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Introduction

Starting from classical problems in linear algebra and experiencing a spectacular development in the
last forty years, the theory of representations of finite dimensional algebras is today one of the most
popular and active fields in algebra. New theoretical approaches (like the use of quiver-theoretical
techniques, the introduction of almost split sequences and Auslander-Reiten theory, the development
of tilting theory, the notion of Gabriel-Roiter measure, the theory of Ringel-Hall algebras, the results in
cluster theory) and the development of new computational algebra packages and tools (like GAP and
Magma) have contributed not only to the deep understanding of the structure of module categories
over some finite dimensional algebras, but have also connected representation theory with many other
fields even outside algebra (for example quantum groups, algebraic geometry, control theory of linear
dynamical systems).

We know that every basic, connected and hereditary finite dimensional algebra is the path algebra
of an acyclic, connected quiver. Also, the category of modules over a path algebra is equivalent with
the category of representations of the corresponding quiver. So modules in these cases can be identified
with quiver representations.

In the present book we will be mainly interested in the category of representations of tame (affine,
Euclidean) quivers over a finite field (i.e. the category of finite dimensional modules over the path
algebra k@), where @ is of type Am (m>1), ﬁm (m>4), IE(;, E7, Eg and k is finite). Note that k() with
k finite is a finitary ring (i.e. the group of extensions of modules is finite). Our aim is to count certain
monomorphisms, epimorphisms, automorphisms and extensions mainly for indecomposables. For this
we will need many tools, but of special importance is the so-called Schofield induction via orthogonal
exceptional pairs.

Knowing the number of extensions leads us to Ringel-Hall algebras with a large spectrum of appli-
cations. More precisely, the structure coefficients of the Ringel-Hall algebra associated to k() — called
Ringel-Hall numbers — are (up to automorphisms) the numbers of extensions with given middle terms.

Classical Hall algebras associated with discrete valuation rings were introduced by Steinitz and
Hall to provide an algebraic approach to the classical combinatorics of partitions. The multiplication is
given by Hall polynomials which play an important role in the representation theory of the symmetric
groups and the general linear groups. In 1990 Ringel defined Hall algebras for a large class of rings,
namely finitary rings, including in particular path algebras of quivers over finite fields. Far reaching
analogues of the classical ones, these Ringel-Hall algebras provided a new approach to the study of
quantum groups using the representation theory of finite dimensional algebras (see [41, 24]). They can

also be used successfully in the theory of cluster algebras (see [10, 46]), to investigate the structure of
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the module category via the Gabriel-Roiter measure (see [45]) or to determine the cardinalities of some
quiver Grassmannians over a finite field (see [46, 55]).

In case of Ringel-Hall algebras corresponding to Dynkin quivers and tame quivers we know due
to Ringel, Hubery, respectively Deng and Ruan (see [42], [26], respectively [17]), that the structure
coefficients of the multiplication (the Ringel-Hall numbers) are again polynomials in the number of
elements of the base field. We will call these polynomials Ringel-Hall polynomials. If we are looking at
Hall polynomials associated to indecomposable modules, the classical polynomials are just 0 or 1, and
the Ringel-Hall polynomials in the Dynkin case are also known and have degree up to 5. However we
do not have too much information about the Ringel-Hall polynomials in the tame case.

The present monograph records the progress made by the authors in the last fifteen years regarding
tame Ringel-Hall polynomials and their various applications, using a large spectrum of combinatorial,
computational and representation theoretical tools.

The first chapter is a preliminary one, serving as a comprehensive survey of the main notions and
tools used throughout the monograph. It covers Gaussian coeflicients, partition combinatorics, repre-
sentations of tame quivers, reflection functors, orthogonal exceptional pairs and Schofield sequences,
basic information on Ringel-Hall algebras and on the Gabriel-Roiter measure, as well as some geomet-
rical connections.

The second chapter is dedicated to tame Hall polynomials. We describe all the tame Ringel-Hall
products and polynomials involving indecomposables of absolute defect not higher than 1. These results
were published in [54, 53]. Then we obtain some special Ringel-Hall polynomials of the form F’ 557 .
(where z is a positive real root of arbitrary negative defect and ¢ is the minimal radical vector). This
result appeared in [57]. Finally we deduce all the Ringel-Hall polynomials involving indecomposables
of absolute defect up to 2, presenting the used combinatorial and representation theoretical framework,
which can be generalized to indecomposables of arbitrary defect. This was published in [56, 58, 59].
Note that these results give us the full list of Ringel-Hall polynomials in the cases A,, and D,y,.

In the third chapter we will apply our knowledge on Ringel-Hall polynomials in the theory of
Gabriel-Roiter measures. The Gabriel-Roiter measure (GR measure for short) was introduced by Gabriel
in order to give a combinatorial interpretation of the induction scheme used by Roiter in his proof of
the first Brauer-Thrall conjecture. Ringel used it as a foundational tool for the representation theory of
Artin algebras. First of all we will prove that the GR inclusions in preprojective indecomposables and
homogeneous modules of dimension ¢, as well as their GR measures are field independent. A similar
result for Dynkin quivers was obtained by Ringel in [45]. As an application of the respective theorems,
we will prove (using Ringel-Hall polynomials) a result by Bo Chen from [15] in a more general context:
our result is valid also for the case Eg (this case is missing from [15]) and it is field independent (in [15]
k is algebraically closed). More precisely, we prove that a GR submodule P of a homogeneous regular
module R of dimension ¢ has defect —1. All these results appeared in [57].

In the fourth chapter we determine cardinalities of Kronecker quiver Grassmannians via Ringel-Hall
numbers. We consider Grassmannian varieties of fixed dimensional submodules of indecomposable
Kronecker modules. In [12] Caldero and Zelevinsky described (using Schubert cells) explicit combi-
natorial formulas for the Euler-Poincaré characteristics of these Grassmannians, using them in cluster

theory. Using the Ringel-Hall algebra approach and reflection functors we obtain specific recursions
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for the Grassmannian cardinalities. All these, together with a g-analogue of a combinatorial identity
due to Nanjundiah (presented in the preliminaries) give us explicit combinatorial formulas for the car-
dinalities of the mentioned Grassmannians. We realize in this way a quantification of the formulas by
Caldero and Zelevinsky, with applications in quantum cluster theory. The results of this last chapter

were published in [55].
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Chapter 1

Preliminaries

This chapter is dedicated to the introduction of the main notions and tools used throughout the mono-

graph. For further details and clarifications we refer to [2, 49, 3, 16, 18, 19, 30, 43, 22, 32].

1.1 Gaussian coefficients

. a\ _ (¢%-1).(qg**1-1)
For ¢,a € Z, ¢ > O we will denote by (Z)q = TG (D
By definition (g)q =1and (_az)q = 0. Notice that for a, ¢ > 0 the coefficient (Z)q is a polynomial with

integral coefficients in g, which expresses the number of points of the Grassmannian Gr,(k*), where

the Gaussian (g-binomial) coefficients.

k is a finite field with ¢ elements. As we will see in Remark 4.1 (b) we need the given definition of (Z)q
also in the case when a < 0.

The following properties of the Gaussian coeflicients are well known:
Lemma 1.1. We have the following:
(@) (7),=0.for0<a <t Also(y) =(2,),. fora,t>0;

(b) (Cross product) (Z)q(e) = (;)q(‘g:;)q, foralla,l,j€Z;

J7q

(¢) (g-Vandermonde)

S ( ) () s () ()
= q . ] = q )
( Ia» je% £—j q\J 7% r)g\l—-1)4

q

foralll,a,beZ. Note that the sums are finite.
Finally, we will prove a g-analogue of the so called Nanjundiah’s identity (see [33]):

Proposition 1.1. For allm,p, u,v € Z we have the following:
Zq(m—u+u—r)(p—r)(m_lu’+y) (p+:U’_V) (M+r) :(:u) (V)
reZ r g\ P—T J\m+p/, m/q\p/q

Proof. Denote by A the left expression and by B the right one.
One can immediately see that for p < 0 we have A = B = 0.

4
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Applying three times Lemma 1.1 (c) and two times Lemma 1.1 (b) we have

(©)
A_Zq(m p+v—r)(p— r)(m :U’J"V) (p"":u V) (M"’T)
q

rel m+p
_ Zq(m prv—r)(p- r)(m /~L+V) ptp— V) Eqs(u m p+s)( H ) (T)
q q se€Z m+p-s q S$/q

r,S€Z p—-r g\m+p—5/,

m— u+y) (m—u+y—3) (p+,u,—1/)( 7! )
r—8 g\ p-r J,\m+p=s/,

_ qu(u—m—pﬁ-s)(m_ﬂ"’_y) ( K ) Zq(m—y+1/—r)(p—r)(m_:u+y_5) (p-i—u—l/)
q

s m+p-s r—35

=3 qS(M m—p+s) (m prv=r)(p-r)

r,S€Z

("
= 3 lammepes) gmeper—r) - r>(m o ) ( ) (pw—v) ( 7 )
(

seZ qreZ p=r Jq
_ Z qs(,u m—p+s) (m Bt V) ( ) (mf,uﬂxfsft)(pfsft) (m A 5) (p u- V)
sel. m+p==5/qtez t g\p-s-t/,
_qu(ump+s)(m /L+V) ( ) (m+p—8)
seZ m+p-s p—s q
_qu(ump+s)(m M+V) ( ) (M p+5)
seZ, q
One can see from here that for m < 0 we have A = 0 and trivially also B = 0.
Consider now the case m, p > 0. Then using Lemma 1.1 (a), (b) note that
g (n ) (8 ) ()
séq S m+p-s/,\ p
:qu(ump+s)(m :u+V) ( ) (m+p 3)
s=0 m+p-—s q p q
:qu(umms)(m u+u) ( I ) (m+ s)
seZ, g\m tp-s q m q
_qu(ump+s)(m MJ"V) ( 2 ) (m+p 5)
seZ g\m+p=s/,4 m q
o) ()
SeZ q m q p S q
() Zee () G20, G)G),
m q seZ, g\pP—5 q qg\P q
O

1.2 Partition combinatorics

We will need some tools from partition combinatorics. For details we refer to [22] and [32].

As mentioned before, we will use the term partition for a finite, weakly decreasing sequence of
positive integers and the term generalized partition for a finite, weakly decreasing sequence of non-
negative integers.

For a partition or generalized partition A = (A, ..., \;) denote by I(\) the length and with || the
weight of the partition, that is [(\) = ¢, |A| = A1 + ... + Ar. Let n(X) = ¥ (i — 1) \;. For a partition A with
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t = 1(\) < n define the generalized partition A\(n) = (A1, .., \¢,0"7") e N™,

For two partitions A, u, we shall write p € X\ if p; < A; for all ¢ > 1. For p € A we say that A — p is
a horizontal t-strip if |\ — u| := |\| - |u| = t and the sequences A\ and p are interlaced, in the sense that
M 12X > s>

In Z" we consider the following so-called dominance ordering: for a = (ay, ...,a,), b= (b1,...,b,) €
Z™leta<bifandonlyifa; <bj,a; +ag <by+bo,...,a1 +...+Gp-1 <by+...+by1and ay +.... + ay <
b1 + ... + by. In the particular case of aj +.... + a, = by + ... + b, we will use the notation a 9 b. Note
that the definitions above are naturally valid also for partitions and generalized partitions.

The operator w will arrange the components of any element in Z" in decreasing order and for
1<i<j<nandk e N* we define the operator Rﬁj(al, wan) =(a1,...,a;i—k,...,a;+k,...,a,). Then

we have:

Lemma 1.2. Leta; > ... > a, > 0 and k € N* such that a; — k > a; + k. Then wRﬁj(al,...,an) <

(ala ey an)‘

A tableau T is a sequence of partitions
(0)=XcAlc..cA" =)

such that A’ — X1 is a horizontal strip for i € {1,...,r}. The partition \ is called the shape of the
tableau 7" and the sequence (]A! = \°|, ..., |\" — A""!|) the weight of T.

For two partitions A, ;s the Kostka number K, is the number of tableaux of shape A and weight .
The following lemma is well-known (see [50] Proposition 7.10.5 or [22] page 26).

Lemma 1.3. For given partitions X, 1 with |\| = || the Kostka number Ky, # 0 if and only if n 4 \.
Finally we say a few words about the Littlewood-Richardson coefficients c5 ,, where A, u, v are parti-
tions. They are the structure constants for the product in the ring of symmetric functions with respect
to the basis of Schur functions, that is, we have s)s, = 37, ¢ uSv- There are several other interesting
combinatorial definitions for these numbers (see [22] Section 5). They also appear as leading coefficients

in classical Hall polynomials (see Chapter 2 and [32] Chapter II).

1.3 Tame quivers and roots

Let @Q = (Qo, Q1) be a connected, acyclic quiver of tame type with vertex set )y and arrow set Q.
Here acyclic means that () has no oriented cycles or loops and tame type refers to the fact that the
underlying undirected graph of () is a so-called Euclidean (affine) diagram of type A (m > 1), Dy
(m >4), Eﬁ, E7 or Eg.

Suppose that the vertex set Qg has n elements and for an arrow « € ()1 we denote by t(«), h(a) €
Qo the tail and head of «.

The Euler form of Q is a bilinear form on ZQo = Z" given by (z,y) = ¥icq, TiVi— L aeQ; Tt(a)Yh(a)-
Its quadratic form qg (called Tits form) is independent from the orientation of () and exactly in the tame
cases is positive semidefinite with radical {a € ZQo|qg(a) = 0} = ZJ, where 0 is the minimal radical
vector of the Tits form (which is also the minimal positive imaginary root of the corresponding Kac-
Moody root system (see [29])). The defect of = € Z(Q)q is then Oz = (d,x) = —(x,0), the absolute defect

6



1.3 Tame quivers and roots Chapter 1 Preliminaries

being the absolute value |0z (see Section 7 in [16], this is equivalent with the definition of the defect
in [18] page 11). The vectors a € NQq with gg(a) = 1 are called positive real roots. The set of positive
real roots of () is orientation independent, however the defect of these roots depend on the orientation.
Here we will use the componentwise partial order on ZQy = Z" defined by z = (x;) < (y;) = y if
y; —x; > 0 for 7 € Q.

Below is the list of all the Euclidean diagrams marking each vertex i € Qg with the component §;

of the minimal radical vector ¢ (the number of vertices being n).

« Type A,,, with m > 1 (the case m = 0 having only cyclic orientation) and n = m + 1:

1 1

« Type Eg, with n = 7:

1

2

1 2 3 2 1

. Type E;, with n = &:

2

1 2 3 4 3 2 1
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« Type Eg, with n = 9:

1.4 Tame hereditary algebras. Representations of tame quivers

Let k be a field and consider the path algebra k() of the quiver ). This means that the k-basis of kQ)
is formed by all the possible paths in the quiver and the multiplication is defined via concatenation
of paths. The algebra k() is a finite dimensional tame hereditary algebra and in fact all connected
elementary tame hereditary algebras have this form. For details on the exact meaning of tameness we
refer for example to [19].

The category of finite dimensional right modules (which is abelian and Krull-Schmidt) is denoted by
mod-kQ), where [ M ] is the isomorphism class, | M| the length of M € mod-kQ and uM = M @&---& M
(u-times). For two modules M, M’ € mod-k(Q (in some cases) we will denote a monomorphism by
M’ - M and an epimorphism by M — M’. We say that a module M’ is a subfactor of M if (up
to isomorphism) M’ is the factor module of a submodule of M (that is, there exists a module L with
M' « L — M) or equivalently (up to isomorphism) M is the submodule of a factor module of M (that
is, there is a module N such that M - N < M'). We will call the modules L and N linking modules.

For k finite and modules X,Y € mod-k£(Q we will denote by s§ the number of submodules of Y
isomorphic to X, by f}g the number of submodules of Y with factor isomorphic to X, by m}/( the
number of monomorphisms from X to Y, by e§ the number of epimorphisms from Y to X, by ax
the number of automorphisms of X and by hxy the number of morphisms from X to Y. Clearly
m}f( = osz§ and e}f( = ozXf}(/.

The category mod-k(Q) can and will be identified with the category rep-kQ@ of the finite dimen-
sional k-representations of the quiver (). Recall that a k-representation of () is defined as a set of
finite dimensional k-spaces {V;|i € Qo} corresponding to the vertices, together with k-linear maps
Vo : Vi(a) = Vi(a) corresponding to the arrows a € Q1. The dimension of a module M = (V;,V,,) €
mod-kQ = rep-kQ is then dimM = (dimy, V;);eq, € ZQo. Following [18] we will call an indecompos-
able module in mod-kQ of discrete dimension type if its dimension is not of the form ¢4 and of continuous
dimension type if its dimension is of the form ¢¢.

Let S(i), P(i) and I(i) be the indecomposable simple, projective and injective module corre-
sponding to the vertex i and consider the Cartan matrix Cg with the j-th column being dimP(j).
The Coxeter matrix is defined as ®g = —Cé)Cél. Then 6<I>tQ = ¢ and the Euler form satisfies
(a,b) = aC’étbt = —(b,a@ég) = (aQ)Z), b<I>'é2), where a,b € ZQ (see in [2], pp. 93). Moreover (because
our algebra is hereditary) for two modules X, Y € mod-kQ) the Euler form is:

(dim X, dimY’) = dim; Hom(X,Y") — dim;, Ext'(X,Y).

The indecomposable modules in mod-k() are of three types: preprojectives (having negative de-

8



1.4 Tame hereditary algebras. Representations of Chapter 1 Preliminaries
tame quivers

fect), preinjectives (having positive defect) and regulars (having zero defect) (see [16] Lemma 2). By a
theorem of Dlab and Ringel (see Theorem in [18], pp. 2) we know that the indecomposable preprojec-
tives, preinjectives and regulars of discrete dimension type, correspond bijectively (via their dimension
vector) to the positive real roots of (). So the indecomposables which are of discrete dimension type,
are uniquely determined by their dimension vector. As mentioned above, positive real roots do not
depend on the orientation of (), however the type (i.e. preprojective, preinjective or regular) of the
indecomposables of discrete dimension type is orientation dependent (since the defect is orientation

dependent).

Remark 1.1.  (a) In case an indecomposable is of discrete dimension type having as dimension the
positive real root x, we will use the notation M (z) or specifically P(x), R(x), respectively I(x)
in the cases 0z < 0, dx > 0, respectively Ox = 0, emphasizing the fact that the indecomposable is

preprojective, preinjective, respectively regular (non-homogeneous).
(b) If we need to emphasize the base field k we will use the notations M* or M*(z).

Consider the Auslander-Reiten translates 7 = D Ext!(-, kQ) and 77! = Ext'(D(kQ), -), where
D = Homy (-, k). We then have the following functorial isomorphism (called Auslander-Reiten for-
mula): Ext'(X,Y) 2 DHom(77'Y, X) ¥ DHom(Y,7X). An indecomposable module M is prepro-
jective (preinjective) if there exists a positive integer m such that 7" (M) = 0 (77 (M) = 0). Otherwise
M is said to be regular. Note that an indecomposable module M is preprojective (preinjective, regular)
if and only if OM < 0 (OM > 0, M = 0). A module is called preprojective (preinjective, regular) if all
its indecomposable components are preprojective (preinjective, regular). We will use the notation P,

I and R in these cases. Also note that for M indecomposable non-projective, non-injective we have
dim7M = dimM - @, and dim7 ' M = dimM - 7.

If P =77""P(i) is a preprojective indecomposable, then
OP = ~(dim7 " P(i), 8) = ~(dimP(i)(®) ™. 6(2q) ™) = ~(dimP(7), 8)

= —dimP(i)Cg'6" = ~dimS(i)6" = -4;,

where d; is the i-th component of the minimal radical vector d. This means that the possible defects of
indecomposable preprojectives are —1 in the Jzim case, —1, —2 in the ]ﬁ)m case, —1, —2, -3 in the EG case,
-1, -2, -3, —4 in the E7 case and -1, -2, -3, —4, -5, —6 in the Eg case.

In case P is an indecomposable preprojective, then there is a unique indecomposable preprojec-
tive P(+nd) with dimension dimP(+nd) = dimP + nd. Observe that IP(+nd) = OP. If dimP >
nd (componentwise), then there is a unique indecomposable preprojective P(—nd) with dimension
dimP(-nd) = dimP — né. Note that 0P(-nd) = OP. A similar statement is true for preinjectives.

Consider the 1&00 quiver
Aw: 01523
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and ZA'OO the associated translation quiver, having the form

(i+1,0) (i,0) (i-1,0) (i-2,0)
7 N 7 N 7 N 7 N
(i+171) (7”1) (7:_1’1)
2 N 2 N 2 N ,
(i+1,2) (i.2) :

Ve N 7 N

where the translation 7 is defined by 7(i,j) = (i +1,j) fori e Z,j e N.

For an integer m > 1, let ZA.,/(7™) be the orbit translation quiver obtained from ZA ., by identify-
ing each vertex x of ZA ., with 7"z and each arrow x — y in ZA, with 7™z — 7™y. Then ZA /(7™)
is a stable translation quiver consisting of 7-periodic vertices of period m, called a stable tube of rank
m. The set of vertices of a stable tube ZA /(7™) having exactly one immediate predecessor or one
immediate successor is said to be the mouth of 7.

The category of regular modules is an abelian, exact subcategory which decomposes into a direct
sum of serial categories with Auslander-Reiten quiver of the form ZA . /(7™), thus a stable tube of rank
m, where the translation is the Auslander-Reiten translation. These tubes are indexed by the (scheme
theoretic) closed points of the projective line P! (k) (the finite field case is discussed in [64] Sections
2.1 and 2.2 or derived equivalently in [4]). More precisely, if we put homogeneous coordinates (z : y)
on P1(k), the two affine open subsets U’ = {(z : )|z # 0} and U” = {(x : y)|y # 0} cover P*(k), and
the formulae z = y/x and 27! = z/y define coordinates on U’ and U" respectively, the rings k[z] and
k[27!] being the respective rings of regular functions on U’ and U”. Then a closed point a of P!(k)
is the zero locus of an irreducible homogeneous polynomial P € k[X,Y]. If P is proportional to the
polynomial X, then the closed point is the point at infinity co. If P is not proportional to X, then
a can be viewed as the zero locus in U’ of the irreducible polynomial P(1,z) € k[z]. In any case, a
determines P up to a non-zero scalar, and the degree dega of a is defined as the degree of P (see [4]).

A tube of rank 1 is called homogeneous, otherwise it is called non-homogeneous. We have at most
3 non-homogeneous tubes which are all indexed by points of degree 1. Moreover, if () is a tree (not of
type A,,) we have exactly 3 non-homogeneous tubes.

Recall that over a finite field k£ with ¢ elements the number of closed points of P! (k) having degree
1is g+ 1 and there are ¢4(q) := N(q,d) = Cll Y M(%)qd’ closed points of degree d > 2, where p is the
Mobius function. Note that this is the number of monic irreducible polynomials of degree d > 2 over
the field k with ¢ elements.

We assume that the non-homogeneous tubes are labeled by some subset of S € {0, 1, c0}. In case
Q is a tree (thus S = {0, 1, 00}), the labeling takes the following form:

« if Q is of type D,,, then (rank Ty, rank 77, rank 7o, ) = (2,m — 2,2);
. if Q is of type Eg then (rank 7o, rank 71, rank 7o) = (3, 3,2);

if Q is of type E7 then (rank 7o, rank 71, rank 7z, ) = (3,4, 2);

. if Q is of type Eg then (rank 7g, rank 77, rank 74, ) = (3,5, 2).

The homogeneous tubes are labeled by the closed points of the scheme Hy = Hy ® k for the open
integral subscheme Hyz, = P} \ S. Let H,(k) be the set of degree 1 points of Hy, (i.e. the set of k-points).

10
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Note that for & finite with ¢ elements ¢ (q) := |Hg (k)| equals g+1, g or ¢—1 in the A,, case and ¢—2 for
other tame quivers. So if k£ has 2 elements and the quiver is not of A, type, there are no homogeneous
modules of dimension 6.

The simple objects in the category of regular modules are called regular simple modules. As it was
mentioned above, any indecomposable regular module is regular uniserial and hence it is uniquely
determined by its regular socle and regular length, and also by its regular top and regular length.

In case of a homogeneous tube 7,, we have a single regular simple denoted by R(1,a) with
dimR(1,a) = (dega)d, which lies on the “mouth” of the tube. Here R(t,a) will denote the indecom-
posable regular with regular socle R(1, a) and regular length ¢. Thus R(1,a) c R(2,a) c--- c R(t,a).
For a partition A = (A1,...,A,) let R(\,a) = R(A1,a) @ -+ ® R(\,,a). Note that the homogeneous
modules of dimension § are up to isomorphism of the form R(1,a), with a € Hy (k).

The dimension of a non-homogeneous regular indecomposable is either a positive root (and this
determines it uniquely up to isomorphism) or of the form ¢, in which case we need to know its regular-
socle (or regular-top) in order to be uniquely determined. In case of a non-homogeneous tube 7 of rank
m > 1 on the mouth of the tube we have m regular simples denoted by ‘R(1,e),i = 1,...,m (where
their dimension is orientation dependent). We will denote by ‘R(t, €) the indecomposable regular with
regular socle “R(1, ¢) and regular length ¢.

Note that

7(‘R(1,e)) = "' R(1,e) fori > 2, 7(*R(1,e)) = "R(1,e), idi_miR(l, e) =4,
=1

and | £ |6 <dim'R(t,e) < (| L] +1)s.
We will call the preinjective, preprojective and non-homogeneous regular indecomposable modules
of discrete type. The homogeneous regular indecomposable modules will be called of continuous type.

The following well known lemmas summarize some facts in mod-£(Q).
Lemma 1.4 (Chapter IX in [49], Lemma 3 in [64]). We have the following facts:

(a) For P preprojective, I preinjective and R regular module we have Hom(R, P) = Hom(I, P) =
Hom(I,R) = Ext'(P,R) = Ext'(P,I) = Ext’(R,I) = 0. It follows that the submodules of
a preprojective module are always preprojective, preinjectives can project only on preinjectives, a
submodule of a regular module cannot have preinjective components and a regular cannot project

on preprojectives.

(b) Ifa # a' and R, (respectively Ry ) is a regular with components from the tube T, (respectively T,s),
then Hom(R,, Ryr) = Eth(Raa Rar) =0.

(c) For T, homogeneous and R(t,a), R(t',a) indecomposables from T, we have
dimy Hom(R(t,a), R(t',a)) = dimyExt'(R(t,a),R(t',a)) = min(t,t')dega. In case k
is finite with q elements, the number of automorphisms is ap(; ) = gtdega _ g(t-1)dega,

(d) For T, non-homogeneous of rank m and ‘R(t,e) an indecomposable from T, such that Im < t <
(I + 1)m we have dimy, End(*R(t,e)) = [ + 1. In case k is finite with q elements, the number of

automorphisms is QiR(te) = ql+1 - ql.

11
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(e) For T, non-homogeneous of rank m and ‘R(t,e) an indecomposable from T, such that Im < t <
(1+1)m, we have dim;, Ext' ("R(t,€),! R(t,e)) = 1.

(f) For P indecomposable preprojective and I indecomposable preinjective modules we have End(P) =
k, End(I) = k and Ext'(P,P) = Ext!(I,I) = 0. Thus, in case k is finite with q elements, the

number of automorphisms isap = ay =q - 1.
(g) For P indecomposable preprojective of defect —1 and R(t, a) a homogeneous regular indecomposable

dimg Hom(P, R(t,a)) = (dimP, td dega) = t deg a.

(h) Let M = ci My @ --- & ¢ My such that M; are pairwise nonisomorphic indecomposable modules.
Then, in case k is finite with q elements, the number of automorphisms is ccpr = ¢ Qe 0y - - - Cey M,

where m = ¥,.; cic; dimy, Hom(M;, Mj).
(i) Let M = ¢N with N indecomposable and End(N) = k' a field. Then, in case k is finite with q

elements, the number of automorphisms is apy = | GLo(K")| = [Ti<ice(d€ — d1), whered = |k'| =

q[k’:k] ]

(j) For X preprojective (preinjective) indecomposable there is a unique preprojective (preinjective) inde-
composable denoted by X (+nd) of dimension dim X + nd. For X preprojective (preinjective) inde-

composable with dim X > nd there is a unique preprojective (preinjective) indecomposable denoted
by X (-nd) of dimension dimX — nd.

Lemma 1.5 (Lemma 2.1 in [61], Lemma 3 in [53]). Let P be an indecomposable preprojective with defect

OP = -1, P’ a preprojective module and R a regular indecomposable. Then we have:
(a) Every nonzero morphism f: P - P’ is a monomorphism.

(b) Forevery nonzero morphism f : P — R, f is either a monomorphism orIm f is regular. In particular,

if R is regular simple and Im f is regular then f is an epimorphism.

(c) Suppose that dimP > &. Then P projects to a unique regular simple Rp(1,e) from the mouth of
each non-homogeneous tube T,, moreover dim; Hom(P, Rp(1,¢e)) = (dimP,dimRp(1,e)) = 1.

(d) Suppose that dimP < §. Then, depending on its dimension, P embeds in or projects to a unique
regular simple Rp(1,e) from each non-homogeneous tube T., moreover

dimy Hom(P, Rp(1,e)) = (dimP, dimRp(1,e)) = 1.
(e) For a homogeneous tube T,, we have dim; Hom(P, R(1,a)) = 1, so let Rp(1,a) := R(1,a).
Lemma 1.6 ([28]). We have the following:
(@) k* =k~ {0} acts freely on Ext' (M, N)* = Ext! (M, N) \ {0}.

12
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(b) For k finite with q elements and d a nonnegative integer

d+1 _ 1
1-1 :
(ta)a closed point in P1 (k) q
ta€Z, to>0
Yatadega=d

A module without homogeneous regular components can be described combinatorially and field in-
dependently: the indecomposable components of discrete dimension type are uniquely determined by
their dimension (which is a positive real root), the non-homogeneous regular indecomposable compo-
nents of continuous type are of the form  R(t, ¢), thus determined by the triple (7, , €). We denote this
system of positive real roots and triples of the form (¢, ¢, e) by p and let M (u, k) be the corresponding
(up to isomorphism) unique module in mod-k@Q.

The homogeneous regular part of a module will be described by a Segre symbol, that is a multiset
of the form o = {(A\!,dy),...,(\",d,)}, where A’ are partitions and d; € N*.

Using the definitions above, a decomposition symbol is a pair o = (u,0). Given a decomposition
symbol « = (1, 0') and a field k, we define the decomposition class S(«, k) to be the set of isomorphism
classes of modules of the form M (u, k) ® R, where R = R(\',a;) @ --- ® R(\", a,) for some distinct
points ay, . ..a, € Hy (k) such that dega; = d;.

The following lemma will be useful:

Lemma 1.7 ([26]). Given a decomposition symbol «, there exist universal polynomials a, and ne, such
that for any finite field k with |k| = q, ao(q) = a4 forall A € S(a, k), and ny(q) = |S(a, k)|. Moreover,

aq, is a monic integer polynomial and n,(q) is strictly increasing in q.

Remark 1.2. For a positive real root z, in order to simplify the notation, we will denote by x the decom-
position symbol corresponding to the (up to isomorphism unique) indecomposable having dimension
x. In this case n,(q) = 1.

Also we denote simply by 0 the symbol (&, {((1),1)}) corresponding to homogeneous modules
of dimension 4. In case a decomposition symbol is of the form (&, o), where o is a Segre symbol (thus

we have only homogeneous regular components) then it will be identified with the Segre symbol o.

1.5 The Kronecker case

The easiest tame case is the Kronecker case, when the quiver (denoted here by K) is of acyclic type A;
thus of the form:
1 2

-~

B

Note that here we labeled the vertices with 1 and 2 and the arrows with « and S.

In this special case ¢ = (1,1) and the indecomposable preprojectives are (up to isomorphism) the
projectives Py = S(1) = P(1), Py = P(2) respectively their translates Py, = 77" Py and Pa,,41 = 7 " ;.
Dually, the indecomposable preinjectives are the injectives Iy = S(2) = 1(2), I = I(1) respectively
their translates I, = 7"y and I5,,+1 = 7"1;. Note that dimP,, = (n + 1,n), dim/,, = (n,n + 1) and as

13
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representations:

(1 0)
In = k,n<—k,n+1 .

(o 1)

As we have mentioned before, we don’t have non-homogeneous tubes in the Kronecker case, so
the homogeneous tubes are parameterized by the (scheme theoretic) closed points of the projective line
P1(k), the set of points of degree 1 being Hy, (k) = k U {oo}, thus in this case ¢1(q) = [Hy (k)| = ¢+ 1.

Viewed as representations, the indecomposable regulars on tubes of degree 1 are the following:

R(t.c0) = KX]/(XY) = KXI/(X") , t>1

id

id
R(t,a) = k[X]/((X—a)t);k[X]/((X—a)t) Jt>1, ack.

Regarded as representations, the indecomposable regulars on a tube 7, with dega > 1 are of the form

R(ta) = K[X]/(2a(X)") ;d ELX) (a2

where t > 1 and ¢, (X)) is the monic irreducible polynomial of degree deg a > 1 uniquely corresponding
to the point a over k.
Note that for a € Hj (k) we have dimR(t,a) = t(dega)d = (tdega,tdega).

The following lemma specializes and extends Lemma 1.4 in the Kronecker case.
Lemma 1.8. We have the following:

(a) For n < m, we have dimy Hom(P,,P,,) = m —n + 1 and Ext(P,,P,,) = 0; otherwise
Hom(P,, P,,) = 0 and dimy, Ext' (P, P,,) =n—-m - 1.

(b) For n > m, we have dimy Hom(I,,,I,,) = n - m + 1 and Ext'(I,,1,,) = 0; otherwise
Hom(I,,, I,,) = 0 and dimy, Ext' (I, I,,) =m —n - 1.

(c) dimy Hom(P,, I,,) = n+m and dimy, Ext! (L, P,) = m +n + 2.

(d) dimg Hom(P,, R(t,a)) = dimy Hom(R(t,a),I,) = tdega and
dimy Ext'(R(t,a), P,) = dimy, Ext' (I,,, R,(t)) = t deg a.

By the Krull-Remak-Schmidt theorem, every module in M € mod-kK (up to isomorphism) has the

following decomposition:

(PCI @ @ PCn) @ (GB(ZEH]C(IC)R()\G7G’)) @ (Idl EB @ Id"L)? (*)

14
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where
(1) (c1,...,¢p) is a finite, weakly increasing sequence of nonnegative integers;
(2) A®is a partition for every a € Hy (k) (almost all of these partitions being empty);
(3) (di,...,dy,) is a finite, weakly decreasing sequence of nonnegative integers.

The sequences from (1), (2), (3) above will be called Kronecker invariants of the module M. Using
the (x) decomposition, one can see that they determine M up to isomorphism.
Let R,, be the set of isomorphism classes of regular modules of dimension nd = (n,n), with inde-

composable components taken from pairwise different tubes. So
R, ={[R(t1,a1) ® ... ® R(tr,a;)]|r t1,...,t, € N* aq,...,a, € Hj, are pairwise different and

tidegay + ... +t,dega, =n}.

Observe that R,, = US(0o, k), where the union is taken over all Segre symbols of the form o =
{((t1),d1),...,((ty),d,)} withr e N* and t1dy + ... + t,d, = n.

We will denote by R the full subcategory of mod-k K having as objects regular modules with inde-
composable components taken from pairwise different tubes. This means that the set of isomorphism
classes of the objects in R is exactly Uy,en+Ry,. Note that R is not extension closed.

Finally we should emphasize that the Kronecker case is particularly interesting due to a result of
Beilinson which proves that the module category mod-kK of the Kronecker algebra is derived equiv-
alent to the category Coh(P!(k)) of coherent sheaves on the projective line. Note that the indecom-
posable preprojectives and preinjectives together correspond in Coh(P!(k)) to the indecomposable
locally free coherent sheaves and the indecomposable regulars correspond to the indecomposable tor-

sion sheaves.

1.6 Sums of numbers of automorphisms associated to regular mod-

ules

We present in this section formulas for specific sums of numbers of automorphisms associated to regular
modules. These formulas, interesting on their own, will play an important role in the determination of
Ringel-Hall polynomials. Throughout this section k is finite with ¢ elements and all the modules are

from mod-k(@Q) (where @ is a connected, acyclic quiver of tame type).
Proposition 1.2. We have the following:

(a) Let%a,(q) = q%l 2.[R] 'R, Where the sum is taken over all regular modules R of dimension nd with
indecomposable components from pairwise different homogeneous tubes. Then %a,(q) = ¢**7! -
2¢°"2 +3¢7" 3+ = (2n - 2)¢® + (2n - 1)q — (n + 1). Also by definition ®ag(q) = -1 and

-
%a_1(q) = 0.
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(b) Denote by 0 < 01 < § the dimension of an indecomposable regular taken from the non-homogeneous
tube T Let ta,(q) = q%l Y.[R) @R, where the sum is taken over all regular modules R of dimension
nd + o1 with indecomposable components from pairwise different homogeneous tubes and the non-
homogeneous tube T. Then *a,(q) = ¢*® - 2¢*" 1 + 3¢>" 2 + ... — (2n)q + (n + 1). Note that
1 _

ao(q) = 1.

(c) Denote by 0 < 01,09 < § the dimensions of two indecomposable regulars taken from two different
non-homogeneous tubes T; and Tz. Let a,(q) = q%l Y.[R] R, where the sum is taken over all
regular modules R of dimension nd+o1+09 with indecomposable components from pairwise different
homogeneous tubes and a single component from each non-homogeneous tube T; and T>. Then
2an0(q) = ¢*" = 2¢*" + 3¢ L+ - = (2n)¢* + (2n + 1)g - (n + 1). Note that ag(q) = ¢ - 1.

(d) Denote by 0 < 01,092,035 < § the dimensions of three indecomposable regulars taken from the pair-
wise different non-homogeneous tubes T1, To and T3. Let a,,(q) = q_% Y.[R] “R, where the sum is
taken over all regular modules R of dimension né + o1 + o2 + o3 with indecomposable components
from pairwise different homogeneous tubes and a single component from each non-homogeneous
tube T1, To and T3. Then 3a,(q) = ¢ = 2¢°"*1 +3¢*" +--- — (2n + 2)q + (n + 1). Note that
Sao(q) = (¢ - 1)

(e) Consider the polynomials f, = X" =3X" 1 +...+ (-1)"1(2n - 1)X + (-1)"(n+1) forn >1,
fo=1, f-n =0. Then

Can(q) — *an-2(q) = fan-1(q),
San-1(q) = "an(q) = fan(q),
Yan(q) = 2an-1(q) = fan(q),
2an(q) = 'an(q) = fane1(q), forn>1.

Proof. (a) For a a closed point in H, we know (see Lemma 1.4 (c)) that ap(; q) = gtdesa _ g(t-1)dega _

Ot deg o- SO the generating function corresponding to the sum above is q_%N (x), where

d 24 1-— xdega 1-— xd ¢d(Q)
N(:L‘): (1+at,de al ega"'O‘the al ega+“.): - = (— ) ’
L0 s : I Gy = Iy

with ¢1(q) = ¢ — 2 since we have included only homogeneous tubes and ¢4(q) = N(q,d) (see Sec-
tion 1.4). It follows that log N(z) = Y451 ¢(d)(log(1 - 2%) - log(1 - (gz)?)). However by the proof
of Lemma 16 in [28] we have for ¢1(q) = ¢+ 1 = ¢1(q) + 3 and ¥4(q) = p4(q) for d > 2.

> 1ha(q) (log(1 - %)) =log(1 - qz) +log(1 - x) = Y. ¢a(q)(log(1 - 2?)) + 3log(1 - z),

d>1 d>1
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thus Y41 #(d) log(1 - xd) =log(1 - gx) —2log(1 — z). Similarly

le ¥a(q)(log(1 - (gz)?)) = log(1 - ¢*z) +log(1 - q)

= > ¢a(q)(log(1 - (qz)?)) +3log(1 - qz),

d>1
thus Y 451 ¢(d) log(l - (q:n)d) = log(l - q2x) - 2log(1 - gx). So we have that
log N(z) = Y451 ¢(d)(log(1 - %) —log(1 - (g2)?))

=log(1-gqx)-2log(l-z) - (log(l - qzx) - 2log(1-qx))
=3log(1 - gz) - 2log(1 - z) - log(1 - ¢*x),

which means that ﬁ]\f (x) = (1%)2((11_7‘1;2):)) =k and we only have to look at the Maclaurin sequence.

(b) Note that for an indecomposable regular Z'R(t, e) taken from a non-homogeneous tube 7. of rank

u+1

m we have that Qippey =4 q", where u < % <u+1 (see Lemma 1.4 (c)). It follows that 1a,(q) =

"0 %an-i(q) (¢ - ¢") = (¢ = 1) 270 ¢" Yan—i(q). So, we need to look at the Maclaurin sequence of

-1 _ _ (1-qu)?
l-gz = (1-z)2(1-q¢%z)"

. . 1
the generating function N (x)

(c) We proceed in the same way as in (b). It follows that

2an(q) = Y Yan-ij(@) (@ =)@ =) = (a-1)* Y Can-i-j(q)q"™?

1=0,n 1=0,n
j=0,n Jj=0,n
i+j<n i+j<n

=(q- 1)2§:(l +1)q Yan-i(q),
-0

where | = 7+ j. So we need to look at the Maclaurin sequence of the generating function

(=12 (1-gr)(g-1)
SN (@) ey = ar-

(d) We proceed in the same way as before. It follows that

San(@) = Y Cani (@@ =)@ =)@ =) = (a- 1) Y Canii(g)g

1=0,n 1=0,n

j=0,n j=0,n

t=0,n t=0,n
i+j+t<n i+j+t<n

=(¢-1)° lZi:) qu %a,-1(q).

So, we need to look at the Maclaurin sequence of the generating function q_%N (:U)((lq:qlx);g
(¢=1)*
(1-z)*(1-¢*z)"
O
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1.7 Ringel-Hall algebras. Counting extensions, monomorphisms and

epimorphisms

In this section k is a finite field with ¢ elements. We consider the rational Ringel-Hall algebra H(kQ)
of the algebra kQ. Its Q-basis is formed by the isomorphism classes [ M ] from mod-kQ and the mul-
tiplication is defined by [N1][N2] = Xan F ]]\\,41 N, [M ], where the structure constants F’ ]]\\,41 N, = U <
M| U = Ny, MU = Ni}| are called Ringel-Hall numbers.

Note that for regular modules from a homogeneous tube 7, and partitions A, u, v, we have
R(v,a)
R(Xa)R(p,a)

partitions A, i, v. We know that if for the Littlewood-Richardson coefficient we have ¢§ , = 0 the poly-

= giu(qdeg“), where g5, € Z[X] is the classical Hall polynomial corresponding to the

nomial g5 , is also 0, and in case c§, # 0 the polynomial g} , has degree n(v) - n(A) —n(u) and leading
coefficient C;M (see [32] Chapter II (4.3)). It is also known that gﬁl, = g;\N and g;‘(t) =0 unless A — p is
a horizontal ¢-strip. Also, there is an explicit formula for gi‘( 1y where )\ — 4 is a horizontal ¢-strip (see
[32] (4.3), (4.12), (4.13)).

The Ringel-Hall algebra is associative, usually non-commutative, with unit element [0], moreover
with a minor modification (twist) on the multiplication it can be endowed with a comultiplication,
becoming a bialgebra. The composition subalgebra C(kQ)) of the Ringel-Hall algebra H(kQ) is gen-
erated by the isomorphism classes of simple modules. We know from [63] that in the tame case, for
an indecomposable module M we have [M ] € C(kQ) if and only if M is exceptional (i.e. it has no
self-extensions, see Section 1.10).

In case of Ringel-Hall algebras associated to quivers we know due to Ringel in [41] and Green in
[24] that a generic version of the composition subalgebra, as a bialgebra, (up to the twist mentioned
above) is the positive part of the corresponding Drinfeld-Jimbo quantum group.

The following formulas involving Ringel-Hall numbers are fundamental. The first formula is the
Riedtmann’s formula, the second one expresses associativity of the Ringel-Hall algebra and the last one,
called Green’s formula, is used to prove the (twisted) compatibility between the described multiplication

and comultiplication.
Proposition 1.3. For modules N1, N{, No, N € mod-kQ we have:

(a) Let M € mod-kQ be an arbitrary module. If Ext'(Ny, Ny)ys denotes the set of all classes in

Ext!(Ny, Ny) representing an exact sequence with middle term M, then

M am|Extt(N1,No)m| .
N1N2 aNlaN2|H0m(N1,N2)\’

(b) Xin FJ]\\//{NFJ]\\ngg = XN FJ]\XNQF%Ny where M € mod-k(Q) is arbitrary;

(©)
M M -1
QN Ny NN Z FN1N2FN;N504M =
[(M]

—(di 1 Ny N
B 5 q (@R,MT)FgéFRé,FéY%FS% QRagagQT.
[RLIST[S'LIT]
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1.7 Ringel-Hall algebras. Counting extensions, Chapter 1 Preliminaries
monomorphisms and epimorphisms

We can see from the definition and Riedtmann’s formula that the Ringel-Hall number F ]]\\,{ N, 18
counting (up to automorphisms and isomorphism) the number of extensions of N1 by Ny with middle

term M, so in fact Ringel-Hall numbers are counting specific extensions.

Remark 1.3. (a) Note that a nonzero Ringel-Hall number Fg v equals 1 in case Hom(X,Y) = 0.
Indeed, if we had two different submodules U,V = X in Z such that Z/U, Z/V 2 Y thenUnV
would be a proper submodule in U and thus we would have a nonzero morphism X = U —

UlUnV 2U+V/VCZ|VzY.

It follows using Lemma 1.4 that for P preprojective, I preinjective and R regular module we have
[PeRaeI]=[P][R][I],sofor [M]=[P®R®I]and [M'] =[P'® R’ ® I'] we have

[M][M'] = [PI[RII]P'] (R[],

(b) Also note that if M, N and L have no projective (respectively injective) indecomposable direct

L _ prL : L _ prlL
summands, then Iy, = F7y; (respectively Fiy; = FT’lMT’lN)'

In case of Ringel-Hall algebras corresponding to Dynkin quivers and tame quivers we know due
to Ringel, Hubery (see below), respectively Deng and Ruan (see [42], [26], respectively [17]), that the
structure constants of the multiplication are again polynomials in the number of elements of the base
field. We will call these polynomials Ringel-Hall polynomials. If we are looking at Hall polynomials
associated to indecomposable modules, the classical polynomials are just 0 or 1, the Ringel-Hall poly-
nomials in the Dynkin case are also known and have degree up to 5 (see the list in [42]). However, we
do not have much information about the Ringel-Hall polynomials in the tame case.

We continue by stating Hubery’s theorem on the existence of Ringel-Hall polynomials in tame cases

with respect to the decomposition classes.

Theorem 1.1 ([26]). Given decomposition symbols o, 3 and ~y, there exists a rational polynomial F;YB
such that for any finite field k with |k| = g,

Fla(e)= Y Fip forall C € S(v,k),
AeS(a,k)
BeS(B,k)

moreover,

nv(Q)Fgg(Q)=na(Q) Z FEB forall Ae S(a,k),
BeS(B,k)
CeS(v,k)

ny(q)F;B(q) =ng(q) Z FEB forall B e S(p,k).
AeS(a,k)
CeS(v,k)

Here n~(q) = |S(, k)| is the rational polynomial counting the elements of the corresponding decomposi-
tion class S(7y, k) over the finite field k with q elements.

Remark 1.4. Consider the positive real roots x,y and the Segre symbol r. The corresponding de-

composition symbols will be denoted by x,y,r (see Remark 1.2). In this case the polynomials F?, or
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quiver

F;, will denote in our article Hubery’s polynomial divided by the polynomial n.(g), which is again a

polynomial.
For the task of counting the number of mono- and epimorphisms, we have a useful double,

dimension-inductive formula by Ringel.

Proposition 1.4 (Ringel, [40]). Let X, Y, Z € mod-kQ. Then we have the following formulas:

% X Y
mx =hxy — > J7azsy,
7, dimZ<dimX

Y Y X
BX:hYX— Z fZazsz.
Z, dimZ<dim X

This can be connected with Ringel-Hall numbers, since s}/{ =X F %/  and f}(/ =X F ; 7

1.8 The Ringel-Hall algebra over the Kronecker quiver

The structure of the Ringel-Hall algebra in the Kronecker case is well-known due to the work of
Baumann-Kassel in [4], Zhang in [62] and Szanto in [52, 51].
Let k be a finite field with ¢ elements and consider the Ringel-Hall algebra H (k K') of the Kronecker
algebra kK and its composition subalgebra C(kK). We will use the notations from Section 1.5.
Define R, = ¥[x]er, ax[X], and for a partition A = (A1,...,Ay) let Ry = Ry, ... R),. Also note
that g, € Z[X] is the classical Hall polynomial.

Theorem 1.2 ([52]). (a) We have the formulas:

[B:][P;] = [P @ Py] fori<j,

u+

wrv | (@ - 1) (g - 1)
] P NS I

! ](Q)[(UJFU)B’], where

v

.

(5]

2]

(PP = ¢ [Pre Bl + (a7 = q"77Y) ) [Piw® Pjua] fori> j,

u=1
and dually
(L[] = [L; ® I;] fori > j,
[wr]wr]=| " ]<q>[<u+v>m,

L
.o . 2
L] = Lo ]+ (@ - Z Livy ® Ij_y] fori < j;
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d A d YR(IA-pl,a) ¥R(p,0)
RONR= T qweblgh (o) SO [0 R,
is a partition ,a
I:uch that A\—p
is a horizontal strip

and dually

d A d YR(IA-pl.a) ¥R(p,0)
[Im][R()‘7a)] = ' Zt't. q egalu 'gu(\)\—;q)(q ega) ’ R(ra) [R([L,(I) ® Im+|)\—u|dega]a
is a partition ,a
guch that A—p
is a horizontal strip

so in particular

[R(t,a)][Pn] = ¢" 4 [P, ® R(t,a)] + [Pmstdegal+

t_l . .
4 Z(q(t—z)dega _ q(t_z_l)dega)[Pmﬂ'dega ® R(t _ ’i,(I)],

i=1
and dually
[Im][R(t,a)] = qtdega[R(ta a)® I,] + [Im+tdega]+
I Z(q(t—z) dega q(t—z—l)dega)[R(t —i, a) ® Im+idega]7
i=1
and
[tR(1,a)][Pn] = ¢" %[ Py, @ tR(1,a)] + [Prsdega ® (t - 1)R(1,a)],
and dually

[I.][tR(1,a)] = ¢"*2“[tR(1,a) ® I,] + [(t - 1)R(1,a) ® Limsdegal;
n-1
Rn[Pm] = qn [Pm]Rn + (an_l + q2n_2)[Pm+n] + Zl (qn+i - qn+i_2)|:Pm+i]Rn—i,

and dually

n-1 ) )
[Im]Rn = ann [Im] + (q2n71 + q2n72)[Im+n] + Z (an - qn+272)Rn—i [Imﬂ]
i=1

(b) The elements [P, |...[Pe,|1RA[14,]---[14, ], where X\ is a partition and (cs,...,c1), (dt,...,dy1) are

generalized partitions, form a PBW-basis in C(kK ). The structure constants are given by formulas above.

1.9 Reflection functors

Let ¢ be a sink in the quiver ). Denote by o; the reflection induced by the vertex ¢, that is for a € ZQo,
j # i we have (0i(a)); = —a; + ¥ en, aj, (Where N; is the set of neighbors of i) and (0;(a)); = a;.
Let ;@ be the quiver obtained by reversing all arrows involving ¢ and by (); the quiver having the
same underlying graph as () with all its edges pointing towards ¢ (so ¢ is the unique sink in ();). Let

mod-kQ(i) be the full subcategory of modules not containing the simple module corresponding to the
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vertex 7 as a direct summand.
We consider the reflection functors S; : mod-k(@Q — mod-ko;Q and S; : mod-ko;QQ - mod-kQ). For
all details concerning reflection functors we refer the reader to [7], [18], [31] or [2] Section VIL5. The

following lemma summarizes all the basic properties of reflection functors:

Lemma 1.9. (a) For M € mod-k(Q) indecomposable we have S;"M # 0 if and only if M # S;. Moreover
in this case S;" M is indecomposable and dimS;* M = o;(dimM ).

(b) The functors S}, S; induce quasi-inverse equivalences between mod-kQ(i) and mod-ko;Q(i).

(c) Ifi is a sink, M, M' € mod-kQ@ are indecomposable modules and S; M' # O then S} induces an
isomorphism Ext' (M, M") — Ext'(S{ M, S M"). Dually, if i is a source, M, M’ € mod-kQ
are indecomposable modules and S; M + 0 then S; induces an isomorphism Ext!(M, M) -
Ext!(S; M, S; M").

Using the lemma above we can easily prove that:

Lemma 1.10. For k finite and M, N, L € mod-kQ(i), using the functor S; for a sink i and S; for a
source i, we have:
L S¥L
(@) an = agens hve = hsenser and Fapy = Foly e s
(b) (dimN,dimL)q = (o;(dimN), 0;(dimL))y,q, 0i(0) = 6 and 0S; M = OM. Moreover, if R is a

simple homogeneous (respectively non-homogeneous) regular, then so is Si* R;

(c) In case the potential factors of an embedding N — L or the potential kernels of a projection L - M
are in mod-kQ(i) we have
19 S¥L 5 S*L
SN = Sgieny  Sar = faing
From now on suppose that Q is a tame tree (i.e. not of type A,,), i is a sink in @ and N; is the set
of neighbors of i. The following technical lemma concerning tame trees has a similar proof as Lemma

5.2 on page 279 in [2].

Lemma 1.11. There exists a sequence i1, ..., i; of vertices of () different from i and not in N; such that for

each s € {1,...,t} the vertexis isa sinkino;,_, ...0;,Q and o;, ...0;,Q = Q;.

Remark 1.5. Note that in the case of the Kronecker quiver (where vertex 1 is the sink and vertex 2
is the source) 01 K is in fact K with flipped vertex numbering, so the categories mod-ko1 K (1) and
mod-k K (2) can and will be identified. Thus in this case T* = S7, T~ = S5 induce exact quasi-inverse
equivalences between mod-kK (1) and mod-kK (2). In particular if M € mod-kK (1) with dimM =
(m,n), then m < 2n and dim(T*M) = (n,2n —m). Also if M € mod-kK (2) with dimM = (m,n),
then n < 2m and dim(T~M) = (2m —n,m).

1.10 Orthogonal exceptional pairs and Schofield sequences

An indecomposable module is called exceptional if it has no self-extensions. This implies that the only

exceptional modules in the tame hereditary case are the preprojective indecomposables, preinjective
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indecomposables and the non-homogeneous regular indecomposables having dimension vector less
than § (see Lemma 1.4 (c), (e), (f)). This means however (see Lemma 1.4 (d), (f)), that in the tame
hereditary case the endomorphism space of an exceptional module is one dimensional. Note also that
all the exceptional modules are of discrete dimension type.

A pair of indecomposable modules (Y, X) is called an orthogonal exceptional pair if the modules
are exceptional, and are orthogonal, that is Hom(X,Y) = Hom(Y, X) = Ext!(X,Y) = 0. Denote
by F(X,Y') the full subcategory of objects having filtration with factors X and Y. Observe that
F(X,Y) is an exact, hereditary, abelian subcategory equivalent to the category of finite dimensional
k-representations of the quiver having two vertices and d = dimy, Ext! (Y, X) arrows from left to right.

We know due to Hubery (see [28]) that in the tame hereditary case we have dimy, Ext! (Y, X) <2,
moreover, if equality holds then dimX @ Y = 6 and dY = 1. Thus in the case dimy Ext! (Y, X) = 2
we have X = P indecomposable preprojective of defect —1 and Y = I indecomposable preinjective of
dimension ¢ — dim P and of defect 1. This pair (I, P) is then called a Kronecker pair since the category
F(P,I) is equivalent to the category of finite dimensional k-representations of the Kronecker quiver
K.

The following theorem by Schofield (for & algebraically closed) and Ringel (for k general) (see [37,
48]) makes it possible to construct exceptional modules as extensions of smaller exceptional ones which

are also orthogonal. This procedure is generally called Schofield induction. More precisely we have:

Theorem 1.3. (Schofield, [28, 37, 48]) If Z is exceptional but not simple, then Z € F(X,Y") for some
orthogonal exceptional pair (Y, X), and Z is not a simple object in F(X,Y"). In fact, there are precisely
s(Z) — 1 such pairs, where s(Z) is the number of nonzero components in dimZ.

Note that in the theorem above the condition requiring Z not to be a simple object in F (Y, X)
is equivalent with the existence of an exact sequence of the form 0 - uX - Z —» vY — 0 with
u, v strictly positive. Such an exact sequence will be called Schofield sequence corresponding to the
exceptional module Z. We say that the orthogonal exceptional pair (Y, X) corresponds (is associated)
to the exceptional module Z if there is a short exact sequence 0 - X - Z - Y — 0, whichis a
particular Schofield sequence of Z. In this case X (respectively Y') is called Schofield submodule (factor)
of Z.

In [60] we obtained the following characterization of Schofield sequences:

Proposition 1.5 ([60]). Suppose X,Y, Z are exceptional indecomposables such that udim X +vdimY =

dimZ. Then we have a Schofield sequence

0 uX A vY 0

if and only if (dim X, dimY") = 0. Moreover, in this case either u = v = 1 or |[u—v| = 1 with 90X = -1,
Y =1, dimX +dimY = § and 0Z = +1. In the latter case we will speak about a special Schofield

sequence. Finally u, v and thus Y are uniquely determined by X, Z. Also u, v and thus X are uniquely
determined by Z,Y .

The following corollary gives a clear description of the special Schofield sequences:
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Corollary 1.4 ([60]). Let Z be an exceptional indecomposable of defect —1 (i.e. preprojective) withdimZ >
0. Then it has a unique special Schofield sequence which is of the form

0— (u+1)X Z uY 0

with 0X = -1,dimX + dimY = and thus dimZ = ud + dim X .
Dually, let Z be an exceptional indecomposable of defect 1 (i.e. preinjective) with dimZ > 8. Then it
has a unique special Schofield sequence which is of the form

0 vX Z (v+1)Y —0

with 0X = -1,dimX + dimY = and thusdimZ = vd + dimY'.

From now on we will use the term Schofield sequence for the non-special ones, so for those of the
form0 - X - Z - Y — 0, with the orthogonal exceptional pair (Y, X) corresponding to Z. The

corollary below follows from the proposition above:

Corollary 1.5 ([60]). Suppose X, Y, Z are exceptional indecomposables such thatdim X +dimY = dim 7.
Then we have a Schofield sequence 0 - X — Z — Y — 0 if and only if (at least) one of the following

conditions is satisfied:

(a) dimy Ext' (Y, X) = 1;

(b) in case X and Z are not both regular, we have dimy Hom(X, Z) = 1;
(c) in case X and Z are both regular they share the same regular socle;
(d) in case Y and Z are not both regular, we have dim; Hom(Z,Y') = 1;
(e) in caseY and Z are both regular they share the same regular top.

The following proposition gives us the orthogonal exceptional pairs associated to exceptional mod-

ules in the &m case.
Proposition 1.6 ([60]). IfQ is ofgm type then we have:

(a) In case 0Z = -1 and dimZ > 6, all its Schofield factors are the regular exceptionals having regular
top Rz(1,¢e) fore € E. A dual statement is true for 0Z = 1.

(b) The Schofield submodules of R(t,e) are the regulars R(t',e) with t' < t and the indecomposable
preprojectives P of defect —1, having dimension less than dimR(t,e) and satisfying Rp(1,e) =
topR(t,e) (i.e. dimg Hom(P,topR(t,e)) = 1).

In the other tame cases (when the quiver is a tree) we will use reflections and AR-translations in
order to obtain all the orthogonal exceptional pairs over any orientation.
The following proposition is the result of the general compatibility of exact sequences with reflec-

tions.
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Proposition 1.7 ([60]). Consider the sink i, its reflection functor S;" and suppose X is an indecomposable
module which is not the projective simple corresponding to the sinki. If0 - uX - Z - vY - Qisa
Schofield sequence, then so is 0 - uwS;X — S7Z — vS!Y — 0. The assertion remains valid also for
the functor S; , in the case i is a source and Y is not the injective simple corresponding to i. Moreover, we
obtain the same result for the AR-translations T (in the case X is not an indecomposable projective) and
771 (in the case Y is not an indecomposable injective).

As we can see from the proposition above, a Schofield sequence 0 - uX - Z — vY — 0 vanishes
under the reflection S in the case X is the projective simple corresponding to the sink 4. This might
suggest that the set of all the Schofield sequences associated to Z is not compatible with reflections.

However for non-special Schofield sequences (orthogonal exceptional pairs) the contrary is true.

Proposition 1.8 ([60]). Consider the sink i and its reflection functor S;. If M = {(Y;,X;)|j € J} is the
set of all orthogonal exceptional pairs associated to Z, then S M = {(S]Y;, 57 X;)|j € J, S X; + 0} is
the set of all orthogonal exceptional pairs associated to S} Z. Dually, ifi is a source and M = {(Y}, X;)|j €
J} is the set of all orthogonal exceptional pairs associated to Z, then S; M = {(S;Y;,5; X;)|j € J,S;Y; #
0} is the set of all orthogonal exceptional pairs associated to S; Z.

In case of a canonically oriented tame tree quiver, for a given exceptional module Z all its orthogonal
exceptional pairs are listed in Appendix A (taken from [60]).

We are ready now to describe the procedure of obtaining all the orthogonal exceptional pairs of
any exceptional module Z over any tame quiver not of type A, (this type being already discussed).

Consider the tame tree quiver ) and denote by Q' the canonically oriented quiver having the same
underlying graph. Then we know that there exists a sequence 41, .. .,%; of vertices in ) such that for
each s € {1,...,t} the vertex is isasink in o;__, ...0;,Q and 0y, ... 04, Q = Q' (see [2]). We perform

the following steps:
Step 1. We fix the special Schofield pair associated to Z (if dimZ > § and 37 = +1) using Corollary 1.4.

Step 2. For the orthogonal exceptional pairs associated to Z consider the reflected exceptional module

S; ... S{ Z in the canonically oriented quiver Q' = o, ... 0y, Q.
Step 3. Using Appendix A we determine the orthogonal exceptional pairs of S ....S} Z in Q".

Step 4. Reflect back these orthogonal exceptional pairs using the functor S; ... S; . By Proposition 1.8

these pairs will be all the orthogonal exceptional pairs of Z.

The following results are rather technical, however they are very useful. The first one follows
directly from Proposition 7 in [60], the second one lists particular orthogonal exceptional pairs cor-
responding to an arbitrary preprojective indecomposable over the quiver Q2 of type Dy with all the

arrows pointing towards the central vertex 5.

Lemma 1.12. Let P be an indecomposable preprojective module of defect —(m+n) and (P", P") a corre-
sponding orthogonal exceptional pair of indecomposable preprojective modules withOP' = —m, OP"" = —n.
Then (P"(£nd), P'(+md)) is an orthogonal exceptional pair corresponding to P(+(m +n)d).

In particular if OP = -2 and (P", P") is a corresponding orthogonal exceptional pair of indecompos-
able preprojective modules with OP' = OP" = -1, then (P"(+§), P'(+0)) is an orthogonal exceptional
pair corresponding to P(+26).
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Lemma 1.13. Consider the quiver Q4. Thus, the indecomposable preprojectives in this case are:

P5(n) - the indecomposable preprojective (of defect —2) with dimension vector (0,0,0,0,1) + nd;

. Pllj(n) (for j = 1,4) — the indecomposable preprojectives (of defect —1) of dimensions (1,0,0,0,1)+
nd, (0,1,0,0,1) +nd, (0,0,1,0,1) +nd, (0,0,0,1,1) + nd;

. Pfj(n) (for j = 1,4) — the indecomposable preprojectives (of defect —1) of dimensions (0,1,1,1,2)+
nd, (1,0,1,1,2) +nd, (1,1,0,1,2) +nd, (1,1,1,0,2) + nd.

Then, the following pairs are preprojective orthogonal exceptional pairs corresponding to Po(n):
« (P" =P (%).P' =P (% -1))in casen is even and

. (P = Pfl("T_l),P' = Pln("T_l)) in casen is odd.

1.11 GR measures and GR submodules

The Gabriel-Roiter measure (GR measure for short) was introduced by Gabriel in order to give a com-
binatorial interpretation of the induction scheme used by Roiter in his proof of the first Brauer-Thrall
conjecture. Ringel used it as a foundational tool for the representation theory of Artin algebras.

We list in this section some facts on GR measures and GR submodules, where GR stands for Gabriel-
Roiter (see [44, 39, 38] for details).

