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Preface

The present book is an introduction to the main subjects of what is
usually called mathematical logic. It is structured in the following chapters:
Propositional Logic, First-order Logic, Formal Number Theory and Modal
Logic of Provability." The leading aim of the whole construction is to get a
clear idea of what a First-order Logic (FOL) is (Chapters 1 and 2), a proper
extension of the First-order Logic axiomatized (FOL*) in a first-order
theory called Peano Arithmetic axiomatized (PA*) (whose key part is the
analysis of the Gdodel's theorems, in a variety of forms) (Chapter 3) and,
finally, a modal analysis of the provability predicate Bew(x) of PA*™ in
terms of the propositional modal system GL (Chapter 4).

Let us detail.

Propositional Logic (PL). The analysis of this simplest part of
mathematical logic is given in both ways, semantical and syntactic.

Semantical treatment of PL concerns the definitions and the behavior
of the semantic notions (e.g., truth function, validity, satisfiability,
unsatisfiability, semantical consequence), the proof of some basic theorems
of PL (e.g. Substitution Theorem, Replacement Theorem, Duality Theorem,
Normality Theorem, Interpolation Theorem) and the discussion of some
decision procedures in PL (e.g. truth table method, Quine's method, normal
forms), accompanied by relevant examples and proofs.

Syntactical treatment of PL takes as basis of considerations the
Lukasiewicz's axiomatic system PL™, related to which some fundamental
results are accurately stated and proved (e.g., Substitution Theorem,
Replacement Theorem and Deduction Theorem).

Finally, the analysis of PL ends with stating and proving the
theorems connecting both ways of analysis of PL, semantical and syntactic:
Soundness Theorem, Completeness Theorem and, as a general result about
PL, Decidability Theorem for PL.

! The most part of these matters represents the content of my university lectures on the
specified fields (Symbolic Logic, Modal Logic and Recursion Theory), given at Babes-
Bolyai University Cluj-Napoca.

2 Also known as "model-theoretic" and "proof-theoretic" treatments of PL (comp. inter alia
S.C. Kleene [1968]).



First-order Logic (FOL). FOL is an extension of PL and, similarly, it
is treated from a double perspective, semantical and syntactic.

Semantical approach refers to the main semantical notions (e.g. a
model M of a first-order language, satisfiability of a formula o in M, truth of
o in M, validity of o in FOL), methods of testing the validity of a formula
o, some basic results in the metatheory of FOL, used later on in stating and
proving some theorems and rules of deduction, and the proofs of some
fundamental facts of FOL e.g. Duality Theorem, Interpolation Theorem and
Beth's Definability Theorem.

Syntactical approach deals with the axiomatic construction FOL™ of
FOL, a formal system which extends the formal system PL** of PL. The
main metatheoretical results for FOL*™ are stated and integrally proved, e.g.
Deduction Theorem, Substitution Theorems, Replacement Theorem, Choice
Rule, prenex and Skolem normal forms in FOL*.

Similar to the analysis of PL, the ways the semantic and syntactic
parts are connected, is the subject of two important metatheoretical results:
Soundness Theorem and Completeness Theorem for FOL*. Actually, the
completeness and the Lowenheim-Skolem theorems are derived from a
basic and more general result concerning the first-order theories, according
to which every consistent first-order theory has a model of Xo-cardinality.
All these results are integrally proved.

Finally, the analysis of FOL ends with the fundamental result known
as Church's Undecidability Theorem. But since this section calls for some
results of the next chapter (Chapter 3), mainly the notion of essentially
recursively undecidable theory, these matters will be perfectly
understandable after the reading of Chapter 3.

Formal number theory. This part of the book intends essentially to
do an account of a formal system, usually known as Peano Arithmetic
axiomatized (PA®), and then, with reference to this system, to analyse a
variety of ways the Godel's results concerning the incompleteness and
undecidability can be formulated and proved. Actually, the first part of this
chapter (Sect. 1-3) represents just a preliminary of the second part (Sect. 4),
focused on Godel's theorems.

In short, the first part contains an exposition of the formal system
PA™ and a lot of theorems and metatheorems proved within and about PA™
(Sect. 1), some basic notions and number-theoretic functions and relations
(Sect. 2), and then some fundamental notions on the recursive functions and
relations, including the essential fact of the formal representability
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(expressibility) of the recursive functions (relations) in PA** (Sect. 3).

The second part begins with an account of some of the most relevant
ways of constructing an undecidable sentence and, correspondingly, in
formulating and proving the Godel's theorem (and its Rosser's form). In all
these forms (with or without Diagonal Lemma, or via paradoxes) the
diagonalization plays a key role.

The analysis goes on with an exposal of Kleene's generalized forms
of Géddel's theorems, on which Smullyan's and Kripke's subsequent
investigations are essentially based. Let us review in brief these results.

Kleene's considerations are based on his primitive recursive
predicate 7'(z,x,,...,x,,») which, in turn is based on the Herbrand-Godel

idea of defining the computable functions in terms of the systems of
equations. In fact, this predicate is a key notion of a lot of important results,
e.g. inter alia the Enumeration Theorem. This theorem, via diagonalization,
leads to a result on which some other significant fact is based, i.e., a form of
Church's Theorem, according to which there is no algorithm for either of the

predicates ( T (x,x,y) or (Ey)T'(x,x,y). On the other hand, if R(x,y) is
the primitive recursive predicate whose meaning is "y is a proof of the
formula A(X), then (Ey)R(x,y) means " A(x)" (i.e., A(X) is provable).
And therefore if A(x) expresses a predicate P(x), then the expression
- A(X)<> P(x) means that the formal system we are referring to is both

correct and complete for P(x). Now, if P(x) is ()T (x,x,y), then three
generalizations of the first Godel's incompleteness theorem can be
constructed, whose idea is that for this predicate there is no correct and
complete formal system.

Using, again, the 7-predicate, Kleene also gives a generalization of a
Rosser form of Godel's theorem, by the so-called symmetric form of Godel's
theorem.

R. Smullyan's and S. Kripke's strategies of deriving undecidability
theorems, based on Godel-Kleene results, apply the idea of recursive
enumerability with the ideas of separability and recursive inseparability.
Briefly, the way these matters are correlated is the following. Two other
remarkable results of mathematical logic are Kleene's Enumeration
Theorem for partial recursive functions, according to which there is a
partial recursive function @ (z,x,...,x,) such that for z=0,1,2,... it gives an

enumeration of the n-place partial recursive functions, and Kleene's
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S, -Theorem. As regards the first result, it is used both in a proof of

Diagonal Lemma, using the recursion theory, and in the construction of the
so called Kleene's recursively inseparable pair (Si1,S2) of recursively
enumerable sets, a result on which a form of Rosser's theorem is based and

proved. The second result, S;'-theorem, is relevant both in giving a distinct

proof of Godel's theorem and in the derivation of a fundamental result of the
recursion theory: Kleene's Second Recursion Theorem.

Finally, two short sections refer to some other ways of investigation
the incompleteness phenomenon. One of these ways is based on the Post's
idea of creative sets, used in stating and proving a form of incompleteness
theorem for any correct and axiomatizable system S. The other way, due to
Smullyan, is based on the idea of the complete effective inseparability of a
disjoint pair of sets. Using a Kleene function for a recursively enumerable
pair of sets, it represents an interesting proof of Kleene's symmetric form of
Godel's theorem.

Modal logic of provability. This logic, as we said, concerns basically
the study of the mathematical notion "provability" using the modal
apparatus of a modal system. Essentially, it deals with the relationship
between two formal systems: PA™ (Peano Arithmetic axiomatized) and GL
(the Godel-Lob system of modal propositional logic).

The first section (4.1) of this chapter is an exposing of the best-
known modal systems, including G£, by considering them both syntactical
(i.e., regarding them axiomatically and by proving some theorems) and
semantical (using the corresponding notions: frame, model, validity,
relativized to each of these systems S, accompanied with the respective
theorems, connecting the S-validity with the corresponding properties of S-
frames).

Similar to the classical systems PL* and FOL*, a relevant question
is that of proving the soundness and completeness of these systems. The
soundness easily follows from the theorems mentioned above, theorems
connecting S-validity with the respective properties of S-frames. For the
proof of completeness two kind of techniques are applied, that of the
canonical models and that of the finite models. The use of the later is called
for by the fact the system GL, the basis of our considerations in the next
section (4.2), is non-canonical, and then the proof of its completeness using
canonical models cannot be applied.

The second section (4.2) of this chapter is a concise account of the
idea of a modal logic of provability, whose aim is the study of the behavior
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of "Bew(x)" (the provability predicate for PA*) using its modal counterpart,
expressed by the operator "[J" (necessity) (of the modal system GL).
Actually, two fundamental items concerning the relationship G£-PA™ make
the subject of this account. On the one hand, a result referring to the
arithmetical soundness and arithmetical completeness (due to R. Solovay)
of GL, with some of the most relevant consequence for PA*™; and on the
other hand, the so-called Fixed point theorem (due to Dick de Jongh and
Giovanni Sambin).

The elaboration of this book is based on the works of the most
notable authors in the above treated fields of mathematical logic. A special
indebtedness is acknowledged to the following authors: D. Hilbert and W.
Ackermann, H. Scholz and G. Hasenjaeger, K. Godel, S.C. Kleene, R.M.
Smullyan, G. Boolos, G.E. Hughes and M.J. Cresswell, C. Smorynski,
whose works were extensively used in the present book. The aim of the
book is to give an analysis of the key concepts, characteristic of these fields,
all the essential theorems being accompanied by their proofs, given
integrally, sometimes by introducing versions of the proofs, illustrating
them by examples or by taking them from the original sources of the
respective cited authors, in order for this book to be self-contained and
maximally explanatory.

This book is for undergraduate, graduate, PhD students and
researchers. But having the traits of a textbook, it may be consulted by
anyone interested in the mathematical logic.

V.D.
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Chapter 1. PROPOSITIONAL LOGIC

Unlike the traditional syllogistic, in which the structure of a sentence
was a part of its analysis, in the propositional logic this aspect is not taken
into consideration. Nor the content of a sentence is of some importance
here. All that matters in the classical propositional logic is that sentences are
either true or false, how are they combined to form more elaborate sentences
and how the truth value of a compound sentence depends on the truth values
of their components.

Like any other logic the propositional logic has its syntax and its
semantics. Let us refer to the classical propositional logic by PL, and to its
language by Lpr.

1. Syntax of PL

If, for example, p is the sentence The chalk is white' and q is the
sentence The sky is blue, then some other sentences can be constructed, like:
The chalk is not white, The chalk is white and the sky is blue, The chalk is
white or the sky is blue, If the chalk is white, then the sky is blue, The chalk
is white if and only if the sky is blue, etc. In the first case the operation
performed was the megation (—) of the sentence p, in the second we
connected p and q by comjunction (A), then by disjunction (v), by
implication (D) and by equivalence (=), respectively. Since the meaning of
these sentences doesn't matter, we may represent them by the following
symbolic constructions: —p, pAq, pvq, p2q, p=q. These are formulas, in
which p, q are propositional variables and —, A, v, D and = propositional
connectives. But nothing prevents us from constructing more elaborate
formulas, using parentheses, like (poq)or, (pA—q)vs, (q=r)Ap, etc. The
symbols used in such formulas are the symbols of the language Lpr, hence
Lpr contains the following symbols:

1. The symbols for propositional variables*: pi, p2, ps..., written
sometimes informally as p, q, T,...

' We refer to such sentences by writing them in italics, without using the quotation marks;
the same will hold for other references.
2 We'll call them simply "variables".



2. The symbols for propositional connectives®: —, A, v, D, =,

3. Auxiliary symbols: (,), written sometimes informally as [,], {,}.
The notion "formula of Lp." will be defined recursively, i.e., using rules
allowing to construct more elaborate formulas from those already given. By
o1, 02, 03..., written sometimes informally as o, B, y,... we understand
arbitrary formulas of Lpr.
Definition 1. a) Any variable of Ly is a formula of Ly (it is also called an
atomic formula of Lpr).

b) If o is a formula of LpL, then —o is a formula of Lpr.

c) If o and B are formulas of LpL, then oo} is a formula of LpL,
where " o" denotes anyone of the connectives A, v, D, =.

Are formulas of LpL only those syntactic constructions given by a),
b) and c).

In what follows by I'1, Iz, I's..., written sometimes informally as T,
A, A,..., we understand arbitrary sets of formulas of Lpr.
Definition 2. The complexity of a formula o° of LpL (compl(av), for short) is
the number of the occurrences of connectives in a., i.e.,

a) Any variable has the complexity zero.

b) If o has the complexity n, then —o. has the complexity n+1.

¢) If o and B have the complexities m and n, respectively, then a.o[3

has the complexity m+n+1.

2. Semantics of PL

2.1. Notions
2.1.1. Truth functions

The propositional logic we study in this section is the classical
propositional logic, that is, it is a two valued logic. While the syntax of PL
shows the "grammatical" mechanism of constructing its admissible entities,
the semantics is interested in the meaning of these entities, and this requires
the consideration of the truth values: 1 (true) and 0 (false). To interpret a
variable p means to assign it a truth value, 1 or 0. To interpret a connective,

3 We'll call them simply "connectives" or "operators".

4 We shall sometimes use + (exclusion), / (incompatibility) and { (rejection) as
abbreviations for anti-equivalence, anti-conjunction and anti-disjunction, respectively;
comp. L. Wittgenstein [1], 5.101.

3 Or the degree of a.



-, A, V, D, =, is to completely specify the truth of the compound sentences
containing it as a function of the truth values of its arguments
(components).® This can be done by giving the corresponding truth tables,
1e.,

These truth tables are, therefore, the semantic definitions of the
respective connectives. A conjunction, pAq, is true if and only if both p and
q are true, a disjunction, pvq, is true if and only if at least one argument is
true, an implication, p>q, is false if and only if the antecedent (p) is true and
the consequent (q) is false, and an equivalence, p=q, is true if and only if its
arguments have the same truth value.

Of course, the above truth tables still hold if instead of p, q, we set
arbitrary formulas of Lpr, o, B, since for any interpretation of their variables
these formulas may be either true or false.

Using these connectives, as we saw in 1, we can construct more
complex formulas of Lpr.

Examples. o=[(p>q)A—r]=q.’

Let us determine the truth value of a with respect to the truth values
of its variables, i.e., we have to make the truth table for o. If # is the number
of variables of a formula o, then the number of interpretations of p, q, r is
2", in our case 8.

plalr|p2q |t |[(pD2PA—T |[[(pDgA-T)]=q
L1 (1 [ 1 0 0 0
1{1/o| 1 1 1 1
1{o|1] o 0 0 1
110|0] O 1 0 1
ol1]1]| 1 0 0 0
ol1]0| 1 1 1 1
o(o]1] 1 0 0 1
o(o]o] 1 1 1 0

¢ Ie. all these operations are truth-functional operations.
7 In the whole expression "=" is a symbol of metalanguage and means "is". Sometimes we

n.n

use equivalently ":" instead of "=".
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B=(p>q9)=(qVv—p)

lplalp2q|—=plav-p | (P29 =(qQVv—p)|
T11] 1 0 1 1
1lo] o | o 0 ]
01| 1 1 1 1
0l0| 1 1 1 1
y=(pP=q=[(pAr—q)Vv(@Ar—p)]
lplalp=qa|—9q|[pr—q|[=p|gr=p|(PAr=q)V(@r—p)|Y]
T11] 1 0 0 0 0 0 0
110 0 1 1 0 0 1 0
o1 o | o 0 1 1 1 0
olo| 1 1 0 1 0 0 0

As can be observed, for each assignment of truth values to its variables,
each formula takes a truth value, 1 or 0. Hence each formula determines a
truth function, representable by the truth table of the respective formula.
Definition. Let (v,,...,v,), n>1, be an n-tuple of truth values.® Let T be the
set of 2" n-tuples. A truth function is a mapping from T to the set {1,0}, i.e.,
f": T —{1,0}.

Since the cardinal’ of T is 2" and the cardinal of the set {1,0} is 2, it
follows that there are 2" different truth functions.

Let us consider the cases n =1 and n = 2.
If n =1 we have the following 4 functions.

p| @ | Hm | B0 | fim)
1‘ 1 ‘ 1 ‘ 0 ‘ 0
0 1 0 1 0

If f' = f!, then f' is the function verum, true for any assignment of

its argument p. f, is just p, f31 is —p and f, is falsum (false for any

8 Every member of an n-tuple being either 1 or 0.
° The cardinal number of a finite set is the number of its elements. The cardinal number of a
denumerable set is No.
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assignment to p).'°

If n=2, then f? is one of the following 16 binary truth functions
from Wittgenstein's Table!'':

Iplaglfa | |6 | f|f | f [ | &[] fo|fin | fio [fis | fia|fis| fi
11111 1 1 1 1 1 1 1 010 0 0 0 0 0 0
11011 1 1 1 0 0010 1 1 1 1 0 0 0 0
011 1 0 0 1 1 00 1 1 0 0 1 1 0 0
001 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0

T vicl|lp|olal=|Aal/ |+ |=q| 2?2 |-ple |l ]|C

These 16 truth functions are respectively: tautology (7 ), non-
exclusive disjunction (v), converse implication (<), prependence (p),
implication (D), postpendence (q), equivalence (=), conjunction (A),
incompatibility (/), exclusive disjunction (+), nonpostpendence (—q),
nonimplication (2 ), nonprependence (—p), nonconverse implication (),
rejection (¥) and contradiction (C).

As can be seen, the functions f, —f;, can be obtained, accordingly,

by negating the truth values of the functions fg —f;, a reason for which

incompatibility is also named anticonjunction, exclusive disjunction —
antiequivalence, rejection — antidisjunction, and so on.

2.1.2. Validity, satisfiability, unsatisfiability

What the truth tables of the above formulas show is the following
fact: B is true for every interpretation of its variables, y is false for every
such interpretation, and a is true in some interpretations and false in other.
Let us introduce definitionally these differences.

By [a]™ in what follows we understand the truth value of the

formula o in an interpretation int. And if I is an arbitrary set of formulas of
Lpr, then [I']™ =1 means Sat(I'), i.e., there is an interpretation int of the
variables occurring in the formulas of I' in which the formulas of I' are
simultaneously true.

19 Tn a notation of the form f:;l , n is the arity of f (i.e. the number of its arguments) and m is

the index of f in an enumeration.
' Comp. L. Wittgenstein [1], 5.101.



Definition 1. A formula o of Lev is valid'? (symbolic: \= o) if and only if
[a]™ =1, for every interpretation int of its variables.

This means, equivalently, that its corresponding truth function takes
only the value 1.

Definition 2. 4 formula o. of Lpv is satisfiable if and only if [a]™ =1 for
some'? interpretation int of its variables (symbolic: Sat o).

Equivalently, this means that the corresponding truth function of a
takes the value 1 for some n-tuple in T.

The following equivalences are immediate consequences of the
semantic definitions of the corresponding connectives: —, A, v, D, =.

Sat.  [—o]™ =1 iff [a]™ =0

Satn  [aAB]™ =1 iff [a]™ =1 and [B]™ =1

Sat,  [avB]™ =1 iff [a]™ =1 or [B]" =1

Sats  [a D B]™ =1 iff [a]™ =0 or [B]" =1

Sat=  [a=B]™ =1 iff [a]™ =[B]™.
Definition 3. 4 formula o of LpL is unsatisfiable (symbolic notSat o) if and
only if [a]™ =0, for every interpretation int of its variables."*

Equivalently, the truth function it determines takes only the value 0.

Let us connect the meanings given by Def 1-3 by the theorems stated

below. Some of them are immediate and do not require any proof.
Th 1. Ea iffnotSat—a.

Th 2. Sat o iff notf—a.
Th3. If Ea=p, then (E o iff Ep).

The converse of the theorem does not hold, since, for example, p
iff |=q holds but not= p=q.

Th 4. If E o=, then (Sat o iff Sat p).
The converse does not hold; as above.

ThS. EanBiff (Fa and =B); by def of A.

Th 6. If Eaor B, then EovpB; by def of v.

12 Also called tautology.

13 Possible for all interpretations. In a more restricted sense, a formula o is satisfiable iff o
is neither valid, nor unsatisfiable.

4 From now on we shall often time omit the qualifying phrases "of its variables" or "of the
variables occurring in a formula a".
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Th 7.

Th 8.
Th 9.

The converse does not hold; [ (p>q)v(pvq), but notp>q and

notkE=pvq.

If Sat anP, then Sat o and Sat .

Proof. Assume Sat aAp, i.e., for some interpretation int of variables
in o and B, [a AB]™ =1, by Def 2 above. And then [a]™ =1 and

[B]™ =1, by Sat.. Whence Sat o and Sat 3, by Def 2.

The converse does not hold, since, for example, Sat p and Sat —p,
however notSat pA—p.

Sat avp iff Sat o or Sat .

(If Sat a, then Sat 3), then Sat a>f3.

Equivalent: If notSat a>p, then Sat o and notSat f3.

Proof. Assume notSat a>f. Then E—(a>p), by Thl, equivalent
E aA—p, (show that!) and then = o and | —f3, by Th5. Whence, for
every int [a]™ =1 and [—f]™ =1, hence [B]™ =0. It follows then
that Sat o and notSat 3.

The converse of this theorem does not hold, since, for example,
Sat po(q=—q) but the following does not hold: if Satp, then
Sat qg=—q.

Th 10. If = a>p, then (if Sat o, then Sat P).

Equivalent: If Sat o and notSat 3, then notj= a>p.

Proof. Assume Sat a., i.e., for some int [a]™ =1, and nonSat B, i.e.,
for every int [B]™ =0. It follows that there is an int such that
[a. D B]™ =0, and then not = aop.

The converse of this theorem does not hold, since Sat q holds, and
then also holds: if Sat p, then Sat g, but not=p>oq.

Th 11. If =B, then = (arP)=a,

1.e., the truth value of a conjunction does not change if a valid (or
true) argument is eliminated (cf. 2.2,9)'3 (below). And then an empty
conjunction is valid.

15 Where the notations of the forms "Sect. 2.2,9" or, simply, "2.2,9", or "Ch. 2, Sect. 3.2.6",
etc. indicate the respective section and the corresponding item, including the chapter (if this
is the case). Here, 2.2,9 means "the section 2.2, the formula 9".
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Th 12. If EB, then = (avPB)=B,

1.e., a disjunction is valid if at least one argument is valid.
Th 13. If =B, then = (foo)=a.

Th 14. If B, then = (P=o)=0.
Modus Ponens (MP). If o and o>, then = f.
Proof (reductio). Assume o, Ea>P and not=p. Then [B]™ =0,
for some int and then [o. > B]™ =0 for some int, since [a]™ =1 for
every int. Whence notj= o.of, contrary to the assumption.
The converse of MP does not hold, since if |=f3, then for any formula
a of Lp. Fa>p (argue). Hence from the fact that =3 does not follow that
Ea>P and =o.
MP (variant). If = o>, then (if o, then = p).
The two formulations of MP are equivalent; (comp. 2.2,41) (below).

2.2. Remarkable formulas of LpL

Let us consider some remarkable'® valid formulas of Lpr, with
respect to the connectives mentioned in the front of every class (—,A,v,D,=).
(=) 1. —.="p=p; k=0,12,...; 1 and 2: elimination of multiple

negations

—p=—p; k=012,..
- (pAP)=D;
. (pAq)=(qAp); commutativity of A

Tl

()

. [pA(@AaTr)]=[(p AQq) AT]; associativity of A

ApA(@vo)]=[(pAq) Vv (pAr)]; distributivity of A
with respect to v

- [pA(PVvQ]=p;

IpA(PA@]=(PAq)

- [pA(@v—q]=p

10. (pAq) D p;

L. (pArg)>q

O o0

16 "Remarkable" in the sense of being frequently used in our proofs in this book.
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V)

12.

13.
14.
15.
16.
17.
18.
19.
20.
21.
22.

23.

24.

25.
26.
27.
28.
29.

30.

31.
32.
33.
34.
35.
36.
37.
38.

/1_1\] pi ©Pp;; 1< j<n; generalization of 10 and 11

(PAq>D(pVvaq)

PAr>D(P>9

(pAq)=—(—pVv—q); 15 and 16 De Morgan laws
—(pAq)=(—pVv—q)

—(p A—p) ; principle of noncontradiction

(p A—p) Dq; ex falso quodlibet

(Pvp)=p;

(pvq)=(qVp); commutativity of v
[pv(qvr)]=[(pVvq)Vvr]; associativity of v
[pv(gAaD)]=[(pVvq) A(pVvr)]; distributivity of v
with respect to A

[pv(@on)]=[(pVvq) D(pVvr)]; distributivity of v
with respect to ©

[pv(g=1)]=[(pVvq)=(pVvr)]; distributivity of v
with respect to =

[pv(Pval=(PVva);

[pv(PA@I=p

[pv(@r—q]=p

p>(pVvq); 28 and 29: introduction of v
q=>(pva)

p; © Vp;; 1< j<n(generalization of 28 and 29)
i=1

(pvq)=—(—p~Ar—q); 31 and 32 De Morgan laws
—(pvq) =(—=pAr—q)

pV —p; tertium non datur

P>qv(p>—q)

P2V (=p>oq)

(p=q)v(p=—q)

(p=q)v(=p=9q)

[(pv—p)>q]=q



(=)

39.
40.
41.
4.
43.
44.

45.

46.

47.
48.
49.
50.
51.

52.
53.
54.
55.

56.

57.

58.
59.
60.
61.
62.
63.
64.

p D p; reflexivity of o

[(pDo g A(gqD1r)] D (pDr); transitivity of O
[P=(@>0]=[(PArq) >1];

[p2(q>1)]=[q > (p Dr)]; permutation of premises
[Po>(Po>PI=(P>D9;

[p2(qAD)]=[(pDq) A(pDr)]; distributivity of D
with respect to A

/i\l(q op;)= (q > ./n\lpij ;

_/j\l(pi oq)= (_\n/lpij =L!

[p2(@q21)]=[(p>q) > (p>r)]; self-distributivity of o
(p 2 q9)=(—q >—p); 48 — 50 laws of contraposition
(=p>q)=(=q>p)

(P>—q)=(@>—p)

[((pAq) Dr]=[(pA—r) D—q]=[(qA—T) D —p]; partial
contrapositions

p>(q>p); 52 and 53 paradoxes of material implication
—p>(p>q

p D (—p >Qq); ex falso quodlibet

(Po9[(pAr)>ql;

(p; Dq)D((/n\lpi)qu, I<j<n

((\n/lpiqujD(pj 5q),1<j<n

(pog@>[r>p)>(r>q)]

P29 >l(@>1)>(or)]
(po@>[(pvr)o(qvr)]

[pA(pD>Qq)l>q; modus ponens

p 2[(p 2 q) 2 ql; modus ponendo ponens

p2[(q 2—p) D—ql; 63 si 64 modus tollendo tollens
[(p ©2q) A—q] D —p modus tollens

10



(

)

65.
66.
67.
68.
69.
70.
71.
72.
73.
74.
75.
76.
77.
78.
79.
80.
81.

82.
83.
84.
85.
86.
87.
88.
89.
90.
91.
92.
93.
94.
95.

[(p 2 q) A(—p DQq)]>q; constructive dilemma

(p 2 —p) > —p; 66 — 67 reductio ad absurdum
(=p>p)op

[P A(PD—q]>—p

[pPo(qA—=q)]=—p

[(p 2 q) Dp]>p; Peirce's law

p =p; reflexivity of =

(p=q)>(q=p); symmetry of =

[(p=q)A(q=1)] 2 (p=r); transitivity of =
[p=(q=r)]=[(p=q)=r]; associativity of =
(p=q)=(—p=-—q); 75 and 76: contraposition of =
(—=p=q)=(P=—q)

(P=9)>(P>9;

(p=)>(@>p)

—(p=q)=(—p=q); rejection of =

(p=q9 =[(pAq)V (—pA—q)]; truth conditions of =
(p=q)2[(per)=(qer)], where ,,o” denotes everyone
of the connectives A, v, D, =
[(p=qg)A(r=s)]D[(per)=(qes)], with,,o” as mentioned
[((p=—p)=p]=—p

(Poq=[p=(pr9)]

Po9=[q=(pVvy]
[po(@=0]=[(Prq)=(Ar)]
[po(@Qvn]=lp>og) vr]
[po(@vn)l=[(p>or)vq]

—(p = —p) ; noncontradiction

[p=(—p Aq)] ©—q; noncontradiction
(p=—p)>q

[p=(qA—q]=—p

[(PoDA(PD—=9]=—D

[(PoDA(=PDP]=q

[p>(q=—q)]=—p.
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Remark. If in any valid formula in this list we replace the variables p, q, r
with the names of arbitrary formulas of Lpr, then we'll obtain the respective
schemas of valid formulas of Lpr. From the formula (p>q)>(—q>—p), for
example, we get the valid schema (a>p)>(—B>—a). As can be seen, such a
schema represents an infinity of valid formulas, obtained by replacing the
names o and 3 with formulas of Lpr.

2.3. Reducibility in PL
Let us take some examples illustrating the idea of reducibility.
If a=p=q, then a can be equivalently expressed by the formula
o =—=[=(=pvq)v—(—qvp)], in which only — and v occur (show that!). If
B=p+q, then B can be written, equivalently, as B’ = —(—=pvq)v—(—qvp),
i.e., it can be expressed by a formula containing only the connectives — and
v. If y=(p>q), then ¥~ will be —pvq, which also contains only — and v.
All these cases are examples of reducibility. Let us introduce this notion
definitionally.
Definition 1. Let M ={con,,....con_}, n>1, be a set of connectives. A
formula o of Lpv is called M-reducible if and only if o. can be equivalently
expressed by a formula o containing only the connectives of M.
Definition 2. Let M be a set of connectives. M is called complete if and only
if any formula of LpL is M-reducible.
Theorem. Each of the following sets is complete: M, ={— A}, M, ={—V}
and M, ={—,D}.
Proof. Using the truth tables it can be shown that the equivalences below
hold (exercise).
M, = {—,A}; with respect to the connectives v, D, =, +, /, \’

(pvq) = —(—pA—q)

(p>q) = —(pA—q)

(p =9) = [~(pA—~)A—(qA—D)]
(p + q) = =[~(pA—=q)A—(gA—p)]
(p/q) = —(pAq)

(plq) = (=pr—q)

12



M, ={—v}; with respect to the connectives A, D, =, +, /, {

(PAq) = =(=pv—q)

(p=9) = (—=pvq)

(p=q) = —[—(=pvq)v—(—qvp)]

(p +q) = [~(=pvq)v—(—=qvp)]

(p/q) = (=pv—q)

(p+q) =—(pvq)

M, = {—, >} ; with respect to the connectives A, v, =, +, /, \’
(PAq) = =(p>—q)

(pvq) = (=p>q)

(p = 9) = =[(p>9)>—(qop)]

(9 = [(p>9)>—(q=p)]

(p/q) = (p>—q)

(p¥q) = =(=p>q)

Exercise. Show that M, ={/} and M = {41 are the only complete sets
containing just one connective.

2.4. Substitution and replacement in PL
2.4.1. Substitution in PL

Let wus illustrate the idea of substitution in PL. Let
a =(p>q)>(—g>—p). If in this formula instead of p, in all of its occurrences
in a, we put, for example, pA—q, and instead of q, again in all of its
occurrences, we put, for example, —p, then the formula obtained o is
((pA—=q)>—p)2(——p>—(pA—q)). But a is valid (show that!), and we can
easy show that o is also valid (show that!). This is the content of an
important theorem in PL, i.e.,
Substitution Theorem. (SubstpL) Let o(p,,....p,) be a formula of LpL

containing the variables p,,...,p, . Let o (By/PyresP, /D,) be the formula
obtained from o by substituting arbitrary formulas of LpL, B,,....B,, for
Py»---s P, » Fespectively. Then the following holds:

IfEa, then = o
Proof. Assume E o(p,,....p,). Let int be an arbitrary interpretation of
variables of o, and let v,,...,v_ be the truth values taken by B,,...,, in int.

Now, if we assign these values v,,..,v, to the variables p,,....p,,

n
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respectively, then the truth value of a will be exactly the truth value of o
in int. Since, by hypothesis, o is valid, it follows that [a]™ =1, and then
[o ™ =1. But int was arbitrary, hence o is also valid.

Remarks. 1. The converse of Substitution Theorem does not hold generally.
Since a valid formula can also be obtained by substitution from a non-valid

formula; e.g., o =(p=q)>(p>q) is valid and can result by substitution from

the non-valid formula poq!
2. Though the idea of substitution contains the idea of a
simultaneous substitution, since f,,...,, are arbitrary formulas of Lpr,

n

nothing prevent us from choosing for substitution only some of the variables
p;»---»P, (even one), the other remaining unchanged.

3. By Substitution Theorem from a valid formula a of LpL we obtain
an infinite number of valid formulas of Lpr, whose validity is guaranteed
just by this theorem.

2.4.2. Replacement in PL

Let wus firstly illustrate the content of this theorem. Let
ag =(p>q)>D(q=r), containing the subformula B=p>q (a fact hinted
by the notation o). Let y=—pvq and o, =(—pvq) D (q=r). As can be
observed, E (p>q)=(—pvVvq), viz. EB=y. Then we have the following
result: = ag = o, (show that!)
Replacement theorem (Repler). Let oy be a formula of LeL containing the

subformula (proper or not) B, and let o., be the formula resulting from o

by replacing one or more occurrences of 3 with y. Then the following holds:
IfEB=Y,then Fog=a,.

Proof (induction on n = the complexity of o).
Basis. n = 0. In this case oz = =p, and evidently the theorem holds, since

if EB=vy,then EB=y.

Induction. Suppose that compl(a) = n # 0 and that the theorem holds for any
k < n. And show that it holds for n.
Since M = {—,0} is complete (by 2.3) is enough to consider only the

following forms of a:
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(a) oy =—0g
(b) ag =(0>¢) (ie., 5 Dep).

(a) og =—8g, where compl(Bs) <n, and then the theorem holds for

op. We have the following derivations:
(1) FB=v;hyp.

(2) E 83 =3,; (1) by ind. hyp.

(3) F (8 =9,) > (=83 =—d,); by Substpr.!”

(4) E =83 =—9,;(2),(3), MP; ie, Fag=a,.

(b) ap =85 > ¢eg, where compl(dp) <7 and compl(ep) <n, and then

the theorem holds for g and o,. So,

(1) FB=y;hyp.

(2) F 83 =9,; by ind. hyp.

(3) F € =¢,; by ind. hyp.

(4) (3, =8,) o5 =2,) > (8 289) > (3, 22,)]; PL

(5) E (83 2e5) (8, D ¢,);(2), (3), (4), MP (twice)

Le, Fag=a,.

Comments. 1. In the proof of (b) we have considered the case when the
subformula 8 occurs in both formulas, & and €. Actually, we also have the
following two cases:

(a) B occurs only in antecendent of o (i.e., in d). In this case ap is
the formula 84 > € (as in our example above).

(b) B occurs only in the consequent of ap (i.e., in €). In this case op is
the formula 6 o g;.

In both cases the theorem holds (argue!).

2. In our example above we considered the case when only one
occurrence of B in ap was replaced by y. But ap may contain more
occurrences of 3, and then we repeat the procedure. In fact, the number of
occurrences of 3 in ap in which B is replaced with 7 is arbitrary.

17 Often the simple cases of some theorems will be justified using the label "by PL", or
simply "PL".
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Corollary (Replacemant Rule). If = =y and [ ag, then |= ay (argue!).

Remark. Sometimes Replacement Theorem is given in the following form:
Let ap and oy be as above, where this time vy is an arbitrary formula of Lpr
(i.e., where the condition EB=y may or may not hold!). Then

F(B=v)>(az=0a,) (construct an argument!). Evidently, from this form,

the preceding form of the Replacement Theorem can be derived.

The two theorems, Substpr and Replpr, combined, may be used in
proving the validity of formulas of Lpr. Let us take an example.

Let a=(p=q) D (p/—q). We must show that a is valid using both
theorems. Now, a simple application of the truth table method shows us that
FP/—~)=(p>q9 and F@E=q>((P>q9~r(@>p)). Hence using
Replpr from o we derive, equivalently, o’ =((p>q)A(@>p))>(p>q).
But o, since it can be obtained, using Substpr, from the evidently valid
formula of LpL: (p Aq) D p. And then a is also valid.

Exercises. Using Substp. and Replpr, argue the validity of the following
formulas:

ai: (p=q)>(—=pvq)

a2 (p/q) > (rv—pAq)

as: (p/q)>[q>(p/PA—q)]
as: (p=q) DT >D—Ap+q)).

[\

2.5. Duality in PL

As we saw (comp. 2.3), the sets M, ={—A} and M, ={—Vv} are
complete sets of connectives. So, a fortiori, the set M = {—,A,v} ¥ is also
complete. This means that any formula o of Lp. can be converted

equivalently" into a formula o which contains only connectives of M.
Notational convention. In what follows "eq" is a metalinguistic operator
whose meaning is: o eq P iff Fo=p (i.e., "eq" says that o and P are
logically equivalent). So we'll use these notations interchangeably.

% These connectives, —, A, v, are called Boolean connectives (operators). As we'll see
below (2.7.4), they play a key role in the construction of the so called Boolean normal
forms.

19 "Equivalently", since all these changes are in fact applications of Replpy.
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By using M = {—,A,Vv}, for example, the formula (p=q) A(p/r) can
be transformed in  (po>q)A(qDp)A—(pAr), and finally in
o (pvAr(—qVvp)A(—pv—r) (containing only the Boolean
connectives).

Definition. Let o be a formula of LpL which contain only Boolean
connectives. Then the dual o of o is the formula obtained from o. by
interchanging the binary*® connectives A and v in all of their occurrences
in o.

Example. The dual of the formula above mentioned a is

o (-pAQ) V(=g AP)V (—pA-T).

Remarks. By the above definition of the duality the following evidently
hold:

() Fo*=a

() E (@nB)’ =’ vp)

3) E (avp)’ =’ AB%)

@) | —(0®) = (=)’

(Argue that!)

From this definition it also follows that the truth table (matrix) of o®
can be obtained from the truth table of a by interchanging the truth values 1
and 0 (throughout in o), and conversely (show that by an example!).
Theorem. Let olp,,...,p,,) be a formula of LpL containing only the Boolean
connectives and the variables p,,...,p, . Let o be the formula of Lev arising
from a by interchanging A and v and by substituting each variable with its
negation. Then = —a.= . ; equivalently, = o.=—a. .

What this theorem says is the following thing: the negation - of a
formula a (of the type specified) can be obtained by, firstly, constructing its
dual, a®, and then substitute every variable with its negation (and finally
climinate the multiple negation symbols). Let o+ Subst(=p; /p;)

20 Evidently, "binary" can be omitted from the definition, since by (4) below the negation is
self-dual! Moreover, this definition is not restricted to the pair (A,v) of dual connectives. It
also holds if instead we consider the following pairs of binary connectives: (=,+), (/,}),
(2,2), (<, D) ; for details, comp. A. Church [1956], §§16, 37.
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symbolize these two operations: "construct o and then substitute —p; for

p;". Then o of the theorem is the formula a® + Subst(—p; /p;).

Example. Let o: (—pv q)A(—qV p)A(—pVv—r). Then

—a: (=P V@ A(—qVP) A(=pv —1)] eq
—(=pv@Vv—A=qvp)v—(=pv-r) eq (pA—=q) Vv (qA—P)V(PAT).
Now, &t (==p A=Q) V (=G A=P) V (——p A=) €q
(PA—=q)v(qA—=p)V(pAT) eq —aL.

Proof of the theorem (induction on n = complexity of o).

Basis. n=0. Then a is a variable p, a®=p and o’ =—p, and then the

theorem holds.
Induction. Compl(a) = n, and suppose that the theorem holds for any a with
compl(a) < n. We have, accordingly, the following three cases:

(a) ao=—p, and the theorem holds for B. Then E —B=p", and
therefore | ——f = —B" (by PL). But —p" is just o .

(b) a=PBAy. Then —a is —(BAY), equivalently —3v —y. Since
the theorem holds for B and y (by ind. hyp.), it follows that we have:
= —B=p" and £ —y=v". This does imply that E(—Bv—y)= (B vy )
(by Replpr), equivalently E—a = (B vy )= (B Ay)* = a*.

(c) a=Pvy. Then —a is the formula —(Bvy), equivalently

—BA—y. As above, we have the following derivations: = —f=f" and

= 7=y, and then 0= (B* A 7%) = (Bvy)* = o*
Remark. Intuitively, the proof of this theorem proceeds as follows:

(1) From —a and using the De Morgan formulas (cf. 2.2, 16, 32) we
gradually remove the negation from the front of a formula by negating its
arguments and by interchanging A and v.

(2) Using 2.2, 1, 2) we eliminate the multiple negations, such that
any variable occurs negated at most once. The formula so obtained is just
o .

Example. o =[(—pAq)v——r]A—q

Then o =[(pv—q)A—t]vq, since

(1) —o=={[(—=pArq)v——r]A—q}={=[(=pAqQvV——r]v——q}
={[=(=prQAr=——r]V==q}={[(=—pV-PAr——=I]v—7q}
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2)

[(pv—q)Ar—r]vg=a

By the preceding theorem = —o.=a" (show that using truth table).

Duality Theorem. Let o be a formula of LprL containing only Boolean
connectives, let 0° be its dual. Then the following holds:

Proof.

1. Faiff £ —a’.
2. FaBiff ER’ ol
3. Ea=p ik o’ =p.
la) If F o, then E —a®.
(1) Assume [=a. Then = —a"; by Theorem and Replp.

(Corollary).
(2) If  —a’, then E —a, where o is obtained from o

by substituting —p, for each p, of a (by SubstpL).
(3) If E—a", then | —a’, where —a® is obtained from
—o.” by eliminating multiple negations.
(4) If = o, then = —a®; (1)-(3); PL.
1b) If E—0d, then o (by 1a) and Remarks (1) and (4)).
2. Foop,iff EB° o a’.
We have the following derivation:
= aop iff E—avp iff E —(—a v p)® (by 1) iff
iff £ —(—a’ AB®) (by Remarks (3) above) iff £ ——a® v —f°
iff £ o® v —p° iff B° > a® (by PL).
3. ka=piff £ a’ =p°
We have: Fa=p iff E(aD>B)A(B>a) (by PL) iff
Eoa>p and £ B>a (by2.1.2, Th.5) iff = B° o a® and
Ea® o B° (by 2)iff £ (B° 2 a’) A (a’ D B°) (by2.1.2, Th.5)
iff £ a® =p° (by PL).

2.6. Semantic consequence in PL

Let us consider the following formulas of Lp.: a=pAq and

B=p>q. By comparing their truth tables we observe that whenever o is
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true P is also true (the first line of the truth table). In this case we say that 3
is a semantical consequence of a; symbolically: a=f. The same is true if
we take o, =pAq, o, =p=q and B=p>q: whenever o, and a, are
simultaneously true, the formula f is also true. Similarly, we say that 3 is a
semantical consequence of o, and a,; symbolically: a,,a, .

Definition. Let a,,...,a , be formulas of Lp.. B is a semantical
consequence of the formulas a.,...,o.. (symbolically: a,,...,a [ P) if for any
interpretation of variables occurring in o.,,...,a_ B, the formula B is true
whenever a.,...,o., are simultaneously true (a.,,...,o., are the premises and
[ is the conclusion).

If n =0, we have the special case of the derivation of B from zero
premisses, i.e., J = (where J is the empty set), equivalently 3 (and then
the valid formulas of Lpr are formulas derived from an empty set of
formulas).

Note that when we make derivations of this kind we use arbitrary
sets of formulas. So, in what follows, let I', A be arbitrary set of such
formulas (they may be finite, denumerable or even empty sets).”!

Let us write down some properties of the relation "semantic
consequence", where I', A, a, B are arbitrary.

Prop. 1. a=a.

Prop. 2. If I'=a, then TUA = o (written sometimes as I', A ).
Prop. 3. If '=o and a}=f3, then I'=f.

Prop. 4. [f '=o and I' = oo, then I'k=p.

Prop. 5. If Fa, then'=a.

These facts about semantic consequence can be argued by using the
above definition and some semantic notions given in Sect. 2.1 and 2.2. For
example, Prop. 3 can be argued as follows. Suppose, by reductio, that I'l=a.,

oE=p and THP. It follows that there is an interpretation int of the
propositional variables from I' and [ such that [TT™ =1 and [[3]int =0.
From the first supposition, I'}=a, it follows that if [1"]int =1, then [oc]int =1.

2UIf T is denumerable, then given the finitist character of "semantic consequence in PL"
(comp. 3.3.3), if ' = o, then there is a finite set [« such that T'o|= a..
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And then since [B]™ =0, it follows that ok B, contradicting the second
assumption.

Similarly, Prop. 5 can be argued using Prop. 2 etc.
Normality Theorem (Norm). a,,...,o, =B iff a,...,a.,, E o, DP.
Proof. a) If a,,...,a, =B, then a,,...,a_, Fa, DfB.
Assume a,...,o, = f. Let int be an interpretation of variables in a,...,a,,
such that [o.]™ =1 for 1<i<n. Then, by definition, [B]™ =1. It follows
that [o,]" =1 and [B]™ =1 and hence [a, DB]™ =1. Therefore, if
Qy,...,0, EPB, then a,...,a,, EFa, DB.

b) If a,,....,a, , F o, DB, then a,,...,a, EP.
Assume a,...,o o, DB. Let int be an interpretation such that
[o,]™ =1, 1<i<n—1. Then, by definition [o,, > B]™ =1, and hence if
[a,]™ =1, then [B]™ =1. Therefore, If [o,]™ =1, 1<i<n, then [B]™ =1,
Le., o,....,0 EP.

Corollary. ao,,...,a, EBiff Ea, D(..0o(a, DP)...).
Proof (repeated applications of Norm).

Theorem. o ,...,a, EBiff o, A...A0, EP.
Proof. (1) a,,...,a, ERiff Fa, D(...o(a, , D (o, DP))...); by Corollary.

(2) iff o, (..o ((a,_; A, )DB); (1) PL?, Substpr,
ReplpL.
(n) iff E (o, A...A @) DP; repeated applications of
PL, SubstpL and Replpr.
(n+1) iff a, A...A0, EB; Norm.
Exercises
1. Prove by contraposition the following equivalence:
of=piff Fa>p.

2. Prove by reductio ad absurdum® the following equivalence:
a,,o, =B iff o, Ao, EB.
3. Prove the following equivalence

(a=B and BEo) iff =o=p.

22 By PL here we understand the application of the following formula of Lpy:
[Po-12(Pa>q) [=[(Po-1APn)2q]; comp. 2.2, 41.
23 In what follows, reductio.
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4. Prove that the following holds:
a) o.,—a = B, where [ is arbitrary

b) (o P and a=—P) iff E—a
¢) (a =P and —a = B) iff = P.

2.7. Decision procedures in PL
To decide in PL means to have an effective procedure (method) to
determine whether a given formula of Lpr. is valid, unsatisfiable, or neither.

2.7.1. Truth table method **

As we saw above (cf. 2.1) the truth table method enable us to answer
the questions concerning the decidability. All we have to do is to make the
truth table for the given formula a and to decide according to the Def 1-
Def 3 of 2.1.2.

Exercises. Using truth table method test the validity of the following
formulas of Lpr:

a =[(ptq)=—r]>(pvr)
B=[(p/g)Ar]v—p
Y = (=pvq)2[—(gr—r)D(p/—1)].

2.7.2. Quine's method

This method is based on the reduction of a formula o to a truth value
by application of some rules characterizing its connectives. More exactly,
every binary® connective of Lpr is characterized by two rules, one for the
case the formula containing it has a frue argument, and the other for the case
the same formula has a false argument. In both cases this formula can be
reduced either to a truth value or to an argument negated or not. Let us take
some examples.
Conjunction. pAq

Ri. (1Aq)=q. Hence by this rule, if in a conjuction one argument is
true (either p or g, conjunction being commutative) then this formula

2 Also called matrix method.
25 For negation the result is immediate.
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containing A is reducible to the other argument.

R2. (0AQ)=0, i.e., if in a conjunction one argument is false, then the
conjunction is false.

Notice that these rules are not arbitrary conventions, they are based
on the semantic definitions (truth tables) of the respective connectives, and
can be stated by a simple inspection of these truth tables.

Disjunction. pvq

Ri. (1vq)=l. If in a disjunction one argument is true (any of them),
then the respective disjunction is reducible to the truth value 1.

R». (Ovq)=q. If in a disjunction one argument is false (either p or q),
then the disjunction is reducible to the other argument.

Implication. poq

Ri. If in an implication one argument is true (consider the first three
interpretations of p and q in the truth table of o), then p>q is reducible to q.

R». If in an implication one argument is false (consider the last three
interpretations of p and q in the truth table of D), then p>q is reducible
to —p.

Equivalence. p=q

Ri. (1=q)=q

Ra. (0=q)=—q
Exercise. State the rules for +, / and 4.

Example 1. o=[(p=q)A—r]>(—pVr)

First of all, we choose the variable occurring most frequently,?® and give it
alternatively the truth values 1 and 0. If p =1, for example, then we replace
p in a with its value 1, i.e.,

p=1
[(1=q)A=r]D(0vr).

The antecedent of this implication contains an equivalence whose
left argument is true. Then by R of equivalence 1=q is equivalent to q, and
we can therefore replace, by Replpr, 1=q with q. And by R> of disjunction,
the consequent of the formula, Ovr, is reducible to r, and then, by Replpr,
from the preceding formula, we obtain

(gqA—r)or.

Now, we choose again one variable, this time r, and give it
alternatively the truth values 1 and 0, and repeat the process, i.¢.,

26 For practical reasons, for a faster reduction of a.
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r=1
(qn0)1
By R2 of conjunction, (qA0)=0, and hence (0o1)=1. Whence if p=1 and
r =1, regardless of the value of q, the formula o is 1.
Now we return to the preceding formula, (ga—r)or, and to r we
assign 0, and obtain
r=0
(ga1)20
qo0,
and by R of o, g0 is equivalent to —q
—q.
Now if q=0, then —q=1, and if q=1, then —q=0. Hence, if p=1 and
r =0, the truth value of a is reducible to the negated value of q.
Finally, we return to our formula o and for p we take the value 0,
and repeat the preceding process, i.e.,
[(O=q)A—r]>(1vr),
a formula reducible, by R for equivalence and R; for disjunction, to
(—qA—r)ol,
a formula reducible, by R for implication, to 1. Hence, if p=0, then o =1
irrespective of the values of q and r. So, finally, a is satisfiable.
Let us take another example.

Example 2. B=[(p>q)A—r]=(p/—q)

p=1 p=0
[(15g)A—r]=(1/—q) [(05g)A—1]=(0/—q)
(qr—1)=—q (1n-r)=1
g=1 q=0 —r=1
(1A—r)=1 (0A—r)=0 —r
—r=1 0=0 =1 =0
—r 1 0 1
=1 =0
0 1

Let us make the truth table of B: [(p>q)A—r]=(p/—q)
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pla|r|p>q|—r|(PD2PA—Tr|—q|p/—q|P
111 1 [0 0 0] 1 |0
1{1jo] 1 |1 1 0 1 |1
1{ol1] o 0 0 1] o |1
1{olo] o |1 0 1] o |1
ol1]1] 1 |0 0 0| 1 1|0
ol1]o] 1 |1 1 0 1 |1
olo[1] 1 |0 0 1] 1 |0
olojo] 1 |1 1 1] 1 |1

If we compare both results (obtained by truth table and Quine's method) we
observe that they coincide, i.e., if p=1 and q=1, the value of B is the
negation of the value of r; if p=1 and =0, then B=I, irrespective of the
value of r. And if p=0, then the value of (3 is equivalent to the negation of r,
irrespective of the value of q.
Exercises. Given the following formulas of Lpr:
a = (pArq)>[(poq)=r]
B=(p+q)=l(pdrva]
Y = (p2q)[(—~qvr)>(—r S-p)]
a) Using Quine's method, decide on the above formulas.
b) Verify the result using truth table method.

2.7.3. Reductio Test

Reductio Test is a variant of reductio ad absurdum. If we want to
test the validity of a formula o, we begin by supposing its invalidity, and if
this supposition leads to a contradiction, then our supposition is inconsistent
and then a is valid. Let us take an example.

o = [(po9)AGED]>(por)

Suppose that a is not valid. It follows, by 2.1.2, Def 1, that there is
an interpretation of the variables p, q and r such that (1) [a]™ =0. This
means (2) [(poA(gor)]™=1 and (3) [por]™=0. From (3) follows
@ [p]™=1 and (5)[r]™=0. From (2) it follows (6)[p>q]™=1 and
(7) [qor] ™ =1. But by (4) p is true in int, hence by (6) q must be true in int,
ie., (8)[q]™=1, and by (7) r must be true in int, i.e., (9) [r]™=1, a result
contradicting (5). Therefore, a cannot be falsified.

Exercises. Using Reductio Test, decide on the validity of the following
formulas of Lpr:
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a = (poq)2[(gor)>(por)]
B = (p=>9)>(—g>—p)
Y = [(P=)A—p]>(p>9).

2.7.4. Normal forms in PL

Some other procedure to decide in PL is that of the normal forms. In
contrast to the preceding semantical procedures, this is a syntactical one,
i.e., it is based on the combination of symbols of Lpr, without appealing to
the idea of truth value.

The normal forms we expose in this section are Boolean normal
forms, a naming due to the fact that the only connectives contained in them
are the Boolean ones: —, A and v. Two such normal forms will be analysed
here: conjunctive and disjunctive normal forms.

2.7.4.1. Conjunctive normal forms
Definition 1. 4 formula o of LpL is in conjunctive normal form if it has the
form of a conjunction DiA...ADn, n > 1, where each Di, 1 <1<n has the
form of a disjunction Civ..vCn, m>1, where each Ci, 1 <i<m, is a
variable unnegated or negated at most once.
Theorem 1. Every formula ao. of LpL can be equivalently converted in a
conjunctive normal form oc.
Proof. A simple proof of this theorem can be given by indicating the steps
of constructing oLc.
1. Replace all subformulas of o containing not-Boolean connectives
with equivalent formulas containing only —, A and v; by applying Replpr.
The equivalent formulas we refer to can be obtained using these
equivalences in PL?’:
(a1D02)=(—ovon)
(ai=0)=[(—ovo)A(—azvar)]
(a1to)=—[(—ova)A(—ovor)]
(a/o2)==(onA02)
(OL1~LOLQ)E—|(OL1VOL2)

7 Based on the fact that the set M={—,A,v} is complete; comp. 2.3.
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The first step being performed, a formula o' is obtained such that it contains
only —, A, v and the following holds: a=a'.

2. Replace all subformulas of ! of the form —(o1Ad2) or —(ouva);
by Replpr, using the following equivalences:

—(oiAo)=(—av—an) (cf. 2.2,16)

—=(ovor)=(—aA—an) (cf.2.2,32)
In the formula so obtained, o, only the variables occur negated, and the
following holds: = a'=a.

3. Replace all multiple negated variables of o, i.e., the variables
with more than one negation, with their equivalents; by ReplpL, using
equivalences 1 and 2 of 2.2, e.g.

——P=p
——p=—p

In the formula so obtained, o, any variable has at most one
negation, and | o’=a’.

4. Replace all formulas of the form o v(oAas) or (axAaz)vor with
their equivalents; by Replpr, using 22 of 2.2, i.e.,

[OL]V(OLQ/\OB)]E[(OL1VOLz)/\(OL1VOL3)]
[(cnoz)vai]=[(arvar)A(orvas)]

But if o has the form (aiAc2)v(ozAau), then we use the following
equivalence:

[(aino)Vv(osAous)=[(ovos)A(otvou)A(ovos)A(ovos)].

The formula so obtained, o, will have the form required by Def 1,
i.e., it is the sought formula such that o’=o.. Hence, by transitivity of
equivalence, (cf. 2.2, 73), we finally have:

E o=0L.
Example. o = (—p=q)Vv(q/—r)

L. [(==pv)A(—=qv—p)lv—(qr—r) = o'

2. [(==pVA(=qv—p)IV(—qv—r) = o

3. [(PVA(=qv—p)]V(—=qvr) = o

4. (pvqv—qVI)A(=qV—pv—qVvr) = O
The way we decide whether or not a given formula is valid is indicated by
the following theorem.

Theorem 2. 4 formula o of LpL in conjunctive normal form a. = DiA...ADn,
n>1, is valid if and only if every conjunct Di, 1 <1< n, contains some
variable and its negation.

27



Proof. If every conjunct D; has at least one variable p; together with its
negation, —pj, then every conjunct contains a valid disjunction of the form
piv—pj, and hence it cannot be falsified. Therefore, the formula a. is valid,
and then a is also valid (by Theorem 1).
Example. o = (pv—qvq)A(=pv—qVvp)A(rvpv—r)
The formula . satisfies the preceding theorem, and then = o.. Indeed, this
is the case, since o can be re-written as

o = [pv(qQv—)]AL(pv—p)v—q]A[(rv—r)vp].
Each conjunct contains a valid subformula, a disjunction of a variable with
its negation. Hence in each conjunct D; an argument is always true, and
then, by the semantic definition of "V", it cannot be falsified. Finally, by
Theorem 1, = o=a., and then =a.

On the contrary, if o, would have a conjunct Cj not containing some
variable negated and unnegated, then oo would not be valid (argue).
Definition 2. 4 formula o of LpL is in perfect conjunctive normal form if
and only if o is in conjunctive normal form and each conjunct contains all
the variables of a.

Theorem 3. Every formula o of LeL can be equivalently converted in a
perfect conjunctive normal form a.,.

Proof. As in Theorem 1 we only indicate the steps of constructing o, .

1. Construct the conjunctive normal form o of a..
2. If a conjunct D; does not contain a variable p, then this variable
will be introduced using the following equivalences:

Di=[Div(pA—p)I=[(Divp)A(Div—p)].
The formula so obtained is just o, .
Example. o. = (—=pvqv—r)A(pvr)
As can be seen the second conjunct of o, pvr, does not contain the variable
q.- Hence we introduce it in the way indicated above by the step 2,

(pvD=[(pvr)v(gr=q) E[(pvrva)a(pvrv—qg)],
and then o, = (—pvqv—1)A(pvIvq)A(pvIv—q).

. . * *
Of course, also in this case we have Fac.=a,, and then Fo=ac=0,. And,

finally, Theorem 2 will also hold for perfect conjunctive normal form o, .
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2.7.4.2. Disjunctive normal forms 2
Definition 1. A formula o of Ly is in disjunctive normal form if it has the
form of a disjunction Civ..vCn, n > 1, where each Ci, 1<i<n has the form
of a conjunction DiA..ADm, m>1, where each Di, 1<i<m, is a variable
unnegated or negated at most once.
Theorem 1. Every formula o of LpL can be equivalently converted in a
disjunctive normal form o..
Proof. As in the proof of Theorem 1 of the preceding section, it is enough to
indicate the steps of constructing o.g.
The steps (1)-(3), as in Theorem 1 of 2.7.4.1, and so the
corresponding formula o is obtained.
4. Replace all formulas of the form aiA(o2vas) or (a2vos)Aoy with
their equivalents; by Replpr, using 6 of 2.2, i.e.,
[OL]/\(OQVOB)]E[(OL1/\0Lz)V(OL1/\OL3)]
[(OLzVOL3)/\OL]]E[(OtlAaz)v(OU/\OB)]
But if o’ has the form (aivor)A(osvaa), then we use the following
equivalence:
[((11VOL2)/\(OL3VOL4)]E[(OL]/\OL3)V(OL1/\OL4)V((X2/\(13)V((X2/\OL4)].
The formula so obtained, oq, will have the form required by
Definition 1, i.e., it is the disjunctive normal form of a and the following
holds = o=a.

Example. If o is the formula given in the preceding section, (—p=q)v(q/—r),
then in the step 3 we obtained o® = [(pvq)A(—=qv—p)]v(—qvr). To obtain o,
this time we apply the step 4 mentioned above, with respect to the formula
in brackets, and obtain
{[(pv)A(=qv—p) V(—qvD) }={ [(PA=YV(PA=P)V(qA=QV(gA—P) [V—qvr
=[(pA—=q)Vv(gAa—p)v—qvr] = o4 (from the preceding formula by eliminating,
equivalently, the unsatisfiable conjunctions pA—p and gA—q.

Using the disjunctive normal forms we decide whether or not a given
formula is unsatisfiable.
Theorem 2. A formula o. of Lpv in disjunctive normal form aq= Civ...vCn,
n>1, is unsatisfiable if and only if every disjunct Ci, 1<i<n, contains
some variable and its negation.

28 As can be expected, since v is the dual of A, this section will be a parallel to the
preceding section, in a way easy recognizable.
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Proof. If every disjunct C; has at least one variable p; occuring both negated
and unnegated, then every disjunct contains an unsatisfiable conjunction of
the form pjA—pj, and hence the whole disjunct is false. Therefore, the
formula o is always false, and then, by Theorem 1, o will be unsatisfiable.
Example. Let us suppose that oq is (pA—pAQ)V(QATA—Q)V(TA—rT). Tt is
equivalent to [(pA—p)Aq]V[(ga—q)Ar]v(ra—r), each disjunct containing one
unsatisfiable subformula of the form pjA—pj, and then being always false (by
the semantic definition of A). Whence o is always false (by the semantic
definition of ). And since = o=, it follows that o is also unsatisfiable.

On the contrary, if aq does not conform to Theorem 2, then it is not
unsatisfiable (argue!).
Definition 2. 4 formula o. of Ly is in perfect disjunctive normal form if and
only if o is in disjunctive normal form and each disjunct contains all the
variables of a..
Theorem 3. Every formula o of LpL can be equivalently converted in a
perfect disjunctive normal form o .

Proof. The steps of constructing a.; are the following:

1. Construct the disjunctive normal form aq of o.
2. If a disjunct C; does not contain a variable p, then this variable
will be introduced using the following equivalences:

C=[Cin(pv—p) [=[(Cinp)V(Cin—p)],
and the formula so obtained is just o .
Example. o4 = (pA—q)V(qA—pPAT).
o.d has the form CvC,, but C; does not contain the variable r. We introduce
this variable, using the preceding equivalences, i.e.,

(A==l (PA= AV IE[(PA=ADV(PA—GAT)]
and then o, = (pA—=gAT)V(PA—GA—T)V(QA—PAT).

Of course, we also have | ad=a,, and then | oa=aq4=a,, and then
Theorem 2 will also hold for perfect disjunctive normal form o, of a.
Exercise. Are the following formulas of Lpr valid, unsatisfiable or neither?

a1 = (pAg)=>(p=q)
a2 = [pv(a/n)VI(p¥r)v—a]
a3 = (pl=a)o[(g/r)v—i]
o = {[(p/PA—rt]>(rir)}
s = (p=q)A(PA—Q).
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2.8. Representability of truth functions in PL
2.8.1. Representation Theorem

As we saw in 2.1.1, Definition, an n-ary truth function is a mapping
from the set T of 2" n-tuples of truth values® to the set {1,0}. If, for
example, T={(1,1),(1,0),(0,1),(0,0)} and if f*(,)=1, f*(1,0)=0,
£2(0,1)=0 and £*(0,0) =1, then f? is the equivalence.

Let au(pi...,pn) be a formula of Lpr. This formula defines exactly an
n-ary function f" satisfying the following condition:
Cond. For every interpretation i: [a] = f"([p,T,....[p, 1) >
Definition. 4 formula o of LpL is called a representant of a truth function

f" if the only variables in o are p1...,pn and Cond is satisfied.

By the following theorem one can answer the question whether any
n-ary function f* is representable by at least one®! formula of L.
Representation Theorem. Any n-ary function f" can be represented by a
formula a(p,...,pn) of LeL and this formula can be effectively constructed.
Proof. (1) Let T ={T,,...,T,.} be the set of all n-tuples built up using 1 and
0. For every 1<i<2" we set f"(i)=f"(T,). If, for example, n =3 and
Ti=(1,0,1), then f*(i)=1>(1,0,1). By Tixj we understand the k-th member
of the n-tuple T:.

(2) Now we form the 2" conjunctions ai, 1<i<2", of variables in

the following way: if in the interpretation i the variable px, 1 <k <n, has the
value 1, then it appears in the conjunction a; as pk, and if its value is 0, then
we set —pk.
Example. If o = p1=p2, then ii,...,is are the 2> possible interpretations of the
variables pi1, p2. For 12 the conjunction o2 will be piA—p2, and for i4
o4 = —p1A—p2 etc.

More generally,

P if Ti[k] =1

Oli = QiIACL2A...AQLin, Where o, = )
! ! ! 1 ik {ﬁpk lf Ti[k] = O

2% This means that every number of an n-tuple is either 1 or 0.

30 Here "i" is another symbolization (more convenient sometimes) for the interpretation of
the propositional variables of a formula o, given above by "int".

31 Bvidently, if f" is represented by a formula o(p,...,pn) (n=1), then " is also represented
by an equivalent formula of Lpr.
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Let now o, be the conjunction o if f"(i) =1, and o, the conjunction o if
f"(1) = 0. For every interpretation i we'll set [pk]i =Ty, - Hence,

) [o] =1.

b) For any j#1, 1<j<2", [a;] =0, since, by construction, every

conjunction o; different from o, contains at least one member ajk such that
Qjk = —0lik Or otk = —ajk. Hence if [a, | =1, then [or, ] =0 or vice versa.
And then, since [a, ] =1, it follows that [o j]i =0.
Example. For the formula a = pi=p2, a1 = piAp2. In the interpretation i1 o
is, evidently, true. But any other «, j # 1, will be false in i1; a2 = piA—p2,
for example, contains a2 = —p2 and then a2 = —a2. And since a2, i.€., p2,
is true in the interpretation i1, [a,,]" = 0. Similar, a3 and a4 can be shown
to be false in the interpretation i;.

(3) Let us consider all interpretations i such that f"(i)=1. Let m =0
be their number and let a,...,a be the corresponding conjunctions. Let
Disj o' =a v..va' . All we have to do is to show that the formula

Disj o" represents the function f", i.e., for every interpretation i Cond
holds, i.e.,

[Disj o' T =£"([py ... [pa 1) = 7).

By (2) a) and b) above, for each i, 1<i <m, exactly one formula o,
is true in i, i.e., [, ] =1 and then [Disj o] =1.But for such ani f"(i)=1.
On the other hand, for any interpretation j # ii,...,im, [Disj (>c+]j =0, since in
j only g, is true, i.e., [ocj’]i =1, but a; is not a member of Dis; o'. And since
£"(j) =0, it follows that Cond also holds, and then Disj o represents f".

(4) Now let us consider all interpretations i such that f"(i)=0. Let
r# 0 be their number and let a;,...,a. be the corresponding conjunctions.
Let Conj —o” =—o, A...A—0,. We have to show that the formula

Conj —o~ also represents the function ", i.e., Cond holds.

Again, by (2) a) and b) above, for each i, 1<i<r, exactly one
formula, ai, is true in 1, and then —a; is the only conjunction false in the
interpretation 1. It follows that the whole conjunction —o; A...A—0 will
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be false in i. Hence [Conj—o. ] =0. But for eachi, 1<i<r, f"(i)=0.

On the other hand, for any interpretation j #1ii,...,ir,
[Conj—au [ =[—oy A...A—0, ] =1, since in j only a; is true, i.e., [a;] =1
and then all the formulas a,,...,a, will be false, and hence their negations
will be true in j. But for j f"(j)=1, and then Cond holds. Therefore,
Conj —o also represents the function f".

(5) If r=0, then f"(i)=1 for every 1<i<2". In this case the
formula o =0, v, v..vao, represents the function f". And if m=0,
then o =—0, A =0, A... A0, Tepresents the function 7.

Example. o = p1=p2

The formulas i corresponding to the 4 interpretations, ii,...,i4, are:
o, =PpiAp2, o, =p1A—p2, O =—Ppi1Ap2 and o, =—piA—p2. It is easy to see
that for each i [o,] =1 and for any j #1i [Otj]i =0. In this example, m =2
and r=2, corresponding to the cases in which f’(i)=1 and f*(i)=0,
respectively. Since for i=1, [o,]" =1, i.e., [p, Ap,]" =1, it follows that
[((p, AP,)V(=p, A—p,)]' =1, and since for i=4, [o,]*=1, ie.,
[=p; A —|p2]i4 =1, it follows that [(p, ApP,)V (—p, A—p,)]* =1. And i| and
is are the only interpretations for which Disj o™ = (piAp2)V(—piA—p2) is
true. Then Cond holds and thus Disj o* is a representant of f°.

Now, we take the cases for which f*(i) = 0, the interpretations i, and

13, respectively. Since [oc;]iz =1, it follows that [—|0c;]i2 =0, and hence
[, A—0;]2 =0. The same holds of o, and then [—a, A—0;]" =0.
And since 12 and i3 are the only interpretations for which
Conj —0.” =—0, A =05 =—(p; A—p,) A—=(—=p, Ap,) is false, it follows

that Conj —o.” represents the function f~.

Of course, f* will be also represented by any formula equivalent to
Disja" or Conj —o, e.g (poqA(qgop) or (=pvq)A(—qvp), or
—(pA—q)A—(gqA—p) etc.
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2.8.2. Representation Theorem and Boolean normal forms

Since the formula representing a function f" is either of the form Disj o,
ie., o v..va, , where each o, 1<i<m, is a conjunction of variables
(negated or not), or of the form Conj —a”, i.e., —a; A...A—a, , where each

o, 1<i<r, is a conjunction of the variable (negated or not)*, is to be

expected that the idea of representation be directly correlated to Boolean
normal forms. Let us take an example.

Example 1. Let o = [(p1=p2)vp3]=(p1o—p2)

PP P | Pi=P [ (P =P)VD:s | P [ PID—D, | @
1111 1 1 0 0 0
11110 1 1 0 0 0
1101 0 1 1 1 1
1101]0 0 0 1 1 0
0111 0 1 0 1 1
O(11]0 0 0 0 1 0
0101 1 1 1 1 1
00O 1 1 1 1 1

As we saw above, by Representation Theorem, the representant of a
function f" can be effectively constructed. By the above truth table we have
the truth function corresponding to the given formula .. Now, if we proceed
as in 2.8.1,(3), we choose the interpretations i for which (i) = 1, that is 3, 5,
7 and 8, and construct the formula Disj o". The conjunctions o will be

O3 = P1A—P2AP3 Ols = —pIAP2AP3
07 = —pPIA—P2AP3 | a8 = —pPIA—P2A—P3,
and then m = 4. These 4 interpretations represent all possible interpretations
for which Disj o' is true. And then a formula representing f* is:
Disj o = (p1A=P2AP3)V(=P1IAP2AP3)V (=PI A—P2AP3)V(—P1A—P2A—P3).
As can be seen, Disj o" is just the perfect disjunctive normal form of a..

For the construction of the other representant of the function f°> we
choose the interpretations i such that (i) = 0, that is the interpretations 1, 2,
4, and 6 (i.e., » = 4), and construct the formula Conj —a . This conjunction,
according to 2.8.1,(4) will be:

32 By distribution of — each conjunction o; becomes a disjunction.
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Conj—o.” ==(p1AP2AP3I)A—(PIAP2A=PI)A(PIA—=P2A—PI)A(—PIAP2A—D3),
equivalently, (—p1v—p2v—p3)A(=p1v—p2vp3)A(=p1vp2vp3)A(P1V—p2vps),
and this last formula is just the perfect conjunctive normal form of the given
formula a.

Evidently, if formula o were valid, then Disj a" would have 8
members, corresponding to the 8 possible interpretations of pi, p2 and ps.
And if a were unsatisfiable, then Conj —o.~ would contain 8 formulas o .

These considerations on the idea of representation can be further on
developed. Let us take an example.

Example 2. o = (p1=p2)>(—pivp2)
The corresponding function will be given by the following truth table.
PPy | P =P, | =P | P VD, ||

1|1 1 0 1 1
110 0 0 0 1
01 0 1 1 1
00 1 1 1 1

The formula a is therefore valid, and then Disj o will be

Disj ot = (p1Ap2)V(P1A—P2)V(—PIAP2)V(—PIA—D2).
This formula can be equivalently re-written as o = (piv—pi)A(p2v—p2)
(comp. 2.7.4.2, the step 4 in the proof of Theorem 1), or in the abbreviated

2 2
form o = ‘/—\1(pi v —p,) . Consequently, Disj o" = '/—\1(pi vV —p,).

By a partial disjunction of Disj " we understand any disjunct of
Disj o or any disjunction of disjuncts of Disj o." including Disj o.".

Let now D; and D> be any partial disjunctions of Disj a" such that
Disj o = D1vDa. Then the following holds:

a) ED1vDy, evident.

b) notSat D1AD:.

Argument. 1If, for example, Di= (piAp2)V(piAr—p2)Vv(—piAp2), and

D2 = —piA—p2, then D1AD; will be the formula
[(P1AP)V(PIA=P2)V(=P1AP2) JA(—P1A—D2),

equivalent, by distribution, to the formula
(P1IAP2A=PIA=P2)V(PIA—P2A=PIA=P2)V(=PIAP2A—PIA—D2).

As can be observed, each disjunct contains a variable negated and

unnegated, and then this formula is unsatistiable (by 2.7.4.2, Theorem 2),

1.e., notSat D;AD:.
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But from a) and b) it follows

¢) EDi1=—Da, or | =Di=D2, respectively.
Proof. (1) E(D1vD2)=(=D>>Dy); PL.

(2) E(D1vDy) iff E—=D2oDy; (1), 2.1.2, Th 3.

(3) E—(D1AD2)=(D1>—D2); PL.

(4) E—(D1AD2) iff ED1>—D2, 2.1.2, Th 3.

(5) notSat D1AD: iff ED1>—-Dg; by 2.1.2, Th 1.

(6) If ED1vD;? and notSat D1AD2, then | —D>>D; and

EDi>—Dy; (2), (5) PL.*
(7) If ED1vDz and notSat D1AD», then |=Di1=—D>; (6) PL.
The formulas D and D> are called complementary.
This result can be used in the simplification of the formulas, in the
following sense: if =D1=—-D>, then in our Example 2 D; can be equivalently
reduced to —(=pi1A—pz2), or to p1vpz, respectively.

These considerations enable us to reformulate the representation
theorem in the following way. If o(p1,...,pn) is a formula of LpL containing
the variables pi,...,pn, by Disj(p1,...,pn) we denote the formula obtained by
disjunction of a/l 2" formulas o constructed as in 2.8.1,(2).

Let us consider Disj(pi,...,pn) and let a be a representant of an n-ary
truth function f". The following holds:

1. Ea=Disj o" (m #0)

2. Fa=Conj —a~ (r+0)

3. EConj —a ==Disj o ; cf. 2.2, 32.

4. Disj a."vDisj o = Disj (p1,...,.pn) (m+r =2").

Now, if the empty partial disjunction of Disj (p1,...,pn) 1s defined as the
negation of the formula Disj (p1,...,pn), the representation theorem can be
stated in the following terms.

Representation Theorem (variant). Any n-ary function f" can be
represented by a partial disjunction of the formula Disj (pi,....pn) or,
equivalently, by the negation of its complement.

Corollary. Any formula o(pi,...,pn) of LeL can be expressed by a partial
disjunction of Disj (p1,....pn) or by the negation of its complement. If

3 1.e. by a metalingvistic application of a valid formula of Lpy; cf. 2.2, 82.
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Ea(p1,....pn), then o = Disj (p1,....pn) and if nonSat o(pi,....pn), then
o = —Disj (p1,...,Pn)-

Proof. Let us firstly remark that the number of nonequivalent formulas
containing the variables pi,...,pn is 2%, since the number of distinct
interpretations of the n variables is 2" and every formula a(pi,...,pn) defines,
for these 2" interpretations, a certain n-ary truth function f". And by Cond
of 2.8.1, we deduce that for any interpretation i:

[o,] =[o, ] iff £ ([p,]-.[p,]) = £ ([p, ] [P, 1),
and then [ aj=ox iff ' =f. And since the number of n-ary functions is

2" it follows that the number of nonequivalent formulas in pi,....pn is
2,

Then, since the empty partial disjunction of Disj (p1,....pn) 18
—Disj (pt,...,pn), according to the mention made above, the number of all
partial disjunctions of Disj (p1,...,pn) is 2*, coinciding with the number of
functions f". Now, by the preceding variant of representation theorem, we

can conclude that each of the 2?7 distinct formulas a(pi,...,pn) can be
equivalently expressed by a partial disjunction of Disj (pi,...,pn) or by the
negation of its complement, since each formula o defines a function ",
representable by this partial disjunction or by the negation of its
complement.

Example 3. For n=2, by the preceding considerations, the number of

formulas o(p,q) constructible with p and q is 2" =16, and this number is
just the number of the 16 binary truth functions of Wittgenstein's Table. We
have to show that any such formula, representing a truth function, can be
equivalently expressed by a partial disjunction of Disj(p,q), or by the
negation of its complement.
Disj(p,q) = (pAQV( pA=@V(—PAQV(=PA—Q).

For pTq (tautology), we set, simply, o= Disj(p,q) or, equivalently,
(pv—p)A(qQv—q), equivalent pv—p. For pCq (contradiction), we set
a6 = —Disj(p,q) or, equivalently (pA—p)v(qa—q), equivalent pA—p.

o2 = pVvq, equivalent (pAqQ)V(pA—q)V(—pAq); cf. 2.8.2, a)-¢), since
(pv@)=—(—pAr—q)=—D2 and since Di(=(pAqQV(pA—q)V(—pAq))=—D2
(==(=pA—q)), by ©).

o3 = pcq, equivalent (pAqQ)Vv(pA—q)Vv(—pA—q); cf. 2.8.2, a)-c).
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o4 = p, equivalent (pAq)v(pA—q); PL.

o5 = p>oq, equivalent (pAQ)V(=pAq)V(—pA—q); cf. 2.8.2, a)-c).

o6 = q, equivalent (pAq)v(—pAq); PL.

o7 = p=q, equivalent (pAq)Vv(—pA—q); PL.

o = PAQ.

oo = p/q, equivalent (pA—q)V(=pAq)V(—pA—q); cf. 2.8.2, a)-c).

a0 = p+q, equivalent (—pAq)v(pAa—q); PL.

a1 = —q, equivalent (pA—q)v(—pAr—q); cf. 2.8.2, a)-c).

a2 =p P q, equivalent (pA—q), from as, 2.8.2, a)-c).

o3 = —p, equivalent (—pAq)v(—pAr—q); PL.

o4 = pzq, equivalent —pAq; from a3, 2.8.2, a)-c).

a5 = plq, equivalent —pA—q.
Remark. By Corollary, given a formula a(pi,...,pn) of Lpr, the partial
disjunction of Disj (p1,...,pn) by which it can be equivalently expressed may

be constructible, by constructing the perfect disjunctive normal form of o
(comp. 2.7.4.2).

2.9. Interpolation in PL
Interpolation Theorem for PL. If Fo>B and o and B have at least one

variable in common, then there is a formula y of LpL all of whose variables
occur in both o and P such that =o>y and E=yoB. v is called the
interpolant for the implication a>p.

Proof. (outline). 1. Assume that all variables of a occur in 3. Then we let y
be a. Then evidently holds: if =oa>p, then |Fa>y and Ey>p.

2. Assume that o and B differ by just a variable p occurring in o but
not in . By hypothesis Fa>p, hence the truth value of a>f does not
depend on the interpretation of p. Now, if q is the variable common to o and
B, let o1 be the formula obtained from a by substituting qv—q for p, and let
o2 be the formula resulting from a by substituting ga—q for p. As can be
seen the following holds: o> and E a2op. But Eoa>(avan), since o
and o result from o by substituting for p alternatively 1 and 0. And from
Eoiop and E oD follows that E(a1vor)op (via
E (por)2[(gqor)o[(pvq)or)], Subste. and MP twice). Hence the formula y
of the theorem is just o voL.
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3. If o has more than one variable not occurring in 3, then we
construct a1 and oo as before but by substituting qv—q and qA—q,
respectively, for each such an occurrence of the respective variable. And
reason as above.

Remark 1. This proof can be easily turned into a proof by induction on #,
the number of propositional variables occurring in o but not in B, in the
following way.

Basis. n = 0. This is just the first step in the proof above: all the variables of
o are in 3. Then v is a itself and the theorem holds.

