | 2.04e — 07 | 6.81e — 07 | 2.42e¢ — 05
11| 6.9e — 06 | 1.63e — 05| 0.000769 | 1.21e — 07 | 4.46e — 07 | 2.14e — 05
12 6.9e — 06 | 1.63e — 05| 0.000769 | 1.82e — 08 | 2.02e — 07 | 1.81e — 05
13| 1.4e — 06 | 3.64e — 06 | 0.000346 || 1.30e — 08 | 1.44e — 07 | 9.77e — 06
14 || 1.4e — 06 | 3.64e — 06 | 0.000346 || 7.54e — 09 | 1.09¢ — 07 | 1.51e — 05
15| 1.4e — 06 | 3.64e — 06 | 0.000346 || 5.54e — 09 | 8.32¢ — 08 | 6.08¢ — 06
16 || 1.4e — 06 | 3.64e — 06 | 0.000346 || 3.54e — 09 | 6.22¢ — 08 | 7.92e — 06
1711 3.99¢ — 07 | 1.22e — 06 | 0.000148 || 2.81e — 09 | 4.65¢ — 08 | 4.65¢ — 06
18 | 3.99¢ — 07 | 1.22¢ — 06 | 0.000148 || 1.89¢ — 08 | 3.51e — 08 | 4.76e — 06
19 | 3.99¢ — 07 | 1.22e — 06 | 0.000148 || 1.43e — 09 | 2.98e — 08 | 4.14e — 06
20 || 3.99¢ — 07 | 1.22e — 06 | 0.000148 | 1.02e — 09 | 2.50e — 08 | 3.70e — 06

Table 5.1: Error table for example (1) left, and example (2) right

Method 1

Method 2

First example

0.0117501

0.022751

Second example

0.0163870

0.021535

Table 5.2: Run times
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5.6.2 Case of unknown exact solution

To implement C.C method combined with Runge-Kutta methods we used the MAT-
LAB functions:

cebdif,cebint,cebdiff,

from the library dmsuite described in ([80], [70]), and for Cauchy problems on the in-
tervals [0,al, [b,1] we use oded5. We chose {zx,k = 0,1,2,...,n} as extreme Tcheby-
chev points on the interval [0, 1]. Since the successive approximation method is slow, we
solve the nonlinear system by Newton’ method. For this purpose we wrote the function
solvepolylocalceb and then we called solver ode45 for Runge Kutta methods, and the

derivatives y'(a),y’(b) are computed by the function cebdifft.

e The first example: Bratu’ problem (1.77) for A = 1.

y"(z)+ev® =0, 0<x<1
y(0.2) = 0.08918993462883 - (5.24)
y(0.8) = 0.08918993462833

We took N = 128. We solve the two-points boundary values nonlinear problem (5.24)

using three methods:

1. C.C method combined with Runge-Kutta methods, where we chose initial start

value

yO(z) = 2(1 - 2), (5.25)
2. global collocation method with B-splines, where we chose initial start value

yO(z) =3.92(1 — z)/7,

3. combined method B-splines with Runge-Kutta methods ,where we chose initial start

value

yO(z) = 2(1 — ).
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4. BVP4c solver.

We used to compare the cost, the MATLAB functions tic and toc and we obtained

the following results

e |CC+RK|B.S+R.K|Global — BS | Bupic

1073 0.221242 0.040019 0.034571 0.214106

107 | 0.230269 0.046225 0.022515 0.20669

107° | 0.238405 0.054828 0.032165 0.18435

The graph of approximate nonlinear solution of the problem (5.24) is obtained after 4

iterations, and we plotted it in Figure 5.4.

Bratu probem lambda=1

Figure 5.4: Bratu-problem for A =1
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e The second example: The average temperature of reaction-diffusion prob-

lem.

C.Gheorghiu, D.Trif (1.79) show that actually this positive solution and its numerical
approximation are respectively the stationary unstable hyperbolic points of the continuous
and discrete dynamical systems. Straightforward direct (based on Newton’s method)
and indirect approaches of this positive steady state proved to be unsatisfactory. Thus,
they suggest a modified indirect algorithm, which takes into account the integral condition,

and prove its convergence for p = 3.

v +ut=0;0<z<1
u(0.2) = 1.929990320692795 - (5.26)
1(0.8) = 1.929990320692795
In this numerical example we took N = 128, the tolerance ¢ = 10~® and for the initial

solution we chose
0 _ 127

\2/§

for C.C method combined with Runge-Kutta, B-spline with Runge-Kutta and for the

ul (1 —x), (5.27)

initial start value we built a spline that passes through the points [0; 0.2; 0.5; 0.8;1]. We
have determined the values «(0.2), u(0.5) and «(0.8) writing code in Maple14.0.
After 8 iterations, we obtained the approximate nonlinear solution of the problem

(5.26) in Figure 5.5.
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] i I i i
001 02 03 04 05 06 07 08 09

Figure 5.5: The average temperature in reaction-diffusion process p = 3
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We solved the two-points boundary nonlinear problem (5.26) using three methods:
1. combined method C.C with Runge-Kutta,
2. global collocation method with B-splines,

3. combined method B-splines with Runge-Kutta.

4. BVP4c

Using again the functions MATLAB tic and toc to compare the cost (run-times), we

obtained the following results:

€ CC+ RK.|BS+ R.K.|Global — B.S | BV P4c

l.e =3 | 0.221242 0.040019 0.034571 0.234253

l.e—4| 0.230269 0.046225 0.022515 0.240021

l.e—=5| 0.238405 0.054828 0.032165 0.239204

where ¢ is again the tolerance in stop criterion.
Conclusion 64 In both examples studied global B-splines method is faster.

Remark 65 Cost and number of iterations depend on the number of division points N.

The tolerance used in stop criterion € and the initial value w9 is essential because it

ensures convergence method.
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Chapter 6

Boundary Conditions

When modeling a physical problem with BVP, it may not be clear what kinds of
boundary conditions to use and where to apply them. It is not at all unusual for BVPs
to be singular. The case when we have singularities at end points of the interval in the
sense that either the ODE are singular at an end points, or the interval is infinite, or
both. The standard theory does not apply to such problems so if we are to solve them,
we must bring to bear all insight that we can gain from the underlying physical problem
and analysis the mathematical problem.

The total number of boundary conditions must be equal to the sum of the order of
the ODEs plus number of unknown parameters. BVP solvers will fail if you do not supply
enough boundary conditions or if you supply too many. Usually the boundary conditions
arise from the nature of problem and usually it is straightforward to determine their type

and where to apply them. However, there are occasions when

e It may be difficult to determine one or more of the boundary conditions because all
the direct physical constraints on the solution have been imposed and there are still
not enough boundary conditions. In such case you should look for additional bound-
ary conditions arising from the requirement that certain integrals of the system of

ODEs should be conserved.

123



e Some of the boundary conditions may be of a special form. For example, the so-
lution must remain bounded at a singularity or the solution must decay, or decay
in a particular way, as the independent variable tends to infinity. In such cases it
is usually possible to convert this information into standard boundary conditions,

possibly by introducing unknown parameters.

e There may be too many boundary conditions. Sometimes your knowledge of the
underlying problem leads to knowing more about the solution than is necessary to
specify the BVP. In such cases you should drop those boundary conditions that are
consequences of the other boundary conditions and the ODEs. Usually (but not

always) such boundary conditions involve higher derivates of the solution.
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6.1 Solving BVPs in Matlab with BVP4C

The theoretical approach to BVPs is based on the solution of IVPs and the solution
of nonlinear algebraic equations. Since there are effective programs for both tasks, it is
natural to combine them for solving BVP. A method of this kind is called a shooting
method. Because it appears so straightforward to use quality numerical tools for the
solution of BVPs by shooting, it is perhaps surprising that the most popular solvers are
not shooting codes.

The basic difficulty with shooting is that a well-possed BVP can required the integra-
tion of IVPs that are unstable. That is, the solution of a BVP can be insensitive to changes
in its boundary values, yet the solution of the IVPs arising in the shooting method for
solving the BVP are sensitive to changes in the initial values.

In the book [67, pp.156-167] L.R. Shampine gives an suggestive example.

In this chapter we use a variety of examples from the literature to illustrate the numer-
ical solution of BVPs with MATLAB solver bvp4c.BVPs arise in such diverse forms that
many requires some preparation for their solution by standard software and some require
extensive preparation. Several examples illustrate how to do this for the most common
forms and the most winkle used BVP solvers. Other examples show how you might be
able to speed up significantly the solution of a BVP with bvp4c.

In simplest use bvp4c has only three arguments :

1. a function odes for evaluating the ODEs
2. a function bes for evaluating the residual in the boundary conditions

3. astructure solinit that provides a guess for a mesh and the solution on this mesh.

The ODEs are handled exactly as in the matlab IVP solvers and so require no further

discussion here. Boundary conditions

g(y(a),y()) =0



are coded so that, when the function bcs to given the current approximation ya ~
y(a), and yb =~ y(b), it evaluates and returns the residual ¢(ya,yb) as a column vector.

When solving BVPs you must provide a guess (initial or starting) for the solution,
both to identify the solution that interests you and to assist the solver in computing that
solution.The guess is supplied to bvpdc as a structure formed by the auxiliary function
bvpinit.The first argument of bvpinit is a guess for a mesh that reveals the behavior
of the solution. The derivates of guess y(z) is used as the guess for y/(z). Alternatively
if we take all the estimated solution components to be constant then we can provide the
vector of these constants directly.

When solving BVPs returns a solution structure, called here sol.This is an option
with IVP solvers, but it is the only form of output from bvp4c. As the IVP solvers, the field
sol.x contains the mesh found by the solver and the field sol.y contains the solution
on the mesh.

The cost of solving a BVP depends strongly on the number of mesh points, so bvp4c
uses no more than necessary. The values plotted are accurate , so we need only approximate
the solution at more points in order to plot a smooth graph. The solver bvp4c produces
a solution S(z) € C'[a,b] and returns in sol,all the information needed to evaluate this
smooth approximate solution. Just as with the IVP solvers, this is done with auxiliary
function deval.

Recall that the first argument of deval is the solution structure and the second is an
array of points where the solution is desired. The function deval is evaluating a piece-
wise cubic function and it is vectorizing , so obtaining even a great many solution values
for plotting is inexpensive.