Let P(N*) be the set of all subsets of N* = N\ {0}. A total order on P(N*) can be defined as
follows: if I, J are two different subsets of N, write I < J if the smallest element in (I ~ J) u (J N 1)
belongs to J. Using the total order above, for each M € mod-k(Q let (M) be the maximum of the sets
(M, M), ...y | M
(M) is the GR measure of M. If M € mod-k(Q is indecomposable and not simple, an indecomposable
submodule U ¢ M is called a GR submodule provided p(M) = u(U) u {| M|}, thus if and only if every

proper submodule of M has GR measure at most ;(U). A monomorphism N — M between two

}, where My ¢ Ms c ... ¢ M, is a chain of indecomposable submodules of M. Then

indecomposable modules is called GR inclusion if (M) = u(N) u {|M|} (i.e. N is isomorphic with a
GR submodule of M). It is known that the factor of a GR inclusion (called GR factor) is indecomposable.
If N ¢ M is a GR inclusion, the exact sequence 0 > N - M — M /N — 0 will be called a GR exact
sequence.

For two sets I, J € P(N*) we say that J starts with I, provided I = J or I c J and for all elements
a €l andbe J\ I wehave a < b. Finally, for X,Y indecomposables let us denote by Sing(X,Y") the
set of maps X — Y which are not monomorphisms.

The following proposition summarizes some known results on GR measures and GR inclusions.
Proposition 1.9. Let X,Y,Y1,...,Y; and Z be indecomposable modules.
(a) If X is a proper submodule of Y, then (X)) < p(Y).
(b) If W(X) < u(Y') < u(Z) and there is a GR inclusion X — Z, then |Y| > |Z|.
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(c) Suppose there is a monomorphism f : X - Y; & --- @ Yy If max{u(Y;)} starts with u(X) then

there is some j such that 7; f is injective, wherem; : Y1 @ --- @ Y; — Y; is the canonical projection.
!
(d) For a GR sequence) - X —Y 5 Z - 0 we have:

(i) X is a direct summand of all proper submodules of Y containing X; More generally, any
monomorphism f : X — Y is mono-irreducible, that is for any factorization f = f" f’, where
f"+ X" > Y is a proper monomorphism, the map ' : X — X' is a split monomorphism. In

particular we can’t have proper monomorphisms X - X', X' Y with X' indecomposable.
(ii) There is an irreducible monomorphism X — M with M indecomposable and an epimorphism
M —'Y such that the composition X — M — Y is injective;
(iii) Any homomorphism to Z, which is not an epimorphism, factors through ;
(iv) Allirreducible maps to Z are epimorphisms;
(v) If all irreducible maps toY are monomorphisms, thenl is an irreducible map;

(vi) Z is a factor module of 7' X and Z = 771X if and only if the GR sequence is an Auslander-

Reiten sequence.

(e) If X = Y is a GR inclusion, then Sing(X,Y") is a k-subspace of Hom(X,Y"). Moreover, if X, Y
are preprojective, there is a monomorphism X — Y which is a composition of irreducible maps, so

we have a path from X toY in the preprojective component of the AR quiver.

(f) ([45]) Suppose k is finite with q elements and let X — Y be a GR inclusion. Then the number

qsz;((f—f:;l) (and h > s > r,e > r), where

e = dimg End(X), r = dimgrad End(X), A = dimg Hom(X,Y'), s = dimy Sing(X,Y). In
7"~
g-1 -

s of submodules of Y which are isomorphic to X is

particular, for GR inclusion of preprojectives P — P’ we have that 35 =

(g) ([14]) If Q is of type Eg, B, Eg then any Auslander-Reiten sequence terminating at a non-injective

GR factor has an indecomposable middle term.

1.12 Connection with geometry

We begin by listing some basic facts from [16, 34] on the geometry of representations. For further
details we refer to [16, 35, 34, 27].

Let £ be an algebraically closed field of characteristic 0 and a finite quiver () without oriented
cycles. Consider the affine r-space A} over k with the Zariski topology. A locally closed subset U in A,
is open in its closure U. A non-empty locally closed subset U is irreducible if any non-empty subset of
U which is open in U is also dense in U (i.e. its closure is U). It is well known that the affine space A},
is irreducible.

The dimension of a non-empty locally closed subset U is
dimU =sup{n e N|3Cyc Cy c...c C, irreducible subsets closed in U} .

It is well known that dim U = dim U, dim U u V' = max{dim U,dim V'} and dim A}, = r.
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If an algebraic group G acts on A", then the orbits G(z) are locally closed and G(z) \ G(x) is
a union of orbits of dimension strictly smaller than dim G (). The orbit-stabilizer theorem gives us
dim G(z) = dim G - dim G,, where G, is the stabilizer of the point .

For d € NQ)y, consider the affine space

% ey dn(ayd
R(d) — H k;dh(a)xdt(a) — Ak €Qq Yh(a)%t(a)
ae@

which parameterises the k-representations of () having dimension vector d. We always identify a point

M = (Ma),eq, in R(d) with the corresponding representation in mod-£Q). The group

GL(d) = H GLg, (k)
1€Qo

acts on R(d) by conjugation on the corresponding matrices, i.e.

(90): (M) = (o) Magigey )

«

2
1€Qq d;

Note that GL(d) is open (and non-empty) in the irreducible affine space AE , thus is dense,

. 2
so dim GL(d) = dim AZ“® % =5, d2.
So by definition we have the following:

« The orbits O(M) of GL(d) in R(d) are in bijection with the isomorphism classes [ M ] of k-

representations of () (modules in mod-£(Q)) of dimension vector d;

« The stabilizer of a point M is precisely its group of kQ-automorphisms Aut(N), which is
open (and non-empty) in the vector space of kQ-endomorphisms End(M), thus is dense, so
dim Aut(M) = dimEnd(M). It follows by the orbit-stabilizer theorem that dim O(M) =
dim GL(d) — dim End(M) = dimy GL(d) — dimy End (M );

« qQ(d) = Tieqo @ — Ty In(a)di(a) = dim GL(d) - dim R(d).
Using the results above, we have for a point M in R(d):
Lemma 1.14. codim O(M) = dim R(d) —dim O(M) = dimy End(M) - go(d) = dimy, Ext! (M, M).
This implies the following consequences:
Corollary 1.6. We have:
(a) Ford # 0 and qg(d) < O there are infinitely many orbits in R(d).
(b) O(M) is open if and only if M has no self-extensions.
(c) Up to isomorphism there is at most one module of dimension d without self-extensions.
Proof. (a) Observe that dim R(d) — dim O(M) = dimy End(M) - qg(d) > 0.
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(b) Using the lemma above, we have that M has no self-extensions if and only if dim R(d) =
dim O(M)(= dim O(M)). If O(M) is open, then since R(d) is irreducible, we have that O(M) =
R(d), so dim R(d) = dim O(M). Conversely, if dim R(d) = dim O(M), then R(d) = O(M), using
the irreducibility of R(d). But O(M) is locally closed, so O(M ) is open in its closure which is R(d).

(c) If M, N € R(d) are nonisomorphic without self extension, then the orbits O(M ), O(N) are open
and disjoint, so O(M) ¢ R(d) ~ O(N), which implies O(M) ¢ R(d) ~ O(N), contradicting the
irreducibility of R(d).

O]

Proposition 1.10 ([16]). For a non-split exact sequence ) -~ U - X - V — 0 we have O(U ® V') ¢
O(X)\ O(X). So, if O(U & V) has maximal dimension, then Ext' (V,U) = 0.

For subsets A ¢ R(d),B c R(e), we define A * B c R(d + €) to be the subset of all extensions of
representations in .4 by representations in B, that is:

AxB ={X € R(d+e)| there exists an exact sequence 0 > N - X — M — 0 for some M € A, N € B}.

We know from [35] that if A ¢ R(d), B c R(e) are irreducible, closed subvarieties, which are stable
under the corresponding group actions, then the same holds for A = B. Also if C ¢ R(f) then we have
(AxB)*C=Ax(B*C).

Using the results above, we can define the extension monoid M(Q) of @) as the set of all irreducible,
closed, GL(d)-stable subvarieties of all R(d) for d € NQ, together with the operation * and the unit
element R(0). This monoid is naturally NQo-graded by setting M(Q)q := {A € M(Q)|Ac R(d)}.

Given subvarieties A ¢ R(d), B c R(e) from M(Q), we can define

hom(B, .A) := min {dim; Hom(B, A)|A € A, B € B},

and

ext(B, A) := hom(B, A) - (e, d).
Then we have the following formula:

Theorem 1.7 (Reineke). Ifext(A,B) =0 orif A = Rep(«) and B = Rep(/3), then
codim A % B = codim A + codim B + ext(B,.A).

It follows that:

Corollary 1.8 (Hubery). Let M and N be modules such that dim Ext' (M, N) = 0. Then

O(M) » O(N) =O(M & N).

Proof. By Lemma 1.14 for M ¢ R(d) we have codim O(M) = dimy, Ext! (M, M). Using the previous
theorem we obtain that codim O(M & N) - codim O(M) * O(N) = dim;, Ext'(M & N,M & N) -
dimy, Ext* (M, M) - dim, Ext' (N, N) - dimy, Ext! (N, M) = 0. O
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We say that a module N is a degeneration of a module M if O(N) ¢ W, and we denote this
fact by M <geg IN. Thus <4 is a partial order on the set of isomorphism classes in mod-k( of a given
dimension. In the Dynkin and Euclidean cases one can characterize <qes in terms of representation
theory (see the work of Bongartz in [9, 8] and Zwara in [65]).

Consider the following partial orders <.y and < on the isomorphism classes in mod-£(Q). They are

defined in terms of representation theory as follows:

o M <ext N < there are modules M;, U;, V; and short exact sequences 0 - U; - M; - V; - 0 in
mod-k(Q such that M = My, M; .1 =U;®V;,1 <i<s,and N = Mg,q for some natural number s.

« M <N < dimy Hom(X, M) < dimg Hom(X, N') holds for all modules X.
Then we have the following:

Theorem 1.9 ([9], [65]). The partial orders <, <qeg and <cx; are equivalent for all representations of

Dynkin and Euclidean quivers.

The following lemma taken from [10] (see also [47]) is crucial in connecting our combinatorial

results obtained over finite fields with the classical Euler-Poincaré characteristic over C.

Lemma 1.15. ([10]) Let X be a variety defined over some ring of algebraic integers. We denote by X (C)
(respectively X (F;)) the set of C-points (resp. Fq-points) of X. Suppose that there exists a polynomial f
with integral coefficients such that | X (F,)| = f(q) for infinitely many prime powers q. Then the Euler-
Poincaré characteristic (with compact support) of X (C) is given by x(X(C)) = f(1).

We end this section by remarking that in the Kronecker case, taking k¥ = C, we have H¢(C) =
P1(C) = C U {oo} and the regular indecomposables (up to isomorphism) are

aIt+Jt It
R(t,a): C! C! foraeCand R(t,00): C ct,
I Ji

where J; denotes a Jordan block of dimension ¢ with eigenvalue 0 and I; the identity matrix.
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Chapter 2

Tame Ringel-Hall polynomials

We presented in the introduction the important role played by Ringel-Hall algebras in the theory of
quantum groups and cluster algebras. Hence it is important to understand the structure of these al-
gebras, and as a crucial step towards this direction, to describe explicitly the Ringel-Hall products and
obtain the Ringel-Hall polynomials. As we will see, the task is not easy and it gets more and more
difficult if it involves indecomposables with higher absolute defects.

Throughout the chapter we will work in the category mod-k(Q), where () is a connected, acyclic
quiver of tame type and k is a finite field with g elements.

The first section lists all the Ringel-Hall polynomials associated to indecomposable modules of abso-
lute defect up to 1. We will also describe all the Ringel-Hall products involving these indecomposables.
The results of this section were published mainly in [54] and partially in [53].

The second section presents all the Hall polynomials of the form F; é{ 2> Where a is a positive real
root of arbitrary negative defect. These polynomials correspond to the Ringel-Hall numbers of the form
F IRP(L“), where R(1,a) is a homogeneous regular simple of dimension § and will have an application
presented in the next chapter. These results appeared in [57].

The third section presents the Ringel-Hall polynomials associated to indecomposable modules of
absolute defect up to 2, with one of the indecomposables having absolute defect 2. The main ingredient

of the proof is a Schofield induction applied to Green’s formula.

2.1 Ringel-Hall polynomials involving indecomposable modules of

absolute defect up to 1

2.1.1 Reductions and main tools

Our aim is to determine the tame Ringel-Hall polynomials F};, with z = 2 +y and x, y, z corresponding
to indecomposable modules of defect up to 1. Note that this covers all the Ringel-Hall polynomials
associated to indecomposable modules in the acyclic A,, case.

We will use the following reductions:

(a) We can choose any acyclic orientation for every tame quiver, since Ringel-Hall polynomials are

reflection independent, up to a simple projective or injective module (see Lemma 1.10).
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(b) Using duality arguments we can interchange preinjectives with preprojectives.

By the reductions above and Lemma 1.4 one can see that we may get nonzero F;, Ringel-Hall poly-
nomials in the following cases (here all the symbols z,y, z correspond to indecomposables and also

Z=l‘+y):

(1) F.3. , where 71, 2, r3 are symbols corresponding to regular indecomposables;

() Ff;, where p, p are positive real roots with dp = dp’ = -1 (thus corresponding to preprojective
indecomposables of defect —1) and r is the symbol of a regular indecomposable; or dually Ff;

where 9i = 0i’ = 1 (thus corresponding to preinjective indecomposables of defect 1) and r is the

symbol of a regular indecomposable;

(3) Fj, where p,ig are positive real roots with dp = -1, Jip = 1 and r is the symbol of a regular

indecomposable.

2.1.2 The polynomials F}}.,

The following proposition follows trivially using Lemma 1.4. Note that this is the case of classical Hall

polynomials (so they are just 0 or 1).

Proposition 2.1. For three symbols r1, ra, 73 corresponding to regular indecomposables Ry, Ro, Rs, the
Ringel-Hall polynomial F3. is either 1 (due to uniseriality) if the regular indecomposables are from the

rary

same tube and we have an exact sequence 0 - Ry — R3 — Ry — 0, or otherwise 0.

2.1.3 The polynomials F},

We begin with a proposition which tells us more than the required polynomials.
Let P # P’ be indecomposable preprojectives with defect —1. Then for a module X we consider the

following condition list (1):

(i) X is aregular module with dimX = dimP’ - dim P;

(ii) if X has an indecomposable component from a tube 7, then the regular top of this component

is the regular simple Rp/(1,a);
(iii) the indecomposable components of X are taken from pairwise different tubes.
Using the list above the following proposition describes the Ringel-Hall numbers of the form F' )1?;3:
Proposition 2.2. We have the following:
(a) IfHom(P, P')(= (dimP,dimP’)) = 0 then ¥ = 0 for every module X.

(b) IfHom(P, P')(= (dimP,dimP')) # 0 then F¥p = 1 for X satisfying condition list (1) and ¥ p =

0 otherwise.

Moreover, in this case dim P’ —dimP = d6+ Y .c5 0, where 0 < o, < § if nonzero is the dimension of
a unique regular non-homogeneous indecomposable from T, (thus a root) with top Rp:(1,e). Also,
dimy Hom (P, P") = (dim P, dimP’) = d + 1, which means that d is unique.
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In case Q) is a tree, thus S = {0, 1, oo}, we will use the notation (dimP’ - dimP),,p, := (00,01, 000 )

and supp(dim P’ — dimP),,, for the number of its nonzero components.
Proof. (a) Is trivial.
(b) First step. We will prove that F’ )1;;3 # 0 if and only if X satisfies the given condition list (1). Suppose
F )];;3 # 0. We will check the conditions (i), (ii), (iii) from the list.

Condition (i). Since F)};;D # 0 we have a short exact sequence 0 - P - P’ - X — 0. Then
dimX = dimP’ — dimP and 8P’ = 9P + 80X, but OP' = OP = -1, so 80X = 0. Note that X can’t have

preprojective components, since if P” was such a component then P’ - P"" % P’ which is impossible

due to Lemma 1.5 (a). So X is regular.

Condition (ii). Let R be an indecomposable component of X taken from the tube 7,. Denote by
topR its regular top, which must be regular simple due to uniseriality. Then P’ - X - R — topR,
so using Lemma 1.5 we have topR = Rp/(1,a).

Condition (iii). Suppose X = X' ® R; @ ... ® R, where Ry, ..., R; are taken from the same tube 7.
Then by Condition (ii) they have the same regular top Rp/(1,a) and we have the monomorphism

0 - Hom(X, Rp/(1,a)) - Hom(P', Rpi(1,a)).

It follows that
dimy, Hom(X, Rp(1,a)) < dimy Hom(P', Rp/(1,a)) = dega.

So
l
dimy, Hom(X, Rp/(1,a)) = dimy Hom(X', Rp/(1,a)) + ) dimy Hom(R;, Rpr(1,a)) < dega
i=1

and dimy, Hom(R;, Rp/(1,a)) = dega for T, homogeneous and dimy Hom(R;, Rp/(1,a)) > 1 =dega

for 7, non-homogeneous. It follows that [ = 1.

Conversely, suppose now that R is an indecomposable regular module with dimR < dim P’ satis-
fying Condition (ii). By Lemma 1.5 (b) it follows that for a nonzero morphism f : P’ - R the image
Im f is regular. We will show that P’ projects on R. Observe that if R = Rps(1,a), the assertion is

true due to Lemma 1.5. Suppose now that R is not a regular simple.

If R is from a homogeneous tube 7, then R = R(t,a), dimR = tddega and Hom(P',R) # 0
since dimy Hom(P’, R) = (dimP’,tdegad) = —tdegadP’ = tdega. Note that in case there are no
epimorphisms in Hom(P’, R), then using Lemma 1.5 (b) and the uniseriality of regulars we would have
Hom(P', R) = Hom(P’, R(t,a)) 2 Hom(P’, R(t-1,a)), a contradiction. So we have an epimorphism
P' > R.

If R is from a non-homogeneous tube 7, of rank m, then dege = 1, R = R(t,e) and topR =
Rp/(1,a) = 'R(1,e) (Condition (ii)). We have that dimR = dim’R(t — 1,e) + dim(topR), so
dimy, Hom(P’, R) = (dimP’, dim’R(¢-1, ) )+{dimP’, dim(topR)) = dimj, Hom(P’,‘R(t-1,¢))+1 >

0. If there is no epimorphism P’ — R, then using uniseriality and Lemma 1.5 (b) for nonzero
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f € Hom(P’,R) we have that Im f = ‘R(l,e) with 1 < | < t and P’ projects on topIm f so
top'R(l,e) = top'R(t,e) = topR (see Lemma 1.5). But this means that t — [ = sm with s > 1 so
if t < m we have a contradiction and if ¢ > m (as in the homogeneous case) we would have that
Hom(P','R(t,e)) & Hom(P','R(t — m,e)) that is 0 = (dimP’,dim’R(t,e) — dim‘R(t — m,e)) =

(dimP’, é) = 1, again a contradiction.

Suppose now that the module X = R; ®...® R, satisfies condition list (1). From the discussion above
we have the epimorphisms f; : P’ - R;. Let f : P’ > X, f(z) = Y fi(x) be the diagonal map. Due to
Lemma 1.5 (b) we have that Im f is regular, so due to uniseriality Im f = R} @ ... ® R} with R] € R;.
Since f; = p; f are epimorphisms, we have that R = R;, so f is an epimorphism. Note that Ker f ¢ P,
so it is preprojective, 9 Ker f = P’ — 90X = -1, so Ker f is an indecomposable preprojective with
dim Ker f = dimP. It follows that Ker f = P, so we have an exact sequence 0 > P - P - X - 0
which implies that F )1?}3 #0.

Second step. In the case Hom(P, P’) # 0, we prove that dimP’ — dimPy = dd + ¥ .5 0¢, Where

0 < g, < 4 if nonzero is the dimension of a unique regular non-homogeneous indecomposable from 7,
(thus a root) with top Rp/(1,¢) and dimy, Hom(P, P") =d + 1.

From the first step we know that we have a monomorphism P — P’ with factor X satisfying

condition list (1). It follows that dimP’ — dimP = dimX = d'd + ¥ .5 0., where 0 < o, if nonzero

is the dimension of a regular R, from the non-homogeneous tube 7. with top Rp/(1,e). Suppose
o, = de0 + 0., where 0 < 0, < 6 and 0 < d,. If t, # 0 then there is a unique regular R, of dimension
d0 from the non-homogeneous tube 7, which embeds into R,; the factor will be of dimension o, with
top Rpr(1,¢e) (ifoc #0). Let d = d' + ¥ 5 de-

We show that dimy Hom(P, P’) = d + 1. Suppose first that we don’t have non-homogeneous
tubes, so we are in the Kronecker case. In this case § = (1,1), dimP’ — dimP = dd and then
dimy Hom(P, P") = d+1 (see Lemma 1.8). Consider now the case when we do have non-homogeneous
tubes, and suppose dd + 0. # O for some e € S. Then there are unique regular indecomposables
R, € T, of dimension dd + o, and top Rp/(1,e) and R.s € T of dimension o, and top Rps(1,¢e")
fore’ € 8™ = {e' € Sle’ # e,0¢ # 0}. Suppose that S* = {¢’ € S|oo # 0} and |S*| = | (where we can
have [ = 0). Let R = R ® @crcs+ Rer. It follows from the previous step that F' 1{;1/3 # 0, so we have a

short exact sequence 0 -~ P - P’ - R — 0 which induces the exact sequences
0 - End(P) - Hom(P, P') - Hom(P, R) - Ext!(P, P)

and
0 - End(R) - Hom(P', R) - Hom(P, R) - Ext'(R, R) - Ext'(P', R).

We deduce using Lemma 1.4 and Lemma 1.5 that

dimy, Hom (P, P') = dimy Hom(P, R) +1 = dimy, Hom(P', R) + dim, Ext' (R, R) - dimj, End(R) +1,

where

dimy Hom(P', R) = (dimP’,dimR) = d + [,
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dimy, Ext' (R, R) = dimy, Ext' (Re, Re) + Y. dimg Ext!(Rer, Rer) = d,

e/eS™*

dimy, End(R) = dimy End(R.) + ) dimyEnd(Re) =d+1,

e/eS™*

so it results that dimy Hom (P, P’") = d + 1.

Third step. Since by Lemma 1.5 every nonzero morphism in Hom(P, P’) # 0 is a monomorphism
and ap = g — 1 (using the second step) we have that the number of submodules of P’ which are
isomorphic to P is

p |Hom(P,P)|-1 ¢%'1-1
Sp = = .

ap q—l

By the first step we have that

511;, = Z F)I(DED = Z FX;D’
[(X] [(X]

X satisfying condition list (1)
the terms in the last sum being nonzero. We will count now the number of nonisomorphic regulars
satisfying condition list (1). For 7, a homogeneous tube and ¢ > 1, denote by R, (t) the regular inde-
composable R(t,a) and let R,(0) = 0. For 7¢ (e € S) a non-homogeneous tube and ¢ # 0 denote by
R.(t) the unique indecomposable from 7 of dimension ¢J + o, with top Rp/(1,¢e). Fort = 0and 0¢ # 0
let R.(0) be the unique indecomposable from 7. of dimension o, with top Rps(1,e). For ¢t = 0 and
oe =0let Re(0) = 0. Then

S% Ry (ta)

(ta )a closed point in P1 (k)

tq€Z,tq>0
Yatadega=d
d+1
are nonisomorphic regulars satisfying condition list (1), so by the Lemma 1.6 we have exactly < q+_1_ Lof
them. Since
P qd+1 -1 ,
Sp = 1 - Z Fxp
4" [x]

X satisfying condition list (1)

d+1

and the number of nonzero terms in the right hand sum is qq_—{I, we obtain the assertion of the propo-
sition.

O]

Specializing the proposition above to indecomposables we obtain:

Corollary 2.1. For positive real roots p < p’ with dp = 9p’ = —1 (thus corresponding to indecomposable
preprojectives) we have that Ff:,; =1 for any symbol r corresponding to a regular indecomposable of di-
mension p’ — p taken from a tube T, and having as regular top Rp/(1,a) (where P’ is the preprojective
indecomposable corresponding to the root p’). Moreover, such a symbol r exists if and only if (p,p’) > 0.

For any other symbol o we have Fg; = 0. This dualizes for preinjective roots with defect 1.
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2.1.4 The polynomials F]

This case can in fact be obtained from the previous one using a specific reflection functor and Ringel’s
formulas counting mono- and epimorphisms. However, we will follow a lengthier path similar to the
one in the previous section.

We begin again with a proposition which tells us more than the required polynomials.

Let P be indecomposable preprojective with 0P = -1 and I an indecomposable preprojective with

01 = 1. Then for a module X we consider the following condition list (2):

(i) X is a regular module with dimX = dim/ + dimP;

(ii) if X has an indecomposable component from a tube 7, then the regular top of this component

is the regular simple Rp(1,a);
(iii) the indecomposable components of X are taken from pairwise different tubes.
Using the list above the following proposition describes the Ringel-Hall numbers of the form F;%:
Proposition 2.3. We have the following:
() Fll;eal _ gdimi Hom(P.1) _ o{dimPdiml).
(b) IfExt' (I, P)(= (dimI,dimP)) = 0 then F;%, =0 for X ¢ P& I.

(¢) IfExt! (I, P)(= (dimI,dimP)) # O then for X £ P & I we have F}%, = qfllozx for X satisfying
condition list (2) and FI)](3 = 0 otherwise.
Moreover, in this case dim/ + dimP = dd + Y. .5 0, where 0 < g, < § if nonzero is the dimension of

a unique regular non-homogeneous indecomposable from T (thus a root) with top Rp(1,e). Also,
dimy, Ext'(I, P) = (dim[I, dimP) = d + 1, which means that d is unique.

Proof. (a) It follows immediately from Riedtmann’s formula. Indeed, trivially | Ext! (I, P) pg;| = 1 and
by Lemma 1.4 we get Hom(7, P) = 0, thus

1
pror _ @pel|Ext (L, P)per| _ aper _ dim, Hom(P.1)
e arap|Hom(I, P)| arjap

(b) Is trivial.

(c) First step. Let Ext! (I, P) # 0 and X ¢ P @ I. We will prove that Ff; # 0 if and only if X satisfies
the given condition list (2). Suppose F’ I)§3 # 0. We will check the conditions (i), (ii), (iii) from the list.

Condition (i). Since F' I)](J # 0, we have a short exact sequence 0 - P ER X %1 -0. Then dimX =
dim7 + dimP and X = 9P + 01 = 0. Suppose X = P’ @ R@ I' (where P’, R and I’ are preprojective,
preinjective and regular modules). Note that pps f : P — P’ must be nonzero, so it is a monomorphism
(see Lemma 1.5) which means that dimP < dimP’. Dually, fq;- : I’ — I must be nonzero, so it is an

epimorphism, which means that dim/ < dim/’. But dimP + dim/ = dimP’ + dimR + dim/’ which

implies that R = 0 and ppr f, fq are isomorphisms, so X 2 P @ I is a contradiction. This means that

X is regular.
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Condition (ii). Let R, be an indecomposable component of X taken from the tube 7,. Denote by
top R, its regular top which is regular simple. Then from the short exact sequence0 - P - X - [ - 0

we obtain the exact sequence
0 - Hom(I,topR,) - Hom(X, topR,;) - Hom(P, topR,,).

Since Hom(7,topR,) = 0, if Hom( P, topR,) = 0, then Hom(X, topR,) = 0, which is a contradiction.
So Hom(P,topR,) # 0 meaning that topR, = Rp(1,a).

Condition (iii). Suppose X = X' @ Ry @ ... ® R; where Ry, ..., R; are indecomposables taken from
the same tube 7,. Then by Condition (ii) they have the same regular top Rp(1,a) and we have the
monomorphism 0 - Hom(X, Rp(1,a)) —» Hom(P, Rp(1,a)). This because Hom(I, Rp(1,a)) = 0.
It follows that dimy Hom (X, Rp(1,a)) < dimg Hom(P, Rp(1,a)) = dega, so

l
dimy, Hom(X, Rp(1,a)) = dimy Hom(X', Rp(1,a)) + »_ dim; Hom(R;, Rp(1,a)) < dega.
i=1
But dimy Hom(R;, Rp(1,a)) = dega for 7, homogeneous and dim; Hom(R;, Rp(1,a)) > 1 =dega

for 7, non-homogeneous, so we get that [ = 1.

Conversely, suppose that X is a satisfying condition list (2), so let X = R,, @ ... ® R,,, where R,
is an indecomposable from the tube 7;,, a; are pairwise different and topR,, = Rp(1,a;). Moreover
dimX =dim/7 + dimP.

We have a short exact sequence 0 — Ry, 4 R,, > Rp(1,a;) - 0 which induces the exact sequence
0 - Hom(P, R} ) - Hom(P,R,;) - Hom(P,Rp(1,a;)) — 0. Since dimy Hom(P, Rp(1,a;)) =
deg a;, Hom(P,u) is not an isomorphism. It follows that there is f; nonzero in Hom(P, R,,) such that
Vg; € Hom(P, R ) we have ug; # fi. So f; does not factor through any proper regular submodule of
R,,.

Note thatif dim P < dimR,,,, then f; is a monomorphism. Indeed, suppose that f; is not a monomor-
phism. Then by Lemma 1.5 Im f; is regular; but Im f; ¢ R,,, so f; would factor through Im f;, which

is a contradiction.

If dimP ¢ dimR,,, then again by Lemma 1.5 Im f; is regular and f; factors through Im f;. So

Im f; = R,, which means that f; is an epimorphism and in this way dimP > dimR,,,.

Now consider the morphism f = (f;) : P > Ry, ® ... ® R,,,. If one f; is a monomorphism, then
f is trivially a monomorphism. If all f; are epimorphisms and f is not a monomorphism, then by
Lemma 1.5Im f € Ry, @ ... ® Ry, isregular, soIm f = R, ®...® R, with R C R,,. But f; =p;fis
an epimorphism, so Ry;,. = R,, which means that f is an epimorphism contradicting Condition (i). We

conclude that f is a monomorphism.

By Lemma 1.4 and looking at the defects, Coker f is either an indecomposable preinjective or the
direct sum of an indecomposable preinjective and a regular module with components from the tubes

Tz;- We show that this second case is impossible. Indeed, suppose without loss of generality that
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Coker f = X ® R where R is an indecomposable from the tube 7;,. So we have the exact sequence

fi
=l g1 - Gn
fn hi ... hy, .
0-P — Ry ®...0R,, — XeR, —0.

Note that hy = 0, ..., by = 050 by @ Ry, — Rgl is an epimorphism and h; f; = 0. It follows that
0 # Im f; € Ker hy and Ker h; is a proper regular submodule of R,,. So f; factors through a proper
regular submodule of R,,, which is a contradiction. We conclude that Coker f is an indecomposable

preinjective and since dim Coker f = dim/I, we have that Coker f = I.

Second step. Using the previous step, we have an exact sequence 0 - P - X — [ — 0 with X
satisfying condition list (2). It follows that dim/ + dimP = dimX = d'é + ¥ .5 oL where either o, = 0,

or else 0 < o, is the dimension of an indecomposable regular R, from the non-homogeneous tube 7.
with quasi-top Rp(1,e). Suppose o, = ded + 0. with 0 < 0. < § and 0 < d,. If d. # O then there
is a unique indecomposable regular R;_ of dimension d.d from the non-homogeneous tube 7. which
embeds into R.. The factor will be of dimension o, with top Rp(1,¢) (if oc # 0). Let d = d' + ¥ ce5 de.

We show that dimy, Ext! (I, P) = d + 1. Suppose first that we don’t have non-homogeneous tubes,
so we are in the Kronecker case (see Lemma 1.8). In this case § = (1,1), dim/ + dimP = d§ and then
dimy, Ext'(I,P) =d + 1.

Consider now the case when we do have non-homogeneous tubes, and suppose dd +o, # 0 for some
e € S. Then there are unique regular indecomposables R, € 7. of dimension dd + o, and top Rp(1,¢)
and R, € T of dimension o, and top Rp(1,€’) for e’ € 8" = {e’ € S|¢’ # e,0. # 0}. Suppose that
S§* = {€’ € S|oes # 0} (note that it can be empty). Let R = R, ® @crcsr+ Rer. It follows from the previous
step that F ip # 0, so we have a short exact sequence 0 - P - R — I — 0, which induces the exact

sequence
0 - Hom([, P) - Hom(R, P) - End(P) — Ext!(I, P) - Ext' (R, P) - Ext!(P, P).
We deduce by using Lemma 1.4 that

dimy, Ext' (1, P) = 1 + dimy Ext'(R, P) =1 - (dimR, dimP) = 1 - (txd + > oe,dimP)
e’eS*

S1+d=( Y o dimP),
e'eS*
so we need to prove that for ¢’ € S* we have (0.7, dimP) = 0. Indeed, if m is the rank of the tube ¢/
then m "
—(6,dimP) = - > (dim'R(1,¢'),dimP) = 3" dimy, Ext' ('R(1,¢’), P),
i=1 i=1

so there is a unique ig € {1,...,m} with dimj, Ext'(“R(1,e’), P) # 0. Using the Auslander-Reiten
formulas we can see that dimy Ext!(“R(1,¢'),P) = dimj Hom(P,7R(1,¢")), so ©R(1,e') =
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7 Rp(1,¢). In this way if 1 < u < m is the quasi-length corresponding to o, then

(0er,dimP) = (dimm" ' Rp(1,€') + -+ dimRp(1,¢'), dimP)
= —dimy Ext' (7" ' Rp(1,¢’), P) - --- — dimy, Ext' (Rp(1,€'), P) = 0.

Third step. We know from the previous steps that dimy, Ext!(I, P) = d + 1 and

|Ext'(I,P)|-1= > | Ext'(1, P)x],
X
X satisfying [con]dition list (2)

SO

¢ -1= > |Ext'(I,P)x]|
(X]
X satisfying condition list (2)

where the terms in the last sum are at least ¢ — 1 (see Lemma 1.6 (a)).

Now we will count the number of nonisomorphic regulars satisfying condition list (2). As in the
previous subsection, for 7, a homogeneous tube and ¢ > 1 denote by R, () the regular indecomposable
R(t,a) andlet R,(0) = 0. For 7. (e € S) anon-homogeneous tube and ¢ # 0 denote by R.(t) the unique
indecomposable from 7, of dimension 0 + o, with top Rp(1,e). For t = 0 and o¢ # 0 let R.(0) be the
unique indecomposable from 7, of dimension o, with top Rp(1,¢). For ¢ =0and o, = 0let R.(0) = 0.
Then

D Ra(ta)

(ta )a closed point in P1 (k)

ta€Z,tq>0
Yatadega=d
d+1_
are nonisomorphic regulars satisfying condition list (2) so by Lemma 1.6 we have exactly qq71 Lof

them. It follows that for each X satisfying condition list (2) we have |Ext!(I, P)x| = ¢ — 1. Finally,
applying Riedtmann’s formula we get for X of good type

ax|EXt1(I,P)X| _ax
arap|Hom(I,P)| ¢q-1

X _
Fip =

Specializing the proposition above to indecomposables we obtain:

Corollary 2.2. For positive real roots p, i with Op = —1, 9i = 1 (thus corresponding to an indecomposable
preprojective P and preinjective I ) we have that I, = q_%ar(q) for any symbol r corresponding to regular
indecomposables of dimension p+i taken from a tube T, and having as regular top Rp(1, a), where a,(q)
is the number of automorphisms of any regular corresponding to the symbol r (see Lemma 1.7). Moreover,
such a symbol r exists if and only if (i, p) < 0. For any other symbol o we have F, = 0.

The previous proposition leads us to a generalization of Lemma 17 from [26].

Corollary 2.3. Let X be a regular module, I an indecomposable preinjective of defect 1 with dim/ > nd
and P an indecomposable preprojective of defect —1. Then F;y = Fjip, where I', P are the indecompos-
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ables with dimI — dimI’" = né = dim P’ — dimP. (Note that I', P' are uniquely determined, I' = 1 and
OP' =-1).

Proof. Note that X satisfies condition list (2) relatively to I and P if and only if it satisfies condition list
(2) relatively to I" and P’. Indeed, dim/ + dimP = dim/’ + dim P’ and Rp(1,a) = Rpr(1,a), because
ity Hom(P, R(1,a)) = (dimP,dimR(1,a)) = {dimP + nd, dimR(1,0)) = (dimP’, dimR(1,a)) =

dimy Hom(P’, R(1,a)). Now the assertion follows from the previous proposition. O

2.1.5 Some Ringel-Hall products

We will present some particular Ringel-Hall products involving modules with indecomposable compo-
nents of absolute defect up to 1.

Our first formula deals with the Ringel-Hall product [ R][ P] where R is a regular with indecom-
posable components from the same homogeneous tube and P is an indecomposable preprojective of
defect —1. Dually, we can easily derive a formula for [I][ R] where I is an indecomposable preinjective
of defect 1.

The second formula describes the product [I][P], where [ is a preinjective indecomposable with

0l =1 and P is a preprojective indecomposable with 0P = -1.
Proposition 2.4. We have the following:

(a) For an indecomposable preprojective P of defect —1, a homogeneous tube T, and a partition A

YR(A-pl,a) ¥R(p,a) [
QR

P(+([Al=lul)d dega)@ R(p, a)],

[R(A,a)][P] = qu dega'gﬁ(u_m)(qdega)'

(Aa)

the summation going over all partitions ji such that A— v is a horizontal strip. Here g denotes the clas-
sical Hall polynomial and P(+(|A| - |u|)0 dega) is the indecomposable preprojective of dimension
dimP + (]A| - |p)d deg a.

In particular
[tR(1,a)][P] = ¢ [P @ tR(1,a)] + [P(+ddega) ® (t - 1)R(1,a)],

where P(+0 dega) denotes the indecomposable preprojective of dimension dimP + ¢ deg a.

We also have
[R(t,a)][P] = qtdega[P ® R(t,a)] +[P(+tddega)]+

t—1 ) )
+ 5 (gt desa _ glt=imDdegen pyisdega) @ R(t - i,a)],
=1

where P(+td dega) denotes the indecomposable preprojective of dimension dimP + t§ dega and
P(+iddega) denotes the indecomposable preprojective of dimension dim P + id deg a.

The formulas above dualize for I preinjective of defect 1.
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(b) If {diml,dimP) = 0 then [I][P] = ¢!dPdmD [P g [].
If (dim7, dimP) # 0 then [I][P] = ¢/dmPdimD)[p g 1] + q_% Yx] @x [X] where the (nonempty)

sum is taken over all modules X satisfying the condition list (2).

Proof. (a) Suppose that FI)%(()\,a)P # 0, so we have a short exact sequence 0 - P - X 5 R(\ a) - 0.
Note that we can’t have preinjective components in X (since they would be direct summands in Ker g
P),0X = -1, sodue to Lemma 1.4 and Lemma 1.5, X is of the form X = P(+(|\|-|u|)d dega)®R(u, a).
, since dimP < dimP(+(|\| - |u|)d dega).

Here 4 is a partition with |u| < |\

If 1+ = (0), then by Proposition 2.2 A = (t), so A — p is a horizontal ¢-strip (see Section 1.2) and

P(+(|Al=|pl)ddega) _ 1 _ |u/dega A degay . ¥R(A-pl,a) ¥R(p,a)
Frgayp =1=¢ G-y () T

If u # (0), then we apply Green’s formula (see Proposition 1.3 (c)) with choices N1 = R(\, a),
Ny = P, N = P(+(J]\| - |u|)0 dega) and N; = R(p,a). Note that FIJ:\‘J(+(|A|—|u|)6dega)R(u,a) =1 for
M = P(+(|A| = |u|)0 deg a) & R(1,a) and otherwise is 0 by Riedtmann’s formula (see Proposition 1.3

(a)). So using Lemma 1.4, the left hand side of Green’s formula becomes

(¢-1) P(+(A\|-|u))8 deg )@ R(11,a)
q|,u,| dega aR()‘va)FR()\,a)P :

R(\a) pP(+(N-u)ddega) P pR(ua)
FRS FRS’ FS’TFST

is nonzero, then by Lemma 1.4 S’, T are either preprojectives or 0. Note that S’, T can’t be both

Looking at the right hand side of the formula, if the product

preprojective since Fl,. is nonzero and 9P = -1. Also, if S’ = 0, then R = P(+(|\| - |p|)d dega),
S0 Flf((j\(’@l—lul)édega)s = 0. This means that we must have 7' = 0, so S’ = P, S = R(u,a) and using
Proposition 2.2 it follows that R = R(|]\ — i/, a). So the right hand side of the formula becomes

R(Xa) P(+(IA-|ul,a)é dega)
(¢- DaR(IA—uI,a)O‘R(ma)FR(u-M,a)R(u,a) R(A-pl,a) P :

Note that Hom (P, P(+(|\| — |u|)ddega)) # 0 because (dimP,dimP(+(|A| — |u|)ddega)) =
(dimP,dimP + (JA\| - |u))ddega) = 1 + (J]A| — |¢|)dega > 0. It follows by Proposition 2.2 that
P(+(Al-lp)ddega) _ R(\a) SN degay _ A dega
Frgapayp = 1. On the other hand Fiy0) 150y = 9(a-ppn(07") = Gugacuy (47°):
so it is 0 unless A — p is a horizontal strip (see Section 1.7). Equating the two sides of Green’s formula

the assertion follows.

(b) Trivial from Proposition 2.3.
O

The third formula describes the Ringel-Hall product [ R][ P] (and dually [I][ R]) where R is a reg-
ular semisimple taken from a non-homogeneous tube and P is an indecomposable preprojective of
defect —1 (and I is an indecomposable preinjective of defect 1).

Consider the non-homogeneous tube 7¢ of rank m. Recall from Section 1.4 that we have m reg-
ular simples in 7 denoted by ‘R(1,¢) i € {1,...,m} such that 7(‘R(1,e)) = “'R(1,¢) for i > 2,
7(*R(1,e)) = ™R(1,e) and 37, dim'R(1,e) = . Here ‘R(t,e) will denote the indecomposable reg-
ular from 7 with regular socle ‘R(1,¢) and regular length ¢. A module with all its indecomposable

components regular simples from 7, will be called regular semisimple from 7. A regular module from
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the tube 7¢ (i.e. a module with all its indecomposable components from 7¢) will be denoted by R.. The
isomorphism classes [ R, ] of regulars from the tube 7, and [0] form a Q-basis of a unital Q-subalgebra
H(Te) of H(kQ), called the Ringel-Hall algebra of the tube T.. We know due to Guo (see [25]) the

following:

Proposition 2.5. ([25]) H(7.) is generated by the isoclasses of regular semisimples from Te.
This is why we describe the formula [ R? ][ P] with R? a regular semisimple taken from 7. and P
an indecomposable preprojective of defect —1.

We need the following lemma:

Lemma 2.1. (a) Suppose that FII;L,:R,, # 0, where R., R! are regulars from T, and RS is a regular

semisimple from T.. Then R, and R must be regular semisimples.

(b) Suppose that F};IP # 0, where R; is a regular semisimple from T, and P, P’ are indecomposable
preprojectives of defect —1. Then RS = 7" Rp(1,e) (so it is regular simple). Conversely, for P
an indecomposable preprojective of defect —1 there is up to isomorphism a unique indecomposable

preprojective P’ of dimension dimP’ = dimP + dim7 ' Rp(1,¢) and we have FﬁIIRP(l op=L

Proof. (a) Regular modules from 7. form an extension-closed abelian subcategory of mod-k(), the sim-
ple objects in this subcategory being the regular simple modules. It is known (see [1]) that this category
is equivalent to the category of modules of finite length over a specific m x m matrix ring. So regular

submodules and regular factor modules of a regular semisimple module are again regular semisimple.

(b) By Proposition 2.2, RS = Rp/(1,e) anddim P’ = dim P+dimR?. On the other hand 1 = ¢(dimP’) =
q(dimP) +(dim P, dimR?) +(dimR?, dim P) + ¢(dimR?) = 2+dimy, Hom (P, R?) —dimy, Ext! (R, P).
It follows that Ext! (RS, P) # 0, so using the same argument as at the end of the second step of the

proof of Proposition 2.3 (c), we have RS = Rp/(1,e) = 7 !Rp(1,e). Conversely, one can easily see as
above that ¢(dimP+dim7 'Rp(1,€)) = 1 so there is up to isomorphism a unique indecomposable pre-
projective P’ of dimension dimP’ = dimP + dim7 ' Rp(1, e). Note that (dimP, dimP’) = ¢(dimP) +
dimg Hom(P, 7 'Rp(1,e)) = 1 # 0 so Hom(P, P’) # 0. Since (dimP’, dim7 ' Rp(1,e)) =1 # 0 it
follows that Rp/(1,e) = 7~ Rp(1,¢), so we are done using Proposition 2.2.

O]

Theorem 2.4. Let RS = @, t;'R(1,¢) be a regular semisimple from the tube T, and P an indecompos-
able preprojective of defect —1. Suppose that T Rp(1,¢) = ©R(1,¢), so Rp(1,e) = ©'R(1,e) and let

to = ti,. Then we have:
(@) Iftiy = 0 then [RE[P] = ¢ [P & R?].

(b) If t;, > O then [RE][P] = ¢'o '[P ® R] + [P’ ® R], where P’ denotes the (up to isomor-
phism) unique indecomposable preprojective of dimension dimP’ = dimP + dim®R(1,e) and
R =t;'R(l,e)®...® (t;, - 1)°R(1,e) ® ... ® t,,""R(1,¢).

Proof. Suppose that F}%{SP # 0, so we have a short exact sequence 0 - P - X 5 R — 0. Note that we

can’t have preinjective components in X (since they would be direct summands in Ker g 2 P),0X = -1,
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so due to Lemma 1.4 and Lemma 1.5 X is of the form X = P’ @ R.. Here P’ is an indecomposable
preprojective of defect —1 and R, is a regular module from the tube 7.
If R, = 0, then by the previous lemma RS = 7' Rp(1,¢), P’ is the indecomposable preprojective
of dimension dimP’ = dimP + dim7 ' Rp(1, e) and we have FTP_;RP(LG) p=1L
If R. # 0, then we apply Green’s formula (Proposition 1.3 (c)) with choices N1 = R;, Ny = P,
N{ = P’'and N} = R.. Note that by Riedtmann’s formula (Proposition 1.3 (a)) F'3/ g, = 1for M = P'@R,

and otherwise is 0. So, using Lemma 1.4, the left hand side of Green’s formula becomes

(¢-1) cvre PP/ @R
dimy, Hom(P',R.) feX RsP -

q

Looking at the right hand side of the formula, if the product F' ggF gg,F L F 572 is nonzero, then by
Lemma 1.4 S’, T are either preprojectives or 0. Note that S’, T' can’t be both preprojective since F 5T
is nonzero and OP = —1. Also, if S’ = 0, then R = P, so FF]?,SS = 0. This means that we must have T = 0,
s0 8’ = P, S = R.. By the previous lemma we can have R =0 or R = 7 'Rp(1,e) = “R(1,e). In the
case R = 0 we have P’ = P, RS = R, so the right hand side of the formula becomes

(¢- 1)aRg

and thus I’ g;;RZ = qdimk Hom(PRS) _ qtio-1 (where tg = t,,). Next, we consider the case R = “R(1, e).

The right hand side of the formula in this case is

RS P
(¢- 1)a"OR(LE)O‘ReEoR(Le)ReF@'OR(Le)P'

Here P’ is the indecomposable preprojective of dimension dimP’ = dimP + dim®R(1,e) and we

have Ff;};(l,e)P = 1. On the other hand one can easily see that Fffzz(l,e)Re # 0 implies ¢;, > 1 and
) R® fig .
R. =R’ =t'R(l,e)®...® (t;, - 1)"R(1,e) & ... ® t,,"R(1,¢), so E'O;%(l,e)Rgs = qqo_ll. Equating

the two sides of Green’s formula and using our knowledge on the number of automorphisms (see

Lemma 1.4) we get FII;;?,R; =1. O

2.2 The Ringel-Hall polynomials F’ (?_pp, where p is a positive real root

of arbitrary negative defect

Let x < J be a positive real root of arbitrary negative defect and consider the Ringel-Hall numbers of

R(1,a)
the form Fl(é—x)P(a:)’

P(z) is the unique indecomposable preprojective with dimP(z) = x and I(§ — ) is the unique inde-

where R(1,a) is a homogeneous regular of dimension ¢ (thus a regular simple),

composable preinjective with dim/ = § — = of defect —0z. Remember that in the A,, case over a field
with 2 elements we don’t have homogeneous regulars of dimension 4.

Let R(1,a) and R(1,a’) be two homogeneous modules of dimension §. Then by Theorem 1.1 we
have a Ringel-Hall polynomial F’ gs_ . such that

R(1,a) _ »R(1,a") )
F[(&—x)P(x) - F[(&—a;)P(x) - F(S—:L’x(Q)'
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Lete; = (0,...,1,...0) (with 1 at the i-th place) be the dimension of the simple projective module
corresponding to the unique sink 7 in @);. Using the notions and results from Section 1.9 we show that
in case Q is a tree (thus not of type A,,), the Ringel-Hall polynomials F’ gs_ .- over the quiver () are equal

to special Ringel-Hall polynomials F (;5_ ¢ e; OVEr unique sink quivers Q;.

Proposition 2.6. There is a vertex i (with §; = —0x) such that QF(?_M = QiFf_ei ¢;» Where the first

polynomial is taken over the quiver () and the second one over the quiver ();.

Proof. We know that there exists field independently a sequence i1, ..., i; of vertices in () such that for
each s € {1,...,t} the vertex i is a sink in 0;,_, ...0;,Q and S} ... S} P(x) = " (i) € mod-kQ" is a

simple projective corresponding to the sink i in Q" = oy, . .. 04, Q. It follows that

FR(LG) _ FS,:;...SIIR(LCL)

I(6-a)P(x) ~ © S} ..SF 1(5-x) §"(i) = FS;’S...S;’II(J—x) S7(3)>

where R is a homogeneous regular module in mod-kQ" of dimension §. Also, there is a sequence
J1,---, jr of vertices in Q" different from i and not in N; (the set of neighbors of ) such that for
each s € {1,...,t} the vertex js isasinkin o;,_,...0; Q" and 0, ...0;,Q" = Q;. It follows that
S; ...8} 8" (i) = S'(i) is the simple projective in mod-kQ); corresponding to the unique sink 4 in Q;.

The statement now follows using the same argument as above. O

Using a computer program written in GAP (see [23]) we have computed the special Ringel-Hall
polynomials from above. The program computes the Ringel-Hall numbers over small finite fields and
interpolates the Ringel-Hall polynomials. Due to the particular orientation of @); (to which all the other
orientations are reduced via the previous proposition), the low dimensions and the symmetries, only
a few cases occur and thus the computing time is very short. It takes around 15 minutes to obtain the
polynomial list in the following theorem. We should also remark that using our program we could

reproduce Ringel’s list of Ringel-Hall polynomials for the simply-laced Dynkin case (see [42]).

In case @ is not a tree, thus of type A,,, we must have Oz = —1 and then by Proposition 2.3 and

Lemma 1.4 we have that ngzz(q) = q_LlaR(l,a) =1.

Summarizing all of the above we obtain:

Theorem 2.5 ([57]). Let x be a positive real root with Oz < 0. Then Ff_m = f_gux, wWhere:

Ji=1,

Ja=X -3,

f3=X%-5X+7,
fi=X3-6X?+15X - 14,
f5=X1-7X3+922X2 - 37X + 26,
fo=X2-7X%4+22X3 - 45X? + 62X - 39.
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2.3 Ringel-Hall polynomials involving indecomposable modules of

absolute defect up to 2

2.3.1 Morphisms from a preprojective indecomposable of defect -2 to regular non-
homogeneous simples

We begin with a technical lemma on morphisms from a preprojective indecomposable of defect —2
to regular non-homogeneous simples, which will be needed later. Using the notations from Proposi-

tion 2.2, we get:

Lemma 2.2. (a) Let P be an indecomposable preprojective module of defect -2 and T, a non-
homogeneous tube. Then we have exactly two regular-simples [Rh(1,e)] # [R%(1,¢€)]
on the mouth of the tube such that dimy Hom(P,Rh(1,e)) = (dimP,dimRL(1,e)) =
(dimP, dimR%(1,e)) = dimy Hom(P, R%(1,¢)) = 1.

(b) Suppose dimP = dimPy + dim Py, dimP = dimP’ + dimP"” and dimP"” - dimPy = dimP; —
dimP’ = db + 0g + 01 + 0o, where all the modules are preprojective indecomposable with 0Py =
OP, =0P'=0P" =-1,0P = -2,0 < (dimPy,dimP") = (dimP’,dimP;) =d+1 and0 < 0. < §
if nonzero is the dimension of a unique regular non-homogeneous indecomposable from T (thus a
root). Then [Rpr(1,e)] = [Rp,(1,€)] if and only if o, #+ 0 and for T, homogeneous [Rp»(1,a)] =
(R, (1,0)].

Proof. (a) Since 0P = 2 = (dimP,§) = (dimP, ¥}, dim’R(1,¢)) it follows that (dimP,

dim‘R(1,e)) € {0,1,2}. Using a convenient orientation for each quiver, the statement follows via

direct computation.

(b) We only have to look at the non-homogeneous case. Suppose that [Rp»(1,e)] = [Rp,(1,e)] and
. = 0. So by (a) (without loss of generality) [Rp»(1,¢)] = [Rp,(1,¢)] = [R5(1,¢)] and [Rp:(1,€)] =
[Rp,(1,e)] = [R%(1,€)]. But this means

0= <d57dl_mR}3(17€)) = <d5 + O—eadi_mR}?(lve» = <d5 +toot+to1t O—ooadi_mR}D(la €)>
= (dimP; - dimP’,dimRh(1,€)),

s0 1= (dimPy, dimR}(1,¢)) = (dimP’, dimRb(1,¢)) = 0, a contradiction.

Suppose that o, # 0. Using Proposition 2.2, we know that the regular top of the regular non-
homogeneous of dimension o, must be [Rp»(1,¢e)] = [Rp,(1,e)].
O

2.3.2 Reductions and main tools

Our aim is to determine the tame Ringel-Hall polynomials F;, with z = z+y and z, y, z corresponding
to indecomposable modules. Using the results from Section 2.1, we may suppose that at least one of
the defects 0z, 0y, 0z is +2. This also means that from now on we may suppose that our tame quiver

is a tree (thus not of type A,,).
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We will use the following reductions:

(a) We can choose any orientation for every tame quiver since Ringel-Hall polynomials are reflection

independent, up to a simple projective or injective (see the previous section).
(b) Using duality arguments we can interchange preinjectives with preprojectives.

By the reductions above one can see that we may get nonzero F;, Ringel-Hall polynomials in the
following cases (here all the symbols x, y, z correspond to indecomposables and also z = x + y):

(1) F;)’po’ where Op = -2, Opg = Op' = -1, or dually F? ., where 0i = 2, 01 = 07’ = 1;

101

@) F

10p”’

where Op = -1, 9p’ = -2, Dig = 1, or dually F}

i'po’

where 97 =1, 0i' = 2, Opg = —-1;

(3) Ffpo, where Op = -2, Opg = -2, r is the symbol of a homogeneous regular, or dually ﬂior, where

0i =2, Jig = 2, r is the symbol of a homogeneous regular;

(4) F} ,, where Op = -2, dip = 2 and r is the symbol of a homogeneous regular;

(5) Ffpg, where Op = -2, Opg = —2, r is the symbol of a non-homogeneous regular, or dually F, s

07

where 07 = 2, 0ig = 2, r is the symbol of a non-homogeneous regular;
(6) Fj,, where Op = -2, Jip = 2 and r is the symbol of a non-homogeneous regular.

We end this section with the main tools used in the computation of the Ringel-Hall numbers above.
The first tool is the double, dimension-inductive formula by Ringel for counting the number of mono-
and epimorphisms presented in Chapter 1 as Proposition 1.4.

Our second tool is derived from the associativity of the Ringel-Hall algebra and will permit us to
“decompose” the indecomposable y of defect -2 from F;, via an orthogonal exceptional pair of prepro-
jective indecomposables of defect —1. In this way F;, can be obtained using Ringel-Hall polynomials
involving only indecomposables of defect +1 or 0.

Consider the sums of the form:

1
Sa(X.Y,Z2,T) = Y F{y Fir, So(X,Y,Z,T) = — 3 Fp\yFirap.
(U] AX [U]

Proposition 2.7. Let P be an indecomposable preprojective module and (P", P") a corresponding orthog-
onal exceptional pair of indecomposable preprojective modules. Denote by X, Y some arbitrary modules.
Then

FXp= Y FpiFyp =Y FXpi By pn = So(X, P", Y, P') = So(X, P, Y,P").
(U] (V]

Proof. Since (P, P') is an orthogonal exceptional pair of preprojectives corresponding to P, knowing
that k* acts freely on Ext! (P, P’) \ {0} and dimy Ext!(P”, P") = 1, it follows by Proposition 1.3 (a)
and Remark 1.3 that F'Y}, 5, equals 1 for [W] = [P] and [W] = [P’ ® P"] and [W] = 0 in other cases.
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In the same way we obtain that F}, 5, equals 1 for [W] = [P’ ® P""] and [W] = 0 in other cases. Using
this and Proposition 1.3 (b) it follows that

ZFgP"F[}]/P' = Z F)}(/WF]Z[’/’P’ = F)}(/P_i_F;(/P’@P" :F;(/P‘f‘ ZF}}(/TFIIZ;’P” = F))(/P-l‘ ZF)‘(/P’F&/P”'
(U] (W] [T] [V]

O]

Our third tool is derived from the co-associativity of the Ringel-Hall algebra (more precisely from
Green’s formula) and will permit us to “decompose” the indecomposable 2 of defect —2 from Fy, via
an orthogonal exceptional pair of preprojective indecomposables of defect —1. The existence of such a
pair, as we will see later, will be guaranteed in almost all the cases (see Section 1.10). In this way F,

can be deduced using Ringel-Hall polynomials involving only indecomposables of defect +1 or 0.

Proposition 2.8. Let Py be a simple projective which embeds in P, which is an indecomposable preprojec-
tive module of defect —2. Consider (P", P") an orthogonal exceptional pair of preprojectives corresponding
to P. Denote by X an indecomposable module such that dimP = dim X + dim P, thus either 0Py = —1
and 0X = -1 or 9Py = -2 and 90X = 0. Then for P’ £ Py we have

1 " ]_ 4
FXp = — Y. F)p Flpoau - — Y F)puFpay = So(X, P, P", Py) - Sy(X, P", P', Py).
“X U] OX V]

For P' = Py we have [X] = [P"] andF)]?P0 =FE, =1

Proof. Using Riedtmann’s formula (see Proposition 1.3 (a)) we obtain that F}, , equals 1 for [IW] = [ P]
or [W] = [P’ @ P"] and 0 in other cases. Also, F} 5 equals 1 for [IW] = [P’ ® P"] and 0 in other
cases. Thus [ X] = [P"] < [P’] = [Py], and in this case F)I?P0 =1.

Suppose [ X ] # [P"] (thus [P] # [ Po]). Using Green’s formula (see Proposition 1.3 (¢)) for N1 = X,
Ny = Py, N{ = P", NJ = P’, the fact that the pair (P”, P') is orthogonal exceptional and the fact that
Py is simple projective, we obtain that [T'] = [0] (since for [T'] = [Py], we have [S’] = [0], thus
[R] =[P"], so X projects on P"” which is impossible if [ X | # [ P”], see Lemma 1.5). Thus, we have:

_ 7o I IspI
OCXOCPOOJP"OéPI(F)I?POFJSIP/QP]'+FXP1:€>§P FF]?”G;I,D aP];EBP")
—(dimR,dimT) 7 X 1~P" 1P P’
= Z g~ (dim R dim >FRSFRS,FS,%FSTaRa5a5/aT

[R],[ST,[S'],[T]
= aprap, Z ng,Ff;;OaR,
[R]
thus

P "@P"” -1 X P’
aXFXPo-’-aX(q_]‘)FX]Eg Qprgprr = ZFUP/FUPOOZU. (21)
(U]

Using Green’s formula for M = P’ @ P", Ny = X, Ny = Py, N{ = P’, N, = P”, the fact that the pair
(P",P") is orthogonal exceptional and the fact that P, is simple projective, we obtain that [7] = [0]
(since for [T'] = [Fy], we have [S’] = [0], thus [R] = [P'], so X projects on P’ which is impossible),
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see Lemma 1.5. Thus, we have:

’ " ’ "o
aXapoapraqu)];%P FESF apgpn
—~(dimR,dimT) 7 X P’ 2Py 2P
= > g \AmRAnT) p¥ PG PEY FEr agasagiar
[R][SL.[S"].[T]
X P
= Qaprap, Z FRP”FRPOaR7
[R]
thus
P'oP" -1 X P
ax(q-1)Fyp apgpr =) FypFypav. (2.2)

(V]

The formulas (2.1), (2.2) imply

1 I 7
F;P():_ ZFé(P’F[?POaU_EF‘i(P”F‘J/DPOaV .
X \[v] (V]

To obtain the listed Ringel-Hall polynomials we will proceed as follows:

(@) In the cases (1), (3), (5) we decompose the indecomposable p of defect —2 via a preprojective

orthogonal exceptional pair of defect —1 and use our third tool (co-associativity).

(b) In the cases (2), (4), (6) we may decompose the indecomposable p of defect —2 via a preprojective
orthogonal exceptional pair of defect —1 and use our second tool (associativity). However we will
follow an easier and quicker approach: after applying a proper reflection functor we will use our

first tool (Ringel’s formula).

Note that the existence of an orthogonal exceptional preprojective pair of defect —1 will be guaranteed
(almost always) by the results in [60] listing all the Schofield pairs corresponding to an exceptional
module (see Section 1.10 and Appendix A).

So in fact we follow a particular Schofield induction for the decomposition of a proper indecom-

posable, combined with our three main tools.

2.3.3 The polynomials F},, , where Op = -2, py = Op; = -1

Theorem 2.6. Suppose () is a tame quiver and P, Py, P, are indecomposable preprojectives with defects
OP = -2, 0Py = 0P, = -1, such that dimP = dimP, + dim/P;. Then ngo = fn-1(q), wheren =
(dim Py, dimP) = (dim P, dim P, ) and f,, is the polynomial from Proposition 1.2 (e).

Proof. Trivially n = (dimPp,dimP) = (dimFPy,dimPy + dimP;) = 1 + (dimPy,dimP;) = (dimPp +
dimP;,dimP;) = (dimP,dimP;). Note that in case n < 0 - thus in case Hom(Py, P) = 0 or
Hom(P, P;) = 0 - the Ringel-Hall number F’ 11;1 py, = 0= fn-1(q), so the assertion is true. From now on
we will suppose that n > 0, thus Hom (P, P) # 0 and Hom(P, P;) # 0.
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Using a succession of reflection functors (corresponding to sinks) and symmetry, we can modify the
orientation of () such that it possesses a unique sink denoted by 1 and P is the simple projective cor-
responding to this sink, so n = (dimP);. Note that during this process P and P is never transformed

into a simple projective. Indeed, the relation dimP = dim Py + dimP; is kept even after reflections,

so P can’t be simple and in case P is a simple projective, then since Hom(P, P;) # 0 we get that
P is a direct summand of P, a contradiction. Also observe that Ringel-Hall numbers, dimensions of
homomorphisms and Euler products are not modified by the reflection functors. So without loss of
generality we may suppose that our tame (tree) quiver is one of the following (the vertices are labeled

by their numbering and (in parentheses) the corresponding value of the minimal radical vector):

Type D,,, with m > 4:

1 (1) 3(1)

AN 7

5 (2) 6 (2) m+1(2)

A N

2(1) 4(1)

Type Ee:
5(1)
4(2)

1(1) 2 (2) 3(3) <6 (2) ——7(1)

Type Er:

8(2)
1(1) 2(2) 3(3) 4(4)=—50) 6(2) (1)
Type Es:
9(3)
1(1) 2(2) 3(3) 4(4) 5(5) =—6(6) 7(4) 8(2)

Suppose (P", P') is a preprojective orthogonal exceptional pair corresponding to P. Such pairs

exist (for the given orientation and context) and will be given explicitly in Appendix B.
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In case Py 2 P’ we know that P, 2 P"” so (dimPy,dimP) = 1 + (dimPy,dimP;) = 1 +
(dimP’, dimP") = 1 = n and also F}jlpo =[5, 5 = fo(q), thus the assertion is true.

If P’ ¢ Py, using Proposition 2.8 we obtain that

1 P 4 ]_ P A
Ffyp, = -1 [%:]FU}D'FUPoO‘U_ﬁ [g:] F pn F pyav = Sg(Pr, P/, P, Py) = Sy(P1, P, P!, Py).
1

Using Proposition 2.3, Proposition 2.2 (b) and Lemma 2.2 (b) we can see that S; =
Sy(P, P, P" Py) = qul Y[r] @r Where the sum is taken over all modules R satisfying the condi-
tions:

(i) Risaregular (not necessarily indecomposable) module with dimR = dim P"—dim P. This means

that dimR = dimP" - dimPy = dd + ¢ + 01 + 0o, where (dimP” — dimPy),, = (00,01, 000)
and d = dimg Hom(Py, P") - 1.

(if) The indecomposable components of I? are taken from pairwise different tubes, moreover, the

only non-homogeneous components are taken from the tubes 7. with o, # 0.