Induction. n > 0. Suppose that the theorem holds for any &£ < n and show that
it holds for k£ = n. Suppose that o contains just n propositional variables that
do not occur in 3. Let p be such a variable, and q be an arbitrary variable
occurring in both o and . As in the preceding proof, construct a; and o,
two formulas obtained from o by substituting qv—q for p and qa—q for p,
respectively, and then we have the following derivations:

(M oy =a(qv—q/p)

(2)  o,=a(qA—q/p)

3) Fa>(oVva,); (D), (2)

4) E o, Df;since Ea > by hyp.

(5) E o, D 3; similar to (4)

(6) ': (O(’l Vv O(‘2) - Ba (4)3 (5)3 PL

Since (o, vo,)>DP contains n—1 variables, then by ind. hyp. the
theorem holds for this formula, and then there is a formula y such that
(7) = (o, va,) oy and
® EvoP
©  Fasy;0,0).

(8) and (9) show us that the theorem holds for £ = n.

Remark 2. Still another proof is that based on the idea of Craig-consistency
of a finite set S, and on the Theorem 2 of 3.3.3 (below). Let us sketch it.

Definition. A finite set S is Craig-consistent if there is a partition of S into
S1 and Sz (where S1 and Sy are subsets of S, S=S,US, and S, NS, =),

such that the implication Conj(S1)>—Conj(S2) has no interpolant.
What must be proved is: if = o>, then oo has an interpolant.

Proof (reductio). Suppose that =o> and o> has no interpolant. Let S be
the set {o,—fB} and the partition S, ={a} and S, ={=f}. Let us observe
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that the implication Conj(a)> —Conj(—f3) has no interpolant (otherwise it
would be an interpolant for the formula ao>——f, i.e., a>f, contrary to our
supposition). It follows that S is Craig-consistent and therefore it is
satisfiable (by Th. 2 of 3.3.3). l.e., there is an interpretation int such that

[a]™ =1 and [-B]™ =1, that is [B]™ =0, and then [o. > B]™ = 0. And this
does imply that f a>f, contrary to our supposition.

3. PL axiomatized (PL™)

3.1. An axiomatic system
An axiomatic system (or an axiomatic calculus) is a pure syntactical
procedure to obtaining some special formulas called theorems. Such
systems are of a great variety depending on the chosen axioms, logical
connectives or deduction rules. Another difference between them lies in the
expressions taken as axioms, they can be formulas of Lp. or axiom
schemata, each schema standing for an infinite number of axioms. Let us
illustrate this last point.
Let P be the following axiomatic system:**
Axioms. Ax1. ao(Boa)
AX2. (05(B=1)>((aoB)>(057))
Ax3. (moo—-p)>(Bow).

Rule of inference: Modus ponens (MP) %DB
Let PI*® be the following axiomatic system:

Axioms. Ax1”. po(qop)
AX2'. (p=(qr)=((p=9)=(pom)
Ax3". (=p>—q)>(q>p)
Rules of inference: ~ MP (as above)
SUbSt. }_ 0L(pl""’pn)

}_ a*(Bl/pl""aﬁn/pn)

Definitions
Def,. avp =a =02
Def/\. (I/\B =df —|(—|(XV—|B)

3 This axiomatic system is the Lukasiewicz's simpler version (cf. Lukasiewicz and Tarski
[1930]) of Frege's system (cf. Frege [1879]).
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Def=. o= =4t (a2B)A(fD)

A simple comparison shows us the following: the axioms of PL™""
are formulas of Lpr, containing the specified variables. The axioms of
PL™,* instead, are not formulas of Lpr, but axiom schemata, that is,
indications on how a formula must be in order to be an axiom of PI¥, i.e.,
such a formula must have the form of Ax1-Ax3, where a,  and y are
arbitrary formulas of Lpr.>® As evident, for PI** the substitution rule is
useless.

Examples of proof in PL*
Thl. a>a

(1) [ao((ooa)>2a) o[ (a(a>oa))D(a>a)]; Ax2

(2) ao((o>a)>a); Ax1

(3) (oo(ooa))>(a>w); (1) (2) MP

(4) oo(a>oa); Ax1

(5) aoa; (3) (4) MP
Example of proof in PL*®
Thl". pop

(1) p>(qop); Ax1”

(2) p2((92p)=p); (1) gop/q

(3) (p=(qo0)>((poq)>(por)); Ax2”

(4) (p=((9op)=r)=[(po(g=op))=(pon)]; (3) gop/q

(5) (pP=((q>p)=p))=l(p=(9>p))=>(pop)]; (4), p/r

(6) (p=(92p))=>(p>p); (2) (5) MP

(7) p=ps (1) (6) MP.

The symbols occurring after semicolon, to the right of every formula of this
proof, indicate the way the respective formula was obtained (or its
justification), e.g. by Ax1” (in (1)), by substitution of qop for q in the
preceding formula (in (2) and (4)), by MP applied to some preceding
formulas in this row (as in (6) or (7)) etc.

The formula in (7) pop is the last formula of this sequence of seven
formulas, it is the proved formula. In other words, pop is a theorem of

35 Though we'll also call them axioms, the difference is evident.
36 Moreover, will be also an axiom schema any schema of the form of Ax1-Ax3, e.g. since
oo(Boa) is an axiom schema (Ax1), the following expressions will be also axiom

schemata: Bo(a>f), (Poy)2((a2(Poy)), ao((Boa)>a) ete., since all these expressions
have the form of Ax1.
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PL*®. Similarly, the formula in (5), o>, in the first proofs, is a theorem?’

of PL**. Evidently, the proofs in PL** are simpler than the proofs in PL*"
since PL’™ has not the substitution rule. And this is not a weakness of PL"*
since, as can be argued, the following holds: a formula o of Lpr. is a theorem
of PI** if and only if o is a theorem of PI*® (argue!). However, this does

not hold for any deduction, in the sense of Definition 3 and Definition 4
below.

In what follows we take the system PL™ to be the axiomatization of
PL. Since the notions "proof"' and "deduction" are central to axiomatic
considerations, let us introduce them definitionally.
Definition 1. 4 proof'in PL™ is a finite sequence of formulas of LpL each

one of which is either an axiom of PL™ or follows from two preceding
formulas of the sequence by one application of MP.

Definition 2. A formula o of LpL is provable in PL* or is a theorem of
PL™ (symbolic: PL™ |- ) if and only if there is a proof in PL* whose last
formula is a.

Definition 3. 4 deduction in PL™ of a formula o from a set I of formulas of
LpL is a finite sequence of formulas of LpL each one of which is either an
axiom of PL™ or a member of T or follows from two preceding formulas of
the sequence by one application of MP.

Definition 4. 4 formula o of LpL is deductible in PL™ from a set T of
formulas (symbolic T'|- o) if and only if there is a deduction in PL™ whose

last formula is a.
If in ' a the set I'=J, then we have the case J}- o, equivalently

I-o. And then we may correlate these two notions, "proof" and "deduction",

in the following way: a proof of a formula a in S is a deduction of it from
zero premises, and a deduction of a in S is a proof of it from n (n #0)
premises.

Remark. The definitions Def 1 and Def2 do not provide us with a decision
procedure for "theoremhood". For "valid formula of LpL" such a procedure
exists (cf. 2.7), but this procedure can be taken as a decision procedure for

"theoremhood" only via completeness theorem of PL*, by which "theorem"

37 Properly speaking, it is a theorem schema, since o can be any formula of Lpr, though
we'll call it also theorem.
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and "valid formula" are proved to be co-extensive.’® But for S to have a
proof procedure means something more (comp. Sect. 3.3.5.2).

The deduction relation®” has the properties of its relative (semantic
consequence) (comp. 2.6). Let us write them down (where I, A, o, B are
arbitrary).

Prop. 1*. a|-o.

Prop. 2*. If I'|- a, then 'UA}- o (written sometimes as I', A o).
Prop. 3*. If I'- o and o |- B, then I'|- 3.

Prop. 4*. If I' - o and I'}- aoP, then I'|- .

Prop. 5*.If |- o, then I'|-a.

Similar to the corresponding properties pertaining to semantic
consequence, these properties of deduction relation can be proved. Let us
take as example Prop 3*.

Suppose, for reductio, that (1) I'-a, (2) a}-p and (3) I'K+p. Then
there is a finite set I'o of I' such that (4) I'o|-a (from (1) by Def. 3). If
Conj(I'o) is the conjunction of all formulas of I'o, then (5) Conj(I'o)}-a (by
PL*) and then (6) |- Conj(I'0)>a. (from (5) by Deduction Theorem*!). From
(2) it follows (7) Fa>p (by Ded. Th.) and from (6) and (7) we have
(8) FConj(I'o)oB (by PL), and therefore (9) Conj(I'o)l-B. Whence
(10) I'o |- B (from (9), comp. footnote 40, and finally, (11) I'}- B, since ['ocI”

and Prop. 2*. But (11) and (3) are contradictory. All these properties will be
used in our arguments.

3.2. Basic results on PL*
3.2.1. Substitution and replacement in PL**

The following theorems are syntactical counterparts of the
corresponding semantic theorems (cf. 2.4).

3% Comp. 3.3 (below).
3 A k.a. "deducibility relation" or "syntactic relation".
40 By syntactic counterpart of Theorem (Sect. 2.6). (As we'll see, by soundness and

completeness of PL™ (comp. Sect. 3.3) the metalogical symbols "[=" and "|-" are

interchangeable).
41 Comp. Sect. 3.2.2 (below).

43



3.2.1.1. Substitution Theorem
Substitution Theorem. Let opi,...,pn) be a formula of LpL containing the
variables pi,...,.pn. Let o' (B1/p1,....Bn/pn) be the formula obtained from o by
substituting arbitrary formulas of Lpr, Pi,....pn, for pi,...,.pn, respectively.
Then the following holds:

If o, then o,
Proof. Assume |-oa. Hence, by 3.1, Def 1 and Def 2, there is a sequence of

formulas, Seq, called the proof of a in PL™. Now in this proof we replace
everywhere the variables pi,...,pn With corresponding formulas fu,...,n, and
what is obtained is a new sequence Seq” such that all the axioms in Seq are
converted into the axioms in Seq” and all the applications of MP are
converted into the new applications of the same rule. Hence Seq” will be a

proof of the formula o in PI**.

3.2.1.2. Replacement Theorem

The idea of replacement in PL is that given in 2.4.2, but this time we
shall consider its syntactical counterpart.
Replacement Theorem. Let ap be a formula of L. containing the
subformula B (proper or not) and let oy be the formula resulting from op by
replacing one or more occurrences of 3 with y. Then the following holds:

If |- B=y, then |-op=0..
Proof. (by induction on n = the complexity of o minus the complexity of
). As in the proof of its semantic form (cf. 2.4.2) we confine the proof to
the case when only one occurrence of B is replaced by v, since this process
can be repeated.
Basis. n = 0. In this case ap = f3, and then if |- B=y, then |- pB=y.
Induction. Assume the theorem holds for £ <n and show that it holds for 7.

Then the formula op can be expressed in the form Oy s where oy # B" and

B = [3;; or B"=p. Then O = Ol and by induction hypothesis if - =y,
then |- BE = B:, since compl(B”) — compl(B) < . But o may have one of
the following forms: —|Bg , B; 20,0D B;; . Let us consider these cases.
1. oy = —|B; .
(1) = B=v;hyp.
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(2) |- By =B, ; (1), ind. hyp.
(3) F By =B,) > (=B =—P.); by 3.2.3, Th. 33 (below)

4 =By =—B,: (2), 3). MP
And then, if |- 3=y, then |- oy =a,.
2a. oy =B 58
(1) =B =v:hyp.
(2) |- By =B, (1), ind. hyp.
(3) F By =B,) 2[(B; 28) = (B, 8)]; cf. 3.2.3 Th. 40 (below).

@) F B 28)=(B, 28);(2), (3), MP.
And then, if |- B=1v, then |- o =0, .
2b. oy = Sop

(as in the proof of 2a but using in (3) the following theorem
- (B =B)) D32 By) = (32 B))]); cf. 3.2.3, Th. 41 (below).

3.2.2. Deduction Theorem in PL**

The Deduction Theorem®? is an important tool for proving theorems
in mathematical logic. It is based on the following idea: if a formula 3 is
provable from the assumption o, then the implication a>f} can be asserted.
Let us detail it in a more general fashion.

Deduction Theorem. If a,,...,a, |- B, then a,....,0 ;o DPB.

L.e., if the formula [ is provable from the assumptions (hypotheses)
a,...,0,, then the formula o, > is provable from the remaining

assumptions.
Proof. Assume that a,...,o., -3, i.e., there is a deduction Ded =§,.,...,3,

(where B, =) of the formula B from a,...,a,. We transform this

deduction in a deduction Ded” of the implication o, DB from o,...,0,
in the following way. Construct a sequence of formulas, Seq, by prefixing

each formula f; (1<i<n) from Ded with"a., D", i.e.,

42 Also called Herbrand Theorem; cf. J. Herbrand [1930].
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Seq =(a,, DB;,0, 2Byse-0, DB, -
Seq is not the deduction Ded” , we are seeking, but it can be transformed in
Ded” if we justify all the formulas in Seq. And this fact depends on what
the formulas f3; of Ded may be: (1) the assumption a,,, (2) an assumption
oy # 0., (3) an axiom or (4) it results from two preceding formulas in Ded

by one application of MP.
1. B; =a,,. Then the corresponding formula in Seq is o, Df;, i€,

o, Do, . We replace this formula in Seq with the whole proof of it
in PA*™ (according to 3.1, Th. 1).
2. Bi=a, (k#m). Then o, Do, €Seq, and therefore replace

o, Do, inSeq with its justification in PA™, i.e.,
(1) o ; hyp. (note that o, is also an assumption in Ded")
(2) oy (o, Doy ); Axl
(3) o, Day; (1), (2), MP
3. B; is an axiom. Then o, Df; € Seq, and therefore we replace it
with its justification:
(1) B;; axiom
(2) B; o (a,, 2B;); Axl
(3) a, 2B;; (1), (2), MP
4. B; results in Ded by one application of MP from formulas 3, and
By ©B;. Then the corresponding formulas in Seq are o, DB,
o, OB 2PB;) and o, o P;. Then replace o, DB, € Seq with its
justification, 1.e.,
(1) o, DBy €Seq
(2) o, (B D PB;) €Seq
(3) (o, 2B 2B)) 2 (o, 2B D (0, DB;)); Ax2
@) (o, 2B) 2 (o, 2B ;5 (2), 3), MP
(5) 0ty By (1), (4), MP.
By proceeding in this way we obtained a deduction of the formula

o, DB from the assumptions a,...,0L,, ;-

As can be observed, the theoretical resources used in the proof of
Deduction Theorem are Ax1, Ax2, Th 1 and MP.
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Remark. For the system PI™” Deduction Theorem does not hold
generally, as the following simple example shows:

(1) p; hyp

(2) q; (1) Subst g/p.

Hence (3) pl-q.

But from this deduction in PL**® we cannot deduce, by one application of
Deduction Theorem that |- p>q. More generally, from the fact that in PT*®
we have a derivation I'-f3, we do not conclude that the same derivation
holds in PI™. Otherwise, from pq in PL*® we conclude that p}-q in
PL™, and then by Deduction Theorem |-p>q in PL™, whence, by
Substitution Theorem (cf. 3.2.1.1) | (a>o)>B. And from this, by 3.1 Thl

and MP, we obtain |3, where [ is arbitrary. This means that PL™ is
inconsistent, but as we shall see*’ this is not the case.
Corollary. If aui,...,an | B, then - oi>(02>...o(0m>P)...).

Substitution Theorem, Replacement Theorem and Deduction
Theorem are usually called metatheorems, since their proofs use theoretical
resources transcending the formal resources of PL™ itself. In general, the
importance of such metatheorems consists of the fact that they do guarantee
the existence of some derivations, without displaying them explicitly. But
any use of such a metatheorem in proving a theorem of PL* does not make
the proof of it a meta-theoretical one. Since if a proof of such a formula of
Lpr is sought, then it can be constructed from the proof of the corresponding
metatheorem.

By Deduction Theorem, for example, if B is deducible from the
assumptions di,...,0tm, then om>P is deducible from the assumptions
o1,...,0tm-1. And this can be proved by converting the given deduction Ded of
B from a,...,0m into a deduction Ded * of am>P from the au,...,0m-1, in the
way explained above. Now let us take an example of a formula of Lpr,
proved using Deduction Theorem, and then show how from the proof of
Deduction Theorem the proof of it in PL* can be effectively displayed.
Example. Th2. —a>(a>p)

Using Deduction Theorem the proof of Th2 is:

(1) —a; hyp

43 Cf. 3.3.1, Consistency Theorem.
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(2) mo(—Po—a); Ax1

(3) =p>—0; (1) (2) MP

(4) (=) (aop); Ax3

(5) 0oB; (3) (4) MP
Hence —a |- aof; (1)-(5), whence |- —a>(a>p), by Deduction Theorem.

Let us now construct a proof in PL™ of Th2, from the proof of
Deduction Theorem but without any use of Deduction Theorem.

The preceding sequence of formulas (1)-(5) contains the formulas of
the deduction Ded of o> from —a.. i.e., in our symbolism it is the formulas
Br1,....0s. Replace these formulas with the formulas —a>p; (1<i<5) and
obtain the following sequence Seq:

I'. moo—a

2'. moo[—oD(=Bo—a)]

3", —aD(—fo—a)

4", —oo[(—po—a)>(a>P)]

5" —ao(a>op)

This is a sequence of formulas but not a deduction. In order to obtain a
deduction Ded * we have to insert in Seq **all the formulas justifying the
members of Seq, depending on what the formula f3;, <1< 5, in Ded is.

B1 is the formula —o. Hence, we have the case 1 in the proof of
Deduction Theorem, and then we insert before the formula 1' all the
formulas from which it follows in PL™, i.e., just Th1 (of 3.1).

B2 is Ax1. Here we have the case 3 in the proof of Deduction
Theorem. Then we insert before 2' in Seq all the formulas from which it
follows, that is —oa>(—po>—a) (Axl) and [—oD(—po—a)]>D
D[—aD(=o>(—=p>—a))] (Ax1), whence, by MP, 2' follows.

B3 follows from the formulas (1) and (2) in Ded by MP. This is the
case 4 in Deduction Theorem, and then before the formula 3' in Seq we set
the following formulas: —o>—-a, —-o>(—o>(—fo>—a)) and Ax2:
{—o2[—oD(=Bo—a)]} D[(—oD—0) D(—aD—-fo—-a))].

By two applications of MP we get 3.

B4 is Ax3. Again, we have the case 3 in the proof of Deduction
Theorem, and proceed similarly, i.e., we insert before the formula 4' in Seq
all the formulas from which it follows: Ax3 and Bso(—a>P4):
[(=Bo—a)2aop)o[—a((—fo—a)>(a>p))], (Axl) and by one

4 Or, equivalently, as we proceed above, replace each formula in Seq with its justification.
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application of MP we obtain 4"'.

Bs follows in Ded from (3) and (4) by MP. And again we have the
case 4. Hence before the formula 5' in Seq we insert the following formulas:
—0D(=fo—a), —oD[(—=fo—a)>(a>f)] and Ax2: {—oD[(—p>—a)
S(aoP)]} o{[-oD(—po—a)[o[—o>(a>B)]}, from which by two
applications of MP the formula 5' in Seq is obtained.

Finally, if we string all the formulas obtained by inserting in Seq the
formulas mentioned above, then we obtain exactly the deduction Ded * of
the formula —a>(a>p), that is, a proof of Th2 in PL™, constructed
according to the proof of Deduction Theorem, but not using it.

3.2.3. Proofs in PL**
Thl. aoa; cf. 3.1, Thl.
Th2. —o>o(a>p); cf. 3.2.2, Example.
Th3. [aD(a2B)]2(aop).
(1) a(@op); hyp
(2) a; hyp
(3) 0oB; (1) (2) MP
(4) B; (2) (3) MP.
Hence ao(a>p), a|- B, and then [o>(a>p)]>(a>p); by 3.2.2 Coroll.
Th4. ao(—a>p)
(1) a; hyp
(2) —o; hyp
(3) aoB; (2) Th2
) B; (1) (3)
Hence a,—a |-, whence |-a>(—a>p); 3.2.2 Coroll.
ThS. (aof)>[(Boy)>(asy)]
(1) oof; hyp
(2) Boy; hyp
(3) o; hyp
(4) B; (1) (3) MP
(5) v (2) (4) MP
Hence a>p, Boy, a}-7, whence |- (a2B)>[(Boy)>(a>y)], by 3.2.2 Coroll.
Th6. ——a>oa

(1) —=—o; hyp
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(2) ——o>(—=o>———a); Th2
(3) moo>———a; (1) (2) MP
(4) (oo>———a)D(——o>a); Ax3
(5) m—a>oa; (3) (4) MP
Th7. ao——a (exercise)
Th8. (a2B)>(—p>—a)
(1) asp; hyp
(2) =—a>a; Tho
(3) =—a>B; (1) (2) ThS MP
(4) pBo—=—P; Th7
(5) =—a>——P; (3) (4) ThS, MP
(6) (m—o2>==P)>(—po—a); Ax3
(7) =p>—as; (5) (6) MP
Hence oo |- —=f>—a; whence |- (aop)>(—pf>—a); Ded Th.
Th9. (ao>—-B)>(fo—a) (exercise)
Th10. (—o>op)>(—=P>a) (exercise)
Th11. ao(—po>—(a>p))
(1) ao[(a>B)>B]; by MP and 3.2.2 Coroll.
(2) [(a=P)=BI=(—Bo—(asP)); Th
(3) 0o(—Bo—(aoB)); (1) (2) Th, MP
Th12. (aoB)>((—a>P)>P) (exercise)
Th13. (as(B=y))>(B(a=y)
(1) a=(B>y); hyp
(2) B; hyp
(3) (6 (Boy))>((aoB)>(0o)); Ax2
@) (0oB)=(a); (1) (3) MP
(5) Bo(0oB); Axl
(6) 0oB; (2) (5) MP
(7) ay; (4) (6) MP
Hence ao(Boy), B a>y, whence |- (ao(Boy))>(Bo(a>y)); 3.2.2 Coroll.

Th14. (02B)>((yva)o(yvp))
(1) asp; hyp
(2) (aoB)>(—y>(aop)); Axl
(3) —y>(aB); (1), (2) MP
(@) (=y>2(aB))>((—y>a)>(—y>P)); Ax2
(5) (=y2a)>(—=y>P); (3), (4) MP
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(6) (yva)o(yvp); (5) 3.1 Defy
Hence aoB |- (yva)>(yv); whence |- (aoB)>((yva)>(yvp)); Ded. Th.
Th1S5. (oo>—a)>—a
(By Th4: ao(—a>—(>op)), Ax2, Th9,Th5,Th13,Th1,MP) (exercise)
Th16. (—o>a)>a (exercise)
Th17. (ava)>a; Th16, Defy
Th18. a>(avp) (exercise)
Th19. (avp)>(Bva)
(1) avB; hyp
(2) maoB; (1), 3.1 Defy
(3) =B>a; (2), Th8 MP
(4) Bva; (3), 3.1 Defy
Th20. (anp)>a (exercise)
Th21. (arPB)>P (exercise)
Th22. av—a (exercise)

Th23. (av(Bvy)o(Bvionvy))
(1) av(Bvy); hyp
(2) ma>(=B>y); (1) 3.1 Defy
(3) =Bo(—0>y); (2) Th13, MP
4) Bv(avy); (3) 3.1 Defy
Th24. (av(Bvy)>((ovB)vy)
(1) av(Bvy); hyp
(2) ma>(Bvy); 3.1 Defy
(3) (Bvy)=(yvB); Thl9
(4) mao(yvp); (2) (3), Th5 MP
(5) av(yvp); (4), 3.1 Defy
(6) yv(avp); (5), Th23, MP
(7) (avPB)vy; Th19, (6), MP
Th25. ((avB)vy)o(av(Bvy)) (exercise)
Th26. o,B|-aAp
(1) ~(—v—B)>(—ov—p); Th
(2) (=ov=B)v—(—av—P); (1) 3.1 Def,
(3) ~ov(—Py(—av—B)); (2) Th25
(4) —av(=Bv(anP)); (3), 3.1 Defa
(5) ao(Po(anP)); (4) 3.1 Defy
(6) a; hyp
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(7) B=(anB); (5) (6) MP

(8) B; hyp

(9) anp; (7) (8) MP
Hence o, |- aAp.
Th27. (6 (B=y)>(@AB)=Y)

(1) a=(B>y); hyp

(2) anp; hyp

(3) a; (2) Th20, MP

(4) B; (2) Th21, MP

(5) Bov; (1) (3) MP

(6)7: (5) (4) MP
Hence a>(foy), anBly, and then |- (a>(B>y))>((anB)>y), by 3.2.2
Coroll.
Th28. ((aAB)2y)2(a(Boy)) (exercise)
Th29. (as(Boy)=((aAB)=Y)

(by Th27, Th28, Th26, 3.1 Def:)
Th30. ((a=B)A(B=y))>(a=y) (exercise)
Th31. o=, B=y|- a=y (exercise)
Th32. o=——a

(by Thé6, Th7, Th26, 3.1 Def:)
Th33. (a=p)>(—o=—p)

(1) 0=p; hyp

(2) (aoB)A(Poa); (1) 3.1 Def=

(3) aoB; (2), Th20, MP

(4) Boa; (2) Th21, MP

(5) —=Bo—a; (3) Th8, MP

(6) —a>—P; (4) Th8, MP

(7) (—~0>=B)A(=Bo—); (3) (6) Th26

(8) —|OLE—|B, (7) 3.1 Def=

(9) a=pt-—a=—p

(10) (a=B)>(—a=—P); 9 Ded. Th.

Th34. (—oa=—p)>(a=p) (exercise)
Th3S. (a=B)=(—a=—p)

(by Th33, Th34, 3.1 Def:)
Th36. —(ar—a)

(1) —moov——ai; Th22
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(2) (—ov——0)>——(—av—at); Th7

(3) == (=ov—==a); (1) (2) MP

(4) ~(ar—a); (3), 3.1 Defx, Repl. Th.
Th37. (0op)A—B)>—a

(1) (aoP)A=P; hyp

(2) aoB; (1) Th20, MP

(3) =B; (1) Th21, MP

(4) =po—a; (2) Th8, MP

(5) —a; (3) (4) MP
Hence (aoB)A—=B} —a, and then |- ((a>B)A—=p)>—a by Ded. Th.
Th38. —(avp)=(—ar—P)

(1) ~(cevB)>—(oevP); Thi

(2) =(avB)o—=(——av——P); (1) Th32, Repl. Th.

(3) ~(ovB)>(—oun—P); (2) Def.

(4) (—oA—B)>(—oa—p); Th

(5) (moA—=B)>=(——av—=P); (4), 3.1 Defs

(6) (—ar—=B)>—(avp); (5), Th32, Repl.Th; whence Th38, by (3)
and(6), Def=.
Th39. —(aoB)=(ar—p)

(1) =(a>B)=—(—=avp); 3.1 Def,

(2) =(=ovP)=(——ar—p); Th38

(3) (=—aA—p)=(ar—p); Th32, Repl. Th.

(4) =(aoB)=(ar—P); (1)-(3), Th. 31, Ded. Th.
Th40. (a=p)>((a>y)=(B>y))

(1) o=P; hyp

(2) aoB; (1) 3.1 Det=, Th20, MP

(3) Boa; (1) 3.1 Defz, Th21, MP

(4) (a2B)>((Boy)>(a>y)); ThS

(5) (B2y)>(0>y); (2) (4) MP

(6) (Boo)>((a>y)>(B>Y)); ThS

(7) (a=y)>(B>y); (3) (6) MP

(8) ((a27)2(Bo)A(BDY)=(ay))); (5) (7), Th26

(9) (02y)=(Boy); 8, 3.1 Def=
Hence (=) |- (aoy)=(P>y), whence |- (a=B)>((a>y)=(B>y)); Ded Th.
Thdl. (a=)>((ow)=(r>P))

(as Th.40 but in the steps (4) and (6) use Th14 and 3.1 Def\).
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Th42. (aoB)>[(a2y)2(a(BAY))]

(1) oop; hyp

(2) aoy; hyp

(3) o hyp

4) B; (1) 3) MP

(5)v; (2) (3) MP

(6) PAy; (4) (5) Th26
Hence aof, aoy, a |- BAy and then |- (aop)>[(aDy)>(ad(BAY))]; by 3.2.2
Corollary.
Th43. (aoB)>[(a>—B)>—a]

(1) ao; hyp

(2) a>—P; hyp

(3) (0oB)=l(am—B)=(a(BA—B))]; The2

(4) ao(BA—P); (1) (2) (3) MP twice

(5) =(BAr—=B)>—a; (4) Th8, MP

(6) ~(BA—P); Th36

(7) =a; (5) (6) MP
Hence oo, ao>—B}—a, and then |- (a>p)>[(a>—p)>—al; by 3.2.2
Corollary.

3.3. Soundness and completeness of PL**

3.3.1. Soundness of PL*

Definition 1. An axiomatic system S is called sound if every formula
provable in S is a valid formula of LpL.

Soundness Theorem for PL** (weak form). If |- o, then |=a.

Proof. All we have to prove is that the axioms of PL™ are valid formulas of
Lpr and that MP preserves in conclusion the validity of premises. Using any
decision procedure in PL (cf. 2.7) we can show that Ax1-Ax3 are valid
formulas of LpL. And by 2.1.2 Modus Ponens, the rule MP preserves the

validity. Hence every theorem of PL™ is valid.

Definition 2. An axiomatic system S is called sound in a stronger sense if
the following holds: If aui,...,on |- B, then au,...,on = B.

Remark 1. As we mentioned in 3.1, for the systems PI™ and PI*" the
following holds PL* o iff P }-a. It follows that the soundness
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theorem also holds for PL**” * But the stronger form of soundness does
not hold for PI*™®), for the simple reason that Substp. (comp. 2.4.1)
preserves in its applications the validity of a given formula a, but does not
preserve the simple*® truth of o. This means the following thing. By its
syntactic counterpart (cf. 3.2.1.1), if p is given, then by substitution q/p, the
formula q is obtained, i.e., pq is a deduction in PI*. But from this
deduction we cannot conclude that pl=q, since we have no guarantee that
whenever p is true in some interpretation, the sentence q will also be true.*’
As we saw above (Sect. 2.6 and 3.1), often we are interested not only
in which formulas are provable (valid) but also in which formulas follow
sintactic and semantic from which formulas. And this fact does imply to
consider also a stronger form of soundness theorem,*® given by the
following result.
Soundness Theorem for PL** (stronger form). If T'|-a., then I' = .

Proof. Assume that (1) I'}-o. Then there is a finite set I'g of I" such that
2)Tola (by def). And then (3) Conj(I'o)l-a (by PL). Whence
(4) Conj(I'o)>a (by Ded. Th.). From (4), by Soundness Theorem (weak
form), it follows (5) EConj(I'o)>a, and therefore (6) Conj(I'0)E=oa (by
Normality Theorem, comp. Sect. 2.6), and then (7) oo (by PL). Hence
(8) I'k=a (by Prop. 2%, Sect. 3.1).

Definition. 4 system S is consistent if there is no formula o such that |-a
and |-—a.

Consistency Theorem. PL™ is consistent.

Proof. The consistency of PL™ follows from its soundness. Since by
soundness if |-a, then Fa, but —a cannot be valid, hence —a is not

provable.

Remark 2. Other definitions of consistency can also be given: e.g. a) A
system S is consistent if not every formula is provable in S, and b) A system
S is consistent if there is a formula p (or pA—p) not provable in S. For PL*
all the three definitions given are equivalent, since if in S the formula p were
provable (against b), then by Substitution Theorem (comp. 3.2.1.1) any

# Tt follows that PL*® is also consistent (in the sense of definition given below).
46 1.e. the truth of o in some interpretation.

47 Comp. also 3.2.2 Remark.

48 This is also the case with completeness theorem (comp. 3.3.2 below).
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formula would be provable (against a) and then |-o and |-—o will also be
provable (contrary to Definition). On the other hand, if in PL* we had |-a
and |-—o (contrary to Definition), then by 3.2.3 Th2: —a>(a>p) and MP

any formula 3 would be provable (against a) and then p will also be
provable (against b).

3.3.2. Completeness of PL** (Henkin-style*”)

As we saw above, PL™ is a sound system of PL, i.e., every theorem
of PL’™ is a valid formula of LpL. Now we are interested in the converse of
this assertion and as we shall see it also holds for PL™ .

Definition 1. An axiomatic system S is called complete if every valid
formula of LpL is a theorem of S. S is called complete in a stronger sense if
the following holds: if T' = o, then T'}-a.

Completeness Theorem (stronger form). If in PL 'k, then in PL™
I'-a.

The proof of this theorem requires some notions and corresponding
lemmas.

Definition 2. A set I of formulas of LpL is consistent if there is no formula [3
of LpL such that I' |- and I' ==, otherwise it is inconsistent.

Since the relation "|-" is finitist’’, T-B means that there are
formulas a,...,anel” such that a,...,on | B.
Lemma 1. I'- o if and only if T U{—a.} is inconsistent.

To prove this lemma means to prove the following conditionals:
(a) f T'Fa, then 'U{—a} 1s inconsistent.

(b) If 'U{—a} is inconsistent, then I'}-a..
Proof. (a) Suppose that (1) I'l-a. But (2) Fa>(—=a>B) (by Th. 4, Sect.
3.2.3), and then (3) I'- —a>P (from (1) and (2) via Prop. 4* and 5* of Sect.
3.1), where B is an arbitrary formula of Lp.. Whence (4) I', —a}-3 (by the
converse of Ded. Th.). Since B is arbitrary (i.e., take p=y A—y), it follows

4 Cf. L. Henkin [1949]. In fact, there is a variety of such proofs of completeness, e.g. E.
Post [1921], L. Kalmar [1935] (see 3.3.4 below), W.V.O. Quine [1938], K. Schiitte [1956],
A.R. Anderson and N. Belnap [1959], S.C. Kleene [1967], Ch. VI, R.R. Stoll [1963], Ch. 6.
0 Comp. 3.1, Def. 3.
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(7) T'u{—a} is inconsistent.

(b) Suppose that (1) "U{—a} is inconsistent. Then there is a formula
B such that (2) I', —mo.}- and (3) I', —mo.|- —f. By Deduction Theorem from
(2) it follows (4) I'l-—0>P, and from (3) it follows (5) I'—a>—p. But
(6) F (—ooB)o[(—a>—p)>a] (by Th. 43, Sect. 3.2.3), and then (7) '«
(from (4), (5), (6), by Prop. 4* and 5* of Sect. 3.1).
Definition 3. A set I" of formulas of Lpv is called maximal consistent if T is
consistent and for any formula o of LpL the following holds: if TU{a} is
consistent, then o.€l’.
Lemma 2 (Lindenbaum's Lemma). Let I" be a consistent set of formulas of
LpL. Then there is a maximal consistent set I'w such that I'cl .
Proof. With the language LpL of PL an infinite number of formulas may be
constructed. Let us consider such an enumeration: o1,02,03,...°" Now we
define an infinite sequence of sets in the following way:

[o=I"

I, U{a,,,}if the so obtained set is consistent
e {Fn otherwise.

Weset I, =l (n=0,1,2,...).

a) ['v is consistent.
Proof (reductio). Assume I's is inconsistent, hence there are the formulas
a; ,...,o; of Lpr such that a, ,...,o; P and o ,...,0; —f. Let k be the

I
greatest number of ii,...,im, such that o ,...,o0; €I . In this case we have

I'k|-B and I'k|-—f, and then I'x would be inconsistent. But this is not
possible, since by construction of this sequence of sets I'o =1I" is consistent
(ex hypothesi) and if T’y 1s consistent so is ['n+1 (by construction of ['n+1).

b) ['w is maximal.

Suppose that a formula o ¢I’,. Let n be its number in the above

enumeration. Then by construction of the sets I} we have I}, U{a,} 1s
inconsistent (otherwise I, =TI, ,uU{a,}). Hence I, _,o,B and
I_,,o,—B, and therefore, by Ded. Th., I, Fa,>p and

I, a,>=B. But since PL*}- (o, 2PB) 2 (o, > —p) D> —a,,) (comp.

1 The fact that the set of formulas of Lpy is effectively enumerable can be proved by a
method similar to that of Ch. 2, Sect. 3.5.3, Lemma 1.
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3.2.3, Th. 43) it follows that I, , -—o (by Prop. 4* and 5*, 3.1) and then
I, -—a (by Prop. 2%, 3.1). Whence —o. €I, (by Lemma 3(b) below).

Remark. A shorter proof can also be given, using the following result: If T"
is consistent, then for any formula o€Llpy the following holds: TU{a} is
consistent or T'U{—a} is consistent. Prove this result and construct a proof
for b).
Lemma 3. [fT is any maximal consistent set, then the following holds of T

(a) For any formula o of Lp exactly one of oo and —ovisin T.

And this means that a eI iff —a ¢

(b) For any formula o. of LpL: T'Ha iff ael.

(c)ooPel iff agl or Bey.
Proof. (a) I" being consistent, it is not the case that ael” and —ael’. Let us
suppose that ag¢l’ and —agl. Hence I'U{a} and I'U{—a} are both
inconsistent sets, by Def. 3. Then, by Lemma 1 I'—a and I'}- a,, and then

I' is inconsistent, contrary to the assumed consistency of I'.
Proof. (b1) If T'}-a, then aeT".

(Reductio). Suppose that I'-a and a¢I. It follows that —o.el” (by max of
I'). Then I'-—a (since, by Prop. 1* (Sect. 3.1), —mo}-—a, and then, by
Prop. 2* I', —o}-—a, i.e., since —moel: I'-—a. Hence I' is inconsistent
since it is also the case I'}-a (by hyp.).

(b2) If ael’, then T'-a..
(Reductio). Suppose that aoel” and I'#o.. Then 'U{—a} is consistent (by

Lemma 1) and therefore —ael" (by Def. 3). But by hypothesis ael’, and
then I" is inconsistent.
Proof. (ci)) If a oBel",then agl or Bel .

(Reductio). Suppose that a D e’ and Non(a ¢l or BeI), equivalent
ael and BgI'. Then —fel. But if ael” and =B eI it follows (by
(b)) that ' and I'-—p. Then, since PL* o> (= > —(aa 2 P)), it
follows (by 3.1, Prop. 4* and 5*) that I'-—(a>f), contradicting the
consistency of I' since aoB el (by hyp.) and then I' - a> (by (b)).

(c2) If agl or Bel', then a >Pel". Suppose that o ¢ ". Then
—a €' (by max), and therefore I' |- —a (by (b)). But PL* |- —ma>(a>f) and
then I'-a>f (by 3.1, Prop. 4* and 5*). Now suppose that BeI". Then
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I'B (by (b)). But PL¥*}|-Bo(a>p), it follows (by Prop. 4* and 5*) that
I'- aop. In both cases it follows that aoB el
Definition 4. A set I" of formulas of Ly is called satisfiable if there exists an
interpretation int of variables occurring in the formulas of T such that for
any ael: [a]™ =1 (symbolic: SatT, or [[T™ =1).
Lemma 4. [f T is a consistent set of formulas of LpL, then U is satisfiable.
Proof. Since I" is consistent, by Lemma 2 there is a maximal consistent set
I'x such that I'cl'«. If we show that I'« is satisfiable, then the satisfiability
of T" follows. Hence what we shall prove is that ['» is satisfiable. Actually,
we prove the stronger fact that there is an interpretation int such that for any
formula o of '~ the following holds:
Eq. [o]™ =1 iff ol .

For this task we define an interpretation int for propositional

variables of Lpr in the following way:
[pI™ =1iff pel,

and then show that £q holds for any formula oo e L, .

We prove this equivalence by induction on the complexity of a.
Basis. Compl(a)=0. This means that o is a variable and then Lemma holds
by definition.
Induction. Assume that Eq holds for every formula whose complexity <n,
and show that Eq holds for every formula with complexity #. The formula o
has one of the following forms: —f3 or foy.

l.a=-p.

[o]™ =1 iff [-B]™ =1 iff [B]™ =0 iff B, (by ind. hyp.) iff
—pBel,, (byLemma3 (a))iff ael,.

2. a=Boy.

[a]™ =1 iff [Boy]™ =1 iff [BI™ =0 or [y]™ =1 iff pel, (by
ind. hyp.) or y eI, (by ind. hyp.) iff B>y el (by Lemma 3 (¢)).

Finally, since I'cl«, it follows that if " is consistent then I is

satisfiable, i.e., Lemma 4.
Lemma 5. I'=a iff TU{—a} is not satisfiable.
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Proof. I'= o iff there is o finite (TocI") such that Ty a®? iff Conj(I'o) k= o
(by PL) iff | Conj(I'o)>a (by Normality) iff NonSat—(Conj(I'0)>a) (by PL)
iff  NonSat(Conj(I'))A—a) (by PL) iff NonSat(T'ow{—a}) iff
NonSat 'U{—a} (since ['0w{—a} is a subset of U{—a} and if a set is

unsatisfiable, then so is any extension of it).
Now we turn to the proof of the stronger completeness theorem for

PL*: if 'Ea, then I'-a. Suppose, by contraposition, that I'H a, then
I'u{—a} is consistent (by Lemma 1) and hence 'U{—a} is satisfiable (by
Lemma 4), i.e., there is an interpretation int satisfying all the formulas in I"
and the formula —o.. Whence [a]™ =0, and therefore THo (by 2.6
Definition). Hence if I'=a., then I'|-a.

Another argument for stronger completeness theorem is the
following. Suppose that I'=a. Then 'U{—a} is not satisfiable (by Lemma
5). And then by Lemma 4 it follows that 'U{—a} is inconsistent. Whence,
by Lemma 1 (above), I'|-a.

For I'=J the completeness of PL* follows, i.e., if Fa, then |-a.
Remark. The completeness theorem (stronger and weaker) holds for the
system PL*® too (argue!).

3.3.3. Some related results
Theorem 1. I'-o iff T a.

Proof. From 3.3.1 Soundness Theorem (stronger form) and 3.3.2
Completeness Theorem (stronger form).

Remark. If =0, then for PL™ the following holds: |- iff Eo. This

equivalence shows the co-extensivity of the two notions: one syntactic
(theorem) and one semantic (valid formula) and then allows us to
interchange the symbols "|-" and "= " arbitrarily.

Interpolation Theorem for PL*%.>* If |- aoP and o and B have at least one

variable in common, then there is a formula y of LpL all of whose variables
occur in both o and P such that o>y and |yoB. v is called the

interpolant for the implication oop.

52 Comp. Finiteness Theorem for " =" (3.3.3 below).
33 This is the syntactic version of the corresponding theorem for PL; comp. 2.9.
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Proof. From 2.9 Interpolation Theorem and Theorem 1 above.

Theorem 2. Let I be a set of formulas of LeL. Then the following holds: T is
consistent if and only if T is satisfiable.

Proof. The left-right part, by Lemma 4 (3.3.2). For the right-left part, if I is
satisfiable, then I" is consistent, we suppose, by reductio, that I is satisfiable
but it is not consistent. Hence there is a formula o of LpL such that I'- o and
I'l-—a (by 3.3.2, Definition 2). And then we have I'=a and I'=—a (by
3.3.1, Soundness Theorem (stronger form)). But by hypothesis, I' is
satisfiable, i.e., there is an interpretation in¢ such that all the formulas in '
are true in int. Hence from I'= o we deduce that [a]™ =1 and from I'l= —a

it follows that [—a]™ =1, and this is impossible.

Finiteness Theorem for semantic consequence. I'=o iff there is a finite
subset I'o of T such that T'o[=a.

Proof. a) If there is a finite ['\cI” such that T'o=a, then since I'=["UT it
follows that I'l= o (by Sect. 3.1, Prop. 2%).

b) If '=a, then I'o, by Theorem 1, and then there is a finite
sequence of formulas constituting the deduction of a from I" (by 3.1, Def 3
and Def4). Hence there is a finite I'ocl” such that I'o|-a, whence, by
Theorem 1, T'o=a.

Theorem 3. Let T be a set of formulas of LpL. Then T is consistent iff every
finite set ACI is consistent.

Proof. The left-right part is simple, since if a finite set Acl’ were
inconsistent, then any extension of it (and therefore I' itself) would be
inconsistent.

For the right-left part we proceed by reductio. Assume that every
finite AcCI is consistent and I" is not consistent. Hence for some o I'-a
and I'F-—a.. But by 3.1, Def 3 and Def 4, a derivation has only finitely many
formulas, and then from I" only finitely many formulas occur in this
derivation. Let A be the set of such formulas. Then A|-o and A}-—a, 1.e., A
is inconsistent, contradicting our assumption.

The Compactness Theorem for PL. Let I" be a set of formulas of LpL.
Then the following holds: T is satisfiable if and only if every finite subset of

I is satisfiable.
Proof. By Theorem 2 and Theorem 3.
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3.3.4. Completeness of PL* (Kalmar-style%*)
The proof of the fact that every valid formula of Lpr is provable in

PL™, using Kalmar's method, requires a lemma asserting the existence of a
deducibility relation® corresponding to each row of the truth table of a
formula a. Let us formulate this lemma, illustrate it and prove it.

Lemma. Let o(pi,...,.px) be a formula of Lpr whose only distinct variables
are pi,....px (k>1). Let int be an interpretation of pu,...,px. Let us define p;,

1<i<k,and o in the following way:
. Lo if [p " =1 . o, if [a]™=1
Pi = i . b int a = . int
=p;, if [p;]" =0 —a, if [a]™ =0
Then: p,,....p, - o .
Example. Let oo =p; o (p, 2 —p,)

|p1 |p2 |_'p1 |p2:’_'p1 |p13(p23_'p1)|
1|1 0 0 0
110 0 1 1
01 1 1 1
00 1 1 1

According to the lemma to each row of this truth table, that is, to
each interpretation of variables of a corresponds a deducibility relation:
Inti:  pi,p2-—a
Intz:  pr,—p2Fa
Ints3:  —pi,p2f-a
Ints:  —p1,—p2fa
Proof (induction on the complexity of o).
Basis. n =0, i.e., the formula o is a variable p. Then if [p]™ =1, then p}a.

reduces to pl-p. And if [p]™ =0, then —p|- o means —p}-—p, and both
these relations hold.

Induction. Assume that lemma holds for any formula a of Lpr such that
compl(a) <n, and show that lemma holds also for formulas o such that
compl(a) = n.

4 L. Kalmar [1935].
35 As a pure syntactic fact!
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Again we consider the formulas without abbreviations, hence o can
have one of the following forms: —B and B>y, where compl(p) <» and
compl(y) <n.

1. a=—P.
a) Assume [a]™ =1, and then o =o. Hence [B]™ =0, and then
B" =—P. And since compl(B) < n, by inductive hypothesis we have:
(1) P}y B
(2) Poesby B
(3) ProvensPy
(4) ProesPy O

b) Assume [a]™ =0, then o' =—o. Hence [B]™ =1 and then B" =f.

Again, by inductive hypothesis:

(D) ProvensPy =B

(2) pyowenPy B

(3) Py F—(—B); (2), 3.2.3, Th32

(COR SN

(5) PyoesDy - O
2. o=B>y. By inductive hypothesis, lemma holds for B and vy, i.e.,
prop F B and pi,...p. -7 . According to the truth table of > we
distinguish the following three subcases:

a) [B]™ =0. Then [a]™ =1 and therefore B"=—B and o =a.
Hence (1) pyseesPr F—B

() pyse-espy FBOY; (1), 3.2.3, Th2, MP
(3) PrsesPy - O
b) [y]™ =1. Then [a]™ =1, hence " =y and o =c.. And then
(D) prosPi FY
(2) PyovessPy BV (1) Ax1, MP
(3) PrsesPy - O

¢) [B™ =1 and [y]" =0. And then B =B, y =—y and

o =—o=—(B>Yy). We have:

(1) PpowessPy B
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(2) p’lk""’p; |__|Y
(3) PyoeensPy F=(B2Y); (1) (2),3.2.3, Thi 1, MP.
(4) pyserPr - O
Completeness Theorem for PL**. If =, then |-o.
Proof. Assume [ a(pi,....px). Hence for every interpretation int of the
variables pi,...,.px we have [a]™ =1, and then o =a . By the preceding
Lemma, we have:
ProeessPy 1
and then:
a) If [p, I™ =1 (i.e., p; =p, ), then p,,....p; Py 0.
b) If [p,I" =0 (i.e., p, =—p, ), then p,,....,p._,,—D, - .
Whence, by Deduction Theorem, from a) and b) we get, accordingly
(1) PrsveesPis P00
(2) p;k’-"’p;_l }_ Py PA
And by 3.2.3, Th12: (a2>B)>((—a>p)>P) and MP we get
(3) ProsDiy O
Now we repeat the preceding process, this time by taking the
variable p, ,, and after k steps we drop all the variables pi,...,pk, and finally
obtain: |-a. But a was an arbitrary valid formula of Lpr. Therefore: if Fa,
then |-a.

3.3.5. Syntactic completeness and decidability of PL**
3.3.5.1. Syntactic completeness of PL**

The idea of completeness, treated above, is usually known as the
semantic completeness of PL™. But beside it there are several ideas of
syntactic completeness, from which we select three as being interesting,
given by the definitions below.

Definition 1. An axiomatic system S is syntactically complete if and only if
for each formula a. of its language the following holds: either |- o. or |-—a..

As can be argued, PL™ is not complete in this sense, since neither p
nor —p is provable in PL™ . By 3.3.3 Theorem 1 Remark only valid formulas
are provable, but neither p nor —p is valid.
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Definition 2. An axiomatic system S is syntactically complete if and only if
no unprovable schema can be added to it without destroying consistency.

As we saw in 3.1, the difference between an axiom and an axiom
schema consists of the following: an axiom is a formula of Lpr, e.g.,
p>(qop), but an axiom schema S is a stencil, like ao(Boa),*® according to
which we can construct an infinite number of axioms. Hence in such a
schema containing say Si,...,Sk schematic symbols if we substitute arbitrary
formulas say i....,k for Si,...,Sk respectively, what is obtained will be an
axiom.

Theorem 1. PL™ is syntactically complete (in the sense of Definition 2).
Proof. Let us suppose that S is an unprovable schema in PL™, and that S is
added as a new axiom to PL™ obtaining a new system PI™'. Since [+S in

PL™, it follows that S (by completeness of PL™), i.e., there is an
interpretation int of the schematic symbols in S such that [S]™ =0. Hence
PL* |-S, and therefore any formula obtained from S by substituting the

formulas Bi,...,Bk for Si....,Sk respectively, will be a theorem of PI™'. Let us
consider the following substitutions in S such that in int S is false: we set

pop for each Si, 1<i <k, for which [S,]™ =1 and —(pop) for each S; such
that [S,]™ =0. If for example the unprovable schema is S=S;>S, then
[SI™ =0 for [S,]™ =1 and [S,]™ = 0. Hence, we substitute pop for S; and
—(pop) for S» and obtain the formula (pop)>—(p>op). Let us call B the so
obtained formula. Being obtained in PI™', the following holds: PL™ |-B.
But B is not satisfiable, hence —f, and then PL* -—f3 and therefore
PL™ |- —B. Hence PL** proves B and —B, i.e., it is inconsistent. Therefore,
PL™ is syntactically complete (in the sense of Def 2).

Definition 3. An axiomatic system is syntactically complete if and only if no

unprovable formula of its language can be added without destroying
consistency.

Theorem 2. PL™ is not syntactically complete (in the sense of Definition 3).
Actually, we prove this theorem by proving the following fact: if’
PL*H —a., then PL™U{a} is consistent.

Proof (contraposition). Suppose that PL**U{a}is inconsistent, i.e., there is

6 We call o, B schematic symbols.
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a formula  of Lp. such that PL*, a}-f and PL*, a}-—fB. And then, by
Ded. Th. PL¥*}-a>f and PL*™}- a>—f. But PL¥*|- (aop)>((ao>—p)>—a)
(Th. 43, Sect. 3.2.3). Whence, by MP (twice), PL*™ |- —a..

Remark. If we proceed as in Ch. 2 Sect. 3.5.2, by referring to PL* as being
the sets of all provable formulas in PL*, then Theorem 2 follows directly
from Lemma 1 (Sect. 3.3.2).

Hence if —a is any formula not provable in PL™ then by addition of
o to PLC™ as a new axiom we obtain a consistent system.
Remark. The Theorem 2 does not hold for a system with a substitution rule
as a rule of inference, for in such a case the argument for Theorem 1, with
obvious changes, can be used in order to show that by adding to PL™ any
unprovable formula as an axiom, the resulting system is inconsistent. Hence
such a system with a substitution rule is also one syntactically complete.

3.3.5.2. Decidability of PL**

Definition 1. An axiomatic system S is decidable if and only if there is a
method whose application enable us to tell of each formula (of its language)
whether or not it is a theorem of S.

Theorem. PL™ is decidable.

Proof. By 3.3.3, Theorem 1, Remark, for any formula o of Lpr: - iff Fa.
But by 2.7 using anyone of those methods (truth table, Quine's, reductio test
or normal forms) we can effectively determine whether or not a formula is
decidable. Therefore PL* is decidable.

Definition 2. 4 formula o is decidable in an axiomatic system if and only if
the following holds: either |- o or -—a.

As we know, there are formulas o of Lpr such that neither o not —o
is provable in PL™, p, —p, poq, —qvr being some examples of these
formulas.

Remark. Though PL™ is a decidable system, it has undecidable formulas.
Definition 3. An axiomatic system S has an effective proof procedure if and
only if for any arbitrary theorem o of S there is an effective method for

constructing a proof of o in S.
Remark. For PL* there is such a procedure (an awkward one!) based on the
proof of completeness (Kalmar-type).
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Chapter 2. FIRST-ORDER LOGIC

The first-order logic (FOL) we develop in this chapter, also known
as "predicate calculus"! or "quantification theory"?, is a logic whose only
quantified variables are individual variables and in which no place of
arguments of a predicate is occupied by a predicate symbol.

1. Syntax of FOL

1.1. Alphabet, terms, formulas
A first-order language (Lror) depends on what we intend to do by
using it. Some of its symbols are common to all of first order languages (the
items (1)-(4) below) and some of them are different from language to
language (the items (5)-(7) below).
Usually, the language of FOL contains the following symbols:
Alphabet
(1) Symbols for propositional connectives: —, A, Vv, D, =
(2) Symbols for quantifies: V (for all, the universal quantifier)
3 (there exists, the existential quantifier)
3) Symbols for individual variables: x1, X2, X3,..., sometimes informally
denoted by x,y,z,...
(4)  Auxiliary symbols: ), (, sometimes informally given by |, [ or }, {,
and , (comma)
&) Predicate symbols: Pi, Py, P3,... (sometimes informally given by

P,Q,R,...)

(6) Function symbols: fi, 2, f3,... (sometimes informally given by
f, g, h,...)

(7) Constant symbols: ci, c2, €3,... (sometimes informally given by
a,b,c,...)

The set of (3) is denumerable, the set of (5) is finite or denumerable
but not empty, and the sets of (6) and (7) are finite or denumerable, possibly
empty.

I Cf. S.C. Kleene, [1967], Ch. 1I.
2 Cf. E. Mendelson, [1964], Ch. 2.
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If by Pred, Funct and Const we denote the sets of (5), (6) and (7)
respectively, then properly speaking the language of FOL (Lrov) is defined
in the following way:

Lror=PredUFunctoConst

Let us define two key notions of the syntax of FOL: term of LrorL and
Jformula of LroL.

Definition 1. The set Term of terms of LroL contains the following
expressions.:

1. any symbol of individual variable (Var)

2. any constant symbol (Const)

3. if fis a function symbol and t1,...,tne Term, then f(t1,...,tn) is a term.
Example. x, f(y), a, g(a,z), h(z,b,g(x))

If a term t does not contain any variable, then it is c/osed. Sometimes
a function symbol f occurs with a superscript n, i.e., f", with n>1, n
indicating the number of accompanying arguments of f: f'-one-place, f*-
two-place,..., f" -n-place.

Definition 2. The set Form of formulas of LroL contains strictly the
following expressions:

1. R(t1,...,tn), where R is a predicate symbol® and ti,....ta are terms.

Such an expression is called atomic formula.

2. =, where a.e Form.

3. aof, where a, PeForm, and "o" is a symbol for a binary

propositional connective.

4. a) Vxa, and b) Ixa, where aeForm, and x is a symbol for an

individual variable.
Example. P(x), Q(xy), R(uyz), ¥xQ(), FyR(xy), PRAQ(X.Y),
Ix(P(x,y)>R(x)), IxS(a,x), VyT(f(x),b,c).
Let us consider the following formulas:
o=P(x)>3IyQ(x,y,z) and B=Vx(P(x)>3IyQ(X,y,z)).

The atomic formula Q(x,y,z) in a and 3, we say, is in the scope of
the quantifier Jy, and the formula P(x)>3yQ(x,y,z) in B is in the scope of
the quantifier Vx. As can be seen, some of the variables are in the scope of
some quantifiers or are the variables accompanying them: two occurrences
of y in a, three occurrences of x and two occurrences of y in . Such

3 Similar to function symbols, the superscript n in R" will indicate the number of arguments
of R: R'-one-place predicate symbol...., R™n-place predicate symbol. When the arguments
are given, as in R(ty,...,tn), this symbol can be omitted.
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variable occurrences are called bound. The variable x, instead, has two free
occurrences in o and the variable z has one free occurrence in 3.
Definition 3. An occurrence of a variable x is bound in o if it is the variable
accompanying a quantifier or it is the same variable within the scope of it,
otherwise X is free.

Of course, a variable x can have both bound and free occurrences in
a, as is the case with y in P(x,y)v3ayQ(X,y,z).
Definition 4. 4 sentence (or closed formula) of Lrov is a formula with no
free variable.

1.2. Substitution

Some terms and formulas may contain (individual) variables x,y,z,...,
and these variables may be replaced by arbitrary terms. Such an operation is
called substitution.
Definition 1. A substitution is a mapping & from the set of variables to the
set of terms, i.e.,

o:Var—Term.

Let in what follows o(t) and o(o) be the notations for "the
substitution in a term t" and "the substitution in a formula a", respectively.

According to the above definition, evidently, the following holds:
o(c) =c and o(f(ti,...,tn)) = f(c(t1),...,0(tn)), where each of t; (1 <i<n) are
terms. Then we can say that the application of ¢ to a term t does generate
some other term.
Example 1. Let t = f(x,a,y), and © be a substitution defined in the following
way: 6(x) = b and o(y) = c. Let us calculate o(t).

o(f(x,a,y)) = f(a(x), o(a), a(y)) = f(ba,c).
Example 2. Let t = g(x,h(y,a),z) and ¢ be defined in the following way:
o(x)=w, o(y)=b and o(z)=1f(c). Then o(g(x)h(y,a),z)=
=g(o(x),0(h(y,a)),5(2)) = g(c(x),h(5(y)).0(a)),5(2)) = g(W,h(b,a),f(c)).

Similarly, as we said, the substitution can be carried out in a formula
o.. But in this case this operation has a restriction, given by the fact that a
formula o may contain both free and bound variables, and the substitution
must not affect the bound variables of a, i.e., only the free variables of a
formula o may be substituted. This restriction is indicated by the following
notation: o, , where the subscript "x" suggests that ¢ should not affect the

bound occurrences of the variable x. This means that o, (y) =o(y) if y #x,
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and o, (x) =x otherwise. Hence

1. o(R(t,,...,t,)) =R(a(t,),...,o(t,))

2. o(—a) =—c(a)

3. o(aep) =o(a) o o(B)

4. a) o(Vxa) = Vxo, ()

b) o(Ixa) =3Ixo, (a0).
Example. Let o =3xQ(X,y,z), and o be defined by: o(x) =a, o(y) =b and
o(z)=c. Then o(IxQ(x,y,z)) = Ixox(Q(X,y,z)) = IxQ(0cx(X),0x(y),0x(2)) =
=3xQ(x,b,c).

A substitution ¢ in a formula o is correct only if it meets the
following requirement: the term t is free for X in the formula a., according to
the following definition.

Definition 2. Let o be a formula of LroL and t be a term of LroL. Then t is
free for X in o if and only if no free occurrence of x in o lies within the
scope of a quantifier ¥y or 3y and y is a variable in t.

(Equivalent: t is free for x in a if t does not contain any variable
which by substitution of t for x becomes a bound variable in the formula o).
Example. Suppose that o =3zVyQ(x,y,z) and t,=a, t,=f(a,z) and
t; =g(y,b,c). According to above definition, only t, is free for x in a,
since the terms t, and t; contain z and y, respectively, which become

bound by substitution in a.

Remark 1. If a term t is closed (i.e., it does not contain any variable), then t
is free for any free variable in any formula of Lror.

Remark 2. In a formula o a term t is free for any free variable of a if no
variable of t has bound occurrences in o (give an example!).

Notation. The intuitive notations used for defining the substitutions
above, will be rendered in what follows by the more usual ones, of the
following form: b|x, f(a)|x, g(y,a)|x, whose reading is: the substitution
of the respective term (b,f(a),g(y(a)) for the variable x in a term t or in a
formula o.
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2. Semantics of FOL
2.1. Notions

The syntax of a language takes into account only grammatical
aspects of the symbols and sequences of symbols. But a symbol has a
meaning only by interpretation. And this is just what the semantics of a
language intends to do. To interpret the language Lror means to interpret
predicate, function and constant symbols. And this requires, in a way we
specify below, the existence of a non-empty set called the domain. Both
components, a domain and an interpretation function, specify a model.
However, a formula like P(x)>Q(y,z), can contain free variables, hence we
have to specify their semantic values too, and this is given by a distinct
function called assignment. Let us detail.

Definition 1. 4 model for the language LroL is the ordered pair M = (D,1)
where

1. D is a non-empty set (the domain of M)

2. 11is the interpretation function, i.e., a mapping that associates

a) to every n-place predicate symbol R" ePred an n-ary relation
(Rn)i cD"
b) to every n-place function symbol " € Funct an n-ary function
(f")':D"—>D
¢) to every constant symbol ceConst some element ¢' € D.
Definition 2. An assignment in M =(D,1) is a mapping | from the set of
variables to the set D; i.e.,
w:Var—D.
As can be seen if the mappings i1 and p are given, then the semantic
value of any term can be determinated, i.e.,
Lox"™=x" 2.c™=c 3. (f(t,....t )" =f(t",..,t").
If a term t doesn't contain any variable, then its semantic value is not relative
to any assignment.
Definition 3. Let M = (D,i) be a model for LroL, let x be a variable and let 1
and v be two assignments in M.* w and v are called x-variants (or x-

alternatives) if they assign the same value to every variable except
possibly x.

4 This notation is borrowed from M. Fitting [1990].
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The following three notions are fundamental to any semantic
treatment of first-order logic: "truth of a formula a of LroL in an assignment
pin M", "truth of o in M" and "validity of a". Let us define them.
Definition 4. Let M = (D,i) be a model for LrovL and let p be an assignment
in M. Then

L [R(ty,ot )] =1 iff (€4, ")y e R

2. [-a]* =—o]™*

3. [oo BT =[a] ™ o [B]™

4.a) [Vxo]* =1 iff [a]"¥ =1 for every assignment v X-variant of L.

b) [Fxa]™* =1 iff [a]" =1 for some assignment v X-variant of .
Explanation. The notation [a]"* means: the truth value of o in the
interpretation i of M =(D,i) and the assignment p in M. In the case 1 we
have an atomic formula, where R is an n-place predicate symbol and ti,...,t
are arbitrary terms. According to Def. 1, the item 2a), (R")' (we'll write
simply R') is an n-ary relation (predicate) R' = D", where D" is the set of
all n-tuples built up from the members of D. Let us illustrate this idea.
Example. Let D = {1,2,3} be the domain of M = (D,i).> Then D? will be the
set of all ordered pairs of members of D, namely
D? = {(L,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),(3,2),(3,3)} -

Now, if by R’ we understand the relation "less than", then R' will be
identified with a subset of D? formed by those pairs whose members lie in
the relation "less than"; that is R'={(1,2),(1,3),(2,3)}. As can be seen,
R' cD’.

Let now R(x,y) be an atomic formula of Lror, where R' is the above
relation "less than". Then

[R(x,y)]"* =1 iff (x"*,y"") eR" iff (x*,y*) eR'.
If x* =1 and y* =3, then (1,3) e R, hence [R(x,y)]"* =1.
If x* =3 and y" =2, then (3,2) ¢ R, hence [R(x,y)]"* =0.
If Q is a 2-place predicate symbol whose meaning is "equal to", then

Q' = {(1,1),(2,2),(3,3)} etc.

5 An equivalent notation: M = ({1,2,3,},1).
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The meaning of R", given by (R")' D" can be rendered,

equivalently, using the following notation: (R") = {x,...,X,,) | Cond}
where Cond is the condition the n-tuples of objects in D must satisfy. If
(R%)" is "less than" relation, then (R*)' = {(x,y)|x <y} and so on.

What the item 4 of Def. 1 says is the following fact: the truth value
of a formula o does not depend on any assignment to the quantified
variables (but still depends on the assignment to its free variables). Hence if
a formula has no free variables (i.e., it is a sentence), then its truth value
does not depend on any assignment.

Example. Let o be the formula x<y and let M = (D,i) be a model whose
domain is the set of natural numbers. It is clear, the truth value of o depends
on the assignment given to both variables, x and y. But if f = Vy(x<y), then
its truth value does not depend on y. Actually, the meaning of B can be
expressed without any reference to y: "x is the least natural number".
However, the truth of B still depends on the free variable x. Finally, if
v = 3IxVy(x<y), then v is true regardless of any assignment given to X or vy,
since what this closed formula says is: "there exists a smallest natural
number", a truth of number theory.

Definition 5. 4 formula o of LroL is satisfiable in a model M = (D) if and

only if there is some assignment W in M such that [a]* =1.

Definition 6. 4 formula o of LroL is satisfiable if and only if there is a
model M = (D,1) in which o is satisfiable.

Example. P(x)>—P(y), P(x)>—P(x) are satisfiable, but —(P(x)>P(x)) is not.

Def. 5 and Def. 6 can be accordingly extended to sets of formulas.
Definition 7. 4 formula o of Lrov is true in a model M = (D) if and only if
[a]* =1 for any assignment p in M.

Definition 8. 4 formula o of LroL is false in a model M = (D,i) if and only if
[a]™ =0 for any assignment p in M.

Of course, if o has at least one free variable x, then o could be
neither true nor false in a model M. This is the case with o = P(x)>—=P(y),
when the domain of M = (D,i) is the set of natural numbers and P' ="even".

As can be seen, the following equivalence holds:

(Eq) aistrue in M iff —a is false in M.
Definition 9. 4 formula o of Lrov is a valid formula of FOL if and only if o
is true in every model M = (D,1) for LroL.
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Sometimes in our proofs in FOL we'll use a relativized notion of
validity: k-validity.°
Definition 10. 4 formula o of Lrov is k-valid if and only if o is true in every
model M = (D,i) such that |D| = k.

If D has a finite number of members, say k, then the quantified
expressions can be expressed, equivalently, by conjunctions and
disjunctions, in the following form:

VXP(X)=(P(1)APQ2)A...AP(k))

IxP(x)=(P(1)vP2)v...vP(k)).
And if a formula o contains free variables, then we assign them the values
from D. For example, suppose that o = VxP(x)v—P(x). If D= {1}, then
o(1) is the formula P(1)v—P(1), and it is not falsifiable, irrespective of the
interpretation of P. We say that a(x) is 1-valid. But if D = {1,2}, then for the
two possible assignment to the free x in o, we get two non-valid formulas of
LroL: (P(1)AP(2))v—P(1) and (P(1)AP(2))v—P(2). Hence oa(x) is not 2-
valid. In a similar fashion we can show that
B(x) = VXPX)VVX(-Px)vQ(x))vVx(—=P(xX)v—Q(x)) is 1- and 2-valid but
not 3-valid (show that!).

Finally, let us observe that if a formula o(x) is Ak+1-valid, then it is
also k-valid.® Since a formula o." resulting from a formula o(x) applied to a
domain of k members, results, in its turn, from a formula o™ resulting from
o(x) applied to a domain of k+I-members 1,2,...k+1, if everywhere the
argument k+1 is replaced by 1 and if the repeating atomic formulas are kept
only once. If, for example, the argument £+1 is replaced by 1, then the
atomic formulas of the form P(k+1) are replaced by P(1), Q(2,k+1) by
Q(2,1) etc. By these replacements and by elimination of repetitions, from
o the formula o” is obtained, and o." is also valid.

Definition 11. 4 formula o of LroL is k-satisfiable if there is a model
M = (D,1) such that |D| = k in which o is satisfiable.

Evidently, the following hold:

1. o 1s k-satisfiable iff —a is not k-valid

2. o 1s not k-valid iff —a is k-satisfiable

3. o is not k-satisfiable iff —a is k-valid (from 1).

Let us illustrate the last case.

¢ Cf. D. Hilbert, P. Bernays [1934], 119.
7 1e., the cardinality of D is k.
8 For a proof of this fact, comp. Sect. 5.1.3, Theorem 1.
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Suppose o = VXx—R(x,x)AVxVyVz((R(x,y)AR(y,2))DR(X,2))AVXIYR(X,y).
As can easy be argued, irrespective of the interpretation of R, for every
finite k, o is false. Hence a is not k-satisfiable. Then —a is k-valid.
Definition 12. 4 formula B of Lrov is a semantical consequence of a set I of
formulas of Lrovr if and only if for any M =(D,i) any assignment p in M
which satisfies every formula in T also satisfies .

Remark. This definition, given for FOL, does not necessarily coincide with
that given for PL (comp. Ch. 1, 2.6), since the formulas we are dealing with
can be arbitrary formulas of Lror, i.e., closed or open. If T is a set of closed
formulas (sentences) of LroL and B is also closed, then the definition of
semantic consequence runs as follows: § is a semantic consequence of I'
(symbolically: I'=) if and only if for any model M the following holds: if
all the formulas of I are true in M, then B is true in M. Evidently, with all
the formulas closed, this definition does coincide with that given for PL. But
if open formulas are allowed, then we have to consider either the fact that
the truth of a formula o in a model M means the truth of o in any
assignment p in M (cf. Def. 7), or just the Def. 12, we gave above.

2.2. Proofs of validity in FOL

Example 1. Prove that the following formula of Lror is valid:

Y = Vx(a2B)>(aDVXP); X is not free in a.

Proof (reductio). Suppose that y is not valid. By Def. 9, it follows that there
is a model M = (D,i) in which v is not true. By Def. 7, it follows that there is
an  assignment pu in M  such  that [y]*=0, ie,
(1) [Vx(aoB)>(aoVxP)] "™ =0. Then by Def. 4 (item 3) we have:
(2) [Vx(aoB)]™ =1 and (3) [aDVxB]"™* = 0. In the same way, from (3) it
follows (4) [a]"* =1 and (5) [VxB]"™* =0. And from (5), by Def. 4 (item 4a)
it follows (6) there is an assignment v x-variant of p such that [B]"¥ =0.
From (4) it follows (7) [a]"" =1, for any assignment v x variant of p, since
x is not free in a.. Then by (7) and (6) we get (8) there is an assignment v X-
variant of u such that [a>B]"'=0, by Def. 4 (item 3). But from (2) it
follows, by Def. 4 (item 4a), (9) [a>B]*¥=1, for any assignment v x-variant
of p. But (9) and (8) are contradictory.
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Remark. Formula y above is valid only with the proviso: x is not free in o.
Let us show that this restriction is necessary. In y the formulas o and 3 are
arbitrary, so let us take the case a = 3 = P(x). In this case y is

v = Vx(P(x)2P(x))2(P(x)DVxP(x)),
where x is free in a, contrary to the proviso. We'll show that there is a
model M in which y” is not true.

Firstly, let us take a model M; =(D,i) whose domain contains only
one member a, and then a model M;=(D,i) whose domain has two
members, a; and a>. In the first case the formulas y* can be given
equivalently in the form

11 = (P(a)>P(a))>(P(2)oP(a)),
and this formula cannot be falsified in M;=(D.,i), regardless of the

interpretation of P.° In the second case, when D has two members, y* can be
given as

v, = ((P(a1)>P(a1))A(P(a2)oP(a2))>(P(a1)o(P(ai)AP(a2))).
In the antecedent of the consequent of v,, P(ai), we chose for x the value ai,
but equally we could take a;. Now if P(a;) = 1 and P(a2) = 0, as can be seen,
v, =0. Hence the formula y* is not valid. The model M, =(D.i) can
explicitly be given by defining i and by taking two objects, a; and a2, such
that a; has the property P' and az not. If P' ="prime number" and if a; = 3
and a> = 4, then in M = ({3,4},Prime), y" is not true.
Example 2. Prove the validity of the following formula of Lror:
O: Vx(aux)2B(x))2(Vxa(x) D VXP(X)).
Proof (reductio). Suppose that & is not valid. Hence, similar to the first
example, by Def. 9 and Def. 7, there is a model M = (D,i) and an assignment
p in M such that
(1) [Vx(a(x)2B(x)2(Vxa(x)DVxP(x))] =0, hence
(2) [Vx(aux)2B(x))] *=1; (1) Def. 4, item 3
(3) [Vxa(x)DVxB(x)]*=0; (1) Def. 4, item 3
4) [Vxa(x)]"*=1; (3) Def. 4, item 3
(5) [VxB(x)]"*=0; (3) Def. 4, item 3
(6) [B(x)]"'=0, for some assignment v x-variant of p; (5) Def. 4, item 4a)
(7) [a(x)]"'=1; for any assignment v x-variant of 1, (4) Def. 4, item 4a)

9Te., ¥, is I-valid.
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(8) [a(x)2B(x)] Y= 0, for some assignment v x-variant of p; (7), (6) Def. 4,
item 3
(9) [o(x)2B(x)] '=1 for any assignment v x-variant of p; (2) Def. 4,
item 4a)

But (8) and (9) are contradictory.
Example 3. Prove the validity of the following formulas:

. Vxou(x) = =3Ix—a(x)

2. =Vxoux) = Ix—o(X)

3. Ixou(x) = = Vx—0(X)

4. —3Ixou(x) =Vx—=0u(X).
Proof. The proof of 1 can be reduced to the proof of the two conditionals:

l(a) [ Vxox)D—3Ix—o(x)

I(b) E—-Ix—a(x)DVxo(x).
1(a) (Reductio). Let M and p be arbitrary. Suppose that (1)
[Vxo(x)o—Ix—ax)]**=0. le., (2) [Vxa(x)]**=1 and (3)
[-3x—ou(x)]** = 0. From (2) it follows that (4) [au(x)]*V =1 for any v x-var.
of u, and from (3) it follows (equivalently) that (5) [Ix—a(x)]"** = 1, and
then (6) there is a v x-var. of u such that [-oux)]*¥ = 1, equivalently, (7)
there is a v such that [a(x)]"¥ = 0. But (4) and (7) are contradictory.
1(b) (Reductio). As above, suppose that for an assignment p: (1)
[-3x—o(x)DVxa(x)]["* =0. And then (2) [-Ix—a(x)**=1 and (3)
[Vxoux)]** = 0. It follows that (4) [Ix—a(x)]** = 0 (from (2)), and (5) there
is an assignment v: [a(x)]*' =0 (from (3)). But from (4) it follows that
(6) [~o(x)]*Y =0, for any assignment v x-variant of p, equivalently
(7) [ox)]*Y = 1 for any assignment v x-variant of p, contradicting (5).

Now, 2 follows from 1 by PL and 3 and 4 follow from 2 and 1 taking
—ou(x) instead of a(x) (exercise).

2.3. Basic theorems in the semantics of FOL

In this section we prove some basic theorems!® involving the
semantic notions, defined in 2.1.
Theorem 1. Let M =(D,i) be a model of LroL, let u be an assignment in M
and let a. be a formula of Lror. Then

10" Actually, they are meta-theorems, since they talk about what happens in the object
language of FOL, though we'll call them also theorems.
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a) If [a]™* =1 and [a. D BI"** =1, then [B]"* =1.
b) If o and aof are true in M then B is true in M.
¢)If Ea, and = a>p, then =.
Proof. a) (reductio). Suppose that [a]* =1, [0 > B]** =1 and [B]"* =0.

From the first assumption and the third it follows that [o.>B]™* =0,
contradicting the second assumption.

b) follows from a), by 2.1, Def. 7.

c) follows from b), by 2.1, Def. 9.
Similarly, we could firstly prove c), from which b) and a) follows, via
Def. 9 and Def. 7.
Theorem 2. = Vxo(x) iff F o(x).
What we have to prove are the following conditionals:

a) If | Vxa(x), then = ou(x).

b) If = au(x), then = Vxo(x) (the converse of a)).
Proof. a) Suppose M and p arbitrary, and that (1) [Vxoux)]** = 1. Then
(2) for any assignment v x-variant of p: [ou(x)]*¥ = 1; whence [au(x)]" = 1.
Since M and p are arbitrary, the result a) follows. (A proof of a) can also be
given using Corollary 1 of Th. 7 (below) and Th. 1¢); exercise).

b) (contraposition). Suppose that H Vxa(x). Hence there is a model
M =(D,i) and an assignment p in M such that [Vxoa(x)]* =0, by 2.1,
Def. 9 and Def. 7. So, there is an assignment v x-variant of pu such that
[a(x)]"" = 0. Then, by Def. 7 and Def. 9 of 2.1, } o(x).

By this theorem it follows that a formula o of LroL is true in a model
M =(D,i) if and only if its closure,'! Vxa, is true in M.
Theorem 3. 3xa. is satisfiable iff o is satisfiable.
Proof. Suppose that M = (D,1) is a model of LroL and p an assignment in M.
Suppose that [Ixa]™ =1, equivalent,'> [—Vx—o]™* =1, and then

[Vx—a]™ =0. It follows'? that there is an assignment v x-variant of p such

that [—a]" =0; hence [a]"Y =1 and then o is satisfiable, by 2.1, Def. 6.
For the proof of the converse, we take its contrapositive: if

' The closure of a is the closed formula obtained from o by prefixing it with universal
quantifier for all the free variables of a.

12 Comp. 3.3, Th. 1, a), for the syntactic form.

13 We do not mention all the respective definitions anymore.
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[Fxa]* =0, then [a]™* =0. Suppose now that [Ixa]™* =0, equivalent
[-Vx—a]™ =0 and then [Vx—a]* =1 and [—a]" =1, respectively, for
any assignment v x-variant of p1. So, for any v [a]"’ = 0; whence [a]"* = 0.
Theorem 4. Let a(pi,....pn) be a formula of propositional logic, containing
the propositional variables pi,...,.pn. Let @ be a mapping from pi, 1<i<n, to
the set of formulas of LrovL. Let o be a formula of Lrov resulting from a. by
substituting the formulas ¢(pi) of LroL for pi. Then

If Ea, then Eo.
Proof (contraposition). We have to prove: if #a', then Fa. So, let us
suppose that F o. Hence there is a model M = (D,i) and an assignment p in
M such that [o']"*=0. We show that in this case there is an interpretation
int of propositional variables pi of a such that [a]™ =0. By using the
mappings 1 and ¢ we define such an interpretation, thus:

[p]™ =[o(p)]™", for every pi of a.
Then the following holds: [a]™=[a']"", hence if [a']"* =0, then
[a]™ =0. And this holds for any M. Therefore if | o, then Fa”.

Remark. The converse of this theorem does not hold generally, since, for
example, = o'=Vx(B(x)v—P(x)), but there is no formula of propositional

logic from which it can be obtained by substitution, in the way indicated in
the theorem. But if o contains no quantifier, then o and ¢ can always be
defined in such a way that to any propositional variable of o corresponds,
by ¢, exactly one atomic formula of LroL. And in this case, the converse of
this theorem also holds. Let us see.

Theorem 4°. Let o" be a formula of Lrov without quantifiers. Then the
following holds:

Foiff Ea.
Proof. What is still to be proved is the following thing: if o, then Ea, or
equivalently, if o, then Fa’. We have to show therefore that if there is an
interpretation int of propositional variables of o such that [a]™ =0, then

there is a model M = (D,i) and an assignment p in M such that [a."]"**=0.
Let @ be 1-1 mapping of Pi(t,,....,t,) to the set of propositional
variables of o, such that (*) @(P(t,,...,t,))=p; for each atomic formula

P(t,,...t,) of o .
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Such a model M = (D,i) can be defined in the following way. Let D
be the set of all terms occurring in o, with the mention that any subterm of
a term t counts as a distinct term. Let p be an assignment in M such that for
any teD holds: t"* =t. That is

1. x* =x, for every xeD.

2. ¢! =c, for every ceD.

