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Preface

The book presents modern results in discrete mathematics and combina-
torics, its purpose being to popularise recent developments in this area, and
to encourage further research. Structured in ten chapters, it provides theo-
retical results illustrated by many examples and applications.

The first part of the book is dedicated to useful identities for polynomials,

sums and products, along with methods of proof and counting strategies.

Chapter 1 presents fundamental identities and techniques required for
efficient work with quadratics and polynomials of higher degree.
Chapter 2 is dedicated to important examples of sums and products, in-
cluding telescopic sums, sums of perfect powers, trigonometric sums and
finite products.

Chapter 3 presents fundamental proof techniques, including proof by
contradiction, induction, or by the pigeon hole principle.

Chapter 4 is devoted to counting strategies. Here we review permuta-
tions, combinations, binomial coefficients. We present numerous results
for classical sets and also for multisets. We then illustration the inclusion-
exclusion principle, and counting strategies focused on bijections, or mul-
tiple ways of counting, as well as by using Hall’s marriage theorem.

The second presents key results regarding generating functions and re-

cursive processes, with an emphasis on recent work on sequences of Lu-
cas and Pell-Lucas polynomials, and integral representations for classical
sequences.

In Chapter 5 we discuss the general theory of ordinary and exponential
generating functions, supported by numerous examples. In this context
we also present a useful versions of the Cauchy integral formula, which
has many applications.

Chapter 6 is dedicated to recursive processes, with separate sections for
tirst, second, and higher-order linear recursions. We then discuss the se-
quences of Lucas and Pell-Lucas polynomials, for which we provide or-
dinary and exponential generating functions, as well as explicit formu-
lae for Fibonacci, Lucas, Pell and Pell-Lucas polynomials. In particular,
we discuss applications to classical sequences, for which we also provide
some integral representations.
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The third part of the book is devoted to special polynomials, starting with
polynomials in multiple variables, followed by cyclotomic and inverse cy-
clotomic polynomials.

¢ Chapter 7 presents key results on symmetric polynomials, presenting
Newton’s formulas, along side number theoretic applications.

¢ Chaper 8is devoted to cyclotomic polynomials and their numerous appli-
cations. We start with some background information on arithmetic func-
tions, Mobius function and Ramanujan sums. We then discuss the def-
inition and basic properties of the cyclotomic polynomials, along with
results on the magnitude (Suzuki), integral formula, or various recent re-
current formulae for the coefficients of cyclotomic polynomials, some of
which are original. In a similar framework we also analyse the inverse
cyclotomic polynomials, whose investigation is more recent.

* Chapter 9 presents a variety of special polynomials, including polygonal,
Gaussian, multinomial, Catalan polynomials, for which we discuss recur-
sive and integral formulae for the coefficients, related integer sequences,
and combinatorial interpretations. Much of this work involves original
research results published by the authors in the recent years.

Finally, Chapter 10 is devoted to the study of special types of ordered par-
titions of sets of multisets. We start from the classical signum equations, and
then build the theory allowing us to study k-partitions with equal sums of
multisets, whose number is computed using integral formulae. The results
are linked to diophantine equations and novel integer sequences.

The book comes with 244 references suggesting further reading, and an
index to help the readers to easily navigate the contents. It can be a useful
resource for researchers and scholars interested in recent advances in the
field of discrete mathematics, postgraduate students in college or university
and their instructors, or advanced high school students.

We would like to thank Professor Andrei Marcus and Associate Professor
Cornel Pintea for their constructive remarks and suggestions, which helped
us improve the quality of the manuscript. We also thank them for recom-
mending this book for publication.

Special thanks to our families for their continuous and discrete support.

The authors
February 2023



Preface vii

Preface to the Second Edition

This Second Edition of the book is motivated by the significant number of
results published over the last two years, concerning the coefficients of the
cyclotomic and inverse cyclotomic polynomials, for which we have found
new integral and recursive formulae involving Ramanujan sums [23, 24],
upper bounds of coefficients [29], and closed formulae and properties of the
coefficients of ternary cyclotomic and inverse cyclotomic polynomials [30].
Other authors have also extended and applied our work [131, 265].

Chapters from the first edition of this book were used for and discussed
in a course on Discrete Mathematics at Babes-Bolyai University. This experi-
ence has allowed us to incorporate new problems and discussions that arose
during lectures and seminars into this revised edition. These additions aim
to enrich the reader’s understanding by addressing practical questions and
enhancing theoretical insights. Several minor typos were also detected and
corrected during these interactive sessions.