The sum is not empty if and only if (dim Py, dim P"") = dimy, Hom( Py, P"") # 0. Since P, is a projective
indecomposable corresponding to vertex 1, this means that the first component of dimP” must be
nonzero. In this case, knowing that dim P — dim Py = dd + 0g + 01 + 0o, thus (dimP” — dimPy) 5, =
(00,01,000 ), we will have

Sy =8,(Py, P, P", Py) ="aq(q),

where w = |{e|oe # 0}| = supp(dim P -dim Py),,;, and d = dimy Hom (P, P"")-1 = (dim Py, dimP") -
1. Thus, in order to compute S; = Sy(P1, P, P", Py), we just have to know w = supp(dimP" —
dimPy),, and d = (dimPy, dimP”) - 1.

An analogous statement is true for Sy = Sg( Py, P, P', F).

In case dimP < 2§, we list in Appendix B all the possible indecomposable preprojectives P to-
gether with a specific corresponding orthogonal exceptional pair (P”, P") and compute the Ringel-
Hall polynomials using the above results on the sums S,;. More precisely (for S1) we have to obtain
d = (dimPy,dimP") — 1 and thus (dimP"" — dimPy),, which provides us w (via its support). We
note that the theorem is valid in this case, however the problem is that it might happen that one of
the sums S, is empty. So we have to list in Appendix B also the case 26 < dimP < 44. We can see
that this time all the sums S, will be nonempty. Moreover, we can also observe that in this case (for

n = (dim Py, dim P)), using the specified orthogonal exceptional pairs (P", P’), the pair of sums
(51 = Sg(Pl,P',P",PO),SQ = Sg(Pl,P",P’,PO))
equals to one of the pairs
(Pax(9),%an_5(q)), (*an_1(q), azn_1(q)), for n even and

(Canza1(0),"a221(0)), (anz1 (9), anzs 1 (). for n odd.
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Note by Section 1.6 that for n even

Fhip, =51 =52 ="an(q) ~ azn_5(q) = *az_1(q) - 'az_1(q) = fa-1(q),

and also for n odd

Ffp, = 36%%1_1(61) - Oaanl(Q) = 1a%1(q) - 26“%1_1((1) = fn-1(9),

thus our formula is valid also for 2 < dim P < 44.

In case dimP > 44, we have that dimP = 2I§ + dimP = dimP(+2l4), for a unique P with
defect —2 and 26 < dimP < 46. Thus P is in the list presented in Appendix B, and let (P”, P’) be
its listed orthogonal exceptional pair. Let 7 = (dimPy,dimP) and d = (dimPy, dimP") — 1. Then
Py(+216) = P,. By Lemma 1.12, (P, P") = (P"(+10), P'(+15)) is an orthogonal exceptional pair for
P,n = (dimPy,dimP) = (dimPy, 21§ + dimP) = n + 2] and d = (dim Py, dimP"") - 1 = (dim Py, 1§ +
P")y -1 = (dimPy,dimP") +1 -1 = d + . So, we obtain

Sg(Plaplv-P”aPO) = wad(q) = waz{+l(q)7

where w = supp(dimP" — dim Py),,;, is the number of nonzero non-homogeneous components.

It is important to note that
(dimP" - dimPy)pp, = (16 + dimP" - dimPy) o, = (dimP"” - dim Py ),
thus the number of nonzero non-homogeneous components is
w = supp(dimP" — dimPy) s, = supp(dimP” — dim Py ) .

It follows that S,(Py, P',P",Py) = “az(q) = “aq-1(q). The same applies for the other sum
S,(PL, P" P Py).

Since 26 < dimP < 44, we already know that the pair of sums (S,(P,P’,P", P),
S,(Py, P", P’ Py)) equals

(a3(2). a3 () or (*ag 1(0). a3 (). for n even

and

(Cazza_1(9), aza(q)) or (Pazza (), *ama_(g)). for 7t odd.

So looking at the first sum, we can see the value of S, (P, P, P, ) in the following cases:

« for 7 even S, (Pl,P' P" Py) = an(q) we have dzg
. for neven Sy (P, P', P", Py) =2 an _,(q), we have d = %—1;
. for i odd Sy (P, P, P, Ry) = an 1_,(g), we have d = ﬂTl—l;

. for i odd Sy(Py, P, P", Py) = taa- 1(q) we have d = "5=.
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But then, using the above remarks, we will have that the corresponding sums S, (P, P', P", Py) =

Yagy(q) are
« for i even 89(151, P',P" Py) = Oa%H(q);
. for 7i even Sy(Py, P', P", Py) = 2(1%_1”((]);
. for n odd 59(151,]5’, P" Py) = 3‘1%*1_1”((1);
. for i odd Sy (P, P, P", Py) = 1anT_1+l(q).

So the corresponding pair of sums (Sq (P, P’, P", Py), Sq(P1,P", P', Py)) equals

(Oa%+l(q)7 3a%—2+l(Q)) or (za%—lﬂ(q)’ la%—1+l(Q))’ for n = n + 2l even

and

(361%*1_1”((1)70@%1”((1)) or (165%*1”((1)72‘1%1_1”((])), for n =7 + 2l odd.
Thus we have
Fiypy ="an(q) = az_5,(q) =%az_1,,(¢) = "an_1,(q) = fa1:21(q) = fa-1(q), f
PPy a%” q @g_m q Gg_m q a%_m q a-1+21¢ n-1(q), Tor n even

and

FJIDDIPO = SaﬁT-l_prl(Q) - Oa%qul(q) = 10”’%14,1(‘]) - zaﬁT-l_lJrl(Q) = fﬁ—1+2l(Q) = fn—l(Q), for n odd.

O

2.3.4 The polynomials F”  where Op; =-2,0p=-1,0ip=1

0pP1
Theorem 2.7. Suppose () is a tame quiver and P, P| are indecomposable preprojectives, 1y is indecom-
posable preinjective with OP = -1, 0P, = -2, Iy = 1 and such that dimP = dimP; + dimly. Then
Flp = fn-1(q), wheren = (dim Py, dim P) = (dim P, dimIo).

Proof. Trivially n = (dimP;,dimP) = (dimP;,dimP; + dim/ly) = 1 + (dimP;,dim/y) = (dimP; +
dim/y,dim7y) = (dim P, dim/y). Note that in case n < 0, thus in case Hom( Py, P) = 0 or Hom(P, Iy) =
0, the Ringel-Hall number F’ ]1;1 p, = 0= fn-1(g), so the assertion is true. From now on we will suppose
that n > 0, thus Hom( Py, P) # 0 and Hom(P, I) # 0.

Using a succession of reflection functors (corresponding to sources) and symmetry we can suppose

without loss of generality that Iy is the simple injective corresponding to the source 1. Note that
during this process P and P is never transformed into a simple projective (since we apply functors
S;). Also Ringel-Hall numbers, dimensions of homomorphisms and Euler products are not modified
by the reflection functors.

Next, we will use the functor ST : mod-kQ(1) — mod-ko1Q(1). Let P’ = S7(P), P = S7(P1)
and note that dim P’ — dimP] = o (dimP - dimP;) = o1(dimly) = —dimP;, where P is the simple
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projective in mod-ko () corresponding to the sink 1. Using Proposition 1.4 and the fact that submodules

of preprojectives are preprojective (so Z € mod-kQ(1)) we obtain:

P __ P _ Py P
(q_l)FI()Pl_mpl_hplp_ Z fZ aZSZ
dimZ<dim Py
P, p Py P _ P Py
= hplp - Z leaZSZ = hpllp/ — Z fleaZ’SZ’ = epl, = (q— 1)FP’1P"
dim Z<dim Py <dim P dimZ’<dim P’ <dim P} 0
Z preprojective Z' preprojective

. . . P]
Thus using the previous subsection F};Pl = FP}P(; = f((himp{mimpl),l(q) = fldimP, dimP)-1(q) =
fnfl(q)' 0

2.3.5 The polynomials F},,, where Opy = Op = -2 and r is the symbol of a homoge-
neous regular

Theorem 2.8. Suppose () is a tame quiver and Py, P are indecomposable preprojectives of defect —2 such
that dim P — dim Py = dnd. Let Rg(n) = R(n,a) be an indecomposable regular module of regular-length
n taken from the homogeneous tube T, with dega = d.

Then ng(n)PO = gan(q), where

9an = fan = fan-1+ (X4 -1) > Xd(t_l)(fd(n—%) = fa(n-20)-1)-
t>1
In particular g4 = 1. Also, ford =n =1 we have g11 = X =3 and in cased = 1,n > 2 the polynomial
isg1n=X"=-3X"1+4X"2 44X 44 (-1)"AX + (-1)"4

Proof. The condition dimP — dimPy = dn implies that (dimPy,dimP) = (dimPy,dimPy + dnd) =
1+ 2dn > 0, thus Hom( Py, P) # 0.

Using a succession of reflection functors (corresponding to sinks) and symmetry we can suppose
without loss of generality that Py is simple projective corresponding to a sink. Note that during this
process P and Ry(n) is never transformed into a simple projective. So Ringel-Hall numbers, dimen-
sions of homomorphisms and Euler products are not modified by the reflection functors.

Let (P", P") be an arbitrary preprojective orthogonal exceptional pair corresponding to P. The
existence of such a pair is guaranteed by the results in [60], the dimension of P being bigger then 9.

Note that in this case dim P’ — dim Py (and dim P” — dim P) is a positive root of defect 1, since

(dimP’ - dim Py, dim P’ - dimPy) = (dnd — dimP", dnd - dimP"') = 1.

Denote by I (respectively by Ij) the preinjective indecomposable of defect 1 having dimension
dimP"” — dim Py = dnd — dim P’ (respectively dim P’ — dim P).
We apply Proposition 2.8 for P, Py and X = R obtaining

1 7 ,
F’P FR F R P
Ra(n)Po = Z U;gn) UPOO[U - FV;(JL)FVPOOZV

QRq(n) [U] QRq(n) (V]

= Sg(Rd(n), PI, P", P()) — Sg(Rd(n), P", PI,P()).
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Looking at the first sum, if the uniserial R;(n) projects on U (with QU = 1), then up to isomorphism U
must take the form R;(t) ® I} where Ry(t) = R(t,a) and I} is an indecomposable preinjective of defect
1 and dimI{ = d(n - t)§ - dimP’ = dimP" - dté — dim Py, so I = Ij(-dtd) and d(n —t)§ > dimP".
We deduce using Proposition 2.3 and associativity of the Ringel-Hall product that

Ry(n) _ Ra(n) Rgy(n-t)
F Rj(t)el,gpf = F )R-ty F P
1 L dn-t)  d(n—t-1) L atn—t-1), d
= 1 - —_— _ = — — = — — 1
1" Ralnn) q—l(q q ) py (¢"-1)
and

P P P(=dts) _ P (~dt)

Froweonp = Frawypr-ayFrp, = Frpy

Also note that g, ey = ¢ R O 0 = g (g7 D) (1) = gD (g1 1)(g-1)

dn _ qd(n—l)

fort >0, ap,n) =¢ and ap=q-1 (see Lemma 1.4). This means that

I i _ P d d(t-1) P" (-dté)
Sg(Raq(n), P, P", Fy) = FI(,)PO +(¢% - 1);(] ( )Flg(—dw)Po

and
p’ d d(t— P’ (-dts
Sy(Ra(n), P", P, Py) = Ffyp +(¢" = 1) ;q (t 1)fg(,),((_dw))Po.
But (dimPy, dimP"”) = (dimP’ + dimP" - ndd, dimP") = 1 + nd (since (dimP’, dimP") = 0)
and in the same way (dim Py, dimP’) = nd (since (dimP"”, dimP’") = —1). It follows that pEICd)

1P
P’ (-dts
fipo,pr(=dts))-1(a) = fan-2¢)(q) and FI;’J(DO ) o fan-26)-1(q), so

Ff mypy = Fan(@) = fan1(@) + (@* = 1) Y 6"V (fan-26) (@) = Fagn-20)-1())-

t>1

In particular, when d = 1 we have ngo =q"=3¢" 1 4¢" 2 4" B (-1 Mg+ (1) O

2.3.6 The polynomials F , where dp = -2, Jiy = 2 and r is the symbol of a homoge-

neous regular

Theorem 2.9. Suppose () is a tame quiver, Iy an indecomposable preinjective of defect 2 and P an in-
decomposable preprojective of defect -2 such that dimP + dimly = dnd. Let Ry(n) = R(n,a) be an
indecomposable regular module of regular-length n taken from the homogeneous tube T, with dega = d.
Then
dn d(n-1)

R, qg —q
FIO?D(’”) = q_—lgd’n(Q)

Proof. Using a succession of reflection functors (corresponding to sources), renumbering of the vertices
and symmetry we can suppose without loss of generality that Iy is the simple injective corresponding to
the source 1. Note that during this process P and R;(n) is never transformed into a simple projective
(since we apply functors \S;). Also Ringel-Hall numbers, dimensions of homomorphisms and Euler

products are not modified by the reflection functors.
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Next, we will use the functor ST : mod-kQ(1) — mod-ko1Q(1). Let P' = S7(P), R)(n) =
ST (R4(n)) (since homogeneity, degree of the tube and regular-length remain invariant) and note that
dimR/(n) - dimP’ = o1 (dimR4(n) — dimP) = 01 (dimly) = —~dim Py, where P is the simple projec-
tive in mod-ko1 () corresponding to the sink 1. Using Proposition 1.4 and the fact that submodules of

regulars have no preinjective component (so Z € mod-kQ(1)) we obtain:

Ry(n Rg(n Ry(n
(g- 1)FIodP( ) = de( ) = hpryn) = Z fgazszd( )
dimZ<dim P

_ P Rq(n)

=hpryny = 2, fzazs,
dimZ<dimP<dimR;(n)

Z without preinjective components

P’ Ry(n) _ P’ P’ dn _ d(n-1
=hpryy = 2 Frozsgt " = el = Ry Frympy = (@ =07 gan(0).
dimZ’<dim R} (n)<dim P’
Z" without preinjective components

2.3.7 The polynomials F},, where Opy = Jp = -2 and r is the symbol of a non-
homogeneous regular

Theorem 2.10. Suppose () is a tame quiver and Py, P are indecomposable preprojectives of defect —2

such that dimP — dimPy = dimR, where R is an indecomposable regular module taken from a non-

homogeneous tube such that P projects to the regular-top of R, thus (dim P, dimtop, R) # 0. Then ngo =
hn(q), wheren = | 5{dimPy, dimP)| and ho = 1, hy = X - 2 and forn > 2

B = X" —4(X" L —2X" 243X o ()" 2 (- 1) X) + (-1)"2n = fr = fro1 + (-1)"7L

Proof. Suppose () is a tame quiver and Py, P are indecomposable preprojectives of defect -2 and R is

a non-homogeneous regular indecomposable taken from a tube e such that dimP — dimF) = dimR.

Using a succession of reflection functors (corresponding to sinks) and symmetry, we can modify the
orientation of () such that it possesses a unique sink and P, is exactly the simple projective correspond-
ing to this sink. Note that during this process P and R is never transformed into a simple projective.

Indeed, the relation dimP = dimFy + dimR is kept even after reflections, so P can’t be simple. This

means that Ringel-Hall numbers, dimensions of homomorphisms and Euler products are not modified
by the reflection functors.

We will use again a specific preprojective orthogonal exceptional pair (P", P’) corresponding to
P. Such a pair will almost always exists (for the given orientation and context) and will be explicitly
given in Section C.1. Only in a few cases for some very small dimensions might happen that there
is no such pair. For these cases the corresponding Ringel-Hall polynomial will be obtained by direct
calculation.

We apply Proposition 2.8 for P, Py and X = R obtaining

1 U 1 !
F]]%DPO = Z FZIJ%P’F(]]DPOQU - Z F\I/%P”F\I/DPOQV
AR (U] AR [v]
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= S,(R,P',P",Py) - Sy(R,P",P', Py).

If the uniserial R projects on U (with QU = 1), then up to isomorphism U is either of the form I’ or of
the form R’ @ I/, where R’ is an indecomposable regular factor of R (it can be also 0), with the kernel
R also indecomposable (due to uniseriality) and where I’, I are indecomposable preinjectives of
defect 1 such that dim/p + dimR’ = dimI’ = dimR — dimP’.

So, using Proposition 2.1, Corollary 2.1, Corollary 2.2 and the previous results we get:

1 174 "
/ " R P R P
S1= Sg(RJD , P, Ry) = E(FI’P’FI’POO‘I’ + Z FR'eaIR,P'FR'@IR,POaR'®IRr)

[R']

1 R p R " 1z P, : I s

_ 1 (dimR’,dim/ ps

- E(FI'P/FI’POQI’ + [§ ]FR,R”FIR/P’FR’PIFIR/POq R >OZRIOZ[R,)
R

= 5topR,RP,(1,e)f(ch7mpo,di7mpﬂ)—1(Q)+

1 . 79 /AT T
+— > aR"aR'f(@PO,@P"—@R')—1(Q)q<@R AmPY-dimR~dimFo) ()
QR [R'],[R"]eTe indec.
0—-R"-R—R'—-0 exact
dimR">dimP’
topR"=Rpi(1,e)
topR'=Rprn(1,e)

Similarly,

SQ = Sg(R7 P"7 Pla PO) = 5tOpR,RP//(l,e)f(@Po,@P’)—l(q)+

1 e
+— > aR"aR'f<@Po,@P'—@R')—1(Q)q@*mR AP odimB-dimPo) - ()
QR [R'],[R"]eTe indec.
0—R"—>R—>R'-0 exact
dimR">dimP"’
topR""=Rpn(1,e)
topR'=Rpr(1,e)

In order to perform the explicit calculations based on the formulas above we need to look separately
to each tame case, since as presented in the preliminaries, the system of ranks of the regular non-
homogeneous tubes is different in the various tame cases.

In each tame case we will follow the steps below:

1. Consider the set P of all isomorphism classes of preprojective indecomposable modules P such
that:

(a) OP = -2,

(b) dimP-dimFy = dim R is the dimension of a regular non-homogeneous indecomposable R,

thus it takes the unique form 2dpd + o p, where 0 < op < 24 if nonzero is either a positive
real root or J; note that P projects to the regular top of R in case op is a positive real root,
however if op = 0 (or ) then the condition requiring P to project onto the regular top of
R is satisfied if and only if the module R taken from a non-homogeneous tube 7. of rank
m has regular length 2dpm (or (2dp + 1)m) and regular top RL(1,e) or R%(1,e) (see

Lemma 2.2).
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Let g = {op|[P] € P}, so it is the set of “remainders” modulo 2§ of dimP — dimFy. It is

important to note that X¢ will be a finite set.

For each o € Y denote by P, the preprojective indecomposable with dimP, = dimF, + o.
Define X(, = {0 € ¥¢| P, has an orthogonal exceptional pair} and X¢) = ¥q \ X,

For o € Eg?, thus in cases P, does not have an orthogonal exceptional pair (this might happen
only in a few cases for some very small dimensions), the corresponding Ringel-Hall polynomial

will be obtained by direct calculation.

Define for o € Zb
Po={[P]ePlop =0} ={[Ps(+2t))]|t e N}

and for o € Z'é
Poios = {[ Py (+2t8)]|t € N*}.

This separation of cases is done since in case o € X7, although P, does not have an orthogonal

exceptional pair, we will see that P,(+2d) possesses such a pair.

2. For 0 € ¥, and [P, (+2t5)] € P, the considered generic orthogonal exceptional pair will be
(P)(+td), PL(+td)), where (P.,P.) is a certain orthogonal exceptional pair of P, given in
Section C.1.

For 0 € ) and [P, (+2t3)] € Pyy26 (Where ¢ > 1) the considered generic orthogonal exceptional
pair will be (P”, o5(+(t — 1)), Pl o5(+(t — 1)0)), where (P! .5, P.,55) is a certain orthogonal
exceptional pair of P,(+29).

3. For elements in a class P, (or P,.25) using the generic orthogonal exceptional pair and the
formulas (x), (**) we can compute the Ringel-Hall polynomial by ngo = S4(R,P',P", Py) -
Sy(R,P",P', Py) = S1 — Sa.

We present in Section C.1 the detailed calculation based on the steps above in the case Eg. The other
tame cases follow an analogous, however much more lengthier path, so we will omit the details and
just list the final results in Section C.2.

The calculations above and their results confirm us that the assertion of the theorem is true. O

2.3.8 The polynomials F; , where dp = -2, Jip = 2 and r is the symbol of a non-

20
homogeneous regular

Theorem 2.11. Suppose () is a tame quiver, Iy an indecomposable preinjective of defect 2 and P an

indecomposable preprojective of defect =2 such that dim P +dimIy = dimR, where R is an indecomposable

regular module taken from a non-homogeneous tube such that (dimP, dim top, R) # 0. Then FI}(?P =
¢ 'hn(q), where (m —1)8 < dimR < md and n = [—%(di_mlg,di_mP)J.

Proof. Using a succession of reflection functors (corresponding to sources), renumbering of the vertices
and symmetry, we can suppose without loss of generality that Ij is the simple injective corresponding

to the source 1. Note that during this process P and R is never transformed into a simple projective
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(since we apply functors S;’). Also Ringel-Hall numbers, dimensions of homomorphisms and Euler
products are not modified by the reflection functors.

Next, we will use the functor ST : mod-kQ(1) - mod-ko1Q(1). Let P’ = S7(P), R’ = S{(R) (R’
being non-homogeneous regular indecomposable) and note that dim R’ - dim P’ = o (dimR-dimP) =
o1(dimly) = —-dimP;, where P} is the simple projective in mod-ko() corresponding to the sink 1.
Using Proposition 1.4 and the fact that submodules of regulars have no preinjective component (so
Z € mod-kQ(1)) we obtain:

R R P R
(¢-V)Fpp=mp=hpr— Y. [frazsy
dimZ<dimP

P R
=hpr— Y. fzazs}
dimZ<dimP<dimR
Z without preinjective components

P’ R’ P’ P’ m-1
= hle/ - Z fZ’ Qy'Syr =€ = aR/FR,P(; =q (q - 1)hn(q),
dimZ’<dimR'<dim P|
Z'" without preinjective components

since R’ has the same regular-length as R and also

(dimly, dimP) = (o1 (dimlp), o1 (dimP)) = (-dim Py, dim P’).

O]

Remark 2.1. (a) We have noticed that for the discrete type Ringel-Hall polynomials we have
fn(1) = hy(1) = (=1)™. This happens also in the Dynkin case (observed by Ringel in [42]). How-
ever, for the continuous type Ringle-Hall polynomial family g4, (1) = 2(~1)% and g40(1) = 1.

(b) We verified via a computer program that the polynomials f,, are irreducible (as integer polyno-

mials) up to a very high degree. However we do not have a proof in general for the irreducibility.
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Chapter 3

Ringel-Hall polynomials in GR theory

Ringel-Hall polynomials appear in various contexts: as mentioned before, they are the structure con-
stants of quantum groups, they are used in the theory of cluster algebras and they can also be used
successfully to investigate the structure of the module category. In [45] Ringel used Ringel-Hall poly-
nomials over Dynkin quivers (thus of finite representation type) to reprove Bo Chen’s theorem, which
states that in the Dynkin case the GR factor and the GR submodule form an orthogonal exceptional
pair. Extending Ringel’s idea to tame quivers, the results of this chapter published in [57] describe
properties of the Gabriel-Roiter submodules of some specific modules over Euclidean quivers, using
tame Ringel-Hall polynomials in the proofs.

We will refer to Section 1.11 for all the basic definitions of GR theory.

Let () be a simply-laced acyclic tame quiver, k a field and consider the module category mod-kQ).
Let 2 be a positive real root with negative defect. Throughout this chapter we will denote by P*(z)
the (up to isomorphism) unique indecomposable preprojective of dimension x.

In the first section (Theorem 3.1 and Theorem 3.2) we prove that the GR inclusions in preprojective
indecomposables and homogeneous modules of dimension ¢ as well as their GR measures are field
independent. A similar result for Dynkin quivers was obtained by Ringel in [45]. More precisely, our
first theorem asserts that the GR measure of P¥(y) is independent from k. Moreover, if P*(z) -
P*(y) is a GR inclusion, the roots a depend also only on the root b and not on k. The second theorem
claims that GR measures of non-isomorphic homogeneous modules of dimension § are equal and field
independent. For a GR inclusion P¥(z) < R, where R is homogeneous of dimension §, the root a is
independent from k and also from the isomorphism class of R. In order to prove these theorems we
use Ringel’s ideas from [45], Bo Chen’s results from [13], Ringel-Hall polynomials from the previous
chapter and results from algebraic geometry.

As an application of the theorems above we will prove in the second section a result by Bo Chen
in [15] in a more general context: our result is valid also for the case Es (this case is missing from [15])
and it is field independent (in [15] & is algebraically closed). More precisely we prove in Theorem 3.4
that a GR submodule P of a homogeneous module R of dimension ¢ has defect —1. As a consequence
we obtain a Kronecker pair (R/P, P) and in this way we can embed the module category of the Kro-
necker algebra into mod-kQ), by sending the simple projective to P and the simple injective to R/P

(see Section 1.10). The proof of the theorem above follows the idea of Ringel from [45]: one compares
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all possible Ringel-Hall polynomials listed in Section 2.2 with the special form they take in case of a GR

inclusion.

3.1 GR measure of preprojectives and homogeneous modules of di-

mension ¢

The first aim of this section is to prove that the GR inclusions in preprojectives are field independent. In
particular the GR measure of preprojectives is also field independent. A similar statement is true for all
the indecomposables in the Dynkin case (see [45]). Our approach for the tame case uses Ringel’s ideas
from [45] but also introduces some new concepts. Note that contrary to the Dynkin case, we cannot
use Schofield short exact sequences.

First, we consider some conventions. Consider a representation M of dimension x = (z;);eq, such
that its linear application k() — k*h(e) corresponding to the arrow « is given by the matrix A, (in the
canonical basis). An endomorphism of this representation (using the canonical basis) can be identified
with a collection (X;);eq, of square matrices X; of dimension x; which satisfy the relations AaXt(a) =
Xh(a)Aa- These relations induce a homogeneous linear system of equations with the unknowns being
the elements of X;. Denote by Aj; the matrix of this system. Trivially we have dim; End(M) =
corank Ajy.

Let k be a field with prime field kg, = a positive real root such that dx < 0 and P*(x) the prepro-
jective indecomposable representation over k with dimension = (unique up to isomorphism). In case
we use the representation P () over the prime field kg of k, we agree that the representation P* ()
is constructed in the following way: for a € )1 consider the linear application k*#(¢) — k*h(e) having

Th(a)
ko

the same matrix in the canonical basis as the linear application /{:Ot(a) - in the representation

P*(z). Note that P¥(z) is an indecomposable representation over k of dimension z (since A Pk(z) =
Apro () s0 dimy End(P*(z)) = corank Apr () = corank Apry,) = 1 = dimyg End(P*(z))). A
second convention is that if we use the rational representation P2 (z) with rational matrices corre-
sponding to the arrows (in the canonical base) A,, then for a big enough prime p the representation
PF»(2) has matrices A, mod p. Note also that this representation P (x) is indecomposable for p big
enough.

The conventions above and the fact that a rational matrix taken modulo a big enough prime keeps

its rank imply the lemma below.

Lemma 3.1.  (a) If there is a monomorphism P* (z) — P*o(y) then there is a monomorphism
Ph(z) » PH(y).

(b) If there is a monomorphism P(x) — PQ(y) then there is a monomorphism PFr(x) - PFr(y)
for a prime p big enough.

The next lemma is a straightforward generalization of the corresponding result by Ringel in the
Dynkin case (see [45]).

Lemma 3.2. Ifthere is a GR inclusion P*(z) — P¥(y) then there is a monomorphism P* (x) - P (y).

Using the existence of Ringel-Hall polynomials in the tame case we obtain:
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Lemma 3.3. If there is a monomorphism P*(x) — P¥(y) for k finite then there is a monomorphism
P¥ (2) — P¥ (y) for k' finite and |k'| big enough.

Proof. Denote by a the decomposition symbol of the cokernel in the monomorphism P*(z) — P¥(y).

Using Theorem 1.1 there is a rational polynomial F5, such that for any field ¥’ with ¢’ > ¢ elements
k}l

Fi.(q) = 2 AeS(ak) Ffpk(le). Due to our condition, Fiy, is a nonzero polynomial, so for ¢’ big enough

FY.(q) is also nonzero. This implies our statement. O

Using all the lemmas above we obtain the proposition below.

Proposition 3.1.  (a) Consider a field k and its prime field ko. Then u(P* (z)) = p(P*(x)), moreover
we have a GR inclusion P* (x) - P*(y) if and only if we have a GR inclusion P*(z) - P*(y).

(b) Consider two fields k, k' with prime characteristic and a third field k" of characteristic 0. Then
w(P*(2)) = w(P¥ (2)) > p(P* (2)) = n(P%(x)), moreover we have a GR inclusion P*(z) —
P*(y) if and only if we have a GR inclusion P¥' (z) — P¥ ().

Proof. (a) If u(P*(z)) = {n1, ...,n;} then (using the fact that submodules of preprojectives are prepro-
jective) there is a sequence of GR inclusions P¥(z1) — ... = P¥(x;) = P*(x) with [P*(2;)| = n;. By
Lemma 3.2 there is a chain of monomorphisms P (z1) — ... - P*0(z,) = P*o(z) with |P* ()| = n;.
It follows that u(P*(z)) < u(P*(z)). In the same manner, using Lemma 3.1 (a) we obtain that
p(P* (2)) < p(P*(2)), so u(P*(x)) = p(P*(2)).

Suppose now that we have a GR inclusion P*(x) — P*(y), so u(P*(y)) = u(P*(x)) u {|y|}.

Then by Lemma 3.2 we have a monomorphism P*(z) - P*0(y). Moreover, using the first part of our

statement we have u(P* (y)) = u(P*(y)) = u(P*(x)) u{ly[} = p(P*(z)) u{ly
we have a GR inclusion P () - P*(y). Conversely we proceed in the same way.

}, which means that

(b) Using (a) we have u(P2(2)) = u(P*'(x)). Suppose that char k = p and char k’ = ¢. Then again
by (a) we have pu(P*(z)) = p(P(2)) and u(P¥ (z)) = w(PFe(z)). Using Lemma 3.3 one gets that
(PP (x)) < u(P ¢ (z)) for I big enough. But as before (P ¢! (z)) = p(PFe(z)), so u(PFr(x)) <
p( P (2)), which implies (changing p with q) that u( P*7(2)) = u(P¥e(z)). By Lemma 3.1 (b) we get
that 1(P@(z)) < u( P (x)) for a big enough prime 7.

Suppose now that we have a GR inclusion P*(z) — P*(y), so u(P*(y)) = u(P*(z)) u {|y|}.
Then by Lemma 3.2 we have a monomorphism P*#(z) - PFr(y), so by Lemma 3.3 we also have a
monomorphism Pl () —» P (y) for I big enough. Moreover, using the first part of our statement
we have (P e (y)) = p(PF(y)) = p(P*(2)) u{|y|} = w(P" (z)) u{|y|}, which means that we have
a GR inclusion P"¢ (z) - P "¢ (y). By Lemma 3.2 and Lemma 3.1 (a) this implies a monomorphism
P¥(2) > P¥ (y) which is in fact a GR inclusion, since u(P¥ (y)) = w(P*(y)) = uw(P*(x)) u {ly|} =

(P () v {lyl}-
O

The proposition above and Proposition 1.9 together imply:
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Proposition 3.2. Let k' be a finite field with ¢ elements. If we have a GR inclusion P¥ (z) — P¥ (y)
then there is a prime power qq such that for every finite field k with q > qo elements it is true that

Pr(y) "-q

_ s( h-s-1
Pk(x)_ q—]. _q(q +

u et g+ 1),

where h = dimy, Hom(P*(z), P*(y)) > s = dimy, Sing(P*(z), P*(y)) are field independent.

Proof. By Theorem 1.1 there is a rational polynomial f = 3, Fiy,, where o runs over all decomposition
symbols of dimension y—x. We also know that there is a prime power ¢o such that n, (q) = |S(c, k)| 0
for all decomposition symbols « of dimension y — = and every finite field k with g > ¢ elements.

Since we have a GR inclusion P¥ (z) - P¥(y) then using the proposition above we have a GR
inclusion P*(z) - P*(y) for every finite field k and by Proposition 1.9 (e), ()

PhE(y) _

Upk(z) =

(T g+ 1),

where h = dimy, Hom(P*(z), P*(y)) = (z,y) is field independent (preprojectives being directing) and
k

sy = dimy, Sing(P*(2), P¥(y)). Obviously we also have that uikggyc; = f(q) for a finite field & with

q > qo elements. Since sy, < h, there is a value s < h such that

Pk (y)

h-s-1
Uph(z) = (@ + o +g+ 1)
for infinitely many values g, but this means that f = X )h(__)l( ° O

Our next proposition uses the geometrical Lemma 1.15.

Proposition 3.3. If there is a GR inclusion P*(x) — P*(y) for a finite field k, then there is a monomor-
phism P®(z) - P€(y).

Proof. Due to Ringel (see [36]) we know that PC(z) and PC(y) are tree modules, so we can suppose
that the matrices corresponding to the arrows contain only 0 and 1. These representations exist also
over (Q and modulo p (with the same matrices) in case p is a big enough prime. We fix such a p from
now on.

Define X = {N € mod-QQ | N < POy),N
mod-QQ | N < PY(y), dimN = z, dimy End(N)
subvariety of the quiver Grassmannian G7,(P%(y)) = {N € mod-QQ | N < PQ(y), dimN = z}. One
can also see that X has in fact a Z-form (see [47]) and in this way X (F,.) = {N € mod-F,Q | N <
P (y), N = P (2)}.

Since we have a GR inclusion P*(z) - P¥(y) for a finite field k, then using Proposition 3.2 we

112

PR(z)}. Since we have that X = {N «
1}, one can see that X is a (locally closed)

obtain for p big enough that

F
[ X (F,)| = uPFpl W) 2 pls(plh=s=1 4 4 pl 4 1),
P p ()

so using Lemma 1.15 we have that x (X (C)) # 0 which means that there is a monomorphism P®(z) —
PE(y). O
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Putting together all the pieces from above, we obtain our first main result:

Theorem 3.1. Consider two fields k, k'. Then u(P*(x)) = w(P¥ (2)), moreover, we have a GR inclusion
P¥(z) - P*(y) if and only if we have a GR inclusion P* (z:) - P¥ (y).

Proof. By Proposition 3.1 it is enough to consider the case when & has characteristic 0 and k' charac-
teristic p. We know already that u1( P*(z)) < u(P*¥ (z)). Conversely, by Proposition 3.1 and Proposi-
tion 3.3 we have u(P¥ (2)) = u(P™ () < w(PC(z)) = w(PY(x)) = u(P*(x)). The second part of

the statement follows in the same manner as in the proof of Proposition 3.1. O

We consider now regular homogeneous indecomposable modules of dimension § denoted simply
by R*(a) (instead of R¥(1,a)), with a € Hj,(k). We will prove that the GR measure of R*(a) and also
the GR inclusions in R*(a) do not depend on a and on the field k.

For the proof of the second main theorem we need the following result from [13].

Lemma 3.4. ([13]) If P is a preprojective indecomposable and R* () is a homogeneous module of dimen-
sion, & then p(P) < p(R¥(a)). Moreover, if |P| < || then there is a monomorphism P — tR¥(a) for
somet € N*, so P is cogenerated by R*(a).

Theorem 3.2. Consider the fields k, k" and the points a € Hy,(k), o’ € Hy (k'). Then we have u( R*(a)) =
1(R¥ (a")). Moreover, we have a GR inclusion P*(z) — R*(a) if and only if we have a GR inclusion
P¥(z) - R (a").

Proof. Suppose that u(R*(a)) < u(R¥ (a')) and denote by P*(z) and ¥ P(2") the GR submodules of
R*(a) and R¥ (a’). On one hand we have that j(P*(z)) u {|6]} < uw(P¥ (2")) u {|6]} which implies
1(P*(z)) < u(P¥(2')). On the other hand using Theorem 3.1 and the proposition above we get
u(P¥ () = u(PH(a")) < w(R¥(a)) = p(P*(x)) u {6
1(P*(x)) and ;u(P*¥ (")) are smaller then |d].

Suppose now that we have a GR inclusion P¥ (z) - R¥ (a’). This means, using the results above,
that 1(R*(a)) = w(R¥ (a')) = w(P¥ (z)) u {|6]} = u(P*(x)) U {|6]}. So one can see that u(R*(a))
starts with ( P*(z)).

Since |P*(z)| = |P¥ (2)| < |0], it follows by Lemma 3.4 that there is a monomorphism P*(z) —

}, a contradiction, since all the lengths in

tR*(a) for some ¢t € N*. But then using Proposition 1.9 (c) it follows that there is a monomorphism
P*(z) - RF(a). However, u(R¥(a)) = u(P*(z)) u {|6

}, so this monomorphism is a GR inclusion.

O]

The following corollary clarifies the form of the Ringel-Hall polynomial corresponding to the GR
inclusion P*(z) - R¥(a).

Corollary 3.3. Let k be a finite field with q elements. Then ugzgz)) =F)  (q)= qu:qs where —0x =

(z,6) > s = dimy, Sing(P*(z), R*(a)) are field independent and independent of .

Proof. Since we have a GR inclusion P*(z) - R¥(a) then the factor is indecomposable, so it is iso-

morphic to I*(J - x). By Theorem 1.1 there is a rational polynomial F{ _ such that FY _ (q) =
k
F IRk (((;i)a:) Ph(z)’ Since by the previous theorem the GR inclusions in R*(a) do not depend on @ and on the
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field k, we obtain using Proposition 1.9 (f) that for ¢ big enough F 55_ NOE q—3;__1q8k (with s, < —0x),

-0z _ 8
which means that there is a value s such that for infinitely many values ¢ we have F g_x @) =12 q—lq .
5 _ X—az_Xs
But then F57ZI =T x1 - O

3.2 The defect of GR submodules in homogeneous modules of dimen-

sion J

As an application of the results from the previous sections, using Ringel’s idea from [45] we can prove
the main result from [15] in a more general setting: the result is valid also for the case Eg (this case is

missing from [15]) and the base field k is arbitrary (in [15] k is algebraically closed).

Theorem 3.4. Let Q be a tame quiver with minimal radical vector §. If R is a homogeneous module
with dimension § and P a GR submodule, then P has defect —1. As a consequence the pair (R/P, P) is a

Kronecker pair.

Proof. Since in the case A,, the defect of a preprojective indecomposables is always —1, we suppose that
@ is not of type A,,. Wehave P = P* (), where z is a positive real root with 9z < 0. Using Theorem 3.2
it follows that P*(z') - R* (a’) is a GR inclusion for any field &’ and any point a’ € Hy (k). By
Corollary 3.3 this means that F’ gim = %. But we also know from Theorem 2.5 that F’ 557 vz = f-02-
Comparing the polynomials one can see that 0z = 1.

Since R/P is indecomposable preinjective of defect 1, the second assertion follows using the ob-

servations in Section 1.10. O

Using Section 1.10, note that if P = P¥(z) is a GR submodule in a homogeneous module R of
dimension §, then R/P = I*(§ — x) and the pair (I¥(§ - ), P¥(z)) exists and remains a Kronecker
pair even in the case when the field has 2 elements and the quiver is not of type A,, (so we do not have

homogeneous modules of dimension J).
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Chapter 4

Cardinalities of Kronecker quiver Grass-
mannians

Let K be the Kronecker quiver (see Section 1.5), k a finite field with ¢ elements and # (kK') the rational
Ringel-Hall algebra of the Kronecker algebra (see Section 1.8).
For any module M € mod-kK, and any e = (a,b) in N?, we denote by Gr.(M )}, the Grassmannian

variety of submodules of M with dimension vector e:
Gre(M) = {N e mod-kK|N < M,dim(N) = e}.
Then using the Ringel-Hall numbers F'}}, we have that

|GTE(M)]€|: Z F)]g[%
[X1,[Y]

dimY'=

The Grassmannian cardinalities above play an important role in the theory of cluster algebras and
quantized cluster algebras (see [20, 21, 6, 5, 11]).

For M indecomposable (excepting some regular ones) Gr.(M )y, is the set of k-points of a corre-
sponding variety Gr.(M) defined over Z. Denote by Gr.(M )¢ the set of C-points of this variety. It
is known (see Lemma 1.15) that if there exists a polynomial p, s with integral coefficients such that
|Gre(M )| = pe,m(q) for infinitely many prime powers g, then the Euler-Poincaré characteristic (with
compact support) of Gr.(M)c is given by x(Gre(M)c) = pe,m(1).

In [12] Caldero and Zelevinsky describe explicit combinatorial formulas for the Euler-Poincaré char-
acteristics x(Gre(M )c) whenever M is indecomposable.

Using the Ringel-Hall algebra approach and reflection functors we obtain specific recursions for the
Grassmannian cardinalities (see the Chapter 1). Combining these with the g-analogue of Nanjundiah’s
identity (see the preliminary chapter, Proposition 1.1), we deduce in the second section explicit combi-
natorial formulas for the cardinalities |Gr. (M )| whenever M is indecomposable. These formulas im-
ply directly the existence of polynomials p. ps with integral coefficients such that |Gre (M )| = pe,a(q).
We realize in this way a quantification of the formulas by Caldero and Zelevinsky. In the last section

we show that our recursions provide an algorithm for computing the cardinality of every Kronecker
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quiver Grassmannian over a finite field. All these results were published in [55].

4.1 The recursions

Recall from Section 1.9, Remark 1.5 that mod-k K (i) is the full subcategory of modules not containing
the simple module corresponding to the vertex i as a direct summand and 7% = S, T~ = S5 induce
exact quasi-inverse equivalences between mod-kK (1) and mod-k K (2). Let a, b € Z. We introduce the

following notations:

o for M € mod-kK

ANy =Gy (M)l = Y Fyys
[X].[Y]
@Yz(avb)
« for M € mod-kK (1)
Bé\j[b = Z F)]yy;
[X].[Y]
dimY'=(a,b)

X,Yemod-kK (1)

« for M € mod-kK (2)
(X1,[Y]
dimY'=(a,b)
X,Y emod-k K (2)

The sums A%, B é”b, Céwb are considered to be 0 if they are empty. In particular they are 0 if a < 0
or b < 0. Also notice that if dimM = (m,n) then A%) = B% = C%, =0fora>morb>n.

Proposition 4.1. Suppose that up to isomorphism M = sS(1) @ M' @& tS(2) with M’ € mod-kK (1) n
mod-kK(2). Leta,beZ,l =a—b and dimM = (m,n).
(a) We have that

A]Wb _ Z (m—a+c) BMI{BtS(Z) _ Z (m—a+c) CT+(M'€BtS(2))

=, c a—c,b = ¢ a-l,b-l+c ’

the sum being finite.

(b) We have that
b+d / b+d - /
M _ S(HeM' _ T-(sS(1)eM')
Aa,b - Z ( d ) CZ,b+d—t - Z ( d ) Ba+l—sd+t7b+l ’
deZ q deZ q

the sum being finite.

Proof. (a) If b < 0 then trivially

M m=—a+c\ M etS(2) m=—a+c\ 7" (MetS(2))
Agp = Z ( )qB = Z ( )qcb,bHc =0.

a-c,b
ceZ c ceZ, c

M'atS(2)
a—c,b

If a < 0 we have A% = 0. Then Y.y (m_é”c)qB = 0 because (m_‘”c)q = 0 for ¢ < 0, while

for ¢ > 0 we have a — ¢ < 0 so BM®S®2) _ o we also have ez (m*““) o1 (M'8t5(2))

a—c,b c q  b2b-a+c = 0 because
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(m7a+c)q = 0 for ¢ < 0, while for ¢ > 0 there is no Y € mod-kK (2) with dimension (b,2b — a + ¢) (see

C

Remark 1.5) so ol (MetS2) _

a—1l,b-l+c
Consider now the case a, b > 0. Firstly notice that if Y, € mod-kK (1) then by Lemma 1.4, Lemma 1.8
and Remark 1.3 we have [¢S(1)][Y:] = [¢S(1) @ Y.], so FCZSU)YC =1for [Z] = [¢S(1) @ Y] and
FcZS(l)YC = 0 in all the other cases. Then observe that ¥ x) F'% S(1) = HU < ZIU = ¢S(1)}] =
|Gro (K™ )| = (m_c(”c)q for Z = (k™ ¢ k" f,g), since a submodule U < Z, U = ¢S(1) has

the form U = (V,0;0,0) with V subspace in £~ %*¢ and dim;V = c.

IN

1R

A

Using the associativity of the Hall product we obtain:

Agv= Y Fy =Y Y Fiusaer, 'l
[X],[Y] 20 [X],[Ye]
dimY'=(a,b) dimYe=(a-c,b)
Y.emod-kK (1)

=Y > Pz Fiaw.=Y. > Fiusa v

20 c[X],[Yc],[Z] 20 [X],[Ye] [Z]
dimY.=(a-c,b) dimY.=(a-c,b)
Y.emod-kK (1) Yc.emod-kK (1)
A M m-a+c M
=2 2 (ZFXCS(l))'FZYfZ( ) 2 Py,
0 [vl[z]  [X] 0t € e [v][7]
dimY,=(a-c,b) dimY.=(a-c,b)
dimZ=(m-a+c,n-b) Ycemod-kK (1)

Y.emod-kK (1)

m-a+c / m-a+c '
=R (MTI) T EREe ey (M) B,
20 ¢ 7 [Y][2'] ceZ ¢ q ’
dimY.=(a-c,b)
Y., Z' emod-kK (1)

Here we have used the following: if F%,C = F;f/gl)@M,@tS(Q) # 0 then since Y, € mod-kK (1) it follows

that Y. embeds only in M’ & t5(2) (see Lemma 1.4, Lemma 1.8),s0 Z = sS(1) ® Z' with 0 - Y, —»
M'®tS(2) > Z' - 0 exact, Z' € mod-kK (1) (because M’ @ ¢S(2) does not project on S(1)) and in

. S(l)yeM'etS(2 M'etS (2
this way F;YE ) @ Fyny, @),
To prove the second equality we will use the functor 7*. By Lemma 1.10 we have that Bé\{;eztS(Q) =
T+H(M'etS(2))
C'a—l,b—l+c
(b) The proof is the dual of the previous proof.
O]

We can state now the recursion theorem for the numbers Ag/[b.

Theorem 4.1. Suppose that up to isomorphism M = sS(1) & M' & tS(2) with M’ € mod-kK (1) n
mod-kK (2). Leta,be Z,l = a—b and dimM = (m,n). We have the following recursions:

(a) AC% =Y qc(b‘“c)(m;%)qA:‘:jl(é\ﬂfzS(z)), the sum being finite;

(b) A% =Y qd(2m—n—a—l+d)(2a*2m+n) AT (sS()eM”)

4 o Aari-artbil o the sum being finite.
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|G 4,5y (M )| with M indecomposable

Proof. (a) Using the previous proposition and the fact that 7" (M’ @ ¢t5(2)) € mod-kK (2) we have

M m-a+c TH(M'®tS(2))
Aa,b - %( ¢ C(a—l,b—l+c ?
ce q

T+H(M'etS(2)) _ b-l+c+d\ 1+ (Mets2))
Aafl,b—lJrc - [é ( d qcafl,b7l+c+d '

Let u = ¢ + d. Using Lemma 1.1 (c),

c(b=l+e) (M= 20\ T+ (MatS(2 clbatre) (M= 2D\ (b=1l+c+d\ T+ (m'ets(2
> ¢ +>( ) )Aa—l(,b_l+c())= dzzq< +>( ) )q( ' )Ca_sz_z+c+§ )
c,de

clbatrer [ — 2D\ (b—1+u (M'otS
s () () g

ueZ cel c u-=c

m-a+u TH(M'etS(2 M
= Z ( u ) Ca—lfb—l+u @) - Aa,lr

ceZ

ueZ

(b) Using the previous proposition, Remark 1.5 and the fact that 77 (sS(1) @ M') € mod-kK (1) we

have bed
M + T (sS(1)eM’
Aa,b = Z ( d ) Ba+l(—d+(t,lz+l )7
deZ q
AT (sS(DeM") _ 5 (2m -n-a-l+d+ C) BT (ss(em)

a+l—d+t,b+l c a+l-d+t-c,b+l *
ceZ

Let u = ¢ + d. Using Lemma 1.1 (c),

3 gi(zmn-a-isd) (2(1 —-2m+ n) T-(sS(L)oM’) _

a+l—d+t,b+l -
d q

deZ
= z qd(Zm*”*a*Hd) 2a-2m+n\ (2m-n-a-l+d+c BT (ss()eM’)
c,deZ d q 15 a+l—d+t—c,b+l
2a-2m+n\ 2m-n-a-1l+u _ ,
= d(@m-n-a-l+d T (sS(1)oM’)
) %(a%q g )( d )q( u—-d ) Ba+lfsu+t,b+l
ue €
b+u) L7 (ss(eM’) _ M
- %( U )qBa+lSu+t,b+l =Agp
ue

4.2 Formulas for the cardinalities AY, = |Gr ;) (M);| with M inde-

composable

Letn € N, a, b € Z. Using the recurrences from the previous chapter we will provide closed formulas for
Ai b Agfb and Aigt’x) (where P, is indecomposable preprojective, I, is indecomposable preinjective
and R(t,x) is indecomposable regular homogeneous with quasi-lenght ¢ and with x € Hy (%), thus of

degree degx = 1).
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|Gr () (M) %| with M indecomposable necker quiver Grassmannians
0 fora<0orb<0
Theorem 4.2. Ai}; =|Grap) (Po)el =11 fora=b=0
1-b -1 .
(ni1a)g(a%po),  otherwise

Remark 4.1.  (a) Using the definitions and Lemma 1.1 (a) notice that (nﬂ*b)q( arl )q =0 for 0 <

n+l-a a-b-1
a<bfora>n+1,forb>n,forb<0<a.

(b) In the recursions from Theorem 4.1 we will have nontrivial Gaussian coefficients (Z)q with a < 0.
For example using Theorem 4.2, the previous remark and the recursion from Theorem 4.1 (a) we
have that

(1) (1) = 465 = Zeez 0" () A = (6), A0 + (1) 425
- (0),),0),+¢°(),(),6), = (),0), + D), 6), = (),6),
Proof. Induction on n. For n = 0 we have that Ai% = 1 when (a,b) = (1,0) or (a,b) = (0,0) and 0
otherwise so using the previous remark we can see that the formula is true.

Suppose now n > 1. Then trivially Af’;) =0fora<0orb<0and Ag}‘) =1 so we only need to look
at the case a,b >0, (a,b) # (0,0). Let [ = a — b. Using Theorem 4.1 (a) we obtain the recursion

-2b+1
AP _ qc(b—l+c)<n ) APn-1
a,b Z q

a-1,b-l+c¢’
ceZ. ¢

the sum being finite.
Using Remark 4.1 and the induction hypothesis notice that if b > 0 (and a > 0) then

P, P, n-2b+a-c b-1
Aa—l,})—l+c = Ab,?bia+c = ( n->o )q(a —b-c-1 q’

so denoting by u = a—b—c—1, using the previous recursion and the ¢ analogue of Nanjundiah’s identity

(Proposition 1.1) with the entriesp=a-b-1,m=n+1-a,u=n+1-band v = a - 1 we get:

ab a-l,b-l+c
ceZ, ¢

_Z C(Qba+c)(n—2b+1) (n—2b+a—c)( b-1 )
_cezq c q n-b g\a—b-c-1/,
B Z (a—b—u—l)(b—u—l)( n-2b+1 ) (n—b+1+u) (b—l) _(n+1—b) ( a-1 )
_UGZq a-b-u-1/4 n->b N vty \nrl-a)\a-b-1),

If now b =0 (and n + 1 > a > 0) then trivially

APy 23 qc(b—l+c)(n —-2b+ 1) APn-1

P, P, n+1 n+1-0 a-1
AP = FXaS(l):( ) ) :(n+1_a )
[X] q q q
If b=0and a > n + 1 then trivially Af % = 0 (see Remark 4.1 (a)). O
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|Gr () (M) %| with M indecomposable necker quiver Grassmannians
0 fora>norb>n+1
Theorem 4.3. AI" |G7(ap)(TIn)k] = {1 fora=n,b=n+1

(Z:Z)q(azl)q otherwise

Remark 4.2. Using the definitions and Lemma 1.1 (a) notice that (Z:z)q(agl)q =0fora<b, fora<0,

forb<0,fora>nandb<n+1.

Proof. We just dualize Theorem 4.2. More precisely reversing the arrows in the Kronecker quiver we
have that

Ay =G (ap) (In)k| = > F)I("Y = > F)I(D?/
[X],[Y] [X].[Y]
dimY =(a,b) dimX=(b,a)
= Z F)I?;’ = |Gr(n+l—b:”—a)(P”)Fq| = Af:l—b,n—a’
[X1.[Y]

dimY=(n+1-b,n-a)

Lemma 4.1. Lett € N*, a,b € Z and x,x’ € Hy (k). Then we have:
(a) AR(M) 1forO<a<t;
(b) AT =0 foro<a<bst;

) AR(t x) _ Aigt7x,)-
Proof. (a) Suppose dimY" = (a,a), a > 0 (so the defect is 0) and Y embeds into R(¢,x). Then using
Lemma 1.4, Lemma 1.8 and the uniseriality of the regulars one can see that Y must be of the form
R(t',x) with 0 < t' < t. So it follows that for 0 < a < n, we have AR(t 2) - Fg((;’,x) , ~ = 1. The rest
@) R(t )
of the statement follows easily.

(b) IfforO<a<b<t Afl()t’x) > 0 this would mean that there is a module Y of dimension (a, b) which
embeds into R(¢,x). But a < b means that the defect Y > 0, so Y must have a preinjective component.

Using Lemma 1.4, Lemma 1.8 one can notice that we can’t embed a preinjective into a regular module.

(c) Using Lemma 1.4, Lemma 1.8 and the uniseriality of regulars, observe that for F)}?}(f’x) # 0 the
modules X, Y can contain at most a single regular direct component which is of the form R(t,x).
Permuting the points of Hy (k) the assertion follows.

O

Theorem 4.4. Lett € N*, a,b € Z and x € Hy (k) (thus of degree 1). Then we have

fora<0orb<0

(t_b) (aib)q otherwise

t—alq

A < |Gr (g gy (R, )il =
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Remark 4.3. Using the definitions and Lemma 1.1 (a) notice that (tib)q( . )q =0fora<b,fora>t,

t-a/g\a-b
forb>tand (;77) (,%,), = 1for0O<a=b<t.

Proof. Using the previous remark observe that the formula is trivially true whenever a < 0 or b < 0 or

a>torb>t. Also when b=0and 0 < a <t then trivially
t t-0 a
g (210,
a,0 < X aS(1) alg t—aqa—Oq

Using Lemma 4.1 one can see that the formula is true in the cases0 <a=b<tand0<a <b<t.
So we only need to consider the case 0 < b < a < t. Let ]l = a — b. Using Theorem 4.1 (a) and

Lemma 4.1 (c) we obtain the recursion

ARte) _ > qc(b7l+c)(t - 25) AR(2)
¢ Jq

a,b a-1,b-l+c’
ceZ

the sum being finite.

We proceed by induction on a. Using the recursion and the considerations above for a = 2 <t we

t—2 t—2 t t—2 t—1 2
A= 5o (07) A =(007) (), o(0), = G) ),
21 éq c ql’C 0 q1q+q L /g \t=2/4\1/4

Let now 3 < a <t and 0 < b < a. Using Remark 4.3 and the induction hypothesis notice that

R(ta) _ 4R(tax) _ [U— 2b+a-c b
Aa—l,b—l+c - Ab,2b—a+c - ( t—b N\a— b—c q7

have

so denoting by u = a — b — ¢, using the previous recursion and Proposition 1.1 with the entries p = a — b,
m=t—a,u=t-band v = a we get:

ARI()t"”) -y qc(b—l+c)(t - 25) ARt

2 c a—l,b—l+c
ce

_Z c(2b—a+c)(t_2b) (t—2b+a—c)( b )
_CEZq Cc q t—b q a—b—cq
-3 (a—b—u)(b_u)( t—2b ) (t—b+u) (b) _(t—b)( a )
_ueZq a-b-ulg\ t-b quq_ t-al,\a-b/,
O]

We can see from the previous theorems that in the cases M = P,,, M = I, or M = R(t,x) for
x € Hy(k), the cardinality |Gr.(M )] is a polynomial with integral coefficients p. as(g). Also notice
that in these cases Gr. (M), is the set of k-points of a corresponding variety Gr. (M) defined over Z
(since the matrices of these representations are given by zeros and ones). Denoting by Gr.(M )c the
set of C-points of this variety it follows by Lemma 1.15 that x(Gre(M)c) = pe,m(1).

For k = C we can consider the complex path algebra CK of the Kronecker quiver and the category
mod-CK. For e € N? we denote by Gr.(M(C)) the Grassmannian variety of all submodules of di-
mension e in M (C). Then we will have Gr¢(M )c = Gr(M(C)) and so x(Gre(M(C))) = pe.m(1).
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Using that (2)1 = () we obtain:

0 fora<0orb<0
Corollary 4.5 ([12]).  (a) x(Grap)(Pu(C))) =41 fora=b=0 ;
(rize) (k) otherwise

0 fora>norb>n+1
(b) X(GT(ab)(I (€))) =11 fora=n,b=n+1 ;

) (‘”1) otherwise

fora<0orb<0
(t_b)( @ ) otherwise

t—a/ \a—-b

(©) x(Gry(R(t, z,C))) = , where x € H¢(C) = IP’}C =Cu{oo}.

4.3 Arecursive algorithm for the cardinalities AM |G (q.0) (M) | with
M arbitrary

Let M € mod-kK arbitrary and suppose dimM = (m,n). We know that up to isomorphism M =
P& R&I,where P (respectively I, R) is a module with all its indecomposable components preprojective
(respectively preinjective, regular). We also know that A% =0fora<0orb<0ora>morb>n.

Applying the recursion from Theorem 4.1 (a) after a finite number of steps Ai ORS! js reduced to
a finite number of cardmahtles of the form AR, ?I Applying the recursion from Theorem 4 1 (b) after
a finite number of steps AR, 25, is reduced to a finite number of cardmahtles of the form A%, o b" Using
the arguments from the proof of Lemma 4.1 (b) we can see that A a”,b" =0 for a”’ < V" so applying the
recursion from Theorem 4.1 (a) after a finite number of steps Aﬁiib,, with @’ > 0" > 0 is reduced to a
finite number of cardinalities of the form Aa/x,a///

Suppose R = @™ R(\',z;), where A" are partitions, ; € P!(k) are pa1rw1se different closed
points with degree degz; and ¥, deg z;|\!| = n so dimR"”’ = (n,n). Denote a””’ simply by a and
1];((; j)) Rz’ the classical Hall
polynomial (see Section 1.7). We know that g5, = g/, and g5, = 0 unless |v/| = |u| +

suppose 0 < a < n. For partitions v, u, A we consider gy , (qde8) =

and u, A Cv.

Using Lemma 1.4, Lemma 1.8 and Remark 1.3 we have that

(07, RO, ) [0 R(p',2:)] = [T[R(N, 2) J[R(i', )],
=1
SO .
& R(v' ;) _ R(v' ;)
FGB;ZlR()\i,l‘i) o R(ph,x;) N 11—[ FR()‘Z z; ) R(pt@i)

Using the considerations above and the arguments from the proof of Lemma 4.1 (a) we will have

R" _ e R(v*,x;) _ ald Vi deg x;
D O 3 O P P RS D VI § (S OMIC )
)\Z,M’QV’ . )\Z,/J}Elll ‘ =1
Y, degzi|utl=a Y degxi|ptl=a
Y7, degz;|Ai|=n-a >7 degz;|\i|=n-a
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Appendix A

Schofield pairs

In this part we present the list of Schofield pairs of canonically oriented tame quivers (see Section 1.10). Following
[49] we denote by A(A,,), A(Dy,), A(Es), A(E7), A(Esg) the canonically oriented quivers.

For every considered canonically oriented quiver A(Q), the corresponding data about the Schofield pairs is to
be found in the section with the title “Schofield pairs for the quiver A(Q)) — § =...” where 0 is the minimal radical
vector in the case of ). Each section begins with a drawing of A(Q) to specify the node labeling and we also
give the Cartan and Coxeter matrices denoted by Ca (), respectively ® 5 (). Then there will be three subdivisions

»

(“Schofield pairs associated to preprojective exceptional modules”, “Schofield pairs associated to preinjective ex-
ceptional modules” and “Schofield pairs associated to regular exceptional modules”) containing the drawing of the
corresponding part of the Auslander—Reiten quiver and the computed list of Schofield pairs associated to preprojec-
tive, preinjective, respectively regular exceptionals. On the graphical representation of the AR quiver, blue arrows
show the existence of a so-called irreducible monomorphism, while red arrows represent the existence of irreducible
epimorphisms between suitable indecomposable modules (for details see [2]). In case of each indecomposable on
the Auslander—Reiten quiver, we show its dimension vector, since this is the only information needed to determine
the Schofield sequences.

For any given M € mod-k(Q) exceptional with s(M ) = s we enlist all the s — 1 Schofield pairs associated to M as
M: (Y1, X3), (Y2, X2),- - (Yer, Xooa),
when there are no special pairs associated to M, respectively
M: (Y1,X1), ..., (Yoo, Xoo2), (ul, (u+1)P),
when M is a preprojective indecomposable with M = -1 and
M: (Y1,X1), ...y (Yoo, Xs2), ((0+1)1,0P),

when M is a preinjective indecomposable with 9M = 1. Note that for every M with OM = £1, its associated special
Schofield pair may be obtained using Corollary 1.4 (therefore, in the general formulas we just mark their presence).
All special pairs are marked with teal color.

We group the modules ) according to the vertices of the Auslander—Reiten quiver. Thus for every vertex i € (g

we will have groups entitled “Modules of the form P(n,7)” enlisting Schofield pairs associated to families of pre-
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projective exceptionals and “Modules of the form I(n,7)” with Schofield pairs associated to families of preinjective
exceptionals. The regular exceptional modules are grouped by their non-homogeneous tubes. On the drawings
depicting non-homogeneous tubes, the exceptional regulars are marked with green background color. We have
marked with pink background the preprojectives and the preinjectives beyond which all Schofield sequences may
be obtained by Auslander—Reiten translation (inverse translation in the case of preprojectives).

Although using Proposition 1.6 the Schofield pairs are completely described in the case of quiver of type A,,,, we
compute and enlist concretely the Schofield pairs for the quivers A(A;2), A(A13), A(A14), A(Az2), A(Ag3),
A(Ag4), A(Az3), A(As4) and A(A35). We also list the pairs for A(Dy), A(ID5) and A(Dg) as examples before
giving the general formulas for A(D,,), m > 4. We end this part with the complete lists for A(Eg), A(E7) and
A(Eg).

The computations were performed by a software implemented in the computer algebra system GAP (see [23]),

which also generated the BIEX source for this part (including the drawings of the various Auslander—Reiten quivers).

A.1 Schofield pairs for the quiver A(A;,) —5=1,!

1 3 1 1 2 -1 1 1
\ / CA(K172)= 0 1 1 ‘I’A(&mf -1 0 2
9 0 0 1 -2 1 2

Schofield pairs associated to preprojective exceptional modules
Modules of the form P(n,1)

Defect: 0P(n,1) = -1, forn > 0.

P(0,1): -

P(1,1): (Rj(1), P(0,3)), (1(0.3),2P(0,2))

P(n, 1)« (RS ™92 (1) P(n-1,3)), (ul,(u+1)P), n>1

Modules of the form P(n,?2)

Defect: 0P(n,2) = -1, forn > 0.

P(0,2) : (R)(1), P(0,1))
P(1,2): (R3(1), P(1,1)), (21(0,2),3P(0,1))
P(n,2): (R ™92 (1), P(n,1)), (ul,(u+1)P), n>1

Modules of the form P(n,3)

Defect: 0P(n,3) = -1, forn > 0.
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P(0,3): (R3(1), P(0,2)), (1(0,2),2P(0,1))
P(n,3): (R{"™ ™42 (1), P(n,2)), (ul,(u+1)P), n>0

P(0,1)

Schofield pairs associated to preinjective exceptional modules
Modules of the form /(n,1)
Defect: 9I(n,1) =1, for n > 0.

1(0,1) : (1(0,2), R3(1)), (21(0.3),7(0,2))
I(n,1): (I(n,2), RS ™92 (1)) ((v+ 1),0P), n>0

Modules of the form I(n,2)

Defect: 01(n,2) =1, forn > 0.

1(0,2): (1(0,3), Ry(1))

1(1,2) : (1(1,3), R3(1)), (31(0,3),2P(0,2))

I(n,2) : (I(n,3), RS2 ™42 (1)) (04 1)1,0P), n> 1

Modules of the form I(n,3)

Defect: 91(n,3) =1, forn > 0.