Like the MATLAB programs for solving stiff IVPs, by default bvp4c forms Jacobian
using finite differences (i.e computes a numerical Jacobian). Often it is to vectorizing the
evaluation of the ODE function for a f(z,y) for a given value z and many array of vectors
y. This can reduce the run time substantially, so the stiff IVP solvers have an option for

this. It is a natural option for BVPs too, but important additional gains are possible if
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the function is also vectorizing with respect to the values of z.That is since, in discretized
the ODEs in the BVP context, all the value of the arguments are known in advance.
Generalizing what is done for IVPs there is an option there is an option for us to code

the function f(z,y) so that, when given a vector
T =[x, 29, ...,
and a corresponding array of column vectors

Y= [y1,Y2, ---Yn)

it returns an array of column vectors

[f(xhgh)? f<x27y2> f(xmyn)]

Vectorizing the ODE functions in this way often greatly reduce the run time. Most
BVP solvers require you to provide analytical partial derivatives. Generally this is both
inconvenient and unnecessary for the typical problem solved in MATLAB, so bvp4c does
not. There may be good reasons for going to the trouble of providing analytical partial
derivates. One of that it may not be much trouble after all.

For instance, linear ODEs can be written in the form

y'(x) = J(@)y(z) + q(x)

and it is generally convenient to supply a function for evaluating the Jacobian J(z) is
that BVPs are generally solved much faster analytical partial derivatives Although the
numejac function that bvp4c uses to approximate partial derivates numerically is very
effective,the task is a difficult one and so analytical partial derivatives improve the ro-
bustness of the solver. For some difficult BVPs, supplying analytical partial derivatives is
the difference between success and failure.

The code bvp4c permits us to supply analytical partial derivatives for either the

ODEs or the boundary the boundary conditions or both. It is far more important to
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provide partial for the ODEs than the boundary conditions. We inform the solver that
you have written a function for evaluating g_ch by providing its handle as the value of the
FJacobian option. Similarly, we inform the solver of a function for evaluating analytical
partial derivatives of the boundary conditions with option BCJacobian. The function for
evaluating the residual g(ya,yb) in the boundary conditions involves two vectors, the ap-
proximate values y,, ypat the two ends of the interval. Accordingly, the function we write

for evaluating partial derivatives of the boundary conditions must evaluate and return

dg 0Jg

0 ya’d yb®

two matrices,

A few comments about working out the Jacobian

_of ((9fi>
J=9 _
dy Y,

and coding it as a function may be helpful.

Suppose there are d equations. If J is sparse we should initialize it to a sparse matrix
of zeros with J = sparse (d,d). For each value of i = 1,2,...d we might then examine
f i for the presence of components y; and the code the function to evaluate it as J(i, j).
Of course, we can evaluate the components of J in any order that is convenient.This
is a reasonable way to proceed even when we treating J as a dense matrix. The only

difference is that we would initialize the matrix with
J = zeros(d,d)(or J = zeros(d))

The function we write for f(z,y) must return a column vector f. A systematic way of
working out partial derivates when the matrix is not sparse is to proceed one column at

a time. That is, for j = 1,2, ...d work out the partial derivates

. Of  (0f;
J(Z’ﬁ_ayj Bl <8y]~>

Remark 66 Once we have worked out expression for all the partial derivatives, we can

evaluate them in any convenient order.

The MATLAB Symbolic Toolbox has a function jacobian that can be very helpful when

working out partial derivatives for complicated functions. We find it convenient to use
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names like dBCdya when providing analytical partial derivates to remind ourselves wich
partial derivatives which partial derivatives are being computed. With the help entry for

jacobian and the variable names we have chosen the program should be easy to follow.

Example 67 [67, pag 186]
syms res yal ya2 ybl yb2 alpha beta infty
res = [ ya2 /(yal-1) -alpha
yb1/exp(beta*infty)-1];
dBCdya = jacobian (res, [yal;ya2] )
dbedyb = jacobian (res, [yb1;yb2])

This program generates the output:

—ya2/(yal —1)"2 1/(yal —1
iBedya = | /(y )2 1/(y )
i 0 0
| 0 0
dBedyb =
| 1/ exp(beta*infty) 0

When a program was run with default values for all options except for
FJacobian, the BVP was solved for example (6.6) in 4.72 seconds, a fair improvement
over the 5.76 seconds without this options. When BCJacobian was also supplied, the
BVP (6.6) was solved in 4.56 seconds. Sometimes vectorization reduces the run time
more than supplying analytical Jacobian: other times, less. The options are independent,
so you can do one or the other depending on what is convenient.

Because the cost depends strongly on the mesh points, bvpédc tries to use as few
as possible. Nevertless, the goal is to solve the problem and just to solve it with the
fewest points possible, so for the sake of robustness bvpédc is cautious about discarding
mesh points. Indeed, if the initial mesh and the guess for the solution on this mesh are
satisfactory, it will not discard any. Notice that in (6.6) we specify a value of infty that
depends on the wave speed c.

It would seem natural simply to use a value large enough to solve the BVP for all the
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values of ¢ to be considered. However, if we set infty=250 the the computing will fail
with the message

?? Error using ==>bvp4c Unable to refine the mesh any further --- -

the Jacobian of the collocation equations is singular

For the smaller values of ¢ the solution approaches its limit values rapidly , so rapidly
that with default tolerances, the solver cannot recognize the proper behavior at Z = 250.

For instance, when ¢ = 5,
u(250) ~ e*% x~ 2.1846 - 107
This is too small for default tolerances, but by choosing
infty =10x% ¢

instead we obtain

u(50) =~ 2.9368 - 10~°

a value more comparable in size to the tolerances.

Remark 68 When the various kinds of solution behavior cannot be distinguished in the
discretized, the linear system is singular. When you receive this kind of error message, we
need to consider whether you have the boundary conditions is to deal analytically with the

solution where it is difficult to approximate numerically.

Remark 69 Hence, we must take infty large enough that the asymptotic boundary
condition properly describes the solution and yet not so large that we defeat the purpose

of the asymptotic approximation.

The code writing with bvp4c of the problem (6.6) is presented in chapter 5 section
I1I.
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6.2 Boundary Conditions at Singular Points

In this section we discuss singularities at finite points. They often occur in the reduction

of a PDE to an ODE by cylindrical or spherical symmetry. For instance, Bratu’s equation,
Ay+e’ =0

is used to model spontaneous combustion. In this cases the interval is [0, 1] and the ODE
1s

/
k?/

y' + ;+ey:0 (6.1)

with & = 1 for cylindrical symmetry and & = 2 for spherical symmetry. The obvious
difficulty of (6.1) is the behavior of the term 3’/z near z = 0.Indeed, because of symmetry

we must have
y'(0)=0

so the term is indeterminate rather the infinite. The standard theory of convergence
has been extended to BVPs like this for all the popular numerical methods [37]. For
the methods that do not evaluate the ODE at z = 0 solving a BVP like (6.1) is
straightforward. Obvioulsly it is not straightforward for methods that do evaluate at
x = 0 such as the method of BVP4c. However, some particular solver can deal with
singularities at finite points.

The idea is first to approximate the solution near the singular point by analytical
means. The means employed depend very much on the problem and what you expect of
the solution on physical grounds [11]. For the example (6.1) we expect a smooth solution
that we can expand in a Taylor series. Taking into account symmetry this series has the

form

Whatever the assumed form of the solution, we substitute it into the ODE. Using the

boundary conditions at x = 0 we then determine the coefficients so as to satisfy the
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equations to as high an order as possible as x — 0. For example
" k " (0)+...
@(m+ny+$ymn+“)+& =0

Equating to zero the leading (constants) terms, we find that we must take

e¥(0)

k1

y"(0) =

If we drop the higher -order terms of the Taylor series, this is already enough to provide
a good approximation to the solution y(z) on an interval [0,6] for a small 6 > 0.The
derivative of this approximations provides an approximation to y ’(z). We now solve the
ODEs numerically on the interval [d, b] where the equations are not singular.

Clearly we want the analytical approximate solution on [0, d] to agree at x = § with
the numerical solution on [d, b].

For (6.1) this is

y(0) = p—m52
vy = _w+mé

Here we have written p = y(0) to emphasize that it is an unknown parameter that
must be determined as a part of solving the BVP. This example is typical of the way that
unknown parameters are introduced to deal with singularities.

A boundary condition tells us how the solution of interest behaves as it approaches an
end point. This is not always as simple as approaching a given value. To describe more

complex behavior we use the notation

fz) ~ F(x)
as r — xg to mean
f(z)
1 =1
z—wo F'(x)
The boundary condition
y(0)=0



implies that the solution of Bratu’s problem tends to a constant as x — 0 but other
boundary conditions are also possible for this ODE. To explore this, we’ll investigate
solutions that are not bounded at the origin. we begin with £ = 1 and supposing that
derivatives of a solution grow more rapidly than the solution itself as x — 0, we might

try approximating the ODE with

/

Y

/
Lverny + 24
i

Ozy"—l—;

Solving the approximating equation [67, pag :141] we find that
y(z) ~ b+ alog(z) = b+ log(z")

for constants a and b.We now substitute this analytical approximation into ODE to

see when is might be valid

/

Y

a a
y//+—+€yN——2+—4+£l?a€b
T T xr

To satisfy ODE asymptotically, we must have a > 0. Boundary conditions like
y(x) ~ log(z) as x — 0

arise, for example, when solving potential problems with a line charge at the origin.
We see now that the ODE has solutions that behave in this way, so this is a legitimate

boundary conditions. Similarly, when k = 2.
y(xr) ~b+ax!

at it is necessary that a < 0.

Boundary conditions like

y(z) ~ —a~
arise for example when solving potential problem a point charge at the origin.
Shampine observed it is no harder to solve Bratu’s problem with the boundary condi-
tion

y(x) ~ log(z)
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than with symmetry condition; he use the analytical approximations
y(z) ~ log(z) and 3/ (z) ~ ™" on [0, ]

for some small § and solve numerically the ODEs on [d, 1] with boundary value y(6) =
log(d). Note that with particular boundary condition there is no unknown parameter
y(0) as there was with the symmetry condition.

Bender and Orszag [11, pp.170-2] discuss the solution of the ODE

yy =-—1 (6.2)

with boundary conditions

If y(r) — 0, as x tends to 0 and 1, then the ODE requires 3 (x) be unbounded
there. Clearly we must supply a solver with must supply a solver with more than just
limit value for y(z).They observe that the solution is symmetric about z = 0.5, so we
need only investigate the behavior of the solution near the origin. Since the symmetry we
expect two solutions of BVP if y(x) is the solution then so is —y(z).

The solution vanishes at the origin and they are infinite, so we try something simple
like

y(z) ~ az’,

for constants a, b.