3.If f(t1,....tn)eD and tH* = t;, 1<j<n, then f' (t1,...,ta) = f(t1,....tn).
Then, for any atomic formula P(ti,...,tn), if ti,...,tn are terms in D, with

t;’“:tj, we set [P(ti,...tn)]"™" = [@(P(t1,...,ta))]™ . Evidently, holds:

[0 =[a]™ . And then: if E o, then Ea.

Some remarks should be inserted.

Remark 1. The above definition t"* =t, for any t in o is motivated by
induction on the length of t, Ih(t).!* If Ih(t) = 1, then we have the cases 1 and
2 above. And if lh(t)>1, then t has the form f{(ti,...,tn), With lh(t))<lh(t),
1<j<n. Then t"* = (f(t,,...,t,)" = £ (t}*,..,.t"") = fi(t,,...,t, ), and then by
3 f(t1,...,tn).

Remark 2. Theorem 4" is the base of an important result in FOL:
decidability of FOL, for formulas not containing quantifiers in the following
sense. By the equivalence of this theorem follows that o is satisfiable iff o."
is satisfiable. But since o." does not contain quantifiers and the number of
terms in o is k, it follows: o is satisfiable iff o." is k-satisfiable. We have,
therefore, a numerical criterion for the satisfiability of o". And by this last
equivalence we get: Fa” iff o” is k-valid.

Therefore, if o is a formula of Lror without quantifiers, then by
Theorem 4", a.” is effectively decidable. Via Remark 2, o." is k-decidable.'
Theorem 5. Let M = (D,i) be a model for LroLr, let a. be a formula of LroL,
let n and W' two assignment in M such that for every free variable X in o
holds: x* = x. Then the following holds:

[a]* =1 iff [a]™* =1.
Proof (induction on the complexity of a.'®)

4 The length of a term t is the number of occurrences of individual, constant and function
symbols in t.

15 Comp. also Sect. 5.1.1 and 5.1.2 (below).

16 By "complexity of " in Lror is meant the number of occurrences of connectives and
quantifies in a. Let compl(a) be this number.
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Basis. n=0. a is an atomic formula R(ti,...,tm), with R an m-place predicate
symbol and ti,...,tm terms. We have

[R(t1,...,tm)] " = Liff {(t;*,...,t""Y e R, and
[R(t1,...,tm)] ™ = 1Tiff (£, t"*) e R,
We must show that for any j: tij’“ = 'J“ We have
a) If't; is a constant c, then, evidently, t;’“ = t;’”' =c'.
b) If tj is a variable x, then tg’“ = }’“v, by hypothesis, since

t}’“ =x*=x" = t}’“ )

¢) If tj has the form f(t i b, ), then we have again three cases, as a
term t; , 1<m<k, is a constant, a variable or a function symbol. The first

two cases are a) and b) above. For the last case we have to remark the
following fact: since a function f' associated by the interpretation i to the
function symbol f does not depend in any way on any assignment, it follows
that the values of f' will be the same for the same arguments. And then we
shall have: ti* = ti*".

Induction. Suppose that the theorem holds for any formula o such that
compl(a)<n. We have to show that the theorem holds for any o such that
compl(a) = n.

We only consider the following 3 cases:!’

a)a=-P
b) o = o>
c) a = Vxp.

a) oo=—P. We have [—B]"™ =1 iff [B]"* =0 iff [B]"™™ =0 (by
hypothesis of induction) iff [-p]"* = 1.

b) a=B>y. We have [Boy]™* =1 iff [B]™ =0 or [y]™* =1, iff
[B]"* =0 or [y]"™ =1 (by hypothesis of induction), iff [Boy] ™" =1, by 2.1,
Def. 4, item 3.

¢) o= VxP. Suppose that [VxB]"™* =1, then [B]"’ =1 for any v x-
variant of L. Suppose that x is the only bound variable of a.!® By hypothesis
for any variable y of a, different from x, we have y* = y*, and then y¥ =y",

17 For the propositional logic a) and b) are sufficient, given the completeness of the set
M = {—,0}; cf. Ch. 1,2.3.
'8 The opposite case is a simple generalization of this case.
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where v and V' are x-variants of the assignments p and p', respectively. But
compl(B)<compl(at), and then, by hypothesis of induction, [B]"'=1 iff
[B]"V'=1. As, by our supposition, we have [B]"'=1 for any v x-variant of p,
it follows that [B]""'=1 for any V' x-variant of p'. And then [VxB]"*=1.
Hence if [a]™* =1, then [a]"*'=1. In a similar way we can show that if
[a]"™*'=1, then [a] ™" = 1.
Theorem 6. Let t and u be terms, let t' be the term resulting from t by
substituting u for the variable x. Let u and W' be two assignments such that
X" =ut. Then t™"=t"",
Proof (induction on the length of t)
Basis. 1h(t)=1, i.e., t is either a variable different or not from x or a
constant. The theorem holds for these cases (trivial).
Induction. Assume the theorem holds for any term t with lh(t)<n, and show
that it holds for any t such that lh(t) = n.

The case n =1 occurs in Basis, so let us suppose that »>1 and thus t
is a term of the form f{(ti,...,tm), where lh(ti)<n,...,Ih(tm)<n. According to
hypotheses of the theorem, t' is obtained from t by substituting the term u for

x. Hence t'=f(t'1,..,t'n). And thus (f(t',...,t'm))"* = £'(t}",...,t""). But
t"*=t*, for any I<j<m, by hypotheses of induction. And then
£ ) = £ (8L 8 = (F(t,...t, )™, by 2.1, Def. 2.
Theorem 7. Let o(x) be a formula of LroL, let t be a term free for X in a(X),
let W and ' two assignments such that x* =t"*. Then

[o(t/x)] =1 iff [a(x)] *'=1.
Proof (induction on the complexity of o)
Basis. o(x) is an atomic formula, i.e., a formula of the form R(ti,...,tm), and

contains the free variable x. Let t'j (1<j<m) be the term resulting from t; by
substituting t for x. By 2.1, Def. 4, item 1, we have

[o(t/x)] " = 1iff (¢ .., t"*)YeR’, and

[a(x)] ™ = 1iff ("t )y e R,
But, by Theorem 6, if p and p' are such that x* =t**, then t =t for
1<j<m. And then, we have [o(t/x)] ™" = 1 iff [oux)] ™" = 1.
Induction. Suppose that the theorem holds for any formula a such that
compl(a)<n, and show that it holds for any a such that compl(a) = n.
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Again, we'll have 3 cases:

a)a=-f
b) o= oy
c) o= Vyp.

For a) the argument runs in the following way. a(t/x) is then the
formula —B(t/x). And then [-B(t/x)]"* =1 iff [B(t/x)]"* =0. But
[B(t/x)] "™ = 0 iff [B(x)]"* = 0, by hypothesis of induction. But [B(x)]"* =0
iff [B(x)]"* = 1iff [o(x)] " = 1.

The argument for b) is similar to b) of Theorem 5.

The last case, ¢): a = Vyp. Then a(t/x) = Vyp(t/x), with t free for x
in 3.

Suppose that x is free in o and then x is free in § too; hence x #y.
Then [VyB(t/x)]** = 1 iff [B(t/x)]*V =1 for any assignment v y-variant of p
iff [B(x)]*¥' =1 (by ind. hyp.). But the variable y does not occur in t, since t
is free for x in o (by hypothesis). So, the semantic value t** does not depend
on any assignment given to y, and then for any assignment v y-variant of p:
t = t'#, and then x¥' = t**, It follows that the assignment v' such that x"' = t'*
does coincide with any assignment y-variant of p' such that x* = t'*, And,
finally, since [B(x)]*' =1 for any v' such that x" =t"" it follows that
[VyBI*+ = 1.

If x is not free in a, then the theorem follows by Theorem 5 (argue!).

Corollary 1. = Vxa(x)Do(t/x); t is free for X in .
Proof. Let M = (D,1) be a model for Lror, let 1 be an assignment in M such
that [Vxou(x)]™* = 1. It follows that [ou(x)]"’ =1 for any assignment v x-
variant of p. Then let v be an assignment such that x’ =t"*. By the above
theorem, we have [o(t/x)]"* = 1. But M and p are arbitrary, from which the
result of corollary follows.

In a similar way, we have [ Vxo(x)>o(x), this being a particular
case, t = x, of this corollary.

Corollary 2. (Subtitution of an individual variable). If | o(x), then |=o(t/x),
t is free for X in a(X).

Proof. As we know (by 2.3, Theorem 2), Fo(x) iff = Vxo(x). And by
Corollary 1, | Vxou(x)Do(t/x). It follows that If |= ou(x), then | o(t/x).
Theorem 8. |= ou(x)>3Ixou(X).

Proof (reductio). Suppose that F o(x)>3xou(x). Then there is an M = (D, i)
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and an assignment v in M such that (1) [a(x)>3Ixa(x)]™ =0 and then
(2) [o(x)]™* =1 and (3) [Fxa(x)]"™* =0. From (3) we get (4) [oux)]"'=0
for any v x-variant of p. Let v be such that x" =t"*(=x"). Then by
Theorem 7, we derive (5) [a(x)]"* = 0, contrary to (2).

Theorem 9. = Vxou(x)>3Ixa(x).

Proof. Theorem 7 (Corollary 1), Theorem 8.

Theorem 10. If F a(x)>p, then = Vxou(x)op.

Proof (contraposition). Suppose that (1) f Vxa(x)>B. Then there is an
M =(D.,i) and an assignment p in M such that (2) [Vxa(x)oB]"™" =0, so
(3) [Vxa(x)]™* =1 and (4) [B]™* = 0. From (3) follows (5) [au(x)]"¥=1 for
any assignment v x-variant of p. So, there is an assignment v x-variant of p
such that x" =x". And then we have (6)[a(x)]"* =1, by Theorem 7.
Therefore, (7) [a(x)DB]"™* = 0, from (4) and (6). Hence, finally,  o(x)>B.
Remark. A proof of this theorem could be given using Corollary 1 of
Theorem 7 (exercise). Some other proof of this theorem can be given using
Theorem 4, Corollary 1 of Theorem 7 and modus ponens (exercise).
Theorem 11. If = B>oa(x), then =PDVXoUX); X is not free in P.

Proof (reductio, contraposition) (exercise).

Theorem 12. If = B>oa(x), then = BoIxo(x).

Proof (contraposition). Suppose that (1) K p>3Ixo(x); hence there is a

model M = (D,i) and an assignment p in M such that (2) [Bo3xa(x)]"™" =0,
ie, (3)[B]"™ =1 and (4) [Fxo(x)]"™ =0. From (4) it follows
(5) [ox)]"*'=0, for any assignment v x-variant of p, and then it will also
be false for the assignment v such that x'=x", ie., (6)[a(x)]"" =0.
Hence, by (3) and (6), it follows (7) [Poou(x)]"* = 0, and then (8) K Boau(x).
Theorem 13. If = a(x)DP, then =3Ixo(x)DP; X is not free in P.

Proof (reductio, contraposition) (exercise).

Remark. Theorem 13 can be obtained directly from Theorem 11, and
Theorem 12 from Theorem 10 by passing from 3 and o(x) to —f3 and —au(x),

respectively, and by replacing the so obtained implications with their
contrapositive.
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2.4. Duality in FOL

As we saw in Ch. 1, 2.5, the dual o." of a formula o of Lp. which
contains only the Boolean connectives (—,A,v) can be obtained by
interchanging the binary connectives "A" and "Vv" in all of their occurrences
in a. As can be expected, since "A" and "Vv" are dual each other, then the
quantifiers "V" and "3" will also be called dual. Hence to that pair (A,v) of
dual connectives we add now the pair (V,3) and take again the main results
of that section.
Theorem."” Let o(P1,...,Pn) be a formula of Lrov in which every Pi, 1<i<n, is
an atomic formula, negated or unnegated and which contains only Boolean
connectives and quantifiers. Let o" be the formula resulting from o by
replacing the connectives and quantifiers with their duals and by
substituting —P; for Pi. Then, = —o=a".
Proof. (1) Form —a, and then remove successively the negation from the
front of a to its atomic components, a process by which both A and v and V
and 3 are interchanged, and the atomic formulas are negated.

(2) Simplify the formula so obtained by eliminating the multiple
negations. The result will be just the formula o.”.
Example. Let o = 3x(—P(x)vQ(y,2))AVZR(z). By Theorem, o = Vx(P(x)
A—=Q(y,z))vdz—R(z). This 1is true, since —a =-—=[IX(=P(x)vQ(y,z))
AVzZR(Z)], equivalent —3Ix(=P(x)vQ(y,z))v—VzR(2), equivalent
Vx—(—P(x)vQ(y,z))vdz—R(z), equivalent Vx(P(x)A—Q(y,z))vIz—R(z).
Duality Theorem. 1. Fa iff F—ad

2. EooB iff EBPoal
3. F o= iff |- ad=P®.

Proof.?’ Suppose, as before, that besides V and 3 the only connectives of o
and 3 are —, A and V.

la) If o, then E—ad.

(1) Assume Eo. Then =—a’; by Theorem and Ch. 1, 2.1.2, Th. 3.

(2) If E—a’, then —a"", where o is obtained from a’ by

substituting —P; for P; (cf. 3.2.4.2, Substp) (below).
(3) If E—a™”, then | —ad; by eliminating multiple negations.

19 This theorem is an extension of the corresponding theorem in PL; comp. Ch. 1, Sect. 2.5.
20 Similar to the proof of Duality Theorem in Ch. 1, 2.5. We take again only the first two
cases.
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Hence (4) if Ea., then = —a?; (1)-(3) PL.

1b) If E—ad, then Ea.

(1) Assume | —a?.

(2) E—(—a®)?; (1), Th. Dual. 1a).

(3) E—~(—0®); (2).

@) E ——a®; (3).

(5) Fa; (4) PL, Ch. 1, 2.5, Remarks (1)

1. follows from 1a) and 1b).

2a) If E oo, then EB2>as.

(1) Assume = a>p.

(2) E—avp; (1) PL.

(3) E—(—avB)?; Th. Dual. 1a).

(4) E—(—a’AB®); (3), Ch. 1, 2.5, Remarks (3)

(5) E pPoa; (4) PL.

2b) If EB%>ad, then = aop.

(1) Assume E B3>0

(2) E—Bdvas; (1) PL.

(3) E—(=B3va®)?; (2) Th. Dualit. 1a).

(4) E—=(—BPAra®); (3), Ch. 1, 2.5, Remarks (3)

(5) Ea®op; (4) PL.

(6) Ea>B; (5), Ch. 1, 2.5, Remarks (1)

2 follows from 2a) and 2b).
For 3, compare Ch. 1, 2.5, Duality Theorem 3.

As evident, the Duality Theorem allows us to extend automatically
the stock of valid formulas of Lror. For, since the following formulas of
LroL are valid:

ol IX(P(x)AQ(Xx))2(IxP(x)AFxQ(x))

0! VX(P(x)AQ(x))=(VxP(x)AVxQ(X)),
the Duality Theorem will guarantee that the following formulas will be valid
as well:

o (VxP(x)vVxQ(x))DVx(P(x)vQ(x))
oy Ix(PE)VQ(X))=(IxP(x)vIXQ(x)).
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2.5. Interpolation in FOL

Let aop be a closed formula of Lror. A closed formula y of Lror is
an interpolant for the implication a>f if every predicate symbol, function
symbol and constant symbol occurring in y also occurs in both o and  and
the following holds: o>y and =vy>op.
Interpolation Theorem (in FOL). If =a>P (where o and B are closed),
then oo has an interpolant.
Proof (reductio). Similar to the proof for PL (comp. Ch. 1, Sect. 2.9),
suppose that Fa>p and that a>f has no interpolant. Let S = {a,—} with
the partition S;={a} and S>={—-P}. Now, the (closed) formula
Conj(a)>—Conj(—p) has no interpolant (since otherwise it would be also an
interpolant for a>p, contra our supposition). Hence S is Craig-consistent
(comp. 2.9 of Ch. 1), and therefore it has a model M?!, i.e., o and —f are
true in M, and then B =0 in M. This implies that a>f =0 in M, and
therefore £ a>f, contrary to our supposition.

2.6. Beth's Definability Theorem??

Beth's Definability Theorem concerns the relation between two ways
of defining a notion in terms of other notions, with respect to a set of closed
formulas I'.2* If the definition of this notion is a semantic consequence of T,
then we speak of an explicit definition. And if I uniquely determine (define)
that notion, then we speak of implicit definition. Let us define these two

ways of definition. Let Q" be an n-place predicate symbol to be defined.
Definition 1. Let FORM(X1,...,xn) be a formula of LroL with the specified
free variables, and not containing Q" . Let T be a set of closed formulas of
LrorL. FORM(X1,...,Xn) is an explicit definition of Q" with respect to T if the
following holds:

I'E Vx1...VXa(Q(X1s...,Xn)=FORM(X1,...,Xn)).
Definition 2. Q" is implicitly definable with respect to T if T' determines

Q" uniquely, i.e.,

21 Cf. Sect. 3.5.4 Theorem (below).
2 Cf. E. Beth, [1953].
2 Or a theory T.
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T UT VX1 YX(Q(X 1 Xn)=Q (X1 y-eeXn)),
where Q' is an n-place predicate symbol of Lrov, different from Q and not
occurring in T, and T arises from T by replacing everywhere Q with Q" .
Beth's Definability Theorem. If' Q is implicitly definable with respect to T
then Q is explicitly definable with respect to T.
Proof. Suppose Q is implicitly definable, and I', Q°, I"" as in Def. 2; and
then

U E VXL YX(Q(X1, 0, Xn)= Q) (X1,e.,Xn)).
By the finitism of the relation "= " 2* there are the finite sets T}, and T}, of T

and T, respectively, such that
(1) T,uT, VX VXa(Q(X1eeXn)=Q (X1,....Xn)).
Let Conj(I,) and Conj(l“(;k ) be the conjunction of all formulas in I,

and the conjunction of all formulas in T}, , respectively. Whence

(2)  Conj(Ty) A Conj(Ty) £ Vx1...VX(Q(X1,...;Xn)= Q" (X1,....Xn))

(from (1) by Ch. 1, 2.6), and therefore

(3) [ (Conj(Iy) A Conj(Iy)) DVx1...Vxa(Q(X1,.... Xn)= Q" (X1,...,Xn))

from (2), by Ch. 1, 2.6, Normality Theorem, and Def. 12 Remark of Sect.
2.1 of this chapter.

Let ci,...,cn be distinct constant symbols. Then
(4) [ (Conj(Ty) A Conj(Ty)) D(Q(C1,...scn)=Q" (Cl,...Cn))
by 2.3, Th. 7 (Corollary 1) and PL.

(5)  E(Conj(Ty) A Q(ct,....cn)> (Conj(Ty ) > Q" (ci,....cn))
by PL.

Let Ant=Conj(I'0))AQ(c1,...,cn) (i.e., the antecedent of the
implication in (5)), and Conseq” = Conj(Fg) 5 Q" (c1,..,en) (ie., the
consequent of the same implication).

Now, since the implication in (5) is valid, it has an interpolant y (by
Craig's Theorem) which (possibly) contain ci,...,ca (some or all of them). Let
vy =FORM(ct,...,cn). Since FORM is an interpolant, all the symbols

24 By Sect. 2.1 Def. 12, and since I' is a set of closed formulas of Lror, by Finitness
Theorem of the semantic consequence in PL (cf. Ch. 1, Sect. 3.3.3).
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occurring in it also occur in both formulas Ant and Conseq”, and moreover
(a) EAnto>FORM, and

(b) EFORM> Conseq” .
Observe that the predicate symbol Q° does not occur in Ant, and

correspondingly Q does not occur in Conseq”, and then neither Q, nor Q" is
in FORM (since all the symbols in FORM must be in both 4nt and
Conseq").

(¢) EFORM>Conseq; from (b), where Conseq is obtained from

Conseq” by replacing Q with Q (since Q does not appear in
FORM>Conseq”). In extenso, the expression (c) is just

EFORM(ct,...,cn)2(Conj(To)>Q(ct,...,Cn)).

(d) EConj(I'0)>(FORM(ci,...,.cn)DQ(Ct,...,Cn));

from (c) by PL (permutation of premises)

(e) EConj(I'o)>(Q(ct,...,cn) DFORM(ci,...,Cn));

from (a), by PL

(f) EConj(T'o)>(Q(ct,...,cn)=FORM(ci,...,cn));

from (d) and (e), by PL

(g) Conj(I'o) EQ(ct,...,cn=FORM(c1,...,Cn);

from (f) by Normality Th. (comp. Ch. 1, 2.6)

(h) To=Q(ct,...,cn)=FORM(c1,...,cn); (g) by Ch. 1, 2.6, Theorem

(1) I'E=Q(ct,...,cn)=FORM(ci,...,cn); (h), by Ch. 1, 2.6, Prop. 2

() I'E Vx1...Vxa(Q(X1,...,Xn)=FORM(X1,...,Xn));

(The derivation of (j) from (i) is based on the following result of
FOL: if T is a set of formulas of Lror, au(x) (with x free) is a formula of
LroL and ¢ is a constant symbol not occurring in the formulas of I" and in
o(x), then if TI'kEolc/x), then T'=Vxo(x) (easy arguable using the
equivalence I' = a(c/x) iff I' = ou(x) and Theorem 2 of Sect. 2.3; exercise)).

But FORM(x4,...,xn) does not contain any occurrence of the predicate
symbol Q, and therefore FORM(x1,...,xn) defines explicitly Q.
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3. FOL axiomatized (FOL?")

3.1. An axiomatic system

An axiomatic system of the first-order logic will be a deductive
construction whose starting point is a set of logical axioms and a finite set of
rules of deduction (inference). If by a, B, y we understand the formulas of
Lror, then such an axiomatic construction of FOL can be expressed by the
following:

Logical axioms
Ax1. oo(Boa)
AX2. (0(B=1)>((aoB)>(057))
Ax3. (—fo—a)>(a>p)
Ax4. Vxo(x)Do(t/x), t is free for x in a(x)
Ax5. Vx(aoB)o(a>Vxp); x is not free in a.
Rules of deduction

Modus Ponens (MP) w; Generalization (Gen) .
B vxou

Def 3. I3xa =4r = VX0

Definition 1. 4 proof in FOL* is a finite sequence of formulas of LroL each
one of which is either an axiom of FOL™ or is an immediate consequence of
an application of a deduction rule of FOL™ to the preceding formulas of the
sequence.

Definition 2. 4 formula o of LroL is a theorem of FOL™ (symbolic:
FOL™ |- a®) if and only if there is a proof in FOL™ whose last formula is o.

Definition 3. 4 deduction in FOL* of a formula o from a set T of formulas
is a finite sequence of formulas of LroL each one of which is either an axiom
of FOL™ or a member of I or is an immediate consequence of an
application of a deduction rule of FOL™ to the preceding formulas of the
sequence.

Definition 4. A formula o of LroL is deducible in FOL*™ from a set T of
formula (symbolic: T'\-a), if and only if there is a deduction in FOL™ whose

last formula is a.

25 Since the only axiomatic system we refer in this chapter is FOL®, often we omit this
mention and we'll write simply |— o.
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Remark. Evidently, if I' =, then the deduction of B from I' is passing in
the proof of B in FOL*. That is, a formula o is a theorem of FOL* iff a is
provable from zero premises. More generally, the set of theorems of FOL**
does coincide with the set of formulas of Lror provable from zero
premises.?®
Definition 5. 4 set I of formulas of Lror is FOL®-inconsistent (or simply
inconsistent) if and only if anyone of the following holds:

a) I'-Form (where Form is the set of all formulas of Lror),

b) I'-B and I'-—p, for some BeLroL,

c) I'-BA=B, respectively.
Definition 6. A4 set I' of formulas of LroL is FOL™-consistent (or simply
consistent) if and only if T is not inconsistent. That is, if and only if anyone

of the following holds:
a) 't Form (equivalently, there is a formula 3 such that I'H ),

b) for no B: T'-P and T'——P, or
¢) for no B: T PBa—P.>7

3.2. Basic results on FOL™

3.2.1. Rulep

As we saw in 2.3, Theorem 4, if o is a formula of Lror resulting from a
formula o of LpL by substitution of formulas of LroL for propositional
variables of o, then if o, then |Fa’. Moreover, as the following theorem
shows, if = a., then o

Theorem. Let o(pi,...,.pn) be a formula of LpL containing the propositional
variables pi,...,pn. Let o' (B1/p1,...,Bn/pn) be the formula of Lror coming from
o by substitution of the formulas of LroL B1,...,Bn for pi,...,.pn, respectively.
Then the following holds: if | o, then |-o..

Proof. Assuming that =, by the completeness theorem of PL** (Ch. 1, 3.3)
it follows that |-oa. Now in the proof of a in PL*™ we make the same

. . . . * .
substitutions of formulas of Lror as were used in constructing o from a (in

26 From which it follows that the consistency of the set of theorems of FOL® (let us call it
Th until further notification) does coincide with the consistency of the empty set ().

27 1If in a), b) and ¢) in Def. 5 and Def. 6 we set FOL* instead of I', this amounts to the
definition of inconsistency and consistency of FOL®, respectively.
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the way indicated in the theorem), and for the propositional variables in the
proof which are not contained in o we substitute arbitrary formulas of Lror.
What results is just a proof of o in FOL™, and this proof is given by using
only Ax1-Ax3 and MP.
Let us refer in what follows to the applications of this theorem by
Rulep, expressing precisely the content of the theorem:
|: a(pl,---,pn)

}_a*(Bl/pl,...,Bn/pn)

3.2.2. Consistency and soundness of FOL**

Theorem 1. FOL* is consistent.

Proof. All we have to show is that the set Th of theorems of FOL*™ is
consistent. But it is clear that [ P(x), i.e., D P(x), and then the empty set

& is consistent, according to Def 6 above. Therefore Th is consistent (by
Remark after Def. 4).
Theorem 2. FOL* is sound; i.e., if |- o, then =a.

Proof. By 2.3, Theorem 4, Ax1-Ax3 are valid formulas of Lror. By 2.3,
Theorem 7 (Corollary 1) Ax4 is valid. By 2.2, Example 1, AxS is also valid.
By 2.3, Theorem 1.c) MP preserves validity, and by 2.3, Theorem 2, Gen
also preserves validity. Therefore, every theorem of FOL* is a wvalid
formula of Lror.

Remark. From soundness of FOL** an easy proof of consistency of FOL*
follows. Since if |-a., then = a, it follows that —a is not satisfiable, hence

K —a, and then H —a.

A still another proof of consistency of FOL™ can be given by
considering a model M = (D,i), whose domain D contains one member. As
can be observed, in such a model all the axioms of FOL* are true and MP
and Gen preserve validity. Hence all the theorems of FOL* are true in M.
But no formula and its negation can be simultaneously true in M, hence for
no formula o of Lror a and —a are both theorems of FOL*.

A variant of this argument is the following. By using the model
M =(D,1) of cardinality 1, any theorem of FOL*™ has a propositional
counterpart, a valid formula of Lpr, obtained by deleting all quantifiers in
the theorems, all terms, commas and parenthesis and replacing each
predicate symbol by a propositional variable. Now, P(x) is a formula of LrorL
that does not have a valid formula of Lpr as its counterpart. Hence it is not a
theorem of FOL¥, i.e., FOL™ is consistent.
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3.2.3. Deduction Theorem

As we saw in Ch. 1, 3.2.2 an important result concerning PL* is the
deduction theorem. In FOL* we also have such a result, but here this
theorem has a proviso whose meaning follows from the following
considerations.

Let Ded = Bi,...,pn, With Bn=p, be a deduction in FOL* of the
formula B of Lror from the assumption formulas ai,...,am. We say that a
formula Bi (1<i<n) depends on ax (1<k<m) in Ded if the following is the
case: i = ok or P is the conclusion of one application of MP or Gen from
premises of which at least one depends on o.

A variable x is fixed in Ded for an assumption oy if this is the case: x
occurs free in oax and Ded contains one application of Gen to a formula f3;
depending on ok by which x becomes bound. If in Ded x is fixed for an
assumption, then we write o.1,...,0m - xf3.

Deduction Theorem.?® Assume that Ol,...,0m- P and in this deduction no
variable is fixed for oum. Then ou,...,0m-1 - am>DP.

Proof. Let Ded be the deduction from the hypothesis of the theorem:
Ol,...,0m B, obeying the proviso. We transform this deduction in a

deduction Ded * of the implication om>p from the assumptions a.,...,0lm-1,
by replacing all the formulas Bi (1<i<n) in Ded with am>fi and by inserting
new formulas in the so obtained sequence of formulas,? let us call it Seq, in
the following way:*°
1. If Bi = am, then we replace the formula an>Bi in Seq with the
proof of am>0m; cf. Ch. 1, 3.1, Th1.3!
2. If Bi = o (k # m), then we replace the member am>pi of Seq with
oD (am>Dok); Ax1
Ok, assumption
om>0k; MP.
3. If Bi is an axiom, then we replace the formula o.m>; of Seq with
Bio(am>Pi); Ax1

28 Also known as Herbrand Theorem; cf. J. Herbrand [1930].

2 In order to justify these implications.

30 The first 4 cases of the proof are those of the corresponding proof in PL* (cf. Ch. 1, Sect.
3.2.2).

31 Or, equivalently, before the formula am>pi in Seq we set all the formulas from which
Om>D0m follows; similar for the other cases; comp. Ch. 1, Sect. 3.2.2.
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Bi; axiom
om>Bi; MP.

4. If Bi results in Ded by one application of MP from formulas Bx and
BxoPi. Hence before the formula am>fi in Seg occur the formulas am>Pk
and am>(Bx>Pi). Then we replace the formula am>pi in Seq with

(e (BB D((omoBi)>(cmop); Ax2
(am>PBr)>(om>Pi); MP
oam>Bi; MP.

5. If Bi results in Ded by one application of Gen from the formula 3,
then B; = Vxf3j, and we have to distinguish two cases:

a) the variable x is not free in the assumption oum. In this case we
replace the formula om>p; in Seq with

om>p;

Vx(am>p;); Gen
VX(om>DBj) D (am>D VX ), AxS
om>DVXj; MP

b) the variable x is free in the assumption om. In this case the
formula am>pi in Seq will be replaced by

Pi

vxBj; Gen
VxBio(amD VX pj); Ax1
am>DVxfj; MP.

This derivation is justified by the fact that Bi occurs from B; by Gen
and in the derivation of [3; the variable x is not fixed for am (by hypothesis
of Ded. Th.). Hence Gen has no application to a formula depending on oum
by which x (free in am) becomes bound. This means that the formula B does
not depend on oum, 1.€., Bj can be derived from a.i,...,0tm-1.

Proceeding in this way, from Ded, via Seq, we have obtained a
deduction Ded * of the implication am>f from the assumptions ai,...,0lm1.
Corollary. Let Ded be a deduction of B from aui,...,0m, i.e., Ol,...,0m}- .
Then the following holds:

a) If am is closed, then a.,...,0m-1 - 0m>DP.

b) If Ded involves no application of Gen to some free variable of tm,
then au,...,0m-1 | 0m>P.
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3.2.4. Substitution Theorems
3.2.4.1. Substitution Theorem for variables

If a(x) is a formula of Lror, then by one application of Gen we
obtain Vxo(x). Hence a(x)|-xVxa(x). But in FOL*™ the following holds: If
o} B, then: if o, then |- (argue!). Using Ax4, | Vxo(x)Do(t/x), we
obtain the following theorem.

Substitution Theorem for variables (Substx). Let a(x) be a formula of
LroL, let a(t/x) be the formula obtained from o(x) by substitution of t for x
(where t is a term free for x in a(x)). Then

If Fou(x), then |-olt/x) (the syntactic counterpart of 2.3, Th. T,

Coroll. 2).

3.2.4.2. Substitution Theorem for predicate symbols (Substp)*?

Let o be a formula of Lror containing the n-place predicate symbol
Pt 3 (symbolic: a(P(vi,...,vn)). Let P(X1,...,xn) be a formula of Lror
containing the free variable xi,...,xn. The other possibly free variables of 3
must not have any bound occurrence in a. Besides that, the variables vi,...,vn
of P must not occur bound in B(xi,...,Xxn). Now we replace in o every atomic
formula  P(vi,..,va) by B(vi,..,va) and obtain o (symbolic:
o (B(V1,...,vn)/P(V1,...,vn)). Hence PB(Vi,...,va) comes from P(xi,....xn) by
replacing x; in all of its occurrences with vi. Then the following theorem
holds.
Substitution Theorem for predicate symbols (Substr). /f |- o(P(x1,...,Xn)),
then |- o (B(Viy...;Vn)/P(V1,...,Vn)).
Proof (as the proof in Ch. 1, 3.2.1.1).
Example. Let a(P(vi,v2)) = IxVy(P(y,y)DP(x,X)).
Let B(vi,v2) = VzQ(V1,v2,2).
Then o' (B(v1,v2)/P(v1,v2)) = IxVy(VzQ(y,y,z)2VZQ(X,X,2)).

32 This is the Rule of Substitution a3) of Hilbert and Ackermann [1938]. But, as A. Church
observed in his [1944], the rule is incompletely formulated, since an essential condition
relative to bound variables is omitted. So is the case with Hilbert and Ackermann [1946]. In
Hilbert and Ackermann [1972], Ch. 3, §5, XIII, this rule is correctly stated, as a theorem
essentially in the form given here.

33 Note that the same P" may appear in o, with different arguments. We indicate this fact by
using P(vi,...,vn), where each vi can be an arbitrary variable.
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3.2.5. Replacement Theorem

We prove, firstly, another important result in FOL®, Equivalence
Theorem, from which Replacement Theorem follows as a corollary.
Equivalence Theorem. Let ap be a formula of LrovL containing B as a
subformula. Let ay be the formula obtained from ap by replacing one or
more occurrences of 3 by vy. Let us consider that Xi,....xn are all the free
variables of B and y which are bound variables of o.. Then

F Vx1...Vxa(B=y)2(op=aty).

Proof (induction on the complexity of o).
Basis. p=a. In this case by replacing 3 with y, we obtain the formula of
LrovL VXi...Vxa(B=y)>(B=Y), provable in FOL* (cf. 3.3, Th4, below).
Induction. Suppose that o has one of the following forms: 1. a = -9,
2. o= 90>¢ and 3. a = Vx0, and that the theorem holds for & and ¢.

1. o =-9; i.e., ap=—0p. Then oy =—9dy. By inductive hypothesis,
the theorem holds for &. Hence | Vxi...Vxa(B=y)>(dp=6y). But
- (8p=0y)>(—0p=—0y). Therefore |- Vxi...VXn(B=y)>(—8p=—0y), that is

F Vxi1...Vxa(B=y)2(ap=ay).

2. a=0o¢; ie., op=09p>dep. Then oy=0>g. By inductive
hypothesis the theorem holds for 6 and €. Hence | VXi...VXa(B=y)>(3p=0y)
and | Vxi...Vxa(B=y)>(ep=ey). It follows, by Rule, (of 3.2.1), that

FVxLVxa(B=y)o [(6p=b)A(ep=gy)].  But  |-[(Sp=0n)A(ep=¢y)]>
D[(0poep)=(0yDey)], by Rule,. Hence |- Vxi...Vxa(B=y)2[(0p2ep)=(0yDey)];
1.e., |- VX1...VXa(B=y)D(op=0y).

3. o =VxJ; i.e., ap= Vx0p, where x is not free in Vxi,....xn (B=Y)
(since if it were, then x would be free in B or y, and by hypothesis it will be
bound in o and then x will be one of xi,...,xn). By inductive hypothesis,
VXi...Vxa(B=y)2(6p=0y), and then, using AxS, VXi...VXa(P=y)DVX(5p=0y).
Finally, wusing 3.3, Th.7 (below) and Rule,, we obtain
VX1...Vxa(B=y)D(VXOp=VXy), 1.€., VX1...VXa(B=y)D(ap=aLy).
Replacement Theorem (ReplroLr). Let B, v, ap and oy as in the preceding
theorem. Then the following holds:

If |-B=, then |- op=a.
Proof. Follows immediately from Equivalence Theorem.
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3.2.6. Relettering

Let a(x) be a formula containing x free, let o(y) be the formula
obtained from a(x) by substituting y for x (in all occurrences of x in a(x)).
Definition. The formulas a(x) and o(y) are called similar if and only if 'y is
free for x in a(x) and o(X) does not contain any free occurrences of 'y, and
conversely.

If a(x) and o(y) are similar then we say that one can be obtained
from the other by free relettering.
Lemma (free relettering). If ou(x) and o(y) are similar, then

- a(x) iff - aly)
Proof. (by Gen, Ax4 and MP).
Remark 1. The addition of "and conversely" means that x is free for y in
o(y) and o(y) does not contain any free occurrences of x. Otherwise the
lemma does not hold, since if, for example, a(x): P(x)v—P(y) (a not-valid
formula), then o(y) will be P(y)v—P(y) (a valid one). If, again, in a(y) we
substitute x for y we get a new formula, different from a(x). Intuitively, this
means that ou(x) and o(y) are similar if a(x) says of x exactly what a(y) says
of y, and this means that the places where x is free in o(x) are exactly the
places of y are free in o(y).

Lemma“ (relettering of a bound variable). If a(x) and o(y) are similar, then
the following holds:

(1) F Vxa(x)=Vya(y)

2) F Ixa()=Iya(y).

Proof. (Sect. 3.3, Th. 15; Sect. 3.4.1, exerc. 2).

Remark 2. According to Lemma*, we say that the formulas Vxo(x)
(Ixa(x)) and Vyo(y) (Fyo(y)) are obtained from each other by relettering of
a bound variable.

If y is not free for x in a(x), then from o(x) we can always obtain a
formula o."(x) in which y is free for x. We do that by simultaneous replacing
all subformulas of the form Vyp(y) (FyP(y)), in which x is free, with
formulas VzfB(z) (3zP(z)), where the variables z are different each other,
different from y and do not occur in a(x).

3% And by soundness of FOL* its semantic counterpart also holds: |=a(x) iff = au(y) (show
that!).
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Example. Let a(x): Vy(P(X,y)2>3y(—Q(x)>R(y))). As can be seen, y is not
free for x in a(x). So we reletterate the variable y in the consequent of the
implication in z and obtain Vy(P(x,y)>3z(—Q(x)>R(z)), and then reletterate
y in the formula so obtained in w, obtaining, finally, o’(x):
Vw(P(x,w))>3z(—=Q(x)>R(z)), in which y is free for x.

Remark 3. If §(x) and 5(y) are similar, then via Lemma’, for B: Vx3(x)) (or
Ix0(x)) and y: Vyd(y) (or Jyd(y)), by ReplroL it follows that |-oap=oy

(where ap and oy are as in the equivalence theorem (give the details!).

3.3. Proofs in FOL™
Th. 1. (a) |- Ixa=—Vx—a

(b) |- Vxo=—3Ix—a

(¢) F—=Vxo=3x—a

(d) F—Ixa=Vx—a.*

Proof (exercise; hint: use Def. 3, Rule, (|- o=——a) and Replror).

These equivalences show us how to interchange (equivalently) the
symbols V and 3 in a formula of LroL: by inserting one negation sign before
and one after quantifiers and by replacing the symbols V and 3 each other.
And this holds also for a compact row of more quantifiers.

Example. Vx3dyVzo=—3x—3JyVzo=—3xVy—-Vza=—3xVydz-a.
Th. 2. |- VxVyo=VyVxa

(1) VxVya; hyp

(2) VxVyaoVya; (1) Ax4

(3) Vya; (1) (2) MP

(4) Vyooo; Ax4

(5) a; 3) (4) MP

(6) Vxa; (5) Gen

(7) VyVxa; (6) Gen
Hence (8) VxVya}- VyVxa; (1)-(7), and then

(9) FVxVyooVyVxa; (8) Ded. Th.

35 The equivalences (a)-(d) of this theorem are the syntactical counterparts to the semantical
ones; comp. Sect. 2.2, Example 3.
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The application of Deduction Theorem is perfectly licit, since no application
of Gen bounds some free variable of the assumption VxVya. And then the
result follows by 3.2.3 Corollary b).?
The proof of the converse, similar.
Th. 3. - IxIyo=JyIxa (exercise).
(Hint: Use Th. 2 with —a instead of o and PL).
Th. 4. |- Vx1...Vxaooao (use Ax4) (exercise).
Th. 5. | o(t/x)>3xa(x); t is free for x in ou(x)
(1) Vx—ou(x)o—a(t/x); Ax4
(2) al(t/x)>—=Vx—0ou(x); (1), PL
(3) a(t/x)>3xou(x); (2) Th. 1(a).
Therefore, o(t/x)F3Ixa(x). To this form of deduction we refer in what

follows by Gen 3 (existential generalization).
Th. 6. |- Vx(aoB)>(VxaoVxp)

(1) Vx(aoP); hyp (4) a; (2) Ax4, MP
(2) Vxa; hyp (5) B; (3), (4), MP
(3) aoB; (1), Ax4, MP (6) VxB; 5, Gen

Hence (7) Vx(a>p), Vxa | Vxp, and then

(8) | Vx(aoB)o(VxaoVxp); (7), Ded. Th. (twice)
Th. 7. - Vx(a=p)>(Vxo=Vxp)

(1) ¥x(o=B); hyp

(2) Vxa; hyp

(3) a=B; (1), Ax4, MP

(4) a; (2), Ax4, MP

(5) aoB; (3), PL

(6) B; (4), (5), MP

(7) VxB; (6), Gen
Hence (8) Vx(a=), Vxa |- Vxp, and then

(9) Vx(o=B) - Vxa>Vxp; (8) Ded. Th.

(10) Vx(a=p)}- VxP>oVxa; obtained in a similar way, using the

hypotheses Vx(a=p) and VxJ3

36 Where the steps of the proof are intuitively clear, they will not be explicitly mentioned
anymore.
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(11) Vx(a=p)}- Vxa=Vxp; (9), (10), PL, Rule,
(12) F Vx(a=R)o(Vxa=Vxp); (11) Ded. Th.
Th. 8. - Vx(a>oB)>(Ixa>IxP)
(1) Vx(ao); hyp
(2) Vx(—=po>—a); (1), ReplrorL
(3) Vx—B>Vx—a; (2), Th. 6, PL
(4) =Vx—0>o—-Vx—f; (3), PL
(5) Ixa>3xP; (4), Th. 1(a)
Hence (6) Vx(a>p) |- Ixa>3xP, and then
(7) | Vx(aoB)>(Ixa>3xP); (6) Ded. Th.
Th. 9. |- Vx(a=)>(Ixo=3xp)
(1) Vx(a=p); hyp
(2) a=P; (1) Ax4, MP
3) (a=p)>(aop); PL
(4) aop; (2), (3), MP
(5) Vx(a>oP); (4) Gen
(6) Vx(ooB)>(Ixa>3xp); Th. 8
(7) Ixa3xP; (5), (6), MP
(8) IxPoIxa; as by steps (2)-(7)
(9) (FxooIxP)o[(IxPo>Ixa)>(Ixa=3xP)]; Rule,
(10) Ixa=3xp; (7), (8), (9), MP
Hence (11) Vx(a=p)}- Ixa=3x, and then
(12) F Vx(o=B)>(Fxa=3xp); (11) Ded. Th.
Th. 10. ou(xX)2B(X) |- x Vxou(x)DVXP(X)
(1) au(x)=B(x); hyp
(2) Vx(a(x)2B(x)); (1) Gen
(3) Vxo(x)oVxp(x); (2), Th. 6, MP
Hence (4) ou(x)2B(x) |- x VXou(X)DVXP(x)
It should be observed that this deduction contains one application of Gen to
the assumption o(x)>B(x), by which the variable x of this assumption
becomes bound. Hence the symbol "|-" cannot be removed on the left, x
being fixed in the above derivation, a fact expressed by the notation |-x.
A variant of proof of Th. 10 can be given in the following way:

(1) a(x)2B(x); hyp
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(2) Vxo(x); hyp

(3) a(x); (2), Ax4, MP

(4) B(x); (1), (3), MP

(5) VxB(x); (4), Gen
Hence (6) o(x)2B(x), Vxoux)FxVxp(x). Of course, x is fixed by one
application of Gen to the formula B(x) depending on the assumption
o(x)>B(x). But, by Ded. Th. (Corol. a)), we can move the symbol |-« to the
left only once, and obtain a(X)>B(x) |- x Vxou(X)>xP(X).
Th. 11. a(x)>B |- xIxou(x)>P; X is not free in B

(1) a(x)>B; hyp

(2) =po—a(x); (1), PL

(3) Vx(—po>—a(x)); (2) Gen

(4) =poVx—a(x); (3), AxS5, MP

(5) =Vx—oa(x)Dp; (4), PL

(6) Ixa(x)>2P; (5), Th. 1(a), Replror.
Hence (7) ou(x)2B - xIxou(x)>P; (1)-(6).
Th. 12. Boo(x) - xfDVxou(x); X is not free in B

(1) Poalx); hyp

(2) Vx(Boa(x)); (1) Gen

(3) PoVxa(x); (2) AxS (since x is not free in ), MP
Hence (4) Boa(x) |- xBoVxo(x); (1)-(3)
Th. 13. |- Vx(aAB)=(VxaAVxp)

(1) vx(aAB); hyp

(2) anB; (1) Ax4, MP

(3) (anB)>a; Rule,

(4) o (2), (3), MP

(5) Vxa; (4) Gen

(6) (aAB)>P; Rulep

(7) B; (2), (6), MP

(8) VxB; (7) Gen

(9) VxanaVxp; (5), (8), Rule,, MP
Hence (10) Vx(aAB)F VxaaVxp, and then

(11) - Vx(aAB)2(VxaanVxp); (1) Ded. Th.

(12) VxaaVxp; hyp

(13) Vxa; (12) Rule, MP
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(14) Vxaoa; Ax4
(15) a; (13), (14), MP
(16) Vxp; (12) Rule, MP
(17) VxBoPB; Ax4.
(18) B; (16), (17), MP
(19) anB; (15), (18), Rule,
(20) Vx(aAB); (19) Gen
Hence (21) VXAVXB | Vx(aaB); (12)-(20), and then
(22) F(VxoAVxB)oVx(anp); Ded. Th.

(23) Vx(arB)=(VxaaVxp); (11), (22), Rulep,, MP
Th. 14. |- IxVyo>VyIxa
(1) Vya; hyp
(2) Vyooao; Ax4
(3) o (1), (2), MP
(4) Ixa; (3), Th. 5, MP
(5) Vy3xa; (4) Gen
Hence (6) Vyo|- Vy3xa, and then
(7) | VyaoVy3Ixa; (6) Ded. Th.
(8) FIxVyooVy3xa; (7), Th. 11, since x is not free in the
consequent.
The converse of this theorem does not hold.
Th. 15. |- Vxa(x)=Vya(y); where a(x) and a(y) are similar.?’
(1) Vxou(x)oo(y); Ax4
(2) Vy(Vxa(x)oo(y)); (1) Gen
(3) Vxa(x)oVya(y); (2) AxS5, MP
(4) Vyo(y)oou(x); Ax4
(5) Vx(Vya(y)oo(x)); (4) Gen
(6) Vyo(y)oVxa(x); (5) AxS5, MP
(7) Vxa(x)=Vya(y); (3), (6), Ruley
Th. 16. |- (BoVxa(x))=Vy(Boa(y)); y is not free in B and a(x) and o(y) are
similar.
(1) Vxa(x)=Vya(y); Th. 15
(2) (BoVxa(x)=(P>Vyaly)); Rule,, MP

37 Comp. 3.2.6 (above).
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(3) Yy(Boou(y))2(BoVya(y)); AxS, since y is not free in 3
(4) BoVyaly); hyp
(5) Vya(y)oa(y); Ax4
(6) Boaly); (3), (4), Ruley
(7) Yy(Boaly)); (6) Gen
Hence (8) BoVya(y)F Vy(Boaly)); (4)-(7), and then

9) F(B=2Vya(y)>Vy(Booly)); (8) Ded. Th.
(10) (BoVya(y)=Vy(Boa(y)); (3), (9), Rule,
(11) (BoVxa(x)=Vy(Boa(y)); (2), (10) Rule,
Th. 17. - (Bo3xau(x))=Fy(Boa(y)); y is not free in B and a(x) and a(y) are
similar.
(1) Vx—o(x)=Vy—-a(y); Th. 15
(2) 2 Vx—ou(x)=—Vy—-a(y); (1) Rule, MP
(3) Ixa(x)=Tyo(y); (2), Th. 1(a)
(4) (BoIxa(x))=(B>3yal(y)); (3) Rulep, MP
(5) =~(B>3yaly))=(PAr—TFyaly)); Rule,
(6) (BA—Tyoly))=(BAVy—aly)); Th. 1(d), Replror
(7) (BAVY—a(y))=Vy(BAr—ou(y)); (6) by Exerc. 2a) below
(since y is not free in B Vyp is just B)
(8) Vy(Ba—a(y)=Vy—(Boa(y)); (7), Ruley, Replror
(9) ~(B=23yaly))=Vy—(Pooy)); (5)-(8) Rule,
(10) (B=3yaly))=—Vy—(Boaly)); (9) Rule,
(11) (B=3yaly))=Ty(Poouy)); (10), Th. 1(a)
(12) (Bo3xax))=Fy(Boa(y)); (4), (11) Rule,
Th. 18. |- (Vxou(x)>B)=Ty(a(y)>P); y 1s not free in B and o(x) and o(y) are
similar.
(1) Vxou(x)=Vya(y); Th. 15
(2) (Vxa(x)=Yya(y)s[(Vxa(x)oB)=(Vya(y)>B)]; Rule,
(3) (Vxa(x)>B)=(Vyau(y)op); (1), (2), MP
(4) (Vya(y)oB)=—(Vya(y)r-B); Rule,
(5) ~(Vya(y)A—B)=—Vy(a(y)r—P); by Exerc. 2a) (below)
(since y is not free in ), ReplroL.
(6) (Vyau(y)=P)=—Vy—(a(y)>P); (4)-(5) Rulep, Replror.
(7) (Vya(y)>P)=3y(y)=P); (6) Th. 1(a)
(8) (Vxa(x)>B)=Ty(ay)>P); (3), (7), Rule,
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Th. 19. |- (Ixoux)>2B)=Vy(a(y)>oP); y is not free in  and a(x) and o(y) are
similar.
(1) Vx—o(x)=Vy—o(y); Th. 15
(2) = Vx—o(x)=—Vy—-a(y); (1) Rulep,, MP
(3) Ixaux)=Fya(y); (2) Th. 1(a)
(4) @xa(x)>)=Cya(y)=P); (3) Rule,, MP
(5) Vy(aly)=B)=Vy(=p>-0aly)); Rulep, Replror.
(6) Vy(—po—ou(y))2(—P>Vy—o(y)); AxS, since y is not free in B
(7) (=BVy—aly))>—-Vy—o(y)>p; Rule,
(8) (=Vy—a(y)=oB)=>(Fyaly)=p); Th. 1(a)
(9) Vy(a(y)=B)=>(3yaly)=P); (5)-(8) Rulep, Replror
(10) Jya(y)=B; hyp
(11) =Bo>—Iya(y); (10) Rule,, MP
(12) =BoVy—-a(y); (11), Th. 1(d), ReplroL.
(13) Vy(=p>—a(y)); (12), Th. 16, MP
(14) Vy(au(y)>PB); (13) Rulep, Replror.
Hence (15) Jyo(y)oB F Vy(a(y)=B); (10)-(14), and then
(16) F(3ya(y)>B)>Vy(a(y)>B); (15) Ded. Th. (since y is not
free in hyp)
(17) Qya(y)=P)=(Vy(a(y)=PB))); (9), (16) Rulep, MP
(18) 3xa(x)>P)=Vy(a(y)oB); (4), (17), Rulep, MP
Remark. The theorem Th. 1 ¢) and d) and the theorems Th. 16 — Th. 19
allow us to move the interior quantifiers of a formula in the front of it,
playing by this an essential role in constructing normal forms in FOL, as we
shall see in the next section.
Exercises
1. Show the following things:
8) |- ((x)>B)>(Vxau(x)>B)
b) - (Boa(x)=(Bo3x(x))
¢) | 3Ix(avB)=(IxavIxP).
2. Prove that if x is not free in 3, then the following hold:
a) |- Vx(a()AB)=(Vxa(x)AB)
b) = Vx(ax)vB)=(Vxa(x)vp)
¢) F3x(a(x)AB)=(Fxa(x)AB)
d) F 3x(@(x)VB)=Exa()VP).
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Choice Rule

The choice rule (C-Rule,®® in what follows) is often used in
mathematical reasoning. It is based on the following fact: If we proved a
formula of the form Jxou(x), then we say let ¢ be an object having the
property o and write a(c). We unroll the whole proof and arrive, finally, at a
formula not containing c.

Example. Let us prove that the following deduction holds:

Vx((x)DB()),3x0(x) - Ix—(a(x)B(X)).

Using C-Rule we reason as follows:

(1) Vx(@(x)>=B(x)); hyp.

(2)  Ixaux); hyp.

3) a(c)o>—=p(c); (1), Ax4, MP

(4) a(c); (2) for some c; C-Rule

(3 (alc)o=B(e)ralc); (3), (4), PL

(6) ((a(c)>—B(c))Ara(c))>—P(c); Rule, (Sect. 3.2.1)
(7 =B (5), (6), MP

®)  a(e)>(—B(e)>(a(c)oB(c))); Rulep
) —(a(c)2B(c)); (4, (7), (8), MP (twice)
(10)  Ix—(a(x)2P(x)); (9), Gen 3

Therefore, Vx(au(X)2>—p(x)),Ixou(x) - Ix—(a(x)DP(X)).

We note that any formula provable by using C-Rule can also be
proved with no use of this rule. For our example such a proof runs as
follows:

(1) Yx(@(x)>=B(x)); hyp.

@) —3Ix—~(a()>P(x)); hyp.

3) a(x)>—p(x); (1), Ax4, MP

4) a(x)oB(x); (2), Ax4, MP

5)  (ux)>—=B(x))>((ou(x)DP(x))>—0u(x)); Rulep (Sect. 3.2.1)

6)  —a(x); (3), (4), (5), MP (twice)

(7) Vx—a(x); (6), Gen.

Therefore,

) Vx(@()D-Bx))—FxA((x)DBC) - Vx—a(x); (1)-(7)

) Vx(o(x)D=B(x) F—IFx—=(a(x))DP(x))DVx—oux); (8), Ded. Th.

3 The name Rule C was given by B. Rosser [1953], 128, where this rule is formulated for
the first time.
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(10)  Vx(oux)2>=B(x)) F = Vx—o(x)oIx—(au(x)2P(x)); (9), via PL
(1) Vx(oux)>—=B(x)),Ixoux) |- Ix—(ou(x)DB(x)); (10), Th. 1(a)

3.4. Normal forms
3.4.1. Prenex normal form
Definition. A formula o of LroL is in prenex normal form if o. has the form
Qix1...QuxnP where Qixi, 1<i<n, are universal or existential quantifiers and
B is a formula of Lrov containing no quantifiers.>

Qix1...Qnxn is called the prefix and B the matrix of a.
Theorem 1. To every formula o. of LroL there is a formula o in prenex
normal form such that - a=o.".

Proof. (Algorithm of constructing o', described by induction on the
complexity of a)
Basis. n= 0. In this case o." = a.
Induction. Assume n>0 and for every k <n the theorem holds. We have to
show that the theorem also holds for k = n.

1. oo = —y. By inductive hypothesis, a formula y* , the prenex normal
form of vy, can be constructed such that |-y=y". It follows, via Rule,, that

- —y=—y", and hence |-a=—y". By applying Th. 1 (c) and (d) (Sect. 3.3) and
Replror, a formula o” in prenex normal form can be constructed such that
—y'=a’, and then |- o=

2. o =v>29. By inductive hypothesis, the prenex normal forms of y
and & can be constructed, let these be y* and &, respectively, such that
Fy=y" and |-8=8". But | (y=y")>[(8=8")>((y2d)=(y'>8"))] (by Ruley).
Whence, by MP, it follows that |-(y>8)=(y ©8"). But y>8 is just a, hence
o=y >8". Now, by Th. 16 - Th. 19 of Sect. 3.3 the quantifiers in the

prefixes of " and 8" are gradually removed to the left of the whole formula
and obtain a formula o in prenex normal form such that |- a=o.".

3. o = Vxy. Again, by inductive hypothesis, the prenex normal form
of y can be constructed, let it be y, such that |-y=y". But in this case we also

have |- Vxy=Vxy", i.e., - a=Vxy". And since y" is in the prenex normal form

¥ 1f n = 0, then a is already in prenex normal form.
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it follows that o" = Vxy" is also in the prenex normal form; hence |- a=a.".

The preceding theorem has a stronger form, concerning just the form
of the prefix of a prenex normal form of oe. We assume that a formula o of
Lrot, in its prenex normal form, is closed. And this is a licit thing, since the
following holds: a is provable/valid iff its closure is provable/valid.
Theorem 2. Let o be a formula of LroL in prenex normal form. Then a
formula B can be constructed whose prefix begins with IxVy such that:

o iff = 3XVymBx.y).

Proof. Suppose that o has the form ny with arbitrary prefix ©. Then

(1) | ty=nyA3adxVy(P(x,y)oP(x,y)), with x and y not occurring in y

(since -3IxVy(P(x,y)oP(x,y))
(2) F[myATxXVy(P(X,y)oP(x,y)|=3xVyn(yA(P(X,y)2P(x,¥)));
by 3.3. Exercises 2 a) and c).

Hence (3) |- a=3xVynp(x,y). Whence |-o iff |- IxVynB(x,y).

Let us illustrate the construction of a prenex normal form of a
formula o of Lror.
Example.*’ o = —Vx3z(P(x)2Q(y,z))> Vy(P(y)>—-3xQ(xX,z))

By one application of Th. 1(c) we remove "—=" from the front of "V"
and obtain:

(1) Ix-32P(x)>Q(y,2))>Vy (P(y)>—3xQ(x,2)).
Now we repeat this operation, this time in order to remove "—" from the
front of "3", in both places in (1), by applying Th. 1(d), and we get:

(2) IxVZ(P()2Q(y:2)) 2V y(P(y) 2V x—-Q(x,2).
Let us observe that this formula has the form Ixou(x)>f, so by applying
Th. 19 we obtain:

(3) VVIVZ=(P(v)2Q(1,2) SV (P(y) DV x—Q(x,2))].
Now, again, the formula in brackets has the form Vxa(x)>f, and then by
one application of Th. 18 we obtain:

(4) YVAW[(P(v)2Q(y, W) DV y(P(y) 5V x—Q(x,2))].
Now we bring Vy into the prefix, using Th. 16, and then:

(5) VvawVvu[—(P(v)2Q(y,w))>(P(u) o Vx—Q(x,2))].
By applying Th. 16 we bring Vx into the front of the last implication and
obtain:

40 By the completeness of the set M = {—,o} (Ch. 1, 2.3) we only consider the formulas
containing these two connectives: — and o.
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(6) VvaAwVu[—(P(v)2Q(y,w))2Vs(P(u)>—Q(s,z))].
By one application of the same theorem, we bring, finally, V from the
consequent in the front of the whole implication, i.e.,

(7) VvawVuVt[—(P(v)2Q(y,w))>(P(u)>—Q(t,2))]
and this is the prenex normal form of a.

Exercises
1. Construct the prenex normal form of the following formulas of Lror:
o = Ix(VYP(x,y)5Q(x)>—-IX(QX)DVyP(x,y))
B = V2(P(2)>(Vy(Q(x,y)>3xQy:x))
Y = IxR(x,y.2)2(P(x)5VyQ(x.y))
8 = Ix~(VyQ(x,y)=R(y,2)>37Q(2)
2. Show that if au(x) and o(y) are similar, then the following holds:
- Ixa(x)=Jyay).

3.4.2. Skolem normal form

The construction of the prenex normal form of a formula o of Lror is
the first step of a process by which an even simpler form can be constructed,
the Skolem normal form.*!

Definition 1. 4 formula o of LroL is in Skolem normal form if o is in the
prenex normal form and all the existential quantifiers precede all the
universal quantifiers.

Definition 2. Two formulas of LroL, o and B, are said to be co-deductive (or
deductively equivalent*?) if and only if each is derivable from the other, and
then the following holds: |- a. if and only if |- B.

It should be observed that the deductive equivalence is weaker than
the relation |-a=p of 3.4.1 Theorem 1, since if |-o=p, than a and B are
derivable from each other using MP. But |- a= does not follow from co-
deductivity, since o(x), with x free, and Vxo(x) are co-deductive but not
equivalent.

Theorem 1. To every formula o. of Lrov there is a formula o in Skolem
normal form such that o. and 0. are co-deductive.®’

4L Cf. T. Skolem [1920].
42 Comp. D. Hilbert; P. Bernays, [1934], 149: "deduktionsgleich".
43 This result holds for the so-called pure predicate calculus, i.e., for a first-order predicate
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Proof. In proving of this theorem we confine the analysis to the formulas in
prenex normal form and, moreover, to the closed ones. For, as we know, a
formula a(x) is provable if and only if its closure is provable. The proof will
be given by induction on the rank of a, i.e., by induction on the number of
the universal quantifiers preceding the existential quantifiers in o. If the
rank of a is 0, then a is already in Skolem normal form. So, we suppose that
the theorem holds for formulas whose rank is less than n and show that it
also holds for n.

Assume o = 3IxX1...IXa VYB(X1,...,Xn,y), Where [ contains only
X1,....Xny free.** Of course, if o is in prenex normal form, then B is also in
prenex normal form, hence [ may be a formula of the form
Q1z1...Qszsy(X1,...,Xn,Y,Z1,-..,Zs), Where Q;, 1<i<s, are the quantifiers V or 3
binding the variables zi,...,zs (Where at least one of Q; must be 3, otherwise
o would already be in Skolem normal form). Hence, written more fully,
o = 3IX1...3X, VyQiz1...QszZsY(X1,....Xn,¥,Z1,...,Zs). If n =0, then a0 = Vy[(y).

Now, let P™! be an n+1-place predicate symbol not occurring in .
Using it we construct the formula:

0 = Ix1... 3Ixa[ VY(B(X1,...,Xn,Y ) DP(X1,...,Xn,¥) ) DVYP(X1,....Xn,y)].

Written more fully 6= 3x1...3xa[Vy(Qi1z1...QsZsY(X1,....,Xn,¥,Z1,...,Zs)
DP(X1,...,Xn,Y)) D VYP(X1,....Xn,¥)].

We show that o and o are co-deductive, i.e., the following holds:
o iff |- 8.4

Assume |- 9. By substitution of  for P in & we obtain:

o1 = IX1...3Ixa[ VY(B(X1,..,Xn, Y )2 P(X1s...,Xn,Y ) ) D VYB(X1,...,Xn,Y) |-
But in FOL*™: }[Vy(Q(y)2>Q(y))>VyQ(y)|=VyQ(y). Then by substitution
(for predicate symbols) and ReplroL we obtain 3x;...3x,VyB(X1,...,Xn,y), 1.€.,
the formula a.

Conversely, assume |-a, i.e., |- 3x1..3XaVyB(X1,....Xn,y). By Rulep,

from 3.3 Th. 6, for a = P(y) and B = Q(y), we obtain its equivalent:

VyP(y)o[Vy(P(y)=2Q(y)=VyQ(y)].
In this formula we make the following substitutions: B(xi,...,Xs,y)/P(y) and

P(x1,...,xn,y)/Q(y), and obtain:
VyB(X1,....Xn,Y) D[ VY(B(X1,...,Xn,Y ) DP(X1,...,Xn,¥) ) DVYP(X1,....Xn,¥)].

calculus whose language does not contain functional symbols or constant symbols.
4 Based on 3.4.1 Theorem 2 we may assume that # > 0, but this is not necessary.
45 This proof'is a variant of the proof in D. Hilbert and W. Ackermann, [1972], Ch. 3, §7.
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From this formula, by one application of Gen with respect to the variable x,
we get:

VX {VyB(X1,.--»Xn,Y ) D[ VY(B(X15....Xn,Y ) DP(X1,....X0,y) ) DVYP(X1,....X0,¥) ] } -
But if we consider now the following form of a theorem of FOL** (cf. 3.3,
Th. 8): VXa(P(xn)2Q(Xn))2(IxnP(Xn)>3IXnQ(Xn)), in which we make the
required substitutions and then apply MP, we obtain:

FxaVYB(X1ye.erXn,Y )2 IxKn[ VY(B(X1s..., X0,V ) DP(X1,...,Xn,Y ) ) DV YP(X1,...,.Xn,Y) ]
By repeating this process n-times we finally get:

X1 Ix VYPB(X1,...,Xn,Y)DIX1 ... IXn[ VY(B(X1,...,Xn,Y ) DP(X1,...,.Xn,Y))

DVyP(x1,....Xn,Y)].

The antecedent of this implication is just the formula o, assumed to be
provable. Hence, by one application of MP results:

0 = Ix1... Ixa[ VY (B(X1s...,Xn,Y ) DP(X1,...,Xn,¥ ) ) DVYP(X1,....X0,¥) ],
and therefore |-9.

More fully written 6 is the formula
X1 X[ VY(Q12Z1...QsZs V(X1 5o X0, Y, Z1 5.0, Zs ) DP (X1, X0,y ) ) D VYP(X 1., Xn,Y) |
In order to construct the prenex normal form of & we proceed as follows. By
one application of Th. 18 (of 3.3) to the formula in brackets and using
ReplroL we derive:

Ix1... 3xaFY[(Q12Z1...Qszsy(X 1. . X0, Y, Z1 .., Zs ) DP(X 1., X0,y ) ) DV YP(X1,... X0, Y) ]
Now we extend the scope of the quantifiers in the prefix n of B, i.e.,
7 = Qi1z1...Qszs, to the whole of the first implication, in the following way.

If the first quantifier in © is 3z, then the antecedent of the first
implication is 3z1Q22o,...,Qszsy(X1,...,Xn,Y,Z1,...,Zs). Hence by one application
of 3.3, Th. 19 it follows:

Vz1(Q222,...,QsZsY(X1,..., Xn,Y,Z1,...,Zs ) DP(X1,...,Xn,Y ).

If the first quantifier in « is Vzi, then the antecedent of the first implication
1s Vz1Q222,...,Qszsy(X1,...,Xn,Y,Z1,...,Zs), and then by one application of 3.3,
Th. 18 we derive

371(Q2z2,...,QszsyY(X1,...,.Xn,Y,Z1,...,Zs ) DP(X1,...,Xn,¥)),

Let us observe that if we apply this operation s-times, then the prefix of 3
passes to the front of the first implication, but the quantifiers of =«
interchange their places. If 7' is the prefix of the first implication, then by
one application of Replror, 6 becomes (equivalently):

3x1...3xa Y[ ! (Y(X15eeerXn,Y5 215,25 ) DP(X1,...,. X0, Y ) ) DV YP(X1,...,.Xn,Y) ]

Now we repeat the preceding operations this time in order to extend the
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scope of m' to the whole implication. Since zi,...,zs have no free
occurrences in VyP(xi,...,Xn,y), we may apply again Th. 18 and Th. 19 of
3.3, by which the quantifiers in "' interchange their places, and therefore
n' becomes again . Hence the preceding formula has now the following
(equivalent) form

Ix1.. Ixe Y[ (Y(X1s. X0, Y, 2150, Zs ) DOP (X1, X0, Y ) ) D VYP(X1,... X0, Y) .
Now, finally, we have to bring V into the prefix, by one application of 3.3,
Th. 16, by changing y in w (since y occurs free in y), obtaining
01 = IX1... XYy VW[ (Y(X1,.. X0, Y, Z1 ..., Zs ) DP(X1,...,Xn,Y ) ) OP(X1,...,.Xn, W) ],
where vy has no quantifiers. 8, is the prenex normal form of 3.

By 3.4.1, Theorem 1 we have: |-6=06:. But the rank of 8; is one less
than the rank of o.. Since |- a iff -0 (as we saw above) it follows that |- a
iff |-81. By inductive hypothesis a Skolem normal form of &1 can be

constructed, let call it o”, such that |- o iff |-o..

Example. o = 3xVy3zQ(x,y,z)

As can be observed, a has the form IxVy[, where B =3zQ(x,y,z),
containing two free variables, x and y. Hence, we take a 2-place predicate
symbol not occurring in o, say P?, and construct the formula

0 = IxX[Vy(3zQ(X,y,2)>P(X,y)) > VyP(x,y)]

For the construction of its prenex normal form we have to extend the scope
of the first V to the whole implication, by one application of Th. 18, (Sect.
3.3) replacing V with 3, and obtain

3x3y[(32Q(x.y.2)>P(x,y))DVyP(x,y)].

Now we extend the scope of 3z to the whole of the first implication, by

applying Th. 19 (of 3.3), replacing 3 with V, and obtain:
3x3y[V2(Q(x.y,2)oP(x,y))DVyP(x.)].

Now we extend the scope of the first "V" to the whole implication by using

Th. 18 (of 3.3), changing V with 3:

3x3y32[(Q(x.y.2)>P(x,y))DVyP(x,y)].

Finally, by one application of Th. 16 (of 3.3) and relettering y in w we get:

01 = IxJy3zVwW[(Q(X,y,2)oP(X,y))oP(x,W)],
and this is the prenex normal form of 8, hence |-06=01, and therefore |- a=0;.
But 01 is also in Skolem normal form. Therefore, d; is also Skolem normal
form of a.
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Exercise. Construct the Skolem normal forms of the formulas o.—93& of
Exercise 1, Sect. 3.4.1.

3.5. Completeness of FOL™
3.5.1. The idea of completeness

Similar to PL*™ (comp. Ch. 1, 3.3.5.1), for FOL* two different sorts
of completeness are definable: syntactical and semantic. An axiomatic
system is syntactically complete if and only if for any formula a of its
language the following holds: |- a or |-—a. As can be seen such a meaning

of completeness does not hold for FOL*, since by soundness of FOL** (cf.
3.2.2), if |- a, then [ a, equivalently, if K a, then |+ a. But if a is the atomic

formula P(x), then neither P(x) nor —P(x) is valid, hence, by soundness,
there is a formula of LroL, P(x), such that |+ P(x) and | —P(x).

The semantic sense of the completeness of an axiomatic system,
suited for FOL*, is defined as follows.
Definition. An axiomatic system is semantic complete if and only if for any
formula o of its language the following holds: if = a, then |-o.

Together with the soundness of FOL* the following equivalence is
obtained:

(Eq) Faifandonly if |-a.

The completeness of FOL* and the remarkable result known as the
Lowenheim-Skolem theorem are simple corollaries of a basic and more
general result concerning first-order theories. Let us see.

3.5.2. First-order theories

What is usually called a first-order theory 7*° is a proper or improper
extension of FOL®. The axioms of T are those of FOL*, also called logical
axioms, and the proper axioms of T also called non-logical axioms of T.
Therefore, FOL* is a first-order theory with no proper axioms.

46 "First-order" is used in order to distinguish 7 from the theories in which the predicate
symbols are admitted as arguments for predicate symbols and allow the quantification over
predicate or functional symbols. And therefore the only syntactic entities, object to
quantification, are the symbols for individual variables. Examples of first-order theories:
Peano Arithmetic axiomatized, group theory, partial order theory.
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Terminology (standard)

The reference to a first-order theory 7" may be given in the following
(equivalent) ways:

(a) By specifying its axioms and rules of deduction (as in 3.1)

(b) By identifying T with the set of its theorems, i.e., if this is the
case:

THa(or ro)iff aeT.

Definition 1. 7T is called axiomatizable (or axiomatic) if there is a recursive
set of sentences I" such that for any sentence o: aeT iff ' -o. T is finitely

axiomatizable if T is finite.

Definition 2. T is complete if and only if for any closed formula o (of its
language): o.e T or —a.eT.

Definition 3. T is consistent if there is a sentence o such that T a.

Definition 4. T is decidable if and only if T is recursive.

Definition 5. 4 first-order theory T" is an extension of a theory T if both
theories have the same symbols (i.e., the same language), and the following

holds: If T-a, then T" o.*

3.5.3. Lemmas

Lemma 1. The set of expressions of a first-order theory T is denumerable.
Let Symb be the set of symbols of a first-order theory 7 (or the

alphabet of its syntax). An expression is a finite sequence of symbols of 7.
In order to get an enumeration of all expressions of 7 to any symbol

of T is assigned a distinct odd number.*® If si,...,sxe Symb, then the Godel

number of the expression Exp: sis...sk is g(Exp) =281 . 3862) ~...-p§(sk) ,

where px is the k#i prime number. As can be seen the different symbols have
different Godel numbers, and (by uniqueness of the factorization of integers
into prime numbers) the distinct expressions have distinct Godel numbers.
By this coding we get an enumeration of all expressions (in order of their
assigned codes). Moreover, this enumeration is effective.

By proceeding similarly, we can effectively enumerate the sets of

47 The notions of Def. 1 — Def. 5 will be essentially used in Sect. 5.2 (below) and further on
in Ch. 3. “Recursive/decidable sets of sentences” (in Defl and Def.4) means
“recursive/decidable sets of the Godel numbers of the respective sets of sentences”.

48 Called its Godel number or its code. For details, comp. Ch. 3, Sect. 4.1 (below).
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formulas, closed formulas, formulas containing just one free variable, terms,
closed terms. And if T is an axiomatic theory, then the set 7h of Godel
numbers of its theorems is effectively enumerable.

Lemma 2. Let T be a first-order theory, let a. be a closed formula of its

language. Then: If TH —a., then T =Tu{o} is consistent.
Proof (reductio). Suppose that TH —a and T " is inconsistent. Then for

some B, 7" |PBa—P, ie., T, a}-BAa—=p. Whence, by Deduction Theorem
(Corollay a)) T+ a>(BA—B). Therefore, T —o (by PL), contradicting the

hypothesis.
Evidently, under the same hypothesis lemma also holds in the

following form: If T} o, then T" = TU{—a} is consistent.
Lemma 3. Let T be a consistent and complete first-order theory. Then
(1) TH o iff T —a, i.e.,
(a) If T—a., then TH a (by consistency).
(b) If TH a., then T-—a (by completeness).
(2) IfFoa,then THo.
This result follows directly from the fact that o is a theorem
of FOL* and T extends FOL™.

3) THonBiff T-o and T P.
(Use |- (anB)>a and | (aaB)>P and (2)).

4) THavBiff T-o or THB.
THavp iff TH—(avp) (by (1)) iff TH —ar—p (by PL) iff
TH —a or TH—P (by (3) with —a and —f instead of o and 3
and PL) iff 7o or 7B (by compl. of 7).

(%) THooB iff TH o or THB.
T aop iff T—avp (by PL) iff TH—o or T
(by (4)) if TH o (by cons.) or T} .

Lindenbaum's Lemma. If T is a consistent first-order theory, then there is

a consistent and complete extension T" of it.

Proof. By Lemma 1 there is an enumeration En: B1,B2,... of all closed

formulas of L. Define an infinite sequence of first-order theories as follows:
To=T, and for any i > 0
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T ’ :{]; U‘{BH]}’ lf ]; H _'Bi+l

" ];" lf 7;|__'Bi+l'
7" = theory having as axioms all the axioms of all the theories 7'
(1=0,1,2,...).

By construction, Ti+1 extends 7i, T * extends all the 7; and therefore
T" extends T.

T" is consistent.
By definition of deduction relation I'-a (i.e., by its finitism*’) a

proof of inconsistency of T~ is a proof of inconsistency in some 7. (Since
such a proof uses only a finite number of formulas of L . and therefore only

a finite number of the closed formulas in En. By the above enumeration
each PBieEn has an index in En. So let us take the highest-indexed Ti
containing the highest-indexed formula i€ En such that 7; is inconsistent.)
Hence if all the T: are consistent, then 7" is also consistent. Let us show, by
induction on i, that all the 7; are consistent.

Basis. Ty is consistent (by definition of Ty, since 7o =T and T is consistent
by hypothesis of the lemma).

Induction. Suppose that T; is consistent. By definition of 7i+1 we have: either
Ti+1 = T, and then Ti+ is consistent (by supposition), or Ti+1 # 7. In this case
Tir1 = T1U{Pi+1} (by def. of Ti+1); and this means that 7iH—pi+1, and
therefore 7i+1 is also consistent (by Lemma 2).

A similar proof, whose main ingredient is the same Lemma 2, can be
given as follows. The Basis holds by definition, and for the induction step
suppose that 7; is consistent, Ti+1 # 7; (i.e., Ti+1 = TiU{Pi+1}) and that Ti+ is
inconsistent. Then T;} —fi+1 (by Lemma 2), and then, by definition of Ti+1,
Ti+1 = T, contrary to our supposition (7i+1 # T).

T" is complete

For a formula Bi+1€En we can say: either Ti-Bir1 or TilBi+.

Whence, in the first case, T |- Bi+1, or in the second case, Ti+1 = TiU{—Pi+1}
(by Lemma 2), and therefore 7" - —fis1.

Remark 1. A proof of completeness of 7" can also be given using Lemma
2 and the following result: if T; is consistent and a is closed, then Tiu{a} is

4 Comp. 3.1. Def. 3.
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consistent or Tiu{—a} is consistent (prove this result and construct a proof

for the completeness of 7).
Remark 2. Even if the given consistent theory is axiomatic, this fact does

not guarantee by itself that 7" is also axiomatic. In order to be so, 7", as a
formal system, must have a proof procedure, i.e., a method whose
application gives us an answer to the question whether or not the formula
—Bi+1 1s provable in T; (i.e., an answer for deciding whether or not a formula

BicEn is an axiom of 7" ; and this means that the set of axioms of 7" might
not be decidable.

3.5.4. Completeness theorem for FOL**

As we mentioned above, two main results, completeness theorem for
FOL*™ and Lowenheim-Skolem Theorem for first-order theories, are
corollaries on a basic result on the consistent first-order theories, according
to which for every such theory there exists a model of the cardinality o
(i.e., a model whose domain is denumerable) in which all of its axioms/
theorems are true. In this case we also say that the theory has a model.
Theorem. Every consistent first-order theory has a model of No-cardinality.
Proof.”® Let T be a consistent first-order theory, let L7 be its language. Now
we need a denumerable set {co,c1,...} of new constant symbols. Nothing is
lost in generality if we suppose that from the denumerable set of constant
symbols {ai,az,...} of Lz, the theory T only uses the symbols of the form ay;
(1=0,1,2,...). So all the other symbols, i.e., the symbols of the form a1,
remain available as the new constant symbols. Let us refer to this
denumerable set by {co,c1,...} (i.e., Ci = azi+1).

Let Bo(xo0),p1(x1),... be an enumeration of all formulas containing
only one free variable.’! Let En = 3xoPo(X0),3x1B1(X1),..., be an enumeration
of all closed formulas of the specified type, where the constant symbol c;
does not occur in Bo(Xo),...,Bi(Xi), respectively.

30 The first proof of the completeness of FOL™ was given by Gddel [1930]. Some of the
other proofs of this theorem can be found in Hilbert and Ackerman [1928] Sec. ed. §10, 6"
ed., Ch. II1, §8, Hilbert and Bernays [1939], §3, J. Herbrand [1930], L. Henkin [1949], S.C.
Kleene [1967], §49, §52 and [1952] §§72, 73; and some proofs using topology and algebra,
e.g. Rasiowa and Sikorski [1951], A. Robinson [1951], Beth [1951]. The proof given here
is Henkin-type (cf. L. Henkin [1949] with a simplification given by G. Hasenjaeger [1953];
comp. also H. Scholz and G. Hasenjaeger [1961], §§108-114).

31 Such an enumeration is possible, by 3.5.3. Lemma 1.
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Let Impi: 3IxiBi(xi)>Pi(ci/xi); 1=0,1,2,... or more simple Impi:
IxiBi(xi)>Pi(ci). As can be observed, the constant symbol c¢; does not occur
neither in T nor in Impi.1. Let 7" be the theory obtained from 7 by adding
the denumerable set of implications of the form Imp;; i.e., 7" = TU{Impo,
Imp,...}. And this is equivalent to define 7~ as follows: T, 0* =T,

T, =T U{lmpi} and T" =T, (i=0,1,...).

i+1 =

1. T" is consistent.
By the finiteness of proof-relation, the proof of the consistency of

T" is reducible to the proof that every T, is consistent. And an argument by
induction for this fact runs as follows.

Basis. T, is consistent, since by definition 7, =7 and T'is consistent by the
hypothesis of the theorem.