1(0,3): -
I(1,3): (1(0,1), Ri(1)), (21(0.2),P(0,1))
I(n,3): (I(n—1,1), RS ™42 (1)) (0 + 1), 0P), n>1
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Schofield pairs associated to regular exceptional modules

The non-homogeneous tube %A(Am)
Ry(1): -
R3(1): (1(0,3), P(0,1))
7E)A(&m)
R2(3) R} (3) R2(3)
2 2 17i7777,1 T i7i7777,2 2
1 1
3 I»[l’(g/ I',(z/ 3
| 11 ’117777, 11 |
| 1 1 |
”1{1:( 1) ‘/‘:x)lel) , \I‘)I»( 1)
o0 T - l,,,,,1 1| S - l,,,,,o‘o
1 0 1
A.2 Schofield pairs for the quiver A(A;3) -6=1,,!
1 4 1 1 1 2 -1 1 0 1
01 11 -1 01 1
\ / “adnlo 0 1 1| TAEDTI g 0 2
2=—3 0001 210 2
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Schofield pairs associated to preprojective exceptional modules

Modules of the form P(n,1)

Defect: 9P(n,1) = -1, for n > 0.

P(0,1): -

P(1,1): (R3(2), P(0,3)), (R3(1),P(0,4)), (1(0.3).2P(0.2))

P(n,1): (Ry™43+(2), P(n-1,3)), (R{™D ™43 (1), P(n—-1,4)), (ul, (u+1)P), n>1

Modules of the form P(n,2)

Defect: 9P(n,2) = -1, forn > 0.

P(0,2): (R3(1), P(0,1))

P(1,2): (Rg(2), P(0,4)), (Ry(1), P(1,1)), (1(0,4),2P(0,3))

P(n,2): (R ™93 2y P(n-1,4)), (RS ™% (1), P(n,1)), (ul,(u+1)P), n>1

Modules of the form P(n,3)

Defect: 9P(n,3) = -1, for n > 0.

P(0,3): (R3(2), P(0,1)), (Ry(1),P(0,2))
P(1,3): (R)(2), P(1,1)), (R3(1),P(1,2)), (21(0.2),3P(0,1))
P(n,3): (R ™93 (2), P(n,1)), (R™13(1), P(n,2)), (ul,(u+1)P), n>1

Modules of the form P(n,4)

Defect: 9P(n,4) = -1, for n > 0.

P(0,4) : (R)(2), P(0,2)), (R3(1),P(0,3)), (1(0,2).2P(0.1))
P(n,4) : (Ry™3*1(2), P(n,2)), (R{™D ™% (1), P(n,3)), (ul,(u+1)P), n>0
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Schofield pairs associated to preinjective exceptional modules
Modules of the form I(n,1)
Defect: 9I(n,1) =1, for n > 0.

1(0,1) : (1(0,2), R3(1)), (1(0,3),R5(2)), (21(0,4),P(0,3))
I(n,1): (I(n,2), RS ™43 (1)) (1(n,3), RS ™3 (2)), ((v+ 1)1, 0P), n>0

Modules of the form I(n,2)
Defect: 9I(n,2) =1, forn > 0.
1(0,2) : (1(0,3), R3(1)), (1(0,4), B3(2))

I(1,2): (I(1,3), R5(1)), (I(1,4),R5(2)), (31(0,4).2P(0.3))
I(n,2) : (I(n,3), RS2 ™43 (1)) (I(n,4), RS2 ™03 (9)) (0 + 1), 0P), n> 1

Modules of the form I(n,3)

Defect: 0I(n,3) =1, forn > 0.

1(0,3) : (1(0,4), Ry(1))
I(1,3): (1(0,1), R3(2)), (I(1,4),R3(1)), (21(0,2),P(0,1))
I(n,3) : (I(n—1,1), RS ™43 9)) (1(n,4), RS ™3 (1)), (v +1)[,0P), n>1
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Modules of the form I(n,4)

Defect: 91(n,4) =1, forn > 0.

1(0,4): -

I(1,4) : (1(0,1), Ry(1)), (1(0,2), Ry(2)), (21(0,3),P(0,2))

I(n,4): (I(n—1,1), RS ™43 (1)) (1(n-1,2), RS D ™3 (2)) ((v+1)1,0P), n>1

Schofield pairs associated to regular exceptional modules
The non-homogeneous tube ’TA(A1 s)
Ry(1): -

Ro(2) : (R5(1), Bo(1)), (1(0,3), P(0,1))
R3(1):(1(0,4),P(0,1))

R3(2) : (R3(1), B5(1)), (1(0,4), P(0,2))
Ry(1): -

R3(2) : (Ro(1), R(1))
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A.3 Schofield pairs for the quiver A(,&M) 5=t

11112 -1 100 1
1 5 01111 -1 0101
\ / Ca@n=]0 01 1 1| @5z ,=|-1 00 11
29« 3. 4 00011 -1 0 0 0 2
00 00 1 -2 1 0 0 2]

Schofield pairs associated to preprojective exceptional modules

Modules of the form P(n,1)

Defect: 9P(n,1) = -1, for n > 0.

P(0,1): -

P(1,1): (R(3),P(0,3)), (R3(2),P(0,4)), (R§(1),P(0,5)), (1(0,3),2P(0.2))

(
P(n,1): (RS ™04 (3) P(n-1,3)), (RE ™44 (2), P(n—1,4)), (R{™ ™4 (1), P(n-1,5))
(u[, (u+ I)P), n>1

Modules of the form P(n,?2)

Defect: 0P(n,2) = -1, forn > 0.

P(0,2): (R3(1),P(0,1))
P(1,2): (R3(3),P(0,4)), (R3(2),P(0,5)), (Ry(1),P(1,1)), (1(0,4),2P(0.3))
P(n,2) : (Ry™41(3), P(n-1,4)), (R{™D ™4 (2) P(n-1,5)), (R ™4 (1), P(n, 1))
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(uI, (u+ 1)P)7 n>1

Modules of the form P(n,3)

Defect: 9P(n,3) = -1, for n > 0.

P(0,3) : (R3(2), P(0,1)), (Ro(1), P(0,2))

P(1,3): (R3(3),P(0,5)), (Ry(2),P(1,1)), (Ry(1),P(1,2)), (1(0,5),2P(0.4))

(

(

P(n,3) . (R(()n+1) mod 4+1(3),P(n _ 175))7 (R(()n+2) mod 4+1(2),P(n, 1))7 (R(()n_l) mod 4+1(1),P(n,2))
(ul,(u+1)P), n>1

Modules of the form P(n,4)

Defect: 9P(n,4) = -1, for n > 0.

P(0,4): (R3(3),P(0,1)), (R3(2),P(0,2)), (Ry(1),P(0,3))

P(1,4): (R3(3), P(1,1)), (Ry(2),P(1,2)), (R3(1),P(1,3)), (21(0.2).3P(0,1))
(
(

P(n,4) . R(()n+2) mod 4+1(3),P(n, 1))7 (R(()n—l) mod 4+1(2)?1{—_-,(n72))7 (R(?)z mod 4+1(1),P(n,3))
ul,(u+1)P), n>1

Modules of the form P(n,5)

Defect: 9P(n,5) = -1, for n > 0.

P(0,5): (R3(3), P(0,2)), (Ry(2),P(0,3)), (R5(1),P(0,4)), (1(0,2),2P(0.1))
P(n,5): (R{™™94(3) P(n,2)), (RE™141(2), P(n,3)), (RSD ™4 (1), P(n,4))
(u[, (u+1)P), n>0
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Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: 01(n,1) =1, forn > 0.

1(0,1) : (1(0,2), B5(1)), (1(0,3), R5(2)), (1(0,4), B5(3)), (21(0,5), P(0,4))

I(n’ 1) . (I(n,Q),R(()_n_'—l) mod 4+1(1))7 (I(n’ 3)’Ré—’n+1) mod 4+1(2))’ (I(n’4)7R((]_n+1) mod 4+1(3))
((v+1)I,vP), n>0

Modules of the form I(n,2)
Defect: 01(n,2) =1, forn > 0.
1(0,2):
I1(1,2):
I(n,2):

1(0,3), R3(1)), (1(0,4), R3(2)), (1(0,5), R5(3))

1(1,3), R3(1)), (I(1,4),R3(2)), (1(1,5),R5(3)), (31(0.5),2P(0,4))
I(n,3),R(()_n+2) mod 4+1(1))7 (I(n,4),Ré_n+2) mod 4+1(2))’ (I(n,5),Ré_"+Q) mod 4+1(3))
(v+1)I,0P), n>1

o~ o~ o~~~

Modules of the form I(n,3)

Defect: 01(n,3) =1, forn > 0.

1(0,3) : (1(0,4), R3(1)), (1(0,5), Ry(2))
I(1,3): (1(0,1), R3(3)), (1(1,4),R5(1)), (I(1,5),R3(2)), (21(0.2),P(0,1))
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I(n,S) . (I(n _ 1’ 1),R[()_n+3) mod 4+1(3))7 (I(n,4),Ré_n+3) mod 4+1(1))’ (I(n, 5)7R(()_n+3) mod 4+1(2))
((v+1)I,vP), n>1

Modules of the form I(n,4)

Defect: 0I(n,4) =1, forn > 0.

1(0,4) : (1(0,5), Rj(1))

I(1,4): (1(0,1),R3(2)), (1(0,2),R5(3)), (I(1,5),R5(1)), (21(0.3),P(0,2))

(

(

I(n,4): (I(n-1,1), R(—n+4) mod4+1(2)) (1 (n—1,2),Ré_n+4) m0d4+1(3))’ (I(n,5),R((]_n+4) mod4+1(1))
((v+1)I,0P), n>1

Modules of the form I(n,5)

Defect: 01(n,5) =1, forn > 0.

1(0,5) : -

I(1,5) : (1(0,1), Ry(1)), (1(0,2),Ry(2)), (1(0,3),R5(3)), (21(0.4),(0,3))

(
I(n,5) (I(n 1 1) R(—n+1)mod4+1(1)) ( (n—1,2),Ré_n+1)m0d4+1(2)), (I(n—1,3),Ré_n+1)m0d4+1(3))
( v+1)1,v ),n>1
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Schofield pairs associated to regular exceptional modules
The non-homogeneous tube 'TA(AI +)
Ré(l) :

RS(l) (1(0, 5) P(0, 1))

R§(2) : (Ro(1), B5(1)), (1(0,5), P(0,2))

R3(1): -

R3(2) : (Ro(1), R3(1))

Ry(1) : -

Ry(2) : (Ro(1), Ry(1))

Ry(3) : (Ro(2), Ro(1)), (R3(1), Ry(2)), (1(0,3), P(0,1))
Ry(3) : (R3(2), Ry (1)), (R3(1), Ry(2)), (1(0,4), P(0,2))
R3(3) : (R§(2), R5(1)), (Ro(1), R3(2)), (1(0,5), P(0,3))
R3(3) : (Ro(2), Ry(1)), (Ro(1), R3(2))
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A.4 Schofield pairs for the quiver A(Ay5) — =1 1 1

2
/\ 111 2 -11 10
o o101 -1 0 1 1
! ! AGz2) "o 0 1 1| AE2 711 01
\/ 00 0 1 -2 11 1
3

Schofield pairs associated to preprojective exceptional modules
Modules of the form P(n,1)

Defect: 9P(n,1) = -1, for n > 0.

P(0,1): -

P(1,1): (Ry(1), P(0,2)), (Rao(1), P(0,3))

P(2,1): (R3(1), P(1,2)), (R%(1),P(1,3)), (21(1,4).3P(0.1))
P(n,1): (RS ™92 (1) P(n-1,2)), (RE-D ™42 (1) P(n-1,3)), (ul, (u+1)P), n>2
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Modules of the form P(n,2)
Defect: 9P(n,2) = -1, for n > 0.
P(0,2) : (Reo(1), P(0,1))

P(1,2): (Ry(1),P(0,4)), (R%(1),P(1,1)), (1(0,2).2P(0.3))
P(n,2): (RS ™92 (1) P(n-1,4)), (RL™4241 (1), P(n, 1)), (ul, (u+1)P), n>1

Modules of the form P(n,3)
Defect: 0P(n,3) = -1, for n > 0.
P(0,3) : (Ry(1), P(0,1))

P(1,3): (R (1),P(0,4)), (R3(1),P(1,1)), (1(0.3).2P(0,2))
P(n,3): (R med 2+ (1) p(n —1,4)), (Ry ™42 (1), P(n,1)), (ul,(u+1)P), n>1

Modules of the form P(n,4)

Defect: 9P(n,4) = -1, for n > 0.

P(0,4) : (RZ,(1),P(0,2)), (R§(1),P(0,3)), (I(1,4).2P(0.1))
P(n,4) : (R m0d 2411 P(n,2)), (R{™D ™ (1), P(n,3)), (ul,(u+1)P), n>0

P(0,1) P(3,1)

0 1 3

1 0-—-----~---=-—---~- ->1 0 -> 3 2
0 1 3
l/’(na) i/’(x l/‘(: 2)
1 1 3

1 0~--—-—----~ -->2 1 -->4 3
0 2 4
l i Lo e
P(0,4) P (1 P(3,4)
1 2 4

2 1 -----> —- 2 1 --> 4 3
1 2 4
T/w T/m T/'(:;. )
0 2 4

1 0----------=-=-----\-- P B e B ittt i 4 3
1 1 3
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Schofield pairs associated to preinjective exceptional modules
Modules of the form I(n,1)
Defect: 01(n,1) =1, forn > 0.

1(0,1) : (1(0,2), R%,(1)), (1(0,3),R3(1)), (21(0,4), P(1,1))
I(n,1) : (I(n,2), RG™D 04241 (1)) (I (n,3), RS ™2 (1)), ((v+ 1)1, 0P), n>0

Modules of the form I(n,2)
Defect: 9I(n,2) =1, for n > 0.
1(0,2) : (1(0,4), Ry, (1))

I(1,2): (1(0,1), RH(1)), (I(1,4),R%(1)), (21(0,3),P(0,2))
I(n,2): (I(n—1,1), RS ™02 (1)) (1(n,4), RG™2 ™42 (1)) ((v+ 1)1, 0P), n>1

Modules of the form I(n,3)
Defect: 9I(n,3) =1, for n > 0.
1(0,3) : (1(0,4), Ry(1))

I(1,3): (1(0,1), R (1)), (I(1,4),R3(1)), (21(0,2),P(0,3))
I(n,3): (I(n—1,1), RSV mod 241 (1)) (1(n,4), RS2 ™2 (1)) (v + 1), 0P), n>1

Modules of the form I(n,4)

Defect: 9I(n,4) =1, for n > 0.

1(0,4) : —

I(1,4): (1(0,2), Ri(1)), (1(0,3),RL,(1))

1(2,4) : (I(1,2), R3(1)), (1(1,3), B3 (1)), (37(0,4),2P(1,1))

I(n,4): (I(n-1,2), RS ™42 (1)) (1(n-1,3), RG™D ™2 (1)), (v +1),0P), n>2
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1(0,1)
3 4 < : —--374 < e D I -1 2

1(1,2) 1(0,2)
374 % ' —---273% 2 % -0 1
4 2
ohe l l
: : I(1 1(0,4)
3 2
2 3 +---- ----2 3 *---- 1 <---- ----0 1

1(0,3)

_ O—Pr O O4+— O H 4+—

w
>
A
I
|
|
n
w
A
[\
A
|
|
|
|
|
I
|
|
|
|
|
|
|
|
|
I
|
|
o
—

w
w

Schofield pairs associated to regular exceptional modules

The non-homogeneous tube %A(Am)

R(l)(l) -
R3(1):(1(0,2),P(0,1)), (1(0,4),P(0,2))

76A(&w)

>2 (< >1 (. 52 ¢«
R2(3) RY(3) R2(3)

1 1
1 1 -1 1
1 1
\S _1 A
/ \i’;‘id) / \m‘,
71 1 71
1 1 > 0
0

:(1)
|
0

0
1

|
R(1)
|
0
0 0
1

TA(KQ,Q)

The non-homogeneous tube 75

RL(1):-
R2,(1):(1(0,3),P(0,1)), (1(0,4),P(0,3))
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TA(XM)

RZ,(3) RL (3) R2(3)

1 71 2 71 1

2 2 ---------- 101 > 2 2

2 1 2

3 \7";\;(")/ \7 \(’)/ 3

! 1 73 :

| 1 1 --=-=-=-====- > 1 1 |

| 1 1 |

I \\ . //// I

/.’L(])/ \/?j’;f])/ /d(])
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Schofield pairs associated to preprojective exceptional modules

Modules of the form P(n,1)

Defect: 9P(n,1) = -1, for n > 0.

P(Oa 1) ‘e

P(1,1): (R3(1), P(0,2)), (Reo(1), P(0,3))

P(2,1): (R5(2), P(0,5)), (Ro(1), P(1,2)), (R (1), P(1,3)), (1(0,2),2P(0,4))

P(n,1): (RE™45(2), P(n - 2,5)), (RS2 ™5 (1), P(n - 1,2)), (RE™D ™42 (1), p(n - 1,3))
(ul,(u+1)P), n>2

Modules of the form P(n,2)

Defect: dP(n,2) = -1, for n > 0.

P(0,2): (RL(1),P(0,1))

P(1,2): (R§(2), P(0,4)), (R3(1),P(0,5)), (R (1), P(1,1)), (I(1,5),2P(0,3))
(
(

P(n,2): (RE™431(2), P(n-1,4)), (RS ™43 (1), P(n - 1,5)), (RL™42*1(1), P(n, 1))
ul, (u+ 1)P), n>1
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A.5 Schofield pairs for the quiver A(Kg,g) Appendix A Schofield pairs

Modules of the form P(n,3)

Defect: 9P(n,3) = -1, for n > 0.

P(0,3): (R3(1), P(0,1))

P(1,3): (R3(2), P(0,2)), (R%(1),P(0,4)), (Ry(1), P(1,1))

P(2,3): (Ry(2), P(1,2)), (R%(1),P(1,4)), (R§(1), P(2,1)), (21(1,4).3P(0,1))

P(n,3): (R 9% (9) P(n-1,2)), (RED ™42 (1), P(n-1,4)), (RS ™43 (1), P(n, 1))
(ul,(u+1)P), n>2

Modules of the form P(n,4)

Defect: 0P(n,4) = -1, forn > 0.

P(0,4): (R3(2), P(0,1)), (Ry(1),P(0,3))

P(1,4): (RL(1),P(0,5)), (R)(2), P(1,1)), (R3(1),P(1,3)), (1(0.3),2P(0,2))

P(n,4) : (R mod 2411y p(n - 1,5)), (RSD ™% (2), P(n,1)), (RF ™43+ (1), P(n,3))
(ul,(u+1)P), n>1

Modules of the form P(n,5)

Defect: 0P(n,5) = -1, for n > 0.

P(0,5): (RZ%(1),P(0,2)), (R)(2),P(0,3)), (R3(1),P(0,4)), (I(1.4),2P(0,1))
P(n,5) : (R mod 2411 P(n,2)), (RE™4341(2), P(n,3)), (RS*D ™3 (1), P(n,4))
(ul,(u+1)P), n>0
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Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: 9I(n,1) =1, for n > 0.

1(0,1) : (1(0,2), R%,(1)), (1(0,3),R5(1)), (1(0,4),R3(2)), (21(0.5),P(L.3))

I(n,1) : (I(n,2), RG™D 04241 (1)) (I (n,3), RS ™03 (1)), (1(n,4), RS D ™31 (2))
((v+1)I,vP), n>0

Modules of the form I(n,2)

Defect: 91(n,2) =1, forn > 0.

1(0,2) : (1(0,5), Ri, (1))

I(1,2): (1(0,1), Ri(1)), (1(0,3),Ry(2)), (I(1,5),R% (1)), (21(0,4).P(1,1))

I(n,Z) . (I(TL— 1’ 1),R(()_n+1) mod 3+1(1))’ (I(n— 1>3)7Ré_n+1) mod 3+1(2))’ (I(n,5),Rg"+2) mod 2+1(1))
((’U + 1)[,1)P), n>1

Modules of the form I(n,3)

Defect: 0I(n,3) =1, forn > 0.

1(0,3) : (1(0,4), R3(1)), (1(0,5),R3(2))
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A.5 Schofield pairs for the quiver A(Kg,g) Appendix A Schofield pairs

I(1,3): (1(0,1), R (1)), (1(1,4),R5(1)), (I(1,5),R5(2)), (21(0,2).P(0.4))
I(n,3) . (I(n— 1’ 1),R<(x:n+1)m0d 2+1(1))’ (I(n,4),Ré_n+2) mod 3+1(1))’ (I(n,5),R((]_n+2) mod 3+1(2))
((v+1)I,0P), n>1

Modules of the form I(n,4)

Defect: 01(n,4) =1, forn > 0.

1(0,4) : (1(0,5), Ry(1))

I(1,4): (1(0,2), R3(2)), (1(0,3),Re, (1)), (1(1,5),R3(1))

1(2,4) : (I(1,2), R3(2)), (I1(1,3),R%(1)), (1(2,5),RE(1)), (31(0.5),2P(1,3))

I(n,4): (I(n-1,2), RS ™3 (9)) (1(n-1,3), RS med 241(1)) | (I(n,5), RS mod3+ (1))
((v+1)I,vP), n>2

Modules of the form I(n,5)

Defect: 9I(n,5) =1, for n > 0.

1(0,5) : -

I(1,5): (1(0,2), Ri(1)), (1(0,4),RL, (1))

1(2,5) : (1(0,1), R3(2)), (I1(1,2),R3(1)), (I(1,4), RZ,(1)), (21(0.3).P(0.2))

I(n,5) . I(n—2, 1)’R[()—n+4) mod 3+1(2))7 (I(TL— 172)7R(()—n+4) mod3+1(1))’ (I(n— 1’4)’Rc(x—’n+3) mod 2+1(1))
(v+1)I,0P), n>2

o~ o~ o~ o~
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A.5 Schofield pairs for the quiver A(&zﬁ)

Schofield pairs associated to regular exceptional modules

TA(XM)

The non-homogeneous tube 7,

Rp(1): -

Ry(2): (R3(1), Ry(1)), (I(1,5),P(0,1)), (I(0,4),P(0,2))
R3(1):(1(0,2),P(0,1)), (1(0,5),P(0,2))

R3(2): (R3(1), R3(1)), (1(0,2),P(0,3)), (I(0,5),P(1,1))
Ry(1): -

R3(2) : (Ro(1), R3(1))
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A.5 Schofield pairs for the quiver A(I&g,g) Appendix A Schofield pairs

53
Ry (4)

The non-homogeneous tube 7'0? (A2:3)

Rl (1):-
RZ,(1):(1(0,3),P(0,1)), (1(0,4),P(0,3)), (1(0,5),P(0,4))
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A.6 Schofield pairs for the quiver A(Ay ) —6=1" 1

111
) [1 11 1 1 2] (1110 0 0]
001111 -11.0100
1 6 CA(KQA): 00011 1 Q)A(KQA): -1 1.0 01 0
\ 000011 -1100 0 1
3« 4<—5 00000 1 -2 1100 1

Schofield pairs associated to preprojective exceptional modules

Modules of the form P(n,1)

Defect: 9P(n,1) = -1, for n > 0.

P(0,1): -

P(1,1): (R3(1), P(0,2)), (R (1),P(0,3))

P(2,1): (R5(3),P(0,5)), (R3(2),P(0,6)), (R5(1),P(1,2)), (RZ,(1), P(1,3)), (1(1.6),2P(0,4))

P(n,1): (R V™4 (3), P(n - 2,5)), (Ry ™41 (2), P(n - 2,6)), (RY"™ ™! (1), P(n-1,2))
(R med 2 (1) P(n—-1,3)), (ul. (u+1)P), n>2

Modules of the form P(n,2)

Defect: 0P(n,2) = -1, forn > 0.

P(0,2) : (R (1),P(0,1))

P(1,2): (R§(3), P(0,4)), (R3(2),P(0,5)), (R3(1),P(0,6)), (R (1), P(1,1)), (1(1.5),2P(0,3))

P(n,2): (R4 (3), P(n-1,4)), (RE™*1(2), P(n-1,5)), (R ™4 (1), P(n-1,6))
(RLmed27 (1), P(n, 1)), (ul,(u+1)P), n>1

Modules of the form P(n,3)

Defect: 0P(n,3) = -1, forn > 0.

P(0,3) : (Rj(1), P(0,1))

P(1,3): (R3(2), P(0,2)), (R%(1),P(0,4)), (Ry(1), P(1,1))

P(2,3): (R3(3), P(0,6)), (Ro(2),P(1,2)), (R (1), P(1,4)), (Ri(1), P(2,1)), (1(0.2),2P(0,5))

P(n,3) : (Ry™41(3), P(n-2,6)), (R{*D ™4 (2) P(n-1,2)), (RED ™4 21(1) P(n-1,4))
(R med (1) P(n, 1)), (ul,(u+1)P), n>2

95



A.6 Schofield pairs for the quiver A(KQA) Appendix A Schofield pairs

Modules of the form P(n,4)

Defect: 9P(n,4) = -1, for n > 0.

P(0,4): (R3(2), P(0,1)), (Ro(1),P(0,3))

P(1,4): (R3(3), P(0,2)), (RL(1),P(0,5)), (R5(2), P(1,1)), (Ri(1), P(1,3))

P(2,4): (R3(3), P(1,2)), (R%(1),P(1,5)), (R§(2), P(2,1)), (R3(1),P(2,3)), (21(1.4),3P(0,1))

P(n,4) : (R 443y P(n-1,2)), (RE-D ™42 (1) P(n-1,5)), (RS2 ™% (2), P(n, 1))
(R D™ (1) P(n,3)), (ul,(u+1)P), n>2

Modules of the form P(n,5)

Defect: 9P(n,5) = -1, for n > 0.

P(0,5) :
P(1,5):

(R3(3),P(0,1)), (Ro(2), P(0,3)), (Ro(1), P(0,4))
(
P(n,5): (
(

(1), P(0,6)), (Ro(3),P(1,1)), (R§(2), P(1,3)), (R5(1), P(1,4)), (1(0.3),2P(0,2))
(n-1) mod2+1(1) P(n 1 6)) (R(()n+2) m0d4+1(3),P(n,1)), (R((]n—l) m0d4+1(2),P(n,3))
Rpmed 4t (1) p(p, 4)), (ul,(u+1)P), n>1

R
Ry

Modules of the form P(n,6)

Defect: 9P(n,6) = -1, for n > 0.

P(0,6) : (R%,(1),P(0,2)), (Ry(3),P(0,3)), (R§(2), P(0,4)), (R3(1),P(0,5)), (1(1.4),2P(0,1))
P(n,6) : (RED ™42 (1) P(n,2)), (RSP ™4 (3), P(n,3)), (Ry ™ *1(2), P(n,4))
(R med 411y p(n,5)), (ul,(u+1)P), n>0
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Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: 9I(n,1) =1, for n > 0.

1(0,1) : (1(0,2), R2,(1)), (1(0,3), R5(1)), (1(0,4),R§(2)), (1(0,5), R5(3)), (21(0,6), P(1,4))

I(n,l) :(I(n,2),1%&;"*1)1n°d2+1(1)), (I(n73)7]%67n+1)1n0d4+1(1))’ (I(n”4)’]%é—n+1)rnod4+1(2))
(I(n,5), RS ™D med4(3y) (v +1)1,0P), n>0

Modules of the form I(n,2)
Defect: 91(n,2) =1, forn > 0.
1(0,2):

1(1,2):
I(n,2):

1(0,6), R (1))

1(0,1), Ry(1)), (1(0,3), Rj(2)), (1(0,4),R4(3)), (I(1,6),R2,(1)), (21(0.5),P(1,3))

I(n— 1’ 1),R(()_n+1)m0d 4+1(1))7 (I(n— 1,3),R(()_n+1) mod 4+1(2))’ (I(n— 1,4),R(()_n+1) mod 4+1(3))
I(n,6), R med2e (1)) (v + 1)1, 0P), n> 1

~ o~ o~ o~
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Modules of the form I(n,3)

Defect: 9I(n,3) =1, for n > 0.

1(0,3) : (1(0,4), R3(1)), (1(0,5),R3(2)), (1(0,6),R3(3))

1(1,3) : (1(0,1), R (1)), (I(1,4),R5(1)), (1(1,5),R3(2)), (I(1,6),R5(3)), (21(0,2),P(0,5))

I(n,3): (I(n-1,1), RSV md 21 (1)) (I(n,4), RS ™44 (1)) (I(n,5), R{ ™) ™04+ (2))
(I(n,6), RS2 ™44 (3)) ((v+ 1), 0P), n>1

Modules of the form I(n,4)

Defect: 01(n,4) =1, forn > 0.

1(0,4) = (1(0,5), Ry(1)), (1(0,6), Ry(2))

I(1,4): (1(0,2), R3(3)), (1(0,3),RL(1)), (I(1,5),R3(1)), (I1(1,6),R(2))

1(2,4): (I1(1,2),R3(3)), (I(1,3),R%(1)), (I1(2,5),R5(1)), (1(2,6),R5(2)), (31(0.6),2P(1.4))

I(n,4) : (I(n—1,2), RS ™44 (3)) (1(n - 1,3), R M4 21 (1)), (I(n,5), RS med 41 (1))
(I(n,6), RS ™ (9)) (v + 1)1, 0P), n > 2

Modules of the form /(n,5)

Defect: 9I(n,5) =1, forn > 0.

1(0,5) : (1(0,6), Ry(1))

I(1,5) : (1(0,2), R3(2)), (1(0,4),RL(1)), (I(1,6),R5(1))

1(2,5) : (1(0,1), R3(3)), (1(1,2), R3(2)), (1(1,4), R%(1)), (1(2,6), R5(1)), (21(0,3), P(0,2))

I(n,5): (I(n-2,1), RS ™4 (3)) (1(n-1,2), R§™ ™4 (2)), (I(n-1,4), RG™ mod 241(1))
(I(n,6), RS™H med4 (1)) (v +1)1,0P), n>2

Modules of the form I(n,6)

Defect: 9I(n,6) =1, for n > 0.

1(0,6) : -

I(1,6): (1(0,2), Ry(1)). (1(0,5), Rs(1))

1(2,6) : (1(0,1), R3(2)), (1(0,3),R5(3)), (I(1,2),R5(1)), (1(1,5),R%,(1)), (21(0,4), P(1,1))

I(n,6) (I(n 2, 1) R(—n+5) mod4+1(2)) ( (n—2,3)7R(()_n+5) m0d4+1(3))’ (I(n—1,2),Ré_n+5) mod4+1(1))
(I(n-1,5), RS med 25 (1)) (v + 1)1, 0P), n>2

98



A.6 Schofield pairs for the quiver A(KQA) Appendix A Schofield pairs

Schofield pairs associated to regular exceptional modules
The non-homogeneous tube 'TA(A2 4

Rp(1): -

Ry(2): (R3(1), Ry(1)), (I(1,6),P(0,1)), (1(0,5),P(0,2))
R3(1):(1(0,2),P(0,1)), (1(0,6),P(0,2))

RE(2) : (R3(1),R3(1)), (1(0,2),P(0,3)), (1(0,6),P(1,1))

R3(1): -

R3(2) : (Ro(1), Ry(1))

Ry(1): -

R;(2) : (Ry(1), Ry(1))

Ry(3) : (R5(2), R3(1)), (R3(1),R5(2)), (I(1,5),P(0,1)), (1(0,4),P(0,2))
Ry(3) : (R5(2), Ro(1)), (R5(1),Ro(2)), (1(1,6),P(0,3)), (1(0,5),P(1,1))
R3(3): (R3(2), R3(1)), (Ry(1),R3(2)), (1(0,2),P(0,4)), (1(0,6),P(1,3))
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R3(3): (R5(2), R3(1)), (R(1),R3(2))

TA(AzA)

0

R3(5) RA(5) R} (5) R2(5) R3(5)
-1 -1 -1 -1

1 T 1 T 1 B 2 T 1

1 l--=-=-=-=--==-=+1  1--=---=---=—--—-3%1 1l -=---—----—-—--—-3% 2" 2 -———-—————-—_—— 1

211 Yot Yot Zia? Yoi1

R2(3)
1 1 1
0 1 101 110 111 011

A(As2,4)

The non-homogeneous tube 7,

RL(1):~
RZ,(1):(1(0,3),P(0,1)), (1(0,4),P(0,3)), (1(0,5),P(0,4)), (1(0,6),P(0,5))
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TA(AM)
oo
RZ,(3) R, (3) RZ,(3)
1 L 2 -1 1
2 D e > 1 1 --=-=—-=-=--=-==-= 2 2
222 111 222
| ‘
| |
| |
| |
! S 1
| RL (2) RS (2) I
| |
l 1 T 1 l
‘ 1 1 -———-——-=—==- ‘
‘ 111 111 ‘
| X ! |
| ~ o T _ - |
| S~ o - |
I N I
RLi(1) R2 (1) RY(1)
| |
1 T 0 - 1
0 0 ------=------ =1 1 ----------—- 0 0
000 111 000

A.7 Schofield pairs for the quiver A(A33) — =1 1 1 1

) ; 111112 -110100
/ \ 011001 101100
001001 -1 00101

1 6 CA(X&S):O 0011 1 (I)A(&“’*‘):—l 10010
\ / 000011 -1 10001
4<—35 00000 1] -2 1010 1)

Schofield pairs associated to preprojective exceptional modules

Modules of the form P(n,1)

Defect: 0P(n,1) = -1, forn > 0.

P(0,1): -

P(1,1): (R3(1),P(0,2)), (R (1),P(0,4))

P(2,1): (R3(2), P(0,3)), (R (2),P(0,5)), (Rj(1), P(1,2)), (R (1),P(1,4))

P(3,1): (Ry(2), P(1,3)), (RL(2),P(1,5)), (R3(1),P(2,2)), (R%(1),P(2,4)), (21(2.6),3P(0,1))

P(n,1): (R{™D ™03 () P(n-2,3)), (RO mod3+1(2) p(n-2,5)), (R ™43 (1), P(n-1,2))
(RG=2med 3+l (1) p(n—1,4)), (ul,(u+1)P), n>3

Modules of the form P(n,?2)

Defect: 9P(n,2) = -1, for n > 0.

P(0,2): (R%,(1),P(0,1))
P(1,2): (R3(1),P(0,3)), (R (2),P(0,4)), (RL(1),P(1,1))
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P(2,2): (R3(2), P(0,6)), (Ry(1),P(1,3)), (R(2),P(1,4)), (R%(1),P(2,1)), (1(0,2),2P(0,5))
P(n,2) : (R} ™%(2), P(n - 2,6)), (R ™% (1), P(n - 1,3)), (RG2 ™43+ (2) P(n~1,4))
(R med 3+l (1) p(n,1)), (ul,(u+1)P), n>2

Modules of the form P(n,3)

Defect: 9P(n,3) = -1, for n > 0.

P(0,3): (R2,(2),P(0,1)), (Re.(1),P(0,2))

P(1,3): (R§(2), P(0,5)), (R3(1),P(0,6)), (Re(2), P(1,1)), (RZ(1),P(1,2)), (1(1.3),2P(0,4))
(R
(

P(n,3) : (Ry™3*1(2), P(n-1,5)), (R{*D ™43 (1), P(n-1,6)), (RED™0d3+1(2) P(n, 1))
Rrmed 3+l 1y p(p, 2)), (ul,(u+1)P), n>1

Modules of the form P(n,4)

Defect: 9P(n,4) = -1, for n > 0.

P(0,4): (R3(1), P(0,1))

P(1,4): (R3(2), P(0,2)), (R2,(1),P(0,5)), (Ry(1), P(1,1))

P(2,4): (R%,(2),P(0,6)), (Rj(2),P(1,2)), (R%(1),P(1,5)), (R3(1),P(2,1)), (1(0,4),2P(0,3))

P(n,4) : (RLm4341(2) P(n-2,6)), (R ™% (2), P(n-1,2)), (R{-2 ™4 31(1) P(n-1,5))
(RS med3+ (1) P(n, 1)), (ul,(u+1)P), n>2

Modules of the form P(n,5)

Defect: 0P(n,5) = -1, forn > 0.

P(0,5): (R3(2), P(0,1)), (Ry(1),P(0,4))

P(1,5): (R%(2),P(0,3)), (R, (1), P(0,6)), (Ry(2),P(1,1)), (R5(1),P(1,4)), (I(1,5).2P(0,2))

P(n,5) : (RL™43+1(2), P(n - 1,3)), (RED ™03+ (1) P(n-1,6)), (R{D ™% (2), P(n, 1))
(Ry™ed3+1(1), P(n,4)), (ul,(u+1)P), n>1

Modules of the form P(n,6)

Defect: 9P(n,6) = -1, for n > 0.

P(0,6) : (RL(2),P(0,2)), (R%(1),P(0,3)), (Ry(2), P(0,4)), (R3(1),P(0,5)), (1(2,6).2(0,1))
P(n,ﬁ) . (R&m°d3+1(2),P(n,2)), (R((;oﬂ'l) m0d3+1(1)’P(n73))’ (R3m0d3+1(2),P(7’L,4))
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(R{D =434 (1) P(n,5)), (ul,(u+1)P), n>0

Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: 01(n,1) =1, forn > 0.

1(0,1) : (1(0,2), R (1)), (1(0,3), B%(2)), (1(0.4), B5(1)), (1(0,5), B5(2)), (21(0.6). P(2.1))

I(n,1): (I(n,2), RG™D ™d3+1(1)) (I(n,3), RG™D ™03+ (2))  (I(n,4), RS ™43 (1))
(I(n,5), R(()_n+1) mod 3+1(2)), ((v+1)I,vP), n>0

Modules of the form I(n,2)

Defect: 01(n,2) =1, forn > 0.

1(0,2) : (1(0,3), R, (1)), (1(0,6),R2,(2))
1(1,2) : (1(0,1), RH(1)), (1(0,4),R(2)), (I(1,3),R%(1)), (I(1,6),R2,(2)), (21(0.5),P(1,2))
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I(n,2) . (I(n— 1, 1)’R[()—n+1) mod 3+1(1))7 (I(n— 174)7R(()—n+1) m0d3+1(2))’ (I(n’B)’RC(X—’n+2) mod3+1(1))
(I(n,6), RG™H med3+1(2)) ((v+1)1,0P), n>1

Modules of the form (n,3)

Defect: 01(n,3) =1, forn > 0.

1(0,3) : (1(0,6), R, (1))

1(1,3) : (1(0,2), Ry(1)), (1(0,5),R%(2)), (I1(1,6), R%,(1))

1(2,3): (1(0,1),R3(2)), (I(1,2),Rj(1)), (I(1,5),R%(2)), (1(2,6),R2,(1)), (21(0.4),P(0,3))

I(n,3): (I(n-2,1), RS ™43 (9)) (1(n—1,2), R ™3 (1)), (I(n-1,5), RG™ mod3+1(2))
(I(n,6), R n+3) mod 3+1(1)) ((v+1)I,vP), n>2

Modules of the form I(n,4)

Defect: 9I(n,4) =1, for n > 0.

1(0,4) = (1(0,5), Rg(1)), (1(0,6), Rj(2))

I(1,4): (1(0,1), R (1)), (1(0,2), R (2)), (I(1,5),R5(1)), (1(1,6),R5(2)), (21(0.3),P(1,4))

I(n,4) (I(n 1 1) R(—n+1)mod3+1(1)) ( (n—1,2),R§;”+1) m0d3+1(2))’ (I(n,5),R((]_n+2) mod3+1(1))
(I(n,6), RS2 ™93 (9)) (v + 1), 0P), n>1

Modules of the form I(n,5)

Defect: 91(n,5) =1, forn > 0.

1(0,5) : (1(0,6), Ry(1))

I(1,5): (1(0,3), R3(2)), (1(0,4),RL(1)), (1(1,6),R3(1))

1(2,5): (1(0,1), R2,(2)), (I(1,3),R5(2)), (1(1,4), R, (1)), (I(2,6),R5(1)), (21(0.2),P(0,5))

I(n,5) : (I(n—2,1), RS ™43+ (9)) (1(n - 1,3), R{™ ™3 () (I(n-1,4), RG™ mod3+1(1))
(I(n 6), R(_n+3) m0d3+1(1)) ((v+1)I, UP), n>2

Modules of the form I(n,6)

Defect: 9I(n,6) =1, for n > 0.

1(0,6): -
I(1,6) : (1(0,3), Ry(1)), (1(0,5),Ri,(1))
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1(2,6) : (1(0,2), R3(2)), (1(0,4),R%,(2)), (I(1,3),R5(1)), (I(1,5), R3,(1))

1(3,6): (I(1,2),R5(2)), (1(1,4),R%(2)), (1(2,3),R3(1)), (I1(2,5),R%(1)), (31(0,6),2P(2,1))

I(n,6): (I(n-2,2), RS ™3 (2)) (1(n-2,4), RG™Dmd31(2)) (I(n—1,3), RS ™43 (1))
(I(n-1,5), RS med3+ (1)) ((v+1)I,0P), n>3

Schofield pairs associated to regular exceptional modules
The non-homogeneous tube TA(AB 3)

Ry(1): -

Ry(2): (R3(1), Ry(1)), (I(1,3),P(0,1)), (I(1,6),P(0,2)), (1(0,5),P(0,3))
R3(1):(1(0,2),P(0,1)), (1(0,3),P(0,2)), (1(0,6),P(0,3))

R3(2): (R3(1), RE(1)), (1(0,2),P(0,4)), (1(0,3),P(1,1)), (1(0,6),P(1,2))
Ry(1): -

R3(2) : (Ro(1), Ry(1))

105



A.7 Schofield pairs for the quiver A(;&g,g) Appendix A Schofield pairs

TA(K3,3)

[ee)

The non-homogeneous tube

Rio(l):—

RL(2): (R%,(1), R, (1)), (I(1,5),P(0,1)), (I(1,6),P(0,4)), (1(0,3),P(0,5))
RZ,(1):(1(0,4),P(0,1)), (1(0,5),P(0,4)), (1(0,6), P(0,5))

RZ(2): (R, (1),R%(1)), (1(0,4),P(0,2)), (1(0,5),P(1,1)), (1(0,6),P(1,4))
R3(1):-

R3,(2): (RS (1), R, (1))
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A.8 Schofield pairs for the quiver A(Asz,) —o6=1 o

s
AN

4<—5~<~—6

1111112 1101000
0110001 1011000
0010001 1001001
Cagan =000 1 1 11 Pay=[-1 100 100
0000111 1100010
0000011 -1 100001
0000001 -2 1010 0 1]

Schofield pairs associated to preprojective exceptional modules
Modules of the form P(n,1)

Defect: 9P(n,1) = -1, for n > 0.

P(0,1): -

P(1,1): (R§(1), P(0,2)), (R%(1),P(0,4))
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P(2,1):
P(3,1):

(R3(2), P(0,3)), (R (2),P(0,5)), (R5(1), P(1,2)), (R (1),P(1,4))

(R3(3), P(0,7)), (R5(2), P(1,3)), (Reo(2), P(1,5)), (Rg(1), P(2,2)), (R% (1), P(2,4))
(1(0,2),2P(0,6))

P(n, 1) (RS ™4 (3) P(n-3,7)), (RE ™14 (2), P(n-2,3)), (R{md3+41(2) P(n-2,5))
(R med 4 (1) p(n-1,2)), (RE-2Dmd31(1) P(n-1,4)), (ul,(u+1)P), n>3

Modules of the form P(n,2)

Defect: 0P(n,2) = -1, forn > 0.

P(0,2):
P(1,2):

(R (1), P(0,1))

(
P(2,2):(

(

(

(

R

RO(l) P(O 3)) (REO(Q)?P(O,ZI)), (R(lx,(l),P(l,l))

R3(3),P(0,6)), (R3(2),P(0,7)), (R5(1), P(1,3)), (R%(2),P(1,4)), (R%(1),P(2,1))
1(1,3),2P(0,5))

P(n,2): (R4 (3), P(n-2,6)), (RE ™41 (2), P(n-2,7)), (R{™V ™4 (1), P(n-1,3))
R{pHmed3tl(9y p(n-1,4)), (RED™md341(1) P(n,1)), (ul,(u+1)P), n>2

Modules of the form P(n,3)

Defect: 0P(n,3) = -1, forn > 0.

P(0,3):
P(1,3):

(R2,(2),P(0,1)), (R%(1),P(0,2))

(R(3),P(0,5)), (R3(2),P(0,6)), (Ry(1),P(0,7)), (R(2),P(1,1)), (R%(1),P(1,2))
(1(2,7),2P(0,4))

P(n,3): (RS ™4 (3), P(n-1,5)), (RE ™ 41(2), P(n-1,6)), (R{"V ™ (1), P(n-1,7))
(RG-Dmed31(2), P(n,1)), (RL™*1(1), P(n,2)), (ul. (u+1)P), n>1

Modules of the form P(n,4)

Defect: 9P(n,4) = -1, for n > 0.

P(0,4) : (R3(1), P(0,1))

P(1,4): (R3(2), P(0,2)), (R%,(1),P(0,5)), (R5(1), P(1,1))

P(2,4): (R3(3),P(0,3)), (R (2),P(0,6)), (R5(2), P(1,2)), (R%(1),P(1,5)), (Ry(1),P(2,1))

P(3,4): (R3(3), P(1,3)), (RL(2),P(1,6)), (R)(2), P(2,2)), (R%(1),P(2,5)), (R5(1),P(3,1))
(21(2,6),3P(0,1))

P(n,4) : (Ry™41(3), P(n-2,3)), (R ™d3+1(2) P(n-2,6)), (R ™% (2), P(n-1,2))

108



A.8 Schofield pairs for the quiver A(K3,4) Appendix A Schofield pairs

(RE2 med3+1(1) P(n-1,5)), (RS> ™ (1), P(n,1)), (ul.(u+1)P), n>3

Modules of the form P(n,5)
Defect: 9P(n,5) = -1, for n > 0.
P(0,5) :

P(1,5):
P(2,5):

R3(2),P(0,1)), (Ry(1),P(0,4))

R3(3),P(0,2)), (R%(1),P(0,6)), (Ry(2), P(1,1)), (Ry(1), P(1,4))

R2.(2),P(0,7)), (R§(3), P(1,2)), (R (1),P(1,6)), (R)(2),P(2,1)), (R§(1), P(2,4))
1(0,4),2P(0,3))

R4 3 1(9) p(n—-2,7)), (RS ™4 (3) P(n-1,2)), (RED ™d3+1(1), P(n-1,6))
R et (9) p(n, 1)), (RSV ™ (1), P(n,4)), (ul,(u+1)P), n>2

P(n,5):

~ o~ o~ o~ o~ o~

Modules of the form P(n,6)

Defect: 9P(n,6) = -1, for n > 0.

P(0,6) :
P(1,6) :

(R3(3),P(0,1)), (R5(2), P(0,4)), (Ry(1), P(0,5))

(RZ%,(2),P(0,3)), (R (1), P(0,7)), (R3(3), P(1,1)), (R(2),P(1,4)), (R3(1),P(1,5))
(1(1,5),2P(0,2))

P(n,6) : (RL™43+1(2), P(n-1,3)), (RE+D ™03+ (1) P(n—-1,7)), (BRI ™4 (3), P(n, 1))
(RS ™4 (2), P(n,4)), (RE™9**1(1), P(1,5)), (ul.(u+1)P), n>1

Modules of the form P(n,7)

Defect: 9P(n,7) = -1, for n > 0.

P(0,7) : (Rig(2), P(0,2)), (R (1), P(0,3)). (R5(3). P(0,4)), (Ro(2), P(0,5)). (R5(1). P(0,6))
1(2,6),2P(0,1))
anod3+1(2) P(n 2)) (R&:Hl) m0d3+1(1),P(n,3)), (Rén+3) mod4+1(3)7P(n74))

Rn mod 4+1(2),P(n,5)), (R(()n+1) mod 4+1(1),P(n,6)), ("II,I, (/II, + 1)P>’ n>0

P(n,7):

~ o~~~
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Schofield pairs associated to preinjective exceptional modules

Modules of the form I(n,1)

Defect: 9I(n,1) =1, for n > 0.

1(0,1) : (1(0,2), RZ,(1)), (1(0,3),R%,(2)), (1(0,4),R3(1)), (1(0,5),R5(2)), (1(0,6), R3(3))
(21(0,7), P(2,4))

I(n,1) : (I(n,2), RG™D ™31 (1)) (1(n,3), RG™D M4 34L(2))  (I(n,4), RS™D ™4 (1))
(I(n,5), RS ™04 (2)) (1(n,6), RSV ™4 (3)), ((v+1)1,0P), n>0

Modules of the form I(n,2)
Defect: 01(n,2) =1, for n > 0.

1(0,2) : (1(0,3), R, (1)), (1(0,7),R2,(2))

I(1,2): (1(0,1), RH(1)), (1(0,4),R5(2)), (1(0,5),Ri(3)), (1(1,3),R%(1)), (I(1,7),R%(2))
(21(0,6), P(2,1))
(

I(n,2) . I(n— 1, 1)’R[()—n+1) mod 4+1(1))7 (I(n— 174)7R(()—n+1) mod 4+1(2))’ (I(n— 1’5)7R((]—n+1) mod 4+1(3))
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(I(n73)7R£>c_>n+2) m0d3+1(1))7 (I(n77)7R<(>o_n+2) m0d3+1(2))’ ((’U+1)I,’UP), n>1

Modules of the form I(n,3)

Defect: 01(n,3) =1, forn > 0.

1(0,3) : (1(0,7), R (1))

1(1,3): (1(0,2), Ry(1)), (1(0,6), R.(2)), (1(1,7), R (1))

(
(
1(2,3) : (1(0,1), Rg(2)), (1(0,4),R5(3)), (1(1,2),Rg(1)), (I1(1,6),R%(2)), (1(2,7),R%(1))

(21(0,5), P(1,2))

(

(

I(n,3) I(n 2 1) R( n+5) mod4+1(2)) (I(n_274)7R(()—n+5) m0d4+1(3))’ (I(n_172)’Ré—n+5) mod4+1(1))
I(n—1,6), RS med3+1(9)) (I (n,7), RS med 31 (1)) (v + 1)1, 0P), n>2

Modules of the form /(n,4)

Defect: 9I(n,4) =1, for n > 0.

1(0,4) :
I(1,4):

1(0,5), (1)), (1(0,6), R3(2)), (1(0,7), R3(3))

(

(1(0,1),R5 (1)), (1(0,2),R%(2)), (1(1,5),R3(1)), (I(1,6),R5(2)), (1(1,7),R5(3))
(21(0,3), P(1,5))
(
(

I(n’4) I(n 1 ]_) R(—n+1) mod 3+1(1)) ( (n_ 172)7Rc(x—’n+1) mod 3+1(2))’ (I(H,E)),R((JTHZ) mod 4+1(1))
I(n,6), RS2 ™44 (9y) (1(n,7), RS2 ™ (3)), ((v+1)1,0P), n>1

Modules of the form I(n,5)

Defect: 01(n,5) =1, for n > 0.

1(0,5) : (1(0,6), R3(1)), (1(0,7),R5(2))

I(1,5): (1(0,3),R3(3)), (1(0,4),RL (1)), (I(1,6),R3(1)), (1(1,7),R5(2))

1(2,5) : (1(0,1),R2,(2)), (I(1,3),R5(3)), (1(1,4),R%,(1)), (1(2,6),R5(1)), (1(2,7),R5(2))
(21(0,2), P(0,6))

I(n,5): (I(n—2,1), RS ™43+ (9)) (1(n - 1,3), R{ ™ ™ (3)), (I(n-1,4), RG™D mod3+1(1))
(1(n,6), RS ™ ™od4 (1)) (1(n,7), RS ™ (2)), ((v+1)1,0P), n>2

Modules of the form I(n,6)

Defect: 01(n,6) =1, for n > 0.
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1(0,6) : (1(0,7), Ry(1))

1(1,6) : (1(0,3), Ro(2)), (1(0,5), R, (1)), (1(1,7),Ry(1))

1(2,6) : (1(0,2), R3(3)), (1(0,4),R%,(2)), (1(1,3),R3(2)), (I(1,5),R%,(1)), (1(2,7),R3(1))

1(3,6) : (I(1,2),R3(3)), (1(1,4),R%(2)), (1(2,3),R3(2)), (1(2,5),R%(1)), (1(3,7),R3(1))
(31(0,7),2P(2,4))

I(n,6) : (I(n-2,2), RS ™44 (3)) (1(n-2,4), R md31(2)) (I(n-1,3), R med 41 (2))
(I(n-1,5), RS med3+1(1)) (1(n,7), RS ™ (1)), ((v+1)1,0P), n>3

Modules of the form I(n,7)

Defect: 9I(n,7) =1, for n > 0.

1(0,7): -

I(1,7): (1(0,3), R)(1)), (1(0,6),RL,(1))

1(2,7) : (1(0,2), Ry(2)), (1(0,5), R%(2)), (1(1,3),Ry(1)), (1(1,6), R, (1))

1(3,7): (1(0,1), R3(3)), (I1(1,2),R3(2)), (I(1,5),R%,(2)), (1(2.3),Rj(1)), (I(2,6), R%,(1))

21(0,4), P(0,3))

I(n—3, 1),R(()_n+5) mod 4+1(3))’ (I(n— 2,2)7Ré_n+5) mod 4+1(2))’ (I(n—2,5),R£§”+4) mod 3+1(2))
I(n-1,3), RSO ™4 (1)) (1(n-1,6), RG™D ™03+ (1)), ((v+1)1,0P), n>3

I(n,7):

~ o~ o~ o~ o~ o~
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Schofield pairs associated to regular exceptional modules

The non-homogeneous tube ’TA(A?’ 4)

Ry(1): -

Ry(2) : (R3(1), Ry(1)), (1(1,3),P(0,1)), (1(1,7),P(0,2)), (1(0,6), P(0,3))
R3(1):(1(0,2),P(0,1)), (1(0,3),P(0,2)), (1(0,7),P(0,3))

R3(2): (R3(1), RE(1)), (1(0,2),P(0,4)), (1(0,3),P(1,1)), (1(0,7),P(1,2))

R3(1): -

R3(2) : (Ro(1), R3(1))

Ry(1): -

Ry(2) : (Ro(1), Ry(1))

Ry(3): (RH(2), R3(1)), (R3(1),Ry(2)), (1(2,7),P(0,1)), (1(1,6),P(0,2)), (1(0,5),P(0,3))
Ri(3) : (R3(2), Ry(1)), (R3(1),R(2)), (I(1,3),P(0,4)), (I(1,7),P(1,1)), (1(0,6),P(1,2))
R3(3): (R3(2), R3(1)), (R3(1),R3(2)), (1(0,2),P(0,5)), (1(0,3),P(1,4)), (1(0,7),P(2,1))
R3(3) : (Ro(2), Ro(1)), (Ro(1), Rg(2))
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A(Ad 4)

The non-homogeneous tube 7o,

Ry (1): -

RL(2): (R%(1),RL(1)), (1(1,5),P(0,1)), (I1(1,6),P(0,4)), (I(1,7),P(0,5)), (1(0,3),P(0,6))
RZ,(1):(1(0,4),P(0,1)), (1(0,5),P(0,4)), (1(0,6), P(0,5)), (1(0,7),P(0,6))

RZ,(2): (R, (1),R%(1)), (1(0,4),P(0,2)), (1(0,5),P(1,1)), (1(0,6),P(1,4)), (I(0,7),P(1,5))
R%(1): -

RZ,(2): (RL (1), R, (1))
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A.9 Schofield pairs for the quiver A(A35) —o=1""

ST
N /

11111112 -1 1010000
01100001 10110000
00100001 -1 0010001

RN (AR U A N O o . _|troo0o1000

Adas) 100000 0 1 1 1 1 Alhss) 1.1 1.0 0 0 1 0 0
0000O0T111 -1 1000010
00000011 -1 100000 1
0 00000O0 1 -2 10100 0 1]

Schofield pairs associated to preprojective exceptional modules
Modules of the form P(n,1)

Defect: 0P(n,1) = -1, forn > 0.
P(0,1): -

115



A.9 Schofield pairs for the quiver A(Kgg,) Appendix A Schofield pairs

P(1,1): (R3(1), P(0,2)), (R, (1),P(0,4))

P(2,1): (R3(2), P(0,3)), (R (2),P(0,5)), (R5(1), P(1,2)), (R%(1),P(1,4))

P(3,1): (R3(4), P(0,7)), (R3(3),P(0,8)), (Ry(2),P(1,3)), (R (2),P(1,5)), (R3(1),P(2,2))
(RZ,(1),P(2,4)), (1(1.3),2P(0,6))

P(n,1): (R 05 (4) P(n-3,7)), (RS ™15 (3), P(n - 3,8)), (Rp™1%1(2), P(n-2,3))
(R med3+1(2) p(n-2,5)), (RS™D ™45 (1), P(n-1,2)), (RE2 med3L(1), P(n - 1,4))
(ul,(u+1)P), n>3

Modules of the form P(n,?2)

Defect: 0P(n,2) = -1, forn > 0.

P(0,2): (R2,(1),P(0,1))

P(1,2): (R3(1), P(0,3)), (R%,(2),P(0,4)), (RL(1),P(1,1))

P(2,2): (Rj(4), P(0,6)), (R3(3),P(0,7)), (R§(2),P(0,8)), (R5(1), P(1,3)), (R%(2),P(1,4))
(RZ,(1),P(2,1)), (1(2.8),2P(0,5))

P(n,2): (RS2 ™95 () P(n-2,6)), (RS ™5 (3), P(n-2,7)), (R™I%1(2), P(n-2,8))
(RSD A5 (1), P(n~1,3)), (RE™Dmod3+1(2), P(n - 1,4)), (RU™D ™0d3(1), P(n, 1))
(u[ (u+ 1)P), n>2

Modules of the form P(n,3)
Defect: 0P(n,3) = -1, forn > 0.

P(0,3) :
P(1,3):

%(2), P(0,1)), (Ra(1), P(0,2))

R
Ry(4),P(0,5)), (R)(3),P(0,6)), (R§(2), P(0,7)), (R3(1),P(0,8)), (RL(2),P(1,1))
RZ,(1),P(1,2)), (I(2.7),2P(0,4))

(
(
(
P(n,3): (R ™95 (4) P(n-1,5)), (RS ™15 (3), P(n-1,6)), (Rp™151(2), P(n-1,7))
(
(

R(TL+1) mod5+1( ),P(n_ 1,8)), (R(()'IO’L—I) m0d3+1(2)’P(n71))’ (RZLomod3+1(1)7P(n’2))

ul,(u+1)P), n>1

Modules of the form P(n,4)

Defect: 9P(n,4) = -1, for n > 0.

P(0,4) : (R3(1), P(0,1))
P(1,4): (R3(2), P(0,2)), (R, (1),P(0,5)), (Ry(1), P(1,1))
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P(2,4): (R3(3), P(0,3)), (R%(2),P(0,6)), (R5(2), P(1,2)), (R (1),P(1,5)), (Rj(1),P(2,1))

P(3,4): (R3(4), P(0,8)), (R3(3),P(1,3)), (Ra(2), P(1,6)), (R3(2), P(2,2)), (R%(1),P(2,5))
(Ry(1), P(3,1)), (1(0.2),2P(0,7))

P(n,4) : (R ™95 (4) P(n-3,8)), (RE ™15+ (3), P(n-2,3)), (R{ md3+1(2) P(n-2,6))
(R med5+ 9y p(n-1,2)), (RE-2med3+1(1) p(n-1,5)), (RS ™45 (1), P(n,1))
(ul,(u+1)P), n>3

Modules of the form P(n,5)
Defect: 9P(n,5) = -1, for n > 0.
P(0,5) :

P(1,5):
P(2,5):

R3(2),P(0,1)), (R5(1),P(0,4))

R3(3),P(0,2)), (R(1),P(0,6)), (Ry(2), P(1,1)), (R3(1), P(1,4))

R3(4),P(0,3)), (R(2), P(0,7)), (R3(3),P(1,2)), (RL(1),P(1,6)), (R5(2), P(2,1))
Ry(1),P(2,4))

Ry(4),P(1,3)), (Re(2), P(1,7)), (R3(3), P(2,2)), (R%(1), P(2,6)), (Ry(2),P(3,1))
R3(1),P(3,4)), (21(2.6),3P(0,1))

P(n,5) : (Ry ™51 (4), P(n-2,3)), (R ™0d3+1(2) P(n-2,7)), (R{™D ™15 (3), P(n-1,2))
R mod3+1(1) p(n - 1,6)), (RS ™% (2), P(n, 1)), (RS2 ™% (1), P(n,4))
ul,(u+1)P), n>3

(
(
(
(
P(3,5) : (
(
(
(
(

Modules of the form P(n,6)
Defect: 0P(n,6) = -1, forn > 0.
P(0,6) :

P(1,6):
P(2,6):

(R3(3),P(0,1)), (R5(2), P(0,4)), (Ry(1),P(0,5))

(B3(4), P(0,2)), (RS (1), P(0,7)), (Ry(3), P(1,1)), (R3(2), P(1,4)), (Ro(1), P(1,5))

(R2,(2),P(0,8)), (Ry(4),P(1,2)), (R (1), P(1,7)), (R3(3),P(2,1)), (Ry(2),P(2,4))

(R3(1), P(2,5)), (1(0.4),2P(0,3))

P(n,6) : (RL™3+1(2), P(n-2,8)), (R ™5 (1), P(n-1,2)), (RED™431(1) P(n-1,7))
(R(n+2) mod 5+1(3) P(n 1)) (R(()n—2) m0d5+1(2)7P(n74))7 (R(()n—l) mod 5+1(1),P(n,5))
(ul,(u+1)P), n>2

Modules of the form P(n,7)

Defect: 0P(n,7) = -1, forn > 0.
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P(0,7):
P(1,7):

(R3(4), P(0,1)), (Ro(3),P(0,4)), (R5(2),P(0,5)), (R(1), P(0,6))

(RZ,(2),P(0,3)), (R, (1), P(0,8)), (R3(4), P(1,1)), (R3(3),P(1,4)), (Ry(2),P(1,5))
(R§(1),P(1,6)), (1(1,5),2P(0,2))

P(n,7) : (RL™4341(2), P(n - 1,3)), (RE+D ™43+ (1) P(n - 1,8)), (R ™5 (4), P(n, 1))
(R(™®) med 5+ 3y p(n, 4)), (BRI ™15 (2), P(n,5)), (RE™4%1(1), P(n,6))

(

ul,(u+1)P), n>1

Modules of the form P(n,8)

Defect: 9P(n,8) = -1, for n > 0.

P(0,8) : (R (2),P(0,2)), (R (1), P(0,3)), (R3(4), P(0,4)), (R3(3),P(0,5)), (Ry(2),P(0,6))

(R3(1),P(0,7)), (1(2.6),2P(0,1))

P(n,8) : (RL™43+1(2) P(n,2)), (RE+D M43+ (1) P(n,3)), (RS ™15 (1), P(n,4))
(R med™ 3y p(n,5)), (R ™51(2), P(n,6)), (RS ™% (1), P(n, 7))

(

ul,(u+1)P), n>0
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Schofield pairs associated to preinjective exceptional modules
Modules of the form I(n,1)

Defect: 01(n,1) =1, forn > 0.

1(0,1) : (1(0,2), R%,(1)), (1(0,3),R%,(2)), (1(0,4),R3(1)), (1(0,5),R5(2)), (1(0,6),R3(3))
(1(0,7),R3(4)), (21(0.8),P(2,5))

I(n,1) : (I(n,2), RG™D mod341 (1)) (I (n,3), RS md3+1(2)) | (I(n,4), RS D ™41 (1))
(I(n 5), R( n+1) mod 5+1(2)) (I(n76)7R(()—n+1)m0d5+1(3))’ (I(n, 7)7Ré—n+1)mod 5+1(4))
((U+1)I vP), n>0

Modules of the form I(n,2)
Defect: 01(n,2) =1, forn > 0.

1(0,2) : (1(0,3), R, (1)), (1(0,8),R2,(2))
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1(1,2): (1(0,1), Ri(1)), (1(0,4),R5(2)), (1(0,5),R§(3)), (1(0,6),Ry(4)), (1(1,3), R2,(1))
(I(1,8),R%,(2)), (21(0.7),P(2.4))

I(n,2) (I(n 1 1) R(—n+1)mod5+1(1)) (I(n—1,4),R(()_n+1) mod5+1(2))’ (I(n—1,5),R(()_n+l) mod5+1(3))
(I(n-1,6), RS ™95 () (1(n,3), RGP M43+ 1(1)), (I(n,8), RG™ mod3+1(2))
((v+1)I,0P), n>1

Modules of the form I(n,3)
Defect: 91(n,3) =1, forn > 0.
1(0,3) -

I(1,3) :
1(2,3) :

(1(0,8), R, (1))

(1(0.2). BY(D)). (10.7). BL(2)). (I(1,8). B (1))

(1(0,1),R5(2)), (1(0,4),R(3)), (1(0,5), R5(4)), (1(1,2),R5(1)), (I(1,7), R%,(2))
(I(2,8),R%,(1)), (21(0.6),P(2,1))

I(n,3) (I(n 9 1) R(—n+6) mod5+1(2)) (I(n—2,4),Ré_n+6) mod5+1(3))’ (I(?’L—?,5),R((]_n+6) mod5+1(4))
(I(n 1 2) R(—n+6) mod5+1(1)) (I(n—1,7),Rc(x_,n+3) m0d3+1(2))’ (I(H,S),R((X_,THB) mod3+1(1))

((v+1)I,vP), n>2

Modules of the form I(n,4)

Defect: 9I(n,4) =1, for n > 0.