Substituting into the ODE, we find that

17

—1=y(x)y () ~ (az®)(b(b — 1)ab"?) = ab(b — 1)z*~ 2

If the power 2b — 2 < 0, then the right-hand side does not have a limit as z — 0. If
2b—2 =0 the right-sides are identically zero, and if 20 —2 > 0 there is a limit it is zero.
Thus we see that there is no choice that allows us to satisfy the ODE, even asymptot-
ically. This tell us that the form we have assumed for the solution is wrong. If we try the

form
y(x) ~ ax(—log(x))".
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Substituting this form into ODE, we find after some manipulation that

"

~1=y(x)y (x) ~ —a®b(~log(x))*'[1 — (b — 1)(~ log(z)) ']

If the right-hand side is to have a limit as x — 0 then we must have the power
2b — 1 = 0, hence b = 0.5. With this we pass to the limit find a = £+/2, it appears that

are exactly two solutions. The one is positive for positive x is

y(x) ~ zv/=2log(x)

In writing this second-order equation as the first-order system for its numerical solution
we introduce 3/(x) as an unknown. Because it is infinite at the origin, we need to know
how it behaves there if we are to solve the BVP. On the other hand, all positive solutions
of the ODE that vanish at the origin behave in the same way to leading order, so it is
not necessary to introduce an unknown parameter if we we are interested only in modest

accuracy.

6.2.1 Examples
1.Latzko’s equation

If the solution of a BVP behaves well at a singular point, it may not be necessary to
use an analytical approximation in the neighborhood of the point. To illustrate this we

consider a Sturm-Liouuville eigenproblem called Latzko’s equation

d dy

— (=22 |+ Xxy=0

ﬁ<( x>m>+ vy
with boundary conditions

y(0) =0, y(1) finite.

Scot [71] collects approximations to the first three eigenvalues and compares them to

his approximations: 8,728;152,45;435,2. To write this equation as a first-order system,
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it is convenient to use the unknowns y(x),v(z) = (1 —27)y'(x) and so to obtain

v
1—a

Vo= —X\aTy

This is an eigenvalue problem, so we must specify a normalizing condition (y(1) = 1)
for the solution. The differential equation is singular at x = 1. If we are looking for
a solution with y/(z) finite, the first equation of the system states that we must have

v(1) = 0. Using the second equation, [’Hopital rule then says that

—U<$) = lim M = lim ——)\x7y(:1c) A

a—1 1 — a7 o=l =726 a—1 —Tx6 7

We can solve the ODEs for y(x) and v(x) subject to the boundary conditions

provided that we evaluate them properly at x = 1.

When solving a BVP with an unknown parameter, BVP4C calls the function for eval-
uating the ODEs with a mesh point  and the current approximations to y(z) and A.

If x = 1, this functions must return the limit value for y'(1). We must code for this
solver always evaluates the ODEs at the end points of interval. With the smooth solution,
the solver will not need to evaluate the ODEs at points x so close to the singular point
that there are difficulties evaluating u'(x), difficulties that we avoid for other kinds of
problems by using analytical approximations near the singularity.

Of course, the guess for v(x) should have proper behavior near # = 1. This is easily

accomplished by using the guess for y(z) to form

(1 =27y (x)

as a guess for v(z).

A different way to perform this analysis is to look for a solution

ylx) ~1+clr—1)asx — 1
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If there is a solution of this form , then y/(z) ~ ¢. Because %/(1) is finite for a solution of
this form, it follows that v(1) = 0. Determine the constant c¢ by substituting this assumed
form into the ODE for y(z). In this it be will helpful to show that (1 — ") ~ 7(1 — x) near
x = 1. If the function for evaluating the ODEs is coded properly then it is easy enough
to solve this eigenproblem with BVP4AC. What is not easy to compute specific eigenvalues
and eigenfunctions. This is because it is not clear which solution you will compute with
given guesses for y(x) and A or whether even you will compute a solution. Using BVP4C
we try to confirm one or more of Scott’s approximate eigenvalues.

If we used the guess [67, pag 144]
y(x) ~ xsin(2.57x)

and an initial mesh of 1linspace (0,1,10)yielded convergence to different eigenvalues
for guesses A = 10, 100, 500, 1000, 5000, 10000; these computed eigenvalues include the first
three

We write codes in MATLAB and obtain the following results:

> exl

Guess for eigenvalue: 10

Computed the eigenvalue 8.72727.

> ex1

Guess for eigenvalue: 100

Computed the eigenvalue 152.39.

> exl
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Guess for eigenvalue: 500

Computed the eigenvalue 435.022.

> exl

Guess for eigenvalue: 1000

Computed the eigenvalue 855.492.

> exl

Guess for eigenvalue: 5000

Computed the eigenvalue 2110.51.

> exl

Guess for eigenvalue: 10000

Computed the eigenvalue 5025.87.

We plot them in Figure 6.1(a), 6.1(b), 6.2(a), 6.2(b) 6.3(a), 6.3(b)
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Lattzke's equation Lamds=10 Latzko'eqution lamba=100

1 T — — T 1 T — — T
0 1 8
ik T 0 |
07 %
04 5
il 1
02 1
05 #
D e
04 1
02 T
03 1
1 ] 04 1
ikl 4 RIL 7
U L 1 1 1 1 Il Il Il Il DE L 1 1 1 1 Il Il Il Il
o0 02 03 04 05 06 07 0B 09 1 o 01 02 03 04 05 06 07 0B 09 1
(a) A=10 (b) A=100

Figure 6.1: Eigenvalues -1

Latzko's equation Lambda=500 Latzko's eguation lambda=1000
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] o
05 1 L L L L 1 1 1 1

(a) A=500 (b) A=1000

Figure 6.2: Eigenvalues -2
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Latzko's equation lambda=5000 Latzko's equation lamba=10000
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(a) A=5000 (b) A=10000

Figure 6.3: Eigenvalues -3

2.The steady concentration of a substrate in an enzyme-catalyzed reaction

In [40, section 6.2] Keller discusses the numerical solution of a model of the steady
concentration of a substrate in an enzyme-catalyzed reaction with Michaelis-Menten ki-
netics. A spherical region is considered and the PDE is to reduced an ODE by symmetry

. The equation
/

! y y
+2-=—"—
4 r  e(y+k)

involves two physical parameters, € and k. The boundary conditions are

approximate y(x) on the interval [0, d] with a few terms of a Taylor series expansion
and we solve BVP numerically on [d, 1] using BVP4C, where & = 0.1, k = 0.1 and we
obtain the following result in the Figure 6.4. To plot on all [0, 1] augment the numerical
solution on the interval [d, 1] with the values at z = 0 provided by the unknown parameter
p = y(0), and ¥'(0) = 0. Two terms of a Taylor series for y(z) and one for y'(z) are

satisfactory when d = 0.001. We will need to communicate d and the parameters ¢ and
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k to our functions for evaluating the ODEs and boundary conditions (see the code in

next chapter).

Michaelis-henten kinetics problem with coordinate singularity.

DQ- ........ " ........ ........ ......... -, ........ -
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T I ........ - ........ s
WIS S . . - ........ sl e
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1] - - ........ ........ - ....... —_—_ ......... ........ " 4

Figure 6.4: The steady concentration of a substrate in an enzyme-catalyzed reaction

3.Bender and Orszag problem

Bender and Orszag (1999) in the book [11] propose to solve the BVP:

They shows that
y(x) ~ xy/—2log(z)
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as x — 0.It will be convenient to code a subfunction to evaluate the approximation

v(z) = z+/—2log(x)

Move the boundary condition from the singular point at the origin to, say, d = 0.001
by requiring that y(d) = v(d).We compute y(x) on [d,0.5] using BVP4C,with default

tolerances and guesses of

y@) = a(l-a)

1—2x

@\
S
2

We plot both y(z) and v(x) with axis([0 0.5 0 0.5] and obtain the Figure 6.5

Bender & Orszag
]
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i I !
0o 0o 01 015 02 0% 0
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Figure 6.5: Bender-Orszag equation
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6.3 Boundary Conditions at Infinity
Let a system of linear ODEs with constant coefficients:
v =Jy+yq (6.3)

to give more insight. For the sake of simplicity, let us suppose that the Jacobian matrix

J is nonsingular. This implies that

is a constant particular solution of the ODE. Further assume that J has a complete
set of eigenvectors {v 7} with corresponding eigenvalues {\;}.

This that are constants «; such that

y(a) —pla) = Zajv J

It is the verified easily that the general solution of the system ODEs is

y(z) = p(z) + Z ajet 7 @yl

We see from this that y(x) is finite on [a, +00) only when the boundary conditions
at x = a imply that «a,, = 0 for all m with Re()\,,) > 0. Correspondingly, the BVP is
well-conditioned for b > a only when the boundary conditions at x = a exclude the terms

that grow exponentially fast as x increases. Similarly, using the expansion

y(b) —p(b) = _ By

we see that if b > a then we must have boundary conditions at z = b that implies
B,, = 0 for any value m such that Re(\,,) < 0, if the BVP is to be well-conditioned.
Roughly speaking, components that decay rapidly from left to right must be determined
by the boundary conditions at the left end of the interval, and components that grow
rapidly on this direction must be determined by the boundary conditions at the right

end.
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These linear, constant coefficient problems are rather special, but they provide valuable
insight. More generally we recognize that the boundary conditions the various kinds of
behavior that solutions can have. If there are solutions of ODE that approach one another
very quickly as x increases from a to b, then for b > a a code will not able to distinguish
the solutions numerically when applying the boundary conditions at © = b. Because of
this, these solutions must be distinguished by boundary conditions at the point x = a
rather at x = b.

There is a dichotomy of the solution space of the ODE that must be reflected in the
placement of the boundary conditions. This is easy enough to sort out for linear, constant-
coefficients ODEs, but for more general ODEs some careful physical reasoning is normally

needed to decide where and what kind of boundary conditions are appropriate [6].

6.3.1 Examples
1. The charge density in atoms of high atomic number.

Global collocation method with B-splines can not be applied for the solution of non-
linear problems which has singularities at the end points of the interval [0, 1]. In this case
we must choose the combined B-spline with Runge-Kutta methods. Since near the end
points we have singularities we chose the solver 0DE23tb for Runge-Kutta methods. We
exemplified this by Fermi-Thomas problem (1.81)with boundary conditions (1.82).

It should be noted that this problem has been studied by Shampine, Gladwell and

Thomson [68, pp 155-156] using the solver bvp4c. We use for start solution
y(r) = 144273,

and for inner points d = 0.015, and e = 59.

Method Run-Times

Shampine-Gladwell-Thomson | 0.838735 seconds.

B-spline and Runge-Kutta | 0.493448 seconds.
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The graph of approximate nonlinear solution of Fermi-Thomas problem is presented in

Figure 6.6.