Furthermore, Chapter 3 has been expanded with illustrative examples
related to the pigeonhole principle and mathematical induction, linked to
the solution of some recent Olympiad problems. Additionally, a new sec-
tion dedicated to Erd6s-Surdnyi sequences has been added, broadening the
scope of topics covered.

Finally, we have included recent citations and applications of the results
presented in this book, and updated the bibliography.

The authors
December 2024
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Chapter 1
Identities. Polynomials

1.1 Basic identities

We start by exploring various polynomial identities that are commonly used
in mathematics and emphasize some of their practical applications. Identi-
ties are an essential tool in solving many mathematical problems, ranging
from problems in algebra to geometry and beyond. They frequently allow
one to simplify expressions and evaluate complicated functions.

1. Difference of powers.
a" —b" = (a—b)(a" B0 +a" 2 4 - 4 a0 4 b a0,
Some useful forms of this identity occur for n = 2 where we have
> — 1> =(a—Db)(a+b),
and for n = 3 in which case
a® — b = (a—b)(a® +ab+b?).

Note that when 2 = 1 one obtains the sum of a geometric series

2 no1_ 0" -1
T+b+b*+- + b = ——.
b—1
2. Sum of odd powers.
a2n+1 + b2n+1 — (LZ + b) (a2nb0 _ a2n—1b1 4 alen—l + bZnQO).
This identity follows by substituting b’ = —b into identity 1. The most com-

mon form is obtained for n = 1, giving the sum of cubes:

a® 4+ = (a+b)(a® —ab+b?).
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Also, when a = 1, one obtains the sum of an alternate geometric series:

b2n+l 41
1—p b2 '“_b2n—l bani
e + b+1
3. Product of sums of powers.
on _ on
x° —a
(x+a)(x®+a%) - (P L a? 1) = — (1.1)

The proof to this identity follows by multiplication of both sides by x — a
and by successive application of the difference of squares formula

(u—0)(u+0) =u® -2

After n — 1 steps we get
(xznfl o a2n71)(x2n71 + aznfl) _ xzn - azn,

and this relation is obvious since

L L (xzn—l)z . (azn—l)z‘

4. Collapsing trinomial factorization.

n+1 n on n+1
2n) 2+ 1% e + a?

n n—1 n—1
(x> —ax+a?) - (x¥ —x*" a® 4+4¥) = 5 5
x“+ax+a

The idea of proof is similar to the proof given for the previous identity.
Multiply both sides by x? + ax + a* and use successively the relation

(u? 4+ uv + 0?) (u? — uv 4 %) = (u® + v*)? — (uv)? = u* + u?0* + o*.

After n steps we get

(xzn + xznflaznfl + (12”)(](2” - xznfl aznfl + azn) _ x2n+1 + xzn azn + a2n+1’
and the last relation is true because the same argument.
Example 1.1. Let n be a positive integer. Prove the identity

2442 |1 = (2201 ol g ) (@2t _pntl | q),
Solution. We have
(2211 4 onHl | 1) (22041 _pntl 1y = (92041 4 1)2 _ (pnH1 )2

— 24n+2 + 22714—2 + 1— 22714—2 — 2471+2 + 1.
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Example 1.2 (Balkan 1997). Let x,y be non-zero real numbers with |x| # |y| and

2

2 Py L
2oz g2

for some real number k. Find in terms of k the value of

8 8

B+ KBy

Solution. The equality

x2+]/2 x2_y2_

Pz I R IR =k

implies
(xz +]/2)2 4 (xz _ yZ)Z .

P -
hence

Ayt ok

14— y4 o’

x\? k+2

from where one obtains <y> =i Therefore

x8 +y8 x8_y8 _ (x8+y8)2+(x8_y8)2 2(x16+y16)
xS_yS x8_|_y8 x16_y16 x16—y16
k+2\*
(ka) ‘1
=2 =2 .
(k+2)4 . (k+2)* — (k—2)*
k—2)

Example 1.3. Find a relation between the numbers a,b,c if
x—i—l—a —|—1—b x—i—i—c
x Y y Y xy

Solution. We have

hence
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On the other hand
X,y IN_ 2, 11
<y+x><xy+xy>—x +y +x2+y2

1\2 1\?
:(x+> +<y+> —4=0"+1*—4,
x y

(ab—c)c = a* +b* — 4.

hence

The desired relation is
a* + b* + ¢® — abc = 4.
Example 1.4 (Balkan 2000). Let x,y be integers such that
X +% + (x +y)* + 30xy = 2000.
Prove that x +y = 10.
Solution. We have
E=x+y°+ (x+y)® +30xy — 2000
=2(x + )% — 3x%y — 3xy? + 30xy — 2000
=2[(x +y)® — 1000] — 3xy(x + y — 10)
= (x+y—10)[2((x +y)* +10(x + y) + 100) — 3xy]
= (x +y —10)(2x?* + xy + 2y* + 20x + 20y + 200)
= (x +y — 10)F.