1(0,4) :
1(1,4):

(1(0,5), R3(1)), (1(0,6),R5(2)), (1(0,7),R3(3)), (1(0,8),R3(4))

(1(0,1), R5 (1)), (1(0,2),R%(2)), (1(1,5),R3(1)), (I(1,6),R5(2)), (1(1,7),R5(3))

(I(1,8),R5(4)), (21(0.3),P(1,6))

I(n,4) : (I(n—1,1), RSV mod341 (1)) (1(n - 1,2), RG™D M4 341(2)) (I(n,5), RS 04541 (1))
(I(n 6) R(—n+2) mod 5+1(2)) ( (n 7)7R(()—n+2) mod5+1(3))’ (I(n,S),R(()_n+2) mod 5+1(4))
((v+1)I,0P), n>1

Modules of the form /(n,5)

Defect: 01(n,5) =1, forn > 0.

1(0,5) : (1(0,6), R3(1)), (1(0,7),R5(2)), (1(0,8),R5(3))

1(1,5): (1(0,3), R3(4)), (1(0,4), R, (1)), (I(1,6),R3(1)), (I(1,7),R3(2)), (I1(1,8),R5(3))

(

( ,

1(2,5): (1(0,1),R2,(2)), (1(1,3),R5(4)), (I(1,4),R2(1)), (1(2,6),R5(1)), (I(2,7),R5(2))
(1(2,8),R5(3)), (21(0.2),P(0,7))

120



A.9 Schofield pairs for the quiver A(Kgg,) Appendix A Schofield pairs

1(n.5) : (I(n=2,1), RE™D™19(2)), (I(n=1,3), R ™ (4)), (1(n-1,4), R ™43 (1))
(I(n, 6), R(()_n+3) mod 5+1(1))7 (I(n, ,7)7 R(()_n+3) mod 5+1(2))’ (I(n, 8), Ré—n+3) mod 5+1 (3))
v+ 1)[,vP), n>2
((v+D)I,0P),

Modules of the form I(n,6)

Defect: 9I(n,6) =1, for n > 0.

1(0,6) : (1(0,7), R3(1)), (1(0,8),R5(2))
I(1,6) : (1(0,3), R5(3)), (1(0,5), R, (1)), (I(1,7),R5(1)), (I1(1,8),R5(2))
1(2,6):

1(2,8), R3(2

( ),
( ),
(1(0,2), R3(4)), (1(0,4),R%,(2)), (1(1,3),R3(3)), (I(1,5),R3,(1)), (1(2,7),R3(1))
( )
1(3,6): (I(1,2),R5(4)), (I(1,4),R%(2)),
(
(
(
(

1(2,3), R3(3)), (1(2,5),R% (1)), (1(3,7),R3(1))
I(n,6) : (I(n—-2,2), RSO ™5 (4)) (I(n-2,4), RG™Dmd 3 1(2)) (I(n—1,3), RS ™05+ (3))

I(n 1 5) R(—n+4) mod 3+1(1)) (I n 7),Ré_n+4) m0d5+1(1))’ (I(n’S)’R((]_n+4) mod 5+1(2))
(v+1)I,0P), n>3

(
1(3,8),R3(2)), (31(0.8).2P(2.5))
(
(

Modules of the form I(n,7)

Defect: 01(n,7) =1, forn > 0.

1(0,7) : (1(0,8), Ry(1))
I(1,7): (1(0,3), R5(2)), (1(0,6), Re,(1)), (I(1,8),R5(1))
1(2,7): (1(0,2), R3(3)), (1(0,5),R%,(2)), (I(1,3),R5(2)), (I(1,6),R%,(1)), (1(2,8),R5(1))
) (
)

(
(
(
1(3,7): (1(0,1), R3(4)), (1(1,2),R5(3)), (I(1,5),R%,(2)), (1(2.3),R(2)), (I(2,6),R%,(1))
( )
(
(
(

~— ~—

1(3,8),Ry(1)), (21(0.4),P(0,3)

I(n,7): (I(n—3,1), RS2 ™ (1)), (I(n-2,2), RSP ™15 (3)), (I(n-2,5), RS mod 3+ (2))
I(n 1 3) R(—T’L+5) mod 5+1(2)) (I(n— 1,6),R£;n+4) mod 3+1(1))’ (I(n78)’R(()—TL+5) mod 5+1(1))
(v+ 1)1, (P), n>3

Modules of the form I(n,8)

Defect: 01(n,8) =1, forn > 0.

1(0,8): -
1(1,8) : (1(0,3), Ry(1)), (1(0,7),Ri,(1))
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1(2,8) : (1(0,2), R5(2)), (1(0,6),R3,(2)), (I(1,3),R5(1)), (I(1,7),R3,(1))

1(3,8): (1(0,1), R3(3)), (1(0,4),R5(4)), (1(1,2),R5(2)), (I(1,6),R%(2)), (1(2,3),Rj(1))
(I(2,7),R% (1)), (21(0.5),P(1,2))

I(n78) : (I(n—3, 1)7R[()—n+6) mod 5+1(3))7 (I(n— 374)7R6—n+6) mod 5+1(4))7 (I(n— 272)7R((]—n+6) mod 5+1(2))
(I(n-2,6), RS med341(2)) (I(n-1,3), RSO ™95 (1)) (I(n-1,7), RG™H mod3+1 (1))
((’U-l— 1)[,'UP), n>3

1(0,1)
1

1 2
1111

Luxm
11

0 1
0000
%umn

01

1

0000
%unw

00

0 1
0000
LULU

00

0 1
0001
Luxm

00

0 1
0011

Tr(o.a)
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Schofield pairs associated to regular exceptional modules

The non-homogeneous tube TA(AS 5)

Rp(1): -

Ry(2) : (R3(1), Ry(1)), (I(1,3),P(0,1)), (I(1,8),P(0,2)), (1(0,7),P(0,3))

RE(1):(1(0,2),P(0,1)), (1(0,3),P(0,2)), (1(0,8),P(0,3))

R3(2): (R3(1), R3(1)), (1(0,2),P(0,4)), (1(0,3),P(1,1)), (1(0,8),P(1,2))

Ry(1): -

R3(2) : (Ro(1), Ro(1))

Ry(1): -

Ry(2) : (Rg(1), Ro(1))

Rp(1): -

R3(2) : (Ro(1), Rg(1))

RY(3): (RH(2), RY(1)), (R3(1),R3(2)). (1(2,8),P(0,1)), (1(1,7),P(0,2)), (1(0,6),P(0,3))

Ro(4) : (Ro(3), Ro(1)), (R3(2), R3(2)), (R3(1), R3(3)), (1(2,8),P(0,4)), (I(1,7), P(1,1))
1(0,6), P(1,2))

Ry(3): (R3(2), Ry(1)), (R§(1),R(2)), (1(1,3),P(0,4)), (1(1,8),P(1,1)), (1(0,7),P(1,2))

Ry(4): (RE(3), Ry(1)), (R§(2),Ry(2)), (R3(1), Ry(3)), (1(1,3),P(0,5)), (I(1,8),P(1,4))

(
(
)+ (
(
)+ (
)+ (
(1(0,7),P(2,1))
R0(3 (Rg (2), RO (1)), (R3(1),R3(2)), (1(0,2),P(0,5)), (1(0,3),P(1,4)), (1(0,8),P(2,1))
)+ (
(
(
(
(
(
(

I(O 8) P(2 4))
R3(3) : (Ro(2), Ry (1)), (Ro(1), R5(2))
Ry(4) : (Ro(3), Ry (1)), (Ro(2), R(2)), (Ro(1), R(3))
R3<3> Ry 2) R“ (1)), (R0<1) Ry(2))

[(0 5) P(0, 3))
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%A(Xg 5)
/\"1((‘) f;((‘) /r(‘](r) /f;’,(r‘) /c;’;((s)
*l *l *l *l
| Yot e Yot 1112 77777777 R R S gt
: A |
3 / R3(5) / RS (5 >/ R2(5 >/ R3(5 >/ Ul< )
Yot Yot Yt Yot Yiit Yt
: R{(4) R} (4) R2(4) R3(4) RE(4) :
| |
| Ylor1t < Ytiont T 1110 77777777 R R R R S et
N e S o 1
(,m/ ”m/ R2(3 >/ 3 s>/ RA(3 >/ m
Yoo11t T Yloor! T Y100 T O1110° %9111 Yoo11!
| |
3 nw)/ \.m/ R3(2) / RA(2 >/ (,m/ 3
| |
| Yooort <1 Y1000 T 1100 77777777 O0110° T~ S %0110
: A |
/m(u///// \\\\\/Uu)////f \\\\\h,u)///// \\\\\ Ju>///// \\\\\h,u>///// \\\\‘MKU
%0001 7 Y0000 T %1000 T %9100 %9010 77 %9001°

The non-homogeneous tube TA(AS 2

Reo(1): -

RL(2): (R%(1),RL(1)), (1(1,5),P(0,1)), (I(1,6),P(0,4)), (I(1,7),P(0,5)), (I(1,8),P(0,6))
(1(0,3),P(0,7))

RZ,(1):(1(0,4),P(0,1)), (1(0,5),P(0,4)), (1(0,6), P(0,5)), (1(0,7),P(0,6)), (1(0,8),P(0,7))

RZ,(2): (R%,(1),R%,(1)), (1(0,4),P(0,2)), (1(0,5),P(1,1)), (1(0,6),P(1,4)), (1(0,7),P(1,5))
(1(0,8),P(1,6))

R, (1)~

R%,(2) : (Reo (1), R%,(1))
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1111
/\’L:(l)
01‘
0000
2 3 (1 01 1 1] (1 0 0 0 1]
\ / 01 111 0 -1 0 0 1
/\ 00010 -1 -1 10 1
1 4 001 1 1 -1 -1 1 1 1]

Schofield pairs associated to preprojective exceptional modules
Modules of the form P(n,1)

Defect: 9P(n,1) = -1, for n > 0.

P(0,1): -

P(1,1): (Ri(1), P(0,2))

P(2,1): (R3(1),P(0,3)), (R%(1),P(0,4)), (R (1), P(1,2)), (I(1,1),2P(0,1))

P(n,1): (R ™92 (1) P(n-2,3)), (RED ™42+ (1), P(n-2,4)), (RI"™ ™12 (1), P(n-1,2))
(ul,(u+1)P), n>2

Modules of the form P(n,2)

Defect: 0P(n,2) = -1, forn > 0.
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P(0,2): -

P(1,2): (R(1),P(0,1))

P(2,2): (R, (1),P(0,3)), (Ry(1),P(0,4)), (R (1), P(1,1)), (I(1,2),2P(0,2))

P(n,2) : (R m0d2+1(1) P(n - 2,3)), (RS2 ™2 (1), P(n-2,4)), (R ™42 (1) P(n—1,1))
(ul,(u+1)P), n>2

Modules of the form P(n,3)
Defect: 9P(n,3) = -1, for n > 0.
P(0,3) : (RZ,(1),P(0,2)), (1(0,3),P(0,5))

),
P(1,3): (Ri(1), P(0,4)), (R3(1),P(1,1)), (RL(1),P(1,2))
)

(Ro(1),P(0,1)
(

P(2,3): (RI(1),P(1,4)), (Ry(1),P(2,1)), (R (1), P(2,2)), (I(1,3),2P(0,3))
(
(

P(n,3): (R ™92 (1) P(n-1,4)), (RS2 ™12 (1), P(n, 1)), (R ™0d241 (1), P(n,2))
ul,(u+1)P), n>2

Modules of the form P(n,4)

Defect: 0P(n,4) = -1, forn > 0.

P(0,4) : (R (1), P(0,1)), (R3(1),P(0,2)), (1(0,4),P(0,5))

P(1,4): (Ri(1), P(0,3)), (R%(1),P(1,1)), (R(1), P(1,2))

P(2,4): (R}(1), P(1,3)), (RL(1),P(2,1)), (R3(1),P(2,2)), (I(1.4),2P(0,4))
(R;
(

P(n,4) : (R V™92 (1) P(n-1,3)), (R md2L(1) P(n,1)), (R" ™42 (1), P(n,2))
ul, (u+ 1)P), n>2

Modules of the form P(n,5)

Defect: 0P(n,5) = =2, for n > 0.

P(0,5): (P(1,1),P(0,1)), (P(1,2),P(0,2))

P(1,5): (P(1,3),P(0,3)), (P(1,4), P(0,4)), (P(2,1), P(1,1)), (P(2,2), P(1,2))

P(n,5): (P(n,3),P(n-1,3)), (P(n,4), P(n-1,4)), (P(n+1,1),P(n,1))
(P(n+1,2),P(n,2)), n>1
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:“/E:“ >/\1i7§</

Schofield pairs associated to preinjective exceptional modules
Modules of the form I(n,1)

Defect: 9I(n,1) =1, for n > 0.

1(0,1): (1(0,3), R3(1)), (1(0,4),R%(1)), (1(0,5),P(0,1))

I(1,1):(1(0,2), Ri(1)), (I(1,3),R5(1)), (I(1,4), Ri(1))

I(2,1): (I(1,2),R3(1)), (1(2,3),R5(1)), (I1(2,4),R% (1)), (21(0,1).P(1,1))

I(n,1): (I(n-1,2), RS2 1)) (1(n,3), RS™ ™42 (1)) (I(n, 4), RS mod 241(1))
((v+1)I,vP), n>2

Modules of the form I(n,2)

Defect: 9I(n,2) =1, for n > 0.

1(0,2) : (1(0,3), R (1)), (1(0,4),Rj(1)), (1(0,5),P(0,2))

1(1,2): (1(0,1), Ri(1)), (I(1,3),R%(1)), (I(1,4),R5(1))

1(2,2) : (I(1,1), R3(1)), (1(2,3),RL,(1)), (1(2,4),Ry(1)), (21(0.2),P(1,2))
( (
(

I(n,2): (I(n-1,1), RS2 (1)) ([(n,3), RG™D 04241 (1)) (I(n, 4), R ™) ™02 (1))
(v+1)I,v ),n>2

Modules of the form I(n,3)

Defect: 91(n,3) =1, forn > 0.

1(0,3): -
1(1,3) : (1(0,4), Ri(1))
1(2,3) : (1(0,1), Ri(1)), (1(0,2),R%,(1)), (1(1,4),RI(1)), (21(0.3),P(L,3))
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I(n,3): (I(n-2,1), RS2 ™42 (1)) (I(n-2,2), RG™D M4 21(1)), (I(n-1,4), RS med 241 (1)
((v+1)I,vP), n>2

Modules of the form I(n,4)

Defect: 01(n,4) =1, forn > 0.

1(0,4): -

I(1,4):(1(0,3), Ri(1))

1(2,4) : (1(0,1), R5, (1)), (1(0,2),R3(1)), (1(1,3),RI(1)), (21(0.4),P(1.4))

I(n,4): (I(n— 92, 1)’R<(x_>n+2) mod 2+1(1))7 (I(n— 272)71,%(()4”3) m0d2+1(1))’ (I(n— 1’3)’R§7n+3) mod 2+1(1))
((v+1)I,vP), n>2

Modules of the form I(n,5)

Defect: I(n,5) =2, forn > 0.

1(0,5) : (1(0,3),1(1,3)), (1(0,4),1(1,4))

I(1,5): (1(0,1),1(1,1)), (1(0,2),1(1,2)), (I(1,3),1(2,3)), (1(1,4),1(2,4))

I(n,5): (I(n-1,1),I(n,1)), (I(n-1,2),1(n,2)), (I(n,3),I(n+1,3))
(I(n,4),I(n+1,4)), n>1

(

0

0

1(0,

0
————————— 0

0
1 /

Vs

l('” \\\\\\, - '//////' \\\\\\‘7“ ”//////' \\\\\\x (2
777777777777 2 2 N S N
1 2 0 1
1(1) 1(2,1) 1U1> 1(0,1)
1 2 01

,,,,,,,,,,,,,,, - o
2 2 1t
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Schofield pairs associated to regular exceptional modules

TA(ﬁ4)

The non-homogeneous tube 7;

Ri(1): -
R}(1):(1(0,2),P(0,1)), (1(0,1),P(0,2)), (1(0,4),P(0,3)), (1(0,3),P(0,4))

7-1A(ﬁ4)
R7(3) Ri(3) R3(3)
2 2 71 11 71 2
J3, T P T -3
1 \/ Em/ \m:)/ 1
| 11 ! 11 |
——————————— 2
: 1 1 . 1 1 :
m()/ \;ffi(;)/ n{i(u
0 0 71 11 T 0 0
oo T T "ol
The non-homogeneous tube Tcﬁ (Da)
R (1) : (I(1,3),P(0,2)), (1(0,4),P(1,1))
RZ(1):(1(1,4),P(0,1)), (1(0,3), P(1,2))
TA(EM)
R2 (3) RL (3) RZ (3)
2 71 2 1 71 2
37— m - > 8 e > 3
271 172 271
: \/f,ﬁ(”)/ \/ \(>)/ :
| 11 71 11 |
| 2 oo |
! 171 171 !
| \\ . /// |
/rL}(l)/ /?%’L&) \/;( )
10 1 0 1 T 0
- ---------> . ---------- > 1
0 1 10 0
A(Dy)

The non-homogeneous tube 7

Ry(1): (1(1,4),P(0,2)), (1(0,3),P(1,1))
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RE(1): (I(1,3),P(0,1)), (1(0,4),P(1,2))

A.11 Schofield pairs for the quiver A(D;) - 4 - 1 22 1

5 3 101111 1 0 0010
\ / 011111 0 -1 0010
001000 1 -1 0110

g 0 28979 0 0 1 0 of TA®T|[1 11 0 1 0
/ \ 001111 1 -1 00 1 1
1 4 00110 1] -1 -1 1 1 1 0]

Schofield pairs associated to preprojective exceptional modules

Modules of the form P(n,1)

Defect: 9P(n,1) = -1, for n > 0.

P(0,1): -

P(1,1): (R(1), P(0,2))

P(2,1): (R}(2),P(0,1)), (Ri(1),P(1,2))

P(3,1): (R (1),P(0,3)), (Ry(1),P(0,4)), (R{(2), P(1,1)), (RI(1),P(2,2)), (1(2.1),2P(0,2))

P(n,1): (RE-3)md2+1(1) p(n-3,3)), (RS ™12 (1), P(n-3,4)), (RI" ™13 (2), P(n-2,1))
(R med 3 (1) p(n-1,2)), (ul, (u+1)P), n>3

Modules of the form P(n,2)

Defect: 0P(n,2) = -1, forn > 0.
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P(0,2): -

P(1,2): (R(1),P(0,1))

P(2,2): (R}(2),P(0,2)), (Ri(1),P(1,1))

P(3,2): (R3(1), P(0,3)), (R%(1),P(0,4)), (R{(2), P(1,2)), (RI(1),P(2,1)), (1(2.2),2P(0,1))

P(n,2): (R ™92 (1), P(n-3,3)), (RE-2 ™42+ (1), P(n - 3,4)), (R" ™13 (2), P(n-2,2))
(R

(
R(2) m0d3+1( ),P(n—l,l))7 («u],(u+1)P), n>3

Modules of the form P(n,3)

Defect: 0P(n,3) = -1, forn > 0.

P(0,3): (R)(1), P(0,1)), (RZ%(1),P(0,2)), (I(1,4),P(0,5)), (1(0,3),P(0,6))

P(1,3): (R}(1),P(0,4)), (R3(1),P(1,1)), (RL(1),P(1,2)), (1(0,4),P(1,5))

P(2,3): (R}(2), P(0,3)), (R{(1),P(1,4)), (R)(1),P(2,1)), (R%(1),P(2,2))
) (

R1(1),P(2,4)), (R5(1),P(3,1)), (R (1), P(3,2)), (1(2.3),2P(0,4))
P(n,3): Rgn—S) mod 3+1 2),P(n—2,3)), (Rgn—Z) m0d3+1(1),P(n_ 1’4))7 (R(()n—Q) mod 2+1(1),P(n,1))

(
(
(R
P(3,3): (R1(2), P(1,3)),
( (
(RE=3med 2411y P(n,2)), (ul,(u+1)P), n>3

Modules of the form P(n,4)

Defect: 0P(n,4) = -1, forn > 0.

P(0,4) : (R (1),P(0,1)), (R5(1),P(0,2)), (I(1,3),P(0,5)), (1(0,4), P(0,6))

P(1,4): (R3(1),P(0,3)), (R%(1),P(1,1)), (Rj(1), P(1,2)), (1(0,3), P(1,5))

P(2,4): (R}(2), P(0,4)), (R{(1),P(1,3)), (R (1), P(2,1)), (R3(1),P(2,2))

P(3,4): (R1(2), P(1,4)), (RI(1),P(2,3)), (R%(1),P(3,1)), (Ry(1),P(3,2)), (1(2.4),2P(0,3))

P(n,4) : (R ™98 () p(n-2,4)), (R ™3 (1), P(n-1,3)), (REP 04241 (1), P(n, 1))
(R3)med 2+ (1) P(n,2)), (ul,(u+1)P), n>3

Modules of the form P(n,5)

Defect: 9P(n,5) = =2, for n > 0.

P(0,5): (P(1,1),P(0,1)), (P(1,2), P(0,2))

P(1,5): (R}(1),P(0,6)), (P(2,1),P(1,1)), (P(2,2),P(1,2))

P(2,5): (P(2,4), P(0,3)), (P(2,3),P(0,4)), (R1(1),P(1,6)), (P(3,1),P(2,1)), (P(3,2),P(2,2))
P(n,5): (P(n,4), P(n-2,3)), (P(n,3), P(n-2,4)), (R"2 ™91 (1) P(n-1,6))
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(P(n+1,1),P(n,1)), (P(n+1,2),P(n,2)), n>2

Modules of the form P(n,6)

Defect: 0P(n,6) = -2, forn > 0.
P(0,6) :
P(1,6):
P(n,6):

P(2,2),P(0,1)), (P(2,1),P(0,2)), (Ri(1),P(0,5))

P(1,3),P(0,3)), (P(1,4),P(0,4)), (P(3,2),P(1,1)), (P(3,1),P(1,2)), (R (1), P(1,5))
P(n,3),P(n-1,3)), (P(n,4),P(n-1,4)), (P(n+2,2),P(n,1))

P(n+2,1),P(n,2)), (Ry ™9 (1), P(n,5)), n>1

—~ o~~~

/’(u;ﬁ) /’(1.,’) /’(_),::) P(3,3)
L - L, 71 L 71 2 1
! 12 12 233,
P(0, l) I\l) /1.1; P(3,4)
L L, L, 2,2
,,,,,,,,,, o\ N Nl
! /1 /1 233
/’(t P( \/(m) \/(s«
2, 5!
,,,,,,,,,,,, N LT T
2 ? 3
/ \/(] )/ \() )/ \ /
00
———————————— > ——77————————» e

O

\\

—= =

=N g =T
:H\Hf

Schofield pairs associated to preinjective exceptional modules
Modules of the form I(n,1)

Defect: 01(n,1) =1, forn > 0.

1(0,1) : (1(0,3), R3(1)), (1(0,4), R%(1)), (1(0,5),P(0,1)), (1(0,6), P(1,2))

I(1,1): (1(0,2), Ri(1)), (I(1,3),R5(1)), (I(1,4), R (1)), (I(1,6),P(0,2))

1(2,1): (1(0,1),R}(2)), (I(1,2),R}(1)), (1(2,3),R5(1)), (1(2,4), R%(1))

1(3,1):(I(1,1),R3(2)), (1(2,2),Ri(1)), (1(3,3),Rj(1)), (1(3,4),RL, (1)), (21(0,2),P(2,1))

I(n,l) (I(n 2 1) R(—n+4)mod3+1(2)) ( (n_1’2)7R§—n+4)mod3+1(1))’ (I(n,3),R(()_n+3)m0d2+1(1))
(I(n,4), R med25 (1)) ((v+1)1,0P), n>3

132



A.11 Schofield pairs for the quiver A(ﬁ5) Appendix A Schofield pairs

Modules of the form I(n,2)

Defect: 9I(n,2) =1, forn > 0.

1(0,2) :
I(1,2):
1(2,2) :
1(3,2) :
I(n,2):

1(0,3), R3, (1)), (1(0,4),Ry(1)), (1(0,5),P(0,2)), (1(0,6),P(1,1))

1(0,1), R{(1)), (I(1,3),R%(1)), (1(1,4),R5(1)), (I(1,6),P(0,1))

1(0,2), R7(2)), (1(1,1), R{(1)), (1(2,3), Reo(1)), (1(2,4), Rg(1))

1(1,2),R}(2)), (I(2,1),Ri(1)), (1(3,3),R% (1)), (I(3,4),R5(1)), (21(0.1),P(2,2))
I(n=2,2), RS md3 L 9)) (I(n—1,1), RV ™I3 (1)) (I(n, 3), RE™ mod 2+1(1))
I(n,4),R(()_n+4) mod 2+1(1)), ((v+1)I,vP), n>3

~ o~ o~ o~ o~ o~

Modules of the form I(n,3)

Defect: 0I(n,3) =1, forn > 0.

1(0,3): -

1(1,3) : (1(0,4), Ri(1))

1(2,3) : (1(0,3), R}(2)), (I1(1,4),R}(1))

1(3,3): (1(0,1), R (1)), (1(0,2), R5(1)), (I(1,3),R7(2)), (1(2,4),Ri(1)), (21(0.4),P(2,3))

I(n,3): (I(n=3,1), RS mod 241 (1)) (1(n - 3,2), R{™ ™2 (1)) (1(n - 2,3), R med 341 (9y)
(I(n-1,4), RT3 (1)) (v +1)1,0P), n >3

Modules of the form I(n,4)

Defect: 91(n,4) =1, forn > 0.

1(0,4): -

I(1,4):(1(0,3), Ri(1))

1(2,4) : (1(0,4), R}(2)), (1(1,3),R}(1))

1(3,4): (1(0,1), Ri(1)), (1(0,2),R%,(1)), (1(1,4),R(2)), (1(2,3),Ri (1)), (21(0,3),P(2,4))

I(n,4): (I(n-3,1), RS ™02 (1)) (I(n-3,2), RG™Dmd 24 1(1)) | (I(n—2,4), R med 341 (9y)
(I(n-1,3), RS ™43 (1)) (v + 1)1, 0P), n>3

Modules of the form I(n,5)

Defect: 0I(n,5) =2, forn > 0.
1(0,5) : (1(0,3),1(2,4)), (1(0,4),1(2,3)), (1(0,6), R;(1))
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I(1,5):(1(0,1),1(1,1)), (1(0,2),1(1,2)), (1(1,3),1(3,4)), (I(1,4),1(3,3)), (1(1,6),R;(1))
I(n,5): (I(n-1,1),1(n,1)), (I(n-1,2),1(n,2)), (I(n,3),I(n+2,4))
(I(n,4),1(n+2,3)), (I(n,6), RS2 ™43 (1)) 551

Modules of the form I(n,6)

Defect: 9I(n,6) =2, for n > 0.

1(0,6) : (1(0,3),1(1,3)), (1(0,4),1(1,4))

1(1,6): (1(0,5), Ri(1)), (I(1,3),1(2,3)), (1(1,4),1(2,4))

1(2,6): (1(0,1),1(2,2)), (1(0,2),1(2,1)), (1(1,5),R;(1)), (1(2,3),1(3,3)), (1(2,4),1(3,4))

I(n,6): (I(n-2,1),1(n,2)), (I(n-2,2),1(n,1)), (I(n-1,5), R{U™H ™31 (1))
(I(n,3),I(n+1,3)), (I(n,4),I(n+1,4)), n>2

/(.;,,:) /(3,,:) 1(1,3) /(().,%)

/(>,|) /(\ |) /(
N\~ - - - = =-=S= = N\~ - ——-—-=-—-=S= = -\~ - ——-—=-=-=S= =
/(w \/(M) /(u)

LN ] <+ - - - - - - - - - - - <+ - - - - - - - - - - -

V§7i7i7

1

Schofield pairs associated to regular exceptional modules
The non-homogeneous tube TA(Ds)

Ri(1): -

Ri(2): (Ri(1),Ri(1)), (1(1,1),P(0,1)), (1(1,2),P(0,2)), (I(1,3),P(0,3)), (I(1,4),P(0,4))
R}(1):(1(0,2),P(0,1)), (1(0,1),P(0,2)), (1(0,4),P(0,3)), (1(0,3),P(0,4)), (1(0,6),P(0,5))
R}(2): (RI(1),R1(1)), (1(0,1),P(1,1)), (1(0,2),P(1,2)), (1(0,3),P(1,3)), (1(0,4),P(1,4))
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Rzlg(l) T —
R}(2): (R1(1),R(1))

R’(I

)
1 .
1

AN

f/ \</ \w/ \.

I
I
I
I
R3!
|
1
1

(3

[E

= =y

/ \n.m/ \,.m/ \,1.

The non-homogeneous tube TA(Ds)

RL(1):(1(2,4),P(0,2)), (I(1,3),P(1,1)), (1(0,4), P(2,2))
RZ,(1):(I(2,3),P(0,1)), (I(1,4),P(1,2)), (1(0,3),P(2,1))

A(D
7-00( 5)

R2 (3) RL (3) R2 (3)
12 7t 2 1 771 12
33 ——----mm— - > 833 ——-mmmmm— - > 33
2771 1772 2771
| |
l l
| H;u) ni@) |
| 1, T 21 |
| 1 1 |
| |
| |
| |
‘ - I

|
I\X‘(I) R2 (|) RL(1)
71 1 0
—————————————————————————— > 11
0 1
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The non-homogeneous tube 76A(®5)

Ry(1):(1(2,3),P(0,2)), (I(1,4),P(1,1)), (1(0,3),P(2,2))
R3(1): (1(2,4),P(0,1)), (I1(1,3),P(1,2)), (1(0,4),P(2,1))

TA(D5)
0
R2(3) R (3) R2(3)
11 71 2 2 ! 11
33 —-mmmmmmm-——- - 7380 oo -~ 33
27 "2 1771 27 "2

| |

| |

| |

| |

| 1 |

1 R;5(2) R5(2) 1

| 11 7 11 |

\ 22 —- - m - mm - > 22 \

| 1771 1771 |

I X A |

! ~o_ 7t -7 !

| — - |

| |
RY(1) RZ(1) RE(1)
1 T 0 0 ! 1

11 -—---—=--—-=---~ 11 ——=--=—==-=—=--~-~ > 11
0 1 1 0

A.12 Schofield pairs for the quiver A(Dg) - 4 - 1 222 1

1011111 -1 0 00100
2 3 0111111 0 -1 00100
0010000 -1 -1 01100

5~ 6<~—7 Cay=[0 00 1.0 0 0| @yp5,=[-1 -1 10100
/ \ 0011111 1 -1 00110
) 1 0011011 1 -1 00101
00110 0 1] -1 -1 111 0 0

Schofield pairs associated to preprojective exceptional modules
Modules of the form P(n,1)

Defect: 9P(n,1) = -1, for n > 0.

P(0,1): -

P(1,1): (R3(1), P(0,2))

P(2,1): (R}(2),P(0,1)), (Ri(1),P(1,2))

P(3,1): (R}(3), P(0,2)), (R{(2),P(1,1)), (R{(1),P(2,2))

P(4,1): (R§(1), P(0,3)), (R%(1),P(0,4)), (R{(3), P(1,2)), (R1(2),P(2,1)), (RI(1),P(3,2))

R
R
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(1(3,1),2P(0,1))
P(n, 1) . (R(()n—fﬂ) mod 2+1(1),P(n—4,3)), (Rg?_g) m0d2+1(1),P(n—4,4)), (Rgn—l) m0d4+1(3),P(n _ 3’2))
(R med L9y p(n-2,1)), (R ™I (1), P(n-1,2)), (ul, (u+1)P), n>4

Modules of the form P(n,2)

Defect: 0P(n,2) = -1, forn > 0.

P(0,2): -
P(1,2):
P(2,2):
P(3,2):

(R{(1),P(0,1))

(

(
P(4,2) : (

(

(

(

R}(2),P(0,2)), (R{(1),P(1,1))

R}(3),P(0,1)), (R{(2),P(1,2)), (R{(1),P(2,1))

RL(1),P(0,3)), (Ry(1), P(0,4)), (Ri(3),P(1,1)), (Ri(2),P(2,2)), (Ri(1),P(3,1))
1(3,2),2P(0,2))

R mod 241 (1) p(p —4.3)), (RS ™% (1), P(n-4,4)), (R D™ (3), P(n-3,1))
R med 9y p(n-2,2)), (R ™I (1), P(n-1,1)), (ul, (u+1)P), n>4

P(n,2):

Modules of the form P(n,3)

Defect: 9P(n,3) = -1, for n > 0.

P(0,3): (Ry(1), P(0,1)), (R%(1),P(0,2)), (1(2,3),P(0,5)), (I(1,4),P(0,6)), (1(0,3),P(0,7))
P(1,3): (R}(1),P(0,4)), (R3(1),P(1,1)), (Ra.(1),P(1,2)), (I(1,3),P(1,5)), (1(0,4),P(L,6))
P(2,3): (R}(2),P(0,3)), (R1(1),P(1,4)), (Ry(1),P(2,1)), (R%(1),P(2,2)), (1(0,3),P(2,5))
P(3,3): (R(3),P(0,4)), (R1(2),P(1,3)), (R{(1),P(2,4)), (R§(1), P(3,1)), (R (1),P(3,2))
P(4,3): (R1(3), P(1,4)), (R1(2),P(2,3)), (R}(1),P(3,4)), (Ry(1), P(4,1)), (R%(1),P(4,2))
(1(3,3),2P(0,3))
P(n,3): (R ™44 3y P(n-3,4)), (R ™44 (9) P(n-2,3)), (RI"™ ™44 (1), P(n-1,4))
(

RO md2 (1) P(n, 1)), (RGP ™02 (1) P(n,2)), (ul, (u+1)P), n >4

Modules of the form P(n,4)

Defect: 0P(n,4) = -1, forn > 0.

P(0,4): (RL(1),P(0,1)), (R5(1),P(0,2)), (1(2,4), P(0,5)), (I(1,3),P(0,6)), (1(0,4),P(0,7))
P(1,4): (R}(1), P(0,3)), (R%(1),P(1,1)), (R)(1), P(1,2)), (I(1,4),P(1,5)), (1(0,3),P(1,6))
P(2,4): (R}(2),P(0,4)), (R1(1),P(1,3)), (RL(1),P(2,1)), (R3(1), P(2,2)), (1(0,4),P(2,5))
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P(3,4): (R3(3), P(0,3)), (R1(2),P(1,4)), (R{(1),P(2,3)), (R%(1),P(3,1)), (R5(1),P(3,2))

P(4,4): (R1(3), P(1,3)), (R1(2),P(2,4)), (RI(1),P(3,3)), (R (1), P(4,1)), (R3(1),P(4,2))
(1(3,4),2P(0,4))

P(n,4) : (R ™04 (3) P(n-3,3)), (RID ™4 (2) p(n-2,4)), (R ™44 (1) P(n-1,3))
(R(-H mod 2411y p(p 1)), (BRI ™12 (1), P(n,2)), (ul,(u+1)P), n>4

Modules of the form P(n,5)

Defect: 0P(n,5) = -2, forn > 0.

P(0,5): (P(1,1),P(0,1)), (P(1,2), P(0,2))

P(1,5): (R}(1),P(0,6)), (P(2,1),P(1,1)), (P(2,2),P(1,2))

P(2,5): (R3(2),P(0,7)), (R1(1),P(1,6)), (P(3,1),P(2,1)), (P(3,2),P(2,2))

P(3,5): (P(3,3), P(0,3)), (P(3,4), P(0,4)), (R1(2),P(1,7)), (R{(1),P(2,6)), (P(4,1),P(3,1))
(P(4,2),P(3,2))

P(n,5): (P(n,3),P(n-3,3)), (P(n,4),P(n-3,4)), (R} ™" (2), P(n-2,7))
(R med 411y p(n-1,6)), (P(n+1,1), P(n,1)), (P(n+1,2), P(n,2)), n >3

Modules of the form P(n,6)
Defect: 0P(n,6) = -2, forn > 0.
P(0,6) :

P(1,6):
P(2,6):

P(2,2),P(0,1)), (P(2,1),P(0,2)), (R{(1),P(0,5))

R}(1),P(0,7)), (P(3,2),P(1,1)), (P(3,1),P(1,2)), (R{(1),P(1,5))

P(2,4),P(0,3)), (P(2,3),P(0,4)), (R{(1),P(1,7)), (P(4,2),P(2,1)), (P(4,1), P(2,2))
Ri(1), P(2,5))

P(n,4), P(n-2,3)), (P(n,3), P(n-2,4)), (R ™4 (1) P(n-1,7))

P(n+2,2), P(n,1)), (P(n+2,1), P(n,2)), (R D™ (1), P(n,5)), n>2

P(n,6):

~ o~ o~ o~~~

Modules of the form P(n,7)

Defect: 9P(n,7) = =2, for n > 0.

P(0,7): (P(3,1), P(0,1)), (P(3,2),P(0,2)), (R1(2),P(0,5)), (R{(1),P(0,6))

P(1,7): (P(1,3),P(0,3)), (P(1,4), P(0,4)), (P(4,1), P(1,1)), (P(4,2), P(1,2)), (R{(2), P(1,5))
(Ri(1), P(1,6))

P(n,7): (P(n,3),P(n-1,3)), (P(n,4), P(n-1,4)), (P(n+3,1),P(n,1))
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(P(n+3,2), P(n,2)), (R ™4 (2) P(n,5)), (R} ™4**1(1), P(n,6)), n>1

P(0,3) P(1,3) P(2,3) P(3,3)
1 1 1 1 1 1 0
—————————————————— (221 cmm oo 222
"o 0
P(U 1) I'( 1) I'(’ 1) P(i 1)
L0 0
//// \\\\//K/ 7777777 //K/ 221;\\\\//// 222
PO, 7" > /.> 2 ") I”(% ’>
L0
————————— - 322 e el 443
o / \P : (,>/ \W (,>/ \\m ) /
110 ——————————————————————————— - 433
o )>/ \P >/ - \P(., >/ \\m /
100 ————————— 210 A 221 ————————— > 23331
P(0,2) 4 P(2, P(3,2
1 O/ \\ / \\ O/ \ O
000 At 100 A--t---2 110 A2
0o o0 0 "o
(0, 1) 1) P(2,1) P(; )
oo 0 0,0 L0
000 ——--fooo- X
10 0o o 1'% o' o
P(4,3) P(5,3) P(6,3) P(7,3)
2 7! 2 1 7! 2 2 7! 2
388 L4883, s Ads - jada
P(4,4) I”() 1) P(u 1) I”(«.
2 1
////;3332 ——————— //K/ 433 ——————— //K/ 443 ——————— //K/ 444
P(lq » N PU n » N PUJW . N PC‘U
555 el 766 ————————— - 876 ————————— - 887
P(-l ())/ \‘]—’(r l))/ \P(U l))/ \P(l.ll /
554 ————————— - 655 ————————— - 776 ————————— - 877
P(4.5>/ ) \m >/ \m, )>/ \«pm/
eoe 544 S 654 ————————— - 665 ————————— - 777
P(.2) P(5,2) P(6,2) P(7,2)
222/\\322/\\332/\\333/
PHL) PG, 1); P, 1): P
2222 ————————— - 322 ————————— - 332 ————————— - 333

Schofield pairs associated to preinjective exceptional modules
Modules of the form I(n,1)

Defect: 01(n,1) =1, forn > 0.
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1(0,1): (1(0,3), R3(1)), (1(0,4),R%,(1)), (1(0,5),P(0,1)), (1(0,6),P(1,2)), (1(0,7),P(2,1))
1(1,1): (1(0,2), R(1)), (I(1,3),R5(1)), (I(1,4), R (1)), (I(1,6),P(0,2)), (I(1,7),P(1,1))
1(2,1): (1(0,1),R1(2)), (1(1,2),R{(1)), (I(2,3),R5(1)), (1(2,4),R%(1)), (I(2,7),P(0,1))
1(3,1):(1(0,2),RI(3)), (I(1,1),R}(2)), (I(2,2),R(1)), (1(3,3),Ry(1)), (I(3,4), R (1))
1(4,1): (I(1,2), R1(3)), (1(2,1),R}(2)), (I(3,2),R3(1)), (1(4,3),R3(1)), (I(4,4), R%,(1))

(21(0,1), P(3,1))

(I(n 3 2) R(—n+5)mod4+1(3)) ( (n—2,1),R§_n+5) m0d4+1(2))’ (I(n_1’2)’R§—n+5) mod4+1(1))

(

I(n 3) R(—n+5)mod2+1(1)) ( (TL 4)7Rt(x—’n+5) m0d2+1(1))’ ((v+1)],vP), n>4

I(n,1):

Modules of the form I(n,2)

Defect: 9I(n,2) =1, for n > 0.

1(0,2) :
1(1,2) :
1(2,2) :
1(3,2) :
1(4,2) :

1(0,3), RL (1)), (1(0,4), Ri(1)), (1(0,5),P(0,2)), (1(0,6),P(1,1)), (I(0,7),P(2,2))
1(0,1),Ri(1)), (I(1,3),R2,(1)), (1(1,4),R3(1)), (I(1,6),P(0,1)), (1(1,7),P(1,2))
1(0,2),R1(2)), (I(1,1), R{(1)), (1(2,3), R (1)), (I(2,4),Rj(1)), (1(2,7),P(0,2))

1(0,1), R{(3)), (I(1,2),R}(2)), (1(2,1),R;(1)), (I(3,3),R%(1)), (1(3,4),R5(1))
I(1,1),R}(3)), (I(2,2),R3(2)), (1(3,1),R}(1)), (I(4,3), Ry (1)), (1(4,4),R4(1))

21(0,2), P(3,2))

I(n 3 1) R(—n+5) mod4+1(3)), ([(n—2,2),R§_n+5) m0d4+1(2))’ (I(n_171),R§_n+5) mod4+1(1))

I(n’3)7R((X—>n+4) mod 2+1(1)), (I(n,4),Ré_n+4) mod 2+1(1))’ ((7) n 1)[,’UP), n>4

I(n,2):

~ o~ o~ o~ o~ o~ o~ o~

Modules of the form /(n,3)

Defect: 01(n,3) =1, forn > 0.

1(0,3): -

1(1,3):(1(0,4),Ri(1

1(2,3): (1(0,3), R1(2)), (1(1,4),Ri(1))

1(3,3): (1(0,4), R3(3)), (1(1,3),R}(2)), (I(2,4),Ri(1))
(

(1
(
(
1(4,3): (1(0,1), Ri(1)), (1(0,2),R%(1)), (1(1,4),R1(3)), (1(2,3),R3(2)). (1(3,4),Ri(1))
(
(
(

)
)
3)):

\/v\_/\_/

21(0,3), P(3, 3))
I(n-2 3) R(‘”+5> rnOd‘“l(z)) (I(n—-1,4), RSO L)) (w4 1), 0P), n>4

I(n,3):
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Modules of the form I(n,4)

Defect: 01(n,4) =1, forn > 0.

1(0,4): -

I(1,4):(1(0,3), Ri(1))

1(2,4) : (1(0,4), R1(2)), (1(1,3),R{(1))

1(3,4): (1(0,3),R3(3)), (I(1,4),R}(2)), (1(2,3),R3(1))

1(4,4): (1(0,1),R5 (1)), (1(0,2),R5(1)), (1(1,3),R1(3)), (I(2,4),R3(2)). (1(3,3),R(1))
(21(0,4),P(3,4))
(I(n—-4,1), RS med 21 (1)) (I(n—4,2), RS ™92 (1)) (I(n - 3,3), R mod 4+l (3y)
(

I(n-2,4), R medt 9y (1(n-1,3), RU™D ™44 (1)) (04 1), 0P), n>4

I(n,4):

Modules of the form I(n,5)

Defect: 91(n,5) =2, forn > 0.

1(0,5) :
I(1,5):

(1(0,3),1(3,3)), (1(0,4),1(3,4)), (1(0,6), R}(1)), (1(0,7),R}(2))
(1(0,1),1(1,1)), (1(0,2),1(1,2)), (I(1,3),1(4,3)), (1(1,4),1(4,4)), (I(1,6),R;(1))
(I(1,7),R1(2))
I(n,5): (I(n-1,1),1(n,1)), (I(n-1,2),1(n,2)), (I(n,3),I(n+3,3))
(

I(n,4), I(n+3,4)), (I(n,6), RU™2 ™ (1)) (1(n,7), RTD ™04 (2)) 51

Modules of the form I(n,6)
Defect: 9I(n,6) =2, for n > 0.
1(0,6) : (1(0,3),1(2,4)), (1(0,4),1(2,3)), (I(0,7), R{(1))

I(1,6) : (1(0,5), Ri(1)), (I(1,3),1(3,4)), (I(1,4),1(3,3)), (I(1,7),R}(1))

(
(
1(2,6) : (1(0,1),1(2,2)), (1(0,2),1(2,1)), (I(1,5), R{(1)), (1(2,3),1(4,4)), (I(2,4),1(4,3))
(I(2,7),Ri(1))

(

(

I(n,6): (I(n-2,1),1(n,2)), (I(n-2,2),1(n,1)), (I(n-1,5), R md41 (1))
I(n,3),1(n+2,4)), (I(n,4),1(n+2,3)), (I(n,7), RS ™I (1)) 459

Modules of the form I(n,7)

Defect: 01(n,7) =2, forn > 0.
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1(0,7): (1(0,3),1(1,3)), (1(0,4),1(1,4))

I(1,7): (1(0,6), Ri(1)), (I(1,3),1(2,3)), (I(1,4),1(2,4))

1(2,7): (1(0,5), R1(2)), (1(1,6),R{(1)), (1(2,3),1(3,3)), (1(2,4),1(3,4))

1(3,7): (1(0,1),1(3,1)), (1(0,2),1(3,2)), (I(1,5),R(2)), (1(2,6),R}(1)), (I(3,3),1(4,3))
(1(3,4),1(4,4))

I(n,7): (I(n-3,1),1(n, 1)), (I(n-3,2),1(n,2)), (I(n-2,5), RU™D md41(2))
(

I(n-1,6), RU™D ™ 1)) (1(n,3),1(n+1,3)), (I(n,4),I(n+1,4)), n>3

1(3,3) 1(2,3) 1(1,3) 1(0,3)
0 T 0

0 1 ' 0 0 r 0 1
111 <o 011 <--—-mmm e 001 <-—————— - 000
0 1 0 0 0 1 0 0
1(2,4) I(1,4)
0 1 0 0 0 1 0 0
N N NEENE s W00 N 5000
0 1
/(z ) /(7*) /(1 ) (0, )
333 e 122 e 012 e 001
I( ‘)/ \/( ()/ \I( ()/ \I(U()/
334 T I T B - D I —— 011
>/ ,)/ \/(w )/ \/m >/
coe 1344 “——m—m - 234 “-— - - 223 4--—-———— - 111
1(3,2) > ~ 1(2,2) 7 a0 I(1,2) ~ 1(0,2) 7™
0 1/ T \1 1/ ,~ \0 1/ - \1 1/
222 Lo NC 122 2 - —— - 112 7 ———- -3¢ 111
1 1 0 1 1 1 0 1
1(3,1) 1(2,1) I(1,1) 1(0,1)
1 1 r 0 1 T 1 1 B 0 1
222 4o 122 <----oomn 112 <----mmmm e 111
0 1 1 1 0 1 1 1
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1(7,3) 1(6,3) 1(5,3) 1(4,3)

1 1 T 1 2 T 1 1 ™ 1
333 <--------- 233 <-—-------- 223 <--------- 222
1 2 1 1 1 2 1
1(6,4) 1(5,4)
1 2 1 1 1 2 1
333, N - 233, N 223 ¥c------4 222
/1 1 1 \ /
(7,7 *) el /< “)
‘777 e “--------- 7456 <--------- 445
‘)/ \ ‘(/ \I( ()/ \I(“)/
‘778 “«-----—---- "677 4--------- 556 <-----——-~-- 455
/(" >/ \ / \ )/ \‘/u >/

eee 788 D R & T T L L O e —— 505

1(7,2) (6,2) 1(5,2) 1(4,2)

1 2 1 2

444" L NC 344 94— - -NC 334° L - -NC 333

, / \ 2/ 5 / \ 2/

1(7,1) (6 |) /( 1) /(| 1)

2 2

1444 ————————— 344 ————————— 334 ————————— 3332

Schofield pairs associated to regular exceptional modules

The non-homogeneous tube TA(DS)

Ri(1): -

Ri(2): (Ri(1),Ri(1)), (1(1,1),P(0,1)), (1(1,2),P(0,2)), (I(1,3),P(0,3)), (I(1,4),P(0,4))
(I(1,7),P(0,5))

R}(1):(1(0,2),P(0,1)), (1(0,1),P(0,2)), (1(0,4),P(0,3)), (1(0,3),P(0,4)), (1(0,6),P(0,5))

(1(0,7),P(0,6))

(R3(1),R(1)), (1(0,1),P(1,1)), (1(0,2),P(1,2)), (1(0,3),P(1,3)), (1(0,4),P(1,4))

(1(0,7),P(1,5))

R3(1): -

R}(2): (Ri(1),Ri(1))

Ri(1): -

Ry(2):

Ri(3):

R}(2):

(R1(1),Ri(1))
(R{(2), R1(1)), (RI(1),R1(2)), (I(2,2),P(0,1)), (I(2,1),P(0,2)), (1(2,4),P(0,3))
(1(2,3),P(0,4))
Ri(3): (R1(2),R1(1)), (RI(1),R{(2)), (I(1,2),P(1,1)), (I(1,1),P(1,2)), (I(1,4),P(1,3))
(1(1,3),P(1,4))
(R}(2),R1(1)), (R1(1),Ri(2)), (1(0,2),P(2,1)), (1(0,1),P(2,2)), (1(0,4),P(2,3))
(1(0,3),P(2,4))
(Ri(2), Ri(1)), (Ri(1), R}(2))

Ri(3):

R}(3):
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A(D
T (D)
RS (‘) /rf(r)) /.ﬂ(:) R2(5) / (5 )
1 1 1 1 9 2 1
———————— 232 ——— - - — - 333 ———- -
! R Ok Rt R 1
: 222 ———————— - 222 ———————— > 222 ———————— - 222 :
| |
|
‘\(s) If 13 If 33 ) R ;)
———————— - 212 ————— - e 111 L 122
| B(’) ,() R(’) B() |
: 112 ———————— - 211 ———————— [ 110 ———————— 011 :
| |
1 / \ / \ ,,,,,, \ / \ |
\ |
\(1) /( /(1) I( ‘l)
———————————————— > -——————— e

The non-homogeneous tube TA(DG)

RL(1):(1(3,3),P(0,2)), (I(2,4),P(1,1)), (I(1,3),P(2,2)), (1(0,4),P(3,1))
RZ(1):(1(3,4),P(0,1)), (I1(2,3),P(1,2)), (I(1,4), P(2,1)), (1(0,3),P(3,2))

A(D
Too( 6)

1 (i)2 1 (ﬁ) - N;(é’»)2
333 ———————— 333 ———————— 333
| \ / \ / :
| If <>) ’) :

1 222 ———————— 1
| |
| |
| |
| |
l(l)/ \5 (1)/ \ 1\(1)

7777777777777777 > 111

The non-homogeneous tube 'TA(D6)

Ry(1):(1(3,4),P(0,2)), (1(2,3),P(1,1)), (I(1,4),P(2,2)), (1(0,3),P(3,1))
R3(1):(1(3,3),P(0,1)), (1(2,4),P(1,2)), (I(1,3),P(2,1)), (1(0,4), P(3,2))
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TA(DG)
0
R2(3) R} (3) R2(3)
1 1 T 2 2 =1 1 1
333 -—------- » 333 -—------- » 333
2 2 1 1 2 2
|
o ,2 o |
/,»‘1’1"_’) » R§(2) |
1 1 T 1 1 |
222 -—------- - 222 |
1 1 1 1 ‘
|
|

X . _ 5
/ *—;//4 |
25(1) R2(1) R(1)

1 . , 1 1
111 —------- - 111 -------- - 111
0 0

2 /3
5 6 e m+1
. 4
(101111 1 « 1 1] ]
-1 0 001 0O 0
01 1 1111 11
0 -1 0010 0 0
0010000 00
-1 -1 01100 0
0001000 0 0
-1 -1 1. 01 0 0 0
o Jloo1 1111 11(1) =1-1 -1 00 11 0 0
APm) "o 0011 0 1 1 L1 A0 1 -1 001 0 1 0
0011001 11 :
: -1 -1 001 0 O 1
0 0 1
-1 -1 1110 0 0
001 1000 0 1] ) ‘

Schofield pairs associated to preprojective exceptional modules
dimP(0,j) = j*" column of CA(ﬁ)m)’ dim7(0,4) = it" row of CA(ﬁm)

Throughout the lists below, in Schofield pairs of the form (R, P) associated to the preprojective indecompos-
able P’, the preprojective indecomposable P is given by an explicit formula, while R always denotes the non-

homogeneous regular with dimension vector dimR = dim P’ — dim P (for each such pair separately).
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Modules of the form P(n,1)

Defect: 9P(n,1) = -1, for n > 0. In the formulas below 0 < n; <m -2 and ng >m - 2:

P(nl, 1)
P(m-2,1):

(R,P(i,(n1+i) mod2+1)), 0<i<ng -1
(R,P(i,(m+i)mod 2+1)), 1<i<m-3
(R, P(0,3)), (R,P(0,4)), (I(m—-3,1),2P(0,mmod 2+ 1))
P(n2,1): (R,P(ng-m+i+2,(m+i)mod2+1)), 1<i<m-3

(

R,P(na-m+2,3)), (R, P(ny—m+2,4)), (ul,(u+1)P)

Modules of the form P(n,2)

Defect: 0P(n,2) = -1, for n > 0. In the formulas below 0 <n; <m -2 and ng >m - 2:

P(n1,2)
P(m-2,2):

(R, P(i,(ny +i+1)mod 2+ 1)), 0<i<ng -1
(R,P(i,(m+i+1)mod2+1)), 1<i<m-3
(R, P(0,3)), (R,P(0,4)), (I(m—-3,2).2P(0,(m+1) mod 2+1))
P(n2,2): (R,P(ng-m+i+2,(m+i+1)mod2+1)), 1<i<m-3

(

R,P(ny—m+ 2,3)), (R,P(nz -m+ 2,4)), (uI, (u+ 1)P)

Modules of the form P(n,3)

Defect: 9P(n,3) = —1, for n > 0. In the formulas below 0 < ny < m -2 and ny > m — 2:

P(n1,3): (R, P(i,(n1 +i) mod 2+3)), 0<i<ng -1
(I(m-n1—i+1,(m+i+1)mod2+3),P(ny,i)), 5<i<m-ng +1
(R, P(m,1)), (R, P(m,2))
P(m-2,3):(R,P(i,(m+i) mod 2+3)), 1 <i<m-3
(R,P(m-2,1)), (R,P(m-2,2)), (I(m-3,3),2P(0,m mod 2 + 3))
(R,P(na—-m+i+2,(m+i)mod2+3)), 1<i<m-3
(

R,P(n2,1)), (R,P(n2,2)), (ul,(u+1)P)

P(?’Lz, )

Modules of the form P(n,4)

Defect: 0P(n,4) = -1, for n > 0. In the formulas below 0 <n; <m -2 and ng >m - 2:

P(n1,4): (R, P(i,(n +i+1)mod 2+3)), 0<i<ng -1
(I(m-ny—i+1,(m+i)mod2+3),P(ny,4)), 5<i<m-ng +1
(R,P(n1,1)), (R, P(n1,2))

P(m-2,4): (R, P(i,(m+i+1)mod2+3)), 1<i<m-3
(R,P(m-2,1)), (R,P(m~-2,2)), (I(m-3,4),2P(0, (m+ 1) mod 2 + 3))
P(ng,4): (R,P(ng-m+i+2,(m+i+1)mod2+3)), 1<i<m-3
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(R, P(na, 1)), (R, P(na, 2)), (u[./ (u+ 1)P)

Modules of the form P(n,j),for5<j<m+1

Defect: OP(n,j) = -2, for n > 0. In the formulas below 0 <ny <m—j+1landne >m—j+ 1

R,P(ny+1,4)), 5<i<j—1

P(na+1,(m+j+1) mod2+3),P(ng—m+j-1,3)),
P(na+1,4— (m+j+1)mod2),P(no—m+j-1,4)),
P(na+j-3,(j+1) mod 2+1), P(ny +1,1)),
P(ng+j-3,jmod2+1),P(ny+1,2))

P(n1,j): (R, P(i,j+n1—-1)), 0<i<n; -1

(R,P(ny1,i)), 5<i<j-1

(P(j-4+n1,(j+1) mod2+1),P(ny,1)), (P(j—4+n1,jmod2+1),P(ny,2))

Pim-j+2,5):(R,P(i+1,m-i+1)),0<i<m-j

(R,P(m-j+2,i)),5<i<j-1

(P(m=-j+2,(m+j+1) mod2+3),P(0,3)), (P(m-j+2,4-(m+j+1) mod2),P(0,4)),

(P(m-2,(j+1) mod 2+1),P(m-j+2,1)), (P(m-2,jmod 2+1),P(m—-j+2,2))
P(ng,j): (R,P(ng—m+j+im-i+1)),0<i<m—j

(

(

(

(

(

Schofield pairs associated to preinjective exceptional modules
dimP(0, j) = j*" column of CA(ﬁm)’ dim7(0,4) = i*" row of CA(ﬁm)

Throughout the lists below, in Schofield pairs of the form (I, R) associated to the preinjective indecomposable
I', the preinjective indecomposable I is given by an explicit formula, while R always denotes the non-homogeneous

regular with dimension vector dimR = dim/’ — dim/ (for each such pair separately).

Modules of the form I(n,1)

Defect: 9I(n,1) =1, for n > 0. In the formulas below 0 < n; <m -2 and ny > m —2:

I(n1,1): (I(i,(n1+i) mod2+1),R), 0<i<ng -1
(I(n1,i),P(i-n1-5,(i+1)mod 2+ 1)), 5+ny <i<m+1
(I(n1,3),R), (I(n1,4),R)
I(m=-2,1): (I(i,(m+i)mod2+1),R), 1<i<m-3
(I(m=-2,3),R), (I(m-2,4),R), (21(0,mmod 2+1),P(m-3,1))
(I(no-m+i+2,(m+i)mod2+1),R), 1<i<m-3
(

I(n2,3),R), (I(n2,4),R), ((v+1)I,vP)

I(n27 )
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Modules of the form I(n,2)

Defect: 9I(n,2) =1, for n > 0. In the formulas below 0 < n; <m -2 and ny > m —2:

I(n1,2): (I(i,(n1+i+1)mod2+1),R), 0<i<n; -1
(I(n1,i),P(i-ny-5,imod 2+ 1)), 5+ny <i<m+1
(I(n1,3),R), (I(n1,4))
I(m=-2,2):(I(i,(m+i+1)mod2+1),R), 1<i<m-3
(I(m-2,3),R), (I(m-2,4),R), (21(0,(m+1) mod 2+ 1), P(m-3,2))
I(n9,2): (I(na—-m+i+2,(m+i+1)mod2+1),R), 1<i<m-3
(

I(n2,3),R), (I(n2,4),R), ((v+1)I,vP)

Modules of the form I(n,3)

Defect: 9I(n,3) =1, for n > 0. In the formulas below 0 < n; <m -2 and ny > m — 2:

I(n1,3)
I(m-2,3):

(I(i,(n1+4)mod2+3),R), 0<i<n; -1
(I(i,(m+i)mod2+3),R), 1<i<m-3
(1(0,1),R), (1(0,2),R), (21(0,m mod 2+ 3), P(m - 3,3))
I(n2,3): (I(na—m+i+2,(m+i)mod2+3),R), 1<i<m-3

(

I(ng-m+2,1),R), (I(no-m+2,2),R), ((v+1)I,0P)

Modules of the form I(n,4)

Defect: 91(n,4) =1, for n > 0. In the formulas below 0 < ny <m -2 and ny > m - 2:

I(nl, 4)
I(m-2,4):

(I(i,(n1+i+1)mod2+3),R),0<i<n; -1
(I(i,(m+i+1)mod2+3),R), 1<i<m-3
(1(0,1),R), (1(0,2),R), (21(0,(m+1) mod 2 +3), P(m - 3,4))
I(ng,4): (I(ng—-m+i+2,(m+i+1)mod2+3),R), 1<i<m-3

(

I(ng-m+2,1),R), (I(no-m+2,2),R), ((v+1)I,0P)

Modules of the form I(n,j),for5<j<m+1

Defect: 0I(n,j) = 2, for n > 0. In the formulas below 0 <n; < j —4 and ng > j — 4:

I(n1,7): (I(n1,4),R), j+1<i<m+1
(I(i-j+m,i),R), j—ni<i<j-1
(I(n1,3),I(m—=j+n1+2,(m+j+1)mod2+3)), (I(n1,4),I(m-j+ny+2,(m+j)mod?2+3))
I(j-4,5): (I(j-4,i),R), j+1<i<m+1

(I(i-4,i),R),5<i<j-1

(

I(j-4,3),I(m-2,(m+j+1) m0d2+3)), (I(j-4,4),I(m-2,(m+j) mod2+3)),
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(1(0,1),I(j-4,(j+1)mod2+1)), (1(0,2),1(j-4,j mod2+1))
I(ng,7): (I(ng,i),R), j+1<i<m+1
(I(ng-j+i,i),R), 5<i<j-1
(I(n2,3),I(m=-2,(m+j+1)mod2+3)), (I(n2,4),I(m-2,(m+j) mod2+3)),
(

I(no—j+4,1),1(j-4,(j+1)mod2+1)), (I(ng—j+4,2),1(j —4,j mod 2+ 1))

Schofield pairs associated to regular exceptional modules

TA(M)

The non-homogeneous tube 7;

di_mR%(l):goom(ng, dimR?(1) = 1111.~11, di_mRi{’(l):gloomog,

dimR}(1) = 8010--~02, <., dimRT2(1) = 20~--0 102

Forall1 <t<m-3and1<!<m-2we have the following Schofield pairs for non-homogeneous regulars of
the form R (t), where t' = (1 - 3) mod (m —2) + 1:

Rty (R{Hmed m=20 Ly iy RL(i)), 1<i<t—1
(I,P#' -m+t+1,7)), 1<j<m—t+1, ift' ~-m+t+1>0,

where I is a preinjective exceptional with dimI = dim R} (¢) - dimP(t' = m +t + 1, )

The non-homogeneous tube 75 Em)

dimRL(1)= 111", dimR%(1)="111
0 1 1 0

RL(1): (I(m-i-3,(m+i)mod2+3),P(i,2 - (imod 2))), 0<i<m-3

RZ(1): (I(m—-i-3,(m+i+1)mod2+3),P(i,2~ ((i+1) mod 2))), 0<i<m-3

TA(ﬁm)

The non-homogeneous tube 7,

di_mR(l)(l):(l)11~~1(1), di_mR%(O):(l)llml(l)

Ry(1): (I(m-i-3,(m+i+1)mod2+3),P(i,2- (imod 2))), 0<i<m-3
RE(1): (I(m-i-3,(m+i)mod2+3),P(i,2- ((i+1)mod2))), 0<i<m-3
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A.14 Schofield pairs for the quiver A(Eg) - 6= 3

12321

(1 0000 0 0] [0 0 -1 1 0 1 0]

7 1100000 10 -11010

j 1111111 01 -11010

6 Ca@n=[0 00 1 1 00| ®yz,y=[01 -1 0110

l 0000100 01 10010

. 5 5 A . 0000011 01 -1100 1
000000 1] 01 -1 10 0 0

Schofield pairs associated to preprojective exceptional modules
Modules of the form P(n,1)

Defect: 0P(n,1) = -1, forn > 0.

P(0,1): (1(0,1),P(0,2)), (1(0,2),P(0,3))

P(1,1): (I(1,7),P(0,4)), (1(1,5),P(0,6))

P(2,1):(1(2,1),P(0,2)), (R§(1),P(0,5)), (RI(1),P(0,7)), (1(0,7),P(1,4)), (1(0,5),P(1,6))

P(3,1): (R, (1),P(0,1)), (I(1,1),P(1,2)), (R3(1), P(1,5)), (RI(1),P(1,7))

P(4,1): (R}(2), P(0,5)), (R3(2),P(0,7)), (R%(1),P(1,1)), (1(0,1),P(2,2)), (Ry(1),P(2,5))
(R1(1),P(2,7))

P(5,1): (R{(2), P(1,5)), (Ry(2),P(1,7)), (R (1), P(2,1)), (R3(1), P(3,5)), (Ri(1),P(3,7))

P(6,1): (R3(2), P(2,5)), (R3(2),P(2,7)), (R%(1),P(3,1)), (R3(1),P(4,5)), (R}(1),P(4,7))
(1(5,1),2P(0,1))

P(n,1): (R 939y P(n-4,5)), (RS ™03 (2), P(n-4,7)), (RZD ™42 (1), P(n -3,1))
(R med3+ (1) p(n-2,5)), (RI"D ™3 (1), P(n-2,7)), (ul,(u+1)P), n>6

Modules of the form P(n,2)
Defect: 0P(n,2) = -2, forn > 0.