Fermi-Thomas equation B-splines-+Runge-Kutta

1 T . T T T T
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Figure 6.6: Thomas-Fermi equation

Remark 70 The running time for B-spline collocation is the shortest, since its collocation

matriz is banded.
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2. Models for a transport, reaction and dissipation of pollutants in rivers.[37],[25]:

A natural choice of the start solution for this problems is:

1 1

o 10 =Gy

BT

since:

h(0) = 1, h(co) = 0,

F(0) =1, f(oc) = 0.

We obtained the approximation solutions of the problem (1.87) with conditions (1.86),
like:

1. On the interval [0, 10] with B-splines functions of order (k + 1),

2. And on [10, ¢) with Runge-Kutta methods (k—stages), solver ode113 or ode45.

3. On the interval [0, 10] with B-splines functions of order (k + 1),

4. And on [10, §) with Runge-Kutta methods (k—stages), solver ode113 or ode45.

Remark 71 The convergence of these methods is given in ([31]).

We obtained the following results depicted in fig 6.7(a), fig:6.7(b). In the paper Solving
ODE’s with Matlab (pag 153) Shampine, Gladwell and Thomson , used BVP4C, to solve
these types of problems. Since they used 5 iterations to obtained the approximate solution,
our method is faster.

We compute (tic-toc MATLAB functions) the run _times and we conclude:

Problems Method Tolerance Run_times

(1.87) + (1.86) | B_splines + Runge_Kutta | 107 ] 0.990373 seconds,

(1.87) + (1.86) BV PAC 1071 6.9354 seconds.
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Enor in semilogarithmic scale

— aprox solution
— =15 s=3it;
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(a) Approximate solution (b) Errors in semilogarithmic scale

Figure 6.7: Models for a transport, reaction and dissipation of pollutants in rivers
3. Costabile problem

We consider the two-points boundary values linear problem:

y”:%(y—l), x € (0,1)

(6.4)
1 1
v(3) =5 y(3) =3
The above problem has the exact solution:
y(x)=1+1/x. (6.5)

Using the step control algorithm ([1, pp: 376-380], [78]), we set that the exact solution
has a singularity in z = 0. For N = 11 and k£ = 3, we got the approximate solution and
we represent it in Figure 6.8(a) and the errors in Figure 6.8(b). We wrote the programs

in MATLAB 10a and run times given by functions tic-toc:

Elapsed time is 0.150000 seconds.
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Graphs for embedeed solution k=3 =11 Erors
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(a) Approximate solution (b) Errors in logarithmic scale

Figure 6.8: Singularity in z = 0

4. Flame propagation in nuclear reactors [6, pag 148-151].

Let BVP:

W+ cu' +u(l—u)=0 (6.6)

with boundary conditions:

Using the solver BVPAC [67, 148-151] we obtain the following results for ¢ €

{5, 20, 35, 50,65, 80,100}.There are depicted in figure 6.9

Remark 72 By examine trajectories in the phase plane, Murray [50] arques that if ¢ > 2

then there ezists a solution of BVP 6.6 such that, on approach to the point (0,0)

u'(x) ~ 3 u(x)
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where B = (—c+ V2 —4/2) and on approach to the point (1,0)
(w(r) = 1) ~ a(u(z) = 1)

with o = (—c+ V2 +4/2).

Figure 6.9: Fischer equation
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5. The unsteady flow of gas through a semi-infinite porous medium initially

filled with gas at a uniform pressure.

Bayley et al consider the following bvp [9]:

2x
w”(x) + ——w'(z) =0
(z) + an () (z)

with boundary conditions
w(0) =1, w(4+00) =0

The range of values of the parameter is 0 < a < 1 and we solve using BVPAC for
a = 0.8.Shampine solve this problem by replacing the boundary conditions at infinity
with the boundary condition w(z) = 0 for some finite value z.Our guess for w(z) should

respect the physical requirements that

0 <w(zr) <L

To understand better what is goings on, , we first observe that because w(+o00) = 0,
the ODE is approximately
w"(x) + 22w’ (z) =0

for large x. Solving this approximating equation, we find that
w'(x) ~ fe®

Integrating and imposing the boundary condition at infinity, we then find that

w(x) ~ —ﬁ/e‘tht = (—ﬁ\;/E) erf ¢(x)

The standard asymptotic representation of the complementary error function
e
v

shows that w(z) approaches its boundary value w(co) = 0 very quickly. That is why

erf ¢(z) ~

we can impose the numerical conditions w(z) = 0 at what seems like a very small value
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of z. In fact we must use a small value z since the solver cannot distinguish w(z) from
the identically zero solution of the ODE when z is large. Sometimes we must supply more
information about how a solution behaves near a singular point if we are to compute a
numerical solution at all. For this BVP, we could do that by treating the constant 3 as

an unknown parameter and imposing the two numerical boundary conditions

2

w'(z) = pe®

w(zr) = (—ﬁf)erfc(x)

instead of w(z) = 0. The analytical approximation to w(z) and w'(z) are accurate
only for large = but they provide guesses for the solver for all x. We need two step to
resolve this problem, and we plot the graphs in a Figure 6.10(a) and 6.10(b).

Bayler problems Stepl

Bayler problem Step 3
Tmsam i syl s S ; 1 T T

09k - ...... ....... ............
ogb ...... ...... ..... ..... T

(a) Bayley problem-Stepl (b) Bayley problem-Step2

Figure 6.10: The unsteady flow of gas through a semi-infinite porous medium initially

filled with gas at a uniform pressure.
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Chapter 7

Matlab and Maple Codes

The first ODE solver of MATLAB was based on a FORTRAN programs written by Carl de
Boor [10], Lary Shampine and H.A. (Buddy) Watts [67]. Also Carl de Boor write a library
in MATLAB named Spline Toolbox([12], [13]). In this library there is a function
spcol, which provide us a simple way to calculate the inverse of B-splines collocation
matrix. The theoretical results on the convergence of collocation method ([14], [15]),
together with those on error estimation and mesh selection [64], are more general than for
the other methods. This, and the basic simplicity of the collocation procedure [22], also
make programming of the method reasonably straightforward. U. Ascher, S. Pruess and
R.D. Russell ([4], [5], [7]), shows that for low continuity piecewise polynomials, some of
B-splines and their derivatives are largely mesh independent and hence cheap to evaluate.
Unfortunately, the mesh matrices have condition numbers which grow very rapidly as
the mesh is refined. The ODE Suite has evolved considerably as a result of further work
by L. Shampine, J. Kierzenka and M. W.Reichelt [69]. L.N. Trefeten introduces in his
monograph [76], some fairly useful MATLAB codes which implements spectral method.
Weideman and Reddy in their paper present [80], a software suite which consists of 17
MATLAB functions for solving differential problems by the spectral collocation methods.

These functions enable us to generate spectral differential matrices based on Chebychev
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interpolantes, and we use these functions in implementation of our C.C' methods.
MAPLE is a general-purpose commercial computer algebra system. It was first developed
in 1980 by the Symbolic Computation Group at the University of Waterloo in Waterloo,
Ontario, Canada.

Since 1988, it has been developed and sold commercially by Waterloo Maple Inc.
(also known as Maplesoft), a Canadian company also based in Waterloo, Ontario. The
current major version is version Maple 15 which was released in April 2011. Users can
enter mathematics in traditional mathematical notation. There is extensive support for
numeric computations, to arbitrary precision, as well as symbolic computation and visual-
ization.Maple is based on a small kernel, written in C, which provides the Maple language.
Most functionality is provided by libraries, which come from a variety of sources. Many
numerical computations are performed by the NAG Numerical Libraries, ATLAS libraries,
or GMP libraries. Different functionality in Maple requires numerical data in different for-
mats. Symbolic expressions are stored in memory as directed acyclic graphs. The standard
interface and calculator interface are written in Java. The language permits variables of
lexical scope.

However, in this Section we introduce some MATLAB and MAPLE codes which imple-
ment Global B-splines methods, Combined methods based on B-splines and

Runge-Kutta, and C.C methods combined with Runge-Kutta methods.

Remark 73 The following programs solve also the classical problems(BVP), if a = d and

e = b but might apply to delay differential equations (DDE).
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7.1 Linear Case

7.1.1 MATLAB Codes

JLinear case
%Standard equation :y"+q(x)y+r(x)=0, a<z<b
%Inner conditions: y(d)=alpha, y(d)=beta, a<d<e<b

Jnumber of collocation points N=nk+2, k=degree of B-splines

q = @(x) -ones(size(x));

T e(x) x;

hexact solution

solex= @(x) -x+sin(x)/sin(1);

a=0; b=1,;

d=1/4;

e=1/2;

alpha=solex(d);

beta=solex(e) ;

t=linspace(a,b,100);

n=36;

k=3;

tic;
[x,y]=BVPcollocRK(q,r,a,b,d,e,alpha,beta,n,k,t);
toc;

figure(1)
plot(t,solex(t),x,y, [d,e], [alpha,betal,’0’)

title(’PVP problems .... )
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legend (’ Approximate solution’,’d=1/4,e=1/2’,0)
grid on

figure(2)

semilogy(x,abs(solex(x)-y),’-?)

title(’Errors in semilogarithmic scale ’)

grid on

function [x,y]=BVPcollocRK(q,r,a,b,d,e,alpha,beta,N,k,t)
%BVPCOLLOCRK - collocation for linear polylocal problem
h-y" (x)+q(x) *y (x)=r(x);

%call [sp]=BVPcolloc(q,r,a,b,alpha,beta,N,k)

%q,r - functions, define BVP

%a,b - endpoints

%d,e - inner points

halpha, beta - values at endpoints

%N - number of subintervals

%k -degree of B-splines

%t - evaluation points

%y - solution values at t

%hode23tb for stiff problem and ode45 for nonstiff
hprepare meshes

ti=t(t>=d & t<=e);

tleft=t (t<d);

tright=t(t>e);

hsolve BVP

sp=BVPcolloc(q,r,d,e,alpha,beta,N,k);

yi=fnval(sp,ti);
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ydi=fnval (fnder(sp), [d,el);
x=ti’;
y=yi’;
%hsolver options
opts=odeset (’AbsTol’,1e-8,’Reltol’,1le-7);
%hsolve right IVP
if "is empty(tright)
tright=[e,sort(tright)];
[tr,wr]=o0de23tb(@rhs,tright, [beta,ydi(2)],opts);
x=[x;tr(2:end)];
y=Lly;wr(2:end,1)];
end
%hsolve left IVP
if "is empty(tleft)
tleft=[d,sort(tleft, ’descend’)];
[t1,wl]=ode23tb(@rhs,tleft, [alpha,ydi(1)],opts);
x=[tl(end:-1:2);x];
y=[wl(end:-1:2,1);y];
end
Voo To oo o To o Jo o o To o Jo o o Jo o JoJo o Jo o JoJo o To o Jo 1o o To o Jo 1o o Jo o o Jo o To o o Fo o Jo 1o Jo 1o o
% nested function for RK method
function dy=rhs(x,u)
dy=[u(2); qx)*u(l)-r(x)];
end

end

156



7.1.2 MAPLE codes

Cubic spline collocation method- uniform mesh

>#—y"+Pi”2*y=2*Pi”2*sin(Pi*X);0<=X<=1;