Since

F = 2x% 4 xy + 2y* + 20x + 20y + 200
= (2% + xy + v?) + (¥* + 20x + 100) + (4> + 20y + 100)

_ 24y ()
B 2

it follows that x 4 y = 10.

+ (x4+10)% + (y + 10)> > 0,

Example 1.5. Let f;, = 22" 41,1 =0,1,..., be the Fermat’s numbers. Prove that

fn:f()fle"'fn—l + 2.

Solution 1. By formula (1.1) (product of sum of powers) for a =1 to get

+ 1)@+ DE D). 1) =
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Taking x =2 one obtains fo - f1 - fa...fn—1= 22" _ 1, hence if follows that
fu=fo-f1-f2...fu—1+2,and we are done.

Solution 2. We have
=22 41=22"2 1= (f 12+ 1= f2 —2fii +2,
hence fy —2 = fr_1(fx_1 — 2). Multiplying for k = 1,2,...,n yields
fn=2=fu1...fi- fo(fo—2),
and since fy = 3, we obtain the desired relation.

Example 1.6. Factorize (x +y + 2)3 —x3— y3 -z

Solution. Let E = E(x,y,z) be the expression to be factorized. Using the dif-
ference of cubes and the sum of cubes, we have

E=(x+y+2°—2— (1P +2°)
=W+2)[(x+y+2)?+x(x+y+2z)+x% - (y+2)(y* —yz+2?)
= (y+2)(3x% +3xy + 3yz + 3zx) =3(x + y) (y + 2) (z + x).

Remark. From the above factorization it follows that
(x+y+z)P=x+y°+2°
ifandonlyifx +y=0o0ry+z=0,0rz+x=0.

Example 1.7. Let a # 1 be a complex number and let n be a positive integer. Prove
the identity

A+a+a*+-+a")1+a""HY=1+a+a*+ - a1
Solution. Just multiply in the left hand side and get
(I+a+a*+-+a")+ @ +a"2 4+ 4o =1+a+ +a2

Example 1.8. Show that if a,b,c € C satisfy abc #0and a+ b+ ¢ =0, then

1 1 1
=0.
R oSy B Ry

Solution. We have a = — (b + ¢), hence we get
—a* + b+ = —(b+c)?+ b +c* = —2bc.
Similarly,

2 —b*+c*=-2ac and a®+b*—c*=—2ab.
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Therefore,

1 Lot 1111
—2 42+ -2 4+2 242 —2 2\bc ac ab

1
——%(a—i—b—i—c)—o.

Example 1.9. Let n > 1 be an integer. Prove that 3" — 1 contains in its factoriza-
tion at least 2n 4 1 primes, not necessarily distinct.

Solution. From identity (1.1) we have

32 —1=203+1)(3%+1)--- (3" +1)
=23(32+1)--- (327" +1).
Each factor 32 + 1,322 +1,... ,32’771 + 1is even, hence it is divisible by 2. We

get 3 +n —1=n+ 2 factors of 2. We also have at least n — 1 other primes in
factorization of 32" — 1, and the conclusion follows.

Example 1.10 (Romania 2000). If x,vy,z,t are non-zero real numbers. Determine
the sum x + y + z + t if the numbers satisfy

X+y+z=t
i1,1,1_1
x y oz ot

X+ y° +2° = 1000°.
Solution. Multiplying the first two relations we get
(x +y+2z)(xy +yz +zx) = xyz,

hence
(x+y)(y+z)(z+x) =0,

from where x +y =0,y +z=0,0rz+x =0, thatis x + y + z + t = 2t. From
the last equality we get t = 1000, hence x + v + z + t = 2000.

1.2 A useful identity

The following factorization occurs in a large number of problems, but ow-
ing to its relative obscurity is oftentimes overlooked. It can make a problem
much easier! For any complex numbers a,b,c, we have

a® + b2 + ¢ —3abc = (a+b+c)(a® +b* + * —ab — bc — ca). (1.2)
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Proof 1. Multiply the factors on the right hand and cancel the similar terms.