P(0,2): (I(1,1),P(0,3))
P(1,2): (P(1,1), P(0,1)), (R3(1),P(0,4)), (R3(1),P(0,6)), (1(0,1),P(1,3))
P(2,2): (P(3,7),P(0,5)), (P(3,5),P(0,7)), (P(2,1), P(1,1)), (R{(1),P(1,4)), (R;(1),P(1,6))
P(3,2): (P(5,1), P(0,1)), (P(4,7), P(1,5)), (P(4,5), P(1,7)), (P(3,1),P(2,1)), (R}(1),P(2,4))
(RO(l)vP(276))
(P(n+2,1),P(n-3,1)), (P(n+1,7),P(n-2,5)), (P(n+1,5),P(n-2,7))

(

P(n,1), P(n-1,1)), (R ™3 (1) P(n-1,4)), (R ™% (1), P(n-1,6)), n>3

P(n,2):
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Modules of the form P(n,3)

Defect: 9P(n,3) = -3, for n > 0.

P(0,3): -

P(1,3): (P(1,1),P(0,2)), (P(1,5),P(0,4)), (P(1,7),P(0,6))

P(2,3):(P(2,2),P(0,1)), (P(2,4),P(0,5)), (P(2,6),P(0,7)), (P(2,1), P(1,2)), (P(2,5),P(1,4))
(P(2,7),P(1,6))

P(n,3): (P(n,2),P(n-2,1)), (P(n,4), P(n-2,5)), (P(n,6),P(n-2,7))

(

P(n,1),P(n-1,2)), (P(n,5),P(n-1,4)), (P(n,7),P(n-1,6)), n>2

Modules of the form P(n,4)

Defect: 0P(n,4) = -2, forn > 0.

P(0,4):
P(1,4):
P(2,4)

(
(
(
P(3,4): (
(
(
(

1(1,5), P(0,3))

Ry(1),P(0,2)), (P(1,5),P(0,5)), (Ri(1),P(0,6)), (1(0,5),P(1,3))

P(3,7),P(0,1)), (P(3,1),P(0,7)), (R3(1),P(1,2)), (P(2,5),P(1,5)), (R} (1), P(1,6))
P(5,5),P(0,5)), (P(4,7),P(1,1)), (P(4,1), P(1,7)), (R3(1), P(2,2)), (P(3,5), P(2,5))
R1(1)7P(276))

P(n+2,5),P(n-3,5)), (P(n+1,7),P(n-2,1)), (P(n+1,1),P(n-2,7))
R(mDmed3 1y p(n-1,2)), (P(n,5), P(n-1,5)), (R" ™43 (1) P(n-1,6)), n>3

P(n,4):

Modules of the form P(n,5)

Defect: 9P(n,5) = -1, for n > 0.

P(0,5) : (1(0,4),P(0,3)), (1(0,5),P(0,4))

P(1,5): (I(1,7),P(0,2)), (1(1,1),P(0,6))

P(2,5): (Ri(1), P(0,1)), (I(2,5),P(0,4)), (R3(1),P(0,7)), (1(0,7),P(1,2)), (1(0,1), P(1,6))
P(3,5): (R (1),P(0,5)), (Ri(1),P(1,1)), (I(1,5), P(1,4)), (R)(1),P(1,7))

R
Ry(2),P(0,1)), (R} (2),P(0,7)), (R% (1), P(1,5)), (R}(1),P(2,1)), (1(0,5),P(2,4))
R3(1),P(2,7))

RE(2),P(1,1)), (R}(2),P(1,7)), (RL(1),P(2,5)), (Ri(1),P(3,1)), (R3(1),P(3,7))
R3(2),P(2,1)), (R1(2),P(2,7)), (R%(1),P(3,5)), (RI(1),P(4,1)), (Ro(1), P(4,7))
1(5,5),2P(0,5))

P(5,5):
P(6,5) :

(
(
(R
(
P(4,5) : (
(
(
(
(
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P(n,5) . (R(()n—4) mod 3+1(2),P(n—4, 1))7 (Rgn—G) mod 3+1(2),P(7’L—4, 7))’ (R(()gb—5) mod 2+1(1),P(n— 3’5))
(R{P med3+1 1y p(n—-2,1)), (RO (1) P(n-2,7)), (ul,(u+1)P), n>6

Modules of the form P(n,6)

Defect: 9P(n,6) = =2, for n > 0.

P(0,6) : (1(1,7),P(0,3))
P(1,6) : (Ri(1),P(0,2)), (R3(1),P(0,4)), (P(1,7),P(0,7)), (1(0,7),P(1,3))
P(2,6): (P(3,5), P(0,1)), (P(3,1),P(0,5)), (RI(1),P(1,2)), (R3(1),P(1,4)), (P(2,7),P(1,7))
P(3,6): (P(5,7), P(0,7)), (P(4,5), P(1,1)), (P(4,1), P(1,5)), (R}(1),P(2,2)), (Ry(1), P(2,4))
(P(3,7),P(2,7))
P(n,6): (P(n+2,7),P(n-3,7)), (P(n+1,5),P(n-2,1)), (P(n+1,1),P(n-2,5))
(R D med3+ 1y p(n-1,2)), (R ™% (1), P(n-1,4)), (P(n,7), P(n-1,7)), n>3

Modules of the form P(n,7)

Defect: 0P(n,7) = -1, forn > 0.

P(0,7)
P(1,7)
P(2,7)
P(3,7)
P(4,7)

:(1(0,6), P(0,3)), (1(0,7),P(0,6))

:(1(1,5),P(0,2)), (I(1,1),P(0,4))

:(Ry(1),P(0,1)), (RI(1),P(0,5)), (1(2,7),P(0,6)), (1(0,5),P(1,2)), (I1(0,1),P(1,4))

(RL (1), P(0,7)), (R3(1),P(1,1)), (R1(1),P(1,5)), (I(1,7),P(1,6))

1 (R1(2), P(0,1)), (R5(2), P(0,5)), (R%(1),P(1,7)), (R3(1), P(2,1)), (R3(1),P(2,5))
(1(0,7),P(2,6))

P(5,7) : (

P(6,7): (

(

(

(

R1(2),P(1,1)), (R3(2),P(1,5)), (RL(1),P(2,7)), (R}(1),P(3,1)), (R}(1), P(3,5))
R}(2),P(2,1)), (Ry(2),P(2,5)), (R%(1),P(3,7)), (R3(1),P(4,1)), (R{(1),P(4,5))
1(5,7),2P(0,7))

R{mHmed3+l 9y p(n—4,1)), (RO (2) P(n-4,5)), (RED ™02+ (1) P(n-3,7))
R mod3 1y p(n-2,1)), (RO (1) P(n-2,5)), (ul,(u+1)P), n>6

P(n,7)
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0P(0,1) -1 0P(1,1) - 1P(2,1) -l oP(; 1) -t 1P(4,1)
————————— - —_———————— e e e e 2

1 P(4,2
R 3
13421 23531
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Schofield pairs associated to preinjective exceptional modules
Modules of the form I(n,1)

Defect: 9I(n,1) =1, for n > 0.

1(0,1) : -

I(1,1): -

1(2,1): (1(0,4), P(0,7)), (1(0,5),R{(1)), (1(0,6),P(0,5)), (1(0,7), R}(1))
I(3,1):(1(0,1), R (1)), (I(0,2),P(1,1)), (I(1,5),R3(1)), (I(1,7),Rj(1))

I(4,1): (1(0,5), R3(2)), (1(0,7),R}(2)), (I(1,1),R%(1)), (1(1,2),P(0,1)), (1(2,5),R3(1))

(7
( (1)
( ),
(1(2,7), R3(1))
I(5,1): (I(1,5), R5(2)), (I(1,7),R{(2)), (I(2,1), R (1)), (I1(3,5),R{(1)). (1(3,7),R}(1))
1(6,1) : (I(2,5), R3(2)), (1(2,7),R}(2)), (I(3,1),R2,(1)), (I(4,5), R} (1)), (I(4,7),R3(1))
(21(0,1), P(5,1))

(I(n-4,5), RSO ™93 (9)) (1(n -4,7), RU™O ™43 (9)) (T(n - 3,1), RS mod 241 (1))

(I(n-2,5), RT3 (1)) (1(n -2,7), RSO ™83 (1)), ((v+1)1,0P), n>6

I(n,1):

Modules of the form I(n,2)
Defect: 91(n,2) =2, forn > 0.
1(0,2) :

I1(1,2):
1(2,2):

1(0,1),1(1,1))

1(0,4), R3(1)), (1(0,5),1(3,7)), (1(0,6),R3(1)), (1(0,7),1(3,5)), (I(1,1),1(2,1))
1(0,1),1(5,1)), (I(1,4),Ry(1)), (1(1,5),1(4,7)), (I(1,6),R{(1)), (I(1,7),1(4,5))
1(2,1),1(3,1))

I(n=-2,1),I(n+3,1)), (I(n-1,4), RS ™3 (1)) (I(n-1,5), I(n+2,7))
I(n-1,6), RU™2 ™3 (1)) (1(n-1,7),I(n+2,5)), (I(n,1),I(n+1,1)), n>2

I(n,2):

~ o~ o~ o~ o~ o~

Modules of the form I(n,3)

Defect: 01(n,3) = 3, forn > 0.

1(0,3): (1(0,1),1(1,2)), (1(0,2),1(2,1)), (1(0,4),1(2,5)), (1(0,5),1(1,4)), (1(0,6),1(2,7))
1(0,7),1(1,6))
I(n,1),1(n+1,2)), (I(n,2),I(n+2,1)), (I(n,4),1(n+2,5))

I(n,5),1(n+1,4)), (I(n,6),I1(n+2,7)), (I(n,7),I(n+1,6)), n>0

I(n,3):

—~ o~ A~~~
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Modules of the form I(n,4)
Defect: 91(n,4) =2, forn > 0.

1(0,4):(1(0,5),1(1,5))

I(1,4): (1(0,1),1(3,7)), (1(0,2),R{(1)), (I(0,6), R3(1)), (1(0,7),1(3,1)), (I(1,5),1(2,5))

1(2,4): (1(0,5),1(5,5)), (I(1,1),1(4,7)), (1(1,2),R;(1)), (I(1,6),R3(1)), (1(1,7),1(4,1))
(1(2,5),1(3,5))

I(n,4): (I(n-2,5),I(n+3,5)), (I(n-1,1),1(n+2,7)), (I(n—-1,2), R4 med31(1y)
(I(n-1,6), RS ™3 (1)) (1(n-1,7),I(n+2,1)), (I(n,5),I(n+1,5)), n>2

Modules of the form I(n,5)
Defect: 01(n,5) =1, forn > 0.

1(0,5) : -
I(1,5): -
1(2,5) :
1(3,5) :
I(4,5)

(1(0,1), RG(1)), (1(0,2), P(0,7)), (1(0,6), P(0,1)), (1(0,7), Ri(1))
(1(0,4),P(1,5)), (1(0,5),RL (1)), (I(1,1),Ri(1)), (I(1,7),Ri(1))
(1(0,1),R1(2)), (1(0,7),R3(2)), (I(1,4),P(0,5)), (I(1,5),R% (1)), (I(2,1),R3(1))
(I(2,7),R{(1))
1(5,5): (I(1,1),R}(2)), (I(1,7),R5(2)), (1(2,5), R (1)), (1(3,1),R5(1)), (1(3,7),R3(1))
1(6,5) : (1(2,1),R(2)), (I(2,7),R(2)). (1(3,5),R% (1)), (I(4,1),R5(1)). (1(4,7),R(1))
(21(0,5), P(5,5))
(I(rz 4,1), }%(—n+7)rnod3+1(2)) (](Tl__477)7]%é—n+6)In0d3+1(2))’ (I(TL__375)’}%g;n+7)rnod2+1(1))
(

I(n-2,1), RSO3 (1)) (I(n-2,7), RE™D ™93 (1)) ((v+ 1), 0P), n>6

I(n,5):

Modules of the form I(n,6)
Defect: 0I(n,6) =2, for n > 0.
1(0,6) :
I(1,6):
1(2,6) :

(1(0,7),1(1,7))

(1(0,1),1(3,5)), (1(0,2),Ry(1)), (1(0,4), R3(1)), (1(0,5),1(3,1)), (I(1,7),1(2,7))

(1(0,7),1(5,7)), (I(1,1),1(4,5)), (I(1,2),R3(1)), (1(1,4),R}(1)), (I(1,5),I(4,1))

(1(2,7),1(3,7))

I(n,6): (I(n-2,7),I(n+3,7)), (I(n-1,1),I(n+2,5)), (I(n-1,2), RS med31(1y)
(I(n—-1,4), RS md3 (1)) (I(n=-1,5),I(n+2,1)), (I(n,7),I(n+1,7)), n>2
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Modules of the form I(n,7)

Defect: 91(n,7) =1, forn > 0.

1(0,7): -
I(1,7): -
1(2,7) :
I(3,7):
1(4,7):

(1(0,1),Ri(1)), (1(0,2),P(0,5)), (1(0,4),P(0,1)), (I(0,5), R3(1))

(1(0,6),P(1,7)), (1(0,7),RL (1)), (I(1,1),Ri(1)), (I(1,5),R5(1))

(1(0,1),R(2)), (1(0,5),R}(2)), (I(1,6),P(0,7)), (I(1,7),R% (1)), (I(2,1),R3(1))

(1(2,5), Ry(1))

1(5,7): (I(1,1),R3(2)), (1(1,5),R}(2)), (I(2,7), R (1)), (I(3,1),Ri(1)), (I(3,5),R3(1))

1(6,7): (1(2,1), R5(2)), (1(2,5),R1(2)), (1(3,7),R%, (1)), (I(4,1),R{(1)), (I(4,5),R5(1))
(21(0,7), P(5,7))
(I(n—-4,1), RS 93 (9)) (I(n-4,5), RUO ™48 (9)) ([ (n - 3,7), R mod 2+1 (1))
(I(n-2,1), RT3 (1)) (1(n -2,5), RS0 ™83 (1)) ((v+1)1,0P), n>6

I(n,7):

1/@1 OIHI 1/p|) (1,1) ou

- -
12211 11110 00111 01000 10000

INININNS

o1u

11(0,7)
0
00000
< 4
24542 32 12221 11111
,,,,,,,,,,,,,,,,,,,, «,,,,,,,,, <-__T_____
12332 12211 11110 00011

/(1 T olm 5)

11221 01111 11100 00010 00001
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11(;1) 21(\1 11(' 1) 11( 11@1)
3/(“ 31(\ 31(" 2) 21(0 21(
e®e® 6 =<«--------- 6 «--------- 5 <4 --—-——-——-——=-—- 4 4 --—-——--—--—=
47963
5I(i ,3)
4 ————————————————— -« < ————————— LN ]
51014105 591395 481184 471074
3/(; |) 3/(\ 1) 2/(<
ll() 2/(\3 1/( 5)
¢ ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
13452 25421 12551 12322 12210

Schofield pairs associated to regular exceptional modules
The non-homogeneous tube TA(]E6)

Ri(1):(1(0,6),P(0,4)), (1(1,5),P(0,7)), (1(0,7),P(1,1))
Ri(2): (RI(1),Ri(1)), (I(3,7),P(0,5)), (I(2,1),P(1,7)), (I(1,5),P(2,1)), (1(0,7),P(3,5))
R}(1):(1(0,4), P(0,2)), (1(1,1),P(0,5)), (1(0,5),P(1,7))
R(2): (R}(1),RI(1)), (1(3,5),P(0,1)), (1(2,7),P(1,5)), (I(1,1),P(2,7)), (1(0,5),P(3,1))
R}(1):(1(1,7),P(0,1)), (1(0,2),P(0,6)), (1(0,1),P(1,5))

(

R}(2): (R1(1),R(1)), (I(3,1),P(0,7)), (I(2,5),P(1,1)), (I(1,7),P(2,5)), (1(0,1),P(3,7))
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A (o)
1
1 RY(4) = 2 Ri(4) 7 1 R1(4)
,,,,,,,,,,,,,,,,,,,,,, o
1 23421 12431 - 13432 |
| =< - |
I T~ 1 -7 I
| - —-———_—— - - |
| |
| |
I [
1 R7(3) 73 1 Ri(3) 71 1 R1(3) ! 1 RY(3)
————————————————————————————————— -»> 2
12321 12321 12321 12321
|
| |
| |
| |
| |
| 4 / |
I 1 R1(2) 71 0 R7(2) 1 1 R3(2) I
! 1 | —--— - > 1 - —---=-=-=-=-=-=-- > 2 !
1 01221 12211 ~11210 1
| - - |
‘ R -1 -7 I
| i |
| |
| |
I / I
1 Ri(1) 71 0 R7(1) 71 0 R3(1) 71 1 Ri(1)
T R L e - 1
00110 01111 11100 00110

The non-homogeneous tube 76Aﬁ6)

Ry(1): (I(1,7),P(0,5)), (1(0,4),P(0,6)), (1(0,5), P(1,1))
Ry(2) : (R5(1), Ro(1)), (1(3,5), P(0,7)), (1(2,1),P(1,5)), (I(1,7), P(2,1)), (1(0,5),P(3,7))
R3(1):(1(0,6),P(0,2)), (1(1,1),P(0,7)), (1(0,7),P(1,5))
R3(2): (R3(1), R3(1)), (I(3,7),P(0,1)), (I(2,5),P(1,7)), (I(1,1),P(2,5)), (1(0,7),P(3,1))
Ry(1): (1(1,5),P(0,1)), (1(0,2),P(0,4)), (1(0,1),P(1,7))

H(

R3(2): (RH(1), R3(1)), (1(3,1),P(0,5)), (I(2,7),P(1,1)), (I(1,5),P(2,7)), (1(0,1),P(3,5))

A E)
0
1 Rg(4) 71 1 Rg(4) ! 9 Rj(4)
——————————— 3 SR e

| 23431 12432 _-13421 |

I - - I

I RS F1 -7 I

| I e U |

I I

I I

I I

1 Rp(3) 71 1 R4(3) 7! 1 R3(3) 71 1 R3(3)

——————————— 2 R R i 2

12321 12321 12321 12321

| |

I I

I I

I I

| |

| { / |

I 1 R§(2) 771 1 R3(2) 1 0 Rg(2) I

[ e 1 - =-=-- > !

l 01211 12210 ~11221 l

I - ~ - I

‘ R -1 -7 I

| i |

I I

I I

I I

0 Rg(1) w1 1 Rg(1) 1 0 Rp(1) w1 0 Rg(1)

I R T e (1 B - 1
00111 01100 11110 00111
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The non-homogeneous tube To§ (Eo)

RL(1):(I(1,1),P(1,1)), (I(1,5),P(1,5)), (I(1,7),P(1,7))
RZ(1):(1(2,1),P(0,1)), (I1(2,5),P(0,5)), (I(2,7),P(0,7)), (1(0,1),P(2,1)), (1(0,5),P(2,5))
(1(0,7),P(2,7))

w
[ I

HHO - — — = — = = — - - - — - - — — — — U

= 3
o g

A.15 Schofield pairs for the quiver A(E;) —5-,,,2,,,

_<—200

CA@?) - A(Er)

O O O = = O O O
O O R = = O O O
O = = == O O O
_ o O O = O O O
KA
i e T e T N S e i e i )
|
—
SO O O = O O o o
O O = O O O O O

O O O O o o = O
O O O O O R O O
|
—
_ O O O = =
e R T I e e

S O O O = = = O
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O O O O R O o O
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159



A.15 Schofield pairs for the quiver A(Eﬁ Appendix A Schofield pairs

Schofield pairs associated to preprojective exceptional modules
Modules of the form P(n,1)

Defect: 0P(n,1) = -1, forn > 0.

P(0,1):(1(0,1),P(0,2)), (1(0,2),P(0,3)), (1(0,3),P(0,4))

P(1,1):(1(0,8),P(0,5)), (1(2,7),P(0,8))

P(2,1):(I(1,6),P(0,3)), (1(2,1),P(0,6)), (I(1,7),P(1,8))

P(3,1):(I(3,1),P(0,2)), (R}(1),P(0,7)), (1(4,7),P(0,8)), (1(0,6),P(1,3)), (I(1,1),P(1,6))

1(0,7),P(2,8))

P(4,1): (Ri(1), P(0,1)), (1(2,1),P(1,2)), (R{(1),P(1,7)), (I(3,7), P(1,8)), (I(0,1),P(2,6))
P(5,1): (I1(5,1),P(0,6)), (R3(1),P(1,1)), (I(1,1),P(2,2)), (Ri(1),P(2,7)), (1(2,7),P(2,8))
P(6,1): (R1(2),P(0,1)), (R%(1),P(0,7)), (I(4,1),P(1,6)), (R3(1),P(2,1)), (1(0,1),P(3,2))

R}(1),P(3,7)), (I(1,7),P(3,8))
R}(2),P(1,1)), (RL(1),P(1,7)), (I(3,1),P(2,6)), (Ro(1),P(3,1)), (R}(1),P(4,7))
1(0,7),P(4,8))

(
(
(
(
(
(
(
(
(
(
(
P(8,1): (Ry(2), P(0,1)
(
(
(
(
(
(
(
(
(
(R
(
(

P(7,1):

), (R3(2),P(2,1)), (R%(1),P(2,7)), (I(2,1),P(3,6)), (R5(1), P(4,1))

Ri(1), P(5,7))

P(9,1): (R}(3),P(0,7)), (R3(2),P(1,1)), (R1(2),P(3,1)), (RL(1),P(3,7)), (I(1,1),P(4,6))
RO(l) P(571))7 (R%(1)>P(677))

P(10,1) : (R{(3), P(1,7)), (R3(2), P(2,1)), (R1(2),P(4,1)), (R% (1), P(4,7)), (1(0,1), P(5,6))
Ry(1),P(6,1)), (RI(1), P(7,7))

P(11,1): (R{(3), P(2,7)), (R)(2), P(3,1)), (RI(2),P(5,1)), (RL(1),P(5,7)), (R3(1),P(7,1))
R}(1),P(8,7))

P(12,1): (Ri(3), P(3,7)), (R§(2), P(4,1)), (R1(2),P(6,1)), (R (1), P(6,7)), (R3(1),P(8,1))
R‘f(l ), P(9,7)), (1(11 1),2P(0,1))

R{n-11) mod 2+1(1) P(n-6, 7)) (RE™I™0 (1), P(n - 4,1)), (BT ™ (1), P(n-3,7))

ul,(u+1)P), n>12

Modules of the form P(n,2)
Defect: 0P(n,2) = -2, forn > 0.
P(0,2): (1(1,1), P(0,3)), (1(1,2), P(0,4))

P(1,2): (P(1,1),P(0,1)), (1(3,7),P(0,5)), (R1(1),P(0,8)), (1(0,1),P(1,3)), (1(0,2), P(1,4))
P(2,2): (R)(1),P(0,6)), (P(2,1),P(1,1)), (I(2,7),P(1,5)), (Ri(1),P(1,8))

160



A.15 Schofield pairs for the quiver A(Eﬁ Appendix A Schofield pairs

P(3,2): (R{(2),P(0,2)), (P(5,7),P(0,7)), (R5(1),P(1,6)), (P(3,1),P(2,1)), (1(1,7), P(2,5))

(R
(R3(1),P(2,8))

P(4,2): (P(7,1), P(0,1)), (R1(2),P(1,2)), (P(6,7),P(1,7)), (R3(1),P(2,6)), (P(4,1),P(3,1))
(1(0,7),P(3,5)), (R{(1),P(3,8))

P(5,2): (P(8,1), P(1,1)), (R}(2),P(2,2)), (P(7,7),P(2,7)), (R§(1),P(3,6)), (P(5,1), P(4,1))
(R1(1),P(4,8))

P(6,2): (P(11,7), P(0,7)), (P(9,1), P(2,1)), (R1(2),P(3,2)), (P(8,7),P(3,7)), (R5(1),P(4,6))

(P(6,1), P(5,1)), (R1(1),P(5,8))

P(n,2): (P(n+5,7), P(n-6,7)), (P(n+3,1), P(n—4,1)), (R ™441(2) P(n-3,2))

(P@ﬁQ?)Pm/37» (R ™43 (1) P(n-2,6)), (P(n,1), P(n-1,1))

(R

Modules of the form P(n,3)
Defect: 9P(n,3) = -3, for n > 0.
P(0,3):

P(1,3):
P(2,3):

(1(2,1),P(0,4))
(P(1,1),P(0,2)), (R} (1),P(0,5)), (P(2,7),P(0,8)), (I(1,1),P(1,4))
(P(2,2),P(0,1)), (P(4,1),P(0,6)), (P(2,1),P(1,2)), (Ri(1),P(1,5)), (P(3,7),P(L,8))
(1(0,1),P(2,4))
P(3,3): (P(4,8), P(0,7)), (P(3,2), P(1,1)), (P(5,1), P(1,6)), (P(3,1),P(2,2)), (Ri(1),P(2,5))
(P(4,7),P(2,8))
P(4,3): (P(5,6),P(0,1)), (P(5,8),P(1,7)), (P(4,2), P(2,1)), (P(6,1),P(2,6)), (P(4,1), P(3,2))
(R(1),P(3,5)), (P(5,7),P(3,8))
(P(n+1,6),P(n-4,1)), (P(n+1,8),P(n-3,7)), (P(n,2),P(n-2,1))
(P(n+2,1), P(n-2,6)), (P(n,1), P(n-1,2)), (R ™4 (1) P(n-1,5))
(P(n+1,7),P(n-1,8)), n>4

P(n,3):

Modules of the form P(n,4)

Defect: 9P(n,4) = -4, for n > 0.

P(0,4): -

P(1,4): (P(1,1),P(0,3)), (P(1,7),P(0,5)), (P(1,8),P(0,8))

(
P(2,4):(P(2,2),P(0,2)), (P(2,6),P(0,6)), (P(2,1),P(1,3)), (P(2,7), P(1,5)), (P(2,8),P(1,8))
P(3,4): (P(3,3),P(0,1)), (P(3,5),P(0,7)), (P(3,2), P(1,2)), (P(3,6), P(1,6)), (P(3,1), P(2,3))
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P(3,7),P(2,5)),

(P(3,8),P(2,8))
P(n,3),P(n-3,1)
)
)

), (P(n,5),P(n-3,7)), (P(n,2),P(n-2,2))
), (P(n,1),P(n-1,3)), (P(n,7),P(n-1,5))
):

n>3

P(n,4):
P(n,6),P(n-2,6
P(n,8),P(n-1,8

—_~ o~ o~~~

Modules of the form P(n,5)
Defect: 9P(n,5) = =3, for n > 0.
P(0,5):

P(1,5):
P(2,5):

1(2,7),P(0,4))

Ri(1),P(0,3)), (P(1,7),P(0,6)), (P(2,1),P(0,8)), (I(1,7),P(1,4))

P(4,7),P(0,2)), (P(2,6),P(0,7)), (RI(1),P(1,3)), (P(2,7),P(1,6)), (P(3,1), P(1,8))
1(0,7),P(2,4))

P(4,8),P(0,1)),

(
(
(
(
(
(P(4,1),P(2,8)
(
(
(
(
(

P(3,5): (P(5,7),P(1,2)), (P(3,6),P(1,7)), (R} (1),P(2,3)), (P(3,7),P(2,6))

P(4,5): (P(5,2), P(0,7)), (P(5,8), P(1,1)), (P(6,7),P(2,2)), (P(4,6),P(2,7)), (R1(1),P(3,3))
P(4,7),P(3,6)), (P(5,1),P(3,8))

P(n+1,2),P(n-4,7)), (P(n+1,8),P(n-3,1)), (P(n+2,7),P(n-2,2))

P(n,6), P(n-2,7)), (R V™4 (1) P(n-1,3)), (P(n,7), P(n-1,6))
P(n+1,1),P(n-1,8)), n>4

\_/\_/\_/\_/

P(n,5):

Modules of the form P(n,6)

Defect: 9P(n,6) = =2, for n > 0.

P(0,6) :
P(1,6) :
P(2,6) :
P(3,6) :

(1(1,6),P(0,4)), (1(1,7),P(0,5))
(1(3,1),P(0,3)), (P(1,7),P(0,7)), (R(1),P(0,8)), (1(0,6),P(1,4)), (1(0,7),P(1,5))
(R(1), P(0,2)), (1(2,1),P(1,3)), (P(2,7),P(1,7)), (R}(1),P(1,8))
(P(5,1),P(0,1)), (R(2),P(0,6)), (R3(1),P(1,2)), (I(1,1),P(2,3)), (P(3,7),P(2,7))
(Ri(1),P(2,8))
P(4,6): (P(7,7),P(0,7)), (P(6,1),P(1,1)), (Ri(2), P(1,6)), (R3(1),P(2,2)), (1(0,1),P(3,3))
(P(4,7),P(3,7)), (R1(1),P(3,8))
(P(8,7),P(1,7)), (P(7,1), P(2,1)), (R(2),P(2,6)), (R§(1),P(3,2)), (P(5,7),P(4,7))
(R3(1),P(4,8))
(P(11,1), P(0,1)), (P(9,7),P(2,7)), (P(8,1),P(3,1)), (R} (2),P(3,6)), (R5(1), P(4,2))
(P(6,7),P(5,7)), (R}(1),P(5,8))

P(5,6):

P(6,6) :
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P(n,6): (P(n+5,1),P(n-6,1)), (P(n+3,7),P(n-4,7)), (P(n+2,1), P(n-3,1))
(R med 49y P(n-3,6)), (R ™% (1), P(n-2,2)), (P(n,7), P(n-1,7))
(R med (1) p(n-1,8)), n>6

Modules of the form P(n,7)
Defect: 0P(n,7) = -1, forn > 0.

P(0,7):(1(0,5),P(0,4)), (1(0,6),P(0,5)), (1(0,7),P(0,6))

P(1,7):(1(0,8),P(0,3)), (1(2,1),P(0,8))

P(2,7): (1(2,7),P(0,2)), (I1(1,2),P(0,5)), (I(1,1),P(1,8))

P(3,7): (Ri(1),P(0,1)), (1(3,7),P(0,6)), (1(4,1),P(0,8)), (I(1,7),P(1,2)), (1(0,2),P(1,5))

1(0,1), P(2,8))

Ry(1),P(0,7)), (R}(1),P(1,1)), (I(2,7),P(1,6)), (I(3,1),P(1,8)), (1(0,7),P(2,2))

1(5,7),P(0,2)), (R3(1), P(1,7)), (R} (1),P(2,1)), (1(1,7),P(2,6)), (1(2,1),P(2,8))

RL(1),P(0,1)), (R}(2), P(0,7)), (I(4,7),P(1,2)), (R3(1),P(2,7)), (R{(1),P(3,1))

1(0,7), P(3,6)), (1(1,1),P(3,8))
) ( ));
)

P(4,7):
P(5,7):
P(6,7):

RZ% (1),P(1,1)), (Ri(2),P(1,7
1(0,1), P(4,8)

P(7,7): (I(3,7),P(2,2)), (Ry(1),P(3,7)), (R1(1),P(4,1))

P(8,7): (Ry(2), P(0,7)), (RL(1),P(2,1)), (R1(2),P(2,7)), (1(2,7),P(3,2)), (R5(1),P(4,7))
R}(1),P(5,1))

P(9,7): (R1(3), P(0,1)), (R3(2),P(1,7)), (R%(1),P(3,1)), (R}(2),P(3,7)), (1(1,7),P(4,2))
RO(l) P(577))a (R?(1)>P(671))

P(10,7): (Ri(3), P(1,1)), (R3(2), P(2,7)), (RL(1),P(4,1)), (R}(2),P(4,7)), (1(0,7),P(5,2))
Ry(1),P(6,7)), (R{(1),P(7,1))

P(11,7): (RY(3), P(2,1)), (R§(2), P(3,7)), (R%(1),P(5.1)), (R1(2),P(5,7)), (R3(1), P(7,7))
Ri(1),P(8,1))

P(12,7): (R{(3), P(3,1)), (R§(2), P(4,7)), (RL(1),P(6,1)), (R{(2),P(6,7)), (R3(1),P(8,7))

Ri(1),P(9,1)), (1(11,7),2P(0,7))

RO @), Pn-9,1)), (R MN(2), P(n-8,7)), (RETH (1), P(n-6,1))
R(n 12) mod4+1(2) P(n -6, 7)) (R(()n—lo) mod3+1(1)7P(n_4’ 7)), (Rgn—ll) m0d4+1(1)7p(n_371))
ul,(u+1)P), n>12

P(n,7):

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(R
(
(

Modules of the form P(n,8)

Defect: 0P(n,8) = -2, forn > 0.
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P(0,8)
P(1,8)
P(2,8)
P(3,8)

:(1(0,8), P(0,4))

(1(2,7),P(0,3)), (1(2,1),P(0,5))

:(R{(1),P(0,2)), (R(1),P(0,6)), (R3(1),P(0,8)), (I(1,7),P(1,3)), (I(1,1),P(1,5))

:(P(4,7),P(0,1)), (P(4,1),P(0,7)), (R (1), P(1,2)), (R1(1),P(1,6)), (R3(1),P(L,8))

(1(0,7),P(2,3)), (1(0,1),P(2,5))

P(4,8): (P(5,7), P(1,1)), (P(5,1), P(1,7)), (R}(1), P(2,2)), (Ri(1),P(2,6)), (Rj(1), P(2,8))

P(5,8): (P(8,7),P(0,1)), (P(8,1),P(0,7)), (P(6,7),P(2,1)), (P(6,1),P(2,7)), (Ri(1),P(3,2))
(R3(1),P(3,6)), (R3(1),P(3,8))
:(P(n+3,7),P(n-5,1)), (P(n+3,1),P(n-5,7)), (P(n+1,7),P(n-3,1))
(P(n+1,1), P(n-3,7)), (BRI ™4 (1), P(n-2,2)), (R ™4 (1), P(n-2,6))
(R med3+ (1) P(n-2,8)), n>5

P(n,8)
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0P (0. 1) T (P11 T oP(2,1) T 1P(3,1) T 1P
1111000 ””” oool1100 ~~ "~ 0011110 ””” o112111 ~~ "~ " 1122100
1<<ij//: ////// ////// ////// ]<{fj//
0111000 ****** >1112100 ****** 0012210 ****** 0123221 ****** ’1234211
oF(0,3) T 1P(1,3) T 1P(2,3) 9P (3,3) T 9P (4,3)
0011000 ””” 0112100 ****** ’1123210 ****** ’0124321 ****** ’1245321

1P(0,8) PN T 1P(2,8) 1P(3,8) 9P (4,8)
0001000 ””” 0011100 ””” 0112110 N~~~/ 1123211 ””” 0123210
N N e = N
ol (0, 1) T 1Pa, 1) 1P T 2P (3, 1) T 314, 1)
0001000 ””” ’0012100 ””” ’0123210 ****** ’1235321 ****** ’1246421
oP(0,5)
0001100 ””” ’0012110 ””” ’0123211 ””” ’1234210 ””” ’1235421
P(0,¢€ P(3,6) T
0001110 ””” ’0012111 ””” ’0122100 ””” ’1223210 ””” ’1124321
OP(“'”,,‘T,{,,, P T 0P PG T 1P(4,7)
0001111 0011000 0111100 1112110 0012211
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1P(3 1)7777777> 1P((> 1)7777'777 2P(7A1)7777777 1P(N.1)7777777> 21”(‘) 1)
0112210 1123221 0123211 1233210 1224321
1234310 ””” >1235431 ””” >1246432 ””” ’1356421 ””” ’2457531
25710742
3P(9,8)
2357532
3 6P (9, 1)
24710742 25811852 36913963
1246431 ””” ’1357532 ””” ’2468531 ””” ’2469742 ””” ’24710752
T P(9,6)
0134321 ””” ’1345321 ””” ’2346421 ””” ’1246531 ””” ’1357542
f()
0122110 ””” >1223211 ””” >1123210 ””” ’0123321 ””” >1234221
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F(10,1) T Py T P2,1) T P13,1) T P(14,1)
1134321~~~ 77 “ 0234321 "7 "~ 2345321 7~ " 1235421 "~ " 1245431
(mz) T (||z) T (IZZ) T
2358642 ””” ’1368642 ””” ’2579642 ””” *35710742 ””” ’24710852
§7(10,3) 7 §(11,3 2(13,3 (14,3
oo 35811852 ””” ’25812963 ””” ’361013963””*3710141063””’4711151173 oo

§(14,8)
2468642 77777 25710752

N
#(10; 1) T P 1) PO 1)
36101410637777'37111511737 4813181384 4914191494

\/\/\/\/

§(10,5) T g5 T eP(12,5) T 1 T

bl 25811853 77777 ’36912852 77777 »3691310637777*36101410737777 3711151174

N/N/NN N

————» ————»

>

£0,6) T £Fare T £12,6) $(13,6) 5(14,6)
2468532 7 2468631 2469752 T 24710753 77 ’25810742
P(10,7) Farn T F2,7) T Fas, 7 T P (14,7)
1234311 ””” 1234320 ””” 1235432 ””” 1245321 ””” " 1345421
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Schofield pairs associated to preinjective exceptional modules
Modules of the form I(n,1)

Defect: 01(n,1) =1, forn > 0.

I1(0,1): -

I(1,1): -

I(2,1): -

1(3,1): (1(0,5), P(0,8)), (1(0,6),P(1,1)), (1(0,7), R{(1)), (1(0,8),P(0,7))

I(4,1):(1(0,1),R3(1)), (1(0,2),P(2,1)), (1(0,3),P(0,6)), (I(1,6),P(0,1)), (I(1,7),R1(1))

I(5,1):(1(0,8),P(2,7)), (I(1,1),Ry(1)), (I(1,2),P(1,1)), (I(2,7),R3(1))

1(6,1): (1(0,1),R3(2)), (1(0,6),P(4,1)), (1(0,7), R%,(1)), (I(1,8),P(1,7)), (1(2,1), R3(1))
(1(2,2),P(0,1)), (1(3,7),Ri(1))

1(7,1) : (I(1,1), R1(2)), (I(1,6),P(3,1)), (I(1,7), R (1)), (1(2,8),P(0,7)), (I(3,1),R3(1))
(I(4,7),R1(1))

I(8,1): (I(0,1),R(2)), (1(2,1),R1(2)), (I(2,6),P(2,1)), (1(2,7),R% (1)), (I(4,1),Rj(1))
(1(5,7), R1(1))

1(9,1) : (1(0,7),R3(3)), (I(1,1),R3(2)), (1(3,1),R3(2)), (I1(3,6),P(1,1)), (I(3,7), R} (1))
(I(5,1),R3(1)), (1(6,7),R}(1))

1(10,1) : (I(1,7), R3(3)), (1(2,1),R3(2)), (I(4,1),R3(2)), (1(4,6),P(0,1)), (1(4,7),R% (1))
(1(6,1),R3(1)), (1(7,7),R}(1))

I(11,1): (1(2,7), R{(3)), (I(3,1),R3(2)), (1(5,1),R{(2)), (I(5,7),R%(1)), (1(7,1),R}(1))
(1(8,7), Ri(1))

1(12,1) : (I(3,7), R1(3)), (1(4,1),R3(2)), (I(6,1),R{(2)), (1(6,7),R%(1)), (I(8,1),R3(1))
(1(9,7),R1(1)), (21(0.1),P(11,1))

I(n,l) (I(n 9,7), R( n+15) mod4+1(3)) (I(n—8,1)7R67"+14) mod?,+1(2))7 (I(n—6,1),R§7ml5) mod4+1(2))
(I(n-6,7), RS med 2L (1)) (I(n—-4,1), RS ™43 (1)) (I(n-3,7), {1 mod 4+l (1))
((v+1)I,0P), n>12

Modules of the form I(n, 2)

Defect: 91(n,2) =2, forn > 0.

1(0,2) : (1(0,1),1(1,1))

1(1,2):(1(1,1),1(2,1))

1(2,2): (1(0,5), P(1,7)), (1(0,6),Ry(1)), (1(0,7),1(5,7)), (1(0,8),R}(1)), (1(2,1),1(3,1))
1(3,2): (1(0,1),1(7,1)), (1(0,2),R{(2)), (I(1,5),P(0,7)), (I(1,6),R3(1)), (1(1,7),1(6,7))
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(I(1,8),R{(1)), (1(3,1),1(4,1))

1(4,2):(1(1,1),1(8,1)), (I(1,2),R{(2)), (1(2,6),R3(1)), (I1(2,7),1(7,7)), (1(2,8),R1(1))
(I(4,1),1(5,1))

1(5,2): (1(0,7),1(11,7)), (1(2,1),1(9,1)), (I(2,2),R3(2)). (1(3,6),R(1)), (1(3,7),1(8,7))
(1(3,8),R3(1)), (1(5,1),1(6,1))

I(n,2): (I(n=5,7),1(n+6,7)), (I(n=-3,1),I(n+4,1)), (I(n-3,2), RD med4+1(9y)
(I(n-2,6), RSO ™3 (1)) (I(n-2,7),I(n+3,7)), (I(n-2,8), R med4+1(1y)
(I(n,1),I(n+1,1)), n>5

Modules of the form I(n,3)

Defect: 9I(n,3) =3, for n > 0.

1(0,3) :
1(1,3) :

(1(0,1),1(1,2)), (1(0,2),1(2,1))
(1(0,5), R3(1)), (1(0,6),1(5,1)), (1(0,7),1(2,8)), (1(0,8),1(4,7)), (I(1,1),1(2,2))
(I(1,2),1(3,1))
1(2,3): (1(0,1),1(4,6)), (I(1,5),R{(1)), (1(1,6),1(6,1)), (I(1,7),1(3,8)), (1(1,8),1(5,7))
(1(2,1),1(3,2)), (1(2,2),1(4,1))
I(n,3): (I(n-2,1),I(n+2,6)), (I(n-1,5), RE™H ™ (1)) (I(n-1,6),I(n+4,1))
(I(n-1,7),I(n+1,8)), (I(n-1,8),I(n+3,7)), (I(n,1),I(n+1,2))
(I(n,2),I(n+2,1)), n>2

Modules of the form I(n,4)

Defect: 9I(n,4) =4, forn > 0.

1(0,4) : (1(0,1),1(1,3)), (1(0,2),1(2,2)), (1(0,3),1(3,1)), (1(0,5),1(3,7)), (1(0,6),1(2,6))
(1(0,7),1(1,5)), (1(0,8),1(1,8))
I(n,4): (I(n,1),1(n+1,3)), (I(n,2),1(n+2,2)), (I(n,3),1(n+3,1))
(I(n,5),I1(n+3,7)), (I(n,6),I(n+2,6)), (I(n,7),I(n+1,5))
(

I(n,8),I1(n+1,8)), n>0

Modules of the form /(n,5)

Defect: 9I(n,5) =3, for n > 0.
1(0,5) : (1(0,6),1(2,7)), (1(0,7),1(1,6))
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1(1,5): (1(0,1),1(2,8)),
1(1,7),1(2,6))
1(0,7),1(4,2)), (I(1,1),1(3,8)), (1(1,2),1(6,7)), (I(1,3),R{(1)), (1(1,8),1(5,1))

( (1(0,2),1(5,7)), (1(0,3),R{(1)), (1(0,8),1(4,1)), (1(1,6),I(3,7))
(
(
(1(2,6),1(4,7)), (1(2,7),1(3,6))
(
(
(

1(2,5) :

I(n,5): (I(n-2,7),I(n+2,2)), (I(n-1,1),I(n+1,8)), (I(n-1,2),I1(n+4,7))

I(n-1,3), RU™D (1)) (1(n-1,8),I(n+3,1)), (I(n,6),1(n+2,7))
I(n,7),1(n+1,6)), n>2

Modules of the form I(n,6)

Defect: 01(n,6) = 2, for n > 0.

1(0,6) : (1(0,7),1(1,7))

1(1,6) : (I(1,7),1(2,7))

1(2,6) : (1(0,1),1(5,1)), (1(0,2),R5(1)), (1(0,3),P(1,1)), (1(0,8),R1(1)), (I(2,7),1(3,7))

1(3,6) : (1(0,6), R}(2)), (1(0,7),1(7,7)), (I(1,1),1(6,1)), (1(1,2),R3(1)), (I(1,3),P(0,1))
(I(1,8),R3(1)), (1(3,7),1(4,7))

1(4,6) : (I(1,6), R1(2)), (1(1,7),1(8,7)), (I(2,1),I(7,1)), (1(2,2),R3(1)), (I(2,8),Ri(1))
(I(4,7),1(5,7))

1(5,6):(1(0,1),1(11,1)), (1(2,6),R{(2)), (I(2,7),1(9,7)), (1(3,1),1(8,1)), (I(3,2),Rj(1))
(1(3,8),Ri(1)), (1(5,7),1(6,7))

I(n,6): (I(n-5,1),I(n+6,1)), (I(n-3,6), REU™ ™ (9)) (I(n=3,7),I(n+4,7))
(I(n-2,1),I(n+3,1)), (I(n-2,2), R{™ ™43 (1)) (I(n-2,8), R{™D) med 4+ (1))
(I(n,7),I(n+1,7)), n>5

Modules of the form I(n,7)

Defect: 01(n,7) =1, forn > 0.

1(0,7) : -

I(1,7): -

1(2,7): -

1(3,7): (1(0,1), R3(1)), (1(0,2),P(1,7)), (1(0,3),P(0,8)), (1(0,8),P(0,1))

1(4,7) : (1(0,5), P(0,2)), (1(0,6), P(2,7)), (1(0,7), R3(1)), (I(1,1), R{(1)), (I(1,2),P(0,7))
1(5,7): (1(0,8),P(2,1)), (I(1,6),P(1,7)), (1(1,7),Ry(1)), (I(2,1),Ri(1))

1(6,7) : (1(0,1), R (1)), (1(0,2),P(4,7)), (1(0,7),R1(2)), (I(1,8),P(1,1)), (I(2,6),P(0,7))
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1(2,7), R3(1)), (1(3,1), R{(1))

I(1,1),R%,(1)), (I(1,2),P(3,7)), (I(1,7),R}(2)), (1(2,8),P(0,1)), (I(3,7),R3(1))

1(4,1),R}(1))

1(0,7), Ry(2)), (I(2,1), Ry (1)), (1(2,2),P(2,7)), (I(2,7),R}(2)), (I(4,7),R}(1))

1(5,1),R}(1))

1(0,1), R (3)), (1(1,7), R(2)

I(5,7), R(1)), (1(6,1), Ri(1)
)
)
)
)
)
)

(
1(7,7) : (
(
(
(
( ( )
( ( )
1(10,7) : (I(1,1), R1(3)), (1(2,7),R5(2)), (I(4,1), R (1)), (1(4,2),P(0,7)), (I(4,7),R{(2))
( ( )
( ( )
(
(
(
(
(
(

1(8,7):

1(9,7): , (1(3,1),R2,(1)), (I(3,2),P(1,7)), (1(3,7), R{(2))

1(6,7), R3(1)), (1(7,1), Ri(1)

1(2,1), R{(3)), (1(3,7), Ry(2)), (1(5,1), R% (1)), (1(5,7), R{(2)), (1(7,7), Ro(1))

1(8,1), R{(1)

1(3,1), Ri(3)), (1(4,7), R3(2)), (1(6,1), Reo(1)), (1(6,7), R(2)), (1(8,7), R3(1))

1(9,1),R}(1)), (21(0.7), P(11,7))

I(n,7): (I(n-9,1), RS meA4N(3)) (1(n =8, 7), RS ™43 (9)) (I(n—6,1), RGP mod 2+1 (1))
I(n—6,7),R§_"+13) mod 4+1(2))’ (I(n—4,7),R(()_"+14) mod 3+1(1))7 (I(n— 3, 1)’R§—n+13) mod 4+1(1))
(v+1)I,0P), n>12

I(11,7):

1(12,7) :

Modules of the form I(n,8)

Defect: 01(n,8) =2, forn > 0.

1(0,8): -

1(1,8) : (1(0,1),1(4,7)), (1(0,2),Ri (1)), (1(0,3),P(0,7)), (1(0,5),P(0,1)), (1(0,6),R}(1))
(1(0,7),1(4,1))

1(2,8) : (1(0,8), R3(1)), (I(1,1),1(5,7)), (I(1,2),Ri(1)), (1(1,6),R}(1)), (I(1,7),I(5,1))

1(3,8): (1(0,1),1(8,7)), (1(0,7),1(8,1)), (I(1,8),Ry(1)), (1(2,1),1(6,7)), (I(2,2),R{(1))
(I(2,6),Ri(1)), (1(2,7),1(6,1))

I(n,8): (I(n-3,1),1(n+5,7)), (I(n-3,7),I(n+5,1)), (I(n-2,8), RS m431(1))
(I(n-1,1),I(n+3,7)), (I(n-1,2), RE™O ™I (1)) (I(n-1,6), R mod4+1 (1))
(I(n-1,7),I1(n+3,1)), n>3
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ol(4,1) T 11(3,1) T 0l(2,1) T ol(1,1) T 0l(0,1)
1111110‘ ””” 0001111‘ ””” 0010000‘ ””” 0100000‘ ””” 1000000
1222210‘ ****** 1112221‘ ****** 011111‘ ****** 0110000‘ ””” 1100000
01(0,3)
oo 2344321< ””” 1223321‘ ””” 1122221‘ ””” 0111111‘ ””” 1110000
11(0,8)
””” 0000000
/ /
31(4,%) : g 11(0,4)
2456542 111t111
1234432‘ ””” 1233221‘ ””” 1222211< ””” 1111110‘ ””” 0000111
01(0,6)
0122221‘ ””” 1222111‘ ””” 1111100‘ ””” 0000110‘ ””” 0000011
(4,7 ol(2. /) 0,
0111111‘ ””” 1111000‘ ””” 0000100 ””” 0000010 ””” 0000001
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9 1(9,1) T 11(8,1) T 11(7,1) T 11(6,1) T 11(5,1)
1223211‘ ””” 1122210‘ ””” 0112221‘ ””” 1122111‘ ””” 0111100
2456432‘ ””” 2345421‘ ””” 1234431‘ ””” 1234332‘ ””” 1233211
51(9,3)
oo 2570753 T 3578642 " 2457642 2356542 - 1345432
31(9,8) T 11(5,8)
2356532 N/ 1345431 N~/ 2345432 N\~ / 1234321 N~~~/ 1233321
/
71(9,%) T /(,1)
4710131074‘ ””” 36911963‘ 36810863* 3579753‘ 2467642
oo 3579752< ””” 2468753‘ ””” 2467542‘ ””” 2456532‘ ””” 2345431
I(/ 6) I(JJ) I() 6)
2346542‘ ””” 1245432‘ ””” 1344321‘ ””” 2334321‘ ””” 1123321
I/T [/T 1/ 1/7 s
1123221 777777 0122211 777~ 1222110 777777 1112211 777777 0011110
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ol (14,1) T ol (13,1) T ol (12,1) T ol (11,1) T 1(10,1)
1244321‘ ””” 1334321‘ ””” 2234321‘ ””” 0123321‘ ””” 1233221
(12,2 31(10,2)
2479753‘ ””” 2578642‘ ””” 3568642‘ ””” 2357642‘ ””” 1356542
5/(10,3)
oo 4711141184‘””3710131074"”’471012963< ””” 36811963‘ ””” 35810863
/(14,8 T 4(13,8 T 51(11,8 T 41(10,8)
2579752 ””” 3579753 N/ 2468642 N/ 2467642 N/ 2457542
1) T 1374) T T4) 1) T 7(1074)
510151915105"”510141814105*”’59131713 5 *° ’4812151284‘””4811141184
5/(10,5)
oo 4811141174‘””4710131073"”’369121074< ””” 36911863‘ ””” 36810853
14, 6) 41(13,6) 4(12,6) 4(11,6) 31(10,6)
<= - - === <= - - - == <= - - - == <= - - - ==
3579742 2468752 2468653 2467532 2456531
o (14,7) T o (13,7) T ol (12,7) T o (11,7) T
1234421 777777 1234331 7777 1234322 777777 1233210 7777 1223321
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Schofield pairs associated to regular exceptional modules

The non-homogeneous tube 'TA(]E7)

Ri(1):(1(0,8),P(0,6)), (1(1,6),P(0,8)), (I(1,7),P(1,1))

Ri(2): (RI(1),Ri(1)), (I(5,7),P(0,7)), (I(1,6),P(1,6)), (I(3,1),P(2,1)), (I(1,7),P(4,7))

R}(1):(1(0,5), P(0,3)), (1(2,1),P(0,7)), (1(0,6), P(1,8)), (1(0,7),P(2,1))

R}(2): (RI(1), R1(1)), (1(2,2),P(0,2)), (I(4,7),P(1,7)), (1(0,6), P(2,6)), (1(2,1),P(3,1))
1(0,7),P(5,7))

R}(1):(1(0,8),P(0,2)), (I1(1,2),P(0,8)), (I(1,1),P(1,7))

R}(2): (R1(1),R(1)), (I1(5,1),P(0,1)), (I(1,2),P(1,2)), (I(3,7),P(2,7)), (I(1,1),P(4,1))

Ri(1):(1(2,7),P(0,1)), (1(0,3),P(0,5)), (1(0,2), P(1,8)), (1(0,1),P(2,7))

Ri(2):

1(0,1), P(5,1))

Ri(2),R{(1)), (Ri(1),R{(2)), (1(8,1),P(0,7)), (I1(6,7),P(2,1)), (I(4,1),P(4,7))
1(2,7),P(6,1)), (1(0,1),P(8,7))

R1(2),Ri(1)), (RI(1),R{(2)), (1(7,1),P(1,7)), (1(5,7),P(3,1)), (I(3,1),P(5,7))
1(1,7),P(7,1))

R}(2), R3(1)), (RI(1), R} (2)), (1(8,7), P(0,1)), (I(6,1),P(2,7)), (I(4,7),P(4,1))
1(2,1),P(6,7)), (1(0,7),P(8,1))

R1(2),R}(1)), (R{(1),R3(2)), (1(7,7),P(1,1)), (1(5,1),P(3,7)), (I(3,7),P(5,1))
1(1,1),P(7,7))

RI(3):
Ri(3):
Ri(3):

(1(
(
(7
(
((
(1(
(
(
(Ri(1),R{(1)), (1(2,6),P(0,6)), (I(4,1),P(1,1)), (1(0,2),P(2,2)), (1(2,7),P(3,7))
(
(
(
)+ (
(
(
(
RI(3): (
(

TA<E7>
1
1234321 777777 1234321 777777 123432177777t1234321
/ /(,:)
1123321 ””” 0123221 ””” 1233211 ””” 1223210 ””” 1123321
/ /(/‘ / /

‘ 0012221 777777 0122111 777777 122210077777t1112210 ‘

1/ 1/ 1/ 1/ /(1)
0001110 777777 0011111 777777 0111000 777777 1111100 777777 0001110
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The non-homogeneous tube %A(E”
Ry(1):
Ro(2):
Rj(1):
Rj(2):

1(2,1),P(1,1)), (1(2,7),P(1,7)), (1(0,8),P(1,8))

R3(1),Ry(1)), (I(5,1),P(2,1)), (1(5,7),P(2,7)), (1(2,1),P(5,1)), (I(2,7),P(5,7))
1(1,6), P(0,2)), (1(1,2),P(0,6)), (I(1,1),P(2,1)), (I(1,7),P(2,7))

R3(1),R5(1)), (I(7,1), P(0,1)), (I(7,7),P(0,7)), (I(4,1),P(3,1)), (I(4,7),P(3,7))
1(1,1),P(6,1)), (1(1,7),P(6,7))

1(3,1),P(0,1)), (1(3,7),P(0,7)), (I(1,8),P(0,8)), (1(0,6),P(1,2)), (1(0,2), P(1,6))
1(0,1), P(3,1)), (1(0,7),P(3,7))

Ry(1),R3(1)), (I(6,1),P(1,1)), (1(6,7),P(1,7)), (1(3,1),P(4,1)), (I(3,7),P(4,7))
1(0,1),P(7,1)), (1(0,7),P(7,7))

Rj(1):

R(2) :

(
(
(
(
(
(
(
(
(

A(E7
76( )
R3(4) 71 3 Ry (4) 71 9 R3 (1;

——————————

——————————

The non-homogeneous tube TA(]E7)

RL(1):(1(5,1),P(0,7)), (I(4,7),P(1,1)), (I(3,1),P(2,7)), (1(2,7),P(3,1)), (I(1,1),P(4,7))
(1(0,7),P(5,1))

RZ(1): (1(5,7),P(0,1)), (I(4,1),P(1,7)), (I(3,7),P(2,1)), (1(2,1),P(3,7)), (I(1,7),P(4,1))
( )

1(0,1), P(5,7)
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TA(E)

3l (3)
2356431

O

1 2 3 4 5 6 7 8
[1 0 00000 0 O] [0 0 -1 1 0 0 0 0 1]
110000000 10-1100001
111111111 01 -1 100001
000111110 01 -1 010001

Ca@y =0 0001 1110 Py =01 -1 00 1001
000001110 01 -1000T1TF071
000000110 01 -10000T171
0000O0O0O0T1O0 01 -1 000U0O0 1
0000 0O0O0O0 1) 01 -1 100 00 0

Schofield pairs associated to preprojective exceptional modules

Modules of the form P(n,1)

Defect: 9P(n,1) = -2, for n > 0.
P(0,1):
P(1,1):
P(2,1):
P(3,1):

1(0,1), P(0,2)), (1(0,2), P(0,3))
1(0,9),P(0,4)), (1(4,8),P(0,9))
1(3,7),P(0,2)), (1(1,1),P(0,5)), (1(3,8),P(1,9))
1(1),P(0,1)), (1(5,8),P(0,6)), (1(8,8),P(0,9)), (I(2,7),P(1,2)), (1(0,1),P(1,5))
1(2,8),P(2,9))

P(4,1): (R{(1),P(0,7)), (RI(1),P(1,1)), (I(4,8),P(1,6)), (I(7,8),P(1,9)), (I(1,7),P(2,2))

(
(
(
(R
(
(R
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1(1,8),P(3,9))

Ry(1),P(0,1)), (P(7,8),P(0,8)), (R} (1), P(1,7)), (RI(1),P(2,1)), (1(3,8),P(2,6))
1(6,8), P(2,9)), (1(0,7),P(3,2)), (1(0,8),P(4,9))

R}(1),P(1,1)), (P(8,8),P(1,8)), (Ri(1),P(2,7)), (Ri(1), P(3,1)), (1(2,8),P(3,6))
1(5,8),P(3,9))

R1(2),P(0,7)), (R3(1),P(2,1)), (P(9,8), P(2,8)), (RI(1), P(3,7)), (R}(1),P(4,1))
1(1,8),P(4,6)), (1(4,8),P(4,9))

P(13,8),P(0,8)), (R}(2),P(1,7)), (Ry(1),P(3,1)), (P(10,8),P(3,8)), (RI(1),P(4,7))
Ri(1),P(5,1)), (1(0,8),P(5,6)), (I(3,8),P(5,9))

P(14,8), P(1,8)), (R1(2),P(2,7)), (R3(1),P(4,1)), (P(11,8),P(4,8)), (R{(1),P(5,7))
Ri(1),P(6,1)), (1(2,8),P(6,9))

(
P(5,1): (
(

(

(

(

(

(

(

(

(

P(10,1) : (P(17,8),P(0,8)), (P(15,8),P(2,8)), (R (2), P(3,7)), (R3(1), P(5,1)), (P(12,8), P(5,8))

(

(

(

(

(

(

(

(

(

(

P(6,1):
P(7,1):
P(8,1):

P(9,1):

P(11,1): (P(18,8),P(1,8)), (P(16,8),P(3,8)), (Ri(2), P(4,7)), (Ry(1), P(6,1)), (P(13,8),P(6,8))
Ri(1),P(7,7)), (R{(1),P(8,1)), (1(0,8),P(8,9))

P(19,8),P(2,8)), (P(17,8),P(4,8)), (R{(2),P(5,7)), (R3(1),P(7.1)), (P(14,8), P(7,8))
RI(1),P(8,7)), (R}(1),P(9,1))

P(23,8),P(0,8)), (P(20,8),P(3,8)), (P(18,8), P(5,8)), (R}(2),P(6,7)), (R3(1),P(8,1))
P(15,8), P(8,8)), (R(1),P(9,7)), (Ri(1),P(10,1))

P(n+10,8),P(n-13,8)), (P(n+7,8),P(n-10,8)), (P(n+5,8),P(n-8,8))
R{mOmed®t 9y p(n—7,7)), (RS ™3 (1), P(n-5,1)), (P(n+2,8), P(n-5,8))

R(n 11) mod5+1(1) P(n 4 7)) (Rgnfl?)) mod5+1(1)7p(n_3’1)), n>13

);

(

),

(

),

R}(1),P(6,7)), (R}(1),P(7,1)), (I(1,8),P(7,9))

);

(

P(12,1): ),
(

),

P(13,1):

P(n,1):

Modules of the form P(n,?2)

Defect: 0P(n,2) = -4, for n > 0.

P(0,2): (I(1,1),P(0,3))

P(1,2): (P(1,1),P(0,1)), (1(5,8),P(0,4)), (P(2,8),P(0,9)), (1(0,1),P(1,3))

P(2,2): (R1(1),P(0,5)), (P(2,1),P(1,1)), (1(4,8),P(1,4)), (P(3,8),P(1,9))

P(3,2): (P(4,7),P(0,1)), (P(7,8),P(0,6)), (R}(1),P(1,5)), (P(3,1),P(2,1)), (I(3,8),P(2,4))
P(4,8),P(2,9))

P(6,1),P(0,7)), (P(5,7),P(1,1)), (P(8,8),P(1,6)), (R{(1),P(2,5)), (P(4,1),P(3,1))
1(2,8),P(3,4)), (P(5,8),P(3,9))

P(6,9),P(0,8)), (P(7,1), P(L,7)), (P(6,7), P(2,1)). (P(9,8), P(2,6)), (Ri(1),P(3,5))
P(5,1),P(4,1)), (1(1,8),P(4,4)), (P(6,8),P(4,9))

P(4,2):

P(5,2):

~ o~~~ o~~~ o~
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P(6,2): (P(7,9), P(1,8)), (P(8,1), P(2,7)), (P(7,7), P(3,1)), (P(10,8), P(3,6)), (Ri(1), P(4,5))

P(6,1),P(5,1)), (1(0,8), P(5,4)), (P(7,8),P(5,9))

),
),
P(7,2): (P(8,9), P(2,8)), (P(9,1),P(3,7)), (P(8,7),P(4,1)), (P(11,8),P(4,6)), (R1(1),P(5,5))
),
)

/‘\/‘\/\/\

(
(
(
(P(7,1),P(6,1)), (P(8,8),P(6,9))

P(8,2): (P(9,6),P(0,8)), (P(9,9),P(3,8)), (P(10,1),P(4,7)), (P(9,7),P(5,1)), (P(12,8), P(5,6))
(R3(1),P(6,5)), (P(8,1),P(7,1)), (P(9,8),P(7,9))

(P(n+1,6),P(n-8,8)), (P(n+1,9),P(n-5,8)), (P(n+2,1),P(n-4,7))
(P(n+1,7),P(n-3,1)), (P(n+4,8), P(n-3,6)), (R" ™5 (1) P(n-2,5))
(P(n,1),P(n-1,1)), (P(n+1,8),P(n-1,9)), n>8

P(n,2):

Modules of the form P(n,3)

Defect: 0P(n,3) = -6, for n > 0.

P(0,3) : -
P(1,3):
P(2,3):
P(3,3):

P(1,1), P(0,2)
P(2,2), P(0,1)
P(3,6), P(0,6)

), (P(1,8),P(0,4)), (P(1,9),P(0,9))
),
),
P(3,9),P(2,9))
)
);
);

(
( (P(2,7),P(0,5)), (P(2,1),P(1,2)), (P(2,8),P(1,4)), (P(2,9),P(1,9))
( (P(3,2),P(1,1)), (P(3,7),P(1,5)), (P(3,1),P(2,2)), (P(3,8),P(2,4))
(
P(4,3): (P(4,5),P(0,7)), (P(4,6),P(1,6)), (P(4,2), P(2,1)), (P(4,7),P(2,5)), (P(4,1),P(3,2))
(P(4,8),P(3,4)), (P(4,9),P(3,9))
P(5,3): (P(5,4), P(0,8) (5,5),P(1,7)), (P(5,6),P(2,6)), (P(5,2),P(3,1)), (P(5,7),P(3,5))
(
(
(
(

(
(
(
P(5,1),P(4,2)), (P(5,8),P(4,4)), (P(5,9),P(4,9))
),
)
)

Jacia|

P(n,3): (P(n,4),P(n-5,8)), (P(n,5),P(n-4,7)), (P(n,6),P(n-3,6))
, (P(n,7),P(n-2,5)), (P(n,1),P(n-1,2))

, (P(n,9),P(n-1,9)), n>5

P(n,2),P(n-2,1
P(n,8),P(n-1,4

V\_/\_/

Modules of the form P(n,4)

Defect: 9P(n,4) = =5, for n > 0.