Induction. Suppose that Ti* is consistent and must show that le is also

1

consistent. We prove by contraposition that if 7}, is not consistent, then 7;"
is not consistent. Hence suppose that 7},, is not consistent. It follows that
any formula is provable in 7., (by PL). It follows that 7., - Non Imp;, and

therefore T, Imp;i}-Non Imp;. But Imp; is a closed formula, and then

T ImpioNon Impi.  Whence, by  PL, T -NonImpi, ie.,
T - —=(3xifi(xi)oPi(ci)). And then, by PL, T, |- 3xifi(xi) and T, | —Pi(ci).
If in the proof of this last formula we replace every occurrence of c; with a
variable x not occurring in the proof, then Ti* F—Pi(x), and therefore, by

Gen, Ti* F Vx—=Bi(x). Now, since the formulas —fi(x) and —pi(xi) are
similar, it follows that Ti* - Vxi—Bi(xi), (by 3.2.6, Lemma”), contradicting

the above result that 7, 3xiPi(xi). Hence 7, would be inconsistent.

Therefore, all the Ti* are consistent and then 7" is also consistent. Now,

. & . . . o .
since T is consistent, then there is a consistent and complete extension T

of T° (by Lindenbaum's Lemma).
Definition. M = (D.1) is a Herbrand model for a language L if:

1. D is the denumerable set of the closed terms of L, i.e., of terms not
containing any individual variable. By 3.5.3, Lemma 1 there exists an
enumeration of them.
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2. For any closed t: t =t, i.e.,
(@) ¢'=c
(b) [f"(t,..t,)] =f"(t,...t,) . This follows by a simple argument
by induction on the length (Ih) of t. If Ih(t) =1, then as in (a) t' =t. If
lh(t) > 1, then we have the case (b), t=f"(t,...t,), and suppose that th=t
for all terms t; such that Ih(ti) < Ih(t). Then we have:

[ (.t = (™) () = (") (t,..1,) = £ (t,..1,) .

For atomic formulas R"(t,...t,) we define the truth in M of such
formulas as follows:

[R(t,..t )] =1 (in M) iff 7° |- R"(t,...t,).

All that remains to show is that M so defined is a model for T, and
this means that we must prove that for any closed formula of L7 the
following equivalence holds (where for[a]' =1 we write simply o = 1).

(EQ) a=1((nM)iff T° |-a,
since 7°° is a complete and consistent extension of T.

Proof. (induction on the complexity of a.>?)
Basis. Compl(a) = 0. Then a is an atomic formula and (EQ) holds for it by
definition.
Induction. Suppose that (EQ) holds for any formula whose compl<k and
show that it holds for a formula a such that compl(a) = £. Three cases must
be considered, according to the form of a: a=—f, a=f>y and
o = Vxf3, respectively.

1. o= —|B .

a=1in M iff =f=1 in M iff =0 iff T* |£B (by ind. hyp.) iff
T =P (by 3.5.3, Lemma 3(1)) iff T |-a.

2.a=B>y.

a=1in M iff oy=1 in M iff =0 in M or y=1 in M iff
T 4B or T* |-y (by ind. hyp.) iff T - B>y (by 3.5.3, Lemma 3(5)) iff
T .

32 Remember, "complexity of a" (abbr. compl(a)) is the number of all occurrences of
operators (connectives and quantifiers) of o).
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3. a=VxB(x). Let B(x) be Px(xx) in the above enumeration of all
formulas containing only one free variable.
To prove (EQ) for a means to prove the following conditionals:

(a) If VxiBi(xx) = 1 in M, then T | VxiBk(xx).
(b) If T* | VxiPBk(xx), then VxiPir(xk) = 1 in M.
Proof (a). (contraposition).
(1) b VxuBe(x)*; hyp.
@) F—=VxkBk(xx); (1), by completeness of T.
3) F 3Ixk—PBx(xx); (2) by 3.3. Th. 1c).
€)) F Ixi—Br(xk)>—Pr(ck); Impk is an axiom of T.
(5)  F=Bxlew); 3), (4), MP.
(6) H Br(ck); (5) by consistency of T.
(7)  PBr(ck) = 0; (6) by ind. hyp.
(8) VxiBr(xk) = 0; (7); by 2.3, Th. 7 (Corollary 1).
(b). (reductio).
(D VxuB(xw); hyp.
2) VxiBr(xk) = 0 in M; hyp.
3) F VxBr(xk)oPk(t); Ax. 4 of FOL™.
(4) FBk(t); (1), (3) for any t € D (since t is closed and then it is free for
Xk 1n ).
(5) There is a t € D such that Bk(t) = 0 in M; by (2) and the fact that
Bk(t) is closed.
(6)  HPx(®); (5) by ind. hyp.
(7) F—Bk(t); (6), by completeness of T .
But (4) and (7) are contradictory.
Therefore, since card(D) = No, M = (D,1) is a denumerable model for

T. But T < T*°. And then M = (D.i) is also a denumerable model for 7.
Remark. Even if T were axiomatic, T would not be necessarily

axiomatic, since the definition of T supposes Lindenbaum's Lemma and
then for each step of extension of 7" we must be able to decide whether or

33 All these derivations are in 7°°; here we omit "7°" set in front of " |— ",
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not —f3; is provable in 7; (comp. 3.5.3 Lindenbaum's Lemma, Remark 2).
Corollary 1. (completeness of a first-order theory). Let T be a first-order
theory. Then the following holds: If = a., then T|- o (Where o€ Ly ).

Proof. By 2.3 Theorem 2, a formula a is valid iff its universal closure is
valid, and by Ax4 and Gen of FOL*, o is provable iff its universal closure
is provable. So, the proof of this corollary can be reduced to the proof for
closed formulas.

Suppose, by reductio, that o is a valid formula of L7 and a is not

provable in 7. Then, by 3.5.3 Lemma 2, 7~ =T U {—a} is consistent. And
then, by the above theorem, T" has a model. Since —aeT" (and then
T" - —a) it follows that —o. =1 in M. On the other hand, since a is valid

(by hypothesis), a is also true in M. But, by 2.1, (Eq) (after Def. 8), a and
—o cannot be simultaneously true in M. Therefore, a is provable in 7.
Corollary 2. (completeness of FOL™). If a € Ly, then: If Ea, then

FOL*}|-a..
Proof (by Corollary 1 and FOL*™ < T).
Together with soundness of FOL** (comp. 3.2.2, Theorem 2), the
following holds:
Faiff =a,
forany o € Ly .

Corollary 3. (Léwenheim-Skolem Theorem). Let T be a first-order theory.
Then if T has a model, then T has a denumerable model.
Proof. Suppose 7 has a model M. Then 7 is consistent (otherwise 7'+ o and

TH—o, and then o =1 in M and o =0 in M (impossible, by 2.1 (Eq) after
Def. 8). Whence, by the above theorem, 7" has a denumerable model.

4. First-order logic with identity (FOLY
4.1. Leibniz Principle (LP)
Let LigOL be the language obtained by adding to Lror a new 2-place

predicate symbol "=" called identity. Let a(x,x) be a formula of Lror and
a(x,y) be the formula of LroL obtained from a(x,x) by replacing
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numerically arbitrary®* free occurrences of x in a(x,x) by y, with the proviso
that y is free for those occurrences of x. By a Leibniz Formula we

understand a formula of L, of the following form

x =y D (a(x,x) D a(X,y))

Leibniz Principle (LP). Any Leibniz Formula is valid, i.e.,
Ex =y D (a(x,X) D a(X,y)).
Proof. A simple argument is this. Let M = (D,i) be an arbitrary model for
L, and let pu be an arbitrary assignment in M. If [x =y]** =1 then
x* =y*. Hence if [a(x,x)]"* =1, then [a(x,y)]"* =1, whence
[a(x,X) D a(x,y)]"* =1. Therefore, [x =y > (a(x,Xx) D a(x,y))]* =1.
The proviso "y is free for those occurrences of x in a(x,x)" in

obtaining a(x,y) from o(x,x) is necessary. Otherwise, we obtain the
formulas of the following form:

x=y>(@y-(x=y) > 3Iy-=(y=y)),
and such a formula is not valid (it is only 1-valid). Nevertheless, by
preserving the proviso, a valid formula of Li‘;OL can be obtained:

X =y D (Fz—(x =2z) D Iz—(y = 2)).
If in LP we pas from o(x,x) and a(x,y) to —ou(x,x) and —ou(x,y), then, using
Replror, we get x=y>(a(xy) D a(x,x)), which with LP gives
x =y D (a(x,x)=0(x,y)), and, accordingly, a stronger form of Leibniz
Principle

LP": Ex =y D (ux,X)=0(X,y))

4.2. First-order logic with identity (FOLY)

If we add a Leibniz Formula and the formulaVx(x = x) to the axioms
of FOL™ and preserve the deduction rules of FOL*™ (MP and Gen), then we

obtain a first-order logic with identity (FOLY} ). Le., FOL} = FOL* plus
Ax6. Vx(x = x); reflexivity of identity
Ax7.x =y D (a(x,X) D a(X,y)); substitutivity of identicals.

34 In Leibniz' terms, "ubivis", not "ubique"; cf. B. Couturat [1903], 255.
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4.3. Syntactical considerations
In FOLY the following holds:
1. -t=t, for any term t (Refl)
(Ax6, Ax4 and MP)
2. Symmetry of "=". |- x=y>y=x (Symm)
(1) x=y>(x=x>Dy=xX); as a special case of Ax7, where a(x,X)
is x=x and o(x,y) IS y=X.
2)x=x>2(x=y>y=x);(1)PL
B)x=yoy=x;(2),1,MP
3. Transitivity of "=". - x=y>(y=z>x=2) (Trans)
(1) y=x>2(y=z>x=2); as a special case of Ax7, where o(y,y)
is y=z and o(y,x) is X =z
2)x=y>2(y=z>x=2);(1),2PL
4. Fy=xD(z=xDy=2)
(1) y=x>2(x=z>y=2z); Trans
2) x=z>(y=x>y=2);(1)PL
(3) z=x>x=2z; Symm
4) z=x>(y=x>2y=2);(2)3)PL
S) y=x>2(z=x>y=2);(4)PL
5. Fx=y > flzx,w) =f(z,y,w).
(1) f(z,x,w)="1(z,x,w); Refl
2) x=yo@u="1f(z,x,w)du="1(z,y,w)); Ax7
3) x=y>o(f(z,x,w)=1(z,x,w) D f(z,x,w) =1(z,y,w)); (2), Substx:
f(z,x,w)/u (cf. Sect. 3.2.4.1).
@) f(z,x,w)="f(z,x,w) D (x=y>Df(z,x,w)=1(z,y,w)); (3) PL
(5) x=y>of(z,x,w)=1(z,y,w); (1) (4) MP
(A similar proof can be given using Gen with respect to u in (2), then AxS,
Ax4 and PL; exercise).

6. - x=y>P(z,x,w) D P(z,y,w); as a special case of Ax7

The formula in 6 is just the axiom Ax7 for atomic formulas of LigOL ,
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not containing functional symbols and in which P(z,y,w) comes from

P(z,x,w) by replacing exactly one occurrence of x by y.

A stronger form of 6 is the following:

6. F & =y A AX, =Y) D (PEpbes X)) D (P(Y5ee Vi) -

(Take k =2 and detail the argument!). Whence by substitutions ti/x; and t'i/y';

(1<i<k) we get:

6 . }_ (tl = t'l/\.../\tk = t‘k) oD (P(tl""’tk) oD P(t‘l ""’t'k )) .

In a similar fashion 5 can be strengthened to
5*. l_ (tl - t‘l /\../\tk - t'k ) D (f(tl ""’tk) - f(t'l ""’t'k ))

51. Fx=y>ot=t"; where t  is obtained from t by an arbitrary
replacement of x by y. 5”.1 is provable by induction on the complexity
of t (exercise).

Let now t,,...,t, be the argument-terms in P(t,,...,t,) and t',,....t",
be the argument-terms in P(t',,...,t', ), where P(t',...,t', ) is resulting from
P(t,....,t,) by arbitrary replacements of x with y. By 5°.1 we have

Fx=yot =t,..,Fx=y>t, =t}
and then, by PL,

Fx=yo(t =thA.At =t)

Now, using 6 and PL we get
7. F x=y>P(t,,..,t,) DP(t,...t')

Similar to 6, 7 represents Ax7 for arbitrary atomic formulas of L%, .

Remark. Using some suitable substitutions in 6 and Symm, by PL the
following stronger form of 6 can be derived

6.1. - x=y>(P(z,x,w) =P(z,y,w)),
and then the stronger form of 7, i.e.,

71. F x=y>P(t,....t,) =P(t',,....t",)

But if Ax7 holds for any atomic formulas of L%, (as 7 shows) it also holds

for an arbitrary formula of L, , as we'll see below (by Theorem).

8. Fdyx=y
(1) x=y > x =y; Rulep, (Sect. 3.2.1)
(2)x =y > dyx =y; (1); Sect. 2.3 (syntactic counterpart of Th. 12)
(3) x=x > 3Jyx =1y; (2), Substx (Sect. 3.2.4.1)
(4) x =x; Ax6
(5) Jyx=y; (3), (4), MP
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Evidently, from this theorem, by Gen, we also have |- Vx3Jyx =y.
9. FVy(x=y 2 a(y)) o Iy(x = yra(y))
(D x=y>oa(y)dEx=y>Dx=yAa(y))); Rule, (Sect. 3.2.1)
() Vylx=y>a(y)) 2 (x =y 2 (x =yra(y)]; (1), Gen
B)Vy(x=y>da(y)) D Vy(x=y > (x=yAa(y))); (2), Sect. 3.3, Th.6
(DVy(x =y > (x =yra(y)) 2 Fyx =y 2 Iy(x = yra(y)));
Sect. 3.3, Th. 8
() Vy(x =y 2 aly)) 2 Byx =y 2 Iy(x = yra(y))); 3), (4), PL
(6) Jyx =y D [Vy(x =y 2 aly))) 2 Fy(x = yra(y))];
(5), PL (permutation of premisses)
(7) Yy(x =y 2 aly)) 2 Fy(x = yra(y)); (6), 8, MP
Lemma.>> For any formula o(x)eLroL there are two equivalent formulas of

Lo, such that
L. Fo(x) = Jy(x = yra(y))
2. Fax) = Vy(x =y D a(y)).
The result of 9 suggests how to give some simple proofs for 1 and 2.
Namely, it is enough to prove the following conditionals:
(a) Iy(x = yra(y)) o a(x)
(b) ax) © Vy(x =y D a(y)),
since by Th. 9 and (a) we derive the converse of (b), which together with (b)
gives 2. Similarly, by 9 and (b) we get the converse of (a), which together
with (a) gives 1.
Proof (a).
(1) x=y>oy=x;by2
(2)  y=x>(y) D ux)); AX7
(3)  x=y>(aly) D) (1), 2),PL
@ (x=yAa(y) D a(x); (3), PL
(5) Jy(x = yAra(y)) D a(x); (4), Th. 13 (Sect. 2.3) (since y is not free in
ou(x), under hypothesis that all occurrences of y in a(y) are replaced
by x in a(x)) (or by Sect.3.3, Th.11).
(b).
(1)  x=y>(y=x)by2

35 This result is very useful in the construction of the diagonal sentences, avoiding in this
way the use of the substitution function, whose arithmetization is a relatively complicated
task; comp. R. Smullyan [1992], Ch. II, §6, [1993], Ch. 0, §0.
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(2)  y=x>(=a(y) > —~a(x)); AX7

(3) x=y>(—a(y) > —ax)); (1), (2), PL

4  (x=yA-oly)) o —a(x); (3), PL

(5)  a(x) D (x=yana(y)), (4), PL

(6) ax)>Ex=y>ay));(5),PL

(7) oaX) D Vy(x=y > a(y)); (6), Th. 11 (Sect. 2.3) (or by Sect.3.3,
Th.12) (since y is not free in a(x))

Evidently, since 1 and 2 are theorems of FOLY], their universal
closures will also be theorems of FOLY; .

Theorem. If Ax6 holds and AX7 holds for any atomic formula of U%OL,

then AXT generally holds.
Proof (induction on the complexity of a(x,x)).
Basis. o(x,x) is atomic. Then Ax7 holds by assumption.
Induction. Assume that Ax7 holds for any formula a(x,x) whose complexity
is less than n, and show that it also holds for formulas of complexity #.
1. au(x,x) 1s =P(x,X)
(1) y=x2(B(x,y) 2 B(x,x)); by ind. hyp.
(2) y=x2(=B(x,x) > =B(x,y)); (1) PL
3) x=y > (u(x,x) Da(X,y)); (2), Symm, PL
2. a(x,x) is B(x,X) D y(X,X)
() x=y>y=x; Symm.
(2) y=x> (B(x,y) © B(x,x)); ind. hyp.
(3)x =y > (B(x.y) > Bx,x); (1), (2), PL
(4) x =y > (y(x,x) D v(x,y)); ind. hyp.
(5) x =y 2 (B(x.y) D BOX)AX(X) D 7(x,y)); (3), (4), Ruler
(Sect. 3.2.1)
via (p= (@2 10) > (p > (52 1) > (p > (g 2 DAG D H))):
+ Subt. x = y/p, B(X,y)/q, B(X,x)/1, y(X,x)/s and y(X,y)/t,
and MP (twice)
Let FORM be the formula in (5)
(6) FORM o [x =y S ((B(x.x) D y(x,x)) 2 (B(x,y) 2 7(x,y))] by Rulep,
via E[po(@o0Aso))]o[(po((ros)D(qot)], +  the
above mentioned substitutions.
(7) x =y 2 ((B(x.x) 2 y(x,x)) 2 (B(x,y) 2 v(x,y))); (5), (6), MP
1e., x =y D (a(x,X) D o(X,y)).
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3. a(x,x) is VzP(x,X,z)

(1) x=y>(B(x,x,z) DP(X,y,2)); by ind. hyp.

(2) V2lx = y > (B(x,%,2) 2 B(x,,2)]: (1) Gen

3) x=y> Vz(B(x,%x,2) D B(X,y,2)); (2) Ax5, PL

(4) x =y > (VzB(x,x,2z) D VzB(X,y,2)); (3), Sect. 3.3, Th. 6, PL, i.e.,

(5) x=y > (u(x,x) DoX,y)).

What shows this theorem is the following thing: if Ax6 holds and

Ax7 (i.e., 7 above) holds for any atomic formulas of Li‘gOL , then

FOL* + Ax6 + Ax7 = FOLY] .
Remark. Both FOL™ and FOL}] are examples of first-order theories,
expressed in the language LroL and Li‘gOL , respectively.

Similar to FOL®, FOLY} is a complete and undecidable theory.>®

5. Undecidability of FOL

As we saw (3.2.2 and 3.5.4), by soundness and completeness of
FOL™, for any formula o of LroL we have: =a iff |- . On the other hand,

in FOL the following holds: a is not valid iff —a is satisfiable, and —a. 1s
valid iff o is not satisfiable, respectively. Usually, in FOL to both problems,
that of establishing the validity (provability) and its dual, that of
satisfiability of a formula o of LroL we refer by using the label "the decision
problem". While for PL this problem has been solved (comp. Ch. 1, 3.3.5.2),
since PL* is both sound and complete and for establishing the validity of a
formula we have some methods (comp. Ch. 1, 2.7), the things in FOL are
more complex, given that the above equivalence = o iff |- o does not yield a

solution of the problem whether an arbitrary given formula o is valid/
provable or not, since in order to establish this fact we need a procedure
(method) allowing us to decide which is the case.

In fact, for FOL, while for some special classes of formulas a
solution of the decision problem was given, this problem as a whole remains
unsolved. To begin with let us see some special cases where this problem

3¢ For proofs we refer the reader to D. Hilbert and W. Ackermann [1972] (6. Aufl), Ch. 3,
§9 and S.C. Kleene [1952], §73 and [1967], §52.
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was solved (Sect. 5.1), and then to approach the question of the
undecidability of FOL (Sect. 5.2).

5.1. Some decidability results in FOL
5.1.1. Decidability of the set of open formulas

As we saw (comp. 2.3. Th. 4 and Th. 47) if a(pi,...,pn) is a formula of
Lp. and o (B1/p1,....Bu/pn) is a formula of LpoL resulting from o by
substituting the open formulas Bi,...,pn for pi,...,pn respectively, then the
following holds:

(1) o iff - o

(2) Sat(a) iff Sat( o).

The equivalence (2) says: an open formula o of Lror is satisfiable if
and only if o" results from a satisfiable formula o of Lpr by substitution.

But if & is the number of terms in o” (where each subterm of a term
is counted as a distinct term), then the following equivalence also holds:

(3) Sat o” iff Satxa”.

This equivalence passes for a numerical criterion for satisfiability for
open formulas of Lror.

Moreover, by passing from o to —o and by (metalinguistic)
negation of both members of "iff" so obtained, we derive

(4) o’ iff Fra’.

Finally, by the above equivalences, if a is an open formula of Lror,
then we may effectively establish whether or not a is valid/ satisfiable or -
valid/ satisfiable. It follows that if such a formula is valid, then it is provable
in FOL* using only Axioms (1)-(3) and MP (by 3.2.1). Hence for open
formulas of FOL there is a decision procedure.>’

5.1.2. Decidability of the set of k-valid and k-satisfiable formulas

of LroL

Let o be an arbitrary formula of Lror. Let us take the simpler case
when a does not contain functional symbols.
Theorem 1. For any finite k, the set of k-valid formulas of LroL is deciable.
Proof.

(1) Construct the prenex normal form of o, let us call it o’. By 3.4.1

7 Comp. also Sect. 2.3, Theorem 4 and Theorem 4*.
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Theorem 1, soundness and completeness of FOL*, we have:
Eoiff Ea’.

(2) And then o iff = ra’; from (1) and def. of validity of a.

3) Since |D|=+k, all the quantifiers of the prefix of o can be
(equivalently) eliminated (comp. 2.1. Def. 10), from o we obtain
o such that Era'=a"".

(4) By (2) and (3) it follows that ko iff ™.

(5)  Now, since o is an open formula, it follows that o’ iff Exo (by

(4) of the 5.1.1). Hence, by 5.1.1, the k-validity of a is decidable.
Theorem 2. For any finite k, the set of k-satisfiable formulas of LroL is
decidable.

Proof. By mimicking the preceding proof, we have:
(1) Ea=a"; by 3.4.1 Theorem 1. And then

(2) Satx(a=a’); (1) (any valid formula is of course satisfiable).
3) Satxou iff Satkar”; (2).
(4) [Eo'=a""; where o is an open formula (comp. 2.1. Def. 10).
(5) Satxo” iff Satkat””; from (4).
(6)  Satxa iff Satka™"; (3), (5), PL.

Now, by 5.1.1, k-satisfiability of a is decidable.

5.1.3. Decidability of the monadic first-order logic
Monadic first-order logic (MFOL)

The language Lm of MFOL is that of Lror with the following
exceptions: it contains only monadic predicate symbols and does not contain
function symbols. Hence what counts as a term of Lwm are the symbols for
individual variables and the symbols for constants. This does imply that
what counts as atomic formula is a syntactic construction of the form R'(t),
where R! is a monadic predicate symbol and t is a term of Lm. All the
semantic notions of MFOL are that of FOL. The axiomatic system MFOL*
is just FOL* but with formulas in Lm. The proofs of soundness, consistency
and completeness of MFOL* follow from the similar proofs for FOL** (try
to detail!).

¥ = ot=a** does imply F=wo* iff |=o** (the converse does not hold!); whence by (2)
follows (4).
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The formal system MFOL* is decidable. This means that there is an
effective method by which for any formula aelLm we can say whether or
not it is a theorem of MFOL™. Let us detail.

In what follows by "a is D-valid" we understand o is k-valid, where
k=|D|, i.e., o is true in any model M = (D, int),> where |D| = k.

Theorem 1. Let o be a formula of Lrov. Then if a. is D-valid, then o is D'-
valid, where D'cD.%°

Proof.®! Let o(Pi,...,Px,X1,....Xn) be a formula of Lror containing the
predicate symbols Pi,...,Px (with arbitrary argument places), and xi,...,xn be
individual variables. Let M = (D,int) and M' = (D',int') be two models such
that D'cD. Let us consider a correspondence between D and D' in the
following way: to any element aeD we associate an element a'eD'. If a is
an element of D' then we set a' = a. But if a is not an element of D', then
a'= e where e is an arbitrary chosen element of D'. Let u be an assignment
in M and ' be its corresponding assignment in M'. Now, if P; is an r-place

predicate symbol of a (i = 1,...,k), then to any predicate P™ defined on D'

1

we (uniquely) associate an r-place P™ defined on D, such that

1

[P (X} X )™ =1 iff [P(X),.0 X, )™ =1 (where x}{ =a; and x?':a'j

(j=1,...,r) (i.e., both sentences have the same truth values).

Let a(P1,...,P.X1,...,Xn) be an arbitrary formula of Lror, let aj,...,an be
arbitrary elements of D.
Assertion. [au(P,,...,P, X ,...X )™ " =[0(P,,.., P, X0, X, )™
Proof. (induction on compl(a)).
Basis. Compl(a) = 0; i.e., o is an atomic formula. Then the Assertion holds
by the definition of [P;(x,...,x,)]™".

Induction. Compl(a) > 0. Now we have, accordingly, the following three
cases:

(1) a=—B=—PPh P XX,

39 M = (D,int) is just M = (D,i) (in the sense of 2.1). The use here of "int" instead of "i" is
more convenient, improving the readibility of the symbolic expressions.

0 The theorem holds for any formula of Lror, but for the argument we have in view we
only consider the formulas not containing the functional terms.

1 The proof given here is Hilbert-Ackermann-style (comp. Hilbert and Ackermann [1946],
2. verb. Aufl., Ch. III, §12; Hilbert and Ackermann [1972], 6 Aufl., Ch. 3, §11, Theorem
XXVII).
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(2) a=B>7=BP,...P, X5 X)) DY(Ppeet, Py X0 X))

3) o =VyB=VyB(P,....P, X500, X, Y) -
In the first case we have:

[a]™* =1 iff  [=B(P,....P, X}, X, )™ =1 iff
iff B, P, Xy X, )™ H =0 iff
iff  [BPhes P, XX, )™ H =0 (by ind. hyp.)

iff [BPs P XX, )M =1
iff  [a]™M=1.

In the second case,
[a]™* =1 iff  [B(PePruXpsesXy) D V(P Py X X, )™ =1

lff [B(P a'--:Pk,Xl,...,Xn)]im’p :O or
[Y(Pla---:Pk,Xl,-..,xn)]im,P- =1

iff [B(Peees Py X s X, ) H = 0 or
[Y(Pla---,Pk,Xl,...,Xn)]inf’p" =1 (by ind. hyp)

iff  [BPLcs Py Xy X,) D Y(Pyees Py Xy X )T =1
iff  [a]™M=1.
In the third case,
[a]™ =1 iff  [YYB(Ps Py Xpsen X, Y)I™H =1
iff for any assignment v y-variant of u:
[B(P,..s P X s X, W)™ Y =1 (by 2.1, Def. 4a))
iff for any assignment v' (in D'):
[B(P,.... P, XX, Y)Y =1 (by ind. hyp.)
iff [VYB(Po P Xy X, Y™ =1 (by 2.1, Def. 4a))
iff  [a]™M=1.
Finally, since M and p are arbitrary, it follows by Assertion that if
o(P,..., P, Xy,...,X,,) 1s D-valid, then this formula is also D'-valid.

Corolary. If o is k-satisfiable, then o is k+1-satisfiable.
Proof.
(1) If Fk+1—a, then Ex—a; by Theorem 1.

(2) If Fk—a, then Fx+1—a; (1), by contraposition
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3) If Satk(a), then Sati+1(a); (2) by Sect. 2.1, 1 (after Def. 11)
Theorem 2. MFOL™ is decidable.

To begin with, let us illustrate the idea of the proof of this theorem.
If we have k properties, Propi,...,Propx, and a number n of objects such that
each object either has or has not a property Propi (i=1,...,k), then the
greatest number of classes into which these properties can classify the things
is 2% (such that each thing does belong exactly to one class). If n < 2X at least
one class will be empty and if n > 2* at least one class does contain more
than one object.®® This is a matter of logic, since if we have three properties
and n objects, for example, the total ways these properties can be arranged,
regarding their belonging or not to an arbitrary object, is exactly 2° = 8. If q,
for example, is an object having Prop: and Props and not having Prop., then
a belongs strictly to a class of all objects with the same properties (i.e.,
having Prop: and Props and not having Propz). So, no matter how great # is,
the highest®® number of possible classes will be 2°.

Let a(P,,...,P,) be an arbitrary formula of Ly, containing the distinct
monadic predicate symbols P,,...,P, . Since 2*-validity of a formula o can be
established (cf. 5.1.2), for proving the theorem is enough to prove the
following sentence: if o is 2%-valid, then o. is a valid formula of L.

Moreover, supposing that this sentence holds, by contraposition we
get, equivalently: if o is not valid, then o is not 25-valid. And in this case,
via Theorem 1, if we want to find the domains for which a is valid, we only

have to test the validity of a for domains with 1,2,...,2k —1 elements.
Proof.** Suppose that o(P,,...,P,) is 2*-valid. Let M =(D,int) be an
arbitrary model and p an arbitrary assignment in M.

Let let,...,Plim be the respective monadic predicates (properties
Propi, in the above illustration) defined on D. If a€D, then Piint (a)=1

(i=1,..,k) means that the object a in D has the property P™, or,

equivalently, the sentence P™ (@) is true. Now, if we refer to a by a = x",

then we can write equivalently [Pi(x)]im’ H=1.

62 This is the well-known "pigeon-holes principle".

9 "The highest", since some combination of properties may happen not to belong to an
object.

% Analog to the preceding theorem, the proof given here is Hilbert-Ackermann-style; cf.
Hilbert and Ackermann [1946], 2. Aufl., Ch. 3, §12, 120-1; 6. Aufl., Ch. 3, §11, 127-8.
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Let us construct the (at most) 2¥ classes of objects to which we refer
in our illustration, in the following way. Two objects @j and am are in same

class iff they have the same properties, i.e., Piint (a;) iff Piint (a,,), for all

1=1,....,k. Now, if aeD, let us consider the sentences Plint (a),...,Pf(nt (a), with
the corresponding truth values v,,...,v,, where v, =1 (true) or 0 (false). Let
a'=(vy,...,v;) be the k-tuple associated to a. Let D' be the set of all these -
tuples associated with the elements of D. Of course, the number of all these
k-tuple is n < 2% .

Let now PB(P,....,P,X,,....x,) be a subformula® of o(P,,...,P,),
containing the free variables x,.,...,x, . Let a,,...,a, be arbitrary objects from
D, let a',,...,a', be their corresponding elements in D'.% Let M' = (D',int'") be
a model and p' the assignment in M' corresponding to the assignment p
in M.

Assertion. [B(P,...,P,X ... X )™ " =[B(P.... Po X oo X, )™ (., the
two formulas have the same truth value).

In order to prove the assertion, let us define the predicates Pii“f by
the following equivalence:

[B,COT™ * =1 iff [P, (x)]™* =1.

Le., Pii“f (a")=1 iff Piint (@) =1; with x" =a', x* =qa; and this means that
the predicate P™ is true of the class a'=(v,,...,v,) (Where a'eD")iff v, =1
iff the predicate P™ is true of the object a€D.

The proof of Assertion is given by induction on the compl(3).
Basis. Suppose compl(f}) =0. Then B is an atomic formula of the form

P(x). And then [P(x)["* =1 iff P™(x")=1 iff P™(a;)=1 iff
P™ (Vi vi) =1 ff vy =1 iff P™ (a;) =1 iff [P,(x)]™" =1.

Induction. Compl(3)>0. Then B is of the form —y, Y28 or Vyy, where by
hypothesis the theorem holds for y and 9.

1. B=—y. [<V(P,.... P, X o X, )™ H =1 iff

% 1.e., any part of o, satisfying the definition of a formula, including o itself.

% If B contains constant symbols, and if ¢'™ = g;, for example, then '} is the corresponding
class in D'. On the other hand, this argument also contains the case when o has no free
variables.
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i [y(Ppees Py Xy X, )™ * = 0 A [y(Py,.es P X ey X, )™ =0
(ind. hyp.) iff [<y(P,,...., P, X e X )" =1,
. B=v >0 (similar).
3. B=Vyy(P,....P. X500 X1, Y) -
[Vyy(P,....P., X ..., X, y) ™" =1 iff for any v y-var. of u:
[y(P, ,...,Pk,xl,...,xn,y)]i’V =1 iff for any V' y-var. of n":

V(P P X s X, Y™ Y =1 (by ind. hyp.)

iff [VYY(Ppeos Py X s X, V)M =1

And then, since o is a subformula of itself, the Assertion follows,
1.€.,

[a(P1,...,P)] ™ * = [oU(P1,...,PL)] ™.

Now, since o(P,,...,P) is 2%-valid (by hypothesis), then it is also

valid for the domain D' whose number of elements is n<2* (by
Theorem 1). Whence, by Assertion, since M = (D,int) and p were arbitrary,
it follows that ou(P,,...,P,) 1s true in any model, and therefore a is a valid

formula of Ly, and therefore it is a theorem of MFOL** (by completeness
theorem for MFOL®). Hence MFOL™ is decidable.

Remark. If o is a formula of Lm containing k& predicate symbols, then the
following holds:

(1) Foaiff Fa
2) Sat . a iff Sata,

and therefore for such an coe Lm we have
(1Y  aisvalid, if a is D-valid, where D is finite
(2")  ais satisfiable only if a is D-satisfiable, where D is finite.
These sentences do not hold for any formula containing 2-place
predicate symbols.

Example.
o: VxIAyR(x,y) A —=R(x,x) A VxVyVzZ((R(x,y) AR(y,z)) DR(x,2).
This formula is satisfiable only in a domain D with |D| = Xo. And
then it is not satisfiable in a domain with finite number of elements. (Take,
for example, for R the relation x<y). It follows that its negation, —a, is D-
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valid only for finite D.

5.2. Undecidability of FOL

In spite of some decidability results in FOL* (sect. 5.1), the FOL*
as a whole remains an undecidable first-order theory (in a sense to be made
precise below).%’

To remember (comp. 3.5.2), a theory T is called axiomatizable if
there is a recursive set I' of sentences (closed formulas) such that
T={o|TFa}.% If T is finite, then T is finitely axiomatizable. And T is

called decidable iff the set Th of Godel numbers of its theorems is recursive.
T is called recursively undecidable if and only if Th is not recursive. T is
essentially recursively undecidable if and only if every consistent extension
of T (including 7 itself) is recursively undecidable. T is essentially
(recursively) incomplete iff every consistent extension of it (including T
itself) has an undecidable sentence.

The two notions "7 is complete" and "7 is decidable" are connected
by the following theorem.
Theorem. Let T be an axiomatizable theory. Then if T is complete, then T is
decidable.
Proof. If by o, we understand (here) that » is the Godel number of a, then
Th={n|TFoan}. By 3.5.3 the set 7/ is recursively enumerable. We must

prove that if 7 is complete, then 7% is recursive. We only take the case when
T is consistent. Since otherwise all formulas of L7 would be provable in T
and then Th will be recursive.” Hence, by consistency: TH o or TH —a.
Since T is complete (by hypothesis), for any closed formula a: 7} o or
T'H—a. Together, consistency and completeness do imply 7TH o iff 7} —a.
Therefore, the set T (the complement of 7%) is the union of two sets: a set

S1 of Godel numbers of those expressions that are not closed formulas at all,
and S of Godel numbers of those closed formulas whose negations are

67 This section requires Ch. 3, Sect. 3 and 4.2.5, and could be skipped at a first reading.

% To these theories we also refer by using the expression "formal systems". If T is an
axiomatizable theory whose language is Lpa, then it is also called "the formal system of
arithmetic".

% This follows from the fact that intuitively we can effectively decide whether a sequence
of symbols is a formula/closed formula. And then, via Church's Thesis, that such sets are
recursive. Or, as it happens with Lpa, for recursiveness of "formula" comp. Ch. 3, Sect. 4.1.
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provable in 7, i.e., So = {n | neg(n)eTh}. Si is a recursive set, since the set
of all closed formulas of 7 is recursive (by the fact that if a set is recursive,
then its complement is also recursive). The set S» is recursively enumerable
since it is obtainable by substituting the negation function neg in the

recursive enumerable set 7h. So Th is recursively enumerable. Now, since

both sets, 7h and Th are recursively enumerable, it follows that Th is
recursive.

Let 71 and T be two first-order theories in the same language L.’ 7>
is an extension of T\ if all theorems of 71 are also theorems of 7>. If this is
the case, we also say that 71 is a subtheory or subsystem of T». T3 is a finite
extension of T if and only if the following holds: 71 = {a | Ax; }-a} and

o= {B| Axg, W{ou,....,on} B}, where Ax; is the set of axioms of 771 and

{at1,...,0n} 1s a finite set of formulas which are not axioms of 7. T1UT> is a
consistent theory if the union of their axioms is a consistent set.

5.2.1. Two axiomatizable subsystems of PA**

The first subsystem of PA®, relevant in our considerations (in this
book) is the formal system Q (due to Raphael Robinson). It is a finitely
axiomatizable system, i.e., it has only a finite number of proper axioms
(given below, where " ' " is the successor function).”!

Q)  —(x'=0)

(Q) x'=y>ox=y
(Q3) x+0=x

Q) x+y'=(x+y)
Qs) x-0=0

(Qs) x-y'=x-y+x

70 This means that all their symbols are common.

I'In fact, the label "Robinson system Q" is referring to a variety of formal systems of the
same kind (i.e., finitely axiomatizable). The system Q just presented by (Q1)-(Qo) is that
from Boolos, Burgess and Jeffrey [2002], §16.2. But what is usually called "Robinson
system Q" is the system formed from the axioms (Q1)-(Qe) (from the above list) plus the
axiom Q*: x =0v3dyx =y' (cf. A. Tarkis, A. Mostowski and R.M. Robinson [1953], 51;
comp. also G. Boolos and R. Jeffrey [1991], 158). For the relationship between these two
axiomatic constructions, comp. Boolos, Burgess and Jeffrey [2002], §16.4. For other
references to "Robinson system Q", comp. inter alia R.M. Smullyan [1993], Ch. 0, §7, E.
Mendelson [1964], 152 and S.C. Kleene [1952], §49, Lemma 18b.
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Q)  —(x<0)
(Qs) x<y'=(x<yvx=y)
(Q9) XxX<yvx=yvy<X.

The subsystem of PA*, with these nine proper axioms, is also called
"minimal arithmetic",”*> i.e., the theory consisting in all the theorems
provable from (Q1)-(Qy), and therefore true in all models of these axioms.

The other formal system (also due to Raphael Robinson) is the
system R, whose proper axioms are all formulas of the following forms
(where m and n are arbitrary natural numbers):

Qi m+n=k,where m+n=k
Q: mxn=k,where m-n=k
Qa: m #n,where m+#n

Qy: x<n=x=0v..vx=n)
Qs: x<nvn<x.

Since Q-Qs are axioms schemes, the system R is not finitely
axiomatizable.”
Some facts about Q’*

In what follows let 7oQ be any first-order extension of Q. Let 7% be
(as above) the set of Godel numbers of the theorems of 7. We say that a set
S is formally expressible in T” iff there is a formula a(x) of L7 (with x free)
such that for any » the following hold:

(a) If neS, then T o).

(b) If ngS, then T —oun) .
Lemma. If ToQ is consistent, then Th is not expressible in T.
Proof (reductio). Suppose that 7oQ is consistent and 7% is expressible in T’
by, say, a formula TH(x) (with x free). Let -=TH(x) be a formula of L7. By
Diagonal Lemma (Ch. 3, 4.2.2.1) there is a closed formula G of L7 such that

(*) TF G=-TH(g), where g is the Godel number of G.

A short argument shows us that G is a theorem of 7, i.e., T} G. For
suppose that 7 G. Then, by (b), it follows that 7 —TH(g), whence, by

(*), we have TG, and therefore G is a theorem of 7. But then geTh,

2 Boolos, Burgess and Jeffrey [2002], 208.

73 This system is not further on used in our considerations.
74 These facts hold of any consistent extension 7 of Q.

75 Comp. Ch. 3, Sect. 2.
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whence, by (a), T TH(g). And therefore, by (*) and PL, T—G. From

which it follows that 7 is inconsistent, contrary to the hypothesis.

Hence if T'is Q itself, it follows that the set T% is not expressible in Q.7
Theorem 1. The system Q is essentially recursively undecidable.

Proof. By Lemma, the set 7/ is not expressible in 7. Given that every
recursive set is expressible in 7' (comp. Ch. 3, Sect. 4.1 Eq2), follows that if
Th is not expressible in 7, then 7% is not recursive (by contraposition).
Theorem 2. Any consistent axiomatizable extension of Q is incomplete.
Proof. By Theorem (above), any complete axiomatizable theory 7 is
decidable. But, by Theorem 1, no consistent extension of Q is decidable.
Hence any such extension is incomplete (i.e., it has an undecidable sentence,
and then Q is essentially recursively incomplete).

Theorem 3. (Church's Theorem). The set Val of Godel numbers of the valid
sentences of Q is not decidable.

Proof. Let Conj(Q) be the conjunction of all axioms of Q. Let a be a
sentence provable in Q. Then Q|- a iff Conj(Q)E a iff = Conj(Q)>a. Now,

let n be the Godel number of o and ¢ be the Godel number of the formula
Conj(Q). Then f(n) will be the Godel number of the formula Conj(Q)>a.,

and this number is ¢*2'' *n, where "= " is the primitive recursive function
called juxtaposition (or concatenation).”’ Since fis recursive, it follows that
for any n:

neThiff f(n)eVal.

And then if Val were recursive, then 7h would be recursive, since Th is
obtainable from Val by substitution of the recursive function f. And then Q
would be recursively decidable, which it is not (by Theorem 1).

By Theorem 1 and Theorem 3 the sets of theorems and of valid
sentences (with the respective Godel numbers) of any axiomatizable theory
are not recursive, equivalently (by Church's Thesis)’® they are not
effectively decidable. But these sets, 74 and Val, are recursively enumerable
(comp. 3.5.3).”

76 Since Q is consistent, having a model.

77 Comp. Ch. 3, Sect. 3.2 (example 4); where 11 is the Gddel number of ">", in the
arithmetization of Sect. 4.1 (of Ch. 3).

78 Note the distinction between "Church's Theorem" and "Church's Thesis". The former, in
a variety of its forms, is provable, the latter is not. By Church's Thesis the intuitive
(imprecise) notion "effectively computable function" ("effectively decidable predicate") is
coextensive with the formal (precise) one, that of "recursive".

7 More about recursive enumerable relations, cf. Ch. 3, Sect. 4.2.5.

137



Intuitively, Th and Val are only positively effectively decidable in the
following sense: since the notion of proof is recursive (comp. Ch. 3,
Sect. 4.1) and the set of axioms is also recursive (7 being axiomatizable), by
searching through all proofs, if a formula o is provable/valid one may
eventually find out this formula. But since 74 and Val are not recursive,
there is no effective procedure (method) for telling whether the Godel
number of any given formula a is in 7% or Val.

On the other hand, if a set S and its complement S are both
effectively recursively enumerable, then S is a decidable set, since if we
have a procedure for establishing when a number n€S, but this procedure
doesn't tell us anything if n¢S, and we also have a procedure for
establishing when n¢S, without saying anything when neS, then by
applying alternatively these procedures we may establish if » is or is not
in S.

5.2.2 Undecidability of FOL

Theorem 1. Let T\ and T be two first-order theories in the language Lpa. If
T» is a finite extension of T1 and T» is recursively undecidable, then T\ is
recursively undecidable.

Proof.** Let 71 and T be as in the hypothesis, i.e., 71 = {a | Ax; }-a} and

o= {B| Axy U{ai,....on}|-B}. Let us take ou,...,om be closed formulas.
Then we have T2} B iff T1U{au,....an} B iff 71, aua...Aronf- P (by PL) iff
T} (ouA...Arom)DB (by Ded. Th.). Let Conj be the Godel number of the
expression (oiA...A0n) and b the Godel number of . Then the Godel
number of (aiA...Aom)DB will be Conj*2''+b 3 Hence, from the
preceding equivalences, it follows that for any formula B the following
holds: b e Thy, iff Conj * 2Mxpel hy. . Now, similar to the argument from
Theorem 3 (Sect. 5.2.1), if the set Th; were recursive and since Thy is
obtained from 7%, by substitution, it follows that 7h; would be recursive,

contra hypothesis of recursive undecidability of 7>.
Theorem 2. Let T be a first-order theory in the language Lpa. If TUQ is
consistent, then T is recursively undecidable.

80 With some modifications the proof of Th. 1-3 are those of Mendelson [1964], 154-155.
81 According to the Godel numbering of Ch. 3, Sect. 4.1.
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Proof. Since 7UQ is consistent (by hyp.), 7 is a consistent extension of Q.
And since Q is essentially recursively undecidable (by 5.2.1, Theorem 1) it
follows that 7UQ is recursively undecidable. But 7UQ is a finite extension
of T, and then T is recursively undecidable (by Theorem 1).
Corollary. Let PRED be a predicate calculus whose language is Lpa. Then
PRED is recursively undecidable.
Proof. Evidently, PRED U Q = Q. Since Q is consistent (since it has the
standard model of Lpa) it follows that PRED U Q is consistent. And then,
by Theorem 2, PRED is recursively undecidable.
Theorem 3. (Church's Theorem). FOL™ is recursively undecidable.*?
Proof. Let us observe that the language of PRED is just Lpa, i.e., it only
contains a predicate symbol (for identity), a constant symbol (for zero), and
three functional symbols (for successor, addition and multiplication).
Instead, the language of FOL contains the possible denumerable sets of
predicate symbols, functional symbols and constant symbols. Therefore,
PRED is a first-order logic but in the language of PA.

Now, by soundness and Gddel's completeness theorems we have:
PRED|-a iff o is a valid formula. Similarly, FOL*}-o iff o is valid.

Therefore, PRED}|-o iff FOL™|-oa. Let Formpgg, be the set of Godel

numbers of the formulas of PRED. Let Thpgpn, and Th, .. be the set of

Godel numbers of the theorems of PRED and the set of Godel numbers of
the theorems of FOL*, respectively. As can be observed,

Thegep =Th N Formpgrgn . Now, if Th were recursive, then since

FOL™ FOL™

Formpggy, 1s recursive it follows that 7hppn would be recursive, contrary

to the corollary of Theorem 2. Hence Th i1s not recursive, and this

FOL™
means that FOL™ is recursively undecidable.

Remark. What is usually called "the pure first-order predicate calculus"
(PFOL*) is FOL* with the language not containing functional symbols and
constant symbols. The recursive undecidability of this calculus follows from
the recursive undecidability of FOL*™ by a "translation" of any formula o of
LroL in a formula o” of the language of pure predicate logic Lpror such that
FOL™ |- o iff PFOL™|-o". Since there is a recursive function f(x) such

that if » is the Godel number of o, then f(n) is the Gédel number of o, the

82 A. Church [1936(a)].
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recursiveness of the set 7h would imply the recursiveness of the set

PFOL™

83
Th, .« » contrary to Theorem 3.

8 For details, comp. E. Mendelson [1964], 155-156.
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Chapter 3. FORMAL NUMBER THEORY

1. Peano Arithmetic axiomatized (PA*)
1.1. Language of PA (Lpa)

An axiomatic system of PA™ is a first-order theory based on Peano's
postulates. Its language, Lpa, contains a single predicate symbol, "=", two
binary function symbols, "+" and "-", a unary function symbol, "' ", and one
constant symbol, "0". Symbolically, Lpra:({=0,',+,-). These symbols of Lpa
are used in building up terms and formulas.

Terms of Lpa. We define this notion recursively, using the
metamathematical symbols ti and t2, in the following way:

1.0 1s a term.

2. Any symbol for a variable xi, X2, X3,... s a term.

3. If t; and t» are terms, then t;+t; is a term.

4.If t; and t are terms, then t, - t, is a term.

5.If tis a term, then t' is a term.

An expression is a term only if it can be so qualified using the
clauses 1-5.

Example of terms. By 1 and 5, 0, 0', 0", 0",... are terms; they are usually
called numerals and abbreviated by 0,1,2,3,... In general, if n is a natural

number, then 7 is the corresponding numeral (i.e., 0 followed by #n strokes).
If we want to define numerals recursively, we say: 0 is a numeral and if t is
a numeral, then t' is a numeral. By 2 and 5, x'; and 2 are terms, and by 3

and 4, x, +5 and x, -3 are terms.
Formulas of Lrpa. This notion is that defined recursively in Ch. 2,1.1, but
this time using only the symbols of Lpa, respectively.

1. If t; and t; are terms, then t;=t; is a formula (an atomic one).

2. If a is a formula, then —a is a formula.

3. If a and B are formulas, then oo} is a formula, where "o"

denotes anyone of the binary propositional connectives.!

"' Comp. Ch. 1,1.
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4. If o 1s a formula and x is a variable, then Vxa and Jxo are
formulas.

An expression is a formula only if can be defined on the basis of
clauses 1-4.

Examples of formulas. x, =x,, x,+x,=X,, X, -X;=X|, (X, =X3),
I3 (X3 + X, =X,), (X, +X,=X,) DX, =X,, X, +3 =X5, VX,(X; =X,).

These definitions of term and formula, given by recursion, show that
any term or formula can be built up from 0 and variable symbols by one or
more steps, each one of which corresponding to a clause of a definition.

As we saw (Ch. 2, Sect. 2.1), a model for the language of FOL
consists of a (non-empty) set D, called the domain, and an interpretation
function i, by which the symbols of Lror get the respective meanings. By a
model of Lpa we understand the following: the set N of natural numbers (its
domain) and the symbols of Lpa interpreted as follows: "=" is the identity
(or equality), "0" is the first natural number, """ is the operation "plus 1",
and "+", """ are the usual operation of addition and multiplication,
respectively. Simbolically, M =(N,=0,"',+,). It is called the standard

model for Lpa.

1.2. PA™
The theory we are concerned here, Peano Arithmetic axiomatized,
PA™, is a proper extension of the predicate logic. Hence the axioms of PA™
are of two sorts: logical axioms and proper (non-logical) axioms.
The logical axioms of PA®™ are those of FOL™ 2, i.e.,
Axl. ao>(Poa)
Ax2. (ao(PBoy)2(a>p)>(@>y))
Ax3. (—Bo>—a)>(a>p)
Ax4. Vxo(x) D a(t/x); where tis a term of Lpa, free for x in a(x)
Ax5.  Vx(a D2 B) o (o> VxpP); where a does not contain x free.
In these axioms, a, 3, and y are arbitrary formulas of Lpa.
The proper axioms of PA* are:
PAl. X, =X, D(X; =X3 DX, =X;3)

— ' '
PA2. x,=x,>2x'|=x,

2 Comp. Ch. 2,3.1.
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PA3. —(0=x'))

PA4. x'\=x,DXx,=X,

PAS. x,+0=x,

PA6. x,+x',=(x;+X,)

PA7. x,-0=0

PA8. x,-x,=X,-X,+X

PA9. a(0) o (Vx(aux) D aux')) D Vxoux)), where au(x) is any formula

of Lpa.
The rules of inference of PA** are those of FOL¥, i.e.,
Modus Ponens (MP) %DB
L o
Generalization (Gen) —
Vxa

As can be seen, properly speaking, only PAI-PAS8 are axioms of
PA*. The other, Ax1-Ax5, PA9 are axioms schemas, generating axioms of
the respective forms for any specification of the names a, P, y by the
formulas of Lpa. The rules of inference also have a schematic formulation.
PAO9 can be reshaped, using MP, in the following induction rule:
Ind Rule. From o(0) and Vx(a(x) D o(x")), the formula Vxa(x) can be

inferred.

1.3. Consequences of PA1-PAS

For any terms t,, t,, t;° of Lpa the following formulas are theorems
of PA™. Actually, they are immediate consequences of the respective
axioms of PA™.

Conseqpal. t; =t, D(t;=t; Dt, =t3)
Consegpaz. t; =t, Dt',=t',

Conseqpas. 0 #t', (where # is the negation of =)
Conseqpas. t')=t, Dt =t,

Conseqpas. t; +0=t,

Conseqpas. t; +t'y=(t; +t,)'

3Le. t1, t, t3, t, 1, s are metaterms; they denote arbitrary terms.
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Conseqgpa7. t,-0=0

Conseqpas. t;-t',=t,-t, +t,

Proof.

Conseqgpal. t; =t, D(t; =t; Dt, =t3)

(1) X, =X, D (X, =X3 DX, =X;3); PAI

(2) VX \VX,VX; (X, =X, D(X; =X3 DX, =X3)); (1) Gen

3) Vx,VX; (t, =X, D(t; =X3 DX, =X3)); (2) Ax4, MP
(with t, subject to the proviso of Ax4)

4 Vx; (t,=t, D(t; =x3 Dt, =X3)); (3) Ax4, MP
(with t, subject to the same proviso)

®)) t,=t, D(t;=t; Dt, =t;5); (4) Ax4, MP
In a similar fashion, using Gen, Ax4 and MP all the other

consequences can be proved.

1.4. Theorems
Theorem 1. For any terms t, t,, t,, t; the following formulas are theorems
of PA™.
1. t =t; Reflexivity (Refl)
(1) t+0=t; Conseqpas
(2) t+0=to(t+0=t>t=t); Conseqpral
3) t+0=tot=t; (1), (2), MP
(4) t=t;(1),(3), MP
2. t, =t, Dt, =t;; Symmetry (Sym)
(1) t;=t, o(t;=t, Dt, =t,); Conseqpai
(2) t,=t, o(t, =t, ot, =t,); PL (cf. Ch. 1, Sect. 2.2,42)
(3) t1 :tZ DtZ :tl; 19 (2)9 MP
3. t, =t, D(t, =t; Dt, =t;); Transitivity (Trans)
(1) t, =t, D(t, =t; Dt; =t3); Conseqpai
Bty =t, o, =t; Dt =t3);(1),(2), PL
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Refl, Sym and Trans of "=" show that the identity is an equivalence
relation.*
4. t,=t, D(t; =t, Dt, =t;) (exerc.)
3. t'h+t, =(t, +t,)
Induction on y in ol(y): x+y=(x+Yy)'
Basis. (1) x'+0=x"; Conseqpas
(2) x+0=x; Conseqpas
(3) (x+0)'=x"; (2) Conseqpaz, MP
4) x+0=(x+0)'; (1), (3), 4, MP
Hence |- 0ou(0)
Ind. (1) x+y=(x+Yy)"; hyp.
(2) x'+y'=(x"+y)'; Conseqpras
3) x+y)=(x+y)"; (1) Conseqpaz, MP
@) x'+y'=(x+)", 2), (3), 3, MP
(5) x+y'=(x+Yy)"; Conseqras
(6) x+y)=x+y)"; (5) Conseqraz, MP
(7) X'+y'= (x +¥')'; (4), (6), 4, MP
Therefore
(8) X'ty =(x+y)' | x+y'=(x +): (D-(7)
And hence
9) xX+y=(x+y)) o xX+y'=(x+Y")"); (8), Ded. Th.
Le., |- aly) D (')
Whence, by Basis and Ind: |-Vyo(y), i.e., - Vy(x'+y=(xty)"), using Gen,
Ax4 and MP it follows t'|+t, =(t, +t,)".

6. t=0+t; for any term t
(Induction on x in a(x): x =0+ X ; exerc.).
(Induction on z in a(z): X =y D (X+z=y+Z); exerc.)
(Induction ony in a(y): Xx+y=y+X)

4 They are also provable in what is usually called first-order logic with identity; comp.
Ch. 2, Sect. 4.2.
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10. (t, +ty) +ty =t +(t, +t3)

(Induction on z in a(z): (X+y)+z=Xx+(y—+2z); exerc.).
1. t=t, Dt -t;=t,-t,

(Inductiononzin a(z): x=y>D(x-z=y-2)).
Basis.. (1) x =y; hyp

(2) x-0=0; Conseqpa?

(3) y-0=0; Conseqpa7

(4 x-0=y-0;(2),(3), 4

Hence
(5) x=yF x:-0=y-0; (1)-(4), and then
(6) x=y>2(x-0=y-0);(5) Ded. Th.
Le., Fo(0)
Ind. (1) x=y>(x-z=y-z);hyp
(2) x=y;hyp

3) x-z=y-z;(1),(2), MP
4) x-z+x=y-z+x;(3), 7, MP
S) x=yo2(y-z+x=y-2+Yy);9
6) y-z+x=y-z+y;(2),(5), MP
(7) x-z+x=y-z+y;(4),(6),3
(8) x-z'=x-z+x; Conseqpas
) x-Z'=y-z+y;(8),(7),3, MP
(10) y-z'=y-z+y; Conseqpas
(11) x-z'=y-7'; (9), (10), 4, MP
Hence
(12) x=y>ox-z=y-z|Fx=y>x-z'=y-7'; (1)-(11)
and then
(13) x=y>ox-z=y-2)D(x=y>Dx-Z'=y-7'); (12), Ded. Th.
Le., F a(z) D o(z")
Whence, by Basis and Ind, Gen, Ax4 and MP:
t,=t, Dt -ty =t,-t,
12. 0-t=0; for any term t; exercise
13. t't,=t,-t, +t, (Induction ony in a(y): x"y=x-y+y)
14. t,-t, =t,-t; (Inductiononyino(y): X-y=y-x)
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Basis. (1) x-0=0; Conseqpa?

(2) 0-x=0;12

(3) x-0=0-x; (1), (2), 4, MP

Le., Fo(0)

Ind. (1) x-y=y-x;hyp

2) x-y+x=y-x+x;(1),7, MP

(3) x-y'=x-y+x; Conseqpas

4 x-y'=y-x+x;(3),(2),3, MP

S) y'x=y-x+x;13

(6) x-y'=y"x;(4),(5), 4, MP

(7) x-y=y-x Fx-y'=y"x; (1)-(6)

®) x-y=y-x>Ox-y'=y"x; (7) Ded. Th.

Le., |- a(y) > a(y")

Whence, by Basis and Ind, Gen, Ax4 and MP:

=64
15. tt=t,ot;-t, =151,

() t,=t, Dt~ ty=t,-t5; 11

(2) t;=t,; hyp

() t-t3 =ty t35 (1), (2), MP

(4) ty-t,=t,-t;; 14

(5) 5t =1, 133 (3), (4), 3

6) t, ty=t;-t,; 14

(7) t3-t, =t5-t,5(5), (6), 3, MP
Hence

8) t,=t, - ty-t; =t5-t,; (1)-(7), and then

) t;=t, Dty-t; =t5-t,; (8) Ded. Th.
Remark. A simple consequence of the above results is the following: PA is
a first-order theory with identity. By Chapter 2, 4.2 and the final remark, in
such a theory Ax6: Vx(x =x) and Ax7: x =y D (a(x,X) D o(X,y)), where
the latter expression is a Leibniz Formula, hold. That this is also the case for

PA* follows from some of the above theorems: 1, 2, 3,4, 7,9, 11 and 15
and Chapter 2, 4.3 (Theorem).

147



16, t,-(t,+t3)=t,-t, +t, - t; (distributivity)
(Inductionon z in a(z): X-(y+2z)=X-y+X-2)
Basis. (1) y+0=y; Conseqpas
@) x-(y+0)=x-y; (1), 15
(3) x-0=0; Conseqpa?
4) x-0=0o0x-y+x-0=x-y+0;9
5) x-y+x-0=x-y+0; (3), (4), MP
(6) x-y+0=x-y; Conseqras
(7) x-y=x-y+0;(6),2
®) x-y=x-y+x-0;(7),(5), 4, MP
D) x-(y+0)=x-y+x-0;(2), (8), 3, MP
Hence |- o(0)
Ind. (1) x-(y+z)=x-y+x-z; hyp
2) x-(y+z2)+x=(x-y+x-2)+x;(1),7
3) x-(y+2z)+x=x-(y+2)'; Conseqpas, 2
(4) (y+2z)=y+27'; Conseqpas; 2
S) x-(y+2z2)=x-(y+2); 4), 15, MP
6) x-(y+2)+x=x-(y+2); (3), (5), 3, MP
(7 (xy+x-2)+x=X-y+(X-z+x); 10
(8) x-z+x=x-7"; Conseqpas, 2
9 x-y+(x-z+x)=x-y+x-7';(8),9
(10) x-y+x-2)+x=x-y+x-2';(7),(9), 3
(1) x-y+x-2)+x=x-(y+2'); (2), (6) Conseqpal
(12) x-(y+z')=x-y+x-2';(11), (10); Conseqprai
Hence
13) x-(y+z2)=x-y+x-zF x-(y+2Z)=x-y+x-7Z'; (1)-(12)
(14) x-(y+2)=x-y+x-2)D(x-(y+Z)=x-y+x-2"); (13)
Ded. Th.
Le., Fo(z) Da(zZ')
And then, by Basis and Ind, Gen, Ax4, MP 16 follows.
17.  (t,+t))-t, =t,-t, +t; -t, (distributivity)
(1) (t, +ty)-t, =t -(t, +t5); 14
2) t-(t,+ty) =t -t, +t,-t5; 16
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3) (t,+ty)-t, =t t,+t,-t5;(1),(2),3
4t -t,=t,-t,; 14
(5) t-ty+t, -ty =t,-t, +1t,-t5;(4), 7, MP
(6) t-ty=1t5-t; 14
(7) ty-t;+t, -ty =t,-t, +t5-t;; (6), 9, MP
8) t; -ty +t, -ty =t,-t, +t5-t,5(5), (7), 3, MP
9) (t, +t3)-t, =t, -t +t5-t,5(3), (8), 3, MP
18. (t;-t,) -ty =t - (t, - t;) (associativity of "-")
(Inductionon zin a(z): (x-y)-z=x-(y-2))
Basis. (1) (x-y)-0=0; Conseqpa7
(2) y-0=0; Conseqpaz
3) x-(y-0)=x-0;(2),15
(4) x-0=0; Conseqpa?
(5) x-(y-0)=0;(3), (4), 3, MP
(6) (x-y)-0=x-(y-0); (1), (5), 4, MP
Ind. (1) (x-y)-z=x-(y-2); hyp
2) (xy)yz+x-y=x-(y-2)+x-y; (1), 7, MP
3B) x-(y-z+y)=x-(y-2)+x-y; 16
4 x-y)-z+x-y=x-(y-z+y);(2), (3), 4, MP
(5) y-Z'=y-z+y; Conseqras
(6) x-(y-Z)=x-(y-z+y); (5), 15, MP
(7 x-y)-z+x-y=x-(y-2); (4), (6), 4, MP
®) (x-y)-z'=(x-y)-z+x-y; Conseqpas
9 x-y)-z'=x-(y-2'); (8),(7), 3, MP
Hence
(10) (x-y)-z=x-(y-z2) 2D (x-y)-z=x-(y-Z"); (1)-(9), Ded. Th.
Le., F a(z) D o(z")
Whence, by Basis and Ind, Gen, Ax4, MP
19. i+t =t +t; Ot =t,
(Inductionon zin a(z): X+z=y+z>DX=Y)
Basis. (1) x+0=y+0; hyp
(2) (x+0)=(y+0)'; (1), Conseqpaz, MP
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(3) x+0=x; Conseqpas

(4) (x+0)'=x"; (3) Conseqpaz, MP

(5) y+0=y; Conseqpas

(6) (y+0)=y'"; (5) Conseqraz, MP

(7) x'=(y+0)';(4), (2), Conseqra1, MP

(8) x'=y";(7),(6),3

(9) x=vy; (8), Conseqpas, MP
Hence

(10) x+0=y+0>x=y; (1)-(9), Ded. Th.
Le., Fo(0)

Ind. (1) x+z=y+z>x=y;hyp

(2) x+2z'=y+2z'; hyp

(3) x+27'=(x+2)"; Conseqpras

4) (x+2z)=y+7';(3),(2), Conseqrai

(5) y+7'=(y+2z)'; Conseqras

(6) (x+2)'=(y+2)'; (4), (5), 3, MP

(7) (x+2)=(y+2z)>x+z=y+z; Conseqras

Q) x+z'=y+z'ox=y;(7) (via (3) and (5)), (1), 3, MP
And then

) x+z=y+zoOx=yFx+zZ'=y+z'>Dx=y;(1)-(8)
Hence

(10) (x+z=y+zox=y)D(X+Z'=y+zZ'>Dx=Y); (9) Ded. Th.
Le., F a(z) D o(z")

Whence, by Basis and Ind, Gen, Ax4, MP:

t+ty=t,+t; Dt, =t,

As we know, the terms 0,0',0",0'",... are called numerals and are
usually abbreviated (Abbrev.) by 0,1,2,3,...
Theorem II.
1. t+1=t

(1) t+0'=(t+0)"; Conseqras

(2) t+0=t; Conseqpas

(3) (t+0)'=t"; (2) Conseqpa>
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4) t+0'=t"; (1), (3), Th. 1L.3° MP
(5) t+1=t'"; (4) Abbrev.

2. t-1 =t; exercise
t-2 =t+t; exercise
and so on
3. t,+t, =0>t, =0At, =0, for any terms ti, t

(Inductionony in o(y): x+y=0>(x=0Ay=0))

Basis. (1) x+0=0; hyp
(2) x+0=x; Conseqpas
3) x+0=x2(x+0=0>x=0); Conseqral
4) x=0;(1),(2), (3), MP (twice)

(5) 0=0;ThI1

(6) x=0A0=0;(4),(5), PL

(7) x+0=0>2(x=0A0=0); (1)-(6) Ded. Th.
Le., Fo(0)

Ind. (1) x+y'=(x+Yy)', Conseqras
(2) ((x+y)'=0); by Conseqpas
B) x+y'=x+y)o(x+y'=0>(x+y)=0); Conseqpai
(4) x+y'=(x+y)2(Ax+y)=0)>(x+y'=0)); (3), PL
(5) =(x+y")=0;(1), (2), (4), MP (twice)

Hence
(6) x+y'=00x=0Ay'=0;(5) by -p>(p>q)

Le., Fa(y'), and then |- a(y) D au(y'); by g2 (p>q)

Whence, by Basis and Ind, Gen, Ax4 and MP, follows
t,+t, =0>D(t; =0At, =0)

4, t,+t,=1D((t;=0At, =1)v(t;=1At, =0));
(Induction on y in a(y):
X+y=12(x=0Ay=1)v(x=1Ay=0)))

Basis. (1) x+0=1;hyp
(2) x+0=x; Conseqpas
(3) x=1;(1), (2), Conseqpai
(4) 0=0; Th. L.1

> "Th. 1.3" stands for part (formula) 3 of Theorem I; similarly for "Th. II", "Th. III" etc.
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Ind.

(5) (x=1A0=0);(3), (4),PL

6) x+0=1Fx=1A0=0; (1)-(5)

(7) x+0=1>(x=1A0=0); (6) Ded. Th.

®) x+0=1>5(x=1A0=0)v(x=0A0=1);(7)PL
Le., Fo(0)

(1) x+y'=1;hyp

(2) x+y'=(x+Yy)'; Conseqras

(3) (x+y)'=0"; (1), (2), Conseqpa1, Abbrev

(4) x+y=0;(3), Conseqras

(5) x=0Ay=0;(4), ThIL.3, MP

(6) (x=0Ay=0)ox=0;PL

(7) x=0;(5), (6), MP

8) x=0Ay=0)Dy=0;PL

9) y=0;(5), (8), MP

(10) y'=1;(9), Conseqra2, MP, Abbrev.

(11) x=0Ay'=1;(7), (10), PL

(12) x=0Ay'=1)D((x=0Ay'=D)v(x=1Ay'=0); PL

(13) x=0Ay'=1)v(x=1Ay'=0);(11),(12), MP

Hence

(14) x+y=1D>2(x=0Ay'=1)v(x=1AYy'=0));
(1)-(13), Ded. Th.
Le., Fo(y'), and then, by PL

- ay) > aly")

Whence, by Basis and Ind, Gen, Ax4, MP it follows that

5.

t,+t,=1D((t;=0At, =1)v(t;=1vt, =0))
t-t,=1D(t,=1At,=1)

(Induction ony in a(y): x-y=1>(x=1Ay=1)); (exerc.).
t,20>D(t, - t,=0>t,=0)

Let FORM: y#0>(x-y=0>x=0).

Leta(x): x-y=0>(x=0).

Assume: y#0.

We show that under the given assumption, a(x) is deducible.
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Basis. (1) 0-y=0; Th. L.12

(2) 0=0; Th. L1
(3) 0-y=00=0;(1),(2), PL
Le., a(0)
Ind.  (1)o(x): x-y=0>x=0; hyp.
(2) x"y=0; hyp.

(3) x"y#0; since x'#0 (Conseqras) and y # 0 (by assumption)
4) x'y=0>ox'=0;(3),PL
Le., a(x"), and then

(5) a(x) > au(x"); by Ded. Th.

So, by Basis and Ind, with the condition y # 0 follows that Vxou(x)
holds; i.e.,

If y#0, then Vxo(x), ie, y#O0}| Vxa(x), and therefore
Fy#0>Vxa(x). Whence | Vx(y#=0>a(x)); by Ch.2, Sect. 3.3,
Th. 16. That is - Vx FORM, from which by Gen, Ax4 and MP 6 may be
derived.

7. Ft, 20D (t, t;=t;-t, Dty =t3)

Let FORMbe z# 0D (x-z=y-zDx=Y).

Leta(x,y)be x-z=y-zDx =Y.

Assume z # 0 and deduce Vxo(x,y) by induction on y in ou(X,y).
Basis. (1) x-z=0-z; hyp.

(2) 0-z=0; Th. .12

(3) x-z=0;(1),(2), Th. 1.3

(4) x=0;(3) by Th. IL.6

(5) x-z=0-zox=0;(1), (4), Ded. Th.

(6) Hence if z#0, then x-z=0-z > x =0, and therefore

(7) z#0 - Vx(x-2z=0-z2x=0)

Ind.  (Assume Vxou(x,y) and deduce Vxou(X,y'), by induction on X in
oux,y).

(1) Vxa(x,y); hyp.

(2) a(x,y); (1) Ax4, MP
Basis. (we deduce o(0,y'): (0-z=y'z>0=y")

(3) 0-z=y"z; hyp.
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(4) z#0; hyp.
(5) 0-z=0; Th. .12
(6) y'z=0; (3), (5), Conseqral
(7) y#20>(y'z=0>z=0); Th. 11.6
Q) yz=0>2(y'20>z=0);(7), PL
) y'#0>z=0;(6), (8), MP
(10) y'#0; Conseqpas
(11) z=0;(9), (10), MP
But (4) and (11) are contradictory; hence
(12) z#0,0-z=y'z|- 0=y
(13) z#0F 0-z=y'z>0=y'; (12), Ded. Th.
Le, z#0F o(0,y")
Ind.  (We show that a(x,y)}- a(x",y"): (X"'z=y'zDX'=Yy')
(1) axy): x-z=y-zDXx=y; hyp.
(2) x'z=y"z; hyp.
(3) x-z+z=y-z+z;(2), Th. L.13, Conseqpal
4) x-z=y-z;(3), Th. .19
(5) x=y; (1), (4), MP
(6) x'=y'; (5), Conseqraz
(7 aux,y), x'z=y'zF x'=y'"; (1)-(6)
®)aux,y)F x'z=y'zox'=Yy"'; (7), Ded. Th.
Le., a(x,y) F o(x",y"), i.e.,
Fa(x,y) Dax',y");
Therefore, by Basis and Ind follows Vxa(x,y").
And, finally, by Basis: Vxa(x,0), and
Ind: Vxo(x,y) D Vxo(X,y') follows that VyVxo(x,y). This last
formula is got by assuming that z=0, i.e.,
z#0 | Vyvxa(x,y)
Therefore we have the following derivation:
(a) F z# 0> Vyvxa(X,y),
(b) F Vy¥x(z# 0> a(x,y)); since x and y do not appear free in the

antecedent of (a).
And then from (b), by Gen, Ax4 and MP, 7 may be derived.
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Definitions
Def 1. t, <t, =4 Jz(t, +z'=t,), where t; and t> do not contain z

Def2. t, <t, =4t <t, Vvt =t,

Def3. t, >t, =4 t, <t;

Def4. t, >2t, =4 t, <t;

Def 5. t, £t, =4 —(t, <t,)

Def6. t, #t, =4 —(t; =t,)

Theorem IIl. For any terms t, t,, t,, t; the following are theorems of PA.

1. t&t

2. t,<t,D(t, <ty DOt <ty)
3. t,<t, Dt, £t

4. t <ty =t +t;<t, +1;

5. t, <t, D(t, <ty Dt; <t3)
6. t,=t, D(t; <ty Dty <t3)
7. t,=t, D(t;<t; Dty <t,)
8. t, <t, D(t, <ty ot <t3)
9. t, <ty =(t; +t; <t, +1t3)
10. t£0

1. t=t,vt <t,vt, <t
12. tz0=t>0

13. 0<t

14. o<t

15. t<t

16. t<t

17. t,+t, >t

18. t,#0>Dt, +t, >t

19. t, <t,vt, <t

20t <t, =t <t

21, ot <t,=t|<t,

22 (1) 0<1,Q2) 1<2,..
23. t=0vaw(t=w")

24. t, >0t -t, 2t
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Proofs.

1.

t £t (Irreflexivity of <)

(1) t<t;hyp
(2) IW'(t+w'=1); (1) Def. 1

(3) u=w'; (2) C-Rule (comp. Ch. 2, Sect. 3.3, Choice Rule)
() utt=t;(2), ()
(5) t=0+t; Th. L6
(6) u+t=0+t;(4),(5), Th. 1.3
(7) u=0;(6), Th. 1.19
(8) w'=0; (3), (7), Conseqprai (contradicting Conseqpas)
t, <t, O(t, <ty Ot; <t;); (Trans. of <)
(1) t,<t,; hyp
(2) t; <ty:; hyp
(3) Iw(t, +w'=t,); (1), Def 1
(4) Ju(t, +u'=ty); (2), Def 1
(5) t,+w'=t,; (3) C-Rule
(6) t, +u'=t;; C-Rule
(7 (t,+wHY+u'=t, +u'; (5), Th 1.7
) (t;+w)+u'=t;;(7),(6), Th1.3
9) t, +(w'+u') =t5; (8), Th 1.10, Conseqpai
(10) Let v=w'+u, then
(11) v'=w'+u'; (10) by Conseqpa2, Conseqpas
(12) t; +v'=t, +(w'+u'); (11), Th 1.9
(13) t, +v'=t5; (12), (9), Th 1.3
(14) 3v(t, +Vv'=t;); (13), Gen. 3
(15) t; <t5;(14), Def 1
Hence t, <t,, t, <ty |- t; <ts; (1)-(15), and then
-t <t, D(t, <ty Dt, <t;); by Ded. Th.
t,<t,Dt, £t
(Dt <t, o, <t;Dt,<t));2
)ty <t,D(t £t oty £¢t); (1) PL
B)t £t Dt <t, Dty £t));(2)PL
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4 t, <t,ot,«t;;3), 1, MP
4. t, <t, =t +t; <t, +t;; for any terms ti, t2, t3
4.1, t, <ty Dt +t;<t, +t5
() t; <ty;hyp
(2) Iw(t, +w'=t,); (1) Def 1
(3) t; +w'=t,; (2) C-Rule
4 (t,+w)+ty=t,+t5;(3), ThL7
(5) (t;+t3)+w'=t, +t5;(4), by Th 1.8, Th. 1.10
(6) Iw((t, +ty)+wW'=t, +t3); (5), Gen 3
(7) t; +ty<t, +15;(6) Def 1
Hence
(8) t; <t, Dt +t;<t, +t5;(1)-(7), Ded. Th.
42, t+t;<t, +t; DOt <t,
(1) t,+t;<t, +t5; hyp
(2) Aw((t, +ty)+w'=t, +t;); (1) Def 1
(3) (t;+t;)+w'=t, +1t5;(2) C-Rule
4) (t, +w")+ty=t, +t5;(3),by ThL.8, Th .10
(5) t,+w'=t,;(4), Th. L19
(6) Iw(t, +w'=t,); (5), Gen 3
(7) t; <t,;(6) Def'1
Hence
(8) t;+t;<t, +t; Dt; <t,; (1)-(7), Ded. Th.
4 follows from 4.1 and 4.2 by PL.
5. t,<t, D(t, <ty Dt <ty)
By Def2 and PL: (p>r)A(gq>r)D>((pvq)>Dr), to prove 5 means to
prove
504 <t, D(t, <ty Dt <ty),
already proved by 2 above, and
52 =t, D(t, <t; Dt <ty)
(1) t; =t,; hyp
(2) t, <t3;hyp
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A e I

9.1.

9.2.

10.

1.

Bty =t,ot;+w'=t,+w'; Th 1.7

4 t,+w'=t, +w'; (1), (3), MP

(5) Iw(t, + w'=t3); (2), Def 1

(6) t, +w'=t5; (5), C-Rule

(7) t,+w'=t5;(4),(6), ThL3

(8) Iw(t, +w'=t5);(7), Gen 3

(9) t; <t5;(8), Def'1

5 follows by PL

t,=t, O(t; <ty Dt, <t;) (exercise)

t,=t, D(t; <t Dty <t,) (exercise)

t, <t, D(t, <t; Ot <ty); (exercise)

t<t,=(t, +t;<t, +1t3)

t,<t,O(t+t;<t, +t;)

(D)t <t,D(t +t; <ty +t3); 4.1

(2) t;=t, D(t; +t3=t, +t;); Th L7

B) t;<t, D(t;+t;<t, +t5);(1),(2), PL
poq) 2[(r>s)D((pvr)>(qvs))], MP, Def 2

(tl +t;<t, +t3) Dt =t,

(1) (t,+t5<t, +t5) Dt <t,; 4.2

(2) (tl +t;=t, +t3) Ot =t,; Th1.19

3) (t;+t;<t, +t;) Dt <t,;(2), (3), PL, MP, Def 2

t £0

(1) t<0; hyp

(2) Fz(t+7z'=0); (1) Def 1

(3) t+27z'=0; C-Rule

(4) t+7z'=(t+2z)'; Conseqras

(5) 0=(t+2)'; (3), (4), Conseqpal

(6) t<0>(0=(t+2)); (1)-(5), Ded. Th.

(7) 0#(t+2z)'; Conseqpa3z

(8) t £0;(6), (7), PL

t, =t, vt <t, vt, <t;; (exercise)
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12.

Hence

tz0=t>0

(1) t#0; hyp

(2) t £0; 10

3) t=0At£0;(2),(3),PL

4) t#0At£0)D>—(t=0vt<0);PL
(5) «(t=0vt<0);(3), (4), MP

(6) «(t=0vt<0)>0<t;11,PL

(7) 0<t;(5), (6), MP

(8) t>0;(7), Def3

(9) t=0>5t>0; (1)-(8), Ded. Th.

Since t >0>t=0, 12 follows by PL.

13.
14.
15.
16.
17.

18.
19.
20.
21.

22.
23.

0 <t (exercise)

0<t' (exercise)

t<t' (exercise)

t <t, (exercise)

t, +t, 2 t;; (exercise)

t, #0>t, +t, >t (exercise)

t, <t, vt, <t;; (exercise)

t, <t, =t, <t';; (exercise)

t, <t, =t'| <t,; (exercise)

(1) 0<1, (2) 1<2,... (exercise)

t=0viw(t=w")

(1) t=0vt=#0;PL

2)t=0=t>0;12

3) t=0vt>0;(1),(2),PL

(4)t>01is O0<t;Def3

(5) 0<t is IW(0+w'=t); Def 1

(6) 0<t is Iw(t=w"); (5), Th. L8, Th. 1.3, Conseqpas
(7 t=0vIw(t=w"); (3)-(6) PL

(A shorter proof can be given using 13. In a similar fashion can be

proved: t=0vt=1v3Iw(t=w") etc.; exercise).

24.

t,>0>t, -t, >t (exercise).
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Theorem IV. For any natural numbers m, n the following holds:
(1) Ifm#n,then -m=#n.
) (@) Fm+n=m+n,and(b) -m-n=m-7.
Proof (1) (Reductio)
(a) Suppose that m = n;ie., m>n or n>m. Letus take m>n.
(b) m =n ; hyp. (i.e., the terms m and n are identical)
(c) m—n=0; from (b) by n-applications of Conseqpa4
(d) Since m >n (by (a)), it follows that m —n >0, and therefore
m—n—12>0 (by Th. I11.20 and Def. 3 and Def. 4).
(e) Lett=m—n-1.
) t=m-n=0;(e)and (c)
(2) F t'= 0; by Conseqpas
(h) m=npt'=0At'%0; (a)-(g)
(1) Fm=n>{t'=0At'%0); (h), Ded. Th.
()  pFm=n;()PL
By (a) and (j) it follows (1).
The case n>m, similar.