>#y(1/4)=sqrt(2)/2;y(1/2)=1;

>#R.Burden,J.D.Faires

>#Numerical Analysis-pag 558

>with(CurveFitting):

>3:=x->eval (BSpline(4,t,knots=[-2,-1,0,1,2]),t=x):

>

>

plot(S(x),x=-2..2,title = "Cubic B-spline"):
n:=3:h:=1/(n+1):
x:=Array(0..n+1, [seq(i/(n+1),i=0..n+1)]):
F:=proc(t,x,i,n,h)
if i=0 then
return S(t/sqrt(h))-S((t+h)/sqrt(h));
elif i=n+1 then
return S((t-(n+1)*h)/sqrt(h))-S((t-(n+2)*h)/sqrt(h)):
else
return S((t-x[i])/sqrt(h)):
end if;
end proc:
Fl:=proc(t,x,i,n,h)
elif i=1 then
return S((t-x[1])/h)-S((t+h)/h):
elif i=n then

return S((t-x[n])/h)-S((t-(n+2)*h)/h):
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> else

> return S((t-x[il)/h):

> end if

> end proc:

>for i from 0 to n+1 do m[i+1]:=plot(F(t,x,i,n,h),t=0..1):end do:
> with(plots):

> display([seq(m[i],i=1..n+2)]):

>plot(F(t,x,0,n,h),t=0..1):

>for i from 1 to n do m[i+1]:=plot(F1(t,x,i,n,h),t=0..1):end do:
> with(plots):

> display([seq(m[i],i=1..n+2)]):

>plot(F1(t,x,1,n,h),t=0..1) :plot(F1(t,x,n,n,h),t=0..1):
genspline:=proc(x,n,q,r,e,d,alpha,beta)

> local k, ecY,ecd, C, h, Y, c;

> global F,S;

> h:=1/(n+1);

> Y:=0;

> for k from 0 to n+1 do

> Y:=Y+(t-e)*(t-d)*c[k]*F(t,x,k,n,h):

> end do;

> Y:=simplify(Y):

> Y:=Y+(t-d)*alpha+(t-e)*beta;

>  ecY:=-diff(Y,t$2)+q(t)*Y=r(t):
> ecd:=Array(0..n+1);

> for k from O to n+1 do

> ecd[k] :=eval(ecY,t=x[k]) :simplify(ecd[k]) :expand (%) :
>print(ecd[k]);
> end do;
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> C:=solve({seq(ecd[k],k=0..n+1)}, [seq(c[k],k=0..n+1)]):

\4

assign(C):

> return Y:

> end proc:gensplinel:=proc(x,n,q,r)
> local k, ecU,ecd, h, U, b,B;

> global F1,8S:

> h:=1/(n+1):

> U:=0:

\4

for k from 0 to n+l1 do

\

U:=U+b[k]*F1(t,x,k,n,h);

> end do;

U:=simplify(U):

>  ecU:=-diff(U,t$2)+q(t)*U=r(t):

> ecd:=Array(0..n+1);

\4

for k from 1 to n do

\4

ecd[k] :=eval (ecU,t=x[k]) :simplify(ecd[k]): print(ecd[k]):

> end do:

\4

ecd[0] :=eval (U,t=e)=alpha:

\4

ecd[n+1] :=eval (U, t=d)=beta:

> B:=solve({seq(ecd[k],k=0..n+1)}, [seq(b[k],k=0..n+1)]):

\4

assign(B):

> return U:

> end proc:

>q:=t->Pi"2: r:=t->2%Pi"2*sin(Pixt):e:=1/4:d4:=3/4:

>ecz:=-diff (Z(t),t$2)+q(t)*Z(t)=r(t):

> dsolve({ecz,Z(0)=0,Z(1)=0},Z(t)):

> Z:=t->sin(Pi*t);Z(e);Z(d) :alpha:=Z(e)/(e-d) ;beta:=Z2(d)/(d-e):

>Y:=genspline(x,n,q,r,e,d,alpha,beta):
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>U:=gensplinel(x,n,q,r):

>plot(U,t=0..1):
>plot(Z(t),t=0..1,title="Approx-solution",color=[BLUE]):
>plot(Y,t=0..1,title="Exact solution",color=[BLACK]):
>pl:=plot([Y,Z(t),U],t=0..1,title="Exact+Approx solution"):
>p2:=plots[pointplot] ([[1/4,Z2(1/4)1,[3/4,2(3/4)1],
>symbol=circle,symbolsize=34,color=[GREEN]) :

>plots[display] ({p1,p2}):

B-splines collocation method-nonuniform mesh

> restart; with(CurveFitting): with(orthopoly):
>#Here we solve a problem (using B-splines functions)
>#In this situation the error in approximating
>#the exact solution

>#u(x)=sin(p*x) is of order 0(h"p).

<#We study the case p=9,n =10.

> Digits:=30:

> genpoints:=proc(a,b,N,k)

> local L,i,j,xu,xc,pol,pol2,sol,h,nL:

> L:=[a]:

> h:=(b-a)/(N+1):

> xc:=a-h; pol:=P(k,t):

> pol2:=expand(subs(t=2*x-1,pol)):

> sol:=fsolve(pol2):

> for i from O to N+2 do

> xu:=xc+h:

\2

for j from 1 to k do
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\%

L:=[op(L) ,xc+(xu-xc)*sol[j]]:
end do:
XC:=xXu:
end do:
L:=[op(L),b]:
L:=sort(L): nL:=nops(L):

return L:
end proc:
S:=(x,u,k)->eval (BSpline(4,t,knots=[seq(uli],i=k-2..k+2)]),t=x):
genspline:=proc(x,n,q,r,e,d,alpha,beta)
#x - mesh
#n - number of points
#q, r - functions of differential equation
#e,d - inner points
local k, ecY,ecd, Y,a0, b0, b,B,u:
global S, bcopy:
Y:=0:

for k from -1 to n+2 do

Y:=Y+b[k]*S(t,x,k):
end do:
Y:=simplify(Y):

ecY:=diff (Y,t$2)-q(t)*Y=r(t):
ecd:=Array(-1..n+2):
for k from 1 to n+l do

ecd (k] :=eval(ecY,t=x[k]) :simplify(ecd[k]):
end do:
ecd[-1] :=eval(Y,t=e)=alpha:simplify(ecd[-1]):

ecd[n+2] :=eval(Y,t=d)=beta:simplify(ecd[n+2]):
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\%

B:=solve({seq(ecd[k] ,k=-1..n+2)}, [seq(b[k] ,k=-1..n+2)]):
print (nops({seq(ecd[k] ,k=-1..n+2)1}));

print (nops([seq(b[k] ,k=-1..n+2)])):

assign(B):

for u from -1 to n+2 do bcopy[u] :=b[u]:

end do:

return Y:

end proc:

q:=t->-86: r:=t->5xsin(9*t):

ecz:=diff (Z(t),t$2)-q(t)*Z(t)=r(t):
dsolve({ecz,Z(0)=0,Z(1)=sin(9)},Z(t)) :simplify (%) :
assign(%):

gendiv:=proc(a,b,e,d,alpha,beta,n)

local h,x,Y:

h:=(b-a)/(n+1):

x:=Array(-2..n+3, [seq(a+i*h,i=-2..n+3)]):
Y:=genspline(x,n,q,r,e,d,alpha,beta) :return Y:
end proc:

gendivLeg:=proc(a,b,n,k)

local h,x,Y,L,nn,j:

L:=genpoints(a,b,n,k);
L:=convert(L,rational,exact):

nn:=nops(L)- 2xk; print(nn):
x:=Array(-k..nn+k-1,L):

return X;

end proc:

b:=1: a:=0: e:=Pi/54: d:=Pi/12:

alpha:=simplify(eval(Z(t),t=e)) :beta:=simplify(eval(Z(t),t=d)):
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\%

n:=10:alpha:beta:

> plot(Z(t),t=0..1,color=[BLUE],title="Exact solution"):

> k:=3:

> x:=gendivlLeg(a,b,n,k):

> nn:=ArrayNumElems (x)-2*k-3:

> bcopy:=Array(-k..nn+2):

> profile(genspline):

> Y:=genspline(x,nn,q,r,e,d,alpha,beta) :showprofile(genspline):
> pl:=plot([Y,Z(t)],t=0..1,title=" Approximate solution"):
> p2:=plots[pointplot] ([[Pi/54,eval(Z(t),t=Pi/54)],
[Pi/12,eval(Z(t) ,t=Pi/12)]],symbol=circle,symbolsize=30,
color=[BLACK]):

> plots[display] ({p1,p2}):

> plots[logplot] (Y-Z(t),t=0.001..0.999,

title="Errors in semi-logarithmic scale",
color=[BLUE],axis=[gridlines=[100, color=bluel]):

> plot([seq(S(t,x,k),k=-1..nn+k)],t=x[-k]..x[nn+k+2],

title=" B-splines bases"):

Chebychev Collocation

> restart; with(orthopoly) :with(CodeTools) :with(plots):
>#The (BVP) Greengard and Rokhlin solve with Collocation
># Chebishev method.

>#We study the case $p=9%,$n=10%.

>#In this situation the error in approximating the exact

>#solution u(x)=sin(p*x)is
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>#of order 0(107-8).