Proof 2. Let P denote the polynomial with roots a, b, c:

P(X)=X®—(a+b+c)X?>+ (ab+ bc+ ca)X — ab.

Because 4, b, c satisfy the equation P(x) = 0, we obtain
a® — (a+b+c)a® + (ab+ bc + ca)a — abc =0,

b — (a+ b+ c)b® + (ab + bc + ca)b — abc =0,
3 —(a+b+c)c®+ (ab+ bc+ ca)c — abc = 0.
Adding up these three equalities yields

P4+ —(a+b+c)(a®+b*+c*)+ (ab+be+ca)(a+b+c) —3abe=0.

Hence

a® + 0%+ —3abc = (a+b+c)(a*+b* 4 ¢ — ab — bc — ca).

Proof 3. Another way to obtain the identity (1.2) is to use the determinant:

abc
D=|cab|.
bca

Expanding D, we obtain
D=a>+b>+ ¢ — 3abe.

On the other hand, adding all columns to the first one gives

a+b+cbc 1bc
D=|a+b+cab|=(a+b+c)|lab
a+b+cca lca

=(a+b+c)(a®+b*+c*—ab—bc —ca).
Remark. 1° Whenever a + b + ¢ = 0, we have that

a3+ b3 + & = 3abe.

(1.3)

2° Fora,b,cG]Ronehasa3—|—b3+c3:3abcifandonlyifa+b+c:00r

a=Db=c.Indeed, if a + b + c # 0, then from (1.2) we get
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a* +b*+c* —ab—bc—ca=0.

Thatis (a — b)? + (b —¢)? + (c — a)? = 0, and the conclusion follows.

3° As we have seen above, the expression
a* +b*+c* —ab—bc—ca

can also be written as

%[(a b2+ (b= 4+ (c—a)?].

We obtain another version of the identity (1.2):

P 4B+ — 3abe — %(a—i—b—i—c)[(a— b)2 + (b — ) + (c — a)?).

4° The complete factorization of a® + b3 + ¢ — 3abc is
@+ b+ —3abc=(a+b+c)(a+bw+cw?)(a+bw+cw?)  (14)
where w is a cubic root of unity different from 1. Indeed, let us regard
a* +b*+c*—ab—bc—ca
as a quadratic in a, with parameters b, c. This quadratic has discriminant
A= (b+c)?—4(b*+c*—bc)=—3(b—c)>

Hence its roots are

:b+c—i(b—c)\@:b1—i\/§+cl+i\@

a 2 2 2
and
bt+c+ib—c)V3 1+iV3  1-iV3
ap = =b +c .
2 2 2
—1+1iV3
Setting w = —;l\[, one of the primitive cubic roots of the unity, we have
, —1—iV/3
W= —-—,
2
hence a1 = —bw — cw? and ay = —bw? — cw. This gives the factorization

a* +b*+c® —ab—bc — ca = (a+ bw + cw?)(a + bw? + cw),

which leads to the identity (1.4).
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Example 1.11. Factor (x + 2y — 3z)% + (y + 2z — 3x)® + (z + 2x — 3y)°.
Solution. Denote
a=x+2y—3z, b=y+2z—-3x, c=z+2x—-3y,
and observe that a + b + c = 0. By (1.3) it follows
a® + b3 + 3 = 3abc,
hence the desired factorization is

(x+2y —32)° + (y +2z — 3x)° + (z +2x — 3y)®
=3(x+2y —3z)(y + 2z — 3x)(z + 2x — 3y).

Example 1.12. Let a,b, c be integers such that
(a—b)>+ (b—c)*+ (c —a)? = abc.
Prove that a® + b3 + ¢ is divisible by a + b + ¢ + 6.

Solution. We first notice that at least one of 4, b, ¢ is even. Indeed, if a,b, c are
all odd, the left-hand side of the given equality is even while the right-hand
side is odd, a contradiction. Because

a® + b+ —3abc = (a+b+c)(a* +b* 4 c* —ab —bc — ca),

and
2,32, 2 1 2 2 2 _ abc
a-+ b +c —ab—bc—ca:E[(a—b) +(b—c)*+ (c—a) ]:7,
we get
a3+b3+c3—3abc:(a+b+c)azﬂ,
hence ;
a3+b3+c3zaz—c(a+b+c+6),

. abc . . .
and since > is an integer, the conclusion follows.

Example 1.13. Prove that

i/45+29¢§+ i/45—29¢§

is a rational number.

Solution. Let g = \3/ 45 +29/2 + \3/ 45 — 29+/2. Because
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a— i/45+29f— i/45—29ﬁ:