Proof (2(a)) (exercise).
Proof (2(b)) (induction on » in the metalanguage)

Basis. (a) Since m-0=0 it follows that the terms m -0 and 0 are identical,
and then |- m-0=0 (by Th. L1).

(b) |- m-0=0; Conseqpraz

(¢) F m-0=m-0; (a), (b), Th. 4.
Ind. (@) m-n=m-n; hyp.

(b) Since m-n'=m-n+m, it follows that m-n'=m-n+m.

(c) m-n+m:m-n+n_1;by2(a)

(d) m-n+m=m-n+m; (a), Th. 7

(e) m -7 + i =7 - (n'); (b)-(d)

() m-(n')=m-(n"); (b)-(e)
Theorem V.

1. For any natural number k,

F(x=0v..vx=k)=x<k
1*. For any natural number k and any formula o(x),
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F (a(0) Ao(1) A Aa(k)) = Vx(X < k D o))
2. For any natural number k >0,
F (x:Ov...vx:l:)Ex<%
2*. For any natural number k >0 and any formula o(x),
- (a(0) A (1) A ... A ok —1)) = Vx(x < k D a(x))
Proof. 1 (induction on k)

Basis. k=0. x=0=x<0;by Def. 2, Th. I11.10, PL
Induction

(1) F(x=0v..vx=k)=x<k;hyp
Q) F (x=0v..vx=k)Dx<k;(l)PL
(3) - x=k+1>x<k+1; Def. 2 and PL
4) |—x£l€:>x£k_+l
(Since x <k is x <k vx =k (by Def);
but }—x<l€:>x<k_+1 and |—X=/€DX<k_+1.
Hence }—XSEDXSk_ﬂ;byPL
(5) k(x:Ov...VX:E)stm;Q), (4), PL
(6) I—X:k_—i-leSk_-i—l;Def. 2,PL
() (x=0v..vx=kvx=k+1)Dx<k+1;(5),(6), PL
by E(por)o[(@o1)o((pvq) 1))
and Rule, (Ch. 2, 3.2.1)
@) Fx<kox=0v..vx=k);(1),PL
9) |—X=mD(X=OV...VX=k_+1);PL
(10) - (x<kvx=k+D)D(x=0v..vx=kvx=k+1);(8), (9),
PL
E(p>q2[(>s)D((pvr)>(qvs))] and Rule, (Ch. 2,3.2.1)
(11) }—XSmD(X:Ov...\/x:EVX:k_ﬂ);(10)
(12) }—(x=0v...vx=l€vxzk_H)ExSk_-l-l;U),(ll),PL
1*. For any natural number £ and any formula a(x),
F (a0 Aa(D)A...Aak))=Vx(X <k Da(x))
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Proof. 1*
As we know,® for any & the following holds:

- a(0) = Vx(x =0 D a(X)),..., - (k) = Vx(x = k D X))
And then
F ((0) A... (k) = (Vx(x =0 D oUX)) A... AVX(X =k D (X))
=Vx(X =02 (X)) A...A (X =k DoX)); by (Vxo A VxB) = Vx(oAP)
(cf. Ch. 2, Sect. 3.3, Th.13), PL
=Vx((x=0Vv..vx=k)Dox))=Vx(x <k Da(x)); by 1, FOL™
Proof. 2

(1) (X=0VX=TV...VX=/:)EXS]€_—1;by1

(2) x<k-1=x <k ; Th. 1I1.20

(3) (x=0vx=1Iv..vx=k-1)=x<k;(1),(2),PL
Proof. 2* (By 1%, 2).

Theorem VI.
@Fy#02>3udv(x=y-u+vAav<y)

(existence of quotient and remainder)
®) Fx=y-u+Vi AV <Y)A(X=Y U +V, AV, <Y)]D
D (u; =u, AV, =V,) (uniqueness of quotient and remainder)
Proof.’

2. Number-theoretic functions and relations *
Definition 1. A number-theoretic function is a function whose arguments
and values are natural numbers.

The successor function, for example, is a unary number-theoretic

 An equivalence of the form a(n)=Vx(x =0 >a(x)) is a theorem of FOL]} comp.

Ch. 2, 4.3 Lemma.

7 For the (long) proof of this theorem comp. inter alia S.C. Kleene [1952], Ch. VIII, §38
and E. Mendelson [1964], Ch. 3, Sect. 1.

8 The content of Sections 2 and 3 are general facts on the number-theoretic functions and
relations, and recursivity. For the details of these matters we refer the reader to the
textbooks on this topic, e.g., S.C. Kleene [1952], Chs. VIII and IX; Péter, R. [1951];
D. Hilbert, P. Bernays [1934] §7; E. Mendelson [1964], Ch. 3; G.S. Boolos, J.P. Burgess,
R.C. Jeffrey [2002], Chs. 6, 7, 15, 16; also used for the present considerations.
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function, and addition and multiplication are two binary number-theoretic
functions.

Definition 2. A number-theoretic relation is a relation whose arguments are
natural numbers.

For example, x=y and x<y are two-place number-theoretic
relations, and x+ y =z is a three-place number-theoretic relation.
Notational distinction. The considerations of this section are essentially
intuitive. But since some concepts, like the expressibility of a relation in
PA™ or the representability of a function in PA™, do imply the formal level,
in order to keep the distinction intuitive-formal we want to introduce a new
symbolism for the intuitive language.” Namely, the intuitive symbolism
consists of the following symbols: "~" — negation, "A" — conjunction, "v" —
disjunction,'® "—" — implication, "<>" — equivalence, X, X, X3,..., X, J, Z,...
numerical variables, f,, f,, f5,.., /. & h,... number-theoretic functions, P,
P,, PB,.., P, O, R,... intuitive symbols for predicates, "(x)" — universal
quantifier, " (£x)" — existential quantifier, " (£,x)" — there exists a unique
x", "(xX),.," and "(Ex)
formal symbolism is that used in the preceding chapters and in the section 1
of this chapter, i.e.,: —, A, Vv, D, =, X1, X2, X3,..., {1, 2, 3,..., P1, P2, P3,..., VX,
Ix, Jix, Vx(x<y...), Ix(x<y...).

Definition 3. A number-theoretic relation R(x,,...,x,) is formally

w<y — bounded quantifiers. The corresponding

expressible in PA™ if and only if there is a formula o(X1,...,xn) of Lpa with
no free variables other than the distinct variables Xi,...,Xn Such that for any
numbers ky,....k, holds:

1. If R(ky...,k,) is true, then - o(k;,...,k,).

2. If R(ky,....,k,) is false, then -—ouk,....k, ).
Example. The relation "less than" is expressed in PA™ by the formula x<y.
Since if k, <k,, then there is some 7 such that k, =k +n'. And then, &,

and k, + 7' (via Sect. 1.4, Th. IV (2) (a)) are one and the same term. Hence,

° This distinction was firstly introduced by Hilbert and Ackermann [1928], and then by
Godel [1931], Gentzen [1934], Kleene [1952], Mendelson [1964] and others. With some
modifications the present distinction is that of Kleene's [1952], § 45.

10"A"™ and "v" are common to intuitive and to formal symbolism; but the context of their
use will show everytime which is the intended meaning.

163



by Sect. 1.4, Th. L1, -k, =k, +7" and therefore |- 3z(k, =k, +2), by
Gen3, i.e., - k, < k,, by Sect. 4.1, Def 1 (preceding Th. III). If, on the other
hand, k, ¢ k,, then k, =k, or k, <k,. If k; =k,, then k, and k, are one
and the same term, and by Sect. 1.4, Th L.1, | lgl =l€2. And, finally, if
k, <k, then, as above, |- k, < k;, and by PL, |- k, <k, . So, for both cases,
I k, <k, . Hence, by Sect. 1.4, Th 11111, it follows |- k, £ k,.

Definition 4. A number-theoretic function f(x,,...,x,) is formally

representable in PA™ if and only if there is a formula o(X1,...,Xn,Xn+1) 0f Lpa
with no free variables other than the distinct variables Xi,...,Xn,Xn+1 Such that
for any numbers k,,...,k, .k, hold:

n+l1
1 If f(ky,nk,) =k, ., then |- a(k,...k k..
2. A X0k X 1) -
The notation 31xau(x) is an abbreviation for: there exists a unique x
such that o(x). It is equivalent to the following formulas:
FIx(ou(x) A Vy(a(y) Dx =y)) and
Txa(x) A VXVY[(@(x) Aa(y) D x =y,
respectively, where Ixou(x) expresses existence and
VxVy[(oux) Ao(y)) DX =y] expresses uniqueness.
The function f(x,...,x,) is strongly representable in PA™ if 2 is
replaced by 2° J1Xn+10U(X1,...,Xn,Xn+1). The two notions of representability are

provably equivalent.
Example. The successor function, Succ(x)=x+1'" 1is strongly

representable in PA*™ by the formula y=x" Since for any #k if
Succ(k,)=k,, then k, =k +1, ie., k, =(k)', and therefore |k, = (k)'
and |-J1y(y = (x)).

Similarly, x+y and x-y will be represented in PA™ by the
formulas x +y =z and x-y =z, respectively (show that!).

Let us remark the fact that Def. 4 is equivalent to the following
definition of formal representability of a function in PA*. (Let us take in
Def.4 n=1).

HOrx'=x+1.
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Definition 4*. A number-theoretic function f(x) is formally representable in

PA* if and only if there is a formula o(x,y) of Lea with no free variables
other than the distinct variables x and y, such that for any numbers ki, k>

holds:

Iff (k) = ko, then PA™ - Vy(auky,y) =y =k,).12
Now, the formula Vy(a(k,y)=y=k,) is logically equivalent to
Yyl(ak,y) Dy =k)A(y=k, Dalk,y))] (by PL), equivalently
Vy(ouk,y) Dy =k) AVy(y =k, Dok, y)) (by Ch.2, Sect. 3.3, Th. 13).
But Vy(y =k, Da(k,y))=o(k,k,) (by Ch.2, Sect. 4.3, Lemma), and
Vy(ouk,y) Dy =ky)=Vy(y # k, > —ouk;,y)) (by FOL). And therefore
the formula Vy(a(k,y)=y=k,) (from Def. 4*) is logically equivalent to
the conjunction of the following assertions:

(1) aky,k,)

(2) Vy(y =k, > —ok.y))
Definition 5. The characteristic function of a number-theoretic relation
R(xy,...,x,) is the function Cy(x,,...,x,) defined as follows:

0, if R(x,...,x,) Iistrue
I, if R(x,..,x,) is false,

or equivalently, Cy(x,,...,x,) is the function taking only 0 and 1 as values

Cr(xsex,) = {

and which satisfies the following equivalence:

R(x,....x,) <> Cr(x,...,x,) =0.
Theorem. A number-theoretic relation R(x,,...,x,) is expressible in PA™ if
and only if Cy(x,,...,X,) is representable in PA™.
Proof. Suppose that R(x,...,x,) is expressible in PA** by the formula
Xy, X, ). Let  Cgr(x,...,x,) be its characteristic function. Let
Cr(xy5eersx,)=x,.,, Where x,,, is either 0 or 1. Now, if x,,, =0, then
Cr(xy5...,x,) =0, and then R(x,...,x,) holds; whence PA™}|- a(X,...,X,)
(by Def 3). And since x,,, =0, then PA™|- X, ., =0 (by Sect. 1.4, Theorem
I,1). And, therefore, by PL

12 Def 4* is more appropriate to prove some mathematical facts, e.g. Diagonal Lemma and
its applications in studying of Godel's Theorem (comp. Sect. 4.2.2).
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(1) PA*™|- a(x,,...,X, ) A X, =0.
On the other hand, if x,,, =1, then Cy(x,,...,x,)=1, and then R(x,,...,x,)
does bot hold; whence PA™ |- —ou(X;,...,X,) (by Def 3), and PA™|- %, ,, =1,
1.e.,

(2) PA™ - —ou(X;,..n X, ) A X, = 1.
As (1) and (2) shows, the formula representing Cj(x,...,x,) in PA™ is

B(XporeesX ;15X 141) - (UK ey X, ) A X oy = 0)V (0K fyeen X, ) A X, = 1)
Finally, for the converse, suppose that Cr(x,,...,x,) is representable in PA™
by the formula y(x,,...,x,,x,,,). As evident, R(x,,...,x,) will be expressible
in PA*™ by the formula y(x;,...,x,,0).

3. Recursive functions and relations

The recursive definition of a function f(y) (or the definition by
induction) is based on the following ideas: the value f(0) (i.e., the value of
f for 0 as the argument) is given, and then for any y, the value of f for y',
ie., f(3"), is given in terms of y and f(y)."® To illustrate this fact, let us
consider the following equations

{f 0)=k

SO =h(y, f(V),

defining a unary function f(y) by induction on y, where k is a given natural
number and /(y,z) is a given binary number-theoretic function.

The two equations enable us to determine the value of f(y) for any
v. For, by the first equation, f(0) =4k, with k given. Then by the second
equation f(1) is the value of 4(0, £(0)), 1.e., 4(0,k), a number specifiable
by the fact that 4(y,z) is a given function. The next value, f(2), by the
second equation, will be A(l, f(1)), i.e., A(1,4(0,k)), again a given number,
and so on.

The above equations are functional equations in an unknown
function f. Sometimes in the definition occur additional variables x,...,x,,

called parameters, which have fixed values in the process of induction on y.

13 In a similar fashion we speak of a recursive definition of a predicate P(y).
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Such is the case, for example, in the definition of addition, x+ y, by

induction on y with x as parameter and the successor function as a given
function:

x+0=x

x+y'=(x+y).
Formally, they are PAS and PAG6, as proper axioms of PA (cf. Sect. 1.2).
The same is the case with the equations PA7 and PAS, defining
multiplication.

A question arises: which are the number-theoretic functions
definable recursively or by induction? The answer depends on what
functions we take as known (or given) initially and on what operations
(rules) are accepted for obtaining new functions from the initial functions.
The class of recursive functions contain the class of primitive recursive
functions and the class of those functions obtained by applications of the -
operator.

3.1. Primitive recursive and recursive functions
The class of primitive recursive functions contains all the number-
theoretic functions defined by the following equations and systems of
equations (I-V):
I. f(x)=x'; the successor function
I. f(x,...,x,) =k ; where k is a given natural number; the constant
function
L. f"(x,....x,) = x;; 1<i <n; the projection functions
IV. f(x,....x,) =gl (x,....%, )5 0s 1, (X0, X)) , Where g, h,,...,0,
are given and n, m are positive integers; Substitution.
AV {f(xla'--axnao) = g(xla'--axn)
f(xla'"sxnoyv) = h(xls“-axn9yaf(xla'--9xn7y))a
where g, h are given, n is a positive integer; Recursion
For n=0, V will be
{ f(0) =k, wherek is a given naturalnumber
JO=h(y, f ().

[-111 are called initial functions.
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Definition 1. A4 function f'is primitive recursive if and only if there is a finite
sequence f,....f, (n=1) of functions (called primitive recursive
description of '), such that f, = f and for 1<i<n, either f; is an initial
function or f;, comes from preceding functions of the sequence by an
application of Substitution or Recursion.

VI. p-Operator. Let g(x,...,x,,») be a function such that for any
x,,...,x, there is at least one y such that g(x,...,x,,»)=0. The least natural
number y such that this equation holds will be denoted by
w(g(x,....x,,»)=0). Now, let f(x,...,x,)=w(g(x,....x,,1)=0).
g(xy,...,x,,») obeys the specified condition, then we say that f is obtained
from g by means of the u-Operator.

Definition 2. A function f is recursive if and only if it can be obtained

from the initial functions by a finite number of applications of Substitution,
Recursion and \-Operator.

Theorem 1. The following functions are primitive recursive:

1. x+y; {x+0=x ie., {f(x,o) = (%)

x+y'=(x+y) fy) = (xp)
x-0=0 i 0)=0
2.x-v: e. g(x’ )'
oy {x V=x-y+x e {g(x,y)Zf(x,g(x,y))
(where f'is the addition)
3. x7; {
0'=1
4. x!;
{x"—x'x
if x>0 5(0)=0
5. 8 = , 1
) {o it x=0 o
x—y if x>y x=0=0
6. x=y= . ;
0 if x<y x=y'=0(x+y)
x—y if x2y
T lx-yl= : [x=ylEGx=y)+(=x)
y—x if x<y
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0 if x=0 sg(0)=0
8. sg(x)=1 . ;
I if x>0 sg(x')=1
— 1 if x=0 sg(x) =1+ sg(x) sg(0) =1
9. sg(x)= . ; _ or <=
0 if x#0 or Sg(x) =0 Sg(x') =0
10. min (x,y) (minimum of x and y); min(x, y) =y~ (y ~x)

min(x,,...,x,); If we assume min(x,,...,x,) known as primitive
recursive, then
rnin(xl,. X5 X, +1) mm(mm(xls Xy ) xn+1)
11. max (x,y) (maximum of x and y); max(x,y)=y+(x=y)
or max(x,y)=(x+ y)-min(x,y)
max(x,,...,x,);  max(x,...,x,) = max(max(x,,...,x, ), X, )
12. rm(x,y) (remainder of division of x by y);
{rm(O, y)=0
rm(x',y) = (rm(x.))"- sg(ly — (rm(x,y))'))
13. gt(x,y) (quotient of division of x by y)
{qt(O, »=0

qt(x',y) = qt(x, y) +5g(| y = (rm(x, y))'))
Bounded sums and products
Let us now consider some functions, given by the respective
definitions.
Definition 1.

Zf(x ) 0if z=0
pre X Y f(xla xn90)+"'+f(xlﬂ""xn’z_l) if z>0

y<z
(i.e., the sum of the numbers f(x,,...,x,,») suchthat y<z,if z>0,
and 0if z=0).

Definition 2.

f z=0
|JECEENE {f(lxl, 22,0) s f (X, z = 1) if 2> 0

y<z
(i.e., the product of the numbers f(x,...,x,,y) such that y <z, if
z>0,and 1 if z=0).

These bounded (finite) sums and products are functions of x,...,x,,z. Some
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other bounded sums and products can be defined in the way already
specified by the definitions above, e.g.,

Zf(xl"“’xn:y) = Zf(xl"“’xnay)

y<z y<z'
Zf(xl,...,xn,y) = Zf(xl,...,xn,y +v'")
v<y<z y<z=y'
(similarly for H and H ).
y<z v<y<z

Theorem. If f(x,,...,x,,y) is (primitive) recursive'®, then all these bounded
sums and products are (primitive) recursive.

Proof. As can be seen, the function Z f(x,...,x,,y) may be given from
y<z

f(x,...,x,,) by the following recursion on z:

Zf(xl,...,xn,y) =0

y<0

D S G Xs ) = [ X2) + D f (XX, ).

y<z' y<z

For the function Z f(x,....x,,y) we can proceed as in the preceding case,

y<z

or we can argue as follows. Since z f(x;,...,x,,¥) 1s primitive recursive,

y<z
let it be g(x,...,x,,z), then Z f(x,...,x,,y) 1s also primitive recursive,
Y=<z
since it i1s g(x,...,x,,z'); that is it can be obtained by Substitution from
g(xp5e0sX,,2).

For the other functions, we proceed similarly (exercise).
Example. Let Div(x) be the number of divisors of x, if x>0, and if x=0

let Div(0)=1. This function is primitive recursive, since

Div(x)= ) _sg(rm(x.)).

y<x

14 "(primitive) recursive" means everywhere primitive recursive or recursive.
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3.2. Primitive recursive and recursive relations
As we saw, a number-theoretic relation is a relation whose
arguments are natural numbers. If R,(x,...,x,) and R,(x,...,x,) are two

such relations, then we can speak of their negation, conjunction, disjunction,
implication or equivalence:

Ri(Xp50s%,) s Ri(Xp5eees X)) ARy (X 5ees X)) s Ry (Xp5eens X)) V Ry (X505 X,)

R (x,....x,) > Ry (x,....,x,) , R(x,...,x,) <> Ry(x,...,x,) , respectively.

The connectives occuring in these new relations have their usual meanings;
R (x,..,x,) ARy (X,...,x,) , for example, holds for x,,...,x, iff R(x,....x,)

holds and R,(x,...,x,) holds. If R(x.,...,x,,y) 1s a number-theoretic

n

relation, then by (y),..R(x,,...,x,,») we mean the relation: for all y, if y is

y<z

less than z, then R(x,...,x,,») holds. The quantifier (y) is called

y<z

bounded quantifier. In a similar fashion we can use the other bounded

quantifiers, (y),<,, (Ey),.., (Ey),<,, respectively.

Definition. 4 relation R(x,,...,x,) is (primitive) recursive if and only if its

characteristic function Cy(X,,...,X,) is (primitive) recursive.

Examples

(a) The identity (equality) relation x; = x, is primitive recursive, since
its characteristic function, sg(|x, —x, |), is primitive recursive.

(b) The relation x < y is primitive recursive, since its characteristic
function C_(x,y) = @( v =Xx), which is primitive recursive.

(c) The relation Pr(x), x is a prime number, is primitive recursive, since
its characteristic function is
Cpr(x) = sg((Div(x) = 2) + sg(| x =1[) + sg(| x = 0])).

(d) The relation x|y (x divides y, or y is divisible by x) is primitive

recursive, since its characteristic function is C,,(x, y) = sg(rm(y,x)).

R and

(¥)y<.R of the intuitive language (containing bounded quantifiers) are

Notation. If R is a relation, then the expressions of the form (Ey)

y<z

simple abbreviations for (Ey) (y<zaAR) and (y) (y<z>DR),
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respectively. Similarly, for (Ey),..R and (y),..R. And then, in what

follows, they will be used interchangeably.
Theorem 1. (1) Let R/(xy,...,x,) and R,(x,,..,x,) be two n-place

y<z

(primitive) recursive relations. Then R,, R, o R, are (primitive) recursive,
n ° n

is any binary connective of propositional logic.
(2) Let R(x,,...,x,,y) bea n+1 place (primitive) recursive relation.

Then (a) (Ev),.R, (Ev),.R, (»),..R and (¥),..R are

(primitive) recursive relations. (b) w,..R and wy,..R are (primitive)

where

recursive functions.
Proofs. (1) Since R,(x,...,x,) 1s (primitive) recursive, its characteristic

function Cg(x,...,x,) 1is (primitive) recursive. Then the characteristic
function on R will be Cy(x)5e5x,) =1=Cr(xy,...,x,) , which is (primitive)
recursive. The characteristic function of the relation R, v R,, for example,
willbe Cp - Cy , so it is (primitive) recursive.

Now, since all the binary connectives of PL can be defined using ~
and v it follows that all relations R, o R, are (primitive) recursive.

Examples
Crar, =C g vk, =17 (Cg - Cr )=
=1-(1-Cg)-(1=Cg ) =Cg +Cp =Cp -Cp,
CR1—>R2 = ijR2 = Cﬁl 'CR2 =(1- CR, ) CR2 = CR2 - CR, 'CR2

R

(2) (a) Since R(x,...,x,,y) is an n+1 relation, the relation
(E)),<.R(xp5.05x,,y) will be the n+1 relation R*(xl,...,xn,z), whose

characteristic function is CR*(xl,...,xn,z)zl ICR(xl,...,xn,y), and so 1is
y<z

(primitive) recursive (by 3.1, Theorem). Similarly we can argue for the
other cases.
(b) Let R(x,....x,,y) be a (primitive) recursive relation and let

w<y. Then HCR (x;5.-.,x,,w) takes the value 0 as soon as there is some

w<y
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w<y such that R(x,...,x,,w) holds; for all the preceding w it takes the

value 1. And then for y<z Z[HCR(xl,...,xn,w)J is the number of

y<z \ w<y
numbers begining with 0 and ending with the first y <z (but not including
it) such that R(x,...,x,,y) holds; and this number will be z if such an y
doesn't exist. As can be seen this is the number wy, . R(x,...,x,,y), and
therefore the function py,_.R is (primitive) recursive (by 3.1, Theorem).

As a simple example, let us assume that y =8, z=9 and w< y, and
that for y=0,1,2,3, Cr(x,....x,,w) =1, for y=4, Cr(x,...,x,,w) =0 and
for y=15,6,7.8, Ci(x,...,x,,y)=1. Evidently, the first w<y such that

w<8

R(x,...,x,,w) holds is 4, and that for y <9, Z(HCR(xI,...,xn,w)} =4.

y<9
Hence the number 4 is py, . R(x;,...,X,, ).

Examples (of some primitive rec. functions used further on in our
considerations, in addition to those of the list of Sect. 3.1)

1. Let p,, py, Ps»-.. be the prime numbers in order of magnitude, with
Po =2 . The function p,: the x" prime number in ascending order is
primitive recursive, since we have the following recursion:

Py =2

Py = Hypx<y§px!+l Pl’(y)

The upper bound (p,)+1 on the first prime after p, is given by

Euclid's argument that to any prime number p there is a prime greater then p
and less than or equal pH1 (and therefore an argument for the infinitude of
primes).

2. By fundamental theorem of arithmetic, every positive integer x
has a unique factorization into a product of prime factors, i.e.,

x=pgpt it x#0.
Let (x); be the exponent a;; and if x=0, then (x), =0 (by def). Then the

function (x); is primitive recursive since (x); =Wy, (p; [xA~(p; 1 x)).
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3. As can be seen, the finite sequence a,q,,...,a; of positive integers

can be represented by the number x = py° - p{" -...- p/* . And then [h(x), the
length of x, is k+1.

So, let /h(x) be the number of non-vanishing exponents in the
factorization of x; and if x =0, lA(x)=0.

The function [A(x) is primitive recursive, since for x>0 this
number will be the sum of all prime numbers y such that y divides x. Then if
Cr(x,y) is  the characteristic  function of the relation
R(x,y)=Pr(y) Ay x, then Ih(x) = D sg(Cr(x,)).

y<x

4. If x represents the sequence Seq, : dys...,a; , i.€., X =pg° -...- pi*,

and y represents the sequence Seq, : b,,...,b,,, then x*y will represent the

sequence Seq,Seq, : ay,...,a;,b,...,b, and this number is

X H( Pin(x +j)(y ) ; so the function x*y, called concatenation or
J<th(y)

juxtaposition, is primitive recursive.

Example. If x=2%.3%.5% and y=2"%.3".5".7"% then x*y is the

number x-7% -11% -13” .17 . Now, since /A(x) =3 and Ih(y) =4,
X*y=x- 730 11 132 1708 = . H(p3+j)(y)j (j=0,1,23).

j<4
Theorem 2. Let f(x,,...,x,) be the function defined in the following way:
gi1(x,05x,) 1If R (xp,...,x,)

S ) = 2 (x,e0x,) if Ry(Xy,0X,)

gn(xpe05x,) if R (x,...,x,

where R,,...,R, are mutually exclusive and g,...,g, and R,,..,R, are

m
(primitive) recursive.
Then f(x,...,x,) is (primitive) recursive.

Proof. We must show that f(x,...,x,) is strictly one of the functions

g1,---- &, - And that is the case since
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S peens ) = 81 (X5 X, ) - S8 (Cp (Xpens X)) +
+ € (X120:02%,) - 58(Cp_ (X;00002X,))-
Example. If R;,(1<;<m) holds, then C R = 0 and therefore s_g(O) =1.

Hence f(x;,...,x,) =g ;(x},...,X,) .

3.3. Godel's B-function
Godel's B-function'® gives us a method of dealing with finite
sequences k,k,,...,k, of natural numbers.

The positive integers d,,d,,...,d, are called relatively prime if no
two of them have a common positive integral factor except 1. Example of
relatively prime: 3, 4, 5.

By Godel's B-function the numbers k,k,...,k, are the values of the
B-function B(x;,x,,x3).

Let us begin with an example.

Let ¢=0,1,2,..., dy =3, d; =4 and the function rm(c,d). As can be seen, if
c=0,1,...11, the pairs (rm(c,3),rm(c,4)) are, respectively, (0,0), (1,1),
(2,2), (0,3), (1,0), (2,1), (0,2), (1,3), (2,0), (0,1), (1,2) and (2,3); i.e., they
exhaust the 12 possible ordered pairs (k,,k,) such that k, <3 and £ <4.

And this sequence is repeating as ¢ increases from 12 to 23, or from 24 to
35, and so on. This means that if the pair (k,,k,) is the pair for ¢ = j, then

it is also the pair for ¢ = j+12.

Let k=12. Since d, and d, are relatively prime, the pair (k,k;)
occurs again after d,,-d, =12 consecutive values of ¢, and this number is
exactly the number of all possible pairs (k,,k) such that &k, <d, and
k <d,.

Now, in order to show that for the two relative prime numbers d,,,d,
there is a number ¢ such that rm(c,d,) =k, and rm(c,d,) =k, is sufficient

to show that every one of the d,-d, =12 numbers, with 0<c <dd,, does

15 Cf. K. Godel [1934], in vol. K. Gédel [1986], I, 346-371. Comp. and S.C. Kleene,
[1952], §48.
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generate one of the 12 pairs (k,,k,). And to show that every pair (k,k;) is

generated by some number ¢, it suffices to show that no two distinct
numbers 0<c<r<d,d, do generate the same pair. Let us suppose, by
reductio, that ¢ and r produce the same pair. In this case these numbers give
the same remainder when divided by d,,, and give the same remainder when
divided by d,. This does imply that their difference g =r—c gives the rest
zero when it is divided by d,, or by d,, i.e., both numbers d, and d, divide
q. Now, since d, and d, are relatively prime, it follows that the product
dyd, also divides g. But this is impossible since 0 < g < d,d, .

By Godel's B-function the numbers k, and k, are the values of a
function B(x,x,,x;),1.e., P(c,d,i)=k;, i =0,1. More exactly, if d, and d,
are relatively prime numbers, a number ¢ can be found such that ¢ <dd,
and rm(c,d;)=k;, 1=0,1.

Theorem 1. For any finite sequence of natural numbers ky,k,,...,k, , there
exist natural numbers c and d such that B(c,d,i)=k, (0<i<n).

Proof. Godel's B-function has the following form:
Bxy,x5,63) = rm(x;,1+ (5 + 1))

or equivalently:!®
B(c,d,i) =rm(c,1+ (i +1)d), or, finally,
B(c,d,i) = rm(c,8(d,i)), where 8(d,i)=1+(i+1)d."”
What must be proved is that
(1) The numbers d,,d,,...,d, are relatively prime
(2) k; <d;, (0<i<n).

If ky,k,....,k, 1s the given sequence of natural numbers, then let

s =max(n,ky,k,....k,) and d =s!.
(1) Reductio. Suppose there are two numbers, 1+ (;j+1)s! and
1+(j+m+1)s! which are not relatively prime; i.e., there is a factor in

common other than 1, and then there is a prime factor p dividing both. In
this case p will also divide their difference m - s!. But

16 "B(c,d,i)" is Godel's original notation; comp. K. Gédel [1986], 365.
17 Kleene's proposal, [1952], 240. As can be seen Godel's B-function is primitive recursive
(by 3.1, Theorem 1,12).
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(1)a. The number p cannot divide s!, since otherwise it will divide
any multiple of s!, particularly (j+1)s!. And since p divides 1+ (j+1)s!

(by hypothesis) would follow that p divides 1 which is impossible.
(1)b. The number p cannot divide m, since m<n<s and every
number <s divides s!.

It follows that p does not divide m-s! and therefore the numbers d,
(0 <i<n) are relatively prime.

(2) k;<d; (0<i<n),since k; <s<sl<1+(+1)s!=0(d,i)=d,.
Theorem 2. B(x;,x,,x;) =rm(x;,1+ (x; +1)-x,) is representable in PA™.

This means that there is a formula B’(x,,X,,X3,X,) of Lpa such that
the following holds:

(@) If Blky ky ks, ky) . then PA™ = B (ky, ky ks Ky )

(b) PA™ - 31X4B*(/€1,/€2,]€3,X4) .
Proof (a). In order to display the formula representing P(x;,x,,x;,x,) in
PA™, let us remember that rm(x,y) (i.e., the remainder of the division of x
by y) does imply that there is a n such that x=y-n+r and r<y. In our
case this means that if B(k,k,,k;) =k, , 1.e., rm(k,1 + (k; +1)-k,) =k, , then
there is an n such that

(1) =0+ (k5 +1)-ky)-n+k,, and

(2) ky <1+ (ky+1)-k,. Hence

B)Fhk=(1+(ksy+1)-k,) -7 +k, (by Sect. 1.4 Theorem 1.1)

(4) |- ky <1+ (ky+ 1)k, (by expressibility of the relation x < y in
PA®™ (cf. Sect. 2, Example to Def.3).

G Fh=(0+(s+ 1) -ky) n+kynk, <1+(ky+1)-ky;

(3), (4), PL
(6) F3z[ky =(1+(ky + 1) ky) -z +hy Adey < T+ (kg + 1) - ko 1
(5), Gen 3

This last expression suggests the construction of the formula representing
B(x;,x,,x;) in PA™, i.e.,
B (X(,X0,X5,X,): 37X, = (T + (X3 + 1) X)) Z+ X, AXy < L+ (X5+1)-X,.
As (6) shows, part (a) holds.
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(b). This part, | 3x,B (k;,ky,k;,%,), follows directly from the
theorem of the uniqueness of quotient and remainder (cf 1.3, Th. VI).

3.4. Representability of recursive functions and expressibility

of recursive relations in PA®*

Theorem. Every recursive function is formally representable in PA™.
Proof.
I. f(x)=x" (the successor function)

This function is representable in PA*™ by the formula o(x;,x,):
X, =(X,)". Since for any number k, if f(k)=4k,, then k, =(k,)' and then
the terms k, and (k)" are identical. Whence (by Sect. 1.4, Th. 1)

1.If k, = (k)', then |- k, = (k)" (i.e., - ok;,ky)).

2.1 3x,(x, = (k) (e - 3x,00k,%,)).
II. f(x,...,x,) =g (the constant function)

This function is representable in PA** by the formula

(X 5ees X5 Xph1) D (X{ =X A AX, =X, AKXy =G)-
If f(k,....k,)=k,,,, then k

.1 =q and therefore the terms k,,, and g are

identical. Whence

LIf f(k,sk,)=q,then -k =k An..nk, =k, AnG=7.

2 3k =k A nk, =k, A% =)
. f"(x,-...,x,) = x; (the projection functions)

This function is representable in PA* by the formula

OUX s X s Xppp) D Xy =X Al AX, =X, AXpyy =X

Since if f(k,....k,) =k,
then

i

1> then the terms k,,, and k, are identical, and

1LIf f(ky,sk,)) =k,  then |-k =k A.nk, =k, A
2 3l =k A nk, =k, Ax = k).

(IV) Substitution
S (Xp5ex,) = g (XX, ) e By (X 55 X,)

(where f'is obtained by substitution from g(y,,..,y,,) and A(x,...,x,),...,

n+l =ki'

Ry (X),..05X,)
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Proof. Firstly, we have to prove 1. if f(k,...k,) =k then - a(k,....k,.k),

where ou(X,,...,X,,X,,;) is the formula which represents /" in PA™.

Let f(x,....x,) =g (x,....x,),..,,(x,...,x,)) . To find the formula
representing f in PA** we proceed as follows:

ana

Suppose that the functions 4 and g” are representable in PA*™ by
O (X e X5 X4 q) AN B(Xyyeees X5 X eq ) » TESPECLiVELy.

Suppose now that f(k,,...k,)=k, h(k,..,k,)=a;. Then
g(ay,....a,) =k (by def. of /). Then we have:

(1) l_ai(lgl" * a1) Le. l_a(kh ° n>a1)
l_az(kl""’ n,az)

|_ a (k1> ks @)
(2) - B(@,....,a,,k) (since P represents g)
B) ok @) Ao A Oy (e geen by s @) A B(@yeven @y K ) 5
(1), (2), PL
4) F 3y, 3y [oy (ks ki, Y A Al (ks Ky, Vi) A
ABY e Ymok) 15 (3), Gen 3 m-times
Therefore, if f(k,...,k,) =k, then the formula in (4) is provable. And then
the formula representing f(x;,...,x,) in PA*™ is:
FORM. Fy,..3y,[04(X|see0s X YD A e AQ (X oo X, Vi) A

A B(y15---7ymaxn+1) ]
2. Axpqoulky ek, X0 40) -
The existence part follows directly from (a) by Gen 3. For the proof of
uniqueness we proceed as follows
(1) Take the formula a(k,,....k,,X,,,), i.e.,

Ay, 3y, (0K ek, V1) A e A Oy (s by s Vi) A B(Ypseees Vs Xgia) )-
(2)  From (1) construct the following two formulas by m applications of

C-Rule (replacing y,,...,y, alternatively with n,,..,n  and

n',...,n',, respectively), and by setting x,,,=z and X =W,

m°

respectively, i.e.,
(@) oy (ko)) A AL (Ko ko0 ) AB(DY,...on,,Z)
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(b) oy (kpyernky ') A A (Kyynk 0! ) AB(DY ..o’ W)

(3) Now, we reason as follows: since o, (X;,...,X,,X,,;) represent
h(X;5...,x,) in PA™ it follows that PA™| 3x, 0t (kpern ks Xip) »
which with oci(lgl,...,l;n,ni) and oci(lg,...,l;n,n'i) give: n, =n';. And
from B(n,,...,n,,,z) (the last conjunct of (a)) and n; =n', it follows
B(n',...,n",,,2z)."* And since B(X,,...,X,,,;) Trepresents g(x;,...,x,,)
in PA*™, it follows that PA*™|-3x,  B(10',....n",,X,,), which
together with B(n',,...,n',, w) (the last conjunct of (b)) give z = w.

(4) Re-introduce, by Gen 3, the existential quantifiers in (a) and (b) and
obtain:

(@*) Jy,.. 3y, (o (ke ks Y A oA, (b ek Y ) A
ABWY s Y Z) 5 1.6, au(k, ,...,En,z)
(b*) Fy,... 3y, (0 (ks ks V) A e AOL (K e by Y ) A
ABY e Vs W) 5 1€, oc(lg,...,l;n,w)
From (1)-(4) it follows therefore that
oc(lzl,...,l;n,z) A oc(lgl,...,/;n,w) Fz=w,
whence, by Ded. Th. |- oc(la,...,l;n,z)/\ oc(lgl,...,/;n,w) Dz=w, whence
PA™ | 3x,, 0k, kX )5 1€ (2).

(V) Recursion

{f(xl,...,xn,O) =g(X},.0,X,)

S (Xpees X, v+ D) = h(xyee X, Y, [ (X5 X, 1))
Suppose that the functions g(x,...,x,) and A(x,...,x,,y,z) are
representable i PA™ by the formulas o(x,,....X,,X,,;) and
B(X (e X s X415 X425 X143 ) » T€Spectively. We must show that the recursive
function f(x,...,x,,»), defined by (V) is representable in PA*™ i.e., there
exists a formula y(x,,...,X,,X,,1>X,.,) such that for any n+2-tupel of
natural numbers k,,...,k, .k, .k, , the following holds:

n

(a) If f(k 9"'akn’kn+l) = kn+2 ’ then }_ 'Y(l;lr“:knﬂakm-z)

¥ By x =y, o(x) - ay).
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(b) |- 31Xn+2Y(1€1»-- k15X )
Proof."” (a). If f(k,...k, .k, . )= then |- y(k;,....k,.k,.,.k,.,). The
following considerations alows us to construct effectively the formula

] ax
Y(Xpees X5 Xpa1-Xpso) Which represents  f(x,...,x,,x,,;) in PA™ and

n+2 ’

therefore to prove (a).
First of all, assume that f(k,...,k,,k)=m and consider the two

cases: k=0 and £ > 0. In the first case, if we take the sequence whose only
member is m, then by Theorem 1 (of Sect. 3.3) there are (and can be found)
the numbers ¢, d such that B(c,d,0)=m. And then f(c,d,0)=m
= f(k,....k,,0) = g(k,....k,), where g(x,,...,x,) is represented in PA*™ by
oUXy5e-e»X,,5X,041) - And then

(a) |- B’ (c,d ,0,m) and

(b) = alkyse by 72) . So

(c) B (@.,d,0,m) A alk,..k,,m); (a), (b), PL; whence, by Gen 3,
we get

(d) F 3Iw[p’(c,d,0,w) Aa(k,,....k,,w)]. And then it follows that

(e) - IWIB (€,d,0,w) Aa(ky,...k,, W) AP (,d,0,); (d), (a), PL.

For the second case, k> 0, suppose that f(k,...,k,,i) =b; and that
by,by,...,b; 1s the corresponding sequence of values (0 < i <k). By Sect. 3.3,
Theorem 1, there exist the numbers ¢ and d such that B(c,d,i)=5b,. And
then we have:

-B@.d.0by), B (@d.LD).es - B(@,d kD),
ie,for0<i<k p(c.d,ib).

For i=0, for example, we have f(c,d,0)=p,=f(k,....k,,0)
= g(k,...,k,). And since a(x,,...,X,,X
follows that

(a) - B (¢,d,0,b,) and

(b) - a(ky,....k,,b,), and then

n+1) Tepresents g(x,...,x,) in PA™, it

9 This proof is based on Kleene's proof; comp. S.C. Kleene [1952], §49, Theorem I,
Theorem 27 and Mendelson's proof; cf. E. Mendelson [1964], Ch. 3, 131-132, Proposition
3.23.
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(©) |- B’ (©,d,0,by) A aulkys....k,,By) ; (), (b), PL, whence
(d) | IwP’(@,d,0,w) A alk,,....k,,w)); (c), Gen 3
(e) - B (¢,d,k,m); since b, = f(ky,....k,,k)=m and B(c,d,k)=m.
As we saw, for 0<i<k—1, B(c,d,i) =b, and the following holds:
(EQ) B(c,d,i+1)=b,,, = f(ky,....k,,i +1) = h(k,,....k,,1,b;) .
And then
() b B (@.d.i,b) AR (@,d i +1,b,+1) APy i Byby )
by (EQ) and the fact that B(X,..., X, X415 X125 X143)
represents A(x,...,X,,»,z) in PA™.
(g) | 3y3z(B'(C.d.i,y) AB (@,d,i +1,2) AB(ky,.... k1, ,2) ;
() by Gen 3 (two times).
(h) F Yw(w <k o 3y3z(B'(,d,w,y) AR (E,d,w',2)
AB(kys...nk, W, Y,2))); (2) by Sect. 1.4, Theorem V.2,
() F 3w @,d,0,w) A olky,....k,, W) AP (C,d ki)
AVW(W < k o 3y3z(B (. d,w,y) A B*(E,J,w',z) /\B(la,...,l;n,w,y,z)));
(@, (@), (h), PL. -
G) F Fuav3w(B (u,v,0,w) A alky,....k,, W) AB (u,v,k,m)
AVW(W <k D EIyEIz(B*(u,V,W, y) A B*(u,v,w',z) A B(la,...,l;n,w, Y,2))};
(1) by Gen 3 (two times).
But this is just the formula y(k,....,k,.k,.,.k,.,), and the way it is obtained
suggests the construction of the formula representing f(x,...,x,,x,,;) In
PA¥, ie.,
V(X pseos X o Xy 10X 10) S FUIVEWB (U, V,0, W) A (X ey X, W))

A B*(u,v,xn+l,xn+2) AVW(W <X, D EIyEIz(B*(u,V,w, y)
/\B*(u,v,w',z) ABX seees Xy, W, Y,2)) } .

And since |- y(k,,...,k,.k,.,.k,.,) this is the proof of (a).

Remark. For the first case, £ = 0, in the proof above, let us observe that the

implication in the scope of "Vw" in (j) is provable, since its antecedent is
w <k and since PA®|- —(w < 0), and then the implication follows by PL:

F—p 2 (p>q) and Rulep.
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It remains to show that

(b) l_ 31Xn+2’Y(]€19"'>];n’]€:Xn+2)
But the existence of such an x,,, follows by Gen 3 from the part

(a), 1.e., |- y(kl, . n,k m) . So only uniqueness is still to be proved.

Proof. (b) (intuitive induction® on k)

Basis. For k=0 the result follows directly from what we said above: by (1)
and (2) of the part (a) and Remark.

Induction. Let n, = g(k,,...,k,), n, = f(k,....k,,k) and

ny = f(ky,....k, . k+1)=hk,,...k, .k, k,...k,,k)) = h(k,,....k,,k,n,) .
As above, the functions g(x,...,x,) and Ah(x,...,x,,»,z) are
representable in PA™ by ou(X;,....X,,,X,,11) and B(Xyees X5 X415 X0 Xp43) »

respectively. And therefore we have
1. - oc(kl, . Il,nl) by Part (a) (of the theorem)

2. | B(kla ,13) ; by Part (a)

3. F y(ks. ) by Part (a)

4. - y(kyse ki, k +1,75) 5 by Part (a)

5. F 3,7k s Il,k,xmz) by hyp. of induction.
We must show that - 3%, YKy Koy 15 X0 -

6. y(kyy...sk k15X, ,,) ; hyp; and prove that x, =17,

ko kL
Sk k7

In extenso, the formula y(k,,...k, kn 115X 40) 18
FORM. Juav{aw (B (u,v,0,w) A au(ky,..
AVW(W<k+1D Fy3z(B (u, v, w,y) AP (0, v,w',2) A Bky,..sk,, W,y,2))} .

(1) Iw(B (c,d,0,w) A a(ky,....k,,w); from 6 (comp. FORM),
using C-Rule twice for the variables u and v

2) Vw(w<k+1> EIyEIz[B*(c,d,W,y) A
AR (c,d,w',z) A Bky,.sk W, y,2)];

(3) B(cd,k+1,x,,,)

(4) Yw(w <k o 3y3z[p (c,d,w,y) A
AR (c,d,w' ,2) AB(ky,....k, ,w,y,2)], from (2)

W) AR (u,v k+1,xn+2)

’n’

20 1.e. the application of induction in the metalanguage.
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(5) B'(c,d,k,r) AR (c,d,k +1,5) A B(ky,...,k,, K, 1,8) ; from (2),
using C-Rule twice for y and z.
(5) (a) B (c,d,k,r); from (5), by PL
(b) B'(c,d,k +1,5); from (5), by PL
() ﬁ(l?l,...,/;n,l;,r,s) ; from (5), by PL
(6) Y(kyy-...ke, ko) 5 (1), (4), (5) ()
(7) r=n,; by (6)and 5
(8) Bky,....k,,k,11,,8) ; from (5) (c), (7)
(9) my =s; by hyp. of ind., 2 and (8)
(10) B"(c,d,k +1,73;) ; from (5) (b) and (9)
(11) x,,,, =ny; from (3) and (10), by Sect. 3.3 Th. 2
(Godel's B-function is representable in PA™ by
B (x,,X,,X3,X,) and so we have 31X4B(C,d,m,x4)).

(VD) p-Operator

S (Xesx,) = (g (X500, 1) = 0)
(where g(x,,...,x,,y) is a function such that for any x,,...,x, there is at least
one y such that g(x;,...,x,,»)=0).

The function f(x,...,x,) so defined is representable in PA™. Le.,
there exists a formula o(x;.,...,X,,X,,;) such that for any numbers k,....k,,
holds:

1 If f(ky,nk,) =k, ., , then |- oky,....k, K, ;)

20 b 3% 0y e Ky X )
Proof. Suppose that g(x,...,x,,») 1s representable in PA*™ by
B(X{se X5 X ;41> X4 ) and this means that

(@) I @(Kyyniys i) = Koy s then b= Blkyeensky Koy oK) -

(0) b %y (Koo 1:Xp2)
Let f(x,....x,) =w(g(x,....,x,,») =0).
To find the formula o which represents fin PA** we proceed as follows:
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(1)  Suppose that f(k,...,k,) =k . From this follows

(2) g(kyomih k) =0.

(b) For any m <k: g(ky,....k,,m)#0.
(2)  From (a) it follows that | B(k,....,k,,k,0) and from (b) it follows
that |- Vy(y <k o —B(k,.....k,,y,0), by Sect. 1.4, Th. V.2. Whence, by PL

- Bk ke, K 0) ANVY(Y < k D =Bk, K, , ,0)).
From (1) and (2) it follows that the formula which represents f(x;,...,x,) so
defined in PA™ is ou(X1,...,Xn,Xn+1):

BOXj s X Xy 120) A VY < Xy DBy Xy 1,0
By (1) and (2) follows the part (a) of the proof.

The existence part of the proof of (b) follows from (a) and Gen 3. The
uniqueness part is provable by the following argument.

(1)  Take the formula ouk.,...,k,,X,.;,0), i-€.,

B(kla * nﬂ n+190) A VY(y < Xn+l =2 _‘B(kls * n,y,O)
(2) From (1) we construct the following two formulas, taking
alternatively for Xpy1 Z and w, respectively.

(a) ﬁ(kla > naZ 0) /\VY(y< 4 D_‘ﬁ(kh s n’YsO)

(b) ﬁ(kh s naw O)/\VY(y< w D_‘ﬁ(kh s n5Ys0)
3) Now, we reason as follows: We consider the followmg two cases:
z<w and w <z. In the first case, we derive —|[3(k1, »k,,2,0) (from the
second conjunct of (b), Ax4 and MP), a result which contradicts
B(k,,....k,,2,0), a formula derivable from (a) by PL. Similarly, if w <z we
derive —B(k;,...,k,,w,0) and B(k,....k,,w,0). But, as we know (Sect. 1.4,
Th. III.11), PA*Fw=zvw<zvz<w. Whence, by this argument it

follows z = w (i.e., uniqueness required by part (b) of representability).

This is the proof of representability in PA™ of every recursive
function.
Remark. From the above theorem easily follows that every recursive
relation is formally expressible in PA®™, since if R" is recursive, then its
characteristic function C,, is recursive (by Sect. 3.2, Definition), and then

by the above theorem C,, is representable in PA™. Whence, by Sect. 2

Theorem, R" is expressible in PA™.
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4. Godel's Theorems for PA™
4.1. Arithmetization of the syntax of PA™

A fundamental distinction regarding an axiomatic theory is that
between its object language (OL) and its metalanguage (ML). As we know,

x-(y+z)=x-y+x-z is a formula of Lpa; so are x=x or Iz(x+7z'=y).
nn

But expressions like "x is a formula", "x is a proof", "PA® is consistent" do
not belong to OL of PA, but to its ML. Le., they are metamathematical
expressions?!, and so they belong to an informal mathematical theory,
loosley defined as containing a part of English language, the primitive
symbols of Lpa or finite sequences of them, concepts like "term", "formula",
"axiom", "substitution", "proof", "provable" and "sentence".

But a simple question arises: can the formal system of PA*™ "talk
about" its own syntax? The answer is "yes!" and, as can be shown, PA® can
define and prove a lot of concepts and sentences of its metatheory. In order
to do that two tasks must be carried out:

(1) The 'translations" of metamathematical expressions in
(primitive) recursive functions and relations.

(2) The representability and expressibility of these functions and
relations, respectively, in PA*™ (via Sect. 3.4. Theorem and final Remark).

The item (1) can be achieved by arithmetization of the syntax of
PA™.

The arithmetization of PA*™ is a 1-1 function g from the set of
symbols, expressions and finite sequences of expressions of Lpa into the set
of positive integers. The number associated to an expression e (consisting in
a single symbol or a finite sequence of symbols) will be called its Gédel
number (code). In what follows by g(e) =n we mean: the Godel number of
eisn.

There are many ways to arithmetize the syntax of PA™.?2 Let us give
some examples, beginning with the original one, i.e., Godel's proposal.

2l In what follows we take "the metatheory of PA", "the metamathematics" and "the syntax
of PA" as synonyms.

22 Comp. inter alia, K. Godel [1931] Sect 2, D. Hilbert and P. Bernays [1939] §4, W.V.O.
Quine [1940], S.C. Kleene [1952] Ch. X, H. Scholz and G. Hasenjaeger [1961], §§230-238,
E. Mendelson [1964] Ch. 3, Sect. 4, R.M. Smullyan [1961] Ch. 1, §6, [1992] Ch. 1, II, G.
Boolos [1993] Ch. 2, S. Kripke [1996] Lect. IV, G. Boolos, J. Burgess and R. Jeffrey
[2002] Ch. 15.
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Godel's strategy®® of coding expressions is the following. With each
primitive symbol, 0, f, —, v, V, (,), is associated an odd number: 1, 3, 5,7, 9,
11, 13, respectively. To every variable of the type n is associated a number
>13 of the form p”. In this way to every sequence of symbols (whether

primitive symbols or formulas) is associated a sequence of numbers,
ny,....,n, . Then to such a sequence of numbers is, finally, associated a

number n=2"-3" ... p/*, where 2,3,...,p, are the first k£ prime numbers

in order of magnitude. The number 7 is the Godel number of the respective
sequence of symbols. Briefly, the '"translation" of syntactic
(metamathematical) concepts in arithmetical expressions will be given in the
following way. With R(a,,...,a,), a relation between the syntactic objects

a,....,a, (primitive symbols or sequences of primitive symbols), is

associated a number theoretic relation R'(x,,...,x,) that holds between the
numbers x,...,x, if and only if there exist a,,...,a, such that g(a,)=x,,...,
g(a,)=x, and R(a,,...,a,) holds; where g(a,), 1<i<mn, is the Godel
number of the syntactic object a,. By this procedure, the syntactic entities

non nn

("formula", "axiom", "proof", "provable formula" etc.) turn into arithmetical
expressions.

Some other way to arithmetize the syntax of PA™ is based on
establishing a 1-1 correspondence between the ordered pairs of natural
numbers and the set of natural numbers, using recursive functions. A simple
way to do this is to use a recursive pairing function J(x,y) with the

following property: if J(x,y)=mn, then (x,y) is the nth pair in the
enumeration. Let us detail.

Consider firstly that we arrange the ordered pairs in the following
way (Cantor's enumeration): we take firstly all the pairs (x,y) whose sum is

0. There is only one such pair, (0,0). Then follow all the pairs whose sum is
1 and we take them in the order (0,1) and (1,0). We continue with all
ordered pairs whose sum is 3, i.e., (0,3), (1,2), (2,1), (3,0) and so on. Now, if
we take the function

J(x,y):%[(ﬁy)z $3x4y],

2 Cf. K. Gédel, [1931] (cited apud K. Godel, [1986], 157).
187



we observe that this function do the job. For each ordered pair of natural
numbers (x,y), J(x,y) is a single natural number z; and, conversely, for

every natural number z there exists strictly one ordered pair of numbers
(x,y) such that z=J(x,y).>*

For this function J(x,y)=z there exist the inverse recursive
functions K(z) and L(z) such that: K(z)=x, L(z)=y; ie.,
x=K(J(x,y)) and y=L(J(x,y)). And therefore J(K(z),L(z))==z. So,
J(x,y) and its inverse functions gives us a method to generate the ordered
pairs of natural numbers. This result can be extended to all finite sequences
of natural numbers, by defining the function J,(x,...,x,) (n>2) in the
following way:

o (X1, %) = J (%1, x,)

J3(x,x,X3) = J (%, (x5, X3))

S (X1, %0, X3, %4) = J(x1,J5(x5, %3, X))

S (XKoo X%, 1) = J (2, J,(X5...,X,)

By induction we may prove that for each n>2, J,(x,,...,x,) isa 1-1
recursive function with its range the set of natural numbers.

Now, if we apply this method to a finite sequence of numbers
X|,...,X,,, then a number z is obtained, from which the sequence x,...,x,,
can be regained in the following way:

(1) We set up L'(z)=z, L"'(z)=L(L"(z)). Then for i<m,
L(z)=J(x,,..),but L"(z)=x,,.

(2) We define f(z,i) = K(L'(z)), and in this way we have for i <m,

x; = f(z,0), x,,=L"(z).
This method sets up the coding of expressions of the language Lpa.?
A similar method of coding is used by Boolos?®, by assigning to the
eight primitive symbols, 1, o, V, =, 0, s, + and x the odd numbers 1, 3, 5, 7,
9, 11, 13 and 15, respectively, to the variable v; the number 2/ +17, and to
the ordered pair (x,y), where x and y are arbitrary objects (symbols or

24 Details of proof, cf. M. Davis, [1958], 44.
25 For details, comp. Scholz/Hasenjaeger, [1961], §233.
26 G. Boolos, [1993], Ch. 2; comp. also C. Smorynski [1985], Ch. 0, §5.
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ordered pairs), the even number m(x,y) = z[(i+ j)* +i+1]. If an expression
is an ordered triple (x,y,z) then, as above, it can be read as (x,(y,z)), 1.e.,
again as an ordered pair.

The Godel number of a formula excepting L is a number of the form
(i, m(a,b))*’, where i is odd and m(a,b) is even. In order to distinguish the

Godel number of a proof from the other Gédel numbers, to such a proof is
assigned a number of the form n(n(a,b),k).

This method allows us to define all the main concepts of the syntax.
Let us take two key concepts.
Pf(y,x): y is (the Godel number of) a proof for (the formula with

Godel number) x.
Usually, in metamathematical terms, Pf(y,x) is: y is a finite

sequence of formulas, whose last formula is x, and such that every formula
of the sequence is either an axiom or follows from the two preceding
formulas by modus ponens, or it follows from a preceding formula by
application of Generalization Rule.

Now, arithmetically expressed, this is the primitive recursive relation

Pf(y,x): FinSeq(y) A syyy-1 = X A Vi <Ih(y) —1[Ax(y;)

v Jj <i Jk<i ConseqByMo dPon(y;,y;,y;) Vv

v Jj <i ConseqByGen(y;,y;)],
where "FinSeq(y)" means y is a finite sequence, " s,y = x " means the last
term of the sequence is x, "Ax();)" means y, 1is an axiom,
" ConseqByMo dPon(y;,y;, ;)" means y; follows by modus ponens from
y; and y;, and " ConseqByGen(y;,y;) " means the formula y; follows by
Generalization Rule from the formula y, .

Bew(x) is the semi-recursive®® relation (predicate) of provability in
PA™. Its meaning is: "x is provable in PA™". Its arithmetical expression is,
simply, IyPf(y,x).

A strategy of coding, similar to that of Godel's, is Mendelson's.?’
Given its elegant form we take it, with minor changes, as basis of our

27 Since the formulas are represented, for example, as =(#1,t2), D(F1,F>) etc., where the first
symbol is a primitive one.

28 Or recursively enumerable; comp. Sect. 4.2.5.

2 Cf. E. Mendelson, [1964], Ch. 3, Sect.4.
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considerations.

The symbols of PA*™ (first row) are assigned the following Godel
numbers (second row):
( ) 5 - D) V Xi ai fin Pin

35 7 9 11 13 748 9+8  11+8(2"-3) 13+8(2"-3)

for i,n>1.
As can be seen, the Godel numbers of the symbols are odd numbers
>3, and for different symbols their Godel numbers are different.

Example. g(x;)=7+8-3=31, g(a;)=9+8-3=33,
g(f)=11+8(2"'-3*)=155, g(P})=13+8(2*-3)=109.

Once the symbols are given the respective Godel numbers, the Godel
number of an expression (as a finite sequence of symbols) and of a finite
sequence of expressions can be determined in the following way.

If s;s,...s, 1s an expression consisting of the respective symbols

S;,---»Sy » then its Godel number will be 2801 . 38(5:) ~...-p,§fik), where
2.3,..., p;_; are the first k prime numbers with p, =2.
Example. g(Vx,P/(x,))=2"-3".5%.7°.11"% .13°

As we know, the factorization of an integer into primes is unique,
and then if e, and e, are different expressions, their Godel numbers will be

different. Moreover, the symbols and the expressions have different Godel
numbers, due to the fact that Godel numbers of symbols are odd, but that of
an expression is even. As can be observed, the Godel number of a symbol,
e.g. g(o)=11, 1s different from the Godel number of the expression

consisting only of the respective symbol, i.e., 2.
Finally, if e,e,,...,e, 1s a sequence of expressions, then this

sequence will have the following Godel number: 28 .38(). . pele) ¢
¢; # ¢; then, as can be argued, g(e;) # g(e;). And since the Godel number

of a sequence of expressions is even, it is different from the Godel number
of a symbol, and since in its factorization the first prime 2 has an even
exponent, it is different from the G6del number of an expression.

Using this method of coding essential parts of the syntax of PA* can
be arithmetized; i.e., the metamathematical assertions can be replaced with
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number-theoretic statements.*°

Let us take some examples of such a "translation" of the syntax in
arithmetical expressions.>! As can be argued, all these functions and
relations are (primitive) recursive.

1. EVbl(x); x is the Godel number of an expression consisting of a
variable.

(Ez)...(1<zAx=27"8%)
By 3.1 and 3.2 this relation is primitive recursive.
2. Argp(x) =(gt(x =13,8)), : If x is the Godel number of a predicate

z<X

symbol P, then Argp(x)=n.

For example, if the predicate symbol is B*, then

g(PP)=13+8(2%-3")=109 .

Then 109-13=96,

(q1(96.8))y = (12), = (2*-3"), =2.

3. Gen(x,y): The expression with Gédel number y comes from the
expression with Godel number x by Gen.

(EV),.,(EVBI(v) Ay =2 %2 s px x %27)
where " *" is the concatenation operation (cf. Sect. 3.2, Example 4).

4. Ax,(x): x is the Godel number of an instance of Axl1.

Assuming that Fml/(x) is the number-theoretic expression of "x is a
formula of Lpa" and that this relation is (primitive) recursive,* the number-
theoretic "translation" of Ax,(x) is
(Eu),_ (Ev),. .(Fml(u) A Fml(v) Ax =23 %y 2" 523 sy 2M sy %25 % 25
i.e., the number-theoretic expression of an instance of Ax1: a> (B> ).

v<y

u<x v<Xx

30 An approach by which the metatheory of PA™ becomes a branch of the arithmetic of
natural numbers.

31 For the full list, comp. Mendelson, [1964], Ch. 3, Sect. 4.

32 They remain (primitive) recursive for any first order theory for which the sets of Godel
numbers of its symbols (symbols for predicates/ functions/ constants) and the set of Godel
numbers of its proper axioms are (primitive) recursive.

33 Since the (primitive) recursiveness of Fml(x) requires the (primitive) recursiveness of the
relations: "x is the Godel number of a predicate symbol", "x is the Godel number of a
function symbol" and "x is the Godel number of a constant symbol", in the definition 4 the
(primitive) recursiveness of these three relations is assumed. And their (primitive)
recursiveness requires that the respective sets of symbols be finite (as is the case with PA*).
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5. Num(y) = the Godel number of y .
(Le., the Godel number of the numeral corresponding to the number y).
Num(0) =2"
Num(y +1) =2 % 2% % Num(y) * 2°
6. Sub(y,u,v) =the Godel number of the expression resulting from
the expression with the Godel number y by substituting the term with Godel
number u for all free occurrences of the variable with Godel number v.
Sub(y,u,v) =px__ u,Subst(x, y,u,v),

x<uy
where Subst(x,y,u,v) is the primitive recursive relation: x is the Godel
number of the expression obtained from the expression with Gédel number
v by substituting the term with Gédel number u for all free occurrences of
the variable with Godel number v.

7. Pf(y,x): y is the Godel number of a proof of the formula with
Godel number x. Pf (v,x) = Prf () A x = (D) (1)1 5

where Prf(y) is the relation "y is the Gddel number of a proof in PA™",
assumed to be (primitive) recursive.

8. Let au(x1) be a formula of Lpa, containing only x; free. Let m be its
Godel number. Let Bwa(x,y) be defined as follows: "y is the Godel number
of a proof in PA™ of the formula o(x)".>* The arithmetical expression of
this metamathematical predicate is:

Pf (v, Sub(m, Num(x),2")).
If au(x1,x2) 1s a given formula of Lpa, with x1 and x; its only free variables
and m is its Godel number, then Bwa(x1,x2,y) 1s the metamathematical
predicate: "y is a proof in PA*™ of the formula ou(x,,x,). Its arithmetical
counterpart will be:

Pf (y, Sub(Sub(m, Num(x,),2"%), Num(x,),2%)
(similarly for au(xt,...,Xn)).

In a similar fashion, many other metamathematical assertions can be
"translated" into the number-theoretic expressions.

9. Diagonal function: If n is the Godel number of a formula a(x,),
with x, free, then d(n) is the Godel number of the formula a(n) (ou(n) is

called the diagonal(ization) of o(x,)).*’

3 More on this predicate, cf. S.C. Kleene [1952], §60.
35 More on the diagonalization: next section (4.2.1.1).

192



8(n) = Sub(n, Num(n),2")

10. R,(n,y): n is the Godel number of the formula a(x,), with x,
free, and y is the Godel number of a proof of its diagonalization, i.e., a(7).

Assuming that Fr(n,x) (n is the Godel number of a formula
containing the variable with Godel number x free), Fml(n) (n is the Godel
number of a formula of Lpa) are primitive recursive, using Sub(y,u,v)
R (n,y) can be rendered by the following expression:

Fml(n) A Fr(n,2") A Pf (v, Sub(n, Num(n),2").

11. R,(n,y): n is the Godel number of the formula a(x,), with x,
free, and y is the Godel number of a proof of —au(#) .

By arithmetization, this metamathematical expression becomes:

Fml(n) A Fr(n,2") A Pf (y,Sub(2’ % 2° * n%2°, Num(n),2").

Two equivalences
Theorem. Every function f(x,,...,x,), representable in PA™, is recursive.

Proof. By Def. 4 of Sect. 2, if f(x,...,x,) is representable in PA™, then
there is a formula au(x1,...,Xn,y) of Lpa such that for any numbers x,,...,x,
If f(x,...,x,) =y, then PA¥}|- a(X,,...,X,, ).

The gist of the proof is to consider a number z whose first factors (in its
factorization) are 2°° and 3“', where zo = (z)o is the number y (i.e. the value
of f for arguments x,,...,x,) and z1 = (z)1 is the G6del number of a proof of
the formula o(X,...,x,,¥). Then Bw,(x,...,x,,(2),,(z),) holds, and
therefore f(x,..,x,) = (Lz(Bw, (X;,....X,,(2)y,(2);))o. Now, since (x); is
primitive recursive (cf. Sect. 3.2, Example 2) and Bwq is primitive recursive

(cf. Sect. 4.1, Example 8), it follows (via Sect. 3.1, p-Operator) that
f(x,...,x,) is a recursive function.

By Theorem of Sect. 3.4 every recursive function is representable in
PA*, and by the theorem above the converse is also the case. Hence, the
first metalinguistic equivalence holds:

Eql. A function f(x,,....x,) is recursive if and only if it is
representable in PA™.

On the other hand, by Def. of Sect. 3.2, a relation R(x,,...,x,) is
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recursive if and only if its characteristic function Ci(x;,...,x,) is recursive.
By Eql, Cj is recursive if and only if C, is representable in PA**. And,
finally, by Sect. 2 Theorem, R(x,...,x,) is expressible in PA™ if and only if
Cr(x,...,x,) 1s representable in PA*™. Hence, the second metalinguistic

equivalence also holds:
Eq2. A relation R(xy,...,x,) is recursive if and only if it is
expressible in PA™.

4.2. Godel's Theorems for PA™

The construction of the celebrated Godel's undecidable sentence G
and the proof of his theorems can be carried out in a variety of ways. In
what follows we analyze this topic as a result of applying self-reference in
the following forms:

1. Diagonalization (without Diagonal Lemma) (4.2.1)

2. Diagonalization (via Diagonal Lemma) (4.2.2)

3. Semi-recursivity (via Paradoxes) (4.2.3).
In all these cases the use of diagonal arguments plays a key role.

4.2.1. Godel's Theorems for PA** (via diagonalization)
4.2.1.1. Diagonalization

Let us take the sentence "This sentence has five words". As can be
seen, it contains the indexical word "this", indicating the fact that the
sentence refers to itself. Hence the sentence is self-referential, since it
ascribes to itself the property of having five words, and then it is true.

Now, if we take the sentence "This sentence is false"*°, again, the
indexical "this" shows that it is self-referential. But, in contrast to the
previous example, this sentence cannot be true or false (argue!).

But if we do not want to use the indexicals in constructing self-
reference, we can proceed by diagonalization. Intuitively, the
diagonalization (or diagonal) of an expression containing x free is the
expression resulting by substituting the quotation (i.e., the name) of that
expression for every free occurrence of x in the expression itself. As an
example, let us take the following expression:

36 1t is a version of the well-known Liar-paradox.
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Exp. It is false the expression asserting the diagonalization of x.

Containing x free, Exp is not a sentence, hence cannot be true or
false. Let us construct its diagonalizaton, i.e.,

Diag. It is false the expression asserting the diagonalization of "It is false
the expression asserting the diagonalization of x".

As can be seen, this is a sentence asserting its own falsity, hence it is
self-referential.

Let us now couch this idea of diagonalization in formal terms, since
the theory we are dealing with in what follows is the formal system PA™.
Definition. Let o(x) be a formula of Lra containing X free, let n be its Godel
number and n the corresponding numeral. Then the diagonalization (or
diagonal) of o(X) is the formula obtained from o(x) by substituting the
numeral n for all free occurrences of X in oX); i.e., it is the formula o(n) .

Of course, diagonalization involves the substitution, an operation
difficult to arithmetize. This is why the diagonal of the formula a(x) is
sometimes defined as being the formula Ix(x =7 A a(x)) or the formula

Vx(x =n Do(x)). And this fact is perfectly licit, since the equivalences
o(n)=Ix(x=nAro(x)) and o(n)=Vx(x=n >Da(x)) are theorems of
FOL?}, and therefore theorems of PA*™ (comp. Ch. 2, 4.3, Lemma).’’

4.2.1.2. Godel's Theorems for PA**

The formal system P for which Gddel states and proves his theorems
"is essentially the system obtained when the logic of PM [Principia
Mathematica] is superposed upon the Peano axioms [...]".>8 In what follows
we only consider the system PA™, for which the existence of undecidable
sentences can also be proved.** To begin with, let us display the Godel's
view of the existence of an undecidable sentence in its intuitive form, and
then in the formalized one.

(1) Godel's intuitive argument
As we saw in Sect. 4.1, using the Godel numbering a lot of
metamathematical expressions applied to syntactical objects (such as

37 Even though o(7), 3x(x =7 Aoux)) and Vx(x =7 D o(x)) are different formulas of

Lpa, and then they have different Godel numbers.
B K. Godel, [1986], 151.
¥ Cf. K. Gddel [1931], Theorem VI, Theorem VIII.
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"formula", "proof", "free variable", "relation sign") become arithmetical
expressions applied to their Godel numbers. In a second step these last
expressions are rendered (expressed/ defined)*® in the formal language of
PA. In this way we can, for example, construct a formula R(x), with exactly
one free variable x (in Godel's terms a class sign), whose meaning is "x is a
provable formula".

Let R,(x),R,(x),R,(x),... be an enumeration of all class signs.

R;(x) (in Godel's notation R(i)) is the ith term in this enumeration. By
R.(7) (in Godel's notation [R;n]) we understand the formula resulting from
the formula R, (x) by substitution of the numeral of » for the free variable x;
i.e., R;(n). The relation "x is the Godel number for such formula" (in
Godel's terms x =[y;z]) is also definable in PA.

The notions grounding the construction of the Godel's argument are
the following:

1. The formal system PA* is correct;*! i.e., for any formula o the following
holds:

If PA}|-a, then o is true (in M*?).

2. Definability in Lpa of a numerical set K.
Definition. 4 number-theoretic set K¥ is definable in Lpa, iff there is a

Jformula of Lea oU(x) (in Godel's terms a class sign) such that for any number
X holds:

x e K iff ox) is true (in M),
where o(X) is obtained from a(X) by substitution of the numeral of x, i.e.,
X, for x.

40 In this informal argument Godel uses "ausdriickbar" (expressible) and "definierbar”
(definable) as synonyms (in the sense given in 2 below).

4 The terms "correct" and "correctness" are synonyms with "sound" and "soundness",
respectively (as we used them in Chs. 1 and 2). In the celebrated paper [1931] Godel used
this meaning of soundness in his intuitive argument (without any mention of the terms
"korrekt" or "Korrektheit"): "...suppose that the proposition [R(q);q] were provable; then it
would also be true". [K. Godel [1986], 148, 150. Some other authors use the term "correct"
(for sound), e.g. S.C. Kleene [1952], 302; R.M. Smullyan [1992], 6; H. Hermes [1963], 141
("Korrektheit").

42 Where M is the standard model of Lpa.

43"y e K" can be expressed equivalently in the form of the 1-place numerical relation K(x).
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3. Definition. x € K =4~ BewR (x),*

whose meaning is the following: "x is a number in K iff the formula
obtained from the xth class sign in the above enumeration, i.e., R (X), is not

provable for the argument x".
Now, since all the notions in the expression "~BewR (x)" are

definable in Lpa, it follows that the relation x € K is definable in Lpa by a
class sign. Let it be gth class sign in the above enumeration, i.e., Ry(x)
defines x € K in Lpa. And then we have the following equivalence:

(Eq) For any x: x € K iff ~BewR_(X) (by 3)
iff R (X) is true in M (by 2).
Let x =g (diagonalization!). By (Eq) we deduce:
(Eq¥) g€ K iff ~BewR  (q) iff R (g) is true in M.
As can be seen, since R (x) defines K in Lpa, the sentence R, (g) says that
g € K (by 2), and therefore that it is not provable (by 3). Hence R (q) is

self-referential, asserting about itself that it is not provable in PA™.
Theorem. R () is undecidable in PA™.

(a) R,(q) is not provable in PA™.
(Reductio). Suppose that R (g) is provable in PA™. It follows that R ()
is true (in M) (by 1). And then g € K (by 2). Hence ~Bew R (g) holds (by
3); i.e., R, (g) is not provable in PA™. Therefore, R (g) is not provable in

PAaX.45
(b) =R ,(g) is not provable in PA™.

(Reductio). Suppose that —R_(g) is provable in PA™. It follows that
=R, (q) is true in M (by 1). And then R (g) is false in M; and this implies
that g ¢ K (by 2); equivalently BewR (g) (by 3), contradicting 1.

By (a) and (b) it follows that R (g) is undecidable in PA™. Finally,
since by (a) R,(¢) is not provable in PA™, and since the meaning of R ()

# In Godel's notation: xe K =Bew[R(x);x], cf. 149, "Bew" is for the German

"beweisbar" (provable).
4 A shorter form of this argument can be given via (Eq¥) plus 1 (the correctness of PA®).
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is "R (g) is not provable in PA™" it follows (metamathematically) that
R, () is true. Hence R (g) is an example of a true sentence of Lpa but not

provable in PA™.

Remark. A similar strategy of constructing intuitively an undecidable
sentence is given by Smullyan. *¢ In his abstract form of Gddel's Theorem
the index n of a formula R(x), i.e., R (X), in an enumeration is taken to be

its Godel number. Then for R, (x) its diagonalization will be R, (%) and
will have the Godel number &(n) (where d(x) is the diagonal function; cf.
Sect. 4.1, Example 9). The symbol P denotes the set of Godel numbers of
provable formulas,*” and P will be its complement.

The three ingredients of Smullyan's account are the same as in
Godel's intuitive argument, i.e.,

1°. L is correct.

2", Definability*® of a set K in L by a formula R(x):

x e K iff R(x) is true in L.

3", Definition. xe K iff 8(x)e P;ie, K ={x|8(x)e P}*.
The Smullyan's argument proceeds as follows. Let ¢ be the Godel number of
R(x) defining K in L, i.e., R(x) =R (X) . And then for a/l x:

(Equiv) xeK iff 8(x)e P (by 3% iff R, (%) is true (by 2°).

As can be observed, d(x)e P means "the formula with Godel
number d(x), i.e., R, (X), is not provable".

Let x =g (diagonalization!) From (Equiv) we derive

(Equiv’) qeK iff 3(q) € P iff R (7) is truein L.
Since &(q) is the Godel number of R (), it follows that, by (Equiv"), we

derive:
R, (g) is not provable iff R (g) is true in L.

And then we have the following alternatives:

46 R. Smullyan, [1992], 7 Theorem (GT).

47 In a language L (taken as abstract system).

48 Smullyan uses "expresses" for "definable"; cf. [1992], 6. In what follows these notions
will be taken as synonyms and therefore interchangeable.

9 K=5"" (ﬁ) ; 1.e., K is the inverse image of P under diagonal function 8(x) .
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(1) R,(g) is not provable and true.
(2) R,(g) is provable and not true.
As can be observed, (2) is excluded by 17 (L is correct). Therefore R ,(q) 18

a true but undecidable sentence of L.

(2) Godel's Theorems for PA**

As we saw in (1), Godel's intuitive argument for the existence of an
undecidable sentence of PA®™ is based on the strong assumption of the
correctness of PA. In the formal construction of it Gddel replaces this
assumption "by a purely formal and much weaker one"*°, that of -
consistency.

In order to display this argument we need some definitions.
Definition 1. 4 formal system S is inconsistent iff there is a formula o of
Lg such that S|~ o and S|-—a.; otherwise it is consistent.

Definition 1°. A formal system S is inconsistent iff S proves any formula;
otherwise it is consistent.
The definitions 1 and 1" define one and the same concept (argue!).

Definition 2. 4 formal system S is w-inconsistent iff there is a formula o(x)
of Ly, with X free variable, such that the following hold:

(a) For any n: S- —au(n) ; (i.e., - —a(0), - —a(1), F —a(2),...).
(b) St Ixoux);
otherwise S is ®-consistent.

Of course, it is the same thing if w-inconsistency is defined by (a*)
for any n: S| i), and (b)) S| —Vxo(x) .>!

Exercises

1. Argue that the following holds: If PA™ is w-consistent, then PA*
is consistent.

2. Let PA"=PA™U{=G}. Is PA" consistent, o-consistent?
(Argue!)

0 Cf. K. Godel, [1986], 151.
31 Le. all instances of o(x) are provable and the negation of its universal quantification is
also provable.
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The Godelian sentence G
In his paper [1931], Godel refers to the syntactic entities using their
Godel numbers. Instead of "the formula R(x,...,x,) with just the free

variables (X,,...,x, )" we find its equivalent in the following terms: "an n-
place RELATION SIGN r (with the FREE VARIABLES u,u,,...,u,)">

Or, let Sb(rz( """ " 20x, )) be the Gédel number of the formula resulting from

.....

the formula with Godel number » by substitution of the numerals for the
natural numbers x,,...,x, for its free variables whose Gddel numbers are

u,...,u,, respectively; i.e., Sb(rz( """ " 2(x, y) 1s the Godel number of

X1 )seees
R(X,....X,) . An assertion of the form " R(X,...,X,) is provable", in Godel's

no

terms, becomes Bew[Sb(rZ(;")’ 7, ))] ie, Sh(ry 700y "Z(x )) 1S a

..... Xy )5
PROVABLE FORMULA.
Godel's construction begins with the definition of the following
relation:

O(x,y) =4 ka[Sb(ylzg(y))], where xB,y is the relation: "x is the

Godel number of a proof>* of a formula with Gédel number »". Now, since
all the notions in definiens are primitive recursive,>* the relation Q(x,y) is

primitive recursive. And then, by his Theorem V, there is a RELATION
SIGN ¢ (with the FREE VARIABLES 17 and 19) such that

(@) O(xy) > BeWk[Sb(qZ(x) Z(y))]
(b) O(x,¥) = Bew  [Neg(Sh(qy,) 7(,))]
where Neg(Sb(qZ(x) Z(y))) is the Godel number of the negation of the

formula with Godel number Sb(qz(x) Z( y))

Let p =17Gen g; i.e., p is the Godel number of the formula obtained
from the formula with Gédel number g by generalization with respect to the
variable with Godel number 17.

32 Where r is Gddel number of R(xi,...,Xs) and u1,...,u, are the Godel numbers of Xi,...,Xn,
respectively. Small capital letters in Godel, [1986] and ifalics in Godel [1931], points out
this reference to a syntactic object using its Godel number.

33 A proof in an extension of Godel's system P with a recursive class k of FORMULAS.
Since for our argument the system is simply PA®, the class k= and xByy is simply the
proof relation Pf(x,y), with the just mentioned meaning; comp. 7 in the list at the end of 4.1.
% What Godel calls "rekursiv" is actually primitive recursive.
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Now, if r=58b(gy,,), then Sb(py;,)) =17GenSh(qy,))=17Gen r .

17 Gen r is the Godel number of the famous Godel's undecidable sentence
G. By his Theorem VI, under some assumptions, the sentence 17 Gen r is
undecidable in his system P.

Let us "translate" Godel's construction in a more "visible" fashion,
using directly syntactic objects instead of their Godel numbers.