> S:=(x,k,a,b)>T(k, ((b-a)*x+at+b)/2):

> Digits:=30:

> genceb:=proc(x,n,q,r,c0,d0,alpha,beta)
> local k, ecY, ecd, C, h, Y, c, a, b;
> global S;

> a:=x[0]; b:=x[n-1]:

> Y:=0;

> for k from 0 to n+l1 do

> Y:=Y+c[k]*S(t,k,a,b):

> end do;

>  Y:=simplify(Y):

>  ecY:=diff(Y,t$2)-q(t)*Y=r(t):

> ecd:=Array(0..n+1);

> for k from 0 to n-1 do

> ecd[k] :=eval (ecY,t=x[k]):

> end do;

> ecd[n] :=eval(Y,t=c0)=alpha:

> ecd[n+1] :=eval(Y,t=d0)=beta:

> C:=solve({seq(ecd[k],k=0..n+1)}, [seq(c[k],k=0..n+1)]1):
> assign(C):

> return Y:

> end proc:

> n:=34:

> q:=t->-86: r:=t->5xsin(9%t):

> ecz:=diff (Z(t),t$2)-q(t)*Z(t)=r(t):

> dsolve({ecz,Z(0)=0,Z(1)=sin(9)},Z(t)):

> assign(%):
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> b:=1: a:=0: c0:=Pi/54: d0:=Pi/12:

\4

u:=[Pi/54,seq((b-a)/2*cos(k*Pi/n)+(a+b)/2,k=1..n),Pi/12]:

\4

u:=sort(evalf(u)):

\

n:=nops(u) :alpha:=simplify(eval (Z(t),t=Pi/54)):
> beta:=simplify(eval(Z(t),t=Pi/12)):

> x:=Array(0..n-1,u):

> eval(x) :profile(genceb):

> Y:=genceb(x,n,q,r,Pi/54,Pi/12,alpha,beta)
>showprofile(genceb) :

> pl:=plot([Y,Z(t)],t=0..1,title="Approximate solution"):
>p2:=plots[pointplot] ([[Pi/54,eval (Z(t),t=Pi/54)],
[Pi/12,eval(Z(t),t=Pi/12)]],
symbol=circle,symbolsize=30,color=[BLACK]) :

> plots[display] ({p1,p2}):

> plots[logplot] (Y-Z(t),t=0.001..0.999,
title="Errors in semi-logarithmic scale",

color=[BLUE] ,axis=[gridlines=[10, color=blue]]):
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7.2 Nonlinear form

7.2.1 Global B-splines

JsNonlinear equation Goldner (Global B-splines)
hy"+y~3+(4-(t-t72)"3)/(t+1)"3=0

%inner conditions: y(1/4)=3/20;y(1/2)=1/6;
hexact solution y=(t-t"2)/(t+1);

f=0(t,y) -y. 3-(4-(t-t.72).73)./(t+1)."3;
a=0; b=1;

% alpha=0;

% beta=0;

fe=0(t) (t-t.72)./(t+1);

fd=0(x,y) -3*y."2;

startv=Q(t) (t+2)/15;

d=1/4; e=1/2;

alpha=fe(d); beta=fe(e);

N=15;

k=3;

t=linspace(a,b,100);

%sTolerance

err=1e-6;
[x,yl=polycollocnelin(f,fd,a,b,d,e,alpha,beta,N,k,startv,t,err);
close all;

figure(1)

plot(x,startv(x), x,y, [d,el,[alpha,betal,’o’);

title(’Goldner nonlinear equation-Global B-spline’,’FontSize’,10)
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legend(’Start sol.’,’Approx sol.’,’inner points: d=1/4,e=1/2’,0);
grid on

figure(2)

semilogy (x,abs(fe(x)-y))

xlabel(’x’,’FontSize’,10)

ylabel(’1n |y(x)-y_{\Delta}(x)|’,’FontSize’,10)

title("Error in semilogarithmic scale’,’FontSize’,10)

grid on

7.2.2 Combined Method B-splines and Runge-Kutta

%Costabile combined method B-Spline and Runge-Kutta

hy’ ’+exp(-y)=0; in [0,1]

%hinner conditions: y(pi/6)=1n(3/2), y(pi/4)=1n((2+sqrt(2))/2)
hexact solution y=1ln(sin(x)+1)

%hstartv =start solution

JiN=number of meshpoints

%k= degree of B-splines

herr=tolerance

o 1o 6o o6 o ToTo o o To o o To o o Jo o o Jo o o o Jo o o Jo o o Jo o o JoJo o o To o o Jo o o Jo o o Jo o o o o o o Jo o o o
f=0(x,y) -exp(-y);

fd=0(x,y) exp(-y);

fe=0(x) log(sin(x)+1);

N=11;

k=5;

a=0; b=1;

d=pi/6; e=pi/4;
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p3=(d+e)/2;

alpha=fe(d); beta=fe(e);

t=linspace(a,b,100);

err=1e-6;

hconstruction of start solution using polyfit on :d,e, (d+e)/2
u=[d,e,p3]; v=fe(u);

c=polyfit(u,v,2);

startv=0(x) c(1)*x. 2+c(2)*x+c(3);

tic;
[x,yl=polycalnlinRK(f,fd,a,b,d,e,alpha,beta,N,k,startv,t,err);
toc;

close all;

figure(1)

plot(x,startv(x), x,y, [d,e],[alpha,betal,’o’);
title(’Nonlinear eq. Costabile-Combined method Bs+Rk’,’FontSize’,10)
legend(’start sol.’,’approx. sol.’,’inner points: d=pi/6,e=pi/4’,0);
grid on

figure(2)

semilogy(x,abs(fe(x)-y))

xlabel(’x’,’FontSize’, 10)

ylabel(’1n |y(x)-y_{\Delta}(x)|’,’FontSize’,10)

title("Error in semilogarithmic scale’,’FontSize’,10)

grid on

function [x,y]=polycollocnelin(f,fd,a,b,d,e,alpha,beta,N,k,startv,t,err)
%POLYCOLLOCNELIN solve a nonlinear polylocal problem

hy" (x) =f(x,y)
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% inner conditions: y(d)=alpha, y(e)=beta;
%call spr=polycalnlin(f,a,b,d,e,alpha,beta,N,k,startv,t)
%f - function, define by (BVP)
»fd - derivative of f against the second variable
%a,b - endpoints
%d,e - inner points
%halpha, beta - values at inner-points
%N -number of subintervals
%k - number of Legendre points
hstartv - starting value (function)
»t - evaluation points
herr - tolerance
%x,y - solution (output)
Jiprepare mesh
/n=k*N+2; number of mesh-points
o To 6o o 1o o JoTo o o To o o To o o Jo o o o To o o To o o Jo o o Jo o o o oo o To o o Jo o o Jo o o o Jo o o Jo o o Jo o o Jo o o o o o To o
ok=0; while(~ok)
breaks=linspace(a,b,N+1);
degree=k+1;
order=degree+1;
knots = augknt(breaks,order,k);
rho=LegendrePoints (k) ;
tau=[];
for i=1:N
tau=[tau, (breaks(i+1)+breaks(i)+rho*(breaks(i+1)-breaks(i)))/2];
end
%check d,e

tauv=sort([tau,d,e]);
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d);

pozdv=find(tauv

pozev=find(tauv = = e);
if (length(pozdv)~=1 ||
length(pozev) "=1)

warning(’ d or e illegal! increment N’);

N=N+1;
else

ok=1;
end
end

Jprepare iteration
x=sort([a,tau,b,d,el)’;

tl=(x"=d & x"=e);

y=startv(x);

% compute inverse of matrix collocation
Minit=spcol (knots,order, x, ’sparse’);
coeffin = Minit\y; size(coeffin);
spi=spmak (knots,coeffin.’);

yd2=fnval (fnder(spi,2),x(tl));

%build collocation matrix
xdd=sort([a,b,taul);
tauxx=sort([d,e,brk2knt (xdd,3)])’;
Mcoll=spcol (knots,order,tauxx, ’sparse’) ;
v=1:1length(tauxx); pozd=find(tauxx==d) ;
poze=find(tauxx==e) ;

v([pozd,pozel)=[];

vi=v(1:3:end); vd2=v(3:3:end);

vic=sort ([vf,pozd,pozel)’;
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x=x(t1l); y=y(tl);
% iteration while 1
Valjac=repmat (fd(x,y),1,length(x));
Mcol=[Mcol1(vd2,:)-Valjac.*Mcoll(vf,:);
Mcol1l([pozd,pozel,:)];
rhs=[yd2-f (x,y);0;0];
hsolve the nonlinear system
coeffs=coeffin-Mcol\rhs;
if norm(coeffin-coeffs,inf)\<= err
sp=spmak (knots,coeffs’);
return
end
coeffin=coeffs; y=Mcoll(vf,:)*coeffin;
yd2=Mcol1(vd2, :)*coeffin;
end
sp = spmak(knots,coeffs.’);
X=t;
y = fnval(sp,x);
hroots of \ Legendre polynomial
function r=LegendrePoints (k)
switch k
case 2 p=[3/2,0,-1/2];
case 3 p=[5/2,0,-3/2,0];
case 4 p=[35/8,0,-15/4,0,3/8]1;
case 5 p=[63/8,0,-35/4,0,15/8,0]1;
case 6 p=[231/16,0,-315/16,0,105/16,0,-5/16] ;
case 7 p=[429/16,0,-693/16,0,+315/16,0,-35/16,0];

otherwise
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p=016435/128,0,-3003/32,0,+3465/64,0,-315/32,0,+35/128] ;
end

r=sort (roots(p))’;

function [x,y]=polycalnlinRK(f,fd,a,b,d,e,alpha,beta,N,k,startv,t,err)
%POLYCALNLIN solve a nonlinear polylocal problem B-splines combined with
%Runge-Kutta methods

hy"=f(x,y)

% inner conditions: y(d)=alpha, y(e)=beta;

%call spr=polycalnlin(f,a,b,d,e,alpha,beta,N,k,startv,t)
%f - function, define BVPN or BVPL

%fd - derivative of f depending on second variable

%a,b - endpoints

%d,e - inner points

halpha, beta - values at inside points

%N - number of subintervals

%k - number of Legendre points

hstartv - starting value (function)

»t - evaluation points

herr - error

hx,y - solution (output)

hprepare meshes

ti=t(t>=d & t<=e);

tleft=t(t<d);

tright=t(t>e);

%solve BVP

[sp]=BVPcollocnelin(f,fd,a,b,alpha,beta,N,k,startv,err);
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yi=fnval(sp,ti);

ydi=fnval (fnder(sp), [d,el);

x=ti’; y=yi’;

%hsolver options

opts=odeset (’AbsTol’,1e-8,’Reltol’,1le-7);

%hsolve right (IVP)

if “is empty(tright)
tright=[e,sort(tright)];
[tr,wr]=ode45(Q@rhs,tright, [beta,ydi(2)],opts);
x=[x;tr(2:end)]; y=[y;wr(2:end,1)];

end

%hsolve left (IVP)

IVP if “is empty(tleft)
tleft=[d,sort(tleft,’descend’)];
[t1l,wl]=o0de45(@rhs,tleft, [alpha,ydi(1)],opts);
x=[tl(end:-1:2);x]; y=[wl(end:-1:2,1);y];

end

% nested function for Runge-Kutta method

function dy=rhs(x,u) dy=[u(2); f(x,u(1))];

end

end

7.2.3 Combined Method: Chebychev Collocation with Runge-

Kutta

%the temperature of reaction-diffusion problem, p=3

pu"+u~3=0; u(0)=u(1)=0;
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%inner conditions: u(0.2)=u(0.8)=1.929990320692795