P(0,4) : (1(4,8),P(0,3))
P(1,4): (P(3,8),P(0,2)), (P(1,8),P(0,5)), (P(2,1),P(0,9)), (1(3,8),P(1,3))
P(2,4):(P(3,9),P(0,1)), (P(2,7),P(0,6)), (P(4,8),P(1,2)), (P(2,8),P(1,5)), (P(3,1),P(1,9))
(1(2,8),P(2,3))
(

P(3,4): (P(3,6),P(0,7)), (P(4,9), P(1,1)), (P(3,7), P(1,6)), (P(5,8), P(2,2)), (P(3,8),P(2,5))
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(P(4,1),P(2,9)), (1(1,8),P(3,3))

P(4,4): (P(4,5),P(0,8)), (P(4,6), P(1,7)), (P(5,9), P(2,1)), (P(4,7), P(2,6)), (P(6,8),P(3,2))
(P(4,8),P(3,5)), (P(5,1),P(3,9)), (1(0,8),P(4,3))

P(5,4): (P(5,5),P(1,8)), (P(5,6),P(2,7)), (P(6,9), P(3,1)), (P(5,7),P(3,6)), (P(7,8),P(4,2))
(P(5,8),P(4,5)), (P(6,1),P(4,9))

P(6,4): (P(7,2),P(0,8)), (P(6,5),P(2,8)), (P(6,6),P(3,7)), (P(7,9), P(4,1)), (P(6,7),P(4,6))
(P(8,8),P(5,2)), (P(6,8),P(5,5)), (P(7,1),P(5,9))

P(n,4): (P(n+1,2),P(n-6,8)), (P(n,5),P(n-4,8)), (P(n,6),P(n-3,7))
(P(n+1,9),P(n-2,1)), (P(n,7),P(n-2,6)), (P(n+2,8),P(n-1,2))
(P(n,8),P(n-1,5)), (P(n+1,1),P(n-1,9)), n>6

Modules of the form P(n,5)
Defect: 9P(n,5) = —4, for n > 0.
P(0,5):

P(1,5):
P(2,5):

1(3,7),P(0,3)), (1(3,8),P(0,4))

Ri(1),P(0,2)), (P(1,8),P(0,6)), (P(4,8),P(0,9)), (I(2,7),P(1,3)), (I(2,8),P(1,4))
P(4,1),P(0,1)), (P(2,7),P(0,7)), (R(1),P(1,2)), (P(2,8),P(1,6)), (P(5,8), P(1,9))
1(1,7),P(2,3)), (1(1,8),P(2,4))

P(3,6),P(0,8)), (P(5,1),P(1,1)), (P(3,7),P(1,7)), (R}(1),P(2,2)), (P(3,8),P(2,6))
P(6,8),P(2,9)), (1(0,7),P(3,3)), (1(0,8),P(3,4))

P(4,6),P(1,8)), (P(6,1),P(2,1)), (P(4,7),P(2,7)), (R{(1),P(3,2)), (P(4,8),P(3,6))

(
(
(
(
( ),
( ),
( ):
(P(7,8),P(3,9))
( ),
( ),
( ),
(
(
(
(

P(3,5):
P(4,5):

P(5,5): (P(8,7), P(0,7)

P(5,8),P(4,6)

(P(5,6),P(2,8)), (P(7,1),P(3,1)), (P(5,7),P(3,7)), (R;(1),P(4,2))
(P(8,8),P(4,9))

P(8,9),P(0,8)), (P(9,7),P(1,7)), (P(6,6),P(3,8)), (P(8,1),P(4,1)), (P(6,7),P(4,7))
Ri(1),P(5,2)), (P(6,8),P(5,6)), (P(9.8),P(5,9))

P(n+2,9),P(n-6,8)), (P(n+3,7),P(n-5,7)), (P(n,6),P(n-3,8))

P(n+2,1), P(n-2,1)), (P(n,7), P(n-2,7)), (RO ™45 (1) P(n-1,2))
P(n,8),P(n-1,6)), (P(n+3,8),P(n-1,9)), n>6

P(6,5) :

P(n,5):

Modules of the form P(n,6)

Defect: 9P(n,6) = -3, for n > 0.
P(0,6): (1(2,6),P(0,3)), (I(2,7),P(0,4)), (1(2,8),P(0,5))
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P(1,6): (1(7,8), P(0,2)), (P(1,8),P(0,7)), (R}(1),P(0,9)), (I(1,6),P(1,3)), (1(1,7), P(1,4))
1(1,8), P(1,5))

P(6,8),P(0,1)), (P(2,7),P(0,8)), (1(6,8),P(1,2)), (P(2,8),P(1,7)), (R} (1), P(1,9))
1(0,6), P(2,3)), (1(0,7),P(2,4)), (1(0,8),P(2,5))

P(7,8),P(1,1)), (P(3,7),P(1,8)), (1(5,8),P(2,2)), (P(3,8),P(2,7)), (R{(1),P(2,9))
1(2),P(0,6)), (P(8,8),P(2,1)), (P(4,7),P(2,8)), (I(4,8),P(3,2)), (P(4,8),P(3,7))
1(1),P(3,9))

P(2,6):

(
(
(
(
P(3,6) : (
P(4,6) : (R
(R
P(5,6): (P(13,8),P(0,7)), (R}(2), P(1,6)), (P(9,8),P(3,1)), (P(5,7),P(3,8)), (1(3,8),P(4,2))
(P(5,8), P(4,7)), (R1(1),P(4,9))
P(6,6): (P(9,1),P(0,8)), (P(14,8), P(1,7)), (R1(2), P(2,6)), (P(10,8),P(4,1)), (P(6,7),P(4,8))
(1(2,8),P(5,2)), (P(6,8),P(5,7)), (Ri(1),P(5,9))
P(7,6): (P(10,1), P(1,8)), (P(15,8),P(2,7)), (R (2), P(3,6)), (P(11,8),P(5,1)), (P(7,7),P(5,8))
(I(1,8),P(6,2)), (P(7,8),P(6,7)), (R}(1),P(6,9))
(P(11,1), P(2,8)), (P(16,8),P(3,7)), (R;(2), P(4,6)), (P(12,8),P(6,1)), (P(8,7),P(6,8))
(1(0,8), P(7,2)), (P(8,8),P(7,7)), (Ri(1),P(7,9))
(P(12,1), P(3,8)), (P(17,8), P(4,7)), (R{(2),P(5,6)), (P(13,8), P(7,1)), (P(9,7), P(7,8))
(P(9,8), P(8,7)), (R}(1),P(8,9))

(P(14,7),P(0,8)), (P(13,1),P(4,8)), (P(18,8),P(5,7)), (R;(2), P(6,6)), (P(14,8),P(8,1))

(P(10,7),P(8,8)), (P(10,8),P(9.7)), (Ri(1),P(9,9))

(P(n+4,7),P(n-10,8)), (P(n+3,1),P(n-6,8)), (P(n+8,8),P(n-5,7))

(RO med 1 (9) P(n—4,6)), (P(n+4,8), P(n-2,1)), (P(n,7), P(n-2,8))

(

P(n,8), P(n-1,7)), (R ™5 (1) P(n-1,9)), n>10

P(8,6) :
P(9,6) :
P(10,6) :

P(n,6):

Modules of the form P(n,7)

Defect: 0P(n,7) = -2, forn > 0.

P(0,7): (I(1,5),P(0,3)), (1(1,6),P(0,4)), (1(1,7),P(0,5)), (I(1,8),P(0,6))
P(1,7):(1(2,1),P(0,2)), (P(1,8),P(0,8)), (1(6,8),P(0,9)), (1(0,5),P(1,3)), (1(0,6), P(1,4))
1(0,7),P(1,5)), (1(0,8), P(1,6))

Ri(1),P(0,1)), (I(1,1),P(1,2)), (P(2,8),P(1,8)), (I(5,8),P(1,9))

1(4,7),P(0.5)). (RI(1), P(L.1)). (1(0.1). P(2,2)). (P(3.8), P(2.8)). (I(4.8). P(2,9))
1(9,8), P(0,6)), (I(3,7),P(1,5)), (R{(1),P(2,1)), (P(4,8),P(3,8)), (1(3,8),P(3,9))
R1(2),P(0,1)), (R5(1),P(0,7)), (I(8,8),P(1,6)), (1(2,7),P(2,5)), (RI(1),P(3,1))
P(5,8),P(4,8)), (1(2,8),P(4,9))

P(11,8),P(0,8)), (R1(2),P(1,1)), (R§(1),P(1,7)), (I(7,8),P(2,6)), (I(1,7),P(3,5))

P(2,7):
P(3,7):
P(4,7):
P(5,7):

P(6,7):

~ o~~~ o~ o~ o~ o~
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R}(1),P(4,1)),
P(12,8), P(1,8)

(P(6,8),P(5,8)), (I1(1,8),P(5,9))

), (R}(2),P(2,1)), (Ry(1), P(2,7)), (1(6,8),P(3,6)), (1(0,7),P(4,5))
Ri(1),P(5,1)), (P(7,8),P(6,8)), (1(0,8),P(6,9))
P(13,8),P(2,8)), (R1(2),P(3,1)), (R5(1),P(3,7)), (I(5,8),P(4,6)), (RI(1),P(6,1))
P(8,8),P(7,8))
1(3),P(0,7)), (P(14,8),P(3,8)), (R;(2), P(4,1)), (R3(1), P(4,7)), (1(4,8),P(5,6))
1(1),P(7,1)), (P(9,8),P(8,8))

P(7,7):
P(8,7):

(

(

(

(

(

P(9,7): (R

(R

P(10,7) : (P(19,8),P(0,8)), (R (3), P(1,7)), (P(15,8), P(4,8)), (R{(2), P(5,1)), (R(1),P(5,7))

(1(3,8),P(6,6)), (RI(1),P(8,1)), (P(10,8),P(9,8))

P(11,7): (P(20,8), P(1,8)), (R{(3), P(2,7)), (P(16,8), P(5,8)), (R} (2), P(6,1)), (R3(1),P(6,7))

(I(2,8),P(7,6)), (R}(1),P(9,1)), (P(11,8), P(10,8))

P(12,7): (P(21,8),P(2,8)), (R (3), P(3,7)), (P(17,8), P(6,8)), (R(2), P(7,1)), (R(1),P(7,7))

(I(1,8),P(8,6)), (Ri(1),P(10,1)), (P(12,8), P(11,8))
(P(22,8),P(3,8)), (RI(3), P(4,7)), (P(18,8),P(7,8)), (R1(2),P(8,1)), (Ry(1),P(8,7))
(
(
(
(
(
(
(
(7

1(0,8), P(9,6)), (R}(1), P(11,1)), (P(13,8), P(12,8))

P(13,7)

P(14,7): (P(23,8),P(4,8)), (R{(3), P(5,7)), (P(19,8), P(8,8)), (R}(2), P(9,1)), (R3(1),P(9,7))

Ri(1),P(12,1)), (P(14,8), P(13,8))

P(29,8),P(0,8)), (P(24,8),P(5,8)), (R}(3),P(6,7)), (P(20,8),P(9,8)), (Ri(2),P(10,1))

R3(1),P(10,7)), (R}(1),P(13,1)), (P(15,8), P(14,8))

P(n+14,8), P(n-15,8)), (P(n+9,8), P(n-10,8)), (R ™95 (3) P(n-9,7))

P(n+5,8),P(n-6,8)), (RI" 9 m4%(9) p(n—51)), (RS ™% (1), P(n-5,7))
R mod5H 1y 'p(n ~2.1)), (P(n,8), P(n-1,8)), n>15

P(15,7) :

P(n,7):

Modules of the form P(n,8)

Defect: 9P(n,8) = -1, for n > 0.

P(0,8) : (1(0,4), P(0,3)), (1(0,5),P(0,4)), (1(0,6),P(0,5)), (1(0,7),P(0,6)), (1(0,8),P(0,7))

P(1,8):(1(0,9),P(0,2)), (1(1,1),P(0,9))

P(2,8):(1(4,8),P(0,1)), (1(0,2),P(0,4)), (1(0,1),P(1,9))

P(3,8):(1(0,9),P(0,5)), (1(3,7),P(0,9)), (1(3,8),P(1,1))

P(4,8): (1(2,6),P(0,2)), (1(1,1),P(0,6)), (1(2,7),P(1,9)), (1(2,8),P(2,1))

P(5,8): (1(7,8),P(0,1)), (1(5,8),P(0,7)), (1(3,1),P(0,9)), (I(1,6),P(1,2)), (1(0,1),P(1,6))
(I(1,7),P(2,9)), (1(1,8),P(3,1))

P(6,8): (R{(1),P(0,8)), (1(6,8),P(1,1)), (1(4,8),P(1,7)), (I(2,1),P(1,9)), (1(0,6),P(2,2))
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1(0,7),P(3,9)), (1(0,8), P(4,1))
1(9,8),P(0,1)), (R}(1),P(1,8)), (I(5,8),P(2,1)), (1(3,8),P(2,7)), (1(1,1),P(2,9))

),

P(7,8): ),
1(4,7),P(0,6)), (I(8,8),P(1,1)), (Ri(1),P(2,8)), (I(4,8),P(3,1)), (1(2,8),P(3,7))

)

)

)

P(8,8):
1(0,1), P(3,9)

P(9,8):(1(9,8),P(0,7)), (1(3,7),P(1,6)), (1(7,8),P(2,1)), (Ri(1),P(3,8)), (I(3,8),P(4,1))

I(1,8),P(4,7)

1(12,8), P(0,1)), (R5(1),P(0,8)), (I(8,8), P(1,7)), (1(2,7),P(2,6)), (1(6,8),P(3,1))

R}(1),P(4,8)), (1(2,8),P(5,1)), (1(0,8),P(5,7))

1(11,8), P(1,1)), (R§(1),P(1,8)), (I(7,8),P(2,7)), (I(1,7),P(3,6)), (1(5,8),P(4,1))
1(1),P(5,8)), (I(1,8),P(6,1))

R1(2),P(0,8)), (1(10,8),P(2,1)), (R5(1), P(2,8)), (1(6,8),P(3,7)), (1(0,7),P(4,6))

1(4,8),P(5,1)), (R}(1),P(6,8)), (1(0,8),P(7,1))

R}(2),P(1,8)), (1(9.8),P(3,1)), (R5(1), P(3,8)). (1(5,8),P(4,7)), (1(3,8),P(6,1))

Ri(1),P(7,8))

1(14,8), P(0,7)), (R1(2),P(2,8)), (I(8,8), P(4,1)), (R3(1), P(4,8)), (1(4,8),P(5,7))

1(2,8), P(7,1)), (RI(1), P(8,8))

RL(1),P(0,8)), (I(13,8),P(1,7)), (R;(2), P(3,8)), (1(7,8),P(5,1)), (Ry(1),P(5,8))

(
(
(
(
(
(
(
(
(
(R
(
(
(
(
(
(
(
(1(3,8),P(6,7)), (1(1,8),P(8,1)), (R} (1),P(9.8))
(
(
(
(
(R
(
(
(
(
(1(
(
(
(
(
(
(
(

P(10,8) :
P(11,8)
P(12,8):
P(13,8):
P(14,8)
P(15,8) :
P(16,8) :

1(2,8),P(7,7)), (1(0,8),P(9,1)), (R{(1), P(10,8))

RL (1),P(2,8)
I(1,8),P(8,7)

P(17,8): 1(11,8), P(3,7)), (R1(2),P(5,8)), (I(5,8), P(7,1)), (R3(1), P(7,8))
R}(1), P(11,8))

RZ(1),P(3,8)), (I(10,8),P(4,7)), (R}(2),P(6,8)), (1(4,8),P(8,1))
, (1(0,8),P(9,7)), (R1(1),P(12,8))

(
(
(R (1), P(4,8)), (1(9,8),P(5,7)), (R1(2), P(7.8)), (I(3,8),P(9,1))
(
(

) (
) (
) (
R%(1),P(1,8)), (I(12,8),P(2,7)), (R;(2), P(4,8)), (1(6,8),P(6,1)), (R3(1),P(6,8))
) (
) (
) (

P(18,8) : (R{(3), P(0,8)),
Ry(1),P(8,8))
)
),

P(19,8) : (R2(3),P(1,8)),

R )
RE(1),P(9,8)), (Ri(1),P(13,8))
P(20,8) : (R3(2), P(0,8)), (R1(3),P(2,8)), (R%(1),P(5.8)), (I(8,8),P(6,7)), (RI(2),P(8,8))
1(2,8),P(10,1)), (R3(1),P(10,8)), (R}(1),P(14,8))

R3(2),P(1,8)), (Ri(3),P(3,8)), (R (1), P(6,8)), (1(7,8),P(7,7)), (R}(2),P(9.8))

1(1,8),P(11,1)), (Ro(1), P(11,8)), (Ri(1), P(15,8))

P(21,8):
P(22,8) : (Ry(2), P(2,8)), (R3(3),P(4,8)), (R%(1),P(7.8)), (I(6,8),P(8,7)), (R}(2), P(10,8))
1(0,8), P(12,1)), (R3(1), P(12,8)), (R}(1),P(16,8))

R3(2),P(3,8)), (R1(3),P(5,8)), (R (1), P(8,8)), (1(5,8),P(9,7)), (R}(2),P(11,8))
R3(1),P(13,8)), (R1(1),P(17,8))

R1(4),P(0,8)), (R§(2),P(4,8)), (R(3), P(6,8)), (RZ(1),P(9,8)), (1(4,8),P(10,7))

P(23,8):

P(24,8) :
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Ri(2),P(12,8)), (R(1), P(14,8)), (RI(1), P(18,8))
R}(4),P(1,8)), (Ry(2),P(5,8)), (Ri(3), P(7,8)), (R (1),P(10,8)), (I1(3,8),P(11,7))
R}(2),P(13,8)), (R3(1),P(15,8)), (RI(1),P(19,8))
Ri(4),P(2,8)), (R3(2),P(6,8)), (Ri(3), P(8,8)), (R%(1),P(11,8)), (1(2,8),P(12,7))
R}(2),P(14,8)), (R3(1),P(16,8)), (Ri(1),P(20,8))

),
P(25,8) : (
),
(
)
1(4),P(3,8)), (R3(2),P(7.8)), (RI(3),P(9.8)), (R&(1),P(12,8)), (I(1,8),P(13,7))
),
(
)
(
)

P(26,8):

P(27,8) : (R2(4),
R1(2),P(15,8)), (Ro(1),P(17,8)), (R}(1),P(2L,8))
R}(4),P(4,8)), (Ry(2),P(8,8)), (R{(3), P(10,8)), (R, (1), P(13,8)), (1(0,8),P(14,7))
R}(2),P(16,8)), (R3(1),P(18,8)), (Ri(1),P(22,8))

P(29,8) : (R{(4), P(5,8)), (R3(2), P(9,8)), (R}(3),P(11,8)), (RL(1),P(14,8)), (R{(2), P(17,8))
R3(1),P(19,8)), (RI(1), P(23,8)

P(30,8) : (R} (4), P(6,8)), (R3(2), P(10,8)), (R1(3),P(12,8)), (R%(1),P(15,8)), (Ri(2), P(18,8))

Ry(1),P(20,8)), (R}(1),P(24,8)), (1(29.8),2P(0,8))

]%ULZG)Hmd5+1(4) P(n-24 8)) (}%gr28)nmd3+l(2)7})(n__2078))7(}%YVBO)Hmd5+1(3)7]3(n__18’8))
RGP mA2 (1), P(n-15,8)), (R{" V™05 (2), P(n-12,8)), (R{"*V ™% (1), P(n - 10,8))
R(n 28) mod5+1(1) P(n -6, 8)) (u[,(u+1)P), n>30

P(n,8):

(
(
(
(
(
(
(
P(28,8) : (
(
(
(
(
(
(
(
(

Modules of the form P(n,9)

Defect: 9P(n,9) = -3, for n > 0.

P(0,9):
P(1,9):
P(2,9):
P(3,9):
P(4,9):

(1(0,9), P(0,3))
(1(4,8),P(0,2)), (1(1,1),P(0,4))
(P(3,8), P(0,1)), (1(5,8), P(0,5)), (RI(1), P(0.9)), (1(3,8), P(L.2)), (1(0,1), P(1,4))
(R1(1),P(0,6)), (P(4,8),P(1,1)), (1(4,8),P(1,5)), (Ri(1),P(1,9)), (I(2,8),P(2,2))
(P(9,8),P(0,1)), (P(7,8),P(0,7)), (R}(1),P(1,6)), (P(5,8),P(2,1)), (I(3,8),P(2,5))
(R(1),P(2,9)), (1(1,8),P(3,2))
P(5,9): (P(6,1), P(0,8)), (P(10,8), P(1,1)), (P(8,8), P(1,7)), (Ri(1),P(2,6)), (P(6,8),P(3,1))
(I(2,8),P(3,5)), (RI(1),P(3,9)), (1(0,8),P(4,2))
P(6,9): (P(7,1), P(1,8)), (P(11,8),P(2,1)), (P(9,8),P(2,7)), (RI(1),P(3,6)), (P(7,8),P(4,1))
(1(1,8), P(4,5)), (RI(1), P(4,9))
P(7,9): (P(8,7), P(0,8)), (P(8,1),P(2,8)), (P(12,8),P(3,1)), (P(10,8),P(3,7)), (R(1),P(4,6))
(P(8,8),P(5,1)), (1(0,8),P(5,5)), (RI(1),P(5,9))
P(8,9): (P(9,7), P(1,8)), (P(9,1), P(3,8)), (P(13,8), P(4,1)), (P(11,8),P(4,7)), (R{(1), P(5,6))
( ) (

P(9,8),P(6,1)), (Ri(1), P(6,9))
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P(9,9): (P(12,1),P(0,8)), (P(10,7),P(2,8)), (P(10,1), P(4,8)), (P(14,8), P(5,1)), (P(12,8),P(5,7))
(RY(1),P(6,6)), (P(10,8),P(7,1)), (RI(1),P(7,9))

P(n,9): (P(n+3,1),P(n-9,8)), (P(n+1,7),P(n-7,8)), (P(n+1,1), P(n-5,8))
(P(n+5,8), P(n-4,1)), (P(n+3,8), P(n-4,7)), (RI"> ™45 (1), P(n - 3,6))
(

P(n+1,8),P(n-2,1)), (R{"® ™45 (1) P(n-2,9)), n>9

o P(2,1) T 1 P(3,1)

o P(0,1) T
11100000 ””” ’00110000 ””” ’01111000 **** ’11211100
0110 0000 ””” 1121 0000 ””” 0122 1 00 ””” 1232 2100 oo
P(0,9) P(1,9) 1 1 P(2,9) P(3,9)
00100000 Co o 01110000 co o 11211000 oo 01221100
N N -
o PO, &) 1 P(1,3 1 P, " T 9 (5, &)
00500000 "~~~ ’01210000 ””” 12321000 ””” 12432100
o P(0,4) P(1,4) 1 P(2,9) ,
00510000 "~~~ ’01211000 ””” > 12321100 - ’12432110 oo
9 P(3,5)
00111000 ””” ’01211100 ””” ’12321110 ””” ’12432111
I(()() I(l()
00111100 ””” '01211110 ””” ’12221111 ””” ’12321000
P(0,7) 71 1 P 71 1 P2 71 1 P37
00111110 ~~~~ “o01211111 "~ " 12210000 "~ "~ 11221000
P(0,8) 1 1 P(1,8) 71 P(2,8) 771 1 P(
oo111111  ~ "~ “ 01100000 "~ “ 11110000 "~ " 00111000
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L P@ PG,y g Py 1 P(7,1)
01221110 12322111 12321100 12332110
9 P(4,2 71 5 P(5,2) 1 3 P(6,2) 1 3 P(7,2)
12432210 - 13843221 - " oag43211 > 94853210 oo

1 P(4,9) o P(5,9) o P(6,9) 5 P(7,9)

12322110 12432211 13432110 23543211
S S S
o9 P(4, 3) 77777 . 3 P(5, a) 77777 N 4 P(6, a) 77777 N 4 P(7.
13543210 24754321 25864321 36975321
3 P(5.4 3 P(6,4) 4 P(7.4)
oo 13543211 ””” >24643210 ””” " 94564321 > 95865321
g P45y w1 PG N 3 P(@6,5). T N 3 P(7,5)
13432100 23543210 13654321 25554321
1 P(4,6) o P(5.6) o P(5,6) 3 P(7.6)
12332100 ””” ’12433210 ””” >13543321 ””” >24643221

VAVAVAN
N

P(4,7)
01222100

P(6,7)
12432221

NSNS

o P(4,8) 1 P(56,8)
01111100 ””””” ’01221111
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5 P(8,1 T P(9,1) T 2 P(10,1) T 3 P(11
12433211 ””” ’13432210 ””” ’23543221 ””” ’13543211
P / / P(I/T P(l/
oo 24265321 - 25865421 ””” " 36075431 " 361086432

3 P(8,9) 9 P(9,9) 10,9) g P(11,9)
13843210\ Y 24654321 \* 24754321 . 25764321
{v . ~a ~a ~a
5 P(8.3 T 5 (0.3 6 P10, a) T~ 7 P, s)
361086421~~~ 371197531 - 4813108642 7 4914118642
4 P(8,4) T 5 P(0,4) 5P (10,4) T 6 P(11,4)
36975421 S 361086431 - 371197532 " 481297531
4 PGB T . 4 PO T . 4 P(10,5) 7717’ 5P(11,5)
35864321 25875321 36976421 361086531

VAVAVA

3 P(8,6) 3 P(9,6) 3 P(10,6) 4 P(11,6)
24653211~ ’24654210 ””” "~ 24765421 " 7 ’25865431
9 P(8,7) 9 P(9,7) 10,7) g P(11,7
23432100 ””” ’12443210 ””” ’13544321 ””” ’24643321

VAVAVA

P(8,8) P(9,8) 10, 8) T 9 P(11,8)
11221100 01222110 12322211 12321110
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o P(12,1) T 3P(13,1) T 3 P(14,1) T 3 P(15,1
24543210 ””” ’23654321 ””” ’14654321 ””” ’35754321

INONS NS

5 P(12,2) 5 P(13,2) T 6 P(14,2) T 6 P(15,2)

3710864217777>471197531 7'3712108642 77*4913108642

4 P(12,9)
35865321

4 P(13,9)
25875421

14,9)
36976431

5P(15,9)
361086552

N N N
7 P(12, a) T g P(13, «: g P(I4, a) - g P(I5, a)
51015129642777»51016131074277*51117141185277*612191512963

\/\/\/\

6 P(12,4) T 7 P(13,4) T 7 P(14,4) T g P(15,4)
4813118642 T 4914119642 T 51015129742 T 510161310752
5 P(12,5) T 6 P(13,5) T 6 P(14,5) 6 P(15,5)
— > —> - >

371197542777 481297532777 481210753177 4813119642

VAVAVA

P(12,6) 57(13,6) 4 P(14,6) T P(15,6)
36975432 36975321 36986421””’361087531

NSNN N

3 P(13,7 T 3 P(14,7) 3P(15,7)
24653221 24654211 24654310 24765431

NN N N

(12,8) P(I;m) 14,8) P(I' 8)
12332111 ””” ’12322100 ””” ’12332210 ””” ’12433221
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4 P(16,1) T 3 P(17, T 4 P18, 1) T 4 P19, 1)
24764321 ””” ’25765321 ””” ’35865421 ””” ’25875431
P(i6, P(17,2 T P(18,2 P(19,2
oo ( 7777* (17,2) T ( ) ( )

5914118642 4914129642 51015121074277*510161310852

5P(16,9)
371086431

5P(17,9)
471197552

18,9)
371197531

5 P(19,9)
4812108642

N S N P
10 P16, a) r 101)(1,‘. 11 P18, a) 11 P(19,3)
-— Iy I
613201612963 714211713963 714221814106 3 7152319151173

\/\/\/\

g P(16,4) T g P(i7,4) g P(18,4) 0 P(19,4)

- > - > - = >

5111714118537 6121814118527 612191612963 613201613963

NAVAVAN

7 P(16,5) ™ 7P(17,5 T g P(18,: g P(19,5)
Lolat19742 51015129752 e 510161310753 - 511161310742

NN/ NN

5 P(16,6) 6 P(17,6) 6 P(18,6) 6 P(19,6)
371197642 - 481297542 - 4812107532 - 4812108531

NSNS NN

P(i7,7) P(18,7) P(19,7)
25865432 36864321 35875321 25876421

NSNS NN

(16,8) o P(17,8) (18,8) 9 P(19,8)
13432211 23452110 12443211 13433210
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1

4 P(20,1) T 57(21,1) T~ 4 P(22,1) T~ 5 P(23,1
36976432 ””” ’36975421 ””” ’36986431””*361087532
P >/ ! P(/ -1 P(>/ ! P(7/

oo 511171411863”* 612181411853~ 612181511852 = 612101613963

7 P(20,9)
4813108642

6 P(21,9)
4913 118642

]7())\J)
5914119642

7 P(23,9)
4 9 14 129742

N N N
o P20, a) T~ 13 P(31,: 13 P(22, a) - 14 P(23, a)
816252016128477»817262116128477»918272217128477»9182823181384

\/\/\/\

o P(20,4) T 1 P(21,4) 1 P(22,4) T o P(23,4)

- =» - - =

7142117131063 71422181410737 7152319151174 8162419151173

NAVAVANY

g P(20,5) g P(91,5) ™ 9 P(22,5) T 10P(23,5)
611171411852 e 511181512963 ™ 613101512963 ~~~ 7133016129 6 3

NN NN

6 P(20,6) 7 P(21,6) 7 P(22,6) g P(23,6)
4813119742 - 4914119752 - 51015129753 - 51015129642

NN/ NN

L P(20,7) T 5 P(41,7) T 5P(32,7) 5 P(23,7
36976531 oo 361086542 oo 371086432 - 471086421

NSNSNSN

9 P(20,8) ™ 3P (21,8 9 P(32,8) 3P (23,8
23543321 13543221 24343211

190

23543210



A.16 Schofield pairs for the quiver A(Eg) Appendix A Schofield pairs

1 1 1

5P(24,1) T 5 P(25,1) T 6 P(26,1) T 5 P(27,1)
371086531””’471197542””’371197532””’481197531
P()/l P(/l })/ W/

6132016131063 - 7142117131073 - 7142218141074 - 7152218141063

7 P(24,9)
10 15121075

- \ pad _ N
4 P24, a) 1 5 P(25,9) 1 16 P(26, a) T

9192924191494 T 102031252015105 " 102132262015105 112233272115105

\/\/\/\

o P(24,4) E 3 P(25,4) 3 P(26,4) T 4 P(27,4)
->

g P(25,9)
1016 13108 5

P(26,9)
11 16 131075

g P(27,9)
611171411853

- =» -»>

8162521161284 81726211712847 91827221713847 9182823181394

N/NINN

10 P(24,5) ™ o P(25,5) ™ 11 P(26,5) T 1 P(27,5)
613201713963~ 7145017141063 ~ = 7143318141173 ~ = 71533191511 8 4

NVAVAYA

7 P(24,6) g P(25,6) g P(26,6) g P(27,6)
510151310742 - 510161311852 - 511171411963 - 612181411863

NSNSNS

5P(35,7) 6 P (26, T 6 P(27,7)
361097531 371198642 - 481297642 oo 4812107542

NSNN N

o P(24,8) T 3 P(25, 3 P(26,8) 3 P(27,8)
13554321 ””” ’24644321 ””” ’24653321 ””” ’24654221

————»
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1 1

6 P(28,1) T 6 P(29,1) 71 6 P(30,1) T~ 7 P(31,1)
4712108642 e 3812108642 e 5913108642 R 4813118642
P(z/ -1 p<>/ -1 p(;(;/ -1 ,u(/

8152319151173 - 7152420161284 - 8172520161284 - 9172621161284

g P(28,9) T g P(29,9) T 10 P(30,9)
- - > - - >
1117141185 61218151296 61219151296
a \
7 P(38, a)/' 71 7 P(29, ;)/v 1 s P(30, ;)/v 7t

- -

112234282216105 1123352923171157> 122437302418126 122538312418126

RVAVAVA

4 P(28,4) T 15 P(29,4) T 5 P(30,4) T 6 P(31,4)
9192924191495 e 10203024191494 e 102031262015105 e 102132262115105

\NAYAYS

12 P(38,5) T 9 P(29,5) 12 P(30, T 3 P(31,5
8162419151174 8162420151173 - 8162521171284 e 8172621 171384

NVAVAYA

g P(28,6) g P(29,6) T 9 P(30,6) o P(31,6)
612181511853 - 612181512852 e 6121916131063 S 6132016131073

NSNS NN

6 P(28,7) 6 P(29,7) T 6 P(30,7) 7 P(31,7)

4812108532 - 4812108631 ”’*4813119752 - 4914119753

NSNZNL N

3P(28,8) 3 P(29,8) 3P (30,8) 4 P(31,8)
24654311 ””” ’24654320 ””” ’24765432 ””” ’25754321
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Schofield pairs associated to preinjective exceptional modules
Modules of the form I(n,1)
Defect: 01(n,1) =2, forn > 0.

1(0,1): -
I(1,1): -
1(2,1): (1(0,4), P(0,9)), (1(0,5),P(1,1)), (1(0,6),P(3,8)), (I(0,7),Ri(1)), (1(0,8),1(7,8))
1(0,9), P(0,8))

1(0,1), R3(1)), (1(0,2),P(0,7)), (I(1,5),P(0,1)), (1(1,6),P(2,8)), (I(1,7),RI(1))
1(1,8),1(8,8))

1(0,9),P(4,8)), (I(1,1),R{(1)), (1(2,6),P(1,8)), (1(2,7),R1(1)), (I(2,8),1(9,8))
1(0,1), R(1)), (I(0,7),R3(2)), (1(0,8),1(13,8)), (1(1,9),P(3,8)), (I(2,1),Ri(1))
1(3,6), P(0,8)), (1(3,7),Ri(1)), (1(3,8),1(10,8))

I1(1,1), R(1)), (I1(1,7), R{(2)), (1(1,8),1(14,8)), (1(2,9),P(2,8)), (I(3,1), Ri(1))
1(4,7),R1(1)), (I(4,8),1(11,8))

(7

(
1(3,1):(
(

(

(

(

(

(

1(7,1) : (1(0,8),1(17,8)), (1(2,1),R3(1)), (I(2,7),R}(2)), (1(2,8),1(15,8)), (I(3,9),P(1,8))

(

(

(

(

(

(

(

(

(

(

I(4,1):
1(5,1):

1(6,1) :

)

1(4,1),R}(1)), (I(5,7),Ri(1)), (1(5,8),1(12,8))
I(8,1):(1(1,8),1(18,8)), (I(3,1),Ry(1)), (1(3,7), R (2)), (I(3,8),1(16,8)), (I(4,9),P(0,8))
1(5,1), R3(1)), (I(6,7),R}(1)), (1(6,8),1(13,8))
1(2,8),1(19,8)), (1(4,1),R5(1)), (I(4,7),Ri(2)),
1(7,7),R1(1)), (I(7,8),1(14,8))
1(0,8),1(23,8)), (1(3,8),1(20,8)), (I(5,1),R3(1)), (1(5,7),R}(2)), (I(5,8),1(18,8))
1(7,1), R} (1)), (I(8,7),R3(1)), (1(8,8),1(15,8))
I(n-10,8),I(n+13,8)), (I(n-7,8),1(n+10,8)), (I(n-5,1), R{ " ™43+ (1))
I(n=5,7), RU™ ™I 9)) (1(n-5,8),I(n+8,8)), (I(n-3,1), R med5+1(qy)

I(n=-2,7), RS2 medS (1)) ([(n-2,8),1(n+5,8)), n>10

1(9,1): (I(4,8),1(17,8)), (1(6,1),R1(1))

1(10,1) :

I(n,1):

Modules of the form I(n,2)

Defect: 01(n,2) =4, forn > 0.

1(0,2) :
1(1,2) :

(1(0,1),1(1,1))
(1(0,4), P(1,8)), (1(0,5),R1(1)), (1(0,6),1(9,8)), (1(0,7),1(4,1)), (1(0,8),1(2,9))
(1(0,9),1(6,8)), (1(1,1),1(2,1))
1(2,2): (1(0,1),1(6,7)), (I(1,4),P(0,8)), (1(1,5), R (1)), (I(1,6),1(10,8)), (I(1,7),1(5,1))
(

1(1,8),1(3,9)), (1(1,9),1(7,8)), (1(2,1),1(3,1))
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1(3,2): (I1(1,1),1(7,7)), (I(2,5),R{(1)), (1(2,6),1(11,8)), (I(2,7),1(6,1)), (1(2,8),1(4,9))
(1(2,9),1(8,8)), (1(3,1),1(4,1))
1(4,2):(1(0,8),1(7,6)), (1(2,1),1(8,7)), (I(3,5),Ri(1)), (1(3,6),1(12,8)), (1(3,7),1(7.1))
(1(3,8),1(5,9)), (1(3,9),1(9,8)), (1(4,1),1(5,1))
I(n,2): (I(n-4,8),1(n+3,6)), (I(n-2,1),I(n+4,7)), (I(n-1,5), R med5+1(1y)
(I(n-1,6),1(n+8,8)), (I(n-1,7),I(n+3,1)), (I(n-1,8),I(n+1,9))
( >4

I(n-1,9),I(n+5,8)), (I(n,1),I(n+1,1)), n

Modules of the form I(n,3)

Defect: 9I(n,3) =6, for n > 0.

1(0,3) : (1(0,1),1(1,2)), (1(0,2),1(2,1)), (1(0,4),1(5,8)), (1(0,5),1(4,7)), (1(0,6),1(3,6))
(1(0,7),1(2,5)), (1(0,8),1(1,4)), (1(0,9),1(1,9))
I(n,3): (I(n,1),1(n+1,2)), (I(n,2),I(n+2,1)), (I(n,4),1(n+5,8))
(I(n,5),I(n+4,7)), (I(n,6),I1(n+3,6)), (I(n,7),I1(n+2,5))
(

I(n,8),I(n+1,4)), (I(n,9),I(n+1,9)), n>0

Modules of the form I(n,4)

Defect: 01(n,4) =5, forn > 0.

1(0,4) :
1(1,4):

1(0,5),1(4,8)), ),
1(0,1),1(2,9)), (1(0,2),1(7,8)),
1(1,7),1(3,6)), (1(1,8),1(2,5))
1(0,8),1(3,2)), (I1(1,1),1(3,9)), (1(1,2),1(8,8)), (1(1,9),1(4,1)), (1(2,5),1(6,8))
1(2,6),1(5,7)), (1(2,7),1(4,6)), (1(2,8),1(3,5))

I(n-2,8),I(n+1,2)), (I(n-1,1),I(n+1,9)), (I(n-1,2),I(n+6,8))
I(n-1,9),1(n+2,1)), (I(n,5),I(n+4,8)), (I1(n,6),I(n+3,7))
I(n,7),1(n+2,6)), (I(n,8),I(n+1,5)), n>2

1(0,6),1(3,7)), (1(0,7),1(2,6)), (1(0,8),1(1,5))

(1(0,9),1(3,1)), (1(1,5),1(5,8)), (I(1,6),1(4,7))

~ = = =
N N N /N

I(2,4):

Y

I(n,4):

~ o~ o~~~ o~~~

Modules of the form I(n,5)

Defect: 01(n,5) =4, forn > 0.

1(0,5) : (1(0,6),1(3,8)), (1(0,7),1(2,7)), (1(0,8),1(1,6))
1(1,5): (I(1,6),1(4,8)), (I(1,7),1(3,7)), (1(1,8),1(2,6))
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1(2,5): (1(0,1),1(4,1)),
1(2,8),1(3,6))
1(0,7),1(8,7)), (1(0,8),1(4,9)), (1(1,1),1(5,1)), (I(1,2),R(1)), (1(1,9),1(9,8))

( (1(0,2),Ri(1)), (1(0,9),1(8,8)), (I(2,6),1(5,8)), (1(2,7),1(4,7))
(
(
(1(3,6),1(6,8)), (1(3,7),1(5,7)), (1(3,8),1(4,6))
(
(
(

1(3,5) :

I(n,5): (I(n-3,7),I(n+5,7)), (I(n-3,8),I(n+1,9)), (I(n-2,1),I(n+2,1))
I(n-2,2), RU™D ™5 (1)) (1(n-2,9),1(n+6,8)), (I(n,6),1(n+3,8))

I(n,7),1(n+2,7)), (I(n,8),I(n+1,6)), n>3

Modules of the form I(n,6)

Defect: 01(n,6) = 3, for n > 0.

1(0,6) : (1(0,7),1(2,8)), (1(0,8),1(1,7))
1(1,6): (1(1,7),1(3,8)), (1(1,8),1(2,7))
1(2,6): (1(2,7),1(4,8)), (1(2,8),1(3,7))
1(3,6): (1(0,1),1(9,8)), (1(0,2),P(3,8)), (1(0,9),R7(1))., (1(3,7),1(5,8)), (1(3,8),1(4,7))

(
(
(
(
1(4,6) : (1(0,6), R1(2)), (1(0,7),1(14,8)), (1(0,8),1(6,1)), (1(1,1),1(10,8)), (I1(1,2),P(2,8))
(1(1,9), R1(1)), (1(4,7),1(6,8)), (I(4,8),1(5,7))
1(5,6) : (I(1,6),R}(2)), (I(1,7),1(15,8)), (1(1,8),1(7,1)), (I(2,1),1(11,8)), (I(2,2),P(1,8))
(1(2,9),R}(1)), (1(5,7),1(7,8)), (I(5,8),1(6,7))
1(6,6) : (I(2,6), R1(2)), (1(2,7),1(16,8)), (I(2,8),1(8,1)), (1(3,1),1(12,8)), (1(3,2),P(0,8))
(1(3,9),R1(1)), (1(6,7),1(8,8)), (1(6,8),I(7,7))
(1(3,6),R{(2)), (1(3,7),1(17,8)), (1(3,8),1(9,1)), (1(4,1),1(13,8)), (1(4,9),R{(1))
(1(7,7),1(9,8)), (1(7,8),1(8,7))
(1(0,8),1(13,7)), (1(4,6),R}(2)), (I(4,7),1(18,8)), (I(4,8),1(10,1)), (1(5,1),1(14,8))
(1(5,9),R(1)), (1(8,7),1(10,8)), (I(8,8),1(9,7))
(I(n-8,8),I(n+5,7)), (I(n-4,6), RU™ ™45 (9)) " (1(n—4,7), I(n+10,8))
(I(n-4,8),I(n+2,1)), (I(n-3,1),1(n+6,8)), (I(n-3,9), RS2 med5+1(1y)
(I(n,7),I(n+2,8)), (I(n,8),I(n+1,7)), n>8

1(7,6) :
I(8,6) :

I(n,6):

Modules of the form I(n,7)

Defect: 01(n,7) =2, forn > 0.

1(0,7) : (1(0,8),1(1,8))
I(1,7):(1(1,8),1(2,8))
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1(2,7): (1(2,8),1(3,8))

1(3,7):(1(3,8),1(4,8))

1(4,7): (1(0,1), R{(1)), (1(0,2),P(1,1)), (1(0,9),P(2,8)), (1(4,8),1(5,8))

1(5,7): (1(0,5), P(2,7)), (1(0,6),P(7,8)), (1(0,7),R3(1)), (1(0,8),I(11,8)), (I(1,1),R}(1))

1(6,7) :

), (1(
1(1,2),P(0,1)), (1(1,9),P(1,8)), (1(5,8),1(6,8))
1(1,5), P(1,7)), (I1(1,6),P(6,8)), (I(1,7),Ry(1)), (1(1,8),1(12,8)), (I1(2,1),R3(1))

),

1(2,9), P(0,8)), (1(6,8),1(7,8))
1(7,7): (1(0,1), R1(2)), (1(2,5),P(0,7)), (I(2,6),P(5,8)), (1(2,7),R3(1)), (1(2,8),1(13,8))
1(3,1),Ri(1)), (I(7,8),1(8,8))

I(1,1),R}(2)), (I(3,6),P(4,8)), (I(3,7),R3(1)), (1(3,8),1(14,8)), (I(4,1),Ri(1))
1(8,8),1(9,8))

1(0,7),R1(3)), (1(0,8),1(19,8)

(
(
(
(
(
(
(
(1(
(
(
(
(
(I(4,8),1(15,8)), (1(5,1),R{(1)
(
(
(
(
(
(
(
(
(
(
(
(
(

I(8,7):
1(9,7): ), (1(2,1),R1(2)), (I(4,6),P(3,8)), (1(4,7),R(1))
), (1(9,8),1(10,8))

1(10,7) : (I(1,7), R3(3)), (1(1,8),1(20,8)), (I(3,1),R;(2)), (1(5,6),P(2,8)), (1(5,7),Rj(1))

1(5,8),1(16,8)), (1(6,1),R{(1)), (I(10,8),I(11,8)

1(2,7), R3(3)), (I(2,8),1(21,8)), (I(4,1),R}(2)),
) (
) (
) (
) (

(

)

I(11,7): (
1(6,8),1(17,8)), (I1(7,1),Ri(1)), (I(11,8),1(12,8))

(

)

(

1(6,6), P(1,8)), (1(6,7),R5(1))
1(12,7) : (I(3,7), R1(3)), (1(3,8),1(22,8)), (I(5,1), R{(2)),
1(7,8),1(18,8)), (I1(8,1),R{(1)), (I(12,8),1(13,8)
I(4,7),R}(3)), (I(4,8),1(23,8)), (1(6,1),R3(2)), (1(8,7),R3(1)), (I(8,8),1(19,8))
1(9,1), R3(1)), (I(13,8),1(14,8))
1(0,8),1(29,8)), (I(5,7),R{(3))., (1(5,8),1(24,8)), (1(7,1),R{(2)), (I(9,7),R(1))
1(9,8),1(20,8)), (I(10,1),R{(1)), (I(14,8),1(15,8))

I(n—-14,8),1(n+15,8)), (I(n-9,7), RS 45 (3)) (I(n-9,8),1(n+10,8))
I(n-7,1), RS medS 9y ([(n - 5,7), RSP ™43 (1)) (I(n-5,8),I(n+6,8))
I(n—4,1), RE™ID I (1)) (1(n,8),I(n +1,8)), n > 14

1(7,6),P(0,8)), (1(7,7),Ry(1))
1(13,7):
1(14,7)

I(n,7):

Modules of the form I(n,8)
Defect: 0I(n,8) =1, for n > 0.
1(0,8) : -
I(1,8): -

1(2,8): -
1(3,8): -
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1(4,8): -

1(5,8): (1(0,1), P(1,8)), (1(0,2),P(0,9)), (1(0,9), P(0,1))

1(6,8) : (1(0,4), P(0,2)), (1(0,5),P(1,9)), (1(0,6),P(2,1)), (1(0,7),P(4,8)), (1(0,8),RI(1))
1(1,1),P(0,8))

1(7,8) : (1(0,9), P(0,7)), (1(1,5),P(0,9)), (I(1,6),P(1,1)), (I(1,7),P(3,8)), (I(1,8),Ri(1))

1(8,8): (1(0,1),P(4,8)), (1(0,2),P(0,6)), (1(2,6),P(0,1)), (1(2,7),P(2,8)), (1(2,8), R} (1))

1(9,8) : (1(0,9), P(2,1)), (I1(1,1),P(3,8)), (I(3,7),P(1,8)), (1(3,8),Ri(1))

1(10,8) : (1(0,1), P(6,8)), (1(0,6),P(3,7)), (1(0,7),P(8,8)), (1(0,8), R3(1)), (1(1,9),P(1,1))
1(2,1),P(2,8)), (I(4,7),P(0,8)), (I(4,8),R;(1))

I(11,8) : (I(1,1), P(5,8)), (1(1,6),P(2,7)), (I(1,7),P(7,8)), (I(1,8),R5(1)), (1(2,9),P(0,1))

) (

1(3,1),P(1,8)), (I1(5,8),R3(1))

1(12,8) : (1(0,8), R1(2)), (1(2,1),P(4,8)),
1(4,1),P(0,8)), (1(6,8),R{(1))
1(0,1),P(9,8)), (I(1,8),R}(2)),
1(3,8), Ry(1)), (1(7,8), R}(1))
1(1,1),P(8,8)), (1(2,8),R{(2)), (I(4,1),P(2,8)), (1(4,7),P(4,8)), (1(4,8),R}(1))
1(8,8),Ri(1))

1(0,7),P(13,8)), (1(0,8),RL (1)), (I(2,1),P(7,8)), (1(3,8),R}(2)), (I(5,1),P(1,8))

(1
(
(
(
(
(
(1(
(
(
(
(
(
(
(
(
(
(
(1(5,7),P(3,8)), (1(5,8),Rp(1)), (I(9,8),Ri(1))
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

(1(2,6),P(1,7)), (1(2,7),P(6,8)), (1(2,8),Ry(1))

I(13,8): (1(3,1),P(3,8)), (1(3,6),P(0,7)), (1(3,7),P(5,8))

1(14,8):
I(15,8):
1(16,8) : (I(1,7), P(12,8)), (1(1,8),R% (1)), (I(3,1),P(6,8)), (1(4,8),R1(2)), (1(6,1),P(0,8))
1(6,7), P(2,8)), (1(6,8),R3(1)), (1(10,8),Ri(1))

1(2,7),P(11,8)), (1(2,8),RL, (1)), (I(4,1),P(5,8)), (1(5,8),R1(2)), (I(7,7),P(1,8))
1(7,8),R3(1)), (I(11,8),R{(1))

1(0,8),R}(3)), (I(3,7),P(10,8)), (I(3,8), R2,(1)), (1(5,1),P(4,8)), (I(6,8),R;(2))
1(8,7),P(0,8)), (I1(8,8),Rj(1)), (I(12,8), R(1))

I(17,8):

1(18,8):

1(19,8) : (I(1,8), R1(3)), (1(4,7),P(9,8)), (I(4,8), Ry (1)), (1(6,1),P(3,8)), (I(7,8), R{(2))

1(9,8), Ri(1)), (I(13,8),R1(1))

1(20,8) : (1(0,8), R§(2)), (1(2,8),R}(3)), (I(5,7),P(8,8)), (1(5,8),R% (1)), (I(7,1),P(2,8))

1(8,8),R}(2)), (I(10,8),R3(1)), (1(14,8),R3(1))

1(21,8) : (I(1,8), Ry(2)), (1(3,8),Ri(3)), (1(6,7),P(7,8)), (1(6,8), R (1)), (I(8,1),P(1,8))
1(9,8), R3(2)), (I(11,8),R(1)), (1(15,8), Ri(1))

1(2,8),R3(2)), (I(4,8),R1(3)),

1(10,8), R1(2)), (I(12,8),R3(1)

1(3,8),R3(2)), (I(5,8),R3(3)),

1(13,8), R3(1)), (1(17,8),R}(1)

1(22,8): 7,7),P(6,8)), (I(7,8),R% (1)), (1(9,1),P(0,8))
(1(16,8), Ri(1))

1(23,8): 1(8,7),P(5,8)), (I(8,8),RL (1)), (1(11,8),R}(2))

(1(
(1),
(1(
)
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1(24,8) : (1(0,8), R1(4)), (I1(4,8),R}(2)),
1(12,8), R1(2)), (I(14,8),Ry(1)),
1(1,8),R}(4)), (I(5,8),R3(2)),
1(13,8), R(2)), (I1(15,8),Rj(1)
1(2,8),R(4)), (1(6,8),R3(2)),
1(14,8), R} (2)), (1(16,8),R5(1)),
1(3,8), Ri(4)), (1(7.8), Ry(2)),
1(15,8), R1(2)), (I(17,8),Ry(1)),

( 1(6,8), R1(3)), (1(9,7),P(4,8)), (I(9,8), R%,(1))
(
(
(
(
(
(
(
1(28,8): (I(4,8),R3(4)), (I1(8,8),Rj(2)),
(
(
(
(
(
(
(
(

I(18,8), R{(1))
1(7,8),R}(3)), (1(10,7),P(3,8)), (1(10,8),RL (1))
, (1(19,8), R3(1))
1(8,8),R1(3)), (I(11,7),P(2,8)), (I(11,8),R%, (1))

(

(
1(25,8): (
(
(
(1(20,8), k7 (1))
(
(
(
(
(

1(26,8) :

I(27,8): 1(9,8),Ri(3)), (I(12,7),P(1,8)), (I(12,8),RL (1))
1(21,8), Ri(1))

1(10,8), R(3)), (1(13,7),P(0,8)), (I(13,8),R%,(1))

. (1(22,8),R}(1))

1(11,8), R1(3)), (1(14,8),RL(1)), (I(17,8),R{(2))

1(16,8), R(2)), (1(18,8),Rj(1)

1(5,8), R{(4)), (1(9,8), R3(2)),

1(19,8), R3(1)), (1(23,8),Ri(1)

1(6,8),R}(4)), (I(10,8),R(2)), (I(12,8),Ri(3)), (1(15,8),R% (1)), (I(18,8),R;(2))

1(20,8), Ry(1)), (1(24,8),R}(1)), (21(0,8).P(29.8))

I(n,8) I(n 24 8) R( n+32) mod 5+1 4)) (I(n_2078)’R((]—n+30) m0d3+1(2))’ (I(n_1878)7R§—n+32) mod 5+1(3))
I(n—-15,8), RGm3D mod 241(1)) " ([(n - 12,8), RU™¥ ™05 (9)) (1(n - 10,8), R 30 med 31 (1)
I(n-6,8), RT3 medS (1)) (4 4+ 1) uP), n>30

1(29,8) :

VAVAVAVAVAVA

1(30,8) :

Modules of the form I(n,9)

Defect: 01(n,9) = 3, forn > 0.

1(0,9) : -

1(1,9): (1(0,1),1(6,8)), (1(0,2),P(0,8)), (1(0,4),P(0,1)), (1(0,5),P(2,8)), (1(0,6), R} (1))
1(0,7),1(8,8)), (1(0,8),1(3,1))

1(0,9), R{(1)), (I(1,1),1(7,8)), (1(1,5),P(1,8)), (1(1,6),Ri(1)), (I(1,7),1(9,8))
1(1,8),1(4,1))

1(0,1),1(12,8)), (1(0,8),1(7,7)), (1(1,9),R1(1)), (1(2,1),1(8,8)), (I(2,5),P(0,8))
1(2,6),R}(1)), (I(2,7),1(10,8)), (1(2,8),1(5,1))

(

(

1(2,9) : (

(

(

(
1(4,9): (I(1,1),1(13,8)), (1(1,8),1(8,7)), (1(2,9),R;(1)), (1(3,1),1(9,8)), (1(3,6),Ri(1))

(

(

(

(

(

1(3,9) :

1(3,7),1(11,8)), (1(3,8),1(6,1))

1(0,8),1(9,1)), (I(2,1),1(14,8)), (1(2,8),1(9,7)), (1(3,9),R{(1)), (I(4,1),1(10,8))
1(4,6),R1(1)), (I(4,7),1(12,8)), (1(4,8),1(7,1))

I(n-5,8),I(n+4,1)), (I(n-3,1),I(n+9,8)), (I(n-3,8),I(n+4,7))

I(n-2,9), RU™® ™ (1)) (1(n-1,1),I(n+5,8)), (I(n-1,6), {2 ™45+ (1))

1(5,9):

I(n,9):
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(I(n-1,7),I(n+7,8)), (I(n-1,8),I(n+2,1)), n>5

1(3,1) T 1 121 T o 1(1,1) T 0 1(0,1)
11111110 © 7777 oo111111 © 77~ 01000000 7~ 10000000
_2) T 1 I(1,2) o0 1(0,2)
1o 777 2221 © 7777 01111111‘ ””” 11000000
1 1(3,9) 1 1(2,9) 0 1(1,9) 1 1(0,9)
11222211 . 01111110 T 11111111 T 00000000
S S Sa
9 1(3, s) 9 1(2,3 1 s) 1 10, 3)
23444321‘ ””” 12333321< ””” 12222221‘ ””” 11111111
9 1(3,4) T 1(2,4) T I(i,4) T o0 1(0,4)
oo 12333221 12322211~ 11111110< ””” 00011111
0 1(0,5)
””” 11111 ’””00011110 ’””00001111
I(/ / /(/ 1(0,6)
11111000‘ ””” 00011100 ””” 00001110< ””” 00000111
/ / / 1(0,7)
00011000 ””” 00001100 ””” 00000110 ””” 00000011
/</ ,(/ / o0 1(0,8)
00001000‘ ””” 00000100‘ ””” 00000010< ””” 00000001
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G I (G S SIS (CIE) B Y {COR))
12322211 12221110 11222111 01111100
2) 3 1(6,2 1 (5,2) o 1(4,2)
32 77 24343321 3221 77 ° 12333211 oo

9 1(7,9) 9 1(6,9) 9 1(5,9) 1 1(4,9)

13443321 - 23433221 12332211 12222110
S S S

5 (7, s) 4 106, ,) 4 105, ;) T 3 I1(4, ﬂ
36987642< ””” 36876542‘ ””” 35765432‘ ””” 24554321

4 1(7,4) 3 1(6,4) 5 1(4,4)

35765431 < 24065432 < 24844321 23443321 oo
/{//// “(fj//fT (({///f ,
””” 13444321"””23433 ””’123 2221
(/Cf/////’ 1(4/://///ﬂ ////////’
12333210‘ ””” 12333321‘ ””” 12322221 ””” 12221111

11 2 2 2 2 1 o 01 2 22221 © 7777 12 2 1 1 77777 11 1 1 0 0 0 0

IVAVAVA

L 1(5,8)

0111110‘ ******** 11100000"”’
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9 I(11,1) T 5 1(10,1) T 9 1(9.1) T 1 18, 1)
S -« - --- -« - -=-=-
13443221 23433211 12332210 12333221
51(11,2) 4 1(10,2) 4 19,2) 3 1(8,2)
36086542 < 36876432 35765401 « 24065431 oo

3 1(11,9) 4 1(10,9) 9 1(9,9) 3 1(8,9)
35765432 T 24654321 T 24554321 C 23544321
S S S
7 1017, %) 7 1(10, ;) 6 109, a) 5 1(8, a)
510M12m863"”5913n9753 ¢”’4811108642‘””471098642
6 1(11,4) 5 1(10,4) 5 1(9,4)
48u98642"”’47w97642*””36987542‘ ””” 36876532 oo
1(1/ 1(1/ T /
36876531 - 35876542 25765432 ”””
1(1/ 1(1/ /(r/ o 1(8,6)
sai55431 < - 24054432 © - 24843221 23443211
/m{(/// ,U{é/// /////
13433321 93432221 12332 ””” 12222100
1(1/ /(1/ /((/ o 1(8,8)
12211110 ~ 11221111 < 0o1t11000 - 11911100
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3 1(15,1) T 3 1(14,1) T 9 1(13,1) T 31(12,1)
34654321‘ ””” 13554321‘ ””” 24544321‘ ””” 23543321
](l) 2) 1(14 2) J(l% 2) I(l) 2)
«——— 4———— 4————

5912108642 4711108642 371098642 471087642

5 1(15,9) 4 1(14,9) 41(13,9) 11(12,9)
36986532 N 36876431 N 35876532 . 25765431
N N N
o 1015, %) T 9 I(14, ;) R g 1(13, s) R g 1012, i)

7131916131074 61217151296 3 611161412963 51015131196 3

\/\/\/\

g 1(15,4) 7 1(14,4) 7 1(13,4) 6 1(12,4)
510151311863 510141210853 - 5913119752 ---- 1812119753
1(1/ 1(1/ 1(1/ 5 1(12,5)
4812109753 © 481197642 * 471097542 .--- 36087532
1(1/ /(1/ 1(1/ 3 1(12,6)
36976542‘ ””” 36875432‘ **** 35765321< ***** 24665421
/(1/ 1(1/ T ol 1/ 9 1(12,7
sai5a332 © - 2aB43211 - 23443210‘ ***** 12944321
1(1/ /(1/ ,(]/ 1 1(12,8)
12322111 ~ 12321100 < 11222110 01522211
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4 1(19,1) T 3 1(18,1) T 4 1017, 1) T 3 1(16,1)
25765421‘ ””” 35765431‘ ””” 24765432‘ ””” 25654321
1(1‘) 2) 1(1\ 2) I(17,2) I(l(
-« - - 4——— 4———

510151311853 510141210852 59141210863 4913119753

5 1(19,9)
4811 108642

6 1(18,9)
- 471198642

5 1(17,9)
371097642

5 1(16,9)
N 471087542

N N N
o I(19, %) 11 1318, ;) 1 1(1,‘ 10 1(16, &)
8162320161284‘778152219161284 <777142118151284‘777142017141184

\/\/\/\

0 1(19,4) 1(18, 9 1(17,4) g 1(16,
7131916131073 < - 6121816131074 “-- 612171412963 ~-- 611161411963

VAVAVAN

g 1(19,5) 7 1(18,5 7 1(17,5) T 6 1(16,5)

510151310863 “-- 510141210753 «-- 5913119742 - 4812119752
1(1/ 1(1/ (1/ 4 1(16,6)
481197542 o 471097532 R 36987531 D 36987642
m/ /<1/ 1/ 3 1(16,7)
35764321‘ ””” 24665321< ””” 24655421‘ ””” 24654431
1(1/ /(1/ /(1/ 1 1(16,8)
12332110‘ ””” 12333211‘ ””” 12322210‘ ””” 12332221
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4 1(23,1) T 5 1(22,1) T 4 1(21,1) T 4 1(20,1)
36987542‘ ””” 36976532‘ ””” 36875431‘ ””” 35876432
1(23,2 I(22,2 I(21,2 I1(20,
(23.2) 7 (22,2) 7 @12 7 ( cee

6121816131073 6121815131074 612171411963 611161411863

1(23,9) 7 1(22,9) 6 1(21,9) 7 1(20,9)
59141210853 ‘777 4913119752 N 5913119753 ¢777 4812108642
~a N N
4 1(23, ;) 14 13 [(21.3 I 13 1(20, ;)

101928242015105 47 91827231915105 ‘7 91826221814105 9172521171395

\/\/\/\

o 1(23,4) 1 1(21,4) o 1(20,4)
8162319161284 < - 8152219151284 < - 7142118151184 < - 7142017141174

\NVAVAYA

g 1(23.5) T g 1(22,5) g [(21,5) g 1(20,5)
713181512963 D 611171512963 ~-- 511161412963 ~-- 611161311963

NSNS

[()i() (22,6) 1(21 6) (20,6)

5913119642 «<-- 4812119742 - 4812109752 «Z-- 4812108753
/(2/ 7 4! )/T 1(2/ 4 1(20,7)
36876421< 77777 35876531< 77777 25876542< 77777 36865432
/(7/ / T /(2/ o 1(20,8)
23433210‘ ””” 12443321< ””” 13433221< ””” 23432211
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6 1(27,1) T 5 1(26,1) T 5 1(25,1) T 5 (24,1)
471197642 T 371097542 T 471087532 R 36986531

/\/\/\/

1 1(27,2) 1 1(26,2) (25,2) T 10 1(21,2)

8152218151284‘777142118141184 <777142017141074 <7 7131916131063 oo

g 1(27,9) g 1(26,9) g 1(25,9) 7 1(24,9)
1116141196 761116131186 ‘77 1015131085 ‘77 10141210752
~a N N
7 1(27, ;) 16 1(26, 5) 16 j(zr. 15 1(24, a)
11 22 33 282318126 47 1122 32272217126 ‘7 11 21 31 26 21 16 116 * 102029252015105

1(27,4 1(26,4 1(25,4 I1(24,4
( ) (26,4) T (25,4) o ( ) oo

91827231914105¢79182622181495 9172521171394 8162421171395

NENLNLN

: 1(26 1(25,5) 1(24,5)
7142118151174 7142017141173 - 7132017141184 - 6131916131074

NSNNSN

g 1(27,6) 7 1(26,6) g 1(25,6) (24,6)

<— —

510151311852¢77510151311963¢77510151210863<77751014129753
361098642 47777 371087642 <7777471086542 ‘7777 36986432
/(7/ /(>/ /(2/ 5 1(24,8)
13544321< 77777 24543321< 77777 23543221< 77777 13443211
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6 1(31,1) T 6 1(30,1) T 6 1(29,1) T 5 1(28,1)
1912108642 5812108642 <~ 3711108642 " 481198642
13 1(31,2) 9 1(30,2) 9 1(29,2) 1 128,
oo 8172521171395"’9172420161284"’8152320161284"’7152219161284 oo
1(31,9) 0 1(30,9) g 1(29,9) 9 1(28,9)
13191613107 ’61218151296 *”61217151296 *”611171412963
S S S
9 1(31, ;) 19 1(30, 5) 18 1(29,3 17 1(28, a)
132638322620147"132537312519137"122435302418126"122334292418126
I1(31,4 1(30,4 1(29,4 1(28,4
(31,4) (30,4) (29,4) (28,4) cee