Since Q(x,y) is primitive recursive, there is a formula Q(x,y) (with
Godel number ¢g), containing just free variables x and y (with Gddel
numbers 17 and 19, respectively), such that

(@) O(x,y) = F Q(%,7)

(b) ~0(x,y) = F —Q.7),
i.e., the formula Q(x,y) formally expresses in PA*™ the primitive recursive
relation Q(x,y).

Let now VxQ(x,y) be the formula (with Goédel number p i.e.,
17 Gen q) in which only y is free. If Q(x,p) is the formula (with Godel
number 7), in which only x is free, then the formula VxQ(x,p) (with the
Godel number 17 Gen r) is just the Godel undecidable sentence G.

As can be observed, the meaning of this formula is: "For all x, x is
not a proof of the formula obtained from the formula with Gédel number p
by substituting the numeral for p for the free variable y". But this formula is
just the formula VxQ(x,p). So VxQ(x,p) is self-referential; it asserts

simply: I am not provable. This formula is the diagonalization of the
formula with Godel number p.

Gaodel's first incompleteness theorem. If PA™ is w-consistent, then (1) G
is not provable in PA, and (2) =G not provable in PA™.
Proof (1). G is not provable in PA™.
(Reductio). Suppose G is provable in PA*. Then there is a proof of it in
PA* with, say, Godel number k. Hence Q(k,p) is false. And then
- —Q(k,p) (by b"). Since G (by assumption), i.e., - VxQ(x,p), it
follows that - Q(k,p) (by Ax4, MP). And then PA® is inconsistent, and
therefore w-inconsistent, contradicting the hypothesis of the theorem.

(2). =G is not provable in PA®.
(Reductio). Suppose -G, i.e., - =VxQ(X, p). By (1) G is not provable in
PA™; hence for any number x, Q(x, p) is true, and therefore for any x we
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have |- Q(x,p) (by (a")), which together with - —VxQ(x, p) destroy the
assumed w-consistency of PA,

Remark 1. For the unprovability of G only the assumption of simple
consistency is needed. The unprovability of -G, i.e., =VxQ(X, p), can also
be argued using Xi-Reflection®: If o is a Xi-sentence then if |-a, then a is
true. —VxQ(x, p), equivalent Ix—Q(X, p) is a false Xi-sentence (since its
negation, G, is true). Whence, by Xi-Reflection it is not provable in PA*.
Remark 2. The same result as to the construction of the sentence G and
proving its undecidability in PA™ can be obtained using the relation
R, (n,y):°° "n is the Gédel number of a formula a(x1), with x; free, and y is
the Godel number of a proof of its diagonalization: a(7)". Since it is

primitive recursive, there is a formula B(x1,x2) which formally expresses it
in PA*. Let us consider the formula Vx,—f(x1,x2) whose Godel number is
k. Let G=Vx,—-B(k,x,). As can be seen, the meaning of G is "the
diagonalization of the formula with Godel number £, i.e., G itself, is not
provable". Hence G is asserting its own unprovability in PA®,

This was also the way Godel constructs its undecidable sentence
G =VxQ(x, p). It is the diagonalization of the formula with Godel number

p: VxQ(x,y) and according to the meaning of the relation Q(x,y), G asserts

its own unprovability.
Let us formulate and prove the theorem for this last version.

Godel's first incompleteness theorem (version). (1) If PA™ is consistent,
then G is not provable in PA™; (2) If PA™ is w-consistent, then —G is not
provable in PA™.

Proof (1). (Reductio). Assume hypothesis and suppose that G is provable in
PA®™. Then there is a proof of it with Godel number, say, m. Hence

33 Or Z;-Soundness. A X;-formula is a formula of the form 3xF(x) with F(x) decidable. This
does not mean that the unprovability of -G in PA* can be proved only on the hypothesis of
simple consistency of PA*™; comp. Ch. 4, Sect. 4.2.2 (the final Remark) and Sect. 4.2.5,2
Fact 7 (Lemma) (below).

36 The example 10 from the list at the end of 4.1. The 2-place relations Ri(n,y) and Ra(n,y)
are used by Kleene [1952], §42, and also by Mendelson [1964], Ch. 3, Sect.5, in order to
construct undecidable sentences (Godel-type and Rosser-type, respectively). As can be
observed, Ri(n,y) originates in Godel [1931].
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R(k,m)=1," and therefore |- B(k,m). Now, since G, i.e.,
- Vx,—P(k,x,) it follows that |- —B(k,m) (by Ax4 and MP), contra

consistency of PA*,
(2) (Reductio). Assume hypothesis and |—G, ie., - —Vx,—B(k,X,),

equivalent |- EIXZB(E ,X,).But, by (1) G is not provable, i.e., for any number
m, R,(k,m)=0. And then |- —B(k,m), for any m. This means that PA™ is

m-inconsistent, contra hypothesis.
Remark. An even shorter proof of (1) can be given by deriving

- 3x,B(k,x,) directly from |- B(k,7) (by Gen 3), which together with the
assumed provability of G, ie., | Vx,—p(k,x,), does generate an
inconsistency.

Godel's second incompleteness theorem. If PA™ is consistent, then

Con,,, . is not provable in PA™ (where Con,, .. is the formula expressing

in Lpa the consistency of PA™).>

First of all, the part (1) of the first incompleteness theorem can be
wholly expressed in Lpa. This conditional is
Cond. If PA™ is consistent, then G is not provable in PA™.

Now, the antecedent of Cond, "PA* is consistent”, can be rendered
in Lpa in the following way. If I1(y,x) is the formula expressing in Lpa the
proof relation Pf(y,x) (cf. Sect. 4.1) and if "L" denotes a logical falsity (a
: Vy=II(y," L") will express in Lpa

contradiction), then the formula Con A

the consistency of PA®. Then, the consequent of Cond, "G is not provable
in PA*™" is just the sentence G (asserting self-referentially that it is not
provable in PA®™). And, finally, if for expressing the idea of "if..., then" we
use the formal symbol of implication (D), then the formula expressing Cond
is Impl: Vy—I1(y,"L")>G,” i.e., Con,,. > G.

Now, the proof of Godel's second incompleteness theorem is

7 As in the preceding chapters, we often use "1" and "0" for "true" and "false",
respectively.

38 Theorem XI of Godel's paper [1931, 1986]. Actually, it is just a corollary of his first
incompleteness theorem.

3% This Impl is itself provable in PA®; its proof was given letter by D. Hilbert and P.
Bernays [1939], 283-340. Moreover, the converse of Imp! is also provable. For a proof of
Impl and its converse, see Ch. 4, Sect. 4.2.2.
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immediate from these considerations. Since if Con, . were provable in

PA*, then by Impl and modus ponens it follows that G would be provable in
PA®, and then, by Cond, PA*™ would be inconsistent.

4.2.1.3. Godel-Rosser Theorem for PA**

The undecidability of the Godelian sentence G, as showed above,
requires the hypothesis of w-consistency of PA™. B. Rosser® constructed a
more complex sentence R whose undecidability can be proved under the
weaker hypothesis, that of simple consistency.

The sentence R can be obtained using the primitive recursive
relations R, (n,y) and R,(n,y).°! Now, if Bi(x1,x2)** and Ba(x1,x2) are the
corresponding formulas expressing them in PA*, the following formula can
be constructed:

F(x)) 1 VX, (B (x),%5) D 3X5(X5 <X, AP (X),X3))

Let n be its Godel number. Then the diagonalization of F(x1), F(#),
is the Rosser sentence R, i.e.,

R VX,(Bi(7,X,) 2 Ix3(X5 <X, AP, (72,X3)).

The meaning of R is: "To any proof of R there exists a proof of —R

with an equal or smaller Godel number. By Gddel-Rosser Theorem, if PA*
is consistent, then R is undecidable in PA®.%?

4.2.2. Godel's Theorem ** (via Diagonal Lemma)

As we saw above, the construction of an undecidable sentence G
demands the technique of arithmetization and the idea of expressibility of
recursive relations and that of representability of recursive functions in
PA*. With these means the construction of an undecidable sentence can

%0 B. Rosser [1936].
1 Comp. the list at the end of Sect. 4.1.

62 B4(x1,x2) was used in the construction of the Godelian sentence G: Vx2—|[3(l€, X,) ; comp.

Sect. 4.2.1.2(2) Remark 2.

 For the proof and details, comp. S.C. Kleene, [1952], §42 and E. Mendelson [1964],
Ch. 3, Sect.5.

% In what follows by "Godel's Theorem" we understand Godel's first incompleteness
theorem; as we already mentioned, Godel's second incompleteness theorem is just a
corollary of the first.
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also be carried out using an ingenious result of mathematical logic called
Diagonal Lemma.

Let us firstly give an intuitive argument for what is meant by such a
lemma and then a proof of Gddel's first incompleteness theorem based on
this argument.

(1) Diagonal Lemma (an intuitive view)®

The basic notions implied in this item are: Godel numbering,
expressibility in S, substitution function and diagonalization. Let us review
them.

The idea of Godel numbering is that explained above (Sect. 4.1). As
Godel says, by numbering (or coding) "[t]he metamathematical notions
(propositions) thus become notions (propositions) about natural numbers..."
and then they "can (at least in part) be expressed by the symbols of the
system PM itself". And this means that a formula F(v) can be found "such

that F(v) intepreted according to the meaning of the terms of PM, says: v is

a provable formula".%

In short, as we saw in Sect. 4.1 above, this means:

(1) The "translation" of metamathematical expressions in number-
theoretic functions and relations, and

(2) The expressibility (definability) of these number-theoretic
expressions in the formalism of the system S.

Since the idea of "expressibility" is central in what we say below, let
us define it.
Definition. Let R(x) be a number-theoretic relation. R(x) is said to be

expressible in S if there is a formula of Ls such that for any natural
number n holds:

R(n) holds iff o) is true (in M %)
This is the notion of expressibility.®” But for our intuitive account it is

%5 This argument is inspired by Rosser's [1939], reprinted in M. Davis (ed.) [2004], 223-
230.

% Cf. K. Godel [1986], 147.

7 Let us consider in what follows that S 2 Q (i.e., S is an extension of the Robinson
system Q).

% Where M is the standard model of PA.

% Often taken by the authors instead of "definability" (cf. first definition in 4.2.1.2). Do not
confound it with the "formal expressibility" of a number-theoretical relation within PA**
(cf. Sect. 2 above).
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sufficient to consider a more general one: if £ is an arbitrary expression,
then E is expressible in S if S has a formal expression whose meaning is just
E. This last definition allows us to speak of the expressibility in S not only
of number theoretic expressions but also directly of the metamathematical
ones, and then to pass from the metamathematical expression to the number-
theoretic expressions and finally to formulas of S, and conversely.

Then, for example, if P symbolizes a syntactic property of a formula
Fn, whose Godel number is 7, then we have:

(a) The formula Fy, has the property P.

And if Q is the corresponding numerical (number-theoretical)
property of the number », then we have

(b) n has the property Q.

The expression (b) is got from (a) by arithmetization (via Godel
numbering). Finally, (b) is expressible in S by (c) a formula of Ls (i.e., of the
language of ).

Now, let us take the (primitive) recursive function Sub(x,y,v).”° As
we saw, Sub(x,y,v) is the Godel number of the formula resulting from the
formula with the Godel number x by substituting the term with Godel
number y for the variable with Gédel number v.

Example. Let a.(x1) be the formula with Godel number x, that contains the
free variable x; and that the Gddel number of x; is 2'°.”! Let w be the
numeral denoting the natural number w. Let y be the Godel number of the
term w. Then Sub(x,y,v) = Sub(x,y,2'%) = the Gédel number of o(w). Let

us write Sh(x,y) for Sub(x,y,2'%).
As we saw (Sect. 4.2.1.1), by the diagonalization of a formula o/(x),
whose Godel number is n, we understand the formula o(7), i.e., the

formula got from o(x) by substitution of the numeral of » for the variable x.
Diagonal Lemma (DL). Let S be a formal system. Suppose that "x has the
property Q" is expressible in S. Then a formula F can be found such that F
expresses "F has the property P".
Proof. The proof of DL requests some results, proved by Goddel in his
[1931] paper:

(a) A proof that Sh(x,y) is recursive (comp. definition 31 of the list 1-
46 in Sect. 2 of [1931]) (and above Sect. 4.1, item 6).

70 This is the function Sub(y,u,v) defined in the list at the end of Sect. 4.1.
"I According to the Godel numbering given in Sect. 4.1.
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(b) A proof that Sb(x,y) = z is expressible in S (cf. Theorem I, Sect. 2
of [1931]).

Now, since Sh(x,y) = z is recursive, it is expressible in S (by Godel's
Theorem V). And since "x has the property Q" is expressible in S (by
hypothesis), it follows that their conjunction is also expressible in S.

Evidently, since Sh(x,y) is recursive, Sh(x,x) is also recursive. And
then "Sh(x,x) has the property Q" is expressible in S. As can be observed,
according to the meaning of Sb(x,y), the number Sh(x,x) is the Godel
number of the diagonalization of the formula with Gédel number x. Let d(x)
be Sh(x,x). Since "d(x) has the property Q" is expressible in S, let G,(x1) be
the formula containing x; free and whose Godel number is n which
expresses it in S. Let G, (i) be the diagonalization of G,(x,). Its Godel

number is, clearly, d(n). So, G, (%) expresses "0(n) has the property O". Let
Fsy =G, (7). Then Fy, expresses "d(n) has the property Q". So, in

general, under the above assumption, a formula F, (with G6del number r)
can be found such that F,, expresses "F, has the property P".

(2) Godel's Theorems

Now, as we know (Sect. 4.1), Pf(y,x) is the primitive recursive
relation "y is a proof of x", expressible in S by a decidable formula I(y,x).
According to Sect. 4.2.5, the formula JyIl(y,x) is a Zi-formula expressing’>
the number-theoretic relation (Ey)Pf(y,x). According to Sect. 4.2.5,1,
Definition, if a relation is expressible (definable) by a Xi-formula, it is a X;-
relation.” In Godel's terms Pf(y,x) is the relation yBx (the item 45 of his list,
p. 171) and (Ey)Pf(y.x) is the relation (Ey)yBx, also called Bew(x), whose
meaning is "x is provable"’* (the item 46 of the same list, p. 171).

As we saw (Sect. 4.2.1.2), a formal system S is m-consistent iff there
is no formula ou(x) of Ls, with x free, such that the following hold

(a) For any n: S-—a (77); (i.e. F—0o(0), -—a(1),...), and

(b) S| Ixaux)

72 As we mentioned, in Godel's paper [1931] "expresses" is used as identical with "defines";
comp. K. Godel [1931], 147.

73 Also called semirecursive or recursively enumerable. For details, comp. Sect. 4.2.5
(below).

74 More about this, Ch. 4, Sect. 4.2.1 (below). Remember, "Bew comes from the German
"beweisbar" (provable).
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otherwise S is m-inconsistent.

If au(x) is a decidable formula of Ls, then m-consistency is also called
I-consistency. Evidently, w-consistency does imply 1-consistency and 1-
consistency implies (simple) consistency.

By Fact 7 (Lemma), Sect. 4.2.5 (below), for S the following holds:

(L1) S'is Xi-complete

(L2) S'is 1-consistent iff S is Zi-sound,

i.e., by (L) if a Z;-formula a is true, then a is provable in S, and by (L>) the
notions "l-consistency" and "Xi-soundness" are equivalent, where Xi-
soundness means the following: if a £;-formula a is provable in S, then a is
true.

Now, in order to apply DL (in the form stated above) for stating and
proving Godel's (first) incompleteness theorem we must chose a suitable
property P for the DL. Remember that Godel's undecidable sentence (with
the code 17Genr is a self-referential sentence asserting its own
unprovability (comp. Sect. 4.2.1.2). Hence, for the property P Godel took
"is not provable in S", whose number-theoretical counterpart Q is ~Bew(x).
Since Bew(x) is expressible in S (as we saw above), it follows that ~Bew(x)
is also expressible in S. Hence, by DL a formula F, can be found (where 7 is
its Godel number) such that F, expresses "~Bew(n)".

Under the preceding considerations, Godel's theorem is just around
the corner.

First incompleteness theorem. (a) If'S is consistent, then ¥, is not provable
in S, and (b) If S is w-consistent, then —F, is not provable in S.

Proof (a) (reductio). Assume hypothesis and that F, is provable in S. Then
Bew(n) is true. And then the formula (%) expressing it is S is provable in S
(by L1). But F, expresses ~Bew(n); whence —F, expresses Bew(n). Now,
since Bew(n) is true, it follows that the formula expressing it, i.e., —F, is
provable in S. Therefore, —F, is also provable in S, and S is inconsistent
(contradicting the hypothesis of (a)). So, F, is not provable in S.

(b) (reductio). Assume the hypothesis of (b) and that —F, is provable
in S. But, as above, —F, expresses Bew(n), and therefore Bew(n) is true (by
L»). And this means that F, is provable; whence again, it follows that § is
inconsistent and therefore S is w-inconsistent, contradicting the hypothesis
of (b). So, —F, is not provable in S.
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Godel's Second Incompleteness Theorem. If S is consistent, then Con is
not provable in S (where Con is the formula of S expressing the consistency
of S).

For Con we can take, for example, the formula expressing ~Bew( L),
where " 1" is a logical falsity (as in Sect. 4.2.1.2) or, more generally, we
can proceed as follows. If a is a provable formula of S, then if —a were
provable in S, then, evidently, S would be inconsistent. Therefore, if —a has,
say, the Godel number k, then ~Bew(k) says that S is consistent. And
therefore for Con we can take the formula of S expressing ~Bew(k). Hence,
the following formal, number-theoretic and metamathematical levels are so
correlated:

(Eq) Con iff ~Bew(k) iff S is consistent.

Now, as we saw above, F, is the formula expressing ~Bew(n). And
then, as the first incompleteness theorem (part (a)) showed, the following
conditional holds:

(Cond) If ~Bew(k), then ~Bew(n),

and therefore the following implication is the formula expressing the first
incompleteness theorem (part (a)):

(Impl)”® Con D F,.

Finally, if Con were provable in S, then F, would be provable in S
(by MP), contradicting the first incompleteness theorem (part (a)).

In what follows let us proceed more formally in stating and proving
DL and Godel's Theorems via DL.

4.2.2.1. Diagonal Lemma (DL)’¢
Diagonal Lemma. For any formula B(x2)eLpa there is a sentence G such
that: PA™ - G =B(g), where g is the Godel number of G.”’

Proof. Let 5(x) be the diagonal function. As we know (by Sect. 4.1), it is

primitive recursive and therefore formally representable in PA*™ (cf. Sect.
3.4) by a formula, say, A(x1,x2); that is for any numbers ., m the following

S Moreover, Impl is itself provable in S (cf. Sect. 4.2.1.2, note 59).

76 Also called "fixed point lemma" or "self-referential lemma". It is mentioned in K. Godel
[1934], §7 (as a result due to R. Carnap [1934], §35). Later, it also appear in B. Rosser
[1939] Lemma 1, S. Feferman [1960], Lemma 5.1, C. Smorynski [1977], 827, G. Boolos
[1993], 53-54. For a short history of DL, comp. C. Smorynski [1981].

77 This result holds for any formal system S extending the Robinson system Q.
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holds:

(*) If 8(k)=m, then PA™|- Vx,(A(k,x,)=x, =m) (cf. Sect. 2,
Def. 4%).
Now, let a(x1) be the formula Ixz(A(x1,x2)AB(Xx2)). Let n be its Godel
number, and G be the sentence 3Ix,(x; =7 Aa(x,)). This sentence is
equivalent to o), since

(**) FOL*™|- 3Ix,(x; =1 Aa(x;)) =ou(n) (cf. Ch. 2, 4.3, Lemma).
Therefore, we have the following derivations in PA®:
() FG=a(m) =3x,(A0.x,) AB(x,))
Now, since the Godel number of a(x1) is 7, it follows that the Gddel number
of G is d(n); let g be such a number, i.e., d(n)=g. And since &(x) is
representable in PA*™ by A(x1,x2), it follows that
@) F Vxy(A(T.X,) =x, =) by (¥).
And therefore
G FG=3x(, =g AB(X); (1), (2)
4 FG=p(g);(3); by (*).

The sentence G is called the fixed point of the formula B(x2).

4.2.2.2. Godel's Theorem (via DL)

By the proof above, any formula containing a free variable x does
admit of a fixed point.”® Now, if we take the formula Il(y,x) expressing
formally in PA*™ the primitive recursive relation Pf(y,x): "y is a proof of

x", and then construct the formula —3yI1(y,x), by DL there is a sentence G
such that PA*|- G =—3yl(y,g), where g is the Godel number of G. As

can be seen, G is equivalent to a sentence asserting "G is not provable".

Godel's Theorem. (1) If PA™ is consistent, then G is not provable; (2) If
PA™ is w-consistent, then —G is not provable.
Proof (1) (Reductio). Assume hypothesis and that |G, and then

F —3yl1l(y,g) (by PL). Since it is provable, it follows that there is a proof
of it in PA™ with Godel number k. And then Pf(k,g) is true (where g is the

8 Actually, DL has forms in which the given formula has many free variables (cf. S.
Kripke, [1996]) or the form of the generalized diagonal lemma (cf. G. Boolos [1993], 53-
54).
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Godel number of G). Hence | II(k,g). But, from the provability of

—3yIl(y,g), equivalent Vy—II(y,g), it follows that - —I1(k,g) (by Ax4
and MP); contrary to the assumed consistency of PA*.

(2) (Reductio). Assume hypothesis and that |-G, and then
I 3yll(y,g). Since by (1) G, it follows that for any n, Pf(n,g) is false,
and then for any n, - —I1l(7,g). But |- 3yll(y,g) and |- —I1(n,g) (for any
n) contradict the assumed w-consistency of PA®,

4.2.2.3. Godel-Rosser Theorem for PA** (via DL)

As we saw, the undecidability of G needs the assumption of ®-
consistency.’”” But Rosser®® has shown, for a more complex sentence R, that
the undecidability of R can be proved under the assumption of simple
consistency of PA*™ .

Beside the formula I1(y,x) expressing formally in PA* the primitive
recursive relation Pf(y,x): "y is a proof of x", this time we also use the

formula TTN¥(y,x) expressing formally in PA™ the primitive recursive
relation Pf(y,neg(x)): "y is a proof of the negation of x". Using both
formulas, T1(y,x) and ITN*¢(y,x), the following formula can be constructed:
FORM: Vx,(IT(X,,%,) D 3x;(x; < X, ATINE(x5,X,))).
By Diagonal Lemma, there exists a sentence R such that:
(*)  PA™| R = Vx,(TI(X,,7) D Ix;3(X; < X, ATINE(x5,7)),
where 7 is the Godel number of R.
The sentence R is a Rosser sentence for PA™.
Godel-Rosser Theorem for PA?. [f PA™ is consistent, then R is
undecidable in PA™.
Proof.
1. R is not provable in PA™.
(Reductio). Assume hypothesis of the theorem and suppose that R is
provable in PA*™. Hence there exists a proof of R with, say, & its Gddel
number. Then Pf(k,r) is true and therefore

(1)  PA™II(k,7)

7 The undecidability of a sentence G-type cannot be proved under the weaker assumption
of simple consistency; comp. Ch. 4, Sect. 4.2.2 (final Remark).
80 B. Rosser [1936].
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(2)  PA™| Vx,(I1(X,,7) D 3X;(X; < X, ATINE(x5,7)) ; from the

assumption that PA*|-R and (*), by PL.
(3)  PA™|TI(k,7) D 3x;(x; < k ATIN®(x5,7)); (2) Ax4, MP.
(4)  PA™| 3xy(x; <k ATIN%(x5,7)); (1), (3), MP.

But PA* is consistent (by hypothesis) and then —R is not provable in
PA™. Therefore, for any number m, Pf(m,neg(r)) is false; hence for any
number m <k, Pf(m,neg(r)) is false. And this implies that for any m <k
we have PA™ —IIN(m,7), ie., F—I1N2(0,7), F —IIV%(1,7),...,
I (k—1,7). And then

PA™ | —IIN(0,7) A—ITN(T,7) A ATV (K —1,7) .
Whence
(5)  PA™| Vx5(x; < k © —ITN%(x,,7)); by Sect. 1.4, Th. V.2*%;
equivalent:

PA™ |- —3x,(x; < k ATIN®(x54,7)), contradicting (4).
2. —R is not provable in PA™.
(Reductio). Assume hypothesis of the theorem and suppose that —R is
provable in PA*™. So there is a proof of —R, let m be its Godel number.
Hence Pf(m,neg(r)) is true; it follows that
(1)  PA™ITN¢(m, 7).
But PA*™ is consistent (by hypothesis), so R is not provable in PA**. Hence
there is no number 7, and therefore no number i <m, such that Pf(i,r) is
true. Equivalent, for any i <m, Pf(i,r) is false. And this implies that for
any i <m, PA*| —I1(i,7), i.e., I —I1(0,7), |- —=I1(1,7),..., - —I1(m,7),
and therefore PA™ - —I1(0,7) A —=I1(1,7) A...A—I1(7,7) . Whence
(2) PA™|Vx,(x, <m > —ll(x,,7), by Sect. 1.4 Th. V.1*, from which
it follows
3) PA™|- x, <m o —ll(x,,7); (2) Ax4. MP.

Let us now consider the following deduction:

(a) m <X, ; hyp.

(b)  IIN%(m,7); the result (1)

()  m<x, AlIN%(@m,7); (a), (b), PL
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(d)  Ixy(xy <x, ATTNE(x,,7); (c), Gen 3
(€) M <X, Ix;(x3 <X, ATTNE(x,,7)); (a)-(d)
(0 PA™ |- 71 < X, D 3x;(X; < X, ATINE(x5,7) ; (¢) Ded. Th.
4) PA™|x,<mvim<X,;by Th.1II, 11 of Sect. 1.4.
(5)  PA™| —II(x,,7) v 3x5(X; < X, ATTNE(x4,7); (3), (), (4), MP, PL®!
(6)  PA™| Vx,(IT(X,,7) D 3x;(X; < X, ATTNE(x5,7))) ; (5), PL, Gen
And this means that PA}-R; contradicting the assumed consistency

of PA™.

Remark. The proof just given of Gddel-Rosser Theorem (via DL) is based
on the formal expressibility in PA* of the primitive recursive relations
Pf(y,x) and Pf(y,neg(x)) by I(y,x) and ITN¢(y,x), respectively, and of
some minimal facts of PA.

Let us give, in what follows, a proof of this theorem, based on the
definability in Lpa of the relations Pf(y,x) and Pf(y,neg(x)) by the

respective formulas and on the Zi-completeness of PA™.

Godel-Rosser Theorem. If PA*™ is consistent, then R is undecidable in
PA™.

Proof (version). As above, R is the fixed point of FORM, i.e.,

(*)  PA™|L R =Vx,(TI(X,,7) D Ix;(X; < Xy ATINE(X,,7))).

1. R is not provable in PA™.

(Reductio). Assume that PA™ is consistent and that PA™|-R. So there is a
proof of R with the Gédel number, say, k. Hence Pf(k,r) is true and then
[I(k,7) is true.’? Since PA™ is consistent (by hypothesis), it follows that
—R is not provable in PA*. So there is no number m, and then no number
m <k, such that Pf(k,neg(r)). The formal expression of this assertion is
—3x5(x5 <k ATIN%(x;,7), a true formula of Lpa. It follows that the

conjunction of both true formulas is a true Zo-formula,®* provable in PA® %
1.€.,

' By |- (p1291)2[(p2292)2((p1vp2)>(qiva))].

82 In the standard model M of Lpa.

8 And then a true X,-formula; comp. Sect. 4.2.5, 1 (below)

8 By Z;-completeness of PA®; comp. Sect. 4.2.5, 2, Fact 7 (Lemma) (below).
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PA™ |- [1(k,7) A —3x4(x4 <k ATTN(x4,7), whence, by Gen3 it
follows that
(**)  PAF 3%, (I1(X,,7) A —3X5(X5 < X, ATTNE(x4,7))).
But from (*) and the supposition that PA™ |- R it follows
(%) PAE VX, (II(x,,7) D 3x5(x5 <x, A HNeg(X3:’7)))
As can be seen, (**) and (***) are contradictory. So if PA*™ is consistent, R
is not provable in PA™.

2. =R is not provable in PA™.
(Reductio). Assume that PA™ is consistent and that PA*|-—=R. So there is

an m the Godel number of a proof of —R in PA*™. Hence Pf(m,neg(r)) is
true and therefore TN (7,7) is true and then provable in PA™ i.e.,

(a) PA™ |- TIN¢ (72, 7)

Now, since PA™ is assumed to be consistent, R is not provable in PA™.
Hence there is no number i, and then no number i < m, the Gddel number of
a proof of R in PA®. It follows that

(b) PA™|Vx,(x, <m >—ll(x,,7))

From (a) follows that

(¢) PA™ | VX, (X, > 1 D 3X5(X5 < X, ATTNE(X4,7)))%

A fact of PA™ is

(d  PA*|Vx,(x, <mVvX,>m)

Now, (b), (c) and (d) have the following forms:

(b))  Ix(a>P)

(€)  Vxy(y>9)

@)  Vxy(avy)

From (b") and (c") it follows

(1)  PA¥™Vx,(aDB)AVX,(yD9); by PL

(@) PA™} Vx,((@>P) Ay >8)); (1) FOL

(3)  PA™} Vx,((avy) > (Bv)); (2) FOL

4) PA*RVx,(avy)DVx,[Bvd); (3) FOL

(5)  PA™Vx,(Bv3); (4), (d), (d), MP.

But (5), in extenso, is

8 By FOL™ |- P(m) > Vy(y > m D 37z < y AP(2)))
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(6)  PA™| VX, (—I1(X,,7) v 3X;(X; < X, ATINE(x5,7))), ie.,

(7)) PA™| Vx,(TI(X,,7) D IxX;3(X; < X, ATINE(x,,7))).

That is, PA*™}R and therefore PA*™ is inconsistent. So, by assumption of
consistency of PA*, it follows that R is undecidable in PA™.

4.2.3. Godel's Theorem (via Paradoxes)

The fact that there is a strong connection between the argument of
the existence of an undecidable sentence and the paradoxes was written
down by Godel himself, in the following terms: "The analogy of this
argument with the Richard antinomy leaps to the eye. It is closely related to
the "Liar" too"; [Footnote] "Any epistemological antinomy could be used
for a similar proof of the existence of undecidable propositions."3°

Let us develop this idea of the relation between Godel's results and
the paradoxes.

4.2.3.1. Paradoxes (examples)
(1)  Epimenides Paradox®’
Epimenides the Cretan made the following assertion:
(E) All Cretans are liars.
A variant of (E): "This sentence is false", or equivalently
"This sentence is not true".
Is (E) true of false?
(E) 1s true iff what is stated by (E) is true iff (E) is not true.
Therefore, we are in the impossibility to assign a truth value to the
sentence (E). Hence (E) is paradoxical, since we derive:
(E) is true iff (E) is not true.

(2) Grelling Paradox®®

This paradox can be derived in the following way. An adjective is
called autological if it has the property it denotes, or if it is true of itself
(e.g. "short", "polysyllabic", "English"); the adjective is heterological if it is

86 K. Godel, [1986], 149.

87 Also known as Liar Paradox.

8 Cf. K. Grelling, L. Nelson, [1908]; it is a semantic paradox, also known as "Heterological
Paradox".
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not true of itself (e.g. "long", "monosyllabic", "Romanian"). Let us ask: is
"heterological" heterological? Any attempt to answer the question does
generate a paradox, since "heterological" is heterological iff "heterological"
is not true of itself iff "heterological" is not heterological. We have therefore
a paradox:

""heterological" is heterological iff ""heterological" is not heterological.

(3)  Russell's Paradox®

Usually, a set is a collection of objects or elements. Some sets
contain themselves as element; symbolically: x € x. Example: "the set of all
sets having more than 10 elements". And some sets do not contain
themselves as element; symbolically: x ¢ x. Example: "the set of prime
numbers"; it is not a prime number.

Let us divide the set of all sets in two disjunctive sets, in the
following way:

M ={x|xex};ie, xeM iff xex

N={x|x¢x};ie, xeN iff xgx.
Let us ask: Is N an element of itself or not? We derive: Ne N iff Ng N
(by the definition of N). But N¢ N iff N e N (by the same definition of
N) . Therefore

N e Niff N ¢ N,
and this is Russell's Paradox.

Russell find the resolution of this paradox in the restriction of the
notion "set" to the so called well-defined sets. In his Theory of Types Russell
classified the sets according to their type or level; type 1: are the individual
objects, type 2: sets of objects of type 1, type 3: sets of sets of type 1 or
type 2. Generally, if a set is of the type n, then its elements are of type n—1
or lower. By such construction, the self-reference is excluded and then the
sets like M and N are ruled out.”

This is also the solution to Epimenides Paradox, since the sentence
(E): "All Cretans are liars" must have a higher type than other sentences
made by Cretans, and then the self-reference disappears.’!. In this case the
distinction "object-language" — "metalanguage" is a key one in defining the

8 Mentioned for the first time in Gottlob Freges Briefwechsel, Felix Meiner Verlag,
Hamburg, 1980, 59-60 (Russell an Frege, 16.6.1902); is a set-theoretical paradox.

% As we saw, for the construction of the sentence G the essential means are: self-reference
and negation.

ol Comp. A. Tarski, [1936].
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notion of truth.

Russell used his paradox to show that the set-theoretic principle of
comprehension®? is inconsistent.

Compr FyVx(xey= A(x)),
where A(x) is any formula of the language of set theory, with x free

variable and in which y does not occur free.
If A(x) is the formula x ¢ x, then from Compr we derive

Vx(xey=x¢x),
whence for x =y we have:

YEY=EYVEY.
Remark 1. The inconsistency of Compr does not depend on the
interpretation of the symbol "e". Let us suppose that x € y means "y is true
of x", equivalent "x satisfies y", where y is the Godel number of a formula
A(x,); symbolic: Sat(A(x,),x) or Sat(y,x). In this interpretation from
Compr we derive:

Vx(Sat(y,x) = A(x)) .
Let A(x) be: ~Sat(x,x); then

Vx(Sat(y,x) =~ Sat(x,x)),
whence, for x=y:

Sat(y,y) =~Sat(y,y).

And this is just the Grelling Paradox, and shows the following fact: the
language of PA, Lpa, does not admit of the semantic predicate of
satisfiability (and therefore neither the semantic predicate of truth).”
Remark 2. The Grelling Paradox is just another way to state Epimenides
Paradox. Respectively, from the last paradox the Grelling Paradox can be
derived.

(a) (E) "This sentence is false".

(b) " "Yields a falsehood when appended to its own quotation" yields
a falsehood when appended to its own quotation".

The sentence (b) is equivalent to the sentence (a). Since by
appending the sentence mentionated in (a) to its own quotation is just the
sentence (b). Hence (b) says of itself that it is false.

(c) " "Is not true of itself" is not true of itself".”*

92 "Unrestricted comprehension scheme" or "Naive comprehension scheme".
93 This fact is just the content of Tarski's Theorem (see below).
% The form (3) of the sentence (1) is given by Quine [1966], 9.
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The sentence (c) is an abbreviation of (b) and as can be seen (c) is a
form of Grelling Paradox.

4.2.3.2. Paradoxes and Godel's Theorem

The Godel's reference to Liar (Epimenides) Paradox as a source of
his undecidable sentence G is wholly justified, if we compare the two self-
referential sentences:

(E) This sentence is not true.

G. This sentence is not provable.

G results from (E) by replacing (essential fact!) the semantic notion "true"
with the syntactic one "provable".

Now, since G is derivable from (E) and Grelling Paradox is just
another form of (E), then, as can be expected, G can be derived from
Grelling Paradox. Let us detail this fact. Firstly, we prove a particular form
of Godel's Theorem, from which afterwards we derive the undecidable
sentence G via Grelling Paradox, and imitate the proof of this theorem in the
context of this paradox.

Let Prv(y,x): "y is provable of x".

Let us consider the following metamathematical expression:
R(y,x,z): "y is the Godel number of a formula o(x1), with x; free, and z the
Godel number of a proof of the formula o(x)". Its numerical expression,
given by arithmetization, is the following:

R(y,x,z): Fml(y) A Fr(y,2") A Pf(z,Sub(y, Num(x),2").

Since all notions from the definition of R(y,x,z) are primitive recursive it
follows that R(y,x,z) is a primitive recursive relation. And then it is
formally expressible in PA™ by a formula of Lpa, say PRV(y,x,z). Let
3zPrv(y,x,z) be the formula defining in Lpa the recursive enumerable
relation (Ez)R(y,x,z),” whose meaning is "y is provable of x", i.e.,
Prv(y,x). Then the formula —3zPRV(y,x,z) defines in Lpa the numerical
relation ~Prv(y,x), 1.e., the metamathematical relation "y is not provable of

x". Finally, let us consider the formula —3zPRV(x1,x1,z), let m be its Godel
number, and G : —3zPRV(m,m,z), whose meaning is: "m is not provable of

n

m-.

% On the "recursive enumerable relations"; comp. 4.2.5 (below).
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Theorem. If PA™ is w-consistent, then G is undecidable in PA™.

Proof.

(1) G is not provable in PA™.

Reductio. Assume the hypothesis of theorem and suppose that PA*}|-G, i.e.,

PA®™} —3zPRV(m,m,z) . So, there is a number k such that R(m,m,k) is
true. And then PA*|- PRV (in,m,k) (since PRV formally expresses R in
PA™). Therefore PA™}- 3zPRV(m,m,z) (by Gen ), contradicting the

consistency”® (and therefore m-consistency) of PA%. Hence (1) holds.

(2) =G is not provable in PA™.

Reductio. Assume hypothesis and suppose that PA™--G, i.e.,
PA®™}|- 3zPRV(m,m,z) . By (1), G is not provable in PA™, and this means
that for any n, R(m,m,n) is false. Hence for any n, PA™F —PRV(m,m,n),
contradicting the assumed w-consistency of PA™.

Remark. (2) can also be proved in the following way. By (1) G is not
provable in PA*. But G says "m is not provable of m", hence G is true. It
follows that its negation, —G: 3zPRV(m,m,z), is a false Zi-formula. Now,

since o-consistency does imply /-consistency and 1-consistency is
equivalent to Xi-soundness,”’ it follows that since PA®™ is Xj-sound, —G is
not provable in PA™.

Now, the argument from this theorem can be imitated via Grelling
Paradox in the following way. A formula is called Gédel heterological if it
is not provable of itself.”® As we saw above, —3zPRV(x1,x1,z) is such a
formula. Let now GHet(xi): —3zPRV(xi,x1,z), and GHet(m):
—3zPRV(m,m,z) , whose meaning is:

"Godel heterological" is Godel heterological.

The formula GHet(x1) defines the set GH of Godel numbers of Godel
heterological formulas, i.e., GH ={x|GHet(x)}; me GH iff GHet(m),

respectively.

Let us ask: Is "Goddel heterological" Gddel heterological?

The sentence "Gddel heterological" is Godel heterological is the
sentence GHet () .

% As can be seen, for the proof of (1) only the consistency of PA® is really needed.

97 Comp. Sect. 4.2.5, Fact 7. Lemma (below).

%8 Obtainable from the definition of "heterological" by replacing "true" with "provable";
comp. 4.2.3.1(2).
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The answer is in the affirmative.
Godel's Theorem. "Gddel heterological" is Godel heterological.
Proof (Reductio). Suppose that GHet(x1) is not Gddel heterological, i.e.,
GHet(x1) is provable of itself, i.e., PA™} GHet(m). Being provable of

itself, there is a number & such that R(m,m,k) (from the theorem above) is

true, and then PA*™}- PRV(m,m k ).  Whence, by Gen3,
PA™|- 3ZPRV(m,m,z) , contra consistency of PA™.

Variant (Reductio). Suppose that GHet(x1) is not Godel heterological. This
means that PA* |- —3zPRV(m,m,z) . On the other hand, since GHet(x1) is

not Godel heterological it follows that its Godel number m ¢ GH . So
(Ez)R(m,m,z) is true, whence 3zZPRV(m,m,z) is a true X;-formula, and
therefore ~PA™}- 3zPRV(m,m,z) (by ZXi-completeness of PA™),
contradicting the consistency of PA*,

From this argument it follows that GHet(x1) is not provable of
itself;” i.e., GHet(x1) is Gddel heterological. And this means that GHet (i77)
is true but not provable in PA*™. Since its negation, —=GHet(m), is false,
neither it is provable in PA*™ (by Z;-soundness of PA*, since —~GHet (m) is
a false Zi-sentence). Hence GHet (i) is undecidable in PA™.

Since from Grelling (Liar, Epimenides) Paradox the Gddel's
Theorem can be derived, replacing "true" with "provable", this fact suggests

that from Grelling Paradox another important result can be derived: Tarski's
Theorem.

Tarski's Theorem. Lpa does not admit of a satisfiability predicate.
Proof (Reductio). Let Sat(y,x) be the relation: "y is the Godel number of a
formula a(x1) and x does satisfy a(x1), or "y is true of x". Suppose that Lpa
has a formula SAT(y,x) defining it, i.e., for any m, n:

Sat(m,n) iff SAT (m,n) is true (in M).
Let HET(x) be the formula —SAT(x,x). This formula defines the set H of
Godel numbers of the heterological formulas, i.e.,

H ={x|—-SAT(x,x)}; ne H iff Het(n) is true, respectively.

Let n be the Godel number of HET(x). Is HET(x) heterological?

9 Observe that the following expressions are equivalent: "Gddel heterological" is Gédel
heterological, GHet (m) and "Is not provable of itself" is not provable of itself.
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We can derive: HET(x) is heterological iff Sat(n,n) iff SAT (n,n) is
true (by definability). But HET(x) is heterological iff n e H iff —=SAT (7,n)
is true; impossible.

Therefore, there is no formula of Lpa defining the set of Godel
numbers of heterological formulas.'” And since the notion of satisfiability
can be equivalently defined in terms of truth, it follows that the notion of

truth is also not definable in Lpa; and this is the standard form of Tarski's
Theorem.

4.2.4. Kleene's generalizations of Gédel's and Rosser's Theorems'"!
4.2.4.1. Kleene's T-predicate
The construction of the predicate 7(z,x,y) '* is based on the idea of

defining the computable functions in terms of the systems of equations.!'*
An equation is a formula of the form » =s, where r and s are terms.' A
system Z of equations is a finite sequence of equations 7 =s;, 7, =5, ,...,
Yy =S,, Where r, has the form f/'(¢,....t,) (where f]' is called the

mo
principal function letter of Z). The system Z has two rules, R, (substitution),
a rule with one premise, and R, (replacement), a rule with two premises. A
deduction of an equation e from a system Z is a finite sequence of equations,
e,....e,, where e, =e, and each equation of the sequence either is an
equation of Z, or is a consequence of a preceding equation using R,, or is a
consequence of two preceding equations using R, . If there exist a deduction
of e from Z, then e is deducible from Z (symbolically: Z|-e).

Definition.Let ¢(x,,...,x,) ' be an n-ary number-theoretic partial function.

¢ is computable by a system Z of equations iff ;' is the principal function

100 This fact also follows from the inconsistency of Compr; comp. 4.2.3.1(3).

101 The sections 4.2.4 and 4.2.6 (5.1 and 5.2) are an account of Kleene's remarkable results
in the analysis of Godelian incompleteness phenomenon.

1021t is the key notion of a lot of results, including the generalized forms of incompleteness
theorems (Gddel, Rosser).

103 A Herbrand's idea, developed by Godel [1934] (in vol. K. Gddel [1986], 346-371).

104 For details, comp. S.C. Kleene, [1952], §54.

105 In Kleene's notation small Greek letters @, v, 7.... denote the number-theoretic
functions.
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letter of Z and for any natural numbers k,,...,k, .k the following holds:

Z f](kyensk,) = kA @Uhysensk,) =K.

If there is such a system of equations defining ¢, then ¢ is called
Herbrand- Godel computable.

Now, similar to the arithmetization of the syntax of PA™, the
metamathematical notions of Kleene's calculus of equations can also be
arithmetized."" E.g. Eqg(x): "x is the Godel number of an equation"; Z(x):

"x is the Godel number of a system of equations"; &, (Z,x,,...,x,,Y): "Yis a
deduction from Z of an equation of the form f/'(x,...,x,) =%, where f}' is

the principal function symbol of Z, Xx,..,X,,Xx are the corresponding
numerals"; W(Y)=x, where Y is a deduction of an equation of the form
r =X . By arithmetization, the metamathematical notions of this kind have
their corresponding numerical notions (i.e., number-theoretic functions and
relations). Moreover, all of them are primitive recursive.'"’

The numerical expression of the metamathematical predicate
S.(Z,x,...,x,,Y) is the primitive recursive predicate S,(z,x,...,X,,»).
Using this predicate, Kleene introduces the numerical (number-theoretic)
predicate T (z,X;,...,x,, 1) :'%®

T,(2,X) 500X, ¥) =gr S,(2, X150, X,,, V) /\(t)t<y§(z,x],...,xn,t).
Evidently, for S and T the following holds:
(1) T, (2,%5e0s %, 1) = S,(2, X500, X,,, V)
@) (EY) T,(2:X,%,, ) © (EV)S,(2,%5000,%,, 1)

4.2.4.2. Theorems
Using the predicate 7(z,x,,...,x,,)) Kleene states and proves the

following theorems.

196 Comp. S.C. Kleene, [1952], §56.

107 Comp. S.C. Kleene, [1952], §56, Lemma II1.

108 Comp. S.C. Kleene, [1952], §57.

199 Here "«»" and "~" are our intuitive symbols for equivalence and negation, respectively
(cf. Sect. 2 above). They correspond to Kleene's intuitive symbols "=" and "-",
respectively.
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Enumeration Theorem.!'’ For each n>0, given any recursive predicate
R(xi,...,x,, V), numbers f and g can be found such that

(D EVR(X,0%,,9) O (EVT (X500 X, V)
@ DR %, 0) € DT (803, 0).

As can be seen, for z=0,12,.. the n+1-place predicate
(EV)T,(z,x,,...,x,,y)  enumerates the predicates of the form
(EY)R(x),...,x,, ), with R(X{yesX,,)) recursive. Similarly,
(y)YN”,,(z,xl,...,xn, y)  enumerates the predicates of the form
(»R(xy,...,x,, ), with R(x,...,x,,) recursive.

With the idea of diagonalization, the enumeration theorem leads to
the following result.
Theorem.''> Let R(x,y) be an arbitrary recursive predicate. Then the

numbers f and g can be found such that

(D (ENR(.2) b DTS S.p)

2 MR(E.») < (EV)T(g.8:Y),

where T(z,x,y) is the predicate T (z,X,,...,x,,y) for n=1,""3 and "<>" is
the negation of the intuitive equivalence.

Proof (1). We have the following derivations:

(a) (EY)R(x,y) <> (Ey)T(f,x,y); by Enum. Th. (1)
(b)  (EVR(f.y) <> (ENT(f,f,»); (a) Subst. f/x
©)  (EVR(f,y) <> (ENT(f,f,¥); (b) PL
d)  (BWR(S,y) <> T (S, f,»); (c) FOL
Hence (1) holds.

(2). Again, we have the following derivations:
(@  (MR(x,y) <> (T (g,x,»); by Enum. Th. (2)
(b)  (MR(g,») <> (1T(g,g,»); (a) Subst. g/x

©  WR(g,y)<«»(Ey)T(g.g,y); (b) FOL
Hence (2) holds.

110 Comp. S.C. Kleene, [1943], [1952], §57.

! For a proof of this theorem; comp. S.C. Kleene, [1952], 280-2.
2 Cf. S.C. Kleene, [1952], 283, Theorem V (Part I).

113 In what follows we omit the attachment of the subscript "1" to T.
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Remark 1. If the recursive predicate is R(x), then, by the theorem above,
the numbers f'and g can be found such that:

3 RNSOWIT.S.)
(4)  R(g) <> (ENT(g.8.5)-

For the proof of (3) and (4), given R(x) recursive, we take instead
the recursive predicate R(x,y) defined as R(x)Ay=y, for which

evidently the following holds: R(x) <> R(x,y).
Remark 2. Since T'(x,x,y) is recursive, so is T (x,x,y) (by Sect. 3.2). And

then, by the above theorem, the predicate ( y)YN" (x,x,y) is a predicate of the
form (y)R(x,y), with R(x,y) recursive, not expressible in the dual form
(EY)R(x,y),'"* with R(x,y) recursive.

As we saw, by Enumeration Theorem the predicate (Ey)7(z,x,))
(z=0,1,2,...) enumerates (with repetitions) all predicates of the form
(Ey)R(x,y), with R(x,y) recursive. By the preceding theorem, the

predicate ( y)f (x,x,y), constructed by diagonalization, is not a predicate in
this enumeration. Therefore, ()7 (x,x,y) is not recursively enumerable.''s
Intermezzo. "Recursive" — "Computable/Decidable"

(a) Any recursive function @" is effectively computable.
Argument. Let Z be a system of equations defining the recursive function
¢". Then for the given arguments x,,...,x, the value of ¢ can be found by
deducing the equations from Z until the derivation of the equation
£} (%,....X,) = X, where x is just the value of ¢"; i.e., ¢(x,...,x,) =x."°
(b) Any recursive predicate R, is effectively decidable.

Argument. If R" is recursive,!!” then for the given arguments x;,...,x, we

14 Any recursive predicate is expressible in both forms; cf. S.C. Kleene, [1952], §57,
Theorem VI.

!5 For a simple proof, by reductio, comp. M. Davis, [1958], 68, Theorem 1.6. For the
"recursive enumerable relations", comp. Sect. 4.2.5 below.

116 Such a system always exists and the deduction of such an equation is always possible;
cf. S.C. Kleene, [1952], §§54, 55, 58.

"7 R™ is recursive iff its characteristic function Cp. is recursive; comp. Sect. 3.2.
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can decide whether it is true or false. For this fact we compute the value of
its characteristic function C,, (in the way indicated in (a)) and then read

such a value, 0 or 1.

The converses of (a) and (b) seems to be true, as is stated by
Church's Thesis:

(a*) Any effectively computable function is recursive.

(b*) Any effectively decidable predicate is recursive.

The sentences (a), (b), (a*), (b*) together connect the notions
"recursive" — "computable/decidable" and give a definition to the notion of
"algorithm"."'® That is, "To give a decision procedure for a predicate P(x)

thus means to give a general recursive predicate R(x) such that
P(x) <> R(x)".1?

4.2.4.3. Church's Theorem'*’
There is no algorithm for either of the predicates (y)]Nw (x,x,y) or

(EVT(x,x,y).
Proof. By (3) and (4) of the Remark 1 to the Theorem (above).

4.2.4.4. Generalized form of Godel's Theorem
Kleene's provability predicate

In Kleene [1952] the provability predicate is the predicate
(Ey)R(x,y), where R(x,y) is primitive recursive and means: "y is a proof
of the formula A(x)". Hence (Ey)R(x,y) means: "A(X) is provable", and

therefore the following equivalence holds:

*)  (ER(xp) o AR .
The construction of such predicate runs along the following lines.!??
Let (x,Y) be the following metamathematical predicate:
"Y is a proof of A(X)". Then (EYV)R(x,Y) will be the

118 Equivalent "computable procedure for a numerical function", "decision procedure for a
numerical predicate", respectively.

9 Cf. S.C. Kleene, [1952], 301.

120 Cf. A. Church, [1936(b)]; S.C. Kleene, [1952], §60, Theorem XII.

12 A system S formalizes the theory of the predicate P(x) if A(x) expresses P(x) and (¥*)
holds.

122 Comp. S.C. Kleene, [1952], §60.
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metamathematical predicate " A(x) is provable", and therefore (Ey)R(x,y) is

its numerical counterpart; whence (*).

Let P(x) be a predicate, let A(x) be a formula expressing it in S.
Then S is a correct (sound) and complete formalization for P(x) if the
following holds:
%) ARX) o P(x)
(where the left-right part means correctness and its converse means
completeness of S for P(x)).

By (*) and (**) we have
(***) (Ey)R(x,y) <> P(x), i.e., S'is a formal system correct for P(x) (left-

right implication) and complete for P(x) (right-left implication) if there
exists a recursive R(x,y) such that (***) holds.

Godel's Theorem (1).'?* There is no correct and complete formal system for
the predicate ( y)YN" (x,x,9).

Proof. There is no recursive R(x,y) such that (***) holds for the predicate
(y)f(x,x, y),1e., (EY)R(x,y) < (y)f(x,x, v) does not hold for all x, since
by Theorem (4.2.4.2, part (1)) for any recursive R(x,y) a number f can be

found such that (Ey)R(f,y) <> )T (f.f,»), ie., for x= f (***) does not

hold.
Godel's Theorem (I1).'%* Let S be a formal system in which A(X) expresses

the predicate ( y)7~” (x,x,v). Then a number f can be found such that: if S is

correct for (y)f(x,x,y), then (y)YN“(f,f,y) is true but A(f) is not

provable in S.
Proof. Assume hypothesis of the theorem and let R(x,y) be a recursive

predicate for which (*) holds, i.e.,

(D (EVR(x,y) < = AX).

For R(x,y), by Enumeration Theorem, there is an f'such that
(2) (EY)R(x,y) <> (EV)T(f,x,y), and therefore

G)  (EWR(f,y) <> (ENT(f.[f,»); (2) Subst. f/x

123 Comp. S.C. Kleene, [1952], §60 Theorem XIII (Part 1) (a generalized form of Godel's
Theorem).
124 Cf. S.C. Kleene, [1952], §60, Theorem XIII (Part II).
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4) F A(f) - (y)f(f,f,y); by the assumed correctness of §
() TS, f.9) o (ENT(f,f.9) o F A by (1), (3)
6) | A(f);hyp

(7 TS, f.); (@), (6) MP

(8)  FA(f):by(5)

@) HA(); (6)-(8) (reductio)

(10)  (WT(f.f.»);by (5).

Hence (»)T(f, f,y) is true and A(f) is not provable in S.

Remark. The idea of "generalized form" of Godel's Theorem is given by its
abstract formulation, i.e., the only requirements on S is that it has a formula

A(x) expressing the predicate ( y)f (x,x,y), 1s correct for this predicate and
that it satisfies (*): (Ey)R(x,y) <> | A(X).

In the usual way of construction of an axiomatic system the
requirement on S to be correct for the predicate ( y)f (x,x,y), expressed by

the formula A(x), is replaced by the weaker condition of ®-consistency.
This is the case with the following form of Godel's Theorem.

Godel's Theorem (111).!% Let S be a formal system, let O(x,y) be the
formula expressing formally in S the predicate T(x,x,y), let A(X):

Vy—=0(x,y). Suppose that for some recursive R(x,y) the equivalence (*)
holds. Then a number f can be found such that:

(1)  IfSis consistent, then H A(f).

(2)  IfSis o-consistent, then H —A(f).

Proof. Since 0(x,y) formally expresses 7'(x,x,y) in S we have:

(a) If T(x,x,y), then |- O(x,y).

(b)  If T'(x,x,y), then - —0(X, 7).

(1) Reductio. Assume hypothesis of (1) and that - A(f). Then, by (¥)
(EV)R(f,y), and therefore (EV)T(f,f,y) (via Enumeration Theorem). So,
there is an y such that 7(f,f,y) holds, whence by (a) |- 6(f,7). But
A(f) is the formula Vy—6( f,y), and therefore since FA(f) (by

125 Cf. S.C. Kleene, [1952], §60, Theorem XIII.
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hypothesis), it follows that | —0(f,7) (by Ax4 and MP). So S is
inconsistent. Therefore [+ A(f).

(2) Reductio. Assume hypothesis of (2) and that | —A(f), ie.,
- 3y0(F.y). But, by (1), [£A(f). And then, by (*), (EWR(/.»).
equivalent (y)f (f,f,y), whence for any y, T (f,f,y), and therefore
- —0(f,7) (by b); contradicting the assumed w-consistency of S. Therefore

 =A).

4.2.4.5. A symmetric form of Gédel's Theorem'%¢
This time Kleene uses the T-predicate in order to construct the
following predicate

DT (()y,2,9) v (E2).<, T((x)g,x,2)],
equivalently (Ey)[T((xX);,%,) A (2).<, T ((x)5,%,2)].
Abbreviations:
Wo(x,): T((0)1,2,9) A (2).2, T ((x)y,x,2)
Wi(x,) 0 T(x)g2%2) A(2).c, T ((X);,%,2)
The following holds:
(1) (B (x.3) > (ENW(x,y)
Argument (reductio). Suppose that for an x fixed there is an y, such that
W (x,y,) holds, i.e.,
(@) T((x)g,x,y,) and
(b) (2).<,, T((x);,%,2).
And suppose that there is an y, such that W, (x,y,) holds, i.e.,
(¢) T((x)1,x,¥,) and
() (2).c,, T((x)g:%.2).
Now, from (a) and (d) follows that y, > y,; and from (b) and (c) follows
that y, > y,.

126 Cf. S.C. Kleene, [1952], §61, Theorem XV, also called a generalization of Rosser's form
of Gddel's Theorem.
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Suppose S is a formal system whose language contains the formulas B(x)
and —B(x) and that

2)  (EYWy(x,y) > B(X) and

G EW(xy) > -BX).

But, by (*), the provability of formulas B(x) and —B(x) means that there
exist the recursive predicates R,(x,y) and R,(x,y) such that

@ (EVRy(x,y) & | B(X)
) (E»R(x,y) < —=BRX).

Godel's Theorem (a symmetric form). There is no simply consistent and
complete formal system satisfying (2)-(5).

Proof. Suppose S is consistent and satisfies (2)-(5). By Enumeration
Theorem (1) the numbers f, and f; can be found such that (setting

1= 2Jo .3/ )

©)  (EVR(x,y) & (ENT(fo,%,9) <> (ENT((f)g: X, ¥) 5

(M (EVR(x,y) < (ENT(f1,x,9) <> (ENT(f),X)-

The proof must show that neither B(f), nor —B(f) is provable in S.
Reductio.

- B(f); hyp.

(EV)Ry(f,¥); 1, (4)

(EVT((f)o>f 51352, (6)

H —B(f); since S is consistent (by hyp.)

(ENR (f.).4,(5)

ENT()1f+)35,(T)

DT/ f+9); 6, FOL

(ENT((os />3 Ao, T s f52): 3. T, e, (EVIR(S,)
. - —B(f); by (3); contrary to 4.

Hence |+ B( ).

In order to prove that [+ —B(f) we have to proceed similarly, respectively
I F=B(f); hyp.

2. (EVR(f,y);1,(5)

= Y O S
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(ENT( > S>9)52,(T)

- B(f); since S is consistent (by hyp.)

(Ey)Ry(f.7). 4, (4)

(ENT(o>f+3)3 5, (6)

IT((os /)3 6, FOL

ENT (s fs9) A @), TN £2) 53, T i (EWF(f9)

: - B(/); 8, (2).

Hence |+ —B(f).

The use of label "symmetric form" for the generalized form of

Rosser's form of Godel's Theorem is motivated by the author in the
following way. Since the predicates 7°((x),,x,y) and 7((x),,x,z) are

I

primitive recursive, they are formally expressible in S by the formulas
o(x,y) and B(x,z), respectively.

Let B(x): Iy[(ou(x,y) AVZ(z <y D —B(X,2))]

Then —B(x): —3y[(aU(X,y) A VZ(z <y D —p(X,2))].

Now, if B(x) is interpreted as expressing the predicate (Ey)W,(x,)

and —B(x) as expressing (Ey)W0 (x,¥), then —B(f), i.e.,

—I[olf,y) AVAz <y D =B(f,2)],
is the formula corresponding to the Rosser formula R (comp. Sect. 4.2.1.3)
true and not provable.

But, as Kleene says, nothing prevent us to consider some other
interpretation, taking "entirely symmetrical"'?’ —B(x) as expressing

(Ey)W(x,y) and B(x) to be (Ey)Wl(x, ). In this case B(f) correspond to
Rosser's true but not provable formula R.

4.2.4.6. Kleene's Normal Form Theorem
(1) Normal form theorem'*8

In order to define a (total) recursive function, Kleene uses the
metamathematical predicate €, (E,x,,...,x,,Y): "E is a system of equations

127§ C. Kleene, [1952], 310.
128 Cf. Kleene, [1952], §58.

230



and Y is a deduction from £ of an equation of the form f(%,...,x,)=Xx"
(where f'is the principal symbol of Z and X,...,X,,X are the numerals for the

corresponding natural numbers), and the function W(Y) with the following
meaning: W(Y)=x: "Y is a deduction of an equation of the form r=Xx

(where X is a numeral).'” Now, @(x,.,...,x,) is (total) recursive if and only
if there is a system £ of equations such that
D @)@ )EN (B3, V)
@ @)D [ (E X, V) > WD) = (e, )]
And then the arithmetic forms of (1) and (2) are
(%) ) (X, )EV)S, (€%, X, V)
2% a)-(x)WLS, (€ x50 X,, 1) > U(Y) = (x50, 5
where S, and U are recursive.
From (1*) and (2*) it follows that ¢(x,,...,x,) can be expressed in
the following form
G*  0(xp,esX,) =U(WS, (€, X005 X, V) -
Since (1*), (2*) and (3*) hold if S, is replaced by 7,'*° the following
Theorem holds.

Normal form theorem. If ¢(x,...,x,) (n=0) is a (total) recursive
function, a number e can be found such that

@ ) )EVT, (e X505 X,, V)

) 0(xesx,) =UWWT, (€%, %, 1)

©) ) (5NN, (e X505 X,, 1) > U(Y) = 9(;50.,%,)] 5

with T, the primitive recursive predicate and U the primitive recursive

function defined above.
The number e for which (4)-(6) hold is called the Gédel number of

the (total) recursive function ¢(x;,...,x,) .

129 Cf. Kleene, [1952], 278, 288.
130 Comp. and (1) and (2) of 4.2.4.1 (above).
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(2) Partial recursive functions

According to Church's Thesis, every effective calculable function
(every effective decidable predicate) is recursive. Together with its
converse, this thesis gives a definition of the idea of algorithm (or
calculation/ decision procedure) for a number-theoretic function/ predicate.
As we saw (4.2.4.2 Intermezzo), if P(x) is such a predicate, then to give an

algorithm for it means to give a recursive predicate R(x) such that
P(x) <> R(x). By a well-known result, ! for the predicates (Ey)T(x,x, )

and ( y)]N” (x,x,y) there exists no algorithm.

Let us now consider an effectively decidable predicate R(x,y) and a
procedure for finding the least y such that R(x,y), for an x fixed. Clearly,
such a procedure leads to the sought y iff (Ey)R(x,y). And then it can be

understood as an algorithm for calculation a number-theoretical function
whose domain is the class of such numbers x for which (Ey)R(x,y). This

function is pwyR(x,y): the least y such that R(x,y). And then pwR(x,y) is
effectively calculable iff (Ey)R(x,y) is effectively decidable. And since, by
the Church's result, for the predicate (Ey)T(x,x,y) there is no algorithm, it

follows that it is not recursive (effectively decidable) and therefore
wT(x,x,y) 1s not a recursive function. Le., there is no algorithm for

deciding, for x fixed, whether the function py7(x,x,y) is defined or not.
Such a function is an example of partial recursive function (as an
incompletely defined function).

Generally, a partial function @(x,,...,x,) 1s a function from any
subset, proper or improper, of n-tuples of natural numbers to the natural
numbers. If for a given n-tuple x,...,x,, @(x,...,x,) has a value, then ¢ is
defined, otherwise it is undefined. The range of definition of a partial
function is the set of n-tuples x,,...,x, for which it is defined. If @(x;,...,x,)
is defined for all n-tuples x,,...,x, of natural numbers, then ¢ is tofal. Hence
the partial functions include the total functions, and therefore the partial
recursive functions include the total recursive functions. So, if
R(x,,...,x,,y) is a recursive predicate, then the function pyR(x,,...,x,,») is

partial  recursive’® (it is defined iff (EV)R(x;,...,X,,»)). And

BBLCf. A. Church [1936(b)]; comp. and 4.2.4.2 and 4.2.4.3 (above).
132 Hence, using p-operator, from a completely defined predicate R(xi,...,x,,y) a partial
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WR(x,,....X,,») is recursive iff  the following  holds:

(xl)“')(xn)(Ey)R(xl9""xn’y) .

As in the case of recursive functions, every partial recursive
function, obtained via I-VI (of Sect. 3.1), is partial recursive.

(a) Normal form theorem for partial recursive functions

If o(x,...,x,) is partial recursive, then (1) and (1*) (from the normal
form theorem for total recursive functions) do not necessarily hold. So, from
(1*), for given x,,...,x, , only remains (£y)S, (e, x,,...,X,,) as the condition
for definability of ¢(x;,...,x,) . Since ¢ is partial recursive, (2) and (2*) hold

"n~n

if "=" is replaced with " =", where is the "complete equality",'** and
this means: @(x,,...,x,) =y(x,,...,x,) if for given x,,...,x,, if either of ¢ and
vy is defined, so is the other and have the same value. And in (3%)
Uws,(e,x,....x,,»)) 1is defined only if (Ey)S,(e,x,....x,,»), and
therefore both members in (3*) have the same range of definition, and then
(3*) holds for all x,,...,x,, when "=" is replaced by " =".

Theorem."* (a) For any partial recursive function @(x;,...,x,), a number e
can be found such that o¢(x,....x,)=UWT, (e x,...,x,,V)) (Where
(EV)T, (xy,...,x,, ) is the condition of definition of @).

(6) (1) (5 )T (€ vy ) = U ) = 0, )]

As in the preceding case, e is the Godel number of ¢ (or its index).

(b) Enumeration theorem for partial recursive functions'?’
Kleene abbreviates U(wT7,(z,x,,...,x,,y)) by @, (z,x,..,x,). As

we saw above, @, (z,Xx,...,x,) 1s an n+1 partial recursive function. If z is

fixed, @, is an n-place partial recursive function. Whence, by (a) of the
normal form theorem for partial recursive functions, if ¢,(x,,...,x,) 1s any

partial recursive function, then there is a e such that

function pyR(x1,...,xs,y) is constructed.

133 Cf. S.C. Kleene, [1952], 328.

134 T.e. normal form theorem for partial recursive functions; cf. S.C. Kleene, [1952], §63,
Theorem XIX.

135 §.C. Kleene, [1952], §65, Theorem XXII.
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o(x5e.,X,) =D, (€,X,...,X,)

where e is the Godel number of ¢, and just this is the idea of enumeration
theorem.

Enumeration theorem. For z=0,1,2.,..., the n+1-place partial recursive
function ®(z,x,,...,x,) gives an enumeration (with repetitions) of the n-
place partial recursive functions.

Remark. This theorem does not hold for tofal recursive functions. This can
be proved by a diagonal argument. Suppose, for example, that ®(z,x) does

enumerate the total recursive functions. Let ¢ be the total recursive function
®(x,x)+1. Then, by theorem, there were an e such that @(x) =®d(e,x) for
all x. Hence for x=e, ¢@(e)=D(e,e). But ¢(e) =D(e,e)+1. Therefore
D(e,e) = D(e,e)+1, which is impossible. This contradiction is derived for
z =x =e, where e is the Godel number of ®(x,x)+1 (i.e., of @(x)).

For partial recursive functions, instead, the theorem holds, since for
some arguments a partial recursive function may be undefined. So
D(e,e) =dD(e,e)+1 is not impossible, since this means that for z=x=e,
the function ®(z,x) must be undefined.

(c) Diagonal Lemma (via recursion theory)

The Diagonal Lemma can be proved in a variety of ways. As we saw
(comp. 4.2.2.1) this lemma can be proved using the Gédel numbering and
the diagonal function, &(x). A proof of this lemma can also be obtained
using the recursion theory, via Kleene's function @(x,y).

Diagonal Lemma. For any formula P(y) of Lea'*® there is a sentence G
such that: PA*|- G =p(g), where g is the Godel number of G.

Proof. Let B(y) be any formula of Lpa, let ®(x;,x,) be the Kleene's partial
recursive function that enumerates the 1-place partial recursive functions, let
F(x1,x2,y) be the formula of Lpa which represents it in PA*™. Then F(x2,x2,y)
will represent ®(x,,x,) in PA™, i.e., for any m, n:

If ®(m,m)=n,then PA*|- Vy(F(m,m,y)=y=n), ie.,

(a) PA¥|- Vy(F(m,m,y)Dy=n), and

(b) PA¥™}|- Vy(y=n o F(m,m,y)), equivalently

136 The result holds for any consistent system S 2 Q.
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PA™ |- F(m,m,n) .
Let Form: 3y(F(x,,X,,y)AB(y)), and ¢(im) be the Godel number of
Form*: Jy(F(m,m,y) AB(y)).
Let k be the index of ¢(x), i.e., p(x) = D(k,x). Let G: Iy(F(k,k,y) AB(Y)),
whose Godel number is ¢@(k); let (k) =g.
1. PA™- G o B(g2)
(1) PA™ |- Vy(F(k,k,y) Dy = 2); by (), since ®(k,k)=o(k)=g
(2) PA™ | Wy(F(kk,y) > y = §) 5[G > (F(k.kg) AB(@))]; FOL
(3) PA™ |- G o (F(k.k,2) AB(2)); (1), (2), MP
(4) PA¥- GoB(g); (3) PL
2. PA™-B(g) oG
(1) PA* - F(k,k,g); by (b) and Ch. 2, Sect. 4.3, Lemma
(2) PA™ - F(k,k,2) > [B(2) > (F(k,k.2) AB(2))]; PL
(3) PA™ B(2) o (F(k,k2) AB(2)); (1), (2), MP
(4) PA™ - (F(k.k,2) AB(2)) > Ty (F(k .k, y) AB(y)); FOL
(5) PA™ - B(2) 2 3y(Flk.k, y) AB()); (3), (4), PL
ie., PA¥- B(g) oG.
The Diagonal Lemma follows from 1 and 2, by PL.
Remark. In the formulation of DL B(y) is a formula containing only one
free variable y. But DL holds for formulas B containing more free variables

and then G will be a formula with free variables."*” If B(y,z) is a formula of
S 20, for example, then by DL there is a formula G(z) of S such that

S+ Vz(G(z) =PB(g,z)), where g is the Godel number of G(z).

4.2.5. Recursive enumerability and incompleteness

As we saw above, Kleene's generalized forms of Godel's and
Rosser's theorems are essentially based on a fundamental result of recursion
theory: Enumeration Theorem. By this theorem the predicate (Ey)7(z,x,y) is
a rec. en. 2-place relation which enumerates the rec. en. predicates of the
form (Ey)R(x,y) (with R recursive). The formulation of this result is in no
way unique. The relation which enumerates rec. en. relations depends on the

137 Comp. Sect. 4.2.2.2 footnote 78.
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formalism adopted for the developing the recursion theory, and then for
different formalisms this relation will be different. Kleene's predicate
T(z,x,y), for example, can be interpreted in terms of Turing machines. It is a
primitive recursive 3-place relation!*® which can express the following fact:
"y is the Godel number of a terminating computation at input x on the
Turing machine with Goédel number z". Since 7(z,x,y) is recursive, by
prefixing it with (Ey) the result will be the rec. en. relation (or X;-relation)'’
(Ey)T(z,x,y), expressing the following fact: "the Turing machine with Godel

number z halts at input x". And then the relation (y)f (z,x,y) means "the

Turing machine z does not halt at input x". So, the sentence (y)YN” (k,k,y)
says, simply, that "the Turing machine k does not halt at input £".'4* So, if
the recursion theory is developed in terms of Turing machines, then the 2-
place relation which enumerates the rec. en. sets, for example, is the
following: "z codes a Turing machine which gives the output "yes" on the
input x".

Another strategy for constructing the rec. en. relation which
enumerates rec. en. sets/ relations is that of Smullyan.!*! It takes as
formalism for presenting the recursion theory the formal system Q, this
strategy being motativated by the fact that the rec. en. relations are exactly
those relations representable in Q.'*

Some other way to define the rec. en. relation which enumerates the
rec. en. sets/ relations is that of Kripke.'*> Here the rec. en. enumerating
relation W(e,n) is the relation Saf(e,n), where e is the Godel number of a
formula o(x) (with x free) and n satisfies a.'** More exactly, if a(x) is a
formula of Lpa whose Gddel number is e (symbolically, o.(x)) then Sat(e,n)
iff a,(n) is true in M (where M is the standard model for Lpa). In order to
avoid all the problems concerning the presence of semantic notions in the
language of arithmetic Kripke choses a fragment of Lpa, the language RE (it
is a X1-language, containing only atomic Xi-formulas, the connectives A and

138 and then a decidable relation (cf. 4.2.4.2, Intermezzo).

139 If R is recursive, then (Ey)R is rec. en.; for proofs comp. e.g. R. Smullyan [1992], Ch. 4,
§1; M. Davis [1958], 66-67, Theorem 1.2-Theorem 1.4; H. Rogers [1967], 66 Corollary XI.
140 A short comparison with Gédel's Theorem (III) (Sect. 4.2.4.4) will be instructive.

141 Cf. R. Smullyan [1993], Ch. IIL, §1.

142 Or R or PA™ (if PA® is consistent).

143 Cf. S. Kripke [1996], Lecture VII.

144 Bvidently, this definition can be extended to formulas with 7 free variables.
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v, dxa and Vx(x <t > a) (where t does not contain x). Note that it does not
contain negation, implication or unbounded universal quantifier). In such a
language a formula a.(x) is said to define a set S if for any n: n € S iff
Sat(e,n) iff o, (7) is true (in M). This choice is motivated by the following
fact: a relation R" is recursively enumerable iff it is defined in the language
RE.

Besides the Kleene's result concerning Enumeration Theorem we
also mentioned Smullyan's and Kripke's since we'll use these strategies in
what follows in exposing the subject of recursive enumerability and
incompleteness.

To begin with, following Smullyan, let us see how the celebrated
Godel's result can be derived via recursive enumerability.

First of all, let us define the X;-formulas and X;-relations and present
some general facts implied in Smullyan's account.

1. Z;-formulas and relations
Definition. 4 formula of Lpa is called X1 if it is a member of the smallest
class that contains all the formulas of the following forms:

(@) X, =X,, 0=X;, X] =X,, X; +X, =X3, XX, =X;

(b) o A B; o v B, Ixa, Vx(x < yDa), whenever o. and 3 are members
of this class.

Remarks.

(D) A Zi-formula begins with one unbounded existential quantifier, all
the other quantifiers of this formula being bounded. There are
formulas containing many unbounded existential quantifiers but in
which all universal quantifiers are bounded. These formulas are
usually called Z-formulas. But, as can be shown, the X-formulas are
provably equivalent to X;-formulas.

(2) The formulas from (a) are called atomic formulas. All these formulas
are X1, since they are equivalent to a formula constructed from them
using existential quantification and conjunction. For example,
X +y'=z can be written as Juiz(y'=urx+u=z2).

3) If a is a Xi-formula, then Ix(x <y A a) is a Zi-formula; and then the
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class of Xi-formulas is closed under bounded quantification

(universal and existential). But if o is X1 is not always the case that

its negation, —a,, is also a Xi-formula!

4) The class of Xo-formulas contains the atomic formulas (list (a)), the
formulas —a, o AP, av whenever o and B are Xo and the
formulas Vx(x <y D> a), Ix(x <y A a) if o is Zo.

Definition. 4 relation (or set) is X1 iff it is expressible (definable) by a Z1-

formula.

Since a X;-formula o begins with one unbounded existential
quantifier and all the other quantifiers are bounded, such a formula has the
form o: 3Ix,, B(X},e-0r X5 X4y ) » Where B(Xy,...,X,,,X,,,) 1S @ Zo-formula.

Therefore, a relation R(x,...,x,) is Zi iff there is a Z;-formula
ou(X1,...,xn) of Lpa that expresses it, i.e., such that for any numbers £,...,k,
holds: R(k;,...,k,) holds iff a(k;,...,k,) is true (in M'*).

Accordingly, a relation is called Xy iff it is definable by a Zo-
formula. !4

The Zi-relations are also called recursively enumerable relations.'
Definition. 4 relation R is recursive iff it and its complement are rec. en.'*

As we saw above, a Xi-formula of Lpa is a formula of the form Ixa,
where o is a Xo-formula (and then decidable). Now, a ['1;-formula of Lpa is a
formula of the form Vxa, where a is a Zo-formula (and then decidable).

A formal system S is Zi-sound if any Xi-sentence (closed formula) of
Ls, provable in S, is true (in M). And it is Z1-complete if the converse holds.
S 1s called Ili-sound if any I1i-sentence of Ls, provable in S, is true (in M).

A system S is 1-consistent if there is no decidable formula a(x) such that
both S} —a(7n), for every n, and S} Ixou(x). Evidently, the following

47
8

145 Where M is the standard model of Lpa.

146 The Xo-relations are also called constructive arithmetic relations.

47 In what follows we use "Xj-relation" and "recursively enumerable relation"
interchangeably; for them we also use abbreviated rec. en. They are also named semi-
recursive relations (cf. Boolos, Burgess and Jeffrey [2002], Sect. 7.2) or semi-computable
relations (cf. M. Davis [1958], Ch. 5, S. Kripke [1996], 10).

148 The above definitions for "rec. en." and "recursive relations" are not unique. Equivalent
definitions can be found in Kleene [1952], Turing [1936-37], Post [1944], Smullyan [1961],
[1993], Markov [1961], Rogers [1967]. If you want a proof for the equivalence of this
definitions, comp. inter alia Boolos, Burges and Jeffrey [2002], 82 (Propoz. 7.16); M.
Davis [1958], 67 (Theorem 1.5); H. Rogers [1967], 58 (Theorem II).
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holds: If S is w-consistent, then S is 1-consistent and therefore S is
consistent.

A formal system S is called recursively axiomatizable
(axiomatizable, for short) if the set 7/ of Godel numbers of its theorems is
rec. en.

A set S is representable in a formal system S if there is a formula
ou(x) of Lg such that for any n:

ne S iff Sk a(n).

149

2. Some facts

Fact 1. The class of rec. en. relations is closed under existential
quantifications, boolean operations A and v, and bounded quantifications
(universal and existential).!>

Fact 2. If f(x,y) is a recursive function and R(x) is a rec. en. relation,

then R'( f(x,y)) isrec. en.
Proof. R (f(x,y)) holds iff (Ez)(f(x,y) =z A R(z)). By Fact 1 it follows
that R is rec. en.
Remark. If R(x) is the rec. en. set S'°! and f'(x) is recursive, it follows, by
Fact 2, that the relation f(x) € S is an rec. en. relation.

If in Fact 2 R is recursive, then R" is also recursive (argue!).
Fact 3. If f(x,...,x,) is recursive and R(x,...,x,) is rec. en., then the set
S={x| f(x,....x,) =x AR(x,...,x,,)} 1s anrec. en. set.
Proof. x e S iff E(x))...(Ex,)(R(x,...,x,) Ax = f(X,...,X,)). So, by Fact 1,
S'is rec. en.
Fact 4. (1) If R(x,,....x,,),,...,,,) 1s rec. en. and k,...,k,, are arbitrary
numbers, then the n-place relation R(x,....,x,,k,....k,,) 1s rec. en.

Since, for example, if R(x,y) is rec. en., then R(k,y) is also rec. en.,
since R(k,y) is the relation 3z(z = k A R(z,))), plus Fact. 1.
2) If f(x;yeeesXys Vy5eees y,) 18 recursive and k,...,k,, are arbitrary

149 Or "formal system", X;-system, respectively.

150 This fact can be argued using the above considerations on X;-formulas; but for a detailed
proof, comp. R.M. Smullyan, [1992], 50-53. The facts 1-6 are basic facts in the recursion
theory. The form given here is that of Smullyan [1993], §§1-3.

151 Since the sets are 1-place relations.
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numbers, then the n-ary function f(x,,....x,,k,....k,) 1s recursive.
(Similarly if the numbers m,...,m

Substitution).
Fact 5. Let R(x,...,X,,,V},---,,) (m,n>0) be an rec. en. relation. Then

replace the variables x,...,x,) (by

n

there is a rec. en. relation Q(x,y) such that for any x,...,x,,, y,,...,y, holds:

R(xl""’xmayl""’yn)(—)Q(Jm(xl’""xn)a‘]n(ylr"’yn))'
Proof. Using J-functions (comp. Sect. 4.1), define the following
equivalence:
Ox,y) iff x=J,(x,..,x,,) , y=J,(315--,3,) and R(xp,e.0s X0 Vioeens Vyy) -
Le., O(x,y) is the following rec. en. relation:

(Ex)...(Ex, )(EV)... Ey,)(x =T, (X500 X)) A
NY = Jn(ylﬂ""yn) /\R(xlﬂ""xmayl""ayn)) .