%fO0=start solution

f=0(x,y) -y."3;

df=0(x,y) -3*y."2;

err=1e-8;

NMAX=50;

N=128;

f0=0(x) 12*pi/sqrt(2)*x.*x(1-x);

a=0; b=1,;

c=0.2;

d=0.8;

alpha=1.92990320692795; bet=1.92990320692795;

tic;
[x,y,nil=solvepolylocalceb(N,f,df,a,b,c,d,alpha,bet,f0,err, NMAX) ;
toc;

ni;

figure(1);

plot(x,y, [c,d], [alpha,bet],’0’)

title(’The average temp. of reaction-diffusion eq. C.C+R-K method’)

grid ’on’

7.2.4 Compare methods

JBratu’s nonlinear problem (Lamda=1)

%Compare methods: Global B-splines, B-splines+Runge-Kutta,C.C+Runge-Kutta
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% start solution : y(x)=x*(1-x)

hu"+exp(u)=0;

%inner conditions: u(0.2)=u(0.8)=0.08918993462883;
hthis values are computed using Maple codes
herr=tolerance

%NMAX=max number of iterations

JN=number of degree freedom

Y%ni=number of iterations

f=0(x,y) -exp(y);

df=0(x,y) -exp(y);

err=1e-10;

NMAX=50;

N=15;

f0=0(x) x.*(1-x);

a=0; b=1;

c=0.2;

d=0.8;

alpha=0.08918993462883; bet=0.08918993462883;
%1.Pseudospectral method(C.C)+Runge-Kutta
tic;
[x,y,nil=solvepolylocalceb(N,f,df,a,b,c,d,alpha,bet,f0,err,NMAX) ;
toc;

ni;

figure(1);

plot(x,y, [c,d], [alpha,bet],’0’)

grid on

title(’Bratu’s problem CC+RK’)
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%2.Combined B-splines+Runge-Kutta

k=3;d=0.2;

e=0.8;N=15;

t=linspace(a,b,100);

tic;
[x,yl=polycalnlinRK(f,df,a,b,d,e,alpha,bet,N,k,f0,t,err);
toc;

figure(2);

plot(x,y, [d,e], [alpha,bet],’x’)

grid on

title(’Bratu’s problem BS+RK’)

%3.Global B-splines

N=15;

%hstart solution

startv=0(x) 3.9%x.*x(1-x)/7;
[x,y]l=polycollocnelin(f,df,a,b,d,e,alpha,bet,N,k,startv,t,err);
toc;

figure (3);

plot(x,y,[d,e], [alpha,bet],’*’)

grid on

title(’ Bratu’ problem- global method B-Splines’)

function [X,y,ni]=solvebilocalceb(N,f,dfdy,alpha,bet,f0,err,NMAX)
%SOLVBILOCALCEB - solution of a BVP with Tchebychev collocation
%hcall [X,y,ni]=solvebilocalceb(N,f,dfdy,alpha,bet,u0,err,NMAX)

%x — abscissas

%y - solution values on Chebychev grid
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%f0 - starting value (function)
Jni - eff # of iters

%N - #points

%f - rhs function

%dfdy - derivative of f wrt y
%halpha, bet - boundary values
Jerr - error

%NMAX max # of iter.s.

if nargin<8, NMAX=20; end
if nargin<7, err=1e-8; end
[X,D]=chebdif (N,2);
if nargin<6
uO=zeros(N,1);
else
u0=£0(X) ;
end
i=2:N-1;
I=eye(N);
u=u0;
for k=1:NMAX %, Newton iterations
F=[D(i,:,2)*u-I(i,:)*f(X,u); u(N)-bet; u(l)-alphal;
dF=[D(i,:,2)-I(i,:)*diag(dfdy(X,uw));I(N,:);I(1,:)];
un=u-dF\F;
if norm(u-un,inf)<err
%y=[alpha;un;bet];
y=un;

ni=k;
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return

end

function [X,Y,ni]=solvepolylocalceb(N,f,dfdy,a,b,c,d,alpha,bet,f0,err,NMAX)
%SOLVBILOCALCEB - solution of a BVP with Tchebychev collocation
%hcall [X,y,ni]l=solvepolylocalceb(N,f,dfdy,a,b,alpha,bet,f0,err,NMAX)
%x - abscissas

sy - solution values on Chebychev grid

%f0 - starting value (function)

Jni - number of iterations

JN - number of mesh points

»f - rhs function

%dfdy - derivative of f wrt y

%a,b - interval endpoints

%c,d - inner point

halpha, bet - boundary values

%f0 starting function

Jerr - tolerance

%NMAX max number of iterations.

if nargin<12, NMAX=50; end
if nargin<11l, err=1le-3; end
g=0(t,y) (d-c)"2/4*f(((d-c)*t+(c+d))/2,y);

dg=0(t,y) (d-c)~2/4*dfdy(((d-c)*t+(c+d))/2,y);
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if (nargin<10)||isempty(£0)

g0=0(t) zeros(size(t));
else

g0=0(t) f0(((d-c)*t+(d+c))/2);
end
[x,y,ni]l=solvebilocalceb(N,g,dg,alpha,bet,g0,err,NMAX) ;
xx=linspace(-1,1,10%N)’;
Y=chebint (y,xx);
format long
%chebint (y, [-0.6,0.6])
X=((d-c)*xx+(c+d))/2;
Dif=chebdifft(y, 1);
Dd=2/(d-c)*D1f (1) ; Dc=2/(d-c)*D1f (end);
Ddi=double(Dd) ;
Dc1=double(Dc) ;
%hsolver options
opts=odeset (’AbsTol’,err,’Reltol’,le-7);
%hsolve right IVP
if d7=b

tright=[d,b];

[tr,wr]=o0de23tb(@rhs,tright, [bet,Dd1],opts);

X=[X;tr(2:end)];

Y=[Y;wr(2:end,1)];
end
% solve left IVP
if c"=a

tleft=[c,al;

[t1l,wl]=o0de23tb(@rhs,tleft, [alpha,Dcl],opts);
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X=[t1l(end:-1:2);X];
Y=[wl(end:-1:2,1);Y];
end
% nested function for RK method
function dy=rhs(x,u)
dy=[u(2); f(x,u(1))];
end

end
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7.3 BVP4C-codes

function ex2

\% Solve ((1 - x"7\)y’)’ + lambdax*x"7*xy = 0. Let v = (1 - x"7}}%

Xy SO

\% that the equations are y’ = v/(1 - x77), v’ = - lambda*x"7

*y,

\% with boundary conditions y(0) = 0, y(1) = 1.

lambda = input(’Guess for eigenvalue: ’);

sol = bvpinit(linspace(0,1,10),0guess,lambda);

sol = bvp4c(Qodes,@bcs,sol);

fprintf (’Computed the eigenvalue \%g\n’,sol.parameters)

plot(sol.x,sol.y(1,:));

\%

function v = guess(x)

g = 5*pi/2;
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y = x*sin(g*x);

yp = sin(g+*x) + gxx*cos(g+*x);

v=_[y; (A -x"7T)*yp];

function dydx = odes(x,y,lambda)

ifx==1

yp = lambda/7;

else

yp = y(2)/(1 - x°7);

end

dydx = [ yp; -lambdaxx~7xy(1) 1;

function res = becs(ya,yb,lambda)

res = [ ya(1); yb(1)-1; yb(2) 1;

function ex2
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epsilon = 0.1;

b
Il

0.1;

[oN
I

0.001;

solinit = bvpinit(linspace(d,1,5),[0.01; 0],0.01);

sol = bvp4c(@odes,@bcs,solinit, [],epsilon,k,d);

p = sol.parameters; \’% unknown parameter

xint = linspace(d,1);

Sxint = deval(sol,xint);

\% Augment the solution array with the values y(0) = p, y’(0) = 0

\% to get a solution on [0, 1]. For this problem the solution is

\% flat near x = 0, but if it had been necessary for a smooth graph,

\% other values in [0,d] could have been obtained from the series.

[0 xint];

e
I

[[p; O] Sxint];

<
Il
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plot(x,y(1,:))

grid on

title(’Michaelis-Menten kinetics problem with coordinate singularity.

\%

function dydx = odes(x,y,p,epsilon,k,d)

dydx = [ y(2)

-2x(y(2)/x) + y(1)/(epsilon*(y(1) + k)) 1;

function res = becs(ya,yb,p,epsilon,k,d)

\% The boundary conditions at x = d are that y and y’

\% have values yatd and ypatd obtained from series

\% expansions. The unknown parameter p = y(0) is used

\’% in the expansions.

\% It is evaluated as a limit in the differential equation.

yp2atd = p/(3*epsilon*(p + k));

184



yatd = p + 0.5%pi/2;

ypatd = yp2atdx*d;
res = [ yb(1) - 1

ya(1l) - yatd

ya(2) - ypatd 1;

function sol = ex3

global yatd

d = 0.001;

yatd = asymp(d);

solinit = bvpinit(linspace(d,1/2,10),0guess);

sol = bvp4c(Qodes,@bcs,solinit);

xint = linspace(d,1/2);

yint = deval(sol,xint);

x = [0 xint];

y = [0 yint(1,:)];

asympy = [0 asymp(xint)];
plot(x,y,x,asympy)

grid on

axis([0 0.5 0 0.5])

legend (’Computed’, ’Asymptotic’,4)

h

function v = guess(x)
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v = [xx(1-x); 1-2%x];

function dydx = odes(x,y)

dydx = [y(2); -1/y(1)];

function res = bcs(ya,yb)
global yatd

res = [ya(1)-yatd; yb(2)];

function v = asymp(x)

v = x.*sqrt(-2xlog(x));

%Fischer BVP problem:

Ju"+cu’+u(1-u)=0
%u(-infinit)=1;u(infinit)=0

%this code is writen by Shampine and Gladwell
function Fisher

global c alpha beta infty

options=[];

hoptions:

options=bvpset (options,’Vectorized’,’on’);
options=bvpset (options, ’FJacobian’,@odeJac);
options=bvpset (options, ’BCJacobian’,@bcJac);
color= [’y’,’r’,’b’,’g’,’m’,’k’,’c’];
ws=[5,20,35,50,65,80,100] ;

hold on

for i=1:7

c=ws(i);
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alpha=(-c+sqrt(c~2+4))/2;
beta=(-c+sqrt(c~2-4))/2;

infty=10%c;
solinit=bvpinit(linspace(-infty,infty,20),0guess);
tic;
sol=bvp4c(@ode,@bc,solinit,options);
toc,;

figure(1)
plot(sol.x,so0l.y(1,:),color(i));
title(’Fisher BVP’);

axis([-100 100 0 1]);

grid on

hold on

drawnow

end

legend(’c=5’,’c=20",’¢c=35",’c=50",’c=65",’c=80",’¢c=100",7);
hold off
function v = guess(z)
global c alpha beta infty
if z>0
v=[exp(betaxz); betaxexp(beta*z)];
else
v=[(1-exp(alpha*z)); -alpha*exp(alpha*z)];
end
function dydz = ode(z,y)

global c alpha beta infty
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dydz = [y(2,:);-(cxy(2,)+y(1,:) . x(1-y(1,:)))];

function dFdy = odeJac(z,y)
global c alpha beta infty
drdy = [0,1

(-1+2xy(1)),-cl;

function res = bc(ya,yb)
global c alpha beta infty
res = [ya(2)/(ya(1)-1)-alpha

yb(1) /exp(betaxinfty)-1];

function [dBCdya,dBCdyb] = bcJac(ya,yb)
global c alpha beta infty
dBCdya = [-ya(2)/(ya(1)-1)"2,1/(ya(1)-1)
0 0];
dBCdyb = [0 O

1/exp(beta*xinfty), 0];
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Appendix A

Errors and Floating Point

Arithmetic

In order to measure the size of vectors and matrices (and in particular of errors

involving them) we need to provide our linear space with a norm [78].