112131262116115 <7 102030262116116 ‘7 102029242015105 ‘7 101928241915105

\NVAYAYA

5 1(31,5) O 19 1(30.5 o 1(29.5) O 1 1(28,5)

8162421171394 8162420171395<778162319151284 8152219151184

N/NZNS N

1(31,6) 1(30,6) g 1(29,6) (28,6)
6121815131073 - 6121815121074 <- 612171411863 «=- 611161411853

NAVAYA

6 [(31,7) (30,7) 6 1(29,7) 5 1(28,7)

4812108752 - - 4812108653 <””481197532 “-Z-- 471097531
/(;/ /(s/ ,(2/ 9 1(28,8)
24654331‘ ””” 24654322< ””” 24543210< ””” 23554321
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Schofield pairs associated to regular exceptional modules
The non-homogeneous tube TA(]ES)
RI(1)
R1(2):

1(0,9), P(0,6)), (1(2,6),P(0,9)), (1(2,7),P(1,1)), (1(2,8),P(3,8))

RI(1),Ri(1)), (I(4,1),P(0,7)), (1(2,6),P(1,6)), (1(2,7),P(4,1)), (I(7.8),P(4,8))
1(2,8),P(9,8))

1(1,5),P(0,2)), (1(1,1),P(0,7)), (I(1,6),P(1,9)), (I1(1,7),P(2,1)), (1(1,8),P(4,8))
R(1),R3(1)), (1(6,7),P(0,1)), (I(11,8),P(0,8)), (I(3,1),P(1,7)), (1(1,6),P(2,6))

R2(1)
R3(2):

1(1,7), P(5,1)), (1(6,8),P(5,8)), (I(1,8),P(10,8))

R}(1): (1(2,1),P(0,1)), (1(5,8),P(0,8)), (I1(1,9),P(0,9)), (1(0,5),P(1,2)), (1(0,1),P(1,7))
1(0,6),P(2,9)), (1(0,7),P(3,1)), (1(0,8),P(5,8))

R}(2): (R1(1),R(1)), (I(5,7),P(1,1)), (I(10,8), P(1,8)), (I(2,1),P(2,7)), (1(0,6),P(3,6))
1(0,7),P(6,1)), (1(5,8),P(6,8)), (1(0,8),P(11,8))

Ri(1):(I(1,1),P(1,1)), (1(4,8),P(1,8)), (1(0,9),P(1,9))

R1(2): (RY(1),R1(1)), (I(4,7),P(2,1)), (1(9,8),P(2,8)), (I(1,1),P(3,7)), (1(4,8),P(7,8))

R}(1):(1(3,7),P(0,1)), (1(0,2),P(0,5)), (1(0,1),P(2,1)), (1(3,8),P(2,8))

R}(2): (R1(1),R3(1)), (1(3,6),P(0,6)), (I(3,7),P(3,1)), (I(8,8),P(3,8)), (1(0,1),P(4,7))

H(

)+ (

(Z(

H(I(

(

(

(

(

(

(

(

(

(

(

(1(3,8),P(8,8))

R}(3): (R1(2),R(1)), (RI(1),R}(2)), (I(8,7),P(0,7)), (1(13,8),P(4,8)), (1(3,7),P(5,7))

(1(8,8),P(9,8)), (1(3,8),P(14,8))
R}(4): (R1(3),R(1)), (RI(2),R}(2)), (RI(1),RI(3)), (1(23,8),P(0,8)), (1(18,8),P(5,8))
(1(13,8),P(10,8)), (1(8,8),P(15,8)), (1(3,8),P(20,8))
(R3(2),Ri(1)), (RI(1),R1(2)), (1(17,8),P(0,8)), (1(7,7),P(1,7)), (1(12,8), P(5,8))
(1(2,7),P(6,7)), (1(7,8),P(10,8)), (1(2,8), P(15,8))
(RI(3),Ri(1)), (R}(2),R1(2)), (Ri(1),Ri(3)), (1(22,8),P(1,8)), (1(17,8),P(6,8))
(1(12,8),P(11,8)), (1(7,8),P(16,8)), (1(2,8),P(21,8))
(R3(2),R1(1)), (R1(1),R1(2)), (I(16,8),P(1,8)), (I(6,7),P(2,7)), (1(11,8),P(6,8))
(I(1,7),P(7,7)), (1(6,8),P(11,8)), (1(1,8), P(16,8))
(R3(3), R1(1)), (R1(2),Ri(2)), (RI(1),R3(3)), (1(21,8),P(2,8)), (1(16,8),P(7,8))
(1(11,8),P(12,8)), (1(6,8),P(17,8)), (I(1,8),P(22,8))
(R1(2),R}(1)), (R}(1),R}(2)), (I(15,8),P(2,8)), (I(5,7),P(3,7)), (1(10,8),P(7,8))
(1(0,7),P(8,7)), (1(5,8),P(12,8)), (1(0,8),P(17,8))
(R1(3), Ri(1)), (R}(2),R}(2)), (Ri(1),Ri(3)), (1(20,8),P(3,8)), (1(15,8),P(8,8))
(1(10,8),P(13,8)), (1(5,8),P(18,8)), (1(0,8),P(23,8))
(R2(2), R1(1)), (R1(1),R{(2)), (I(14,8),P(3,8)), (I(4,7),P(4,7)), (1(9,8),P(8,8))

R{(3):

Ry(4):

R2(3):

Ri(4):

R}(3):

Ri(4):

Ri(3):
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(1(4,8),P(13,8))
Ri(4): (RI(3),R1(1)), (R1(2),R{(2)), (R(1),R1(3)), (1(19,8),P(4,8)), (1(14,8),P(9,8))
(1(9,8),P(14,8)), (1(4,8),P(19,8))

TAEs)
1
R1(6) 71 R3(6) 71 RL(6) 71 2 R2(6) 71 R3(6)
g o) T N g Ml T N g o) T N I N 4

‘ 25764321 __ 35765321 24765421 25765431 7 35865432 ‘

| T - _— -1 N |

I U Y A U I

| |

5 B R} (5) Ry (5 ki
24654321 ””” ’24654321 ””” 24654321 ””” 24654321 ””” 24654321 ””” *24654321

\ \

| |

| |

| |

| R3{4) 3 Ri(4) 9 Ri(4) |

! 23544321 ””” *13543321 ””” *24543221 ””” *23543211 ””” s 13443210 !

| |

| - |

| |

L K6 S ’LG) R2(3) Ri(3) k3 (3)
12 33210 *12433321 ””” *13432221 ””” 23432 11 ””” *12332100 ””” *12333210

\ \

| |

| |

: Ri{(2) IJ Ri{(2) f\ :

| 01222210;::”’ 12322221 ””” 12 21 1 ””” *12221000 ””” 112 5221 0 |

| |

| - |

| |

L R rR:(1) r3(1) ki)
00111100 ””” ’01111110 ””” ’11211111 ””” ’01110000 ””” *11111000 ””” *00111100

The non-homogeneous tube 'TA(]ES)

Ry(1):(1(9,8),P(0,8)), (1(3,7),P(1,7)), (I(2,1),P(2,1)), (1(6,8),P(3,8)), (1(0,7),P(4,7))
1(3,8),P(6,8)), (1(0,8),P(9,8))

R3(1),Ry(1)), (I(18,8),P(1,8)), (I(15,8),P(4,8)), (I(12,8),P(7,8)), (1(9,8), P(10,8))
1(6,8),P(13,8)), (1(3,8),P(16,8)), (1(0,8),P(19,8))

1(4,1),P(0,1)), (1(8,8),P(1,8)), (1(2,7),P(2,7)), (I(1,1),P(3,1)), (1(5,8),P(4,8))

(
(
(
(
(
(1(2,8),P(7,8))
(
(
(
(
(

Ry(2):
R3(1):
R3(2): (R3(1),R3(1)), (I(17,8),P(2,8)), (I(14,8),P(5,8)), (I(11,8),P(8,8)), (I1(8,8),P(11,8))
1(5,8),P(14,8)), (1(2,8),P(17,8))

1(4,7),P(0,7)), (1(3,1),P(1,1)), (1(7,8),P(2,8)), (I(1,7),P(3,7)), (1(0,1),P(4,1))

1(4,8),P(5,8)), (1(1,8),P(8,8))
Ry(1),R3(1)), (I(19,8),P(0,8)), (1(16,8),P(3,8)), (1(13,8),P(6,8)), (1(10,8),P(9,8))

Rj(1):

R(2) :
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(1(7,8),P(12,8)), (I(4,8),P(15,8)), (I(1,8),P(18,8))

TA(Es)
0

R3(4) 1 Ri(4) 1 R2(4)
35875431 7777 " 25876432 7777 " 36865421

. 24654321 . 24654321 ” 24654 1
| |
| |
| |
| |
| / \ / \ ‘
| |
! 9] Iu( ) n— 2 /u< !
! 13433211~~~ 77~ 23432 ”””” 12443221
I AR - I
o . -
! =~ T - !
‘ T |
| |
| / \ |
1 )“All(l) ! 1 ’1;(1) 7! 1 “[}(U : 1 )(],(l)
01222111~~~ 777 12211100 777 11221110 "7 01222111

The non-homogeneous tube 7o)

R (1):(1(13,8),P(1,8)
1(3,8),P(11,8)
1(14,8), P(0,8)

1(4,8), P(10,8)

, (1(11,8),P(3,8)), (1(9,8),P(5,8)), (1(7,8),P(7.8)), (1(5,8),P(9,8))
, (I(1,8),P(13,8))
R%(1): , (I(12,8),P(2,8)), (1(10,8),P(4,8)), (1(8,8),P(6,8)), (1(6,8),P(8,8))
( )

, (1(2,8),P(12,8)), (1(0,8), P(14,8))

o N N
— N N N

7ﬂA(E8)

E > (3) B o (3) R2,(3)
3698 532 T T T T ’36976431 ”””””” ’36986532
| |
| |
| |
| |
| |
| |
| |
‘ \ / \ / ‘

I A/‘() An 212 I
| 24654321 ”””””” ’24654321 |
| |
| |
| |
| |
| |
| |
| |
21¥;(1) 22 (1) 71 211;(

> T {4 —————————— == > N
12322110 12332211 12322110
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Appendix B

Preprojective indecomposables of defect -2
and dimension up to 49

Consider the quiver orientations and labelings presented in Theorem 2.6. Let Py be the projective simple of defect
-1 corresponding to the unique sink 1.

We list all the preprojective indecomposable modules P and a corresponding orthogonal exceptional pair

(P", P") such that:
(1) OP =-2;
(2) dimP < 49;
(3) dimP — dimF} is a root, thus it is the dimension of a unique preprojective P; of defect —1.

We also list n = (dim Py, dim P) and the Ringel-Hall numbers FI];lPo = S¢(P1, P, P",Py) - Sy(P1,P",P", Py).In
case P’ = Py we know that FII;;PO =1.

The information is given in units of the form:

dimP, dimP’, dimP”,
n, FII;IPO.

Here Fflflpo =Sy(P1, P, P", Py)-Sy(P1,P",P", Py), P(t,i) = 77" P; and when P = P(t,) the corresponding
orthogonal exceptional pair will be denoted by (P”(¢t,1), P'(¢,1)).

B.1 Type D,,

dimP < 26

@P(l,m+l):(?322---21), @P’(l,m+1):(3100--»02), @P"(l,m+1):(3222--~21),
n=2, Ffrp, =%a1(q) ~0=¢-2= fi(q).

@P(Z,m):(i332---21), @P’(?,m)=(1110--~02), @P”(?,m):(;sz--.zi),
n=2, Fp py = a0(q) = 'ao(q) =4 -2 = f1(q).
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ables of defect -2 and dimension up to 49

. (2 1 L, N _ (O 0 . (2 !
@P(3,m—1)—(13332..-21), dimP’(3,m 1)_(01110--~00), dimP"(3,m 1)_(12222 21),
n=2, FE b, =a1(q)-0=q-2= fi(qg).

. (2 1 o oy (1 0 . oy (1 e
@P(4,m—2)—(133332~~.21), dimP’(4,m 2)_(111110~.~00), dimP"(4,m 2)_(022222 21),
n=2, Ff p, =2ao(q) - ao(q) = q-2 = fi(q).

e In case m is even:

dimP(m-3,5)=(23-3"), dmP'(m-3,5)=( 1-1"),  dimP"(m-3,5)=("2-2"),

n=2, Fpypy = a1(¢) -0=q-2= fi(q).

« In case m is odd:

. (2 1 N (1 0 o (1 1
dimP(m-3,5)= ("33 ), dimP'(m-3,5)=(1-1), dimP"(m-3,5)= (22 ),
n=2, Ff p, = 2a0(q) —'ao(q) = -2 = f1(q).

« Forie{5,...,m+ 1}, having i — 4 ones on the central axis of the dimensions:

dimP(0,i) = ((1)1~--10-~-02), dimP’(0,1) = ((l)ooomog), dimP"(0,7) = (21~~10-~-00),

=1, Ffp =1.
26 < dimP < 49

dimP(m-1,m+1)=2 +dimP(1,m+1), dimP'(m-1,m+1)=§+dimP'(1,m+1),
dimP"(m-1,m+1) =4 +dimP"(1,m + 1),

n =4, Ff p, = %a2(q) —2ao(q) = f3(q).
dimP(m,m) = 20 + dim P(2,m), dimP’(m,m) = 0 + dimP’(2,m),
di_mP”(mam) = 5+di_mP"(2,m),

n =4, Ffy p, = 2a1(q) = a1(q) = f3(q).

dimP(m+1,m-1)=25 +dimP(3,m-1), dimP'(m+1,m-1)=4§+dimP’(3,m-1),
dimP"(m+1,m-1) =4 +dimP"(3,m - 1),
n=4, Ffy p, = %a2(q) = *a0(q) = f3(q)-

e In case m is even:
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dimP(2m —5,5) =26 + dimP(m - 3,5), dimP'(2m -5,5) =0 + dimP’(m - 3,5),
dimP" (2m - 5,5) = & + dimP" (m — 3,5),
n=4, Ff g, = as(q) —a0(q) = f3(q).

« In case m is odd:

dimP(2m —5,5) =26 + dimP(m - 3,5), dimP'(2m -5,5) =0 + dimP’(m - 3,5),
dimP"(2m - 5,5) = 6 + dimP"(m - 3,5),
n=4, FE b =2a1(q) —a1(q) = f3(q)

« Forie{5,...,m+1}:

dl_IIlP(m— 2)Z) = 2(5+C11_IT1P(0,Z), dl_IIlP,(m - 271) = 5+dl_1’llP,(O,Z),
dimP”(m - 2,1) = § + dimP"(0,),
n=3, Ff p, = %ao(q) = a1(q) = f2(q).

B.2 Type Eg

dimP < 26

. _ 0 c _ 0 . " _ 0
dimpP(0,2)=(, 8 ) dmP'(0,2)=(, 8, ) dmP(0,2)= (8, )
n=1, FE b, =1= fo(q).

. _ 0 c / _ 0 . 1" _ 0
dimP(0,4)=(,,1, ) dwP'©O4)=(, 0, ). dimP(0,4) = (;, 1, )
n=1, F};lpozlzfo(q).

. _ 0 g / _ 0 : 1z _ 0
MP(O,6)—(11?10), @P(OaG)—(logoo)’ dimP (0’6)_(01(1)10)’
n=1, Ffl?lPO:l:fO(Q)'

q 0 . 0 . 0
dmP(2,2)=(,,1, )  dwP'@2)=(, 0, ). dnP'22)=(,, 1, ,)
n=1, Fip, ="ao(q) ~0=1=1= fo(q).

. . . ’ 0 . " 1
dimP(3,2) =3 +dimP(0,2), dimP'(3,2)=( 1 ), dimP"(3,2)= (.1, ,)
n=2, Ff;lpoZQCLO(Q)—IGO((])Zq—l—lzq—QZfl(Q)-

. . . ’ 0 . " 1
dimP(3,4) = 5 +dimP(0,4), dimP'(3,4)=(, 1 ), dimP"(3,4)=(, .2 )
n=2, Fp p, =2a0(q) ='ao(q) =¢-1-1=¢q-2= fi(q).

. . . ’ 0 . " 1
dimP(3,6) =3+ dimP(0,6), dimP'(3,6)=( 1 ), dimP"(3,6)=(,, 1, )
n=2, F p, =2a0(q) = 'ao(9) =q-1-1=q-2= fi(q).

dimP(5,2) =+ dimP(2,2), dimP'(5,2) = (0 1 g 1 0)’ dimP*(5,2) = (2 2321 )
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B.3 Type Er Appendix B Preprojective indecompos-
ables of defect -2 and dimension up to 49
n=2, Ff p, =%a1(q) -0=g-2= fi(q).
20 < dimP < 46

dimP(6,2) = 20 + dimP(0, 2),

n =3,

dimP(6,4) = 26+ dimP(0,4),

n =3,

dimP(6,6) = 26 + dimP(0,6),
n =3,

dimP(8,2) = 26 + dimP(2,2),

n =23,

dimP(9,2) = 26 + dimP(3,2),

n =4,

dimP(9,4) = 26 + dimP(3,4),
n =4,

@P(936) =26 +di7mp(3a6)>
n=4,

dimP(11,2) = 26 + dimP(5, 2),

n =4,

B.3 Type E;

dimP < 26

di_mP(O,2)=(1108000),
n=1,

dimP(0,8)=(1111000)
n=1,

di_mP(O»G):(ul(l)no),
n=1,

di_mP(2,8):(112§110),
n=1,

dimP’(6,2) = 6 + dimP'(0, 2),

FE b, =3a0(q) -%a1(q) = ¢* - 3q+ 3 = f2(q).

dimP’(6,4) = ¢ + dimP’(0,4),

F}I;lpo =%ag(q) - %a1(q) =¢*> - 3q+3 = f(q).

dimP’(6,3) = 6 + dimP’(0,6),

FIID:;PO =3a9(q) - a1(q) = ¢* -3¢ +3 = f2(q).

dimP/(8,2) = 6+ dimP'(2,2),

FE b, ="ta1(q) —2a0(q) = ¢* - 3q+ 3 = f2(q).

dimP'(9,2) = § + dimP'(3,2),
FE g =2a1(q) - 'a1(q) = f3(q).

dimP’(9,4) = 6 + dimP'(3,4),
FIE;PO = 2a1(Q) - 1a1(Q) = fa(q).

dimP’(9,6) = 6 + dimP’(3,6),
FE p, =2a1(q) - 'a1(q) = f3(q).

dimP'(11,2) = 5 + dimP'(5,2),
FE 5 =%a2(q) —2ao(q) = f3(q).

dimP’(0,2) = (1909 000)
F}on =1=fo(q)-

dimP’(0,8) = (1 909000)-
F}]Djpo =1=fo(q)-

dimP’(0,6) = (1 908000)
FJIDDIPO =1= fo(q).

dimP’(2,8) = (9910000)
Fp g, ="a0(g) =0=1= fo(q).

213

dimP"(6,2) = & + dimP" (0, 2),

dimP" (6,4) = § + dimP" (0, 4),

dimP"(6,6) = § + dimP" (0, 6),

dimP"(8,2) = 6 + dimP"(2,2),

dimP"(9,2) = § + dimP" (3, 2),

dimP"(9,4) = § + dimP” (3,4),

dimP"(9,6) = 6 + dimP" (3,6),

dimP"(11,2) = 6 + dimP" (5, 2),

di_mP”(O,2):(0108000),

dimP"(0,8) = (g1 11000)

di_mP"(0,6)=(011(1)110),

di_mP”(Q,S):(nﬁuo),



B.3 Type Er

di_mP(3,2):(111§100),
n=1,

dimP(3,6) =(1125210)
n=1,

dimP(4,6) = (333%321)
n=2,

di_mP(6,8):(234§321),
n =2,

di_mP(7»6)=(234%421),
n =2,

dimP(8,2) =(3342431)
n=2,

(h_mP(8,8):(235§431),
n=2,

dimP(11,2) = (5353 531),
n =2,

26 < dimP < 49

dimP(12,2) = 26 + dimP(0,2),

n =3,

dimP(12,8) = 26 + dimP(0,8),

n=23,

dimP(12,6) = 26 + dimP(0,6),

n =3,

dimP(14,8) = 26 + dimP(2,8),

n =3,

dimP(15,2) = 26 + dimP(3,2),

n =3,

dimP’(3,2) = (9909 000)
Ff py ="ao(g) -0 =1= fo(q).

dimP’(3,6) = (g90%000)
Ff g, ="a0(g) = 0=1= fo(q).

dimP’(4,6) = (;111100)

Appendix B Preprojective indecompos-
ables of defect -2 and dimension up to 49

di_mP”(3»2)=(111%100),

dimP"(3,6) = (1 123210)>

dimP"(4,6) = (1 523221)

FE p =2a0(q) - *ao(q) = ¢-2 = f1(q).

(h_mP'(678):(112%111):

(ﬁ_mP"(G»S):(122§210)’

Fh p, =2a0(q) —'ao(q) = ¢ -2 = fi(q).

dimP'(7,6) = (g113100)
Ff p,="a1(g) -0=q-2= fi(qg).

dimP’(8,2)=(1123210)

di_mP”(7»6)=(223Z321),

dimP"(8,2) = (1523 221)

Fp p, = 2a0(q) = 'ao(q) = ¢ -2 = f1(q).

(ﬁ_mP'(S,S):(112%210)>

(ii_mP”(8,8)=(123?1221),

FE p =2a0(q) - 'ao(q) = ¢-2 = f1(q).

di_mP,(lLQ):(012513210)’
Fpp, =%a1(q) -0=q-2= fi(q).

dimP'(12,2) = 5 + dimP'(0,2),
Fp p =3a0(q) - a1(q) = f2(q).

dimP’(12,8) = § + dim P’ (0, 8),
Ff p, =2a0(q) = %a1(q) = f2(9).

dimP’(12,6) = § + dimP’(0,6),
FE 5 =3a0(q) - *a1(q) = f(q).

dimP’(14,8) = § + dimP’(2,8),
F};lpo =a1(q) —2ao(q) = f2(q).

dimP'(15,2) = 6 + dim P (3, 2),
FE 5 ='a1(q) - %ao(q) = f2(q)-
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dimP"(11,2) = (593%321)

dimP”(12,2) = 6 + dimP"(0,2),

dimP”(12,8) = § + dimP" (0, 8),

dimP"(12,6) = § + dimP" (0, 6),

dimP"(14,8) = § + dimP"(2,8),

dimP"(15,2) = 6 + dimP"(3,2),



B.4 Type Eg Appendix B Preprojective indecompos-
ables of defect -2 and dimension up to 49

dimP(15,6) = 26 + dimP(3,6), dimP’(15,6) =+ dimP'(3,6),  dimP"(15,6) = + dimP"(3,6),
n=3, Fp p, = 'a1(q) —2ao(q) = f2(9).

dimP(16,6) = 20 + dimP(4,6),  dimP'(16,6) =6+ dimP'(4,6),  dimP"(16,6) = 6 + dimP"(4,6),
n=4, Fp p, = 2a1(q) - 'a1(q) = f3(9).

dimP(18,8) = 26 + dimP(6,8), dimP'(18,8) =5 + dimP'(6,8), ~dimP”(18,8) = 6 + dimP"(6,8),
n=4, Fp p, =2a1(q) - 'a1(q) = f3(9).

dimP(19,6) = 26 + dimP(7,6),  dimP’(19,6) =6 +dimP'(7,6), dimP"(19,6) = + dimP"(7,6),
n =4, Fp p, = Ya2(q) —2ao(q) = f3(q).

dimP(20,2) = 26 + dimP(8,2), dimP’(20,2) =6 +dimP’'(8,2), dimP"(20,2) = J +dimP"(8,2),
n =4, Fp p, = 2a1(q) - 'a1(q) = f3(9).

dimP(20,8) = 26+ dimP(8,8),  dimP'(20,8) = 6 + dimP'(8,8),  dimP"(20,8) = 6 + dimP"(8,8),
n =4, Fp p, = a1(q) - 'a1(q) = f3(9).

dimP(23,2) = 26 + dimP(11,2), dimP’(23,2) =6 +dimP’'(11,2), dimP"(23,2) = +dimP"(11,2),
n =4, Ff g, = a2(q) —*a0(q) = f3(q).

B.4 Type Eg

dimP < 24

dimP(0,2) =(11900000)  dimP'(0,2)=(19000000) dimP"(0,2) = (91000000):
n=1 Ff g, =1=fo(a).

dimP(0,8)=(;1111911)  dimP'(0,8)=(19000000) dimP"(0,8) = (g1111%11)-
n=1 FE p, =1= fola).

dimP(3,8) = (1 1122311) dimP'(3,8) = (90100000): dimP"(3,8) = (1102221 1)
n=1 Ffypy = "a0(g) =0=1= fo(q).

dimP(5,2) = (11111210) dimP'(5,2) = (990001 00): dimP"(5,2) =(11111110):
n=1 Ffyp, = 'ao(q) =0=1= fo(q).

dimP(5,8) = (11222521) dimP'(5,8) = (990001 00): dimP"(5,8) = (1 1222521)
n=1 Fhp, = 'ao(q) =0 =1= fo(q).
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dimP(8,8)=(112333%21)>
n=1

di_mP(972):(11123%21)>
n=1

dimP(14,2) = (11 934%31)
n=1

di_mP(1572)=(23345%42),
n=2

dimP(15,8) = (334565 53)-
n=2

dimP(18,8) = (33467853)>
n=2

dimP(20,2) = (534568 52)>
n=2

dimP(20,8) = (535675 63)>
n=2

dimP(23,8) = (535758106 3)>
n=2

dimP(24,8) = (54579 10 73)>
n=2

di_mP(29,2):(2357915173),
n=2

26 < dimP < 49

dimP(30,2) = 26 + dimP(0, 2),

n =3,

dimP(30,8) = 25 + dimP(0, 8),

n =3,

dimP’(8,8) = (gp111100)
Ff p, =tao(q) -0=1= fo(q).

dimP’(9,2) = (990113 10)
Fp p, = ao(g) -0=1= fo(q).

di_mP'(14,2):(00112§10),
Ff p, = tao(q) =0=1= fo(q).

di_mP'(1572)=(11122z1;21),
Fp,

dimP’'(15,8) = (11 122521)
Ffy

di_mP’(1878):(11233§21)’

Appendix B Preprojective indecompos-
ables of defect -2 and dimension up to 49

dimP"(8,8) = (11122521)

di_mP"(972):(11112%11)’

di_mP"(14,2):(11122§21),

di_mP”(15,2)=(12223§12),

-, = 2a0(q) — 'ao(q) = ¢ -2 = f1(q).

dimP"(15,8) = (1933543 32)

by = “a0(q) — ao(q) =g -2 = fi(a).

dimP"(18,8) = (19234232)

FE p =2a0(q) - 'ao(q) = ¢-2 = f1(q).

dimP’(20,2) = (11923221)>

dimP"(20,2) = (199334231)>

Ff p, =2a0(q) —'ao(q) = ¢ -2 = f1(q).

di_mP'(2078)=(1122342121),
Fp,

(ﬁ_mP'(23,8):(01233§21),

FE g, =%a(g)-0=q-2= fi(q).

dimP’(24,8) = (11934331)>

di_mP"(2078)=(12344§42),

-, = 2a0(q) — 'ao(q) = ¢ -2 = f1(q).

di_mP"(2378):(22345%42),

dimP"(24,8) = (13345042)

FE p =2a0(q) - 'ao(q) = ¢ -2 = f1(q).

di_mP’(29,2):(01234§31),

Ff g, =%a1(q) -0=¢-2= fi(qg).

dimP’(30,2) = & +dimP'(0,2),

FE . =3a0(q) - a1(q) = f2(q).

dimP'(30,8) = 6 + dimP’(0,8),

Fp p, = 2a0(q) =a1(q) = fa(q).
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di_mP"(29,2):(22345g42),

dimP"(30,2) = 6 + dimP"(0,2),

dl_mP”(SOaS) =0 +di_H1P"(0,8),



B.4 Type g
dimP(33,8) = 25 + dimP(3,8),
n =3,

dimP(35,2) = 28 + dimP(5, 2),
n =3,

dimP(35,8) = 26 + dimP(5,8),
n =3,

dimP(38,8) = 26 + dimP(8,8),
n =3,

dimP(39,2) = 25 + dimP(9, 2),
n =3,

dimP(44,2) = 26 + dimP(14,2),

n =3,

dimP(45,2) = 26 + dimP(15,2),

n =4,

dimP(45,8) = 26 + dimP(15, 8),

n=4,

dimP(48,8) = 26 + dimP(18, 8).

n =4,

dimP(50,2) = 26 + dimP(20,2),

n =4,

dimP(50,8) = 28 + dimP(20,8),

n =4,

dimP(53,8) = 26 + dimP(23, 8),

n=4,

dimP(54,8) = 26 + dimP(24, 8).

n =4,

dimP(59,2) = 26 + dimP(29,2),

n=4,

dimP’(33,8) = & + dimP’(3,8),
Ya1(q) —2ao(q) = f2(q)

FP1 Py =

dimP'(35,2) = 6 + dimP'(5,2),
Fp p ="ta1(q) —%ao(q) = f2().

dimP’(35,8) = § + dimP’(5,8),
Ya1(q) —2ao(q) = f2(q).

FP1 Py =

dimP’(38,8) = § + dimP’ (8, 8),
La1(q) —2ao(q) = f2(q).

FP1P0

dimP’(39,2) = § + dimP’(9, 2),
Ya1(q) —2ao(q) = f2(q)

FP1 Py =

dimP'(44,2) = 6 + dimP'(14,2),

Ff p ="a1(q) —%ao(q) = f2(q).

dimP’(45,2) = § + dim P’ (15, 2),
2a1(q) - 'a1(q) = f3(q).

FP1 Py~

dimP’(45,8) = § + dimP’(15,8),
%a1(q) - 'a1(q) = f3(q).

Ff PPy =

dimP’(48,8) = § + dimP’(18,8),
%a1(q) - 'a1(q) = f3(q).

FP1 Py =

dimP'(50,2) = 6 + dimP’(20,2),

FE b =2a1(q) - *a1(q) = f3(q).

dimP’(50,8) = § + dimP’(20,8),
%a1(q) - 'a1(q) = f3(q).

FP1 Py~

dimP’(53,8) = § + dimP’(23,8),
Ya5(q) —*ao(q) = f3(q).

Ff PPy =

dimP’(54,8) = § + dimP’(24,8),
%a1(q) - 'a1(q) = f3(q).

FP1 Py =

dimP’(59,2) = 6 + dim P'(29,2),
FE p =%a2(q) - 2a0(q) = f3(q).
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Appendix B Preprojective indecompos-
ables of defect -2 and dimension up to 49

dimP"(33,8) = 6 + dimP"(3,8),

dimP"(35,2) = 6 + dimP"(5,2),

dimP"(35,8) = 6 + dimP" (5, 8),

dimP"(38,8) = 6 + dimP"(8,8),

dimP"(39,2) = 6 + dimP"(9,2),

dimP"(44,2) = 6 + dimP" (14, 2),

dimP"(45,2) = 6 + dimP" (15, 2),

dimP”(45,8) = § + dimP" (15, 8),

dimP”(48,8) = § + dimP" (18, 8),

dimP”(50,2) = § + dimP" (20, 2),

dimP”(50,8) = § + dimP"' (20, 8),

dimP"(53,8) = § + dimP" (23, 8),

dimP"(54,8) = 6 + dimP" (24, 8),

dimP"(59,2) = § + dimP" (29, 2),



Appendix C

Proof of Theorem 2.10

C.1 The Eg case

Due to symmetry we can suppose that the quiver of type Eg has the following orientation) the vertex 2 being its

unique sink, thus Py = S):

5(1)

|

4(2)

|

1(1) 2(2) 3B)=—602)=—7(1)

We have 3 non-homogeneous tubes: 7o, of rank 2 and 7, 77 of rank 3. The regular-simples of these tubes are:

« 'R(1, ) of dimension ( ,?R(1, 00) of dimension (

Lo L)
11110 01211

« 'R(1,0) of dimension ( 0 ) ?R(1,0) of dimension (0 ) ? . 1) and ®R(1,0) of dimension (

1 );
00110 11100

« 'R(1,1) of dimension ( 7 ), ?R(1,1) of dimension ( i
00100 011

) and ®R(1,1) of dimension (1 0 )

10 1111

As in Appendix A, we will use the notation P = P(t,i), meaning that we consider the 77" shift of the projective

corresponding to vertex .

Steps 1 and 2

We list the dimensions o € X, P, the generic form of the elements in P, 95 or P,, and the considered correspond-

ing generic orthogonal exceptional pair:

1 = ( 0 ) e
W o1={,4800 Q
P;, =0 does not possess an orthogonal exceptional pair,

. 2 . 1 .
Poy+25 = P(6,2), dmP(6,2) = (25%42)’(h—mpl(6’2):(02%21)’011—1“1})”(6’2):(23321)’

Py +2s = {[P(6n +6,2)]|n e N}, P'(6n+6,2) = P'(6,2)(+9), P"(6n+6,2) = P"(6,2)(+9);
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C.1 The Eg case Appendix C Proof of Theorem 2.10

_ 0 "
@ J2_(00%00)62(9’
P,, = P(0,4) does not possess an orthogonal exceptional pair,
2

. 2 . 0 .
Pyyios = P(6,4),dimP(6,4) = (, 5 ). dimP'(6,4)=( 3, ) dimP"(6,4)=( .3 ).

P05 = {[P(6n+6,4)]|n e N}, P'(6n +6,4) = P'(6,4)(+5), P"(6n +6,4) = P"(6,4)(+6);

) 03:(11210)62,@’

_ . _ 1 . / _ 1 . ,, _
FPos _P(1’4)’dl—mp(1’4)_(12%10)’dl_mp (1,4) = (01%00),(11_mP (1,4) = (1 1(1)10)’

Poy = {[P(6n+1,4)]|n e N}, P'(6n+1,4) = P'(1,4)(+5), P"(6n+1,4) = P"(1,4)(+9);

) U4:(12é21)€2,@’

_ . _ 1 . ’ _ 0 . " _ 1
P"4_P(3’2)’dl—mp(3’2)_(13§21)’dl—mP (3’2)_(01%10)’(h—mp (3’2)_(12%11)’

Poy = {[P(6n+3,2)]|n e N}, P'(6n+3,2) = P'(3,2)(+9), P"(6n +3,2) = P"(3,2)(+);

() G5=(12§121)€Eb’
1

_ . _ 1 . ’ _ 0 . " _
P(,5—P(3,4),d1_mP(3,4)—(13221),ch_mP (3’4)_(01%11)’Ch—mp (3’4)_(12%10)’

Pyy = {[P(6n+3,4)]|n e N}, P'(6n+3,4) = P'(3,4)(+6), P"(6n + 3,4) = P"(3,4)(+0);

(©) 06:(23§31)62’Q’

_ . _ 2 . ’ _ 1 . 7 _ 1
PUG_P(4’4)’dl—mp(4’4)_(24231)’(h—mp (4,4)—(12%10),(11_mP (4’4)_(12}321)’

Pos = {[P(6n+4,4)]|n e N}, P'(6n+4,4) = P'(4,4)(+6), P"(6n+4,4) = P"(4,4)(+9).

Note that for o1, 04 the regular factor R has dimension dimR = dimP - dimFy a multiple of §, thus it can be

taken from any of the 3 non-homogeneous tubes. For the other o-s the dimension of R determines uniquely its

non-homogeneous tube.

Step 3

We follow now a case by case computation for each o, computing ngo =S4(R,P',P",Py) - S¢(R,P",P', Py) =
Sy - So.

The case o1 = (0,0,0,0,0,0,0)

For P,, = P, there is no orthogonal exceptional preprojective pair and trivially Féj;’ol =1.

For P = P(6n+6,2) = Py, (+2(n+1)d) we have dimR = (2n+2)J. Thus R can be taken from any non-homogeneous
tube.

e 1R is from the tube of rank 2

Without loss of generality we may suppose that R = ' R(4n + 4, o0 ) meaning that its regular-socle is ' R(1, co) and
regular-top is R(1,00). The other case, when R = 2R(4n + 4, %), will yield the same result. We have dimP’ =
né +(0,2,3,2,1,2,1), dimP" = nd + (2,3,3,2,1,2,1) and Rp/(1,00) = 2R(1,00), Rpr(1,00) = *R(1, 00), thus

OtopR,Rpr(1,00) = 1 and G0 R R (1,00) = 0-
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Since topR = 2R(1, 00), there are no possible regular indecomposable pairs (R, R') in (+x) such that 0 —
R" - R - R’ - 0 is exact and topR’ = 'R(1, 00). Thus we have

S1 = fon+2(q).

The possible regular indecomposable pairs (R”,R’) in (%) such that 0 - R” - R - R - 0is
exact, dimR” > dimP”, topR” = Rpr(1,00) = 'R(1,0) and topR’ = Rpi(l,00) = 2R(1,00) are
("R(2t +1,00),2R(4n — 2t + 3,00)), where t € {n.+1,...,2n + 1}. Thus we have

1 2n+1

2n+1-t
Sy = o )y 0‘13(2t+1,oo)f2(t7n71)(Q)q " Q2 R (4n-2t+3,00)
R(4n+4,00) t=n+1

n
= (q - 1) Z qsf2n—28(Q)'
s=0
This means that the Ringel-Hall polynomial in this case is:
P n
Frp, =51 -52 = fons2(q) = (0= 1) Y ¢ fan-25(q) = hans2(q).
s=0
¢ R is from a tube of rank 3

(1) Suppose that R = ' R(6n + 6,0), meaning that its regular-socle is ' R(1,0) and regular-top is *R(1,0). Also,
dimP’ = né + (0,2,3,2,1,2,1), dimP” = nd + (2,3,3,2,1,2,1) and Rp/(1,0) = 2R(1,0), Rpr(1,0) =
®R(1,0), thus OtopR,Rpr(1,0) = 0 and diopRr, R (1,0) = 1.

The possible regular indecomposable pairs (R", R') in (*) such that 0 > R” - R - R’ - 0is exact, dimR" >
dimP’, topR” = Rp:(1,0) = 2R(1,0) and topR’ = Rpr(1,0) = *R(1,0) are (*R(3t +2,0),>R(6n — 3t +
4,0)), wheret € {n+1,...,2n + 1}. Thus we have

1 2n+1

2n—t+1
Sl = 2 alR(3t+270)f2(t—n)—l(q)q no Q3R (6n-3t+4,0)
QL R(6n+6,0) t=n+1

—(g-1) f{j)quzn_zm(q).

Since topR = *R(1,0), there are no possible regular indecomposable pairs (R, R') in (+*) such that 0 —
R" - R— R’ - 0is exact and topR’ = Rp(1,0) = 2R(1,0). Thus we have

S9 = fon+1(q).

This means that the Ringel-Hall polynomial in this case is:

ngo =51-52=(q-1) > ¢° fon-2s+1(q) = fon+1(q) = hon+2(q).
s=0

(2) Suppose that R = ?R(6n + 6,0), meaning that its regular-socle is >R(1,0) and regular-top is ' R(1,0).
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In case ngo # 0, the indecomposable P must project to the regular-top of R, thus (dim P, dim 1R(1, 0))=0

must be nonzero, a contradiction. So, the Ringel-Hall polynomial in this case is F}}; p, =0.

(3) Suppose that R = *R(6n + 6,0), meaning that its regular-socle is ® R(1,0) and regular-top is >R(1,0). Also,
OtopR,Rpr(1,0) = 1 and Oiop R, R i (1,0) = 0-

Since topR = ?R(1,0), there are no possible regular indecomposable pairs (R”, R') in (+) such that 0 —
R" - R - R' - 0 is exact and topR’ = Rp/(1,0) = *R(1,0). Thus we have

S1 = fon+2(q).

The possible regular indecomposable pairs (R”, R") in (**) such that 0 - R” - R - R’ — 0 is ex-
act, diimR"” > dimP”, topR” = Rp»(1,0) = *R(1,0) and topR’ = Rp/(1,0) = *R(1,0) are (3R(3t +
1,0), 1R(6n -3t+5,0)), wheret € {n+1,...,2n + 1}. Thus we have

1 2n+1

2n—t+1
Sy = Z a3R(3t+1,0)f2(t—n—l)(Q)q no alR(6n73t+5,0)
QL R(6n+6,0) t=n+1

n
= (q - 1) Z quQn—Qs(Q)'
s=0
This means that the Ringel-Hall polynomial in this case is:

Ffip, = 51— 52 = fons2(q) - (g - 1) Z:qsfh—zs(Q) = han+2(q)-

(4) Suppose that R = 'R(6n + 6, 1), meaning that its regular-socle is ' R(1, 1) and regular-top is *R(1,1). Also,
Rpi(1,1) =2R(1,1), Rpr(1,1) = *R(1,1). By a similar argumentation as in case (1) we obtain that

F]{BDPO = han+2(q)-

(5) Suppose that R = >R(6n + 6, 1), meaning that its regular-socle is 2R(1,1) and regular-top is ' R(1,1). By a

similar argumentation as in case (2) we obtain that

F]]%DPO :O.

(6) Suppose that R = ®R(6n + 6, 1), meaning that its regular-socle is *R(1, 1) and regular-top is 2R(1,1). By a

similar argumentation as in case (3) we obtain that
P
FRPO = han+2(q).

The case o9 = (0,0,1,1,0,0,0)

For P,, = P(0,4) there is no orthogonal exceptional preprojective pair, and trivially F; 11;;’ ?171)1’0 =1.
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For P = P(6n +6,4) = P,,(+2(n+ 1)d) we have dimR = (2n + 2)J + (0,0,1,1,0,0,0), thus dimR = (2n +2) +
dim'R(1,1), so R = 'R(6n+7,1). Also, dimP’ = né + (1,2,2,2,1,1,0), dimP” = nd + (1,2,3,1,1,2,1) and
Rpi(1,1) = "R(1,1), Rpr(1,1) = *R(1,1), thus Sopr g, (1.1) = 1 and Sropr. & (1.1) = O-

Since topR = ' R(1,1), there are no possible regular indecomposable pairs (R, R') in (+*) such that 0 > R —
R — R’ - 0is exact and topR’ = Rpr(1,1) = 2R(1, 1). Thus we have

S1 = fon+2(q).

The possible regular indecomposable pairs (R, R’) in () such that 0 > R” - R - R’ — 0 is exact, dimR" >
dimP’, topR" = Rpr(1,1) = *R(1,1) and topR’ = Rpi(1,1) = 'R(1,1) are (' R(3t +2,1),” R(6n - 3t +5,1)),
wheret € {n +1,...,2n + 1}. Thus we have

1 2t 2n—t+2
Sy = o : tZlO“R(3t+2,1)f2(t—n—1)(Q)q O3 R(6n-3t+5,1)
6n+7,1) t=n+

n
=(q-1) > ¢" fan-2s(q).
s=0
This means that the Ringel-Hall polynomial in this case is:

Ffp, =51 S2 = fansa(q) - (¢ - 1) Z:qsfzn—zs(Q) = hans2(q)-

The case 03 = (1,1,2,1,1,1,0)
In this case P = P(6n + 1,4) = P,,(+2nd), dimR = 2nd + (1,2,2,1,1,1,0), thus dimR = 2nd +di_m3R(1,O) +
dim 'R(1,0), so R = *R(6n +2,0). Also, dimP’ = né + (0,1,1,1,1,0,0), dimP” = nd + (1,1,1,0,0,1,0) and
Rpr(1,0) ="R(1,0), Rpr(1,0) = "R(1,0), thus Sopp,r,.,(1.0) = 0 and Sopr, (1,0 = 1.

The possible regular indecomposable pairs (R”, R') in (*) such that 0 > R - R - R’ — 0 is exact, dimR" >
dimP’, topR” = Rpi(1,0) = ®R(1,0) and topR’ = Rpr(1,0) = *R(1,0) are (*R(3t +1,0), ' R(6n - 3t + 1,0)),
where t € {n,...,2n}. Thus we have

1 2 2n—t
S1= > a3R(3t+1,0)f2(t—n)(Q)q @3 R(6n-3t+1,0)
A3 R(6n+2,0) t=n
=(¢-1) > ¢" fan-2(q).
s=0

Since topR = ' R(1,0), there are no possible regular indecomposable pairs (R”, R') in (+*) such that 0 - R” —
R — R' - 0 is exact and topR' = Rp:(1,0) = *R(1,0). Thus we have

So = fon(q).

This means that the Ringel-Hall polynomial in this case is:

Flp, =51-S2=(q-1) i ¢’ fon-2s(q) = fon(q) = hon+1(q).
s=0
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The case 04 =0

In this case P = P(6n + 3,2) = P,,(+2nd), hence dimR = (2n + 1)d. Thus R can be taken from any non-

homogeneous tube.

+ R is from the tube of rank 2
Without loss of generality we may suppose that R = 1R(4n + 2, 00) meaning that its regular-socle is 1R(1, 00)
and regular-top is 2R(1, 00). The other case, when R = 2R(4n +2,00), P" = nd +(1,2,2,1,1,1,1) and
RP'(17 oo) = 1R(17 oo)’ RP”(L OO) = QR(L oo)’ thus 5topR,RP/(1,oo) =0and 6tOpR,RPH(1,oo) =1
The possible regular indecomposable pairs (R”, R") in (*) such that 0 - R” - R - R’ — 0 is ex-
act, diimR" > dimP’, topR” = Rpi(1,00) = 'R(1,00) and topR’ = Rpr(1,00) = 2R(1,00) are
(*R(2t+1,00),2R(4n - 2t + 1,00)), where t € {n, ..., 2n}. Thus we have

1 2n

- 2t
S1= a1 2 1 p2te1,00) f2(-m) (DT 02 B4 141,00
R(4n+2,00) t=n

= (q - 1) ioqsfén—%(Q)'

Since topR = *R(1, o), there are no possible regular indecomposable pairs (R, R') in (*+) such that 0 —
R" - R — R' - 0 is exact and topR’ = Rp/(1,00) = 'R(1, 00). Thus we have

So = fon(q).

This means that the Ringel-Hall polynomial in this case is:

Ffp, =S1-S2=(q-1) i q° fan-2s(q) = fan(q) = han+1(q).
s=0

« Ris from a tube of rank 3

(1) Suppose that R = ' R(6n + 3,0), meaning that its regular-socle is ' R(1,0) and regular-top is *R(1,0).
Also, dimP" = né + (0,1,1,1,0,1,0), dimP” = nd + (1,2,2,1,1,1,1) and Rp/(1,0) = 2R(l,O),
Rpr(1,0) = *R(1,0), thus Siopr.r,(1,0) = 0 and Siopr R (1,0) = 1.

The possible regular indecomposable pairs (R", R') in () such that 0 - R”" - R - R’ — 0is
exact, dimR” > dimP’, topR” = Rpi(1,0) = 2R(1,0) and topR’ = Rpr(1,0) = *R(1,0) are
(*R(3t+2,0),3R(6n -3t +1,0)), where t € {n, ..., 2n}. Thus we have

1 2n

2 —
Sp=— Z alR(3t+270)f2(t—n)(Q)q " ta3R(6n—3t+1,0)
Q1R (6n+3,0) t=n

=(g-1) %qsfznzs(q)-
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(5)

Since topR = ®R(1,0), there are no possible regular indecomposable pairs (R, R') in (+x) such that
0> R" - R - R' - 0is exact and topR’ = Rpr(1,0) = >R(1,0). Thus we have

So = fon(q).

This means that the Ringel-Hall polynomial in this case is:

Pl = 51522 (0= 1) 2 " fncan(a) = fon(0) = v o)
5=

Suppose that R = 2R(6n + 3,0), meaning that its regular-socle is 2R(1,0) and regular-top is ' R(1,0).
In case F 11%3 p, * 0, the indecomposable P must project to the regular-top of R, thus
(dim P, di_mlR(l, 0)) = 0 must be nonzero, a contradiction. So, the Ringel-Hall polynomial in this
case is F}IEDPO =0.

Suppose that R =3 R(6n + 3,0), meaning that its regular-socle is > R(1,0) and regular-top is *R(1,0).
Also, dtopR,Rpr(1,0) = 1 and diopr Ry (1,0) = 0

Since topR = “R(1,0), there are no possible regular indecomposable pairs (R”, R') in (+) such that
0> R" - R - R' - 0is exact and topR’ = Rpr(1,0) = *R(1,0). Thus we have

S1 = fon+1(q).

The possible regular indecomposable pairs (R", R") in (**) such that 0 > R” - R - R’ — 0 is exact,
dimR” > dimP”, topR” = Rps(1,0) = *R(1,0) and topR’ = Rp:/(1,0) = 2R(1,0) are (*R(3t +
1,0), R(6n - 3t +2,0)), where t € {n +1,...,2n}. Thus we have

1 2n

2n—t
Sp= ———— Z a3R(3t+1,0)f2(t—n)—1(Q)q " alR(6n—3t+2,0)
A1 R(6n+3,0) t=n+1

n-1
= (¢-1) Z‘a ¢° fon-25-1(0).

This means that the Ringel-Hall polynomial in this case is:

n-1

Ffp, =51 52 = fons1(q) - (¢ - 1) ZE) q° fan-2s-1(q) = han+1(q)-

Suppose that R = *R(6n + 3, 1), meaning that its regular-socle is ' R(1,1) and regular-top is *R(1,1).
Also, Rpr(1,1) = *R(1,1), Rpr(1,1) = *R(1,1). By a similar argumentation as in case (1) we obtain
that "

Fhp, =S81-S=(¢-1) z(:)qsf2n—2$(Q) = fon(@) = hon+1(q).

Suppose that R = 2R(6n + 3, 1), meaning that its regular-socle is 2R(1,1) and regular-top is ' R(1,1).

By a similar argumentation as in case (2) we obtain that
P
FRPO = 0
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(6) Suppose that R = *R(6n + 3,1), meaning that its regular-socle is ®R(1,1) and regular-top is *R(1,1).

By a similar argumentation as in case (3) we obtain that
p n—1
Frp, =51-52= fone1(q) = (@=1) Y. ¢° fan-25-1(q) = han+1(q)-
5=0

The case o5 =6 + 09

In this case P = P(6n + 3,4) = P,.(+2n6), thus dimR = (2n + 1)d + dim " R(1,1), so R = 'R(6n +4,1). Also,
dimP’ = né +(0,1,2,1,0,1,1), dimP” = né + (1,2,2,2,1,1,0) and Rp:(1,1) = *R(1,1), Rps(1,1) = *R(1,1),
thus 5topR,RP/(1,1) =1land 5t0pR,RPu(1,1) =0.

Since topR = ' R(1,1), there are no possible regular indecomposable pairs (R, R') in (x*) such that 0 > R —
R — R' - 0is exact and topR’ = Rpv(1,1) = ?R(1,1). Thus we have

S1 = fon+1(q).

The possible regular indecomposable pairs (R”, R') in (*) such that 0 > R - R - R’ — 0 is exact, dimR" >
dimP’, topR” = Rpn(1,1) = 2R(1,1) and topR’ = Rp/(1,1) = 'R(1,1) are (*R(3t +2,1),*R(6n - 3t + 2,1)),
where t € {n +1,...,2n}. Thus we have

1 Ell 2n—-t+1
S = > a3R(3t+2,1)f2(t*n)*1(q)q " A3 R(6n-3t+2,1)
A3 R(6n+4,1) t=n+1

n-1
= (¢-1) ZE) q° fon-25-1(a)-

This means that the Ringel-Hall polynomial in this case is:

n—1

Ffp =51 52 = fons1(q) = (¢ - 1) Y. ¢° fon-25-1() = hans1(q).
s=0

The case o =6 + 03

In this case P = P(6n + 4,4) = P, (+2nd), thus dimR = (2n + 1)§ + dim*R(1,0) + dim " R(1,0), so R =
*R(6n+5,0). Also, dimP’ = né + (1,2,2,2,1,1,0), dimP"” = nd + (1,2,3,1,1,2,1) and Rp/(1,0) = *R(1,0),
Rpr(1,0) = 'R(1,0), thus Seopp 1, (1,0) = 0 a0d Siopr R (1,0) = L

The possible regular indecomposable pairs (R”, R’) in (*) such that 0 > R - R - R’ — 0 is exact, dimR" >
dimP’, topR” = Rpi(1,0) = ®R(1,0) and topR’ = Rpr(1,0) = *R(1,0) are (*R(3t +1,0), ' R(6n - 3t + 4,0)),
wheret € {n +1,...,2n + 1}. Thus we have

1 el 2n—-t+2
Si=— ) 3 p3pe1,0)f2(t-n)-3(0)q Q3 R(6n-3t+4,0)
A3 R(6n+5,0) t=n ’ '

=(g-1) i}qsfznzsu(Q)-
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Since topR = ' R(1,0), there are no possible regular indecomposable pairs (R, R') in (x*) such that 0 > R —
R — R’ - 0is exact and topR’ = Rp:(1,0) = *R(1,0). Thus we have

So = fon+1(q).

This means that the Ringel-Hall polynomial in this case is:

FI];PO =51-52=(q-1) Y. ¢° fon-25+1(q) = fon+1(q) = hon+2(q).
s=0

C.2 The cases E7 and ]Eg

In this section we present the final results of the steps from the proof of Theorem 2.10, applied to the cases D, E7
and Eg. A detailed description would be analogous to the one presented in the previous appendix for the case Ee.

As mentioned in the proof of Theorem 2.10, we need a quiver orientation with a unique sink of defect —2. Using
symmetry, one has to consider the following orientations: Q?m withse {5,...,5+ [mT%J} the unique sink of defect
-2 in the D,,, case and Q?Z Q§7 respectively Q?S, QES in the cases E; and Eg.

Over each of the quivers above we will classify the preprojectives P into families P, 95 or P, and obtain the
corresponding Ringel-Hall polynomial. For simplicity, we will just list the generic form of the projectives P in each
family (without mentioning o). Each generic P in this list will be followed by the corresponding nonzero Ringel-Hall
number F }1; Py

Note that we will use again the notation P = P(t,), meaning that we consider the 77* shift of the projective
corresponding to vertex i. Also note that in case dimR is a multiple of J, then we have m such nonisomorphic

modules on a tube of rank m.
C.2.1 The quiver Q;ﬁm
Consider the quiver Q?m withse{5,...,5+ [mT’ZIJ} being the unique sink of defect —2:

1(1) 3(1)

N 7

5(2) s(2) m+1(2)

7 N

2 (1) 4(1)

The list of the preprojectives P and the corresponding Ringel-Hall polynomials is the following:

o in case 2s < m + 6:

(1) P =P((m=-2)n,i), Ffp = hon(q), where i e {5,...,m+ 1}~ {s};

(2) P=P((m-2)n+t,i), F]{;PO = hont1(q), where t € {1,...,s =5}, i e {d+t,m+2—t};
(3) P=P((m-2)n+s-4,1), FII%DP0 = hon+1(q), wherei € {s,...,m+1};

4) P=P((m-2)n+t,m+2-t), Fp =hon1(q), wheret e {s=3,...,m—s+1};
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(5) P=P((m=-2)n+t,m—t+s-2), F}];PO = hon+2(q), where t € {s-3,....m—-s+1};

6) P=P((m-2)n+m-s+2,i), ngo = hon+1(q), where i € {5,...,s};

(7) P=P((m-2)n+m-s+2,2s—4), F};PO = han+2(q);

8) P= P((m—2)n+t,i),F£PO = hant2(q), wheret € {m—-s+3,..., m-3},i e {t—-m+s+2,m—-t+s-2}.
+ in case 25 =m + 6:

(1) P=P((m-2)n,1), F;ZDPO = hon(q), where i € {5,... ,m+ 1}~ {s};

(2) P=P((m-2)n+t,), Fip =hon1(q), wheret e {1,..., s =5}, ie{4+t,m+2—-t};

(3) P=P((m-2)n+s-4,1), F}];PO = hon+1(q), where i € {5,...,m+1};

(4) P= P((m—?)n+t,i),F£PO = hans2(q), wheret € {m—-s+3,...,m-3},i e {t—-m+s+2,m—-t+s-2}.

Remark C.1. In the ]ﬁ)m case we have three non-homogeneous tubes with the following ranks: 2, 2, m — 2. When

dimP - dim Py = dimR is a multiple of § (this happening precisely when P is of the form P(s —4,m — s+ 6)), the

Ringel-Hall polynomial will be nonzero for exactly two non-homogeneous regulars R taken from each tube. More
precisely, if taken from a non-homogeneous tube 7 of rank m, the regular length of R is 2t pm or (2¢tp + 1)m and

the regular top is Rh(1,¢) or R%(1,e) (see Lemma 2.2).

C.2.2 The quiver Q?
Consider the quiver Q? of type E7 having its unique sink the vertex 2, thus Py = Sy:

8(2)

1(1) 2(2) 3(3) 4(4)<=—5(3) 6(2) 7(1)

In this case we have three non-homogeneous tubes: 7., of rank 2, 7y of rank 3 and 77 of rank 4. The regular-simples

of these tubes are:
« 'R(1, ) of dimension ( L113110) ?R(1, 00) of dimension (0125211)

« 'R(1,0) of dimension (oo01Y110) ?R(1,0) of dimension (0112111) and ®R(1,0) of dimension
(11111 00)

« 'R(1,1) of dimension (bo11000) ’R(1,1) of dimension (000%100) ®R(1,1) of dimension

(o111110) and4R(1,1) of dimension (; 191 1)
The list of the preprojectives P and the corresponding Ringel-Hall polynomials is the following:
(1) P=P(12n+3,2), Ffp = han(q);
(2) P=P(12n+4,2), Ffp = hon1(q);
(3) P=P(12n+8,2), Ffp = honi1(q);
4) P=P(12n+9,2), Ffp = honsa(q);
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(5) P=P(12n+12,2), FEp = hania(q) for R="R(1,00),>R(1, 00),”R(1,0),*R(1,0),”R(1,1), " R(1,1);
(6) P =P(12n,6), Ffp = han(q);
(7) P=P(12n+1,6), Ffp = honi1(q);
(8) P=P(12n+4,6), Ffp = hane1(q) for R="R(1,00),?R(1,0),%R(1,0),’R(1,0),” R(1,1),  R(1,1);
(9) P=P(12n+7,6), Ffp = hane();

(10) P=P(12n+8,6), Ffp = hanea(q);

(11) P =P(12n,8), Ffip = hon(q);

(12) P =P(12n+3,8), Ffp = hons1(q):

(13) P =P(12n+6,8), Ffp = hons1(q):

(14) P=P(12n+9,8), Ffp = hons2(q).

C.2.3 The quiver Q5"
Consider the quiver Q;E7 of type E; having its unique sink the vertex 8, thus Py = Sg:

8(2)

1(1) 2(2) 3 (3) 4(4)~——5(3) 6 (2) 7(1)

In this case we have three non-homogeneous tubes: 7o, of rank 2, 7y of rank 3 and 77 of rank 4. The regular-simples

of these tubes are:
« "R(1, 00) of dimension (| ; 41 1 )> “R(1, 00) of dimension (, ;1 44, 1);

« 'R(1,0) of dimension (001%100) 2R(1,0) of dimension (0111110) and 3R(1,0) of dimension

(111%111);

« 'R(1,1) of dimension (111%100),2]%(1,1) of dimension (500%:10) ®R(1,1) of dimension

(bo11i111) and *R(1,1) of dimension (1 1 {0 0)-
The list of the preprojectives P and the corresponding Ringel-Hall polynomials is the following:
- P _ .
(1) P=P(12n,2), Fgp = han(q);
(2) P=P(12n+3,2), Ffp = hon1(q);
(3) P=P(12n+6,2), Ffp = honi1(q);
(4) P=P(12n+9,2), Ffp = honia(q);
— P _ .
(5) P=P(12n,6), Fpp = h2n(q);
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(6) P=P(12n+3,6), Ffp = hons1(q);
(7) P=P(12n+6,6), Ffp = honi1(q) ;
8) P=P(12n+9,6), Ffp = honia(q);
(9) P =P(12n+2,8), Ffp = han(q);
(10) P =P(12n+4,8), Ffp = hone1(q);
(11) P = P(12n+6,8), Ffp = han(q) for R="R(1,00),’R(1,0),%R(1,0), R(1,0)," R(1,1),” R(1,1);
(12) P = P(12n+8,8), Ffp = hons1(q);
(13) P = P(12n+10,8), Ffp = hons2(q);

(14) P = P(12n+12,8), Ffp = hansa(q) for R="R(1,00),”R(1,00),”R(1,0),” R(1,0), ' R(1, 1), R(1,1).
. E
C.2.4 The quiver ),*
Consider the quiver Q?B of type Eg having its unique sink the vertex 1, thus Py = S;:

9(3)

|

1(2) 2 (4) 3 (6) 4(5) 5 (4) < 6 (3) 7(2) 8 (1)

In this case we have three non-homogeneous tubes: 7o, of rank 2, 7y of rank 3 and 7; of rank 4. The regular-simples

of these tubes are:
+ 'R(1, ) of dimension ( 12322110) “R(1, o) of dimension (12882211)

« 'R(1,0) of dimension (01211700)> ?R(1,0) of dimension (112921110) and *R(1,0) of dimension

(12222%11)2

« 'R(1,1) of dimension (bo0111900) ?R(1,1) of dimension (! 00) *R(1,1) of dimension

(o1111910) and4R(1,1) of dimension (1 151 1711)> 5R(1»1) of dimension (1110 ¢00)-
The list of the preprojectives P and the corresponding Ringel-Hall polynomials is the following:

(1) P =P(30n+3,1), Ffp = hon(q);

(2) P=P(30n+5,1), Fp = han(q);

(3) P =P(30n+10,1), Ffp = hons1(q);

(4) P=P(30n+12,1), Ffp = hane(q);

(5) P=P(30n+15,1), Ffp = hane1(q) for R="R(1,00),?R(1,00),%R(1,0),’R(1,0),”R(1,1)," R(1,1);
(6) P=P(30n+18,1), Fip = hone1(q);
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(7) P =P(30n+20,1), Ffp = hon1(q);

(8) P=P(30n+25,1), Ffp = hane2(q);

(9) P=P(30n+27,1), Ffp = hansa(q);
(10) P = P(30n+30,1), Ffip = hansa(q) for R="R(1,00),”R(1,00),”R(1,0),”R(1,0),*R(1,1), R(1,1);
(11) P = P(30n,7), Flip, = hon(q);
(12) P = P(30n+3,7), Fp =han(q) ;
(13) P =P(30n+6,7), Ffp = hona1(q);
(14) P=P(30n+9,7), Ffp = hone1(q);
(15) P =P(30n+15,7), Flp = hona1(q);
(16) P =P(30n+18,7), FEp = hon.1(q);
(17) P =P(30n +21,7), FEp = hona(q);

(18) P = P(30n+24,7), Ffp = honsa(q).
C.2.5 The quiver Qgg
Consider the quiver QES of type Eg having its unique sink the vertex 7, thus Py = S7:

9(3)

|

1(2) 2(4) 3(6) 4(5) 5(4) —=6(3) 7(2) 8 (1)

In this case we have three non-homogeneous tubes: 7o, of rank 2, 7y of rank 3 and 77 of rank 4. The regular-simples

of these tubes are:
+ 'R(1, ) of dimension ( 12322111) “R(1, o) of dimension (12882510)

« 'R(1,0) of dimension (01211100) ?R(1,0) of dimension (12222110) and *R(1,0) of dimension

(11221%11)2

« 'R(1,1) of dimension (bo111000) ?R(1,1) of dimension (01110800 *R(1,1) of dimension

(11211110) and “R(1,1) of dimension (01111111 "R(1,1) of dimension (; 11111 0)-
The list of the preprojectives P and the corresponding Ringel-Hall polynomials is the following:
(1) P =P(30n,1), Ffp = han(q);
(2) P=P(30n+3,1), Fp = han(q);
(3) P=P(30n+6,1), Ffp = hons1(q);
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4) P=P(30n+9,1), Ffp = hons1(q);

(5) P =P(30n+15,1), Ffp = hons1(q);

(6) P=P(30n+18,1), Ffp = hone1(q);

(7) P =P(30n+21,1), Ffp = honia(q);

(8) P =P(30n+5,7), Flp = hon(q);

(9) P=P(30n+6,7), Ffp = hane(q);
(10) P = P(30n+9,7), Ffp = hon(q);
(11) P =P(30n+10,7), Fip = hon.1(q);
(12) P = P(30n +15,7), Fip = hans1(q) for R ="R(1,00),”R(1,00),”R(1,0),”R(1,0),*R(1,1), R(1,1);
(13) P = P(30n+20,7), Ffp = hone1(q);
(14) P =P(30n+21,7), Ffp = hons2(q);
(15) P =P(30n +24,7), FEp = hona1(q);
(16) P =P(30n+25,7), FEp = hona(q);

(17) P = P(30n+30,7), Ffip, = hans2(q) for R="R(1,00),”R(1,00),”R(1,0),” R(1,0),’ R(1,1), R(1,1).
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