Fact 6. If a(x1) is a formula containing x; free and y is its Godel number,
then the Godel number of the formula o(X), where x is any number,

depends of y and x, and then it is r(y,x), where r(y,x) is a recursive

function.
Argument. As can be seen, r(y,x) is the Godel number of the formula

derived from the formula with Godel number y by substituting all free
occurrences of the variable x;, with, say, Godel number 23,5 with the
numeral for x. The arithmetic form of this operation is the recursive function
Sub(y, Num(x),2"), i.e., just r(y,x).

Another way of arguing (in order to avoid substitution) is that
adopted by Smullyan.!>® It is based on the Tarski's remark!>* that for o(x1)
and any number 7, the following equivalence holds:

o) = VX, (x; =7 D ox)) >
The right member of this equivalence is abbreviated by of7n], and then
I o) =afn]. In this case, if y is the Godel number of a(x1), then r(y,n) is
the Godel number of of#n], and can be uniquely determined, using the

152 Comp. Sect. 4.1. Remember, the Gédel number of a symbol, e.g. g(x1)=15 is different
from the Gddel number of an expression consisting only of the respective symbol, i.e., 21
(cf. Sect. 4.1).

153 Comp, R. Smullyan, [1992], Ch. II, §6.

134 Comp. A Tarski, A. Mostowski, R. Robinson [1953], 44.

155 Comp. Ch. 2, 4.3, Lemma.
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primitive recursive function of concatenation.'>®

Remark. Since 7(y,x) is recursive, r(x,x) is also recursive and it is just
the diagonal function."’
Fact 7. Lemma.'”® (1) PA*™ is Xj-complete.

(2) PA* is 1-consistent iff PA*™ is X;-sound.

(3) PA* is consistent iff PA* is I1i-sound.
Proof. (1) Let S be a true Xi-sentence, i.e., S has the form Ixo(x) with o(x)
decidable. Being true, there is a number #n such that () is true (in M).
And then PA™}- o) ; therefore PA* |- Ixau(x) (by Gen3).

(2) We have to prove: If PA* is 1-consistent, then [if PA*™} Ixau(x),

then JIxa(x) is true (in M)]; equivalently: If PA* is 1-consistent and
PA™}|-3xau(x), then Ixau(x) is true (in M).

Reductio. Assume the antecedent of the conditional and that Ixou(x) is false.
It follows that for any n, o) is false, and then for any n, PA*™|- —ou(#n) .
But since PA™|-3xo(x) (by assumption), it follows that PA*™ is 1-
inconsistent. The converse follows from the definition of 1-consistency.

(3) We must prove: If PA*™ is consistent, then [if PA™}|- Vxa(x),
then Vxoux) is true (in M)]; equivalent: If PA* is consistent and
PA™}|- Vxau(x), then Vxou(x) is true (in M).

Reductio. Assume the antecedent and that Vxou(x) is false. Then there is an n
such that o(n) 1s false. It follows that PA™}| —oa(#). But since
PA*}-Vxa(x) follows that for amy n: PA™| a(n) (by Ax4, MP),
contradicting the consistency of PA*. The converse is immediate.

Remark. Via this Lemma, the Godel's Theorem can be expressed in the

following terms:
Gaodel's Theorem. 1. [f PA™ is [1i-sound, then PA* |+ G.

2. If PA™ is X1-sound, then PA*™H —G.

156 Smullyan's argument for the recursivity of the function 7(y,x) is based on the following
idea: r(y,x) =z is an rec. en. relation (cf. Smullyan [1992], 25) and then r(y,x) is recursive
(by the following result of recursion theory: a function f{xi,...,x,) is recursive iff the relation
Ax1,....xn) = y is recursive iff fxi,....x,) =y is rec. en.; cf. Smullyan [1993], 10; comp. also
H. Rogers [1967], 65, Theorem 1X(a)).

157 Comp. the item 9 from the list at the end of Sect. 4.1.

158 This result holds for any extension of PA®,
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As we know, the sentence G has the form Vxo(x) with a(x)
decidable, hence it is a I'T;-sentence.

3. Theorems
Theorem 1.'% If'S is an axiomatizable system and the set S is representable
in'S, then S is rec. en.
Proof. Let a(xi1) be the formula representing S in S, let y be its Godel
number. Then for any x:

xe§ iff o [X].
The Godel number of the formula o [X] is, evidently, a function on y and x,

i.e., r(y,x), where r is recursive (by Fact 6 above). And then we have

xeS iff r(y,x)eTh.
Now, since Th is rec. en. (since S is axiomatizable), it follows that
r(y,x)eTh is also rec. en. (by Fact 2, above). Given oa(x1) with Godel
number £, the Godel number of ofx] only depends on x, and will be r(k,x).
Since r(y,x) is recursive, so is r(k,x) (by Fact 4 above). And then x € S

iff 7(k,x)eTh. Since S =r"'(Th), it follows that S is rec. en.

Theorem 2.'° If'S 5 O is any consistent axiomatizable system and S is rec.
en. then S is representable in S.

By Theorem 1 and Theorem 2, if So> Q is consistent and
axiomatizable then the rec. en. relations are exactly the representable
relations in S.

As we saw by Kleene's Enumeration Theorem (comp. 4.2.4.2) the
predicate (Ey)T(z,x,y) enumerates the predicate of the form (Ey)R(x,y)
with R recursive. In other words, the rec. en. relation (Ey)T(z,x,y)
enumerates the rec. en. sets S={x|(Ey)R(x,y)}.""" This idea of

enumeration can also be given, in a slight different form, in the following
terms: by taking W (z,x) be an rec. en. relation enumerating the rec. en. sets

in the way indicated by the two theorems above. Respectively, if S o Q is

159 With minor modifications this is the Theorem 1 in Smullyan [1993], 35.

190 Dye to J. Shepherdson [1961], A. Ehrenfeucht and S. Feferman [1960]. An elegant proof
is given in R. Smullyan [1992], Ch. VII, §1, or [1993], 85.

161 The sets of natural numbers can be taken as special cases of predicates/relations (they
are predicates/relations of one argument).
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consistent and axiomatizable, then the sets rec. en. are exactly the sets
represented in S.'

Enumeration Theorem.!® There is a 2-place rec. en. relation such that for
any rec. en. set S there is an z such that S ={x|W(z,x)} .

Proof. Let SO QO be any consistent axiomatizable system. Define
W, ={x|F o_[x]}, where z is the Godel number of the formula o(x1). Then
the Godel number of o, [X] depends on z and x; let (z,x) be this number,
where r(z,x) is recursive (by Fact 6 above). Since S is axiomatizable, the
set Th (of Godel numbers of theorems of S) is rec. en. And since r(z,x) is
recursive it follows that the relation r(z,x)eTh 1is rec. en. (by Fact 2
above). But this means nothing else than |- o, (X), i.e., x €W, a relation
we write symbolically as W(z,x).

On the other hand, if S is a rec. en. set, then it is representable in S
by a formula a(x:) with, say, z its Godel number. Hence we set S =W, for
this z, and therefore S appear in the enumeration.

The number z is called the index of S in the enumeration and then we
write equivalently S =W, ={x|W(z,x)}.

For the m-place (n>2) rec. en. relations the enumeration can
proceed similarly, i.e., by defining W ={(x,,....x,) |} o,(X,...,x,)} and

arguing as above.
Alternatively, the enumeration of n-place rec. en. relations can be
given using the pairing function J(x,y) and its corresponding forms for

n>2,1ie., J,(x,..,x,) (comp. Sect. 4.1). In this case we simply define an
n+1-place rec. en. relation ™" in the following way:

W"H(z,xl,...,xn) iff Wz(z,u), where u =J,(x,,...,x,), and thus this
case is reducible to the case for sets.

162 As we mentioned, this is Smullyan's strategy. Originally, the notation W(e,x) is Kleene's.
It also appears in Rogers [1967], 68 (Theorem XII), Kripke [1996] and is also used in the
present account.

163 Egsentially, this is Kleene's Enumeration Theorem, but uses a different schema of
indexing the rec. en. sets (comp. R. Smullyan [1993], Ch. 3, §1).
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4. Recursive enumerability and incompleteness

With the apparatus of recursive enumerability the Godel's Theorem
can be given in following terms.
Theorem 1.'%* If'S is a consistent and axiomatizable system and S is a rec.
en. and non-recursive set, then S is incomplete.
Proof. Let o(x) be the formula representing S in S. Let S* be the set
represented by —ou(x). Both sets, S and S*, are rec. en. (since S is
axiomatizable), but since S is not recursive S~ is not the complement of S
(e, S # S ). It follows that there is a number n such that n e S, and then

neS,and neS . This means that H o) and # —oun) . Therefore ou(n)
is undecidable in S.
Another form of Gddel's incompleteness theorem can also be given

under the stronger assumption of soundness of S.

Theorem 2.'%° Let S be an aziomatizable system, let S be a non rec. en. set
and PB(x) be the formula expressing it in Ls. If S is sound, then there is a
formula B(n) true and not provable in S.

Proof. Let S, ={n|}- B(n)}, i.e., B(x) represents So in S and then Sy is rec.

en. (since S is axiomatizable). Now, since B(x) expresses S in Ls and S is not
rec. en., it follows that there is a number n: n€ .S and n ¢ S ; and since S is

sound, S, = §. For this n we have: B(7) is true and P(7) is not provable in

S. Since B(7) is true, its negation —f(#) is false, and therefore not provable

in S (by soundness of S).

Remark. As can be seen this theorem is a form of Kleene's Theorem
XIII (IT) (comp. Sect. 4.2.4.4). In a sense, it is more general, since S in this
proof is amy not rec. en. set and not just the anti-diagonal set

K ={x|(»)T (x,x,y)}. But, in contrast to Kleene's proof, the above proof is

not constructive.'®
Now, using the notions of recursive enumerability and the Fact 7
(Lemma), the following form of Godel's Theorem can be given.'®’

164 This is Theorem 7 of Smullyan [1993], 41.

165 Comp. and Smullyan [1993], 42, Theorem 8.

166 I e., it asserts the existence of a true but not provable formula of Ls, but gives no method
how to discover it.

167 This also imitates Kleene's Theorem XIII (II).
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Theorem 3. Let S Q any axiomatizable w-consistent system. Then there
is a true but undecidable formula of Ls.
Proof. Let W? be a 2-place rec. en. relation enumerating the rec. en. sets.
Let JyB(z,x,y) the Z;-formula expressing it in Ls.

Let us define the following sets:
(1) K ={x|3yB(x,x,y)}; equivalent: x € K iff JyB(x,x,y)=1
2) K ={x|Vy-B(F,%,y)}; equivalent x € K iff Vy—B(%,%,y)=1
(3) K, ={x|F Vy=B(X,%,y)}; equivalent x € K, iff - Vy—f(X,X,y).
As can be seen, JyP(x,x,y) expresses K in Ls and its negation, =3yp(x,x,y),
equivalent Vy—p(x,X,y), expresses K inLs and represents the set IZO in S.

Hence K and K, are rec. en. Being rec. en., K, has an index e in
enumeration and then
(4) K, ={x|3yp(e,x,y)}; equival. x € K, iff Iyp(e,x,y)=1.
Therefore, for any x:

x e Ky iff 3ype,%,y) =1 (by (4)) iff |- Vy—B(%,%,y) (by 3)).
Whence for x=e:
(Eq) ecKk, iff 3yp(e,e,y) =1 iff - Vy—P(e,e,y).
Now, since S is m-consistent, it is consistent and therefore I1i-sound (by
Fact 7). And then if Vy—f(e,e,y) were provable then it will be true. But

this is impossible, since by (E£q) its negation, JyB(e,e,y) is also true.
Hence Vy—f(e,e,y) is not provable in S. Whence, by (£q), eelzo and
therefore JyB(e,e,y)=0, hence Vy—f(e,e,y)=1.

On the other hand, since S is m-consistent, (by Fact 7) it is X;-sound
and therefore JyP(e,e,y), being false, it is not provable in S.

Therefore, Vy—f(e,e,y) is a formula of Ls true but undecidable
in S.

4.2.6. Separability, Recursive Inseparability, Incompleteness and
Undecidability
The ideas of separability and recursive inseparability give new ways
of proving the incompleteness and undecidability of formal systems.
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1. Separability in S
Definition 1. Let S be a formal system, S, and S, be two number-theoretic
sets. A formula o(x) of Ls weakly separates S, from S, in S if the following
holds:

(@) If nesS,, then |- an).

(b)If neS,, then i+ oun).
Lemma 1. If o(X) weakly separates S, from S, in S and S is consistent,
then a(x) represents some superset'®® S| of S, disjoint from S, .
Proof. Let S| be the set represented in S by the formula a(x), i.e.,

(*) ne S| iff - a(n).
Then S, Sl* (by (a) and (*)). Moreover, S NS, = (i.e.,, S| and S, are
disjoint), since if there were an n such that n € S| and n e S,, then |- o(n)
(by (*)) and H o) (by (b)); contradiction.
Definition 2. Let S be a formal system, S, and S, be two number-theoretic
sets. A formula o(x) of Ls strongly separates S, from S, if the following
holds:

(@) If nes,, then |- au(n).

(b)If neS,, then |- —oun) .
Lemma 2. If aux) strongly separates S, from S, in S and S is consistent,
then

(1) au(x) represents some superset S| of S, disjoint from S, .

(2) —oux) represents some superset S, of S, disjoint from S, .
Proof. (1) Firstly, as in Lemma 1, let S| be the set represented in S by a(x),
1.€.,

(*) ne S| iff - a(n).
Then, evidently S, — S|. Moreover, S| NS, =OJ; since if there were an n
such that ne S| and neS,, then we would have |- a(n) (by (*)) and
F —oun) (by (b)), and therefore S would be inconsistent.

(2) Let S’ be the set represented by —au(x) in S, i.e.,

(**) neS; iff |- —aun).

168 § is a superset of T'if T'is a subset of S; i.e., T < S.
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Obviously, S, <S5 (by (b) and (**)). And S) NS, =J; otherwise there
would be an n such that ne S, and neS,. Whence by (**) and (a) we
derive: - —ou(n) and |- o), contradicting the consistency of S.
Remark. If S is consistent, then any formula which strongly separates S,
from §, in S also weakly separates S, from S, in S.
Notations.'® If S is a number-theoretic set, then S~ is defined as follows:
(Eq) ne S iff 8(n)e S,
where O(x) is the diagonal function. Intuitively, if # is the Godel number of
a formula, then 3(n) is the Godel number of its diagonalization. As can be
observed, S* =871(S).
Let P be the set of Godel numbers of provable formulas of a system
S, and R be the set of Godel numbers of refutable formulas of S.

Theorem.'” If a(x), with Godel number k, weakly separates R from P in
S, then o(k) is undecidable in S.

Proof. Since a(x) weakly separates R from P" in S, then for any n, and
therefore also for £:

(a) If ke R", then |- a(k).

(b) If k e P", then |+ au(k).
Now, if a.(k) were provable, then 8(k) € P and therefore k € P" (by (Eq)).
But by (b), if ke P, then [+ a(k). So, a contradiction is derived. Hence
a(k) is not provable in S.

On the other hand, if —ouk) were provable, then &(k)eR and
therefore k e R" (by (Eq)). Whence, by (a), a(k) would be provable; again
a contradiction. So, under hypothesis of theorem, a.(k) is undecidable in S.

Corollary. If a(x), with Godel number k, strongly separates R" from P, in
S and S is consistent, then o(k) is undecidable in S.
Proof (by Theorem 1 and Remark above).

169 These notations are borrowed from R. Smullyan, [1992], Ch. I.
170 Cf. R. Smullyan [1993], 7, Theorem 3.
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2. Recursive inseparability

Definition 1. Two disjoint sets S, and S, are called recursively separable
if there is a recursive set S such that S, S and S, C S . S is said to
separate S, and S, .

Definition 2. The sets S, and S, are called recursively inseparable (abrev.

rec. insep.) iff they are disjoint and not recursively separable.
Definition 3. 4 formal system S is called recursively inseparable (rec.
insep., for short) if the sets P and R are rec. insep.

Theorem 1. Let S © Q be a consistent formal system extending Q, let S be a
recursive set such that R* < S. Then there is a k such that keS and
keP.

Proof. Since S'is recursive, it is formally expressible in S. Let o(x), with

Godel number £, be the formula expressing it in S, i.e., for any n, and then
also for £:

(a)If k€S, then |- a(k).

(b)If k¢ S, then |- —ouk).
Now, suppose k ¢ S, then |- —ou(k) (by (b)). But - —a(k) iff 8(k) € R iff
k e R". This is impossible, since R* < S. So k must be in S. Whence, by
(a), a(k). But - a(k) iff ok)ye P iff k e P*. Therefore, kS and
keP'.

Theorem 2. If'S is consistent, then S is rec. insep.

Proof. Since S is consistent, the pairs (P,R) and (P",R") are disjoint. Now,
suppose (for reductio) that P* and R" are recursively separable. Then there
is a recursive set S such that R* < S and P* = S . But since S is recursive
and R =S it follows that there is a k such that ke S and ke P (by
Theorem 1). Since P* < S,keS.SokeS and keS. Impossible! Hence
P" and R" are rec. insep. And then P and R are rec. insep. (since P and R
are disjoint, d(x) is recursive and P =8"'(P) and R =8""(R) are rec.
insep.) (detail!).
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3. Incompleteness and Undecidability
Theorem.'”! Let S be any consistent axiomatizable system, let (S,,S,) be a

rec. insep. pair of sets. If (S,,S,) is strongly separable in S, then S is
incomplete.

Proof. Assume hypothesis. If o(x) is a formula that strongly separates
(S,,S,) in S, then, by Lemma 2, a(x) represents some superset S| of S, in
S and —ou(x) represents some superset S5 of S, in S. The sets S| and S
are disjoint (since S is consistent), and are rec. en. (since S is
axiomatizable). But S/ and S, are not the complement of each other;
otherwise S| would be a recursive set such that S, ] and S, < §; and
therefore (5),S,) would be recursively separable (contra hypothesis). Hence
there is a number #» such that n ¢ S| and n ¢ S;. Whence, by (*) and (**) of
Lemma 2, |+ ou(77) and | —ou(n) .

Remark. As we know (comp. Ch. 2, Sect. 5.2), a formal system S is called
recursivelly undecidable if and only if the set P of Gddel numbers of its
provable formulas is not recursive. And S is called essentially recursively
undecidable if and only if S and every consistent extension S of S (i.e.
S™ 5 S) is recursively undecidable. As can be argued, if' S is rec. insep.,
then S is essentially recursively undecidable. Since otherwise there were a
consistent extension S™' of S which would be recursively decidable. And
then the sets P**' and R**' of G6del numbers of provable formulas of S*' and
of refutable formulas of S, respectively, would be both rec. en. such that
P = R* and therefore they would be recursive. But in this case since
P < P and R < R it follows that P and R would be rec. sep., i.e. S would
be recursively separable.

4. Rosser's Theorem (via rec. insep.)
4.1. Kleene's rec. insep. pair (S5,,S5,) of rec. en. sets

The existence of such a pair was given by Kleene, using the partial
recursive function @(z,x). Let (S,,S,) a pair of sets, defined as follows:

(M §={n|®mn) =0;
2) S, ={n|P(n,n) is defined and > 0}.
Firstly, let us observe that S, and S, are disjoint (by their

170 Cf. R. Smullyan [1993], Ch. 11, §6, Theorem 15.
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definitions) and both are rec. en. (since a function @ is partial recursive iff
its graph is rec. en.).

Reductio. Suppose (S;,S,) is recursively separable. Then there exists a
recursive set S, such that

3) S, < S and

4 S,cS.

Let ¢@(x) be the characteristic function of S. Using it we write:

() If neS§,then o(n)=1.

(6) If neS,then o(n)=0.

It follows that

(7)  If ®(n,n)=0,then p(rn)=1 (by (1), (3) and (5)).

(8)  If ®(n,n)>0,then @(n)=0 (by (2), (4) and (6)).

Now, since S is recursive, ¢(x) is recursive, and then partial recursive. By

the enumeration theorem for partial recursive functions, there is an e such
that for any x, ¢@(x)=®d(e,x). Whence for x=e

©) o) =D(ee).

And then we derive:

(10) If d(e,e) =0, then @(e) =1 (by (7)), and therefore d(e,e) =1
(by (9)).

(11) If d(e,e) >0, then p(e) =0 (by (8)), and therefore, ®(e,e) =0
(contradiction). Hence (S,,S,) is rec. insep.

4.2. Rosser's Theorem

The existence of a rec. insep. pair (S,,S,) of rec. en. sets can also be
used for a proof of Rosser's theorem. Kleene's pair, constructed via the
partial recursive function @, fits in best this purpose.
Rosser's Theorem. [ S > Q is consistent axiomatizable system, then S is
incomplete.
Proof.'”? Let (S,S,) be the Kleene's rec. insep. and rec. en. pair of sets,
1.e.,
(1) S, = {m| Dm,m)=0}
2) S, ={m| D®(m,m) is defined and > 0}.

172 This version of proof of Rosser's Theorem, using Kleene's rec. insep. pair (S1,S,), is due
to S. Kripke [1996], 91.
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Let ou(x;,X,) be the formula which represents the function ®(x,x)
inS§,ie.,

(*)  If ®(m,m)=n,then |- Vx,(oUm,Xx,) =X, =7).

If n=0, then |- Vx,(a(m,x,) =X, =0), and then
F Vx,(x, =0>a(m,x,) (by PL) equivalently,

3) F a(m,0) (by Ch. II, Sect. 4.3, Lemma).

If n>0, then ®(m,m) =n, and then, by (*) and PL
- Vx,(a(m,x,) D x, =n), equivalently |- Vx,(x, #n D —o(m,x,)), and
then (since for any x,, x, #n (where n>0) it follows that n=0).

- Vx,(x, =0>—o(m,X,)), equivalently
4) F —oum,0).

Now, since S is consistent
(5)  Non(} o(m,0) and |- —au(m1,0)).

Let (6) M,={m|}- a(m,0)} and (7) M,={m|}—-a(m,0)}. By
consistency of S, M, and M, are disjoint. Moreover, since S is
axiomatizable, these sets are rec. en.

By (1), (3) and (6) it follows that S, < M, and by (2) and (4) and (7)
it follows that S, c M,.

Now, if S were complete, the sets M, and M, would be the
complement of each other (with M, UM, =N), and then they would be
recursive. So, M, would be a recursive set that would separate S, and S, ,
contrary to the rec. inseparability of them.

5. Basic tools of recursion theory
5.1. S”"-Theorem'”

The idea of this fundamental result of recursive function theory is the
following: if R(x,y) is an rec. en. relation, how to determine the index of

the relation R(k,y), obtained by substituting a number & for x in R(x,y)?
More exactly, this idea is given in the following terms.

173 A Kleene's discovery; cf. S.C. Kleene [1952], §65, Theorem XXIII. Sometimes it is
known as Iteration Theorem (comp. R. Smullyan [1993], 51).
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Theorem 1(a). For any 2-place relation R(x,y) there is a recursive
JSunction ¢ such that for any number k, W,y = R, ={y | R(k,y)}.

Proof. Let R(x,y) be an rec. en. relation, let e be its Godel number. lLe., e is
the Godel number of a formula ou(x,,x,) representing R(x,y) in Q. Then,
as can be observed, the formula o(k,x,) represents in Q the set
R, ={y|R(k,y)} ={y| | a(k,¥)}, ie., yeR, iff | a(k,¥). Since each
time the formula o(x;,x,) (with Godel number e) is the same, the variable
substituted, x, (with Godel number, say 2'°)'"* is the same, the Godel

number of the formula o.(k,x,) only depends on £, i.e., it is ¢(k), and can
be determined each time. This number is the Godel number of the formula
obtained from the formula with Gédel number e, by substituting the numeral
for k for the variable with Godel number 2. Te.,
(k) = Sub(e, Num(k),2") , where Sub is the recursive function defined in

4.1.17
Remark. In Smullyan's accoun which avoid substitution, the number

o(k) is the Godel number of the formula  ofk,x,]:

t,l76

Vx, (X, =k D a(x,,X,)), provably equivalent to a(k,x,) (comp. Sect.
4.2.5, Fact 6).

For arbitrary rec. en. relations R™" the theorem can be derived
from the form already given, using J-functions.
Theorem 1(b). For any m+n-place rec. en. relation (m,n>0)

R(X{5e.0sX,,, Vy»--0rV,) there is a recursive function ¢ such that for any
,,,,, k,, = {<y13---9yn> | R(kla"-akmvyl)---:yn)} .
Proof. By 4.2.5,2, Fact 5'"7 and Theorem 1(a).

Theorem 2. Let R™" an m+n-place rec. en. relation, let e be its index,

numbers ky,....k,, s Wor sy =Ry,

. . . 1
and ky,....k, be any numbers. Then there exists a recursive function @™

Such that W(P(e9k1"-'skn1) = {<yl""9yn> | R(kl""’km’yl9""yl’l)} .

174 In the arithmetization given in 4.1.

175 Comp. the item 6 in the list at the end of 4.1.

176 Comp. R. Smullyan, [1993], 51.

177 For details, comp. R. Smullyan [1993], 52; S. Kripke [1996], 96-97.
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Proof. Since e is the index of R™"", it follows that

R(X|seees Xy Vioees V) =W, X, ey Xy Visees V) -

By the preceding form of S’ Theorem, 1(b), applied to
W(€,XssX,, Vy»eees V) » there is a recursive function ™" such that

W(p(e,k k) = {WVpsees V) | W (€K sees s V1seees 1)

_{<y19 5yn>|R(k9 m’yl7 9yn)}
Theorem 3.'7° Let o(x,,...,X,,, V(> y,) be an m+n partial recursive

function, let e be its index. Then there is a recursive function y"*' such that
v(ek,....k, ) is an index of ¢" (kl, ks ViseosVy) -
Proof. Since e is an index of ¢, it follows that
(X yeees Xy Visers V) = (85X 1 5eees Xy Vigeos Vyy) -

Let W™ 2(e,X,y...X,,, Vi»ees ¥, Z) be the graph of ®™*"*' Then, by the
+1

@WH-}’H—]

previous form of the theorem, there is a recursive function y"™ such that

for any k,,...,k,,,
Woyesint) = Esees Vs 2) | W (3K sy V1o ¥, 2)
=AWs Vs 20 | Qs KoKy V1ses ¥,) = 2§
=V Vi 2Ok Ko Y10 9,) = 25
It follows that w(e,k,....k, ) is the index of the n-place partial recursive

function @(k,...,k,,, Vi5e-ss V) -

Kleene's form of Godel's Theorem (via S,'-Theorem)

As is well-known we may refer to a formal system S either by
specifying its set of axioms, or by referring, simply, to the set of its
theorems. If S is axiomatizable, then 7% (the set of Gddel numbers of its
theorems) is rec. en., and then it has an index (by Enum. Th.), i.e., Th = W.

As follows from the Kleene's Theorem,!” if S5O is m-consistent

178 Due to S.C. Kleene [1952], §65, Theorem XXIII. The function y of this theorem is the
function S;' in Kleene's original notation of Theorem XXIII. Comp. also H. Rogers [1967],

23, Theorem V. The notation adopted here is that of Kripke [1996], 96-7.
179 Kleene's Theorem XIII (I1); comp. and Sect. 4.2.4.4 (Gddel's Theorem II).
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and axiomatizable, and A (x) : Vy—p(X,X,y) expresses the set

K ={x| ()T (x,2,)},"%
then a number f can be found such that A(f) is true, but A(f) is
undecidable, where fis the index of the set
K" ={x|F Vy-B(X.%.y)}.
If we refer to S as being We, then the number f depends on the number e.
Using S, -Theorem (for m=n=1), Kleene's Theorem can be
expressed and proved in the following form.
Theorem. Let W. be any o-consistent and axiomatizable system S > Q
with a formula A(X) expressing the set K . Then there is a recursive function
v such that for all e, A(\|Te)) is true but undecidable in We.
Proof.'®! Let A(x) be the ITj-formula expressing the set K, let
R(e,m)=W, |- A(m) (i.e., R is the relation " A(m) is a theorem of W."). R
is an rec. en. relation. By Sl1 -Theorem there is (and can be found) a

recursive function y such that W, =R, ={m|R(e,m)} ={m|W, |- A(m)},

for all e. So, A(f), i.e., A(y(e)) is true and undecidable (if W, is -
consistent).

Using S, -Theorem, another fundamental result of recursion theory
can be derived: the recursion theorem.

5.2. Recursion Theorem.'*? If R(x, ) is any rec. en. relation, then there is

a number e such that We = R..
Proof. Since R(x,y) is rec. en., the relation R(®d(x,x),y) is also rec. en.

(by 4.2.5, 2 Fact 2). By S|-Theorem there is a recursive function y such
that for all m, W,,, ={y|R(®(m,m),y)}. Since y is recursive, it has an

index /. And then W, sy = {y [R(Q(f, [),y); = {y | R(W(/)). ¥} = Ry (- Let
e=y(f). Whence W, = R..

180 A(x) expresses the predicate (1)T'(x,x, ).

181 This is a form of Kripke's proof; cf. S. Kripke [1996], 97-98.
182 Also called the Kleene's second recursion theorem. For this form of the theorem comp.
R. Smullyan [1993], Ch. VIII, §1 and S. Kripke [1996], 107-8.
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4.2.7. Creative sets and incompleteness

A new fashion in the investigation of incompleteness phenomenon is
achieved by using the idea of creative sets, a topic whose starting point is
due to E. Post.!®3

Post set C
As we saw, the diagonal set K ={x|W(x,x)} is rec. en. but its

complement, K= {x| W(x,x)} is not rec. en. And this means that for any

rec. en. subset K of K there is a number x such that
K 'cK—>xeK—-K" . Moreover, such a number x can be found from the

index of any rec. en. subset of K.

Definition. 4 set S is productive'®* if there exists a recursive function ¢(x)
such that for any number x: W, S > @(x)eS—W,. ¢o(x) is called the
productive function of 'S.

Definition. 4 set S is creative'® if (1) S is rec. en., and (2) S is productive.

The set K is an example of a creative set, since it is rec. en. and its
complement, K, is productive (with identity function 7/(x) productive
function for K ).
Definition. 4 formal system S is creative if the set P of Gédel numbers of its
theorems is creative.

The system PA* is an example of an axiomatizable, undecidable and
creative system.

A notable example of a creative set is Post's set C, defined as
follows:

C={x|xeW},ie, xeC iff xeW_.

As can be observed, if the sets C and W, are disjoint, then
xgCUW,, equivalent x¢ C and x ¢ W, . And then /(x) is a productive
function for C (since x € C- W., and therefore /(x) e C- w.).

Theorem. Let S be a correct and axiomatizable formal system. If a(x)
expresses the set C in Ls and represents the set W, in S, then o( f) is true

183 F_ Post [1944].
134 The name is due to J. Dekker [1955].
135 The name given by Post [1944], §3; comp. also H. Rogers [1967], §§7.2, 7.3.
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and not provable in S.'%
Proof. By definition of C: xe C iff xeW_, and if C and W, are disjoint,

then x ¢ C and x ¢ W, . Since S is correct W, < C . And then Cnw.=J
(i.e., they are disjoint); hence for the number f (the index of W, ) we have:

feC and felW,, ie, f65 and f ¢W,. Since a(x) expresses C, it
follows that o(f) is true, and since o(x) represents W, in S it follows that

a(f) is not provable in S.

Remark. In order to obtain the same result of incompleteness (and
undecidability) using the set C we are looking for a number n for which a
formula o(7) is neither provable, nor refutable. And this happens, simply,

when the sets C and W, are disjoint, i.e., when S is consistent and

axiomatizable, o(x) represents the set C in S and —o(x) represents the set
W, in S. (Detail the proof?).

4.2.8. Complete effective inseparability and incompleteness

As we saw (Sect. 4.2.4.5), by Kleene's symmetric form of Godel's
theorem'®” the undecidability of a sentence in a formal system S can be
proved under the assumption of simple consistency of S. This form of
Godel's Theorem also leads directly to another approach of incompleteness
and undecidability,'®® that uses the so-called complete -effective
inseparability (defined below in 2), via Kleene's function.

1. Kleene's symmetric form of Godel's theorem (review)
Using the rec. en. predicates (Ey)W,(x,y) and (Ey)W(x,y)'™
Kleene defines the following rec. en. sets:

Co = x| (EyW,(x,y)} and C; = {x [(Ey)W(x, )} -

18 Essentially, in the original form a(x) expresses K = {x|(»)T(x,x,)} and represents

the set K = {x|F a(x)}, and f'is the index of the rec. en. set K.

187 Actually a generalization of Rosser's Theorem; comp. S.C. Kleene, [1952], §61.
188 As it is sketched in Kleene [1952], 311-312.
189 Comp. S.C. Kleene [1952], §61; comp. Sect. 4.2.4.5.
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By the construction of these predicates (comp. 4.2.4.5(1)) the sets
C, and C, are disjoint.

Now, using the rec. en. predicates (Ey)Ry(x,y) and (Ey)R(x,y)
Kleene defines the following rec. en. sets:

D, ={x[(Ey)Ry(x,y)} and Dy ={x|(EY)R(x, )}

Let B(x) be the formula that strongly separates C, from C, in S and
that represents D, in S; and —B(x) be the formula that represents D; in S
(comp. 4.2.4.5, (2)-(3) and (4)-(5)). Then, obviously C, < D,, C, < D;, and
D, and Dj are disjoint.

By his theorem, a number f can be found such that f ¢ D, and
f & D, from which it follows that |+ B(f) and |+ —B(f). This number

f =27 .3/ where f, is the index of D, and f, is the index of Dy in an

enumeration. So, fis the value of a recursive function y(x,y) (i.e., 2*-3%),
for x and y specified.

By his reductio, if B(f) were provable, then f €D, (since B(x)
represents D, in S). And since S is consistent, then f ¢ D;. Now, by the
construction of the predicate (Ey)W(x,y), it follows that (Ey)W,(f,»)
holds and then f e C,. But C, < D, and therefore f e D;, whence —B(f)
would be provable (since —B(x) represents the set D, in S). But this means
that S would be inconsistent. So, if S is consistent, |+ B(f).

By a similar argument we can show that if S is consistent, then
I+ —B(f). Therefore, if S is consistent, B(f) is undecidable in S.

Let us resume! From the preceding argument it follows that for the
disjoint pair (C,,C)) the recursive function y(x,y) is such that

(D) IE w(fou ) €W, — W, , then y(fy, ;) € Gy
@)1 w(for ) €W, =W, then w(fy, ) € G,
where W, and W, arethe sets D, and D;.

Such a function, y(x,y), is called a Kleene function'® for the
disjoint pair (C,,C,).

190 The name given by R. Smullyan, [1993], 68.
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Using J(x,y) as a Kleene function for an rec. en. pair (K;,K,) of

sets, via the notion of completely effectively inseparable sets, Smullyan
gives an interesting proof of Kleene's symmetric form of Godel's
Theorem.!”! Let us sketch the ideas.

2. Effective and complete effective inseparability

As we saw (comp. 4.2.6, 2), a disjoint pair of sets (S,,S,) is rec.
insep. if there is no recursive set S such that S, =S and S, S . And this
means that for arbitrary disjoint rec. en. sets W,, W, such that S, € ; and

1

Sy cW,: W, # VIN/]. ; and therefore there is an n such that n g W, W, .
Definition 1. A disjoint pair of sets (S,,S,) is effectively inseparable
(abrev. eff. insep.) if there is a recursive function ¢(x,y) such that for any
numbers i, j, with S, cW,, S, W, and W, disjoint from w;, the number
¢, j) g W, OW, . The function ¢(x,y) is called an eff. insep. function for
the pair (S,,S,).
Definition 2. A4 disjoint pair of sets (S,,S,) is completely effectively
inseparable'®* (abrev. compl. eff. insep.) if there is a recursive function
¢O(x,y) such that for any numbers i, j, with S, W, and S, W, the
following holds:

O, )W, <> 0, j)eW,;.
The function @(x,y) is called a compl. eff. insep. function for the pair
(51,57)-

As can be remarked, if W; "W, =O, the number @(i, j) € W, W, .
Hence if ¢(x,y) is a compl. eff. insep. function for a pair (S;,S,), then it is
also an eff. insep. function for (S,,S,).

Theorem.'** Let the following be given:
(a) S is a consistent and axiomatizable system.
(b) a(x) strongly separates the pair (K,,K,) in S.

191 Comp. R. Smullyan, [1993], Cap. V, I, §2.

192 The terms "effectively inseparable" and "completely effectively inseparable" are those of
R. Smullyan [1993], Cap. V, L.

193 This is Smullyan's version of Kleene's symmetric form of Gddel's Theorem, proved via
compl. eff. insep. of an rec. en. pair (K;,K>); cf. R. Smullyan [1993], Ch. V, I, Theorem 3.
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(c) W, is the set represented by ou(X).

(d) W, is the set represented by —a(X).

Then W o(J(k,m)) and H —o(J(k,m)) (i.e., the sentence o(J(k,m)) is
undecidable in S, and therefore S is incomplete).

Proof. By (b) for any #:

(1) nek, — | o(n)

(2) nek, >F—-on).

By (¢) and (d), we have, accordingly

3) neW, < o(n)

4) neW, < —on).

Whence, by (1) and (3): K; < W, and by (2) and (4): K, < W,,. Obviously,
W, W, = (since S is consistent).

Now, since J(x,y) is a Kleene function for (X,,K,), J(x,y) is a
compl. eff. insep. function for (X,,K,) and since (W;,W,) are disjoint,
J(x,y) 1s an eff. insep. function for (K;,K,) (comp. Defl). So, the
number J(k,m)eW, and J(k,m)eW,. Whence, by (3) and (4):
H o(J(k,m)) and H —ou(J(k,m)). Therefore o(J(k,m)) is undecidable
in S.

Remark. As we saw (comp. Sect. 4.2.6,3, Theorem) the undecidability of a
sentence ay(7) in S follows from the following assumptions:'**

(a) S is consistent and axiomatizable.
(b) a(x) strongly separates (.5),S,) in S.
(¢) (S,,S,) are rec. insep.
From (b) are deducible:
(1) au(x) represents a set S| such that S; < S| in S.

(2) —aux) represents a set S, such that S, S5 in S.
By (a) S/ and S’ are disjoint and rec. en. And by (c) they are not the
complement of each other. Hence there is an n such that n¢ S| and n¢ S .
Whence, by (1) and (2), |+ ou(77) and H —au(7).

194 By a non-constructive proof, since it gives no clue how to find this 7.
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In the constructive version of this theorem'®> (the theorem above) the
number #n for which o(n) is undecidable in S is delivered (constructively)

by a Kleene's function J(x,y), this being an effective insep. function for
(K;,K,), in which case the number n=.J(k,m) is outside both sets W, and
W, . And therefore |+ o) and [+ —ou(7) .

195 The correspondence between the non-constructive form and the constructive form is

casy to grasp: Sj, S,, S|, S, become K, K,, W, W,,, respectively; and o(x) has the
corresponding role.
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Chapter 4. MODAL LOGIC OF PROVABILITY

The modal logic concerns basically the study of notions "necessity"
and "possibility". The modal logic of provability is that special part of
modal logic, as it is applied to the study of mathematical reasoning, in
which case the idea of necessity becomes the mathematical idea of
provability. What is properly called the modal logic of provability is the
propositional modal system GL£ (G6del-Lob).

4.1. Systems of propositional modal logic
4.1.1. Syntax

The propositional modal logic PML is an extension of the
propositional classical logic. The language of modal logic (Lpmr) consists of
the following classes of primitive (undefined) symbols: p, q, ...
(propositional variables); —, O (propositional connectives); [ (modal
operator) and auxiliary symbols: ( , ) (parentheses).

The notion of formula of Lpmr is inductively defined strictly by the
following rules:

(1) p, q, 1,... are (atomic) formulas of Lpmr.

(2) If o is a formula of Lpmr, then —a and Lo are formulas of Lpme.

(3) If o and B are formulas of Lpmr, then a>f is a formula of Lpme
(where a., f3,... denote arbitrary formulas of Lpmr).

As usually, we also use some other connectives of propositional
classical logic, e.g., A, v, =. They will be introduced in the well-known way,
using the primitive symbols — and .

Remark. Sometimes!, besides the "—" we use, as primitive symbol, " 1 ". It
is 0-ary connective and denotes the logical falsity. Then, its relative, " T ",

will denote the logical truth. Using " 1", evidently, the symbol of negation
is dispensable, since —p and —LIp, for example, can be expressed by p> L
and [lp> L, respectively. Even the symbol " T " is eliminable, since it can

be defined by L >.1. The reason for this minor change is the following.
The idea of provability in PA™ is shaped by G£, and since many notable

! For the language of GL.
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formulas of Lpa regarding the provability are constant sentences®, the
corresponding modal formulas not containing symbols for propositional
variables (also called letterless sentences, e.g., L, L >1, =[11) will
play a key role.
The system K (Kripke)

To set out a modal system in the language Lpmr means to specify its
axioms, rules of deduction and (eventually) the definitions.
Axioms of

(1) Any valid formula o of propositional classical® logic (PL).

(2) The modal axiom K: [Ll(poq)>(LlpoLq).
Rules of deduction

Modus ponens (MP) o, aop
p

Substitution (Subst) | au(pi,...,pn)
}— OL(Bl/pl,...,Bn/pn)

Necessitation (N) o
FlOo
Defd. Oo=¢r —[—a,
where "<" is the modal operator "possibility", dual to the operator "[1".

In Subst o(p1,...,pn) is a formula of Lpmr containing the propositional
variables pi,...,pn, and o(B1/p1,...,Bn/pn) is the formula of Lpmr obtained from
o(p1,---.pn) by substituting the formulas of Lpmr Bi,....0n for pi,....pn,
respectively (where Bi,...,Bn are arbitrary).

As evident, the first two rules (MP and Subst) are not specifically
modal.*

All the other propositional modal systems are proper extensions of
the system K , as follows:

2 As we'll see below, such a formula a* is the realization (interpretation) of some modal
letterless sentence.

3 As can be seen (1) is an axiom schema, i.e., a prescription (recipe) indicating what can we
take as being an axiom of K, it is not a formula of the object language. In what follows this
use of (1) is often indicated by PL.

4 Comp. their use in PL* in Ch. 1 (3.1, 3.2).
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K4 =K+4: UpoUlp

7= K+ T: Upop

SA=K+T+4

S=K+T+5: CpodOp

B=K+T+B: podp

GL= K+ W: L(Upop)ollp

If §is a system, then §' is an extension of § if < ' (i.e., all
theorems of § are also theorems of §'); and if §' has theorems which are not
theorems of §, then §' is a proper extension of .

A formal system is called normal if it is an extension (proper or not)
of the system ¥, i.e., if the set of its theorems contains all valid formulas of
propositional classical logic, the (distribution) axiom K and is closed under
MP, Subst and N.

Let $ be a normal system. Then the following results hold:

Theorems of K

Deriv. 1° FooB
oo

(1) fo>p; hyp.

(2 F0(e=p); (N

(3) FU(aoB)o(HaslIB); K, Subst a/p, B/q
@ FOos0p; (2), (3), MP

Deriv. 2 Fo=p
FUOa=L1p

() Fo=p; hyp.
@ F(a=p)>(ap); PL
(3)  Fosp; (1), (2), MP

3 Deriv. 1 — Deriv. 4 are called derived rules of deduction; they are provable in , are not
necessary for § but whose application makes the proofs easier.
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(4) | OosOp: (3) Deriv. 1
(5)  F(o=p)>(Poa); PL

6)  FPB>a; (1), (5) MP

(7 FOBo0a; (6) Deriv. 1

(8) FOoa=0B; (4), (7) PL: (poq)>((gop)>(p=q)) + Subst, MP

Deriv. 3 oo
F<CoaoOB

(1) aspB; hyp.

(2)  F(oop)>(=p>—a); PL

(3)  F—po—os (1), (2) MP

4) F O—po0—a; (3) Deriv. 1

(5) F—=U—-o>-[1-p; (4) PL (contrapoz. D)
6) FaOB; (5) Def. &

Deriv. 4 Fo=p
F<Oa=0pB

(1) fo=p; hyp.

@) Fasp;(1)PL

3) F<Coo$B; (2) Deriv. 3

4 B>oa; (1) PL

B FOPo<a; (4) Deriv. 3

©  F<Ca=CB; (3), (5)PL

Replacement Theorem (Repl).® Let a(p) be a formula of Lomw containing
as subformula (proper or not) the formula PB. Let o(y) be the formula
obtained from a(B) by replacing an arbitrary number of occurrences of 3
with y. Then

If |=B=y, then |- a(B)=ou(y).

® This theorem is an extension of the corresponding theorem from PL (with a slight
notational modification); comp. Ch. 1, 3.2.1.2.
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Proof (induction on the complexity of o).

(1

2)

)

4)

o(B)=p. In this case a=B=p. If y is a formula such that |-p=y (e.g.,
Y=—=p, 7=pA(qQv—q)), then |- a(B)=0c(y) evidently holds.

Q(B)z—@
We have: if |-PB=y, then 3(B)=06(y) (ind. hyp.). It follows that

- —8(B)=—5(y) (by PL), i.e., |- a(B)=ay)
o(B)=0>¢, and the theorem holds for 6 and ¢, i.e.,
(a) If | P=y, then 5(B)=d(y), and
(b) If |- B=y, then |-&(B)=¢(y); and therefore, by PL
(c) If |- P=y, then |- (3(B)=8(y)A(e(B)=e(1)).
(d) If |- =y, then - (3(B)e(B))=(8()=e(y)); from (c) by PL:
- (p=q)A(r=s)>(po)=(gos).
Le., If |- B=y, then |- o(P)=0u(y).
o(B)=L15, and the theorem holds for o, ie., If |p=y, then
Fo(B)=d(y). But then |Ud(B)=L1d(y) (by Deriv. 2), i.e.,
- a(B)=a).
- D(oap)=(0anlp)
(1) F (anB)>a; PL
(2) U(anp)>Ua; (1) Deriv. 1
(3) - (aAB)op; PL
4) U(anp)>LIB; (3) Deriv. 1
(5) F O(@nB)>(Candp); (2), (4) PL
by F (p>q)>((por)>(p>(qAar))
(6) F a(B(anB)); PL
(7) FUaU(Po(anp)); (6) Deriv. 1
(8) F O(B=(anB)=(OB=Cl(anp)); by K
9) F Das(@po0@ap)); (7), (8) PL
(10) F (HaAldp)oLd(anp); (9) PL
(11) FO@AB)=(Casdp); (5), (10) PL
The theorem K can be generalized in the following form:
FO(auA...Ao)=(Loua...Alaw) (argue!).
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K> F(avUp)oU(avp)

(1) Fas(avp); PL

(2) F-PB>(avp); PL

(3) FUooU(avp); (1) Deriv. 1

(4) FUOpoU(avP); (2) Deriv. 2

(5) F(Hovp)=U(avp); (3), (4) PL

by = (p=r)>((gor)=>((pvg)=r))
K3 }— D(XE—|<>—|O(

(1) a=——0; PL

(2) Ho=l——a; (1) Deriv. 1

(3) D—|—|(X,E—|—|D—|—|(X, PL,SUbSt

4) Hoa=——[——a; (2), (3) PL

(5) Do=—<>—a; (4) Def. &

This theorem together with Def <> indicate a simple procedure of
interchanging the modal operators [1 and < in an adjacent sequence of
such operators: a negation sign is put before the sequence and such a sign is
put after it, and then by replacing [ with < and < with [ throughout the
sequence (and, finally, if it is the case, by deleting all the double negation
signs).

Examples. (1C=-C0—; OOC=-000-,

In what follows we refer to this procedure by Interch.
Ki | O(avB)(CavOp)

(1) F Oan—p=(C-anb-p); Ki

2) F = a(—an—PB)=(d—-arld—=p); (1) Interch.

3) =< (avPB)=(=Can—<B); (2) PL, Interch.

(4) F O (avB)=(CavEep); (3) PL
Ks F(Candp)><O(anp)

Let us give a more convenient form of Ks, equivalent to K.

(1) =< (anB)o—=(<Canldp); Ks, PL

(2) O—=(aAB)o(Lp>L=a); (1) Interch., PL
Now, to prove Ks means to prove (2).

(a) - U=(anp)=U(—av—-p)=LI(po>—a); PL

(b) U (Bo—o)o(UpoU—a); K, Subst.
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(¢) = U—=(arB)=(Ips—-a); (a), (b) PL
The following formulas are also the theorems in K (show that!):
Ks F<(aoB)=(0aB)
K- FO(aoB)o(CaoB)
Ks F O (anB)o(CanB)
Ko F(Oan )< (anp)
Kio FOvB)a(Cavop).
Since all the other normal systems are extensions of K, all the above
theorems of K will be theorems in these systems.

First Substitution Theorem. Let o(p) be a formula of LemL containing the
variable p, () and a(y) be the formulas obtained from o(p) by substituting
B and vy, respectively for p. Then the following holds:

If =B=y, then |- a(B)=a(y).
Proof (induction on the complexity of o).
o=p. Then if |- =y, then |- B=y.
o=—0(p). Since the theorem holds for d(p) (by ind. hyp.) we have: if
FB=y, then |-06(B)=3(y) and therefore F—-8(B)=—d(y) (by PL), i.e.,
- o(B)=auy).
o(p)=0(p)>e(p). Since the theorem holds for 6(p) and &(p) we have:
(a) If |- =y, then |-3(B)=3().
(b) If |- B=y, then |- &(B)=e(y).
And therefore: If |- pB=y, then |- (3(B)=0(y)A(e(B)=¢e(y)) by PL
But then - (3(B)2e(B))=(3(y)=e(y)) (by PL), i.e.,
= a(B)=aly); by F[(p=q)A(r=s)]o[(por)=(qos)] + Subst + MP
As in the case of Replacement Theorem in PL (comp. Ch. 1, Sect.

2.4.2), if B occurs only in & or only in y, the proof can be constructed
accordingly (exercise).

o(p)=0LJd(p). Since the theorem holds for d(p) we have: If |p=y,
then |-8(B)=6(y). But then | [I3(B)=[15(y) (by Deriv. 2), i.e., Fa(B)=0u(y).
Definition. The modal operator strong box [ is defined as follows:

Ho=g¢Jana.
Theorem 1. (a) ¥4 |- HUo=la

(b) %4 - H0o=0Ma
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(c) K4 | Ho=LEa
Proof. (a) K4 | EHUo=la
(1) x4 FUOooU0o; by 4
And since 0o is COaAOa, we have
(2) %4 - (HooUOa)o(DHaAla)=la),
by PL: |- (p>q)=((qAp)=p).
3) x4 F(UOaAOo)=0a; (1), (2), MP
(b) ¥4 |- EHUo=UEa
Since k4 | HUOo=00aAUa (by Deh)=LI(Lana) (by Ki)=La
(by Def.)
(c) K4 | Ho=LlEa
By Def. [Ella is LEanlda, equivalent Llaalla (by (a) and (b),

equivalent Llanlana (by Def), that is Uaaa, i.e. o
Theorem 2. If K4 |- Elaop, then

(a) K4 | UoolIB and
(b) K4 |- EHap.
Proof. (a)
(1) K4 | [asp; hyp.
(2) K4 |- UHooL; (1) Deriv. 1
(3) K4 |- UaoUp; (2) Theorem 1, (a) and (b).
(b) (exercise).
Theorem 3. [f K4 |- Ua>p, then K4 |- UaoLIp.
Proof. (1) K4 Ua>op; hyp.
(2) K4 - U0ooB; (1) Deriv. 1
(3) x4 | UaoB; (2), 4, PL
Theorem 4. For K4 the following holds:
(a) K4+ (Honll(aop))ok1p
(b) K4 HootHa
(c) If K4} a, then K4 EHa
(d) K4 El(anB)=(Elanllp)
(¢) K4} El(oop)>(HasEp)
(f) K4 El(o=p)>(EHa=EIP).
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Proof. (a)
(1) F(an(asp))=p
(2) F(HaAl(aop))oLB; (1) Deriv. 1, Ky
(3) F(Hanb(esp)ran(asp)=(LBAB); (1), (2) PL
4) F(Hara)a@(aop)a(esp)>(LIBAR); (3), PL
(5) F(Hanll(aop))ol1B; (4) Def.

Proof (b)—(f) (exercise).
As can be seen, these properties of [:] are similar to those of []. However,
there are properties specific to [, e.g., k4 |- la>a and those from Th. 1.

Second Substitution Theorem. ¥4 |- E(B=y)>(au(B)=au(y)).
Proof (induction on the complexity of a).
o=p. Then ¥4 |- (B=y)>(P=y); holds by PL
o=—0. We have the following derivations:
(1) K4 - E(B=y)=>(3(B)=3(v)); by ind. hyp.
(2) K4 F3(B)=8(y)=(—=8(B)=—5(7)); by PL
(3) K4 |- E(B=y)=(=8(B)=—5(y)); (1), (2) PL
Le., K4 |- E(B=y)=>(au(B)=au)).
a=0>¢; and the theorem holds for 6 and ¢, i.e.,
(1) %4 |-E(B=y)=(3(B)=3(1))
(2) K4 |- E(B=y)>(e(B)=¢()), and then
(3) K4 = E(B=y)>((3(B)=d(1))1(e(B)=¢(Y))) and then
(4) K4 |- E(B=y)>((3(B)=e(B)AB(Y)>E(Y)))
from (3) by PL (as above in the proof of First Subst. Th.).
And this means:

(5) K4 |- E(B=y)>(a(PB)=a(y))
a=[19; and the theorem holds for 9, i.e.,

(1) K4 FE(B=y)>(8(B)=d(y)); by ind. hyp.

(2) K4 FDOE(B=y)20(8(B)=06(v)); (1) Deriv. 1

(3) K4 FDI6(B)=d(v)=>(LI8(B)=LI3(y)); Deriv. 1, PL

(4) K4 FDOE@E=y)>(0s(B)=Us(v)); (2), (3) PL

(5) K4 |- EI(B=y)>LE(B=y); since EI(B=y)=(LI(B=y)A(B=Y))
(by Def) and (LI(B=y)A(B=y))=>U(B=y); by PL, and LI(B=y)=LIE(B=y);
by Th. 1(a) and (b).
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(6) K4 |- E(B=y)=(L18(B)=L18(y)); (4), (5) PL

ie., K4 |- El(B=y)=(a(B)=0uy))-

From the second substitution theorem a formalized version of the
first substitution theorem can be derived as corollary.
Corollary. x4 |- U(B=y)oU(a(B)=0(y)).

Proof.

(1) x4 |- E(B=y)>(a(B)=a(y)); Sec. Subst. Th.

(2) x4 |- LE(B=y)=U(aB)=ouy)); (1) Deriv. 1

(3) x4 U (B=y)=L(a(B)=a(y)); (2), Th. 1, (a) and (b).
Theorems of T
T Foola

(1) —o>—a; T, Subst.

(2) ao—U—a; (1) PL

(3) o< (2), Def. &

T < (oo0w)

(1) o< Oa; by T

(2) Cloodo)=(a><C0n); Ke

(3) O(axUw); (1), (2), PL
T; oo a (follows from T and Th).

Theorems of 54
S41 | OCoda

(1) H—=ooU0—a; 4, Subst.

(2) -UU=0a>—-U—-a; (1) PL

(3) &< axa; (2) Interch.

S4; |- Uo=LUa

(1) UOoo0a; T, Subst.: La/p

(2) HooUUOa; 4, Subst.

(3) Uo=UUa; (1), (2) PL
S43 |- Ca=COa

(1) Can><Oa; T, Subst.

2) Ca="a; (1) S,

The following formulas are also the theorems of $4 (show that):

S44 - OCa=0C 0.
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The proof does not involve the axiom T, and therefore it is also a
theorem of K4; for details, comp. Boolos, [1993], 9.

S4s - OHo=C0CHa

S46 - U(aop)oU(HaoIB)
S47 - (HavUp)=UHavp)
Theorem of S5

S51 F CHao0a

(1) O—aod<—a; 5, Subst.

(2) =0 —-a>—-C—a; (1) PL

(3) COa>a; (2) Interch.

S52 | Ca=Ca

(1) Casd<Oa; 5, Subst.

(2) OG oo T, Subst.

(3) o= a; (1), (2) PL
S53 - Oa=C0a

(1) Da><0a; T, Subst.

(2) O—aod<—a; 5, Subst.

(3) -0 —-a>—-C—a; (2) PL

(4) OGOa>oOa; (3) Interch.

(5) Qo=<a; (1), (4) PL
SS4 - UooUUa

(1) Da><>0a; T, Subst.

(2) COe=O<C0ay; S52

(3) Qo< Oa; (1), (2) PL

(4) DooU0a; (3), S53 Repl.

By this theorem it follows that 4: [Jp>[1C]p is a theorem of $5, and
then $5054 (since both systems contain 7'and the same rules of deduction).
As can be argued §5#54 since the axiom 5 is not $4-valid (show that!).

S5s - U(avUB)=(UavlLIp)

(1) O(avOB)>(av<OOR); Kio

(2) U(avB)>(CovIP); (1) S53, Repl.

3) (HovOUB)2U(avIp); Ka

4) (Hovp)oU(avlIP); (3), S42

(5) U(avOB)=(UavIP); (2), (4) PL

The following formulas of Lpmr are also theorems of §5 (show that!):
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S56 F H(av<OR)=(av<OB) (use S55)
S57 | O (anPB)=(OandP)

The theorems of §5: S52, S53, S41, S42 show that any sequence of
modal operators can be reduced in $5 to the last operator of the sequence.
S5s (<O oop)=l(asp)

The system S5 and the system B

The system S5 can be axiomatized alternatively as $5°=54+B, i.e., by
adding to $4 of the Brouwer's axiom B: po[1{p. As we saw above the
axiom 4: Cpo[Cp is already a theorem of 5. Then to prove that S5 o
iff $5|-o is enough to show the following: $5°5: $Opo<Op and
35 pod<p, and this happens as follows.

S5 FoodOa

(1) ooa; T

(2) CodOa; 5, Subst.

(3) a0 a; (1), (2) PL
Hence, the axiom B: poJ<p is a theorem of $5.

5" Qa0

(1) SoOO Oy B, Subst.: Oalp

(2) CadOa; (1), S43

Le., $5° proves the axiom 5: Opo<Op.

The following formulas are theorems of B (prove that):

Bi F(COanOp)o0<C (anB)
B: F OOooOOa

Theorems of GL
GL; - Oen0O0a]
(1) oo(UHarUa)>(HaAa)); by PL:
po((gAr)D(rAp)) + Subst.
(2) HooU(UHaAUa)o(Hana)); (1) Deriv. 1
(3) HooU(L(Hara)o(Laaa)); (2), Ki, Repl.

" This theorem of G£ was independently proved by D. de Jongh, S. Kripke and G. Sambin
(apud. G. Boolos, [1993], 11). Since 4: OpoCp is provable in G£ sometimes GL is
known as the following extension of K: K+4+W (where K+4=%4 (=BML: Basic Modal
Logic)); comp. C. Smorynski, [1985], 65, 71.
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4 UU(Horo)o(Loana)oU(Hana); W, Subst.: Llaaa/p
(5) HaoU(Hara); (3), (4) PL
(6) Hoo(UUaAUa); (5), K1, Repl.
(7) QooU0Oa; (6), PL

GL; F U(Uooa)=Ua
(1) (aro)>(Loa>oa); PL
2) U(aro)oL(Hoa>oa); (1) Deriv. 1
(3) Hoo(Mana); comp. formula (5) in the proof of GL;
(4) Doo(Ma>w); (2), (3), PL
(5) U(Uaoo)ola; W, Subst.
(6) U(Uaoa)=Ua; (4), (5), PL

GL; FU(Hara)=Ua
(1) D(Haro)=(U0arla); Ki
(2) (UUaAUa)>Ua; PL
(3) U(Uara)oUa; (1), (2), PL

((p=q)>l(g=r)>(por)])

(4) HooU(Haaa); from (3) of GL2
(5) d(Daaa)=0a; (3), (4), PLE

GL; -0 1=030p°
(1) Lo>$p; PL
(2) 0 1L o0Cp; (1) Deriv. 1
B3)poT;PL

(4) OpoO T (3) Deriv. 3
(5) & T==-01=01>1;Interch., PL

(6) Opo(d L>L); (4), (5), Repl.
(7) OCpo(d Lo L); (6) Deriv. 1
(8) L( Lo L)>[11L; W, Subst.
(9) O1Ops0 L (7), (8), PL

8 Note that since by GL; the system G£ extends %4, it follows that GL, follows from the
step (3) of the given proof (i.e., from Thl ((a) and (b)) of ¥4) via W and PL. Similarly,
GL; follows directly from Th1 (a) and (b) of k4. Generally, since GL extends %4, all the
theorems of k4 are also theorems of GL.

9 As we mentioned at the beginning of this section, the symbols " L " and " [ " denote the
logical falsity and the logical truth, respectively. GL4 is Theorem 21 of Boolos [1993], 12.
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(10) O L=0<p; (2), 9), PL
GLs (a) - U(p=—Lp)=U(p=—0L1 1)
(b) =0E=Up)=Up=T)
(¢) =0O(p=U-p)=L(p=0 1)
(d) FO@p=-0-p)=0(p=1)"
Proofs (see G. Boolos [1993], 13-14, Theorem 24).

4.1.2. Semantics of modal logic

While in the preceding section we saw the syntactical aspects of the
best-known system of modal logic, in this section we set out the semantics
for these systems, and then the way the two sections are correlated by the
soundness and completeness theorems. '

4.1.2.1. Concepts. Soundness theorem for K
W ={w,w,,...} 1s a nonempty set of possible worlds. R is a dyadic

relation defined over W'? called the accessibility relation: when w,Rw, we
say that w, is accessible from w, or it is a possible world relative to w; or,
finally, that w, can see w, .

If R is a relation defined over W, then:

R is reflexive if for all we W : wRw.

R is irreflexive if for no w: wRw.

R is symmetric if for all w;, w, : if wRw,, then w,Rw; .

R is transitive if for all w;, w,, wy:if wRw, and w,Rw;, then
wiRwy.
R is euclidean if for all w;, w,, wy:if wRw, and w,Rwy, then

w,Rwy (or wyRw, ).

10" GLs (a)~(d) will play a special role in "decoding" of the so-called self-referential
(constant) sentences of Lpa; see the next section 4.2.

' The section 4.1.2 contains the basic aspects of this semantics, as it is taken today as being
the standard one. The elaboration of these items is based in essence on the following
sources: G. Boolos [1993], Chs. 4-6, G.E. Hughes and M.J. Cresswell [1996], Chs. 1-3, 6-8,
C. Smorynski [1985], Chs. 1-3, M. Fitting [1993].

12 In the sense that for every pair (w, w2) we can tell whether or not wiRw,.
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A frame is an ordered pair (W ,R), where W and R are the items
defined above.

We say of a frame (W,R) that it has a property P (e.g., reflexivity,
transitivity) iff R has this property.

A frame (W, R) is finite iff W is finite.

A valuation V on W is an assignment of values to the propositional
variables in the worlds of W. By wlp we mean that "w verifies p", i.e., p is
true in w.

The triple (W,R,V) is a model based on the frame (W,R), and V is
a valuation function.

The meaning of the relation wk a can be stated precisely by the

following inductive definition.
Definition 1. Let M =(W ,R,V) be a model and we W . Then

(D) wkp iff whp.

(2) wk = iff wk a.

(3) wk a>p iff either wk o or wi B.

(4) wk Qo iff for any w, e W such that wRw;, w; E .

Similarly, the truth values of the formulas (not in the primitive
notation) oAP, avp, o=p, <o in a world w can be defined (as
consequences of 1-4) (exercise).

Definition 2. 4 formula o is valid in a model M ={W,R,V) iff wk a for all
weW.

Definition 3. A formula o is valid in a frame (W,R) iff o is valid in all
models based on (W,R).

The concept of validity in modal logic is relative to the modal
systems. Since the modal systems we are interested in are extensions of & ,
let us firstly consider in detail the validity of K (or K-validity) and the
soundness theorem for K .
Definition. A formula o of Lemv is K-valid iff o is valid in any frame
(W,R).
The soundness theorem for K. If K|-a, then o is valid in any frame
(W,R).

To prove the soundness of K boils down to show the following:

(1) All axioms of K are K-valid.
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(2) The rules of deduction (Subst, MP and N) are valid (i.e., they
preserve in the conclusion the validity of premise(s)).
(1) All axioms of K are K-valid.

(a) All valid tformulas of PL are K-valid. This follows from the fact
that the validity of a formula o in a world w does not require in any way a
reference to another world; therefore o will be true in every world and then
valid in every model and, finally, o will be valid in every frame (W ,R).

(b) The axiom K: [(poq)>(Lp>ollq) is K-valid.
(Reductio). Suppose that K is not K-valid, i.e., there is a frame (J/,R) in
which K is not valid. Then there is a model (W,R,V) based on (W,R) in
which K is not valid, and therefore there is a world we W in which K is
false,’® ie., (1)wpgK. From (1) it follows (2)wkE(poq) and
(3) wk (Up>olq). From (3) it follows (4) w=Up and (5) w Lq. From (5)
it follows (by Def. 1 (4)) (6) there is a world w;, e W such that wRw; and
w; K q. From (4) it follows (7) w; E=p (since wRw;) and then (8) w; K (p>q)
(from (6) and (7)). Now, since wRw; it follows that wk [1(p>q); contradic-
ting (2).
(2) All deductive rules are K-valid.

(a) MP is a valid rule of deduction.
Proof. If o and a>f are valid in a frame (,R), then both formulas are
valid in every model based on (J#,R) and so they are true in every we W .
Therefore, by Def. 1(3), B is true in any we W . Whence B is also valid in
(W,R).

(b) Subst is a valid rule of deduction.

Let a(p) be a formula of Lpmr containing the propositional variable
p, and a(B/p) (a(B) for short) be the formula obtained from a(p) by
substituting a formula  for p (in all of its occurrences) in o(p). Then the
following result holds.
Lemma. If o(p) is valid in the frame (W,R), then o) is also valid in
(W,R).
Proof. Let (W,R) be a frame in which a(p) is valid. Let M ={(W,R,V) be
an arbitrary model based on (W ,R). Let we W be an arbitrary world. Let

13 We often refer to a possible world relative to the world w using the symbols w', wy, wj, w".
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M= (W,R,V*) be a model based on the same frame (/,R), where Vs
defined as follows:

wV p (in M") iff wep (in M), and

wV " q (in M") iff wVq (for q # p).
By induction on the complexity of a(p) the following equivalence can be
argued:

(Eq) wEa(p) (in M) iff wi a(p) (in M).
We have the following cases:
(1) o(p) = p; then wk=p (in M) iff wi B (in M) (by def. of V).
()  alp)=q(q#p); then wq (in M") iff wi=q (in M) (by def.

of 7).
3) op) =—y(p) ; and the lemma holds for y(p), i.e.,

wEy(p) (in M"Y iff wEy(B) (in M). So,

wk—y(p) (in M) iff w=—y(B) (in M) (by PL), i.c.,

wea(p) (in M") iff we o) (in M).
4) o(p) =y D 8; and the lemma holds for y and 9, i.e.,

wEY(p) (in M) iff wi=y() (in M), and

wEo(p) (in M) iff wE=06(B) (in M); whence by PL:

wE(p)=8(p) (in M) iff wiy(B)=3(B) (in M) i.c.,

wea(p) (in M) iff we o) (in M).
(&) o(p)=Lly(p); and the lemma holds for y(p).

We have: wEUly(p) (in M*) iff for every w' such that wRw',
w' Ey(p) (in M*) iff w' =y(B) (by ind. hyp.) (in M) iff w= Lly(B) (in M).
Now, since ou(p) is valid in (W ,R) (by hypothesis of lemma) it follows that
a(p) is valid in M~ . And therefore, by (Eq) a(B) is valid in M. And since in
the argument above M and w were arbitrary, it follows that o(f3) is valid in
(W,R).
(¢) N is a valid rule of deduction.
Proof. If a is valid in (W ,R), then a is valid in every model based on

(W,R), and then a is true in every we W . So, for every w, € W, such that
wRw.: w; Ea, and then w; = Uo. Whence Lo is valid in (W, R).

277



4.1.2.2. Theorems

As we saw above, any formula o provable in ¥ is K-valid, i.e., valid
in any frame (J/,R). And then ¥ is a sound system of modal logic. Of a
frame (W ,R) we say that it is a frame for a modal system § if any theorem
of S is valid on that frame. Now, since all systems considered here, other
than K, are proper extensions of K , to verify that a frame (J//,R) is a frame
for Sis to only verify that the proper axioms of § are valid on that frame.

An important logical problem is to establish whether the following
co-extensivity holds:

The class C of all frames for §= the class ¢ of all frames having the
property (properties) P, equivalently: (I ,R) is a frame for § iff R has the

property (properties) P. And to establish this means to establish that the
proper axioms of § are valid in (W, R) iff R has the property (properties) P,

i.e., to establish the equivalences of the following form:

PrAxgare valid in (W ,R) iff R has the property (properties) P.

Let us in what follows consider these equivalences for any modal
system other than X .

Theorem 1. T: Upop is valid in (W, R) iff (W,R) is reflexive.
This theorem follows from the proof of the following conditionals:
(a) If T: Upop is valid in (7, R), then (W ,R) is reflexive.
(b) If (W ,R) is reflexive, then T: Lpop is valid in (W,R).
Proof. (a) Assume hypothesis. Let (W,R,}) be a model based on (W ,R),
we W an arbitrary world and V' defined as follows: w1 iff wRw;, i.e.,
(Eq)'* w, Ep iff wRw,.
Now, if for w, e W such that wRw, w; Ep it follows that wi=Llp. And
since wi= Lpop (by hyp.) it follows that wi=p. Whence, by (Eq), wRw, i.e.,
(W ,R) is reflexive.
Remark. A variant of proof can also be given by contraposition in the
following way. We keep the above model (W,R,V) and consider this time

that (W, R) is not reflexive, i.e., there is just a world we W such that not

14 In what follows we refer to "w¥p" (or "V (p,w)=1") only using, via Def. 1, the notation
whkp, with no risk of introducing any confusion. The hint the valuation function V is

defined each time is borrowed from Boolos [1993], 73-74.
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wRw. Then from (Eq) and not wRw it follows that w Llp (since for any
w;#w such that wRw;,: w;Ep) and whkp, respectively. Therefore
wh Upop, i.e., T: Upop is not valid in (W, R) .
Proof. (b) Assume hypothesis. Let (W, R,V') be an arbitrary model based on
(W,R) and weW an arbitrary world such that wkUla. Then for every
w; e W such that wRw, w; Ep. Since (W,R) is reflexive (by hyp.), i.e.,
wRw holds, it follows that wp. And then w Lpop. Since (W,R,V) and
w were arbitrary, it follows that T: [lpop is valid in (W ,R).
A proof by reductio can also be given (exercise).
Theorem 2. 4: Ulp>UIUp is valid in (W, R) iff (W, R) is transitive.

As above, we have to prove:

(a) If LpoUp is valid in (W, R), then (W, R) is transitive.

(b) If (W ,R) is transitive, then [Ip>[1[p is valid in (W, R).
Proof. (a) Assume hypothesis. Let (W,R,V) be a model based on (W ,R),
Wy, w,, w3 € W such that w;Rw, and w,Rw; and V' defined as follows:

(Eq) w, Ep iff wRw;,.
Then w1 = Up (by (Eq)). And since wi = UpoLUp (by hyp.), it follows that
wi = U0p. By hypothesis w;Rw, , and then w, |=[p and since w,Rw; (by
hyp.), we have w; Ep. Whence, by (Eq) wRwy, 1.e., (W,R) is transitive
(since the model (W,R,V) and w,, w, and wj are arbitrary).

Remark. A proof for (a) can also be given by reductio. Consider the model
M defined above and that (WW,R) is not transitive, i.e., there are

w, Wy, w3 € W such that wRw,, w,Rw; and not wRw;. We also assume
the hypothesis of (a), i.e., 4: [lpo[1Up is valid in (W ,R). Then, for this
setting a contradiction can be derived in the following way. By (Eq),
w, = Up. But since not wyRw; and w,Rw; (by hyp.) it follows that wy Fp

(by (Eq)) and then w, - [Llp, respectively. Again, by w;Rw, and w,  LUlp,
it follows that w, i LILIp. Hence, finally, w, # Up>ULp, contrary to the

hypothesis.
Proof. (b) Assume hypothesis, i.e., (W ,R) is transitive. Let (W,R,V) be an

arbitrary model based on (W,R) and w, e W an arbitrary world such that
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w, = Up. If wyRw, then w, Ep; and if w,Rw;, then w,Rw; (by transitivity)
and therefore wy =p and then w, |=[Llp. It follows that w, = [UUp; whence
w, E UpoUUp. Therefore, 4: LlpoULp is valid in (W, R).
Remark. A proof of (b) can also be given by reductio (exercise).
Theorem 3. 5: Opodp is valid in (W, R) iff (W,R) is euclidean.

(a) If Opod<p is valid in (W, R), then (W, R) is euclidean.

(b) If (W, R) is euclidean, then Opo>d<p is valid in (W, R).
Proof. (a) Suppose that Opo><Cp is valid in (W,R). Let (W,R,V)be a
model based on (W,R) such that w,Rw;, wRw, and V is defined by

(EQ) w, Fp iff w, = w;.
Since Opo<Cp is valid in (W, R) it follows that w, E Cpo><p. And
since wy Ep (by (Eq)) and w;Rwy (by hyp.) it follows that w, £ Op. And
then w, EO0Op. And since wRw, (by hyp.) it follows that w, £ p.
Hence there is a world w; such that w,Rw, and w; Ep. By (Eq), w, = w;,
and then w,Rw; holds; i.e., (W, R) is euclidean.
Proof. (b) (reductio). Suppose that (W, R) is euclidean and Cpod<p is
not valid in (W,R). Then there is a model based on (W,R) and w, e W
such that
(1) w, f Opo5p.
) w, E <p, and
G wRrOOp.
4) There is a world w, such that w,Rw, and w, =p; from (2).
(%) There is a world wy such that w,Rwy and wy = $p; from (3).
(6)  From w,Rw, and w,Rw it follows that w;Rw, (since R is

euclidean).

(7) w, K p; from (5) and (6).
But (7) and (4) are contradictory.

Theorem 4. B: po<p is valid in (W, R) iff (W,R) is symmetrical.
(a) If B: po[d<p is valid in (W, R) then (W, R) is symmetrical.
(b) If (W, R) is symmetrical, then B: po[<p is valid in (W,R).
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Proof. (a) Assume that po[d<p is valid in (W, R). Let (W,R,V) be a
model based on (W,R), w,w, €W such that wRw, and V defined as
follows:
(Eq) w; Fpiff w, =w.

Now, since poI<p is valid in (W, R) it follows that w, Ep><p. By
(Eq) it follows that w, Ep. And then w, E0p (by MP). Since wiRws (by
hyp.) it follows that w, = p. Hence there is a world w; such that w,Rw;
and w; Ep. It follows that w, =w, (by (Eq)). Therefore, w,Rw; holds, and
then (W,R) is symmetrical.

Proof. (b) Suppose (W,R) is a symmetrical frame. Let (W,R, V) be a
model based on (W,R) and w, €W such that w; Ep, and wRw,. Then
since (W,R) is symmetrical, it follows that w,Rw;, and since p is true in w,
it follows that w, = p for every w, such that wiRw, . Hence w, EOp,
and therefore w; Ep>O<Cp. Since (W,R,V) is arbitrary and since if in a

world p is true then [IOp is also true, it follows that po[<p is valid in
(W,R).

Remark. From the theorems 1-4 immediately follows the soundness
theorems for all the systems considered here (cf. 4.1.1). Since all of these
systems are proper extensions of K, and K was proved to be sound (by
4.1.2.1), the proof of soundness for these modal systems boils down to show
for each of them that their proper axioms are valid according to the
respective definition of validity. For 7', for example, we must prove that any
theorem of T'is 7-valid; i.e., if T}-a and (W,R) is reflexive, then a is T
valid. And this is reducible to show that if (W,R) is reflexive, then the

proper axiom of 7, Llp o p, is valid. But this is proved by Theorem 1(b).
Such is the case with all the other modal systems considered above. !

4.1.3. Completeness of modal systems

As we saw in the preceding section all modal systems considered are
sound. This means that all the provable formulas in each of them are valid
according to the corresponding concept of validity. This section has the goal

15 The special case of G£ will be treated in Sect. 4.1.3.3 below.
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to show the converse: each of these systems is also complete; i.e., if § is
such a system, then all its valid formulas are provable in §. The two
properties, soundness and completeness, together, show that the following
co-extensivity holds: § |- o iff a is $-valid (i.e., the set of provable formulas

of S and the set of valid formulas of § do coincide).

4.1.3.1. Canonical models

An elegant tool for proving the completeness is the use of canonical
models for these systems. Each such system § has a canonical model M 4,
with the following remarkable property:'®

(Can) o 1s valid in Mean iff S |- o
The key step of the proof of completeness using this technique is the
following: show firstly that the frame (W ,R) of the canonical model of §
has the properties required by the respective concept of validity (reflexivity,
transitivity, symmetry, etc.). Then we reason as follows: since § is sound, a
formula o provable in § will be §-valid, i.e., o is valid in any frame (I, R)
satisfying the particular properties (refl., trans., etc.), and therefore o is valid
in the frame of canonical model; and this means that o is valid in the
canonical model for §. Whence, by (Can), o is provable in §.

Let us see what is a canonical model.

Maximal consistent sets of formulas

If in the preceding considerations (4.1.2.1) the worlds were simply
points in a set of possible worlds, this time we are also interested in their
"nature". Then a natural way to see what is a world is to consider it as a
consistent and complete set of formulas (propositions) describing it. Let us
detail.
Definition 1. 4 set I" of modal formulas is said to be S-inconsistent (S-inc,

for short) iff there is a finite set Iy ={a,...,a,} of I' (i.e., T'o = I') such that
Sk —(oy Aona,),

otherwise I is S-consistent (S-con, for short).
Let us abbreviate o, A..Aa, by Conj(I'o). Then, evidently,

Conj(I'o)Aa is Conj(Towa).

16 A fact proved by Lemma 6 below.
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Obvious, if I'={a}, then I' is S-inconsistent iff §|—o. And if
S Ha, then —a. is S-con (argue!).
Definition 2. I" is said to be maximal (max, for short) iff for every formula
o oel or mael.

By Def. 1 and Def. 2, I" is a maximal S-consistent set (abrev. max $-
con) iff I is maximal and S-consistent.
Lemma 1. If T is an S-con set of formulas and o any formula, then T {o}
is S-con or I' U {—a} is S-con.
Proof (reductio) Assume hypothesis and that both I'U{a} and I'U{—a}
are S-inc. Then there are finite sets Fé c T and F02 c I such that
(1)  F —(Conj(Iy) A ) ; by Def.1
(2)  F —(Conj(I'y) A —a); by Def.1
(3)  F Conj(I) > —a; (1) by PL
(4)  F Conj(I'}) D a; (2) by PL, and then
(%) F (Conj(Fé) A Conj(FO2 )) D (oo A—a); by PL
(6) |~ —(Conj(Ty) A Conj(I;)); (5) by PL

Le., |- —Conj(l“é U FOZ) . But F& U F02 c I', and therefore I" is $-inc.
Lemma 2. Let I" be any max S-con set. Then the following holds:
(1)  For any formula o strictly one member of {o,,—a} isin .
(2) a>Bel iffagl or Bel.
3) IfSta,then ael.
4 IfoelandS| a>P,then Bel .
Proof. (1) follows immediately from $-consistency and maximality.

2) aoPBel iff mavBel iff mael or el (argue this!) iff
agl (by S-con)or Bel .

3) staiff § F—=(—a) iff o is S-inc iff —a g iff ael.

(4) (Exercise).

Lemma 3. Let A be any S-con set. Then there exist a max S-con set I such
that AcT .
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Proof. Let us consider an enumeration of all modal formulas: y,,v,,vs,...

Define a sequence I),I;,I5,... of sets of formulas as follows:

I, =A
r o I, Uiy, ifitis §-con
T, U=y, otherwise.