Definition 74 A vector norm |-| : R* — Ry = {z € R: z > 0} is a nonnegative function

for wich:
1. |z|=0 iff =0
2. |yz| = [yl ||, for all vy € R

3. |x+y| <l|x|+|y| (triangular inequality)

We mainly deal with so-called Holder norms,

and especially

189



" 1/2
2], = (Z |xl|2> , the Euclidian (A1)

i =1

|z| ., = max |z;|,the max or sup norm (A.2)
1<i<n

All norms on a finite dimensional space define the same topology, since they are equiv-
alent. Nevertheless, for some applications one particular norm is preferred over another.In
this book we use the max norm, and denote it simply by |z|. For matrices we can also

define a norm.
Definition 75 Le A € R"*™. The polynomial
p(A) = det(A — AI)

is called characteristic polynomial of A, the zeros of p are called etgenvalues of
A. If X is an eigenvalue of A , the vector x # 0 such that (A — M)z = 0 is an

eigenvector of A, corresponding to the eigenvalue \.
Definition 76 We also define

p(A) = max{|\|, \ eigenvalue of A}
the spectral radius of the matrixz A.

Definition 77 A matriz norm is a map ||-|| : R™*" — Ry is a nonnegative function

for wich:
1. JAl=0 4ff A=0
2. Iy Al = WAl for ally € R
3. [|lA+ Bl < [|All + || B]]
4 [[AB| < [[All 1| B]]
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A simple way to obtain matrix norm is: given a vector norm ||-|| on C™ the map
-] : C**™ — R the map ||-|| : C**" — R
Av
= s B oy an=
vecmwzo IVl ween vy <1 veCn Jlu]| =1

is a matrix norm called subordinate matrix norm or natural norm.
Remark 78 A subordinate matriz norm verifies ||I|| = 1.

Theorem 79 [78, pag 22] Let A € K"*"(C). Then

[A]l; = m?XZ |aij]
7

IAll, == &/p(AA") = /p(A%) [|A*],

where A* is the conjugate transpose of A.
Al = mﬁxz |ai;]
J
The norm ||-||, is invariant to the unit transforms
UU* =1 =>||Ally = |AU|ly = |UA|}, = U AU

If A is normal then
AA* = AA => |[All, = p(A)

Remark 80 The norm |||, is called Chebychev norm or m-norm, |||, is called

Minkowski norm and |||, is the Euclidian norm.

Definition 81 /33, pag 61] Let A be a square matriz, then we call

L I+ hA| —1
p(A) = hlg]}%o h

(A.3)

the logarithmic norm of A.
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Theorem 82 [23] The logarithmic norm of A (A.3)is obtained by the following

forms for the Euclidian norm :
. L, 7
((A) = Apax = largest eigenvalue of 5(14 + A)

and for the maxz -norm

p(A) = max (ap: + > lail
i#k
The prof of these theorem is due in book [33, pag 61].

Theorem 83 [33] If Q1 and Qs are arbitrary orthogonal matrices then

1Q1AQ2]l, = [[All,

This theorem indicates why orthogonal matrices are so important in numerical anal-
ysis: In many applications we have to multiply a certain matrix by many transformation
matrices. If the transformations are orthogonal, and we have a method to compute them
reasonably well, the resulting product will have roughly the same 2-norm;i. e., the multi-
plication may be expected to be numerically stable!

We shall also need to formalize the notion of angles between vectors and matrices.

Definition 84 The angle between two vectors u,v € R" is defined by

[u” o]

|u]2 |U’2

6 = arccos

This generalizes to a notion of angles between matrices or subspaces as follows: Let U
and V be in R™* and R™*!, respectively. Then the angle between range(U) and range(V)
(or simply the angle between U and V') is defined by

[u” 0|

6 = arccos max max
uelU v €V |u|2 ’U|2

Remark 85 Note that
0<6<m/2

If range(A) Nrange(B) = {0}, then 6 > 0.
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Definition 86 Let A be square and nonsingular, and ||-|| a norm. Then
cond(A) := ||A]| ||A’1H
1s called the condition number of the matriz A .

We note that cond(A) > 1 and cond(yA) = cond(A) for any v € R. The value of
cond(A) depends, of course, on the matrix norm used in its definition. But we often avoid
being specific about the norm used for this concept, emphasizing its qualitative nature.

If cond(A) is large, then the matrix A is called ill-conditioned.

Since cond (A) = 1 if A is orthogonal (AAT = ATA = I, A real), we conclude that

orthogonal matrices are optimally well-conditioned with respect to the 2-norm.

Theorem 87 1.Let A be an arbitrary square matriz and ||-|| a certain matriz (subordinate

or no). Then

p(A) < || Al

2. Giwen a matrizx A and a number € > 0, there exits a subordinate matrix norm such

that

[A]l < p(A) +¢

The proof of this theorem is given in book [77].

Remark 88 For complex valued matrices the above formulas remain valid if one replace

A by A" and ag by Re ayy.

Let

=z, .., zm]’ ER™ y=[y,...,yn] €R"

We think y, = f (z1,..., %), v = 1,n, as a function of one single variable x,,

'rli gfacu
Yy = (cond,, f) = I >” (A.4)




These give us a matrix of condition numbers

9 f 9 f 1
179 x; Imy z m
f (=) fz)
Vy SRS : = [Vyu(@)] (A.5)
2. 2 N 9 f
179 2 z

m 9 xm

n(z) 7 fon(z)

and we shall as condition number [77, pag 10]

(cond f)(z) = [[vul (A.6)

Example 89 (Systems of linear algebraic equations) Given a nonsingular square

matriz A € R™"™ and a vector b € R"™ solve the system

Ar =b (A7)

Here the input data are the elements of A and b, and the result is the vector x. To

simplify matters let’s assume that A is a fixred matriz not subject to change, and only b is

undergoing perturbations. We have a map f : R™ — R" given by

z=f(b):=A""b

which is linear. There g{ = A1

IBIIATY lAs] 1A~
cond f =
(cond ) = [AT5T = A

Az] -

Also we define [77, pag 12] the condition of an algorithm A at x by comparing
the relative error with eps

(cond A)(x) = inf Iz T| ” ”/eps

where x 4 is an input data for an any algorithm. The infimum is over all z 4 satisfying

ya=f (za)
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In practice one take any such x 4 and then obtain an upper bound for the condition

number
llza—z]l

con X =]
(cond A)(a) < 11

We recall some considerations concerning overall eror [77, pagl3]. The problem to

be solved is again

fORT SRy = f(2) (A8)

This is the mathematical (idealized) problem, where the data are exact real numbers,
and the solution is mathematically exact solution. When solving such a problem on a
computer, in floating-point arithmetic with precision eps and using some algorithm A

one first of all rounds the data, then applies to these rounded data not f but fa.
x* = x rounded, e =, Y4 = falz")
x

Here ¢ represents the rounding error in the data. The total error that we wish to estimate
is
lya — vl
Iyl

By the basic assumption f 4(z) = f (z4) made on the algorithm A and choosing x 4

optimally, we have

= (cond A)(z")eps (A.9)
Let y* = f(x%) , using the triangle inequality we have

i — vl < i — vl N ly" =l v —wl Ny =yl
[yl lly* |l lyll ]| Pal

We supposed |ly|| = ||y*|| . Bz virtue of (A.9) we have the first term on the right

o= ol _ U ae) = £ ) =@ e
T e e S eend ) (cond f)(cond A)(@")

[Eell
and for the second

ly" =yl _ If (=) = f(2)]
[yl 1f (@)l

*

lo* — |

]

< (cond f)(x) = (cond f)(x)e
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Assuming finally that (cond f)(z*) = (cond f )(x) we get

i — vl
7l

Conclusion 90 The data error and eps contribute together towards the total error.

< (cond f)(x)[e + (cond A)(x")eps] (A.10)

If the condition number of a problem is large ((condf)(z) > 1), then even for
small (relative) errors, huge errors in output data could be expected. Such problems
are ill-conditioned problems.It is not possible to draw a clear separation line be-
tween well-conditioned problems.The classification depends on precision specifications. It

we wish
ly* = yal
Iyl
and on (A.10) (cond f)(xz) > 7 ,then the problem is surely ill-conditioned. It is very

<T

important to choose a reasonable boundary off error, since otherwise, even if we increase
the iteration number, we can not achieve the desired accuracy.

If the result of mathematical problem depends discontinuously on continuous input
data, then it is impossible to obtain an accurate numerical solution in a neighborhood of
the discontinuity. In such cases the result is significantly perturbed,even if the input data
are accurate and the computation is performed using multiple precision. These problems
are called ill1-posed problems.

An ill-posed problem can appear if for the example an integer result is computed from
real input data.

We recall some basic results concerning stability the due to Radu T.Trambitas [77,
pag: 16-18].

Definition 91 We say an algorithm fa for a problem y = f(z), f: X —Y 1is stable
if for each v € X

fa@) — @I _ .
o o) (A1)
for some T with
E-sl o
E R
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Definition 92 We say that an algorithm fa for the problem is backward stable if

|17 =l _

VaoelX, 3z with Tz = O(eps)
T

such that

This is tighttening of the definition of stability is the Q(eps) in (A.11) was replace

by zero.

Theorem 93 Suppose a backward stable algorithm fa is applied to solve a problem
f X — Y with condition number (cond f)(x) on a computer satisfying of the

fundamental axziom of floating-point arithmetic. Then the relative error satis-

fies
[ fa(z) — f(@)]]
I1f ()]

= O((cond f)(x)eps)
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