Let '=ul, (n=0,1,2,...).
We have the following:
(1) Every I', is S-con, since Iy = A is consistent (by hyp.). And if

I, is consistent, then either I, U{y,,,} 1is consistent and then

n

r,=r uly,,+ by def), or I,uUf{y,,} 1is Sinc and then
r,.,=I,9{=y,,} is $-con (by Lemma 1).

n

(2) T is S-con. Otherwise, there would be an S-inc finite subset of T".
But every subset of I is some I, and then such I, would be S-inc

(contradicting (1)).
(3) I' is maximal. Since if for some formula vy, ,, v, €I, then

Yes1 €14y, and this means that I} U{y,,;} is S-inc, and therefore
I, U{=v} =1}, 1s S-con, in which case —y, €.

Let us observe that the above lemmas are not specifically modal; i.e.,
they hold for any system § containing PL (comp. Ch. 1, Sect. 3.3.2). Instead,
for the following lemma, § will be any normal modal system. First of all, a
definition:

I'o={a|Ja eI} (wo will have the corresponding meaning).

Lemma 4. Let I be any S-con set such that —[a.el’. Then ToU {—a} is S

con.
Proof (reductio). Assume hypothesis and that the set 'ouU{—a} is S-inc.

Then there is a finite I;; =I'o such that:

(1) - —(Conj(I')) A—a) ; by Def.1

@) F ConjTy)>a;(1)PL

3) LI Conj(I,) o Ua; (2) Deriv.1

But if T, ={a,,...,a,}, then 0 Conj(I))=(Lain...Alow) (i.e., Conj(La)
(1=1,...,n) by Ki. And then
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4) F—(Conj(Hai) A =Ua).
Since all formulas [loi, —[a. are in T, it follows that I is $-inc (contra
hyp.).

Canonical models
To define a canonical model means to define the respective items:
W,R,V:
W = the set of all maximal S-con sets
R:TRAffToc A
(i.e., wyRw, iff for every formula o if LJa € w;, then e w,)
The condition I'm < A in the definition of R is the minimal
condition imposed on A to be a possible world relative to I"
(i.e., to be accessible from I').
V:wkp iff pew, i.e., a propositional variable p is true in a world w

iff p is a member of w.
Now, the following lemmas are fundamental concerning canonical models.

Lemma 5. Let Mcun=W,R,V). Then for every formula o and every
weW:
wEaiff aew.
Proof (induction on the complexity of o).
Basis. o = p; then lemma holds by def. of V for Man.
Induction. o =—[3; and the lemma holds for 3. We have:

wkE—B iff wi B iff B¢ w (by hyp.) iff —3 € w (by max).

o= Dy ; and the lemma holds for 3 and y. Then wi= B oy iff

wHEBorwEyiff B¢ w or yew (by hyp.) iff B>y ew (by Lemma

2(2) above).

o=[1p; and Lemma holds for 3.

(a) If LJBew, then for every w; € W such that wRw.: B e w; (by def.
of R for M.a:). Hence w; =B (by ind. hyp.), and therefore wi=L13.

(b) Conversely, we must prove: If wi=[L1p, then L13ew; equivalently
(by contraposition): If LIB¢w, then wk LIB. Let us suppose that LIBew.
Then —[JBew (by max), and therefore the set wou {—f} is S-con (by
Lemma 4, above). Hence there is a max $-con set w; such that wRw; (since
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wocw, and —Bew,). Whence B¢ w, (by con) and then w; . Finally,
since wWRw;, it follows that w = L1.

Lemma 6. For any formula o the following holds:

(Can) o is valid in Mcan for Siff S |- a.

Proof. (a) If §|-a, then ael" for every max $-con I' (by Lemma 2(3),
above). And then wEa, for every welW in M (by Lemma 5), i.e., o is
valid in Mcan.

(b) For the converse we argue for the corresponding conditional
obtained by contraposition. If § | o, then —a is S-consistent. And then there
is a maximal S-con set we W such that —a € w; whence a ¢ w (by con).
Therefore, wH o (by Lemma 5 above) and then o is not valid in Mcan.

4.1.3.2. Completeness (via canonical models)

Using (Can) of Lemma 6, the completeness'’ of the systems X, 7,
K4, $4, S5 and B can easily be proved.

As we saw in 4.1.2.2, for these systems the following holds: the
class of frames for S (where § is any system from this list) does coincide
with the class of all frames having the property (properties) P required by
the corresponding definition of S-validity (reflexivity, symmetry, etc.). So in
order to use (Can) for proving completeness of a modal system, all we have
to prove is that the canonical model for S is based on a frame for S, and

then we reason as follows: since a formula a is S-valid, then o is valid in
every frame for § and therefore a is also valid in the frame for canonical
model of §. Whence a is valid in the canonical model M.4,, and therefore,
by (Can), o is a theorem of §.

For the system K the completeness is an immediate result, since a
formula a is K-valid iff a is valid in every frame (W, R), and then a is valid
in any model based on (#,R), and then valid in M..,. Hence, by (Can), a. is
provable in K, i.e., K |-o.

Completeness Theorem for 7. If o is T-valid, then T }- .

17 Remember that a system  is complete if all S-valid formulas are theorems of .§.
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Proof. According to the definition of 7-validity and the definition of R in
Mcan, all we have to prove is that R is reflexive, i.e., for any a and any
weW: If Jaew, then o€ w. Now, by axiom T: [pop of Tand Subst, it
follows that 7' Uoa>a. And then Laooew (for any we W) (by 4.1.3.1,

Lemma 2(3)). If Uaew, then aew (since otherwise —oe€w; but
{Oo,Hooa, -0} would be S-inc).

Completeness Theorem for K4. If o is K4-valid, then K4 |- .

Proof. We must prove that R of the canonical model is transitive; i.e., for
any wi,w2,ws€ W: if Laewy, then aews. Since K4} Lp>LILlp, by Subst it
follows that k4| LoollUa, and then LoolUaew (for any we ).

Now, since [aew; and UoaoUaew it follows that Lllaewr (by
Lemma 2(4)), and since L1 Jaew; and wiRw», it follows that Lloaews (by
def. of R in Mcun). And, finally, since w2Rws, it follows that cews and this
means that R is transitive.

Completeness Theorem for $4. If o is $4-valid, then $4}-o.

Proof (follows from the proofs for Tand k4).

Completeness Theorem for 3. If o is B-valid, then B |-o..

Proof. We must prove that R of M. is reflexive and symmetrical. But
reflexivity is required by the fact that B contains 7. So what remains to be
proved is that R of M4, 1s symmetrical, i.e., if wiRw», then waRw;. In terms
of Mcan this means: if [loaews, then aewi, equivalently: if agwi, then
Uagws.

Suppose that agwi. Since BF—a>1<—a (from axiom B and
Subst: —a for p) it follows that —a><—aew, for any we W . Now,
since o & w;, it follows that —a € w; (by max). And then LIC—aew: (by
Lemma 2(4)). And since wiRw> (by def. of R in M.4) it follows that
O—aews, equivalently —Claews, and then Clagw (by con).
Completeness Theorem for 5. If o is $5-valid, then S5} o.

The system S5 properly extends 7, $4 and @3, i.e., S5 T: Upop
(immediate, by the construction of §5), S5 4: UpoLILp (comp. S54 of
4.1.1.). S5 B: poO<$p (by the theorem po><p of Tand 5). So S5-validity
must contain all the three properties for validity (refl., symm. and trans.).
Hence the completeness of $5 follows from the respective proofs for 7, K4
and B.
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4.1.3.3. GL is non-canonical

As we saw, by a normal modal system S we understand any
extension (proper or not) of the modal system ¥ . When § is both sound and
complete with respect to a class C of frames, then § is characterized by this
class C. And a frame (W ,R) is a frame for S if every theorem of § is valid
in (W,R). If there is a world we W such that wk o, then we say that a is
falsified in the frame (W ,R).

By the property M., of canonical model for a normal system § we
conclude that the respective S is characterized by its canonical model. But
this does not imply that any such system is characterized by the frame of its
canonical model, since this frame may not be a frame for 5.

A system S is called canonical iff the frame (W,R) of its canonical
model is a frame for §.

The proof that G£ is non-canonical runs as follows:'®

1. To show that if for a modal system § the set S = {—=[a|}+ o} is S-
consistent, then the frame of the canonical model of § contains a world w
such that wRw.

2. To show that if GL£ is such a system, then the axiom
W: L(Cpop)>Llp is not valid in such a frame.

Argument for (2). Suppose that w* is the world in Mcq, and therefore in the
frame (W,R) of Mcan such that w*Rw*. Suppose that wi=p for all welW
with w= w* and w* i p. By the following simple argument it follows that
w*EW: L(Lpop)oUp.
(1)  w*kUp; since w* £ p and w*Rw*.
(2)  w*EUpop; (1) by PL
3) wl Lpop; since p is true in every world different from w*.
4) wl Lpop; for every w (including w*); by (2) and (3).
(5)  wrEDO(Opop); (4).
(6)  w*kO(Cpop)=Lp: (1), (5), PL.
Therefore, if the frame (W ,R) of the canonical model for G£ does

contain a world w* such that w*Rw*, then in such a frame the axiom W of
GL 1s falsifiable. And this means that the frame (W,R) of the canonical

'8 This is only an outline. For the proof in all of its details, comp. G.E. Hughes and
M.J.Creswell [1996], 138-141.
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model of GL is not a frame for GL£. Hence GL is a non-canonical system.

It also follows the following fact: If W is valid in a frame (W ,R),
then (W,R) is irreflexive. The validity of W in a frame (¥, R) also requires
the transitivity of (W,R) and that (JW,R) does not contain an infinite
sequence Seq of the form w,Rw,R... (i.e., a sequence in which every term

has a successor). Let us consider these aspects.
Theorem 1. If W is valid in (W,R), then (W ,R) is transitive.

Equivalently, by contraposition: If (W, R) is not transitive, then W is
not valid in (W ,R).
Proof."” Assume hypothesis, i.e., for w;,w, and w; from W: wRw, and
w,Rws , but not wyRwy. Define (W,R,V) a model based on (W,R), where
V is defined as follows: (Eq) wEp iff w# w, and w=# w;. Then we have:
(1)  wiUp; since wiRwz and wa £ p.
(2)  Let w, eW be any world such that w,Rw;. w; cannot be wj since by
definition not w;Rwy. So will remain the following two cases:
(a) w; =w,. Since w,Rw; and w3 p it follows that w F Llp and
therefore wa = Lpop.
(b) In any other world w, e W (different from w, and w;) we have
w; E Upop (since in such worlds w; Ep).
3) w, EU(Lpop); from (a) and (b) of (2).
@ w #OOpop)sOp; (1), (3), PL.
Theorem 2. W: (Upop)oUp is valid in (W,R) iff (W,R) does not
contain an infinite Seq.
(a) If W: L(Lpop)oUllp is valid in (W,R), then (W,R) does not
contain an infinite Seq.
(by If (W,R) does not contain an infinite Seq, then

W: U(Upop)oUp is valid in (W, R) .
Proof. (a) (Reductio). Assume hypothesis of (a) and that (,R) does
contain an infinite sequence Seq: w,Rw,R.... Let (W,R,J) be a model

19 Cf. G.E. Hughes and M.J. Cresswell [1996], 178. For more interesting things about the
non-canonical system GL£, comp. G. Boolos [1993], Ch. 7 and C. Smorynski [1985], Ch. 2,
Sect. 2.
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based on (W,R), where V' is defined as follows: (Eq) wip iff we Seq. So
we have the following derivations:
(1) w, ¢ 0p, for every w. € Seq, since for any w; there is w,,, such that

w,Rw,, (by hyp.) and w;,, Fp (by def. of V).

(2) Let w be any world such that w,Rw. We have the following two cases:
(a) weg Seq; then wEp (by def. of V), and then w; = Llp>p (by PL).
(b) weSeq; then wip and therefore w, Ulp. It follows that

w; = Lp>p (by PL).

(3) w, EQ(Lpop); from (a) and (b).

(4) w, ¥ O(Op=p)=0p; (1) and (3).
This means that there is a model (W,R,J) based on the frame

(W,R) in which W is not valid. Whence, W is not valid in (J/,R); contra

hypothesis.
Proof. (b) (Reductio). Assume hypothesis of (b) and that
W: L(Cpop)>Llp is not valid in (W, R). This means that there is a world

w; € W in which W is false. So, we have the following derivations:

(1) wiU(0pop)>Up; by hyp.

@ wiEOOpop); (1), PL

3)  wiglUp; (1),PL

(4) There is a world w, € W such that w,Rw, and wz | p; from (3).
(5)  w2Upop; from (2) and that wiRws.

(6)  waUp, from (5) and (4) by PL

(7) There is a world w; € W such that waRws and ws F p; from (6).
(8) w3 = Lpop; from (2) and that wiRw2 and waRws plus transitivity.
(9) w3 0p; (7) and (8) by PL

(10)  There is a world w, € W such that w3Rw4 and waF p; (9), and so

on.
And then we got an infinite Seq w,Rw,R... in (W,R), contradicting the

hypothesis of (b).
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4.1.3.4. Finite models

As we saw in the preceding section the canonical models, by
property Can, are a useful tool for proving the completeness theorems for
modal systems. However, this technique cannot be applied to the system GL,
since GL is non-canonical, viz. the frame of its canonical model is not a
frame for GL. Nevertheless, the completeness of GL£ (and of the other
systems considered here) can be proved using finite models.

The finite models are "weaker" forms of the canonical models, in the
following sense: in order to show that an S-valid formula a is a theorem of §
we do not consider the infinite list of all modal formulas (as in the
construction of canonical models) but only the formula o; more exactly,
only the finite set of all subformulas of a, since the truth-value of o in a
world we W depends only on the truth-values of its subformulas in that
world.

As we know, to prove the completeness of a system § means to
prove the following conditional:

Compl. If a is S-valid, then § |- a, equivalently (by contraposition):

Compl. If S H a, then o is not S-valid.

And in order to show that a is not S-valid is enough to construct a finite
model M" = (W*,R*,V*>, based on a frame (W*,R*> having the properties
required by S-validity (refl., trans., etc.), in which a is falsifiable, i.e., there
isa we W such that wi o

Let us detail.?

By a subformula of a formula o we understand any part of a,
including a itself, which satisfies the clauses of the definition of formula of
Lpme (comp. 4.1.1).

Example. Let o = LJ(—pA—=LI(qvr)). Then the subformulas of o are: p, —p,
=L(qvr), U(qvr), qvr, q, r, =pA=LI(qvr), L(=pA=LI(qvr)).

The construction of the finite model proceeds as follows. We begin
by considering the set of all subformulas of a formula a, i.e., Set, ={B|p is

a subformula of a}. Now, let Set:; =Set, U{—B|P eSet,}. Therefore,

Set: i1s a finite set containing all subformulas of o and their negations.

20 The considerations of Sect. 4.1.3.4 are partially based on Hughes and Gresswell [1996],
Ch. 8.
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To construct the finite model M" :(W*,R*,V*> means to define the

corresponding items.?!

W is the set of all maximal S-consistent sets of formulas
constructed from the members of Set; (they will be called a-max-S$-con
sets*?). For such a-max-$-con set the lemmas 1 and 2 of 4.1.3.1 evidently
holds (for any formulas a, 3 of Set; ). Lemma 3 (4.1.3.1) also holds, and let
us prove it for the form required here.

Lemma 3". Let A Set:; be any S-con set. Then there exist an o-max-S-con
set I such that AT .
Proof.” Let v,,...,y, be an enumeration of the formulas of Set, . We form

I" as follows.
Ih=A,and for 0<k<n
I, U{y.t if this is consistent
kel = {Fk U {—Y,,,}; otherwise.
So defined, I' is S-con, since I}, = A is S-con (by hyp.) and for any £ if [, is
S-con, then either I, U{y,,,} is S-con, and then I}, =T, U{y,,} (by
Def.), or T}, U{y,,,} is S$-inc and then I, , =T}, U{=y,,,} (by Lemma I,

4.1.3.1).So I', =T is $-con and max.
In brief, the finite model M~ =(W",R",V’") is defined as follows:
W : the set of all a-max-S-con sets
R" (depends on §; for K and Tit is that given for canonical models)
v wkp iff pew, if p € Set, ; and arbitrary if p & Sez, .
Lemma 4 of 4.1.3.1 also holds. Now, since the definition of R
(accessibility relation) for the finite model M =W ,R"V"y for the

systems K and T 1is that given for the canonical models (comp. 4.1.3.1),
Lemma 5 also holds (as we shall see), but only for K and 7. But since the

definition of R™ for the other systems will be different from that given for

21 Tt is similar to the construction of the canonical model, but relativized to Set:; .
22 In the sense of Def. 1 and Def. 2 0of 4.1.3.1.
23 Similar to the proof of Lemma 3 Sect. 4.1.3.1 (but this time relativized to Set,, ).
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canonical models, the proof of the clause regarding the modal?* formulas
(of the form [y) must be given for any specific system.

Let us detail. First of all, the proof of Lemma 5 (we call it Lemma
5") for the finite models.
Lemma 5°. For any B € Set, and any we W :wkBiff pew.
Proof (induction on the complexity of B).2
Basis. 3 =p. The lemma holds by def. of Ve

Induction. 3 =—y . Then we have the following derivations: wi= 3 iff wkE=—y
iff £y (by 4.1.2.1, Def 1(2)) iff y ¢ w (by ind. hyp.) iff —y € w (by a-max)
iff Bew.

B=v>09. Then the following holds: wEp if wE y >0 iff wiy or
wES (by 4.1.2.1 Def 1(3)) iff ygw or dew (by ind. hyp.) iff y>8ew
(by 4.1.3.1, Lemma 2(2)) iff Bew.

B = Lly. What must be proved are the following conditionals:
(a) If B e w, then w3, and

(b) If wE B, then B e w.

(a) Suppose Bew, i.e., dyew. Then yew forevery weW such
that wRw' (by Def. of R*). Whence w' v and therefore wi= L1y, i.e., wE .
(b) is equivalent (by contraposition) to: if B ¢ w, then wk 3. Suppose
therefore that 3¢ w, i.e., LJy ¢ w. Then —[1y e w (by max), and therefore
the set wou {—y} is S-consistent (by Lemma 4 (Sect. 4.1.3.1), where
wo={0|LJd e w}). Since all formulas [15 are formulas of Set, (by hyp.),

all formulas 0 € Set,, . So in the set wo {—y} only the formulas —y may be

or not in Set, . But anyway —y € Set, . Now, since wo\U {—y} is S-con, it

follows, by Lemma 3%, that there is an o-max-S-con set w’ such that
wo U {—y} < w'. And since for all 9, if 15 e w, then 6w, it follows that

wR'w and —yew'. Then yegw (by S-con). And since Oy e Set,, it

24 In the proof by induction, given above for Lemma 5, the Basis and Induction for
formulas —y and y>d remain unchanged.

25 As can be expected, the proof of this lemma mimics the proof of Lemma 5 from Sect.
4.1.3.1.
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follows that y € Set, . And since y ¢ w' and Lemma 5" holds for v, it follows

that w' v (by ind. hyp.); and since wRw' it follows that wk Ly, i.e., w .

Now, to sum up, this apparatus allows us to prove the completeness
of modal systems, in the following way. We must prove the completeness in
its equivalent form (by contraposition). Let Compl" be the argument used in
proving completeness theorem for §.

Compl'. If S |+ a, then o is not S-valid.
Suppose that § [£a, then {—a} is S-consistent. So, by Lemma 3", there is an

a-max-S-con set we W such that —a e w. It follows that o & w. Whence,
by Lemma 5°, wia. And then o is not valid in the finite model

M =W ,R",V") and therefore o is not valid in the finite frame (W ,R");
1.e., a is not $-valid.

As can be observed, if we also consider the soundness of S, then
these results give the co-extensivity of the following items: "a is S-valid",
"o is valid in all finite S-frames" and "o is provable in §".

4.1.3.5. Completeness of modal systems (via finite models)

As we mentioned above, unlike the canonical models, in the case of
finite models the relation R" is specific to each system §. And this does
imply that Lemma 5° must be proved every time for modal formulas (in the
inductive step). So in using Compl” for proving the completeness of K-GL
only the following two things must be shown:

(1") R" has the property required by the respective definition of §-
validity (i.e., (W,R) is a frame for §).

(2%) Lemma 5" (for modal formulas) holds for § .26

Completeness of K
The completeness of K easy follows from Compl*, since if K H+a.,

then o is not valid in M~ = (W*,R*,V*> , and therefore o is not valid in

(W ,R"Y. So, there is a frame (J¥,R) in which o is not valid, and then o is

26 With some changes, this strategy of proving the completeness of modal systems is that
from G. Boolos [1993], Ch. 5.
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not K-valid (according to the definition of K-validity).
For all the other systems we must show in every case, that the finite

frame (W",R") has the properties required by the respective definition of §-
validity. Briefly, what must be shown is that R" has those properties.

Completeness of T

As for K, the definition of R for T'is that of the canonical models,
ie., wR'W iff wocw' (comp. 4.1.3.1). The Lemma 5" is that proven
above, and so (2%) holds. So the proof of its completeness is reducible to the
proof that R" is reflexive; viz. to show that for any formula [ and any
weW": if OB ew, then pew. But this is clear, since otherwise 1B e w
and B¢ w, and then —3ew. But in this case w would be S$-inc, since
S OB > P (using the axiom T), viz. § |- —(LIPA=P).

Observe that if o has no modal operators, then the Set, has no
formula of the form [If, so the set wo would be empty and automatically
woc w. Hence (17) also holds.

Completeness of K4

As we know, k4 = K+4: Op>Op. This time the definition of R"
must be changed, since the worlds we W™ do contain only formulas of
Set:L (i.e., subformulas of o or their negations), and if [1f3 € w, this does
not imply, by the axiom 4, that LI[ 1 € w, since o may not contain LIL1J as
a subformula. And then to show that R" is transitive requires the change of
definition of R" (for finite models). And this is the following:

wRw' iff for all OB: if 1B € w, then (IR, Pew'.
So defined, R" is evidently transitive, and then (17) holds.

Now it must be shown that (2%) also holds, viz. for any [l € Sat,
and any we WV :

weLyiff Uy ew.
Equivalently, we must prove the following two conditionals:

(a) If 1B € w, then wi=Lly.

(b) If wE=Lly, then L1y e w.
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(a) Suppose Iy e w and wRw'. Then [y, y e w' (by def. of R™ for K4).
Then w' v (by ind. hyp.); whence w Lly.

(b) This conditional is equivalent (by contraposition) to

If Uy ¢ w, then wh Ly.

Suppose that L1y ¢ w, but L1y € Set, . Then -1y e w (since w is a-
max-K4-con). To derive (b) it must be shown that the following set
is K4-consistent:
A= {3|Udewu{Id|LIdew}u{—y}
A is K4-consistent.

Reductio. Suppose that A is K4-inconsistent, i.¢.,

(1) K4 —(S1A...AOWALIBIA... ALIBnA—Y), Where [15; (1 <1< n) are all
formulas of this form in w.
Let D=3, A...A 93, and since LI 1A...ALIS,=L1(81A...A8,) (by 4.1.1,
K1) let 1D = [J(31A...AS,). Hence
K4 (DALID)>y; PL

) K4 U(DALD)>Sy; (1) Deriv. 1

3) K4+ (IDAOOD)>y; (3),4.1.1, Ka

4) K4 UDoULD; 4, Subst.

(5) K4+ UDolly; (3), (4), PL
(F ((PAq)=1)=((p=2q)=(por)), Subst, MP)
In extenso,

(6) K4 L(31A...A8,)Dly, and then
(7)  K4F(OdiA...ALS,)o0y; (6), 4.1.1, Ka
(8) K4 —=(UdiA...AL8.A=Ly); (7), PL.

Now, since all formulas [184,...,L15,, =[]y are in w, it follow that w
is K4-inc. Then if w is K4-con, A is K4-con too. And then, by Lemma 3°,
there is an a-max-S-con set w' such that (*) wR *w', since if [15 € w, then
[15, dew (by construction of A and the fact that Acw'), and
(**) —y e w, and then y ¢ w' (by k4-con). And since Lemma 5" holds for y
(by ind. hyp.), it follows that w' £y, and by (*) w CJy. Therefore, (2°) also

holds.
Using Compl” the completeness of k4 follows.
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Completeness of $4

Since $4 = K+T: Upop+4: LlpoLILp and by keeping the definition
of R* given above for k4 (R" being evidently also reflexive), it follows, by
the above proofs for 7 and K4, that $4 is complete.

Completeness of B

As we know, 8= K+T: Opop+B: poI<p.

R’ is defined in the following way:
wR W' iff for all OB: If B € w, then Bew' and if OB ew, then Pew.
So defined, the symmetry of R" is evident and since ® contains T: Cpop,

also the reflexivity holds. And then (17) holds.
What remains to be proved is the Lemma 5 * for modal formulas, i.e.,

for any [1y € Sat, and any we W
wELyiffUyew,
or equivalently the two conditionals.
(a) If Ly e w, then wiLly.
(b) If wEly, then L1y e w.
(a) Suppose L1y ew and wR*W'. Then yew (by def. of R" for ®). Then
w' Ev (by ind. hyp.). Since w' is arbitrary and wRw', wi=Lly.
(b) As above, this conditional is equivalent (by contraposition) to:
If Ly ¢ w, then wi Ly.
Suppose that L1y ¢ w, but Ly € Set,. Then =[]y e w (by max). To derive
(b) it must be shown that the following set is B-consistent.
A= {d|Udew}u{-Lle|Uee Sat, and —gew}u{—y}.
A is B-consistent.

Reductio. Suppose that A is B-inconsistent, i.e.,
(1)  BF—=(diA...AOuA—UerA...A=Lenn—y), where [15; are all formulas

of the form 16 in w and —Ulg; are all formulas of the form —[le
such that [g; € Sat, and —eew.

(2) B |- (S1A...A0uA—-UerA...A=Uen)Dy; (1), PL
3) B |- UG 1A...AduA—-UeiA...A—=Uen)o0y; (2), Deriv. 1
4 8 WUdia..AlsAO-Oein...ALO=en)o0y; (3), Ka
Let p = Ld1A...ALS,, q = U=LleiA...AU=Oepm, r=Lly.
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(5) BF—edO—ei (1<i<m), by B, equivalently

B |- —e>l1-lle;, and then
(6) B - (—e1A...A—en)D(H-Uera...AL=0ew), (5), PL

Let s=—g A...A—E,,.
(7))  (LéiA...AL8A—E1A...AEm)DLY; (4), (6) by

F ((pAq)or)o[(s2q)>((pAs)or)], Subst. and MP

(two times)
®) B F—=(UdiA..AL8A—gIA...A—ERA=LTY); (7), PL

Since all formulas [15,, —¢; and —[ly are in w, it follows, by (8),
that w is B-incon.

Now, since A is ®-con, by Lemma 3° there is a w' such that
(*) wRw' and (**) —y e w'. (a) holds, since if L1 e w, then dew'. And if
[Jeew', then € e w, since if € ¢ w, then —& € w and then by the definition
of A, m[Jee€A, and then —[1e e w', making w' B-inc. Now, from (*) and
(**) it follows that y ¢ w', and then w' £y (by ind. hyp.), and since wRw', it
follows that w [1y. So (27) also holds.

Using Compl’, we obtain the completeness of 3.

Completeness of $5
S5 = K+T: Opopt5: Spod<p.
R’ is defined in the following way:
wRw' iff forall LIB: L ew iff LIBew'.
As can be easily verified, all properties required by the definition of 55-
validity hold: reflexivity, symmetry and transitivity. So (17) holds.
To prove (2") means to show that for any [y and any w e W
wELyiff Uyew,
or, equivalently, the two conditionals:
(a) If Ly e w, then wi= Ly, and
(b) the converse of (a).
(a) Suppose that 0y e w and wRw'. Then by def. of R*, 0y e w'. But by
the axiom T: Upop it follows that y e w', and then w' [y (by ind. hyp.).
Since w' is arbitrary and wRw': wi=Lly.
(b) is equivalent to: If L1y ¢ w, then wk Lly. Suppose that L1y ¢ w and that
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Uy € Set,. Then =1y € w (by max). As in the preceding proofs, (b) can be

derived from the argument showing that the following set is §5-consistent:
A= {J3|LJdew}u{—ULel-Leewlu{—y}.

Reductio. Suppose A is S5-inconsistent, i.e.,

(1)  SSF=Udia... AL A-Uein...A=Uenn—y), where [15; are all

formulas of the form 13 in w and —[lg; are all formulas of the form

—[Je in w, and derive
(2) S5O A...ALSA=Ue A . A-Uenn—=Ly).

Then since all formulas [15;, —[le;, and —[ly are in w, by (2) it
follows that w is S5-inconsistent. Hence A is $5-con. Now we reason as
above (in the proofs for k4 or ®) and conclude that wk CJy. So (2%) also

holds. Whence, finally, by Compl" the completeness of 55 follows (write
down the full proof?).

Completeness of GL

GL=K+W: U(Op>op)=>Up.

R’ is defined as follows:

wR W' iff (a) for all OB ew: OB, Bew', and

(b) there is a formula Lle e w': =[leew.

R* is transitive. Suppose wR'w' and wR'w'. So, if 8ew, then
L6 ew', and therefore [15, 6 € w'" (by (a)). Hence wRw'" holds. And since
wRw' there is a formula [1e e w' and —=[1e e w (by (b)). And since w'Rw'",
[leew" (by (a)). Hence there is a formula [le such that [Je e w'" and
- e e w, and therefore wRw'" holds.
R is irreflexive. 1f R" were reflexive, i.e., wR w, then there would be a
formula [1e e w and —[1€ € w, contrary to the GL-consistency of w. Since
(W",R") is also finite (comp. 4.1.3.3, Theorem 2), it follows that (W ,R")
is a frame for G£; and therefore (17) holds. It must be shown that (2°) also
holds, viz. for any formula [y € Set, and any we W

wELyiff Oy ew.
Equivalently, the following conditionals must be proved:

(a) If Ly e w, then wi=Lly.

(b) If w=0ly, then Ly e w.
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(a) Suppose L1y ew and wRw'. Then yew' and then vy € Set,. Therefore
w' Ev (by ind. hyp.) and then wi=Lly.
(b) This conditional is equivalent to

If Oy ¢ w, then wh Uy.

Suppose therefore that Llygw but Llye Set,. Then —Llyew. To
derive (b) is enough to show that the following set is G£-consistent:

A= {3|Udew}u{Id|LUdew U{ly,—y}

A'is GL-consistent.

Reductio.
(1) GLEF = (1. ASALBIA.. . ALIS ALTYA—Y); hyp.

(2) GLE —(O1A...AGALBIA... AL ) Vv—(LyA—y); (1), PL
3) GLEF (B1A..A8ALISIA...ALS,)D(Lyoy); (2), PL
4) GLE (Ud3A...AO08,AL0S1A...ALDS, )2 U(Lyoy);
(3) Deriv. 1, K1, 4.1.1
) goEO@yoy)=y; by W
(6) GLE (UdA... AL, LS A ALLS,)D0y; (4), (5), PL
(7) GLFOoo0Us:; GL1, 4.1.1
(8) GLE (O81A...ALS,) (OO A...ALLS,); (7), PL
9) GLE (Ud1A...A08,)o0y; (6), (8) by PL:
(- ((PAg)=r)2((p=>g)>(por)), Subst., MP)
(10) gL —(081A...AL8A=Ly); (9), PL
But since all formulas [181,...,[15,, —[ly are in w, it follows, by (10),
that w is GL-inconsistent. Hence A is GL-consistent. Then there is an a-max-
S-con set w' such that Acw', wR™W and —yew'. Then yg¢w', but
y € Set, (since L1y € Set, ). Hence w' Ky (by ind. hyp.), and so whkLly. So

(2% also holds.
Whence by Compl” it follows the completeness of GL.
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4.2. Modal logic of provability

In the preceding section (4.1) we presented some of the well-known
systems of propositional modal logic, their syntax and semantics. In the
context we have in view, the system GL is that primarily interest us, since it
is usually called the modal logic of provability, viz. the modal logic as it is
applied to the investigation of the notion of provability of PA™.

The language of GL is that specified in 4.1.1 (and Remark); i.e., the
primitive symbols are p, q, r,..., L, D, [, (, ), and then the notion
"formula" will be strictly defined by the following clauses:

1. every propositional variable is a formula.

2. 1 is a formula.

3. if o is a formula, then —a and Llo are formulas.

4. if o and P are formulas, then a>f is a formula.

4.2.1. Provability predicate for PA**. Fixed points. Lob's Theorem

As we saw (comp. Ch. 3, 4.1), Pf(y,x): "y is the Gédel number of a
proof of the formula with Gédel number x" is a primitive recursive relation.
So, it is formally expressible in PA* (cf. Ch. 3, 3.4) by a formula I1(y,x).
Let Jyll(y,x) be the Zi-formula whose intuitive meaning is "the formula
with Godel number x is provable", viz. it is the Xi-relation expressed by the
¥ -formula 3yT1(y,x). Let Bew(x)*’ be the formula IyIl(y,x), usually called
the provability predicate for PA™.
Notation. As we know, if n is the Godel number of a formula o, then 7 is
the numeral for n. In what follows the expression Fal will be used with the
same meaning: the numeral corresponding to the Godel number of a.
"Bewra1)" and "Bew[a]" will mean "a is provable", according as o is a
sentence (closed formula of Lpa) or a has free variables. This notation is
borrowed from Boolos [1993], Ch. 2. Finally, since " L" is a primitive
symbol of the language of G, in the considerations of this section the
symbol " L " will be taken as primitive logical symbol of Lpa, and then L,
Bew(rL7), =Bew(r_L7) will be formulas of Lpa.

Even if we read both expressions "Bew(Ta1)" and "}|-a" as "a is

provable", there is a notable difference between them: Bew(Tal) is a
formula of Lpa (i.e., it belongs to the object-language), while "|-a" is an

27 As we mentioned, "Bew" is for the Germ. "beweisbar" (provable).
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expression of the metalanguage.

The predicate Bew(x) is characterized by the following (provable)
properties:*8

Di. If |-, then -Bew(Ta).

Ds. - Bew(Taop1)>Bew(Tal)>Bew( 7).

Ds. -Bew(Ta1)>}- Bew(Bew(Tal1)7).

As we saw above (comp. Ch. 3, 4.2.2.1) by Diagonal Lemma (DL) if
B(x) (with x free) is an arbitrary formula of Lpa, then there is a sentence G
such that PA*|- G=p(g) , where g is the Godel number of G.

G is called the fixed point for B(x), and this provable equivalence
may be taken to assert that G has the property expressed by the formula
B(x). Now, since Bew(x), i.e., Iyll(y,x), and —Bew(x), i.e., —3yll(y,x), are
formulas of Lpa with x free, by DL for these formulas there are the
sentences G (fixed points of the corresponding formulas) such that

(a) PA* |- G=Bew(rG1)

(b) PA¥}- G=—Bew(TG").

The sentence G in (b) is a sentence equivalent to a sentence asserting that G
is not provable. Then by Godel's Theorem (comp. Ch. 3, 4.2.2.2) if PA*™ is
consistent, then G is not provable in PA™.

What happens with the sentence G in (a), is it provable or not? This
question was raised by L. Henkin? and the answer was given by M. L5b*’.
Actually, what Lob proved is a stronger fact: viz., any sentence implied by
its own provability is provable, subject of the well-known Lob's Theorem.
Lob's Theorem. [/ PA*}|- Bew(Ta1)>a., then PA™}|-a.

Proof’! Let (1) PA" =PA®™U{—a}, an axiomatizable extension of PA™,

28 These properties are called Hilbert-Bernays-Lob derivability conditions. Formulated
initially (in a clumsy way) by Hilbert and Bernays [1939], §5: 1c) and 2c), they were
simplified by Lob [1955] (in the form given here). The label "derivability conditions"
comes from the fact that these properties are sufficient conditions on Bew(x) and a formal
system S for deriving in S the Godelian second incompleteness theorem. For the proof of
Di-D3, comp. G. Boolos [1993], Ch. 2 and C. Smorynski [1984], 446-7 (Theorem 1.1), and
[1985], Ch. 0 (Lemma 5.13).

2 Cf. L. Henkin [1952].

30 Cf. M.H. Lob [1954].

31 This proof is a variant of Buss proof; comp. S. Buss [1998], 122. For other proofs, comp.
C. Smorynski [1977], Sect. 4.1 (in J. Barwise (ed.) [1977], G. Boolos [1993], Ch. 3 (an
elegant proof using the idea of fixed point (by DL) of the formula Bew(x)>S and the
derivability conditions D;-Ds; there the author also mentioned a variant proof due to Kreisel
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Then (2) PA" is consistent iff PA**[ o (argue that!). Let Con(PA") be the
formula expressing the consistency of PA". Evidently, the following holds
(3) Con(PA") iff —Bew(Ta1) in PA®™. Suppose that PA*™|-Bew(Tal)>a,
equivalently (4) PA*|-—a>—Bew(Ta). It follows that (5) PA™|—a
>Con(PA") (from (3) and (4)). And this does imply PA*, —a.} Con(PA"),
where PA*, —a. means PA*U{—a}. And this means (6) PA" Con(PA"),
contrary to second incompleteness theorem. Whence PA™" is inconsistent,
and therefore (7) PA™}-a (by (2)).

From this result easy follows that any fixed point of Bew(x) is
provable, since PA*|- a=Bew(Ta1) (by DL), and then PA**|- Bew( a7 )oa
(by PL). Whence, by Lob's Theorem PA* |- a.

Let us observe that the converse of Lob's Theorem also holds: If
PA®™}-a, then PA* |- Bew( a1 )>a. Since, as we know (by Ch. 2, Sect. 3.1,

Ax1) PA*|a>(Bew(fal)>a) and if PA*™}a, then PA*}|-Bew(Ta1)>a
(by MP). And then, as a general result the following holds:
(Eq) PA™|-Bew(Ta1)oa iff PA* |- a.

4.2.2. GL£ and PA™

For the subject we want to analyse here the following questions are
central: Wherein the correspondence between GL£ and PA™ consists? Why
the modal system GL is properly taken as the logic of provability for the
formal system of arithmetic PA™? In order to answer these questions, let us
begin with what is meant by a franslation of the formulas of Lg. in the
corresponding formulas of Lpa.*? First of all, a realization (*)** is a function
from the set of propositional variables of modal logic to the sentences of
Lpa. Then the translation a* (always a formula of Lpa) of a modal formula
is defined inductively as follows:

p* = S; where p is a propositional variable of the modal language
1*=1

and Takeuti [1974]). For an interesting proof of Lob's Theorem, via DL, and a proof of its
formalized form (via Kreisel and Takenti's [1974] proof) comp. C. Smorynski [1984], 451-
3. For some other proof, comp. H. Friedman and M. Sheard [1987].

3 The considerations of this section are essentially based on G. Boolos [1993], Ch. 3,
C. Smorynski [1985], Ch. 1.

3 Or interpretation, the name given by Boolos [1993], 51, C. Smorynski [1985], 64.
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(a2B)* = (a*oB*); where aof is a modal formula

(La)* = Bew[a*], or Bew(Ta*1) if a is closed.

Given this translation, the correspondence between the modal
language of GL and the arithmetic language Lpa can be easily seen. If, for
example, * is an arbitrary realization and o =—[]1 > —=[]-J L, then
o* = (=0 Lo == L)* is the formula of Lpa:

—Bew(r_L7)>—=Bew('-Bew("_ 1 7)1), whose meaning is:

"If PA* is consistent, then the formula expressing its consistency
(i.e., mBew(T_L 7)) is not provable in PA™ " (and this, as we know, is just
the second incompleteness theorem (comp. Ch. 3, 4.2.1.2). If oo = Ll—p, then
o* =Bew(™=S7), i.e.,, S is disprovable (refutable). If o =—-[Ipa=[l—p,
then o* = —Bew(S7)A—Bew(™S7), i.e., S is undecidable, etc.

What makes GL be the logic of provability is the following relation
between GL and PA*™ (under the interpretation of [1 as Bew(x)).

Theorem 1. GL|- o if and only if for every realization *, PA™ |- o*.

This means that every theorem of GL is a theorem of PA*™ for every
realization (the arithmetical soundness of GL) and its converse, every
formula of GL that is provable in PA™ for every realization is also provable
in GL (arithmetical completeness of GL*%).

By Theorem 1, GO Lol)o0l 1L (comp. Sect. 4.1.1,

Theorem GLa, or by Axiom W), equivalent G£|-—L] 1 >—-[]-[1 1, if and
only if PA¥-(-01Lo-U-01)*  ie, PA¥R—Bew(rl1)>

—Bew(T—=Bew("_11)1), i.e., the second incompleteness theorem.

Another example illustrating the content of Theorem 1 is given by
the following argument:

(1) g£F--0 L o>=0-0 L ; from W by PL

(2) gc-0U 1L o000 1 ; by 4.1.1, Th. GL;

(3) ge--UO0 1L o>-01;(2), PL

4) go--00 1 >-0-0 15 (1), (3), PL

(5) goF-—-00 1L === L ; Repl.

(6) gL-—-0U0 1L o(=0-0 L a=H-—=01); (4), (5), PL

3+ A remarkable result due to R. Solovay [1976]. For a proof of both parts of this theorem
(arithmetical soundness and arithmetical completeness of GL), comp. also G. Boolos
[1993], 59 and Ch. 9, respectively.
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(7) PA™ - (-0 L o(—=0-0 L A-O——=1))"; (6) by Theorem 1.
What (7) says is the following thing: if the inconsistency of PA™ is not
provable, then neither its consistency, nor its inconsistency is provable in
PA*. lLe., the formula of Lpa —Bew("_L7), expressing the consistency of
PA*, is undecidable in PA®.

Remark. As can be observed from some of these examples, GL gives an
interesting analysis of the so-called constant sentences of Lepa,
corresponding to letterless formulas of Lg;.

If o is a letterless sentence, then the truth value of a* is the same for
all realizations *. And, evidently, for every constant sentence S of Lpa there
is a letterless sentence P such that for all realizations * the following holds:
S = B*. And for these constant sentences there is an effective method which
allows us to establish their truth. The proof of this fact is based on a normal
form theorem, according to which for any letterless formula 3 there is a
letterless formula y in normal form (i.e., y is a truth-functional combination
of formulas of the form (J' L (i = 0,1,...,k)) such that G£}-B=y.*
Comments. As we saw (comp. 4.1.1), the system GL is a proper extension
of X, its proper axiom being W: LJ(Lp>p)>Up. The rules of GL are those
of any normal modal systems: Subst, MP and N. But GL is not an extension
(proper or not) of 7 and then it is different from all modal systems
containing the axiom T: Upop (e.g., $4, S5, B). And this is a relevant fact,
since if [lpop were provable in G£, then [1 1 > 1 would be provable (by
Subst), and then LJ(LJ L 51 ) would be provable as well (by N). Whence,
finally, [J 1 would be a theorem of G£ (by W and MP). Hence G£ would be
inconsistent. Therefore, if GL is consistent, then not any formula of the form
Uooao is a theorem of GL.

Since GLHUpop, it follows that gL Lo 1 (by Subst),
equivalently G£H—[ 1, equivalently GL# < T . But G4 T . This means

that the set of its theorems is not closed under possibility (though as a
normal modal system it is closed under necessity (the rule N)).3
Now, the following things hold for PA*™. By soundness of PA*™ if

35 The proof of decidability of constant sentences uses the idea of finding the letterless
formula B corresponding to B* (such that S = 3*), construct the normal form y of  and
apply PL; for details, cf. G. Boolos [1979], 62, G. Boolos [1993], Ch. 7.

36 Remember that if R is a rule of deduction and S is a set of formulas, S is closed under R
if it contains all formulas deducible by R from the members of S.
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PA™}|-S, then S is true in M (the standard model of Lpa), therefore
Bew(rS7) is a true sentence. But Bew(rS7) is just the formalization of
"I-S". Then for every sentence S of Lpa, Bew(™S1)>S is a true sentence of
Lpra (and this holds for any sentence S of Lpa). Therefore, if a is a modal
formula, then (Cla>a)* is a true sentence of Lpa, for any realization *.
Moreover, any sentence derivable by applications of MP is true.
Since all these formulas are true for every realization, the modal system that
embeds all these cases is a new one, called GLS (Godel-Lob-Solovay). So,
the axioms of GLS are all theorems of GL and all sentences of the form
Caoa, and MP as its sole rule of inference.?” For this system the theorem
above also holds. And then the rule N of G£ is not a derivable rule in GLS,
too. Otherwise, since [1 1L > 1 is an axiom of G£S, LI(LJ L > 1) would be a
theorem of GLS. Therefore PA™ OO Lo 1)*, ie.,

PA*™}-Bew(™Bew("L7)> 1 7). And then Bew(™Bew("L7)>17) is true
(by soundness of PA¥™). Whence PA™|Bew(rL7)>l, ie.,

PA™-—Bew("L7), viz. PA®|-Con,, > (contrary to second

incompleteness theorem).

Unlike GZ, the modal system GLS is closed under possibility, since if
GLS o and since all formulas of the form [lo>a are axions of GLS (for
any a), it follows that GL£SF [1—a>—a, equivalently, GLS oo—Ll—a (by
PL), i.e., GLSF <a (by Interch.). And then all formulas of the form T,
OT, OO T, ete. are theorems of GLS.

Now, let us ask the following question: how the derivability
conditions Di-D3 might be like if we "read" them modally? The answer can
easily be given by the following simple analysis. Let o and 3 be modal
formulas, let a*, f* be the formulas of Lpa under an arbitrary realization *.
Then the derivability conditions Di-D3 can be expressed in the following
way:

D;. If PA™ |- a*, then PA™ |- (Ca)*.

*

D, . PA* - (O(aof)>(CoasCIp))*.
D; . PA* - (OooO0)*.

37 And then GLS is not a normal system of modal logic.
38 Equivalently, via first incompleteness theorem, PA®™ proves its inconsistency (detail!).
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And then the modal counterpart of DT—DZ are, evidently, the following

expressions:

N. If - a, then |- Uoa.

K. FU(oop)o(LaUIp).

4. - UaoU0a,
where N is the necessity rule, K is the modal axiom of K and 4 is the proper
axiom of K4. Given that Subst and MP are valid rules of deduction for every
normal system of modal logic, it follows that what we have here is just the
modal system K4. And this fact leads to the following result.

Theorem 2. If K4|-a., then for every realization *, PA™}|- a*.

Remark. Evidently, k4 and GL are not identical. But if to %4 is added the
so-called Léb's Rule (if | (Ua>a), then | a), then, as can be expected, the
resulting system and GL are equivalent (i.e., the two systems prove the same
theorems).

As we know, [Ipop is not a theorem of G£. (Llpop)* is the formula
of Lpa Bew("S7)>S. Such a formula is called reflection principle for PA®.
Actually, a reflection principle is a formal assertion stating the soundness of
a formal system. For a given a, Bew(Tal)>a is called the reflection
principle of a. By (Eg) (comp. Sect. 4.2.1 above) not every reflection is
provable. If a is the Gddel sentence G, then by (Eq) PA*™ | Bew(TG1)>G.
On the other hand, this result can be obtained also directly from
F (p=—q)>(q>p)=p), plus Subst G/p, Bew("G1)/q, PA*™|- G=—Bew("G1)
and MP (detail!).*

As we know (comp. Ch. 3, Sect. 4.2.1.2(2)), a formal theory T is
consistent iff there is no formula o such that 7o and T—o.** T is o-
consistent iff for no formula a(x) the following simultaneous hold: (a) for
every n, T—a(n) and (b) T} 3xou(x). Evidently, if TH Ixo(x), this does
imply that 7" does not prove any formula, and then 7 is consistent. But the

converse is not true, i.e., the conditional if T is consistent, then 7 is ®-
consistent does not hold.

3 For excellent comments on reflection principles, comp. C. Smorynski [1977] and
G. Kreisel and A. Levy [1968].

4“0 Equivalently, T does not prove any formula, no contradiction is provable in 7, TH L,

TH 0= 1. The closed formula expressing the consistency of PA® is — Bew(r L 7).
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Argument. Let PA" = PA*U{—G} (where G is the Gddelian sentence for
PA™), equivalently, PA"=PA*™UBew("L1) (since PA*™}- G=Con(PA™)
=—Bew("L7), (by (EQ) (below, p.310)). Since PA*HG (if PA™ is
consistent), then PA" is also consistent (by Ch. 2, Sect. 3.5.3, Lemma 2).
Hence the intuitive sentence Pf(n, 1) is false for every m, and then
PA®™-—I1(n,TL7) for every n (by formal expressibility of Pf(y,x) by
[1(y,x) (cf. Ch. 3, 3.4, final Remark) and then PA"—II(7,T1L17) (since
PA™cPA"). But PA"-Bew(" L1), viz. PA"}3yII(y," L 1), and this means
that PA" is m-inconsistent.

The 1-consistency of a theory T is the special case of w-consistency,
when o(x) from the definition of w-consistency is a decidable formula
of Lpa. Evidently, the following holds: w-consistency does imply 1-
consistency and 1-consistency does imply consistency.

And then, by the argument above, from the consistency of PA™ does

not follow that PA*™ is 1-consistent too.
Theorem 3. Let o be a closed formula of Lpa such that PA* | o. Then if
PA™ is 1-consistent, then PA™ |+ Bew(Ta1).
Proof (reductio). Suppose that PA™ is I-consistent, PA*™a and
PA™}-Bew(Ta1). Then since a is not provable in PA®, it follows that for
every n, Pf(n,a) is false (where a is the Godel number of a). It follows that
PA*|-—II(7n,Ta) for every n (since I(y,x) formally expresses Pf(y,x) in
PA*). Now, since PA™}Bew(Tal), equivalently PA™|-3yll(y,Tal) it
follows that PA*™ is 1-inconsistent (contrary to the hypothesis).
Corollary. If PA*™ is 1-consistent, then PA™ has not the theorems of the
following form: 1 ,Bew(T L7), Bew(Bew(" 11)1), etc.
Proof. (By Theorem 3, for o= 1). An independent argument for this
corollary can also be given in the following terms. If PA*™|- 1, then PA™ is
inconsistent and therefore it is 1-inconsistent (contra hyp.). Or, since
PA*|-—G=Bew("_L7), then if Bew(" L) were provable in PA™, then, by
Ch. 3, 4.2.1.2 (Godel's first incompleteness theorem, part (2)), PA*™ would
be 1-inconsistent.

Now, from Theorem 1 and Corollary it follows that the modal
system G has not the theorems of the form 1, [J 1, [IL] L, etc.

As we saw (comp. Ch. 3, 4.2.1.2, Godel's second incompleteness
theorem), the conditional "if PA™ is consistent, then the consistency of PA*™
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is not provable in PA*™ " is formalizable and, moreover, provable in PA®™.
Similarly, the following conditional is also formalizable and provable in
PA®: "if PA* is 1-consistent, then the inconsistency of PA* is not provable
in PA™ ", The inconsistency of PA® is just the formula Bew(™ 1 7). And by
definition, PA*™ is 1-consistent if the following items does not hold
simultaneously: PA®™ |- 3xa(x) and for every n: PA*}- —au(n), i.e.,

Not(|-3Ixou(x) and for every n: |- —ou(n),
equivalently

If |- 3xau(x), then Not for every n: | —ou(n) .

This conditional expressing 1-consistency is formalizable and,

moreover, the whole conditional mentioned above is formalizable and
provable in PA** ie., PA™} 1Cono>—Bew("11).So is the case with

formulas of the form 1Cono>—Bew(Bew(r L1)1), 1Con>
—Bew(TBew(™Bew(T L7)1)7).

Using this result some other argument for the fact that consistency of
PA* does not imply 1-consistency of PA** can be given. For, as we just
mentioned, PA*™|- 1Cono—Bew(™Bew("_L7)7), and then if the implication

—Bew(r L7)>1Con were provable in PA™, then, by PL, the formula
—Bew(T L7)>—-Bew(™Bew("_L7)1) would be provable as well. Whence, by
contraposition, PA™}Bew(™Bew(rL7)1)>Bew("L7); and therefore
PA*™|-Bew(" L7) (by Lob's Theorem). This means that PA** would be 1-
inconsistent (since PA*|- -G=Bew(" 1 7), whence PA*|- =G, and then, by
first incompleteness theorem (part (2)) PA* is 1-inconsistent).

Let us illustrate once more the content of Theorem 1. As we saw
(comp. 4.1.1)

GLs (a) - U(p=—Up)=U(p=—0L1).
Then, by Theorem 1,

PA™ - (U(p=—Up)=U(p=—-0L L)*, ie.,

PA™}-Bew(™S=—Bew(S1)7)=Bew("S=—Bew(" L7)7).

Then the following assertion is provable in PA*™: "a sentence S of
Lpa is equivalent in PA*™ to its own unprovability iff S is equivalent to the
consistency of PA** "

Informally, from this expression provable in PA** the following
biconditional can be derived:

41 For details, comp. C. Smorynski [1977], 4.2 and G. Kreisel and A. Lévy [1968].
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(EQ) PA™|-S=—Bew(rS1) iff PA™|- S=—Bew("11).%

This "iff" can also be proved independently. Since the left result does
hold by DL (i.e., S is the fixed point of the formula —Bew(x)), all that
remains to be proved is the right result. And this means that we have to
show the following

(a) PA*|-—Bew(r 1 7)>S, and

(b) PA¥}|-So>—Bew("L17).

Proof. (a) We have the following derivations:

(1) PA*™}|-S=—Bew("S7); by DL

(2) PA¥™}-—=S=Bew(S1); (1), PL

(3) PA*™}|-Bew(™—S=Bew("S1)7); (2) by D1 (of Sect. 4.2.1)

(4) PA*™}|-Bew(™—S1)=Bew(™Bew(rS1)7); (3)

(The derivation of (4) from (3) can be carried out via the modal
system GL, since (3) has the form [l(a=f), and then, by Deriv. 2 (of 4.1.1),
we obtain [Ja=[1f, whose arithmetical counterpart is (4)).

(5) PA*™}|-Bew(S7)>Bew(™Bew(rS7)1); by Sect. 4.2.1, D3

(6) PA*|-Bew(S7)>Bew(-S7); (5), (2), PL

(7) PA¥}-S>(—=S>1); by PL

(8) PA¥™}-—=S>Bew("L17).

In order to derive (8) from (7) we proceed as follows: apply D; to the
formula from (7) and then D (twice), obtaining PA™|-Bew(rS1)>
Bew('—=S1)oBew(" 1 1)), which together with D3, via PL, gives
PA™}-Bew("S1)>Bew(rL7). Whence, by (1) and PL, PA*™|-So
Bew(rL7), (ie., (8)) and therefore PA™|—Bew(rL7)>S, equivalently
PA*™}- Con(PA™)>S.

Remark. Since PA™ (if consistent) does not prove S, i.e., PA*}£S,* by one
application of modus tollens, we derive PA*| Con(PA™); and this is just

another proof of the Gddel's second incompleteness theorem.
(b) We have the following derivations:
(1) PA¥|- 1L =S; PL

42 Remember, —Bew(" 1 7) is the formula expressing in Lpa the comsistency of PA™;
equivalent notation Con(PA?).
43 See below, for S = G, the proof of the first part of Godel's first incompleteness theorem.
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(2) PA¥|-Bew(" 1L oS1); (1), Dy
(3) PA¥|-Bew(" L 1)>Bew(rS7); (2), D2
(4) PA¥™|-Bew(" 1 1)>=S; (3), by (1) from Proof (a)
(5) PA¥}|-So>—Bew(TL17); (4), PL, i.e.,
PA™ |- SoCon(PA™).
From the proofs (a) and (b) it follows PA*™|-S=—Bew(rL1), i.e.,
PA™}-S=Con(PA™), and therefore it follows (EQ). And what (EQ) shows is

that a sentence asserting its own unprovability is equivalent to the assertion
of consistency of PA™, and the provability of their equivalence shows the
uniqueness of such a sentence.

Now, let us take only one half from GLs (a) and make the following
derivation:

(1) g2 U(p=—Up)oU(p=—L1 L ); from GLs (a)

(2) g2 U(p=—0 L )o(Up=00-0 L ); by K, K1

(3) o0 L =0<Cp; by 4.1.1, GL4

4) gc-0O1L=0< T (3), Subst.

(5) o0 L == 1; (4), Interch.

(6) gL+ D(p=—0 L)=(0p=0 L); (2), (5), PL

(7) GLi=D(p==0p)>(Lp=L1 L ); (1), (6), PL
Therefore

PA*™ | (L(p=—Up)o(Up=L] L ))*, i.e.,

PA*™|-Bew(™S=—Bew(rS1)1)>(Bew(rS1)=Bew("11)).
And this means that PA™ proves the following assertion: "if S is equivalent
to its own unprovability, then S is provable in PA*™ iff PA® is inconsistent".

Similarly, we can find the assertions corresponding to GLs (b)-(d),
provable in PA™ (exercise).

Now the following example illustrates the use of modal logic (GL) in
proving the undecidability of the Gddelian sentence G in PA™*

# Actually, G£ is used only in the proof of the second part of first incompleteness theorem
(that of non-provability in PA* of —G). Evidently, the use of modal logic can be avoided if,
for example, from (3) in the second proof we derive directly PA™ |-G (of course, under

assumption of X;-soundness of PA*, equivalent, of 1-consistency of PA** (by Ch. 3, Sect.
4.2.5, Fact 7 Lemma)).
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As we know, the undecidable sentence G is a fixed point of
—Bew(x), and then

(1) PA*}-G=—Bew(rG"); by DL

(2) PA*™}|-G; hyp.

(3) PA*™}-Bew("G1); (2), Dy

(4) PA¥™}—Bew(TG7); (1), (2), PL

(5) PA¥™}|-Bew("G1)A—Bew(G"); (3), (4), PL

(6) PA¥™}|- 1 ;1i.e., PA*™ is incon.

Therefore, (1) if PA™ is consistent, then PA™H G.
On the other hand, we have the following derivation:

(1) PA*¥}-G=—Bew(rG"); by DL

(2) PA™|=—=G; hyp.

(3) PA¥™-Bew(rG7); (1), (2), PL

(4) PA¥™}|-Bew(™=G1); (2), D1

(5) PA*™|-Bew("G1)A Bew(™G7); (3), (4), PL

(6) gLI- (Upall—p)oUd L; by 4.1.1, K1, Subst. —p/q

(7) PA¥}|- (Bew(TG1)ABew(™=G7))>Bew(T L7); (6), Thl

(8) PA™-Bew(T L7); (5), (7), MP.

And this means that PA*™ is I-inconsistent (by Corollary above).
Therefore, if PA™ is l-consistent, then PA™}Bew(TL7), whence,
PA*™H —G.

Remark. As we see by this example, the undecidability of G does not
follow from the (simple) consistency of PA™. Actually, as we know (comp.
Ch. 3, 4.2.1.2), only the unprovability of =G claims the stronger assumption
of 1-consistency of PA*™ and this fact can also be argued in the following
way. Suppose that under the assumption of consistency the sentence —G
were unprovable. Formally, this means that (1) PA*}—Bew("L7)>
—Bew(™=G7). But (2) PA*|-G=—Bew(" L) (G being equivalent to the
consistency of PA*™). And then, from (1) and (2) it follows
(3) PA™—=Bew(T L7)>—Bew(™Bew("_L7)1). Whence, by contraposition,
PA*™|-Bew(™Bew(r L7)1)>Bew(rL1), and then, by Lob's Theorem,
PA*™|-Bew("L7). But, evidently, PA™}£Bew(rL7). Therefore, the
undecidability of G in PA*™ can be proved only on the stronger assumption
of 1-consistency. And this fact holds for any sentence S of Lpa equivalent to
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a sentence asserting its own unprovability in PA®™ %

A similar result can be stated in the following terms: if o is a
letterless formula of Lg,, then the undecidability of its arithmetical
counterpart, a*, does not follow only from the consistency of PA**. This
means, via Theorem 1, that GLH - L >(=Oar—0-a),*® and therefore

PA |7L (—|D 1 D(ﬂlj(l/\ﬂl]—dl))*

4.2.3. Fixed point theorem
Preliminary

Besides the Theorem [ (above, Sect. 4.2.2 (arithmetical soundness
and arithmetical completeness of GL), another result concerning GL is really
remarkable: the fixed point theorem, due to Dick de Jongh and Giovanni
Sambin.*’

First of all, remember that the strong box [ is defined as follows:
o =4t Jaaa (comp. 4.1.1). And a formula a is modalized (or boxed) in p
if every occurrence of p in o is in the scope of an occurrence of modal
operator [1.

Fixed point theorem (FPT). Let a be a formula modalized in p. Then there
is a formula B containing only the propositional variables of o different
from p and such that

G- E(p=o)=E(p=p).

The formula f is called a fixed point of o.

From this theorem another form of it can be obtained in the
following way:

(1) g2 UE(p=a)=L1E(p=P); from FPT, using Deriv. 2 (4.1.1).

(2) gL U(p=o)=L(p=P); (1), Theorem 1(a) and (b) (4.1.1).

Let us observe that if o(p) is a formula containing only the
propositional variable p, then its fixed point will be a letterless formula. And

45 And then no fixed point of —Bew(x) is provable in PA®, if PA™ is consistent; and if PA®
is 1-consistent, then no fixed point of —Bew(x) is disprovable in PA®*.

46 For details, comp. G. Boolos [1993], 97-98.

47 This topic is of higher type of complexity. In order to make it as much as possible
understandable and to not exceed the intended level of complexity for this book, the results
are presented in outline or using comments of some distinguished authors, e.g. G. Boolos
and C. Smorynski.
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then by GLs (a)-(d) (4.1.1) for a(p): —Up, Up, U—p and —[l—p,
respectively, the fixed points of these formulas are, —[ 11, T, 11 and L,

respectively.

The proof of the Fixed Point Theorem is based on the following
results:

1. Theorem. Let B be a formula of LmpL not containing the variable p.
Then if G- B(p=a)=(p=P), then GLE(p=p)>(p=c.).**

2 Go-Ep=a)o(p=p).

The argument is the following. Firstly, from 1 and 2, using MP, it follows
that GLF [E(p=P)>(p=at), from which, using Theorem 2 of 4.1.1, it follows
that GL|-[(p=P)>Ld(p=a). Similarly, from 2 it follows that GL|- E(p=a)
Sll(p=p). Whence, by PL, it follows that G£|-[l(p=a)=Ll(p=P), i.e., just
the Fixed Point Theorem.

So, given the proof of 1, all that remains to be proved is 2. But the
proof of 2, in turn, requests the following results: the Craig Interpolation
Lemma, the Beth Definability Theorem and the Theorem (a result due to
Bernardi). In fact, Craig's result is needed only for the proof of Beth's
Theorem, and the Fixed Point Theorem follows directly from Beth's and
Bernardi's results. Let us detail.

4.2.3.1. Craig Interpolation Lemma for GL

As we saw (comp. Ch. 1, 2.9, Remark 2), by Interpolation Theorem
for PL the following result holds: if o>, then a>p has an interpolant,
i.e., there is a formula y all of whose variables occur in both a and 8 such
that =0>y and =y>pB. By soundness and completeness of PL*, this result
evidently holds in its syntactic form. This also holds for the modal system

GL.
Craig Interpolation Lemma for GL. If GL|-a>p, then oof has an

interpolant v, i.e., GLI- 0>y and GLI|-yDB (with all variables of y occurring

in both . and f3).
Proof* (outline). Let S° be the set of formulas all of whose variables occur

48 For a semantic proof of this result (due to Goldfarb), comp. G. Boolos [1993], 107-108.
4 The proof of this theorem is due to G. Boolos (comp. G. Boolos [1979], Ch. 14) and C.
Smorynski (an elegant exposition of Smorynski's proof is given in G. Boolos [1993], 118-
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in a, let S! be the set of formulas all of whose variables occur in p. Let
S"=8%~S!. Let Set={5 is a subformula of o or of B}, let
S* = {8 §eSet}. For a set ScSetuSet* let So=SNS? and S; =SS!
Then, evidently, S =SoUS:. A formula y separates a set ScSetuSet* iff
veS™, GLF-Conj(So)oy and GLF-Conj(S1)>—y. S is called inseparable iff
there exists no formula y separating S. As can be seen, if S is consistent,
then S is inseparable, and if S is inseparable, then both sets So and S are
consistent.

As we saw, the system GL is noncanonical (comp. 4.1.3.3). So for
proving its completeness we cannot use the technique of canonical models.
Instead, for this proof we successfully used the technique of finite models
(comp. 4.1.3.4 and 4.1.3.5). Similar to those consideration let us define the
following finite model M = (W,R,V):

W = the set of all maximal and inseparable sets (i.e., a set we W is
inseparable and for any formula deSet: dew or —dew.

R: wRw' iff for any [le: if Leew, then [le, eew', and there is a
formula [Cleew' such that Clegw.

V:pewiff wEp.

This definition does guarantee that M is finite, transitive and irreflexive.

The proof of Craig Interpolation Lemma for GL is based on the
following results:

Rezl. Let S be an inseparable set and deSet. Then either SU{d} 1is
inseparable or SU{—8} is inseparable.>

By Rezl every inseparable set S can be extended to a maximal and
inseparable set w; i.e., for every deSet, either dew or —dew.

Rez2. Let M = (W,R,V). Then for every deSet and we W:

wi S iff Sew.”!

Finally, the proof of interpolation lemma runs as follows:

Suppose for reductio that GLF-o>p and that the implication a>f3 has no

interpolant. L.e., there is no formula y all of whose variables occur in both o
and 3 such that G£-a>y and GL-y>P. Then the set {o,—B} is inseparable

121). Based on these results we only sketch such a proof.

30 This is Lemma 9 in Boolos version of Smorynski's original result (cf. G. Boolos [1993],
119).This is the analogue of Lemma 1(Sect.4.1.3.1).

1 This is Lemma 10 of Boolos version (cf. G. Boolos [1993], 120). It is the analogue of
4.1.3.1, Lemma 5.
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(otherwise there were a formula y such that GLF o>y and GL|-—P>o—y,
equivalently GL|-y>, and then y would be an interpolant for a>f (contra

our supposition). Now, since {a,—[} is inseparable, it follows, by Rez1, that
{a,—B}cw, where w is an inseparable and maximal set from W. Then, by
Rez2, wEa, wE— and then wkp. Whence wi a>B. Therefore, by

soundness of GL, GLH aDP, contradicting the hypothesis.

4.2.3.2. Beth Definability Theorem for GL

The Beth Definability Theorem for GL can be easily derived from its
form for FOL (comp. Ch. 2, 2.6), by a "propositional" reading of this form
and by considering its syntactic proof in FOL*. Both forms of this theorem
(for FOL™ and for GL) are essentially based on the Craig Interpolation
Lemma.

Beth Definability Theorem. Let p and q be two distinct propositional
variables, let 6 and &* be two formulas of LemL different from each other
only by the fact that the occurrences of p in O are exactly the occurrence of
q in 6*. Suppose that GL-(0A8*)D(p=q). Then there is a formula B of LemL
whose all propositional variables are contained in & and distinct from p.
Then GL|-0>(p=p).

Proof.> We have the following derivations:
(D) GLE(318%)>(p=q); by hyp.
2) GLE ((0A0*)D(p=q))2((0Ap)>(6*>q)); by Rule,, (cf. Ch. 2, 3.2.1)

() GLE(BAP)2(8*Dq); (1), (2), MP.

Let us firstly observe that in the formula dAp does not occur q, and
in 8*>q does not occur p. So, the variables common to both formulas are
exactly the variables of d distinct from p.

Now, since the implication from (3) is provable in GL, by Craig's
Interpolation Lemma for G it follows that it has an interpolant, i.e., there is
a formula y of Lpmr whose all variables are contained in 6 and distinct from
p (and then all variables of y are contained in both dAp and $*>q) such that

(4 GLF(BAp)>y

32 This proof is mimicking that given in Ch. 2, 2.6.
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(5) GLFyD(6*Dq), and then

(6)  GLE3*D(y>q); (5) by Rule,, MP
(7)  GLEF82(p>y); (4) by Ruley, MP
(8)  GLE3D(vop); (6), p/q

9 GLF3(p=); (7), (8), Ruley, MP.

In order to give all ingredients needed for the proof of Fixed Point
Theorem another result is also requested: a proof of the uniqueness of fixed
points. And this is given by the theorem below, but first time let us take a
definition.
Definition. Let B(q,...,qn) be a formula containing qu,...,qn distinct in pairs
and not containing p. Let o(p) = B(Uyi(p),...,..dyn(p)), where Ulyi(p) are all
subformulas of this form of a(p). This representation of o(p) is called
decomposition of a(p) (abrev. Decomp), where Uyi(p) are its components
and each contains p.

Evidently, if a(p) is modalized in p, it is decomposable.

4.2.3.3. Theorem (Bernardi)

Let a be a formula of LmpL modalized in p and not containing q, let
o* be a formula of LmpL which differs from o only by the fact that the
occurrences of q in o* are exactly the occurrences of p in o.. Then

GLE (E(p=a)ALl(q=a*))>(p=q).
Proof.>® The idea of the proof is the following: to show firstly that
*)  GLEU(p=9)=(p=9),
and then to insert the formula from (*) as the consequent in an implication
whose antecedent is just the antecedent of the formula to be proved in GZ, in
order to derive (via the axiom W) the result we are looking for. Let us
detail.

Since o is modalized in p, let us consider its decomposition
a(p) = B(Lyi(p),...,.ya(p)), where B(qj,...,qn) does not contain p. Then we
have the following derivations:
(1) g UOp=q)>(L(yi(p)=yi(q)); by 4.1.1, Sec. Subst. Th, Coroll.

33 This is Smorynski's proof of Bernardi's syntactic proof of the uniqueness of fixed points;
cf. Smorynski [1985], 76-77. For a semantic proof of this theorem, comp. Boolos [1993],
122, Lemma 11.
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2 GeFUGP=Y@)=(yi(p)=Uyi(@); by 4.1.1, K, PL
3 GLEOp=g)=(Lyi(p)=tyi(@); (1), (2), PL
(4 GLEDp=q)=0U0yi(p)=Lyi(); (3), by 4.1.1, Th3
) GLEDp=g)=E(Myi(p)=tvi(@); (3), (4), PL
©) gL E(yip)=yi(@)=>B(Myi(p)=B(L(vi(@);
by 4.1.1 Sec. Subst. Th.

(M GLFDp=q)=>B(Lyi(p)=BL(yi(9)); (5), (6), PL
®)  GLFU(p=g)=(aup)=a(q)); (7) by Decomp.
And then (*) GLFL(p=q)>(p=q).

On the other hand, we have the following derivations:
() GLE(E(p=a(p)All(g=a(q))=>(L(p=q)=>(p=q)); using (*) and PL
@ G- O@p=a)>(p=q)); by (*) and the rule N
(3)  GLFO0E=q)=(p=9)>L(p=q); by W, Subst.
4)  GLEOp=q); (2), (3), MP
) gL E(p=ap)All(g=a(q))=>(p=q); (1), (4), PL

Now, via Theorem (Bernardi) and Beth Definability Theorem, the
Fixed Point Theorem results in the following way. Let p and q be two
distinct variables, let oo be a formula modalized in p and not containing q
and o* be a formula differing from a only by the fact that the occurrences

of q in a* are exactly the occurrences of p in a (this is just the hypothesis of
Bernardi's result). Then by Theorem (Bernardi) the following holds

GLE (El(p=a)Ald(q=0*))>(p=q).
Now, if we take 6 =[l(p=a) and &* = [l(g=a*), then the hypothesis of
Beth's Definability Theorem (i.e., the construction of & and 6* and that
GLE-(0n0*)D(p=q)) 1s satisfied. Whence, by this theorem, it follows that

there is a formula  whose all variables are contained in d (i.e., in L(p=a),
and then in o) and are distinct from p such that G£}-[(p=a)>(p=p). For
the rest of the argument, see the end of Preliminary (p.314).
Comments

1. From the above form of the theorem concerning the uniqueness of
fixed points, another form can be derived.
Corollary. Let o and o* be formulas as in the Theorem (Bernardi). Then

GL (O(p=a)Al(g=0*))>U(p=q)
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Proof.

(1) GLE(E(p=o)ALl(g=0*))>(p=q); Th. (Bernardi)

(2 GLEE((p=o)A(g=a*)>(p=q); (1), 4.1.1, Th. 4 (d)

(3 GLED((p=o)A(g=a*)=>U(p=q); (2), 4.1.1, Th. 2 (a)

4 GLE (O (p=o)al(g=0*)=>0(p=q); (3), 4.1.1, Ki

By 4.2.2, Theorem 1, this does imply that

(a) PA*™ - [(L(p=a)Ald(g=a*))oUL(p=q)]*, where * is an arbitrary
realization.>*

Let us take the following translation of the modal formula in the
square brackets of (a): p* = S1, g* = Sz, (a)* = =Bew(x). Then
(b)  PA™|(Bew(rSi=—Bew("S17)1)ABew(So=—Bew(S27)1))

DBew(rSi= S27).

As can be seen, S1 and S: are two fixed points of the formula
—Bew(x). Informally, what (b) states is the following thing: if
PA®™}-Si=—Bew(rSi7) and PA*}|- So)=—Bew(S27), then PA™}|-S1=S»; i.e.,
any two fixed points of the formula —Bew(x) are (provably) equivalent in

PA*. And then since the Gddel's sentence G is a fixed point of —Bew(x)
and by the first incompleteness theorem PA™H G (if PA*™ is consistent), it

follows that no fixed point of —Bew(x) is provable in PA*. And, as we
know, since PA*™|-Con(PA)=G it follows that (under the same assumption
of consistency of PA*™) PA™H Con(PA) (and this is the second Gddel's

incompleteness theorem).

2. The proof of the full Fixed Point Theorem, given above, is only
one of the different types of proofs for this theorem. In his book>> G. Boolos
gives two another proofs, one for the special case in which the modal
formula a(p), modalized in p, contains only one variable p (due to Bernardi
and Smorynski), a case relevant for explaining a lot of questions concerning
the meaning of self-referential arithmetical sentences,’® and a proof of the
general fixed point theorem (due to G. Sambin and Lisa Reidhaar-Olson).”’
And a second proof of the full fixed point theorem (due to Z. Gleit) intends

3% To avoid any confusion, the star * in the subformula [J(q=a*) has the meaning given in
Bernardi's Theorem. Only the second star means "realization".

33 Cf. G. Boolos [1993], Ch. 8.

6 As we saw in Sect. 4.2.2. Comp. also G. Boolos [1979], Ch. 9: Calculating truth-values
of fixed points.

7 Comp. also G. Boolos and Jeffrey [1991], Ch. 27.
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to show that if oa(p) is an arbitrary formula modalized in p, then its fixed
point has a modal degree < n (where n is the number of subformulas of a(p)
of the form 5 (in its decomposition)).

Finally, we mention still another strategy to prove the full theorem of
fixed point. It is due to C. Smorynski.’® Let us outline it.

First of all, the formulation of this theorem in Smorynski's paper.

Fixed point theorem.” Let op) be a formula modalized in p. Then there is
a formula B containing all the variables of o(p) excepting p such that

1. gL E(p=a(p))>(p=P)

2. GLIB=a(P).
Since there is a theorem on the uniqueness of fixed points (as we saw above
by Bernardi's proof), the proof of fixed point theorem may be restricted to
the proof of 2. (Since from 2, by N and the definition of [, it follows that
GLFE(B=ouPB)). Whence, by uniqueness of fixed points, via PL, it

follows 1). And the proof of 2 requests the result of a lemma and its
corollary. So, let us present these results: Lemma, its Corollary and, finally,
the proof of 2.

Lemma. (D. de Jongh, C. Smorynski).®® Gzl Oy(T )=0y(0y( T )) (where

T denotes logical truth; comp. 4.1.1).
Proof. (a) GLFLly( T )oUy(Qy(T))
(1) GLE=Dy(T)=(T =Ly(T)); by PL
(2) gLFOy( T )20 T =0y( T )); (1) by 4.1.1, Theorem 3
(3) GLELy(T )BT =Ly(T)); (1), (2), PL
4) GLFLEI(CT =0y T )My T H)=00y(Cy( T ))); by 4.1.1, Sec. Subst. Th.
(5) GLELhy(T )a(Cy(T)=By(Mv(T)); (3), (4), PL
(6) GLEDy(T)=(y(Cy(T)); (5), PL
(b) GLFDy(My(T))=0y(T)

38 Cf. C. Smorynski [1985], Ch. 1, Sect. 3.

3% Called by the author "Explicit definability theorem" (Th. 3.5, 79). Actually, the explicit
definability in GL of fixed points is the problem of existence of fixed points in GL.

0 Cf. C. Smorynski [1985], 78, Lemma 3.2, A semantic version of this lemma is given by
Lemma 3.18 of [1985], 125.
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(1) g Oy( T )BT =Ly( T )); is (3) of the preceding proof
(2) GLBE(T =Oy(T )o(y( T )=y(Oy( T )); by 4.1.1, Sec. Subst. Th.
(3) GLEDy(T)=>((Ey(T )=y(T)); (1), (2), PL (and the symmetry of "=")
(4) GLEDy(T )o(r(Ey(T )=v(T)); (3), PL
(5) GLE YOy T))=(Ey(T )=v(T)); (4), PL
(6) GLF Cy(@y( T )=0@y(T)oy(T)); (5), 4.1.1, Deriv. 1
(7) GLFO(Oy(T )oy(T )=0y(T)); by Ax. W, Subst.
(8) GLE Lhy(Ly(T)=Ly(T)); (6), (7), PL
The Lemma follows from (a) and (b) by PL.
Corollary. Let a(p) = B(Ly(p)). Then GLFaB( T )=a(aB(T)).
Proof.
(1) g£-0yB( T )=LyB(LyB( T )); by Lemma
(2) gL O@yB(T )=LyB(LyB(T))); (1), N
(3) gL E(OyB(T )=LlyB(LyB( T ))); (1), (2), by PL and Def. of [
4) g£F-BUyB( T ))=B(yB(LyB('T ))); (3) by 4.1.1, Sec. Subst. Th.
(5) GLFoB( T )=a(aB( T )); (4) by construction of a(p).
Now, using the corollary of the above lemma, the Smorynski's proof
of 2: GL}-PB=ouPB) runs as follows. The proof is by induction on n: the

number of components in a decomposition of a(p), modalized in p. For the
induction step let a(p) = B(Ly1(p).....Llyn(p)). Let us take the n-component
of ap) and replace all of its occurrences in a(p) by Llya(q), where q does
not occur in o(p). Let the resulting formula be a*, i.e.,

a*(p,q) = B(Ly1(p),....Lyn-1(p).Lyn(q)).-
And then o*(p) has only n—1 components, for which, by induction
hypothesis, there exists a fixed point f* = 3*(q), such that
() GLEB*(@=BMy1(B*).....ya1(B*),Lyn(@))

Let us consider that all occurrences of q in *(q) are in occurrences

of the n-component [lyn(q). So, by Corollary a formula 3 can be found such
that

2  GLEP=P*(P), ie.,
() GLEB=BOyi(B*),....Lvn-1(B*).Lyn(B)); (1) Subst. p/q
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4 GLEB=By1(B)......yn1(B).Lva(B)); (3) Subst. B/B*(B)
(%) GLF-B=a(P); (4) by construction of ap).

This corollary allows us the calculation of fixed points. Let us take
some examples.

(a) For Godel-type sentences: ap)=—Llp. Here B(q)=—q and
v(p) =p. The fixed point of a(p) is a(B(T)), i.e., =[1=T, and then,

equivalently, =[] L.
(b) For Henkin-type sentences: ou(p) = Llp. Then B(q) =q, y(p) =p.
Andthen B(T )= T ,soo(B(T))=0T, equivalently T .

(c) For Jeroslow-type sentences: op)=[l—p. The fixed point of
a(p)is =0 L (detail!).

(d) For Rogers-type sentences: o(p) = —[1—p. The fixed point of
o(p)is B = L (detail!).

(e) For Lob-type sentences: ap,q) = Llpoq. B = Llgoq (detail).

(f) For Kreisel-type sentences: oup,q) = Ll(p>q). The fixed point of
a(p,q) is p=Cq."!

The investigations on this topic, modal logic of provability, are very
extensive. Besides the names just mentioned we also mentioned some other
important names, e.g. A. Avron [1984], F. Montagna [1984], R. Solovay
[1976], S. Valentini [1983], S.N. Artemov and L.D. Beklemishev [2005],
S.R. Buss [1998], G. Japaridze, Dick de Jongh [1998], D.M. Gabbay and L.
Maksimova [2005].

o1 For calculation of the fixed points, comp. G. Boolos [1993] Ch. 8, [1979] Ch. 9 and C.
Smorynski [1985] Ch. 1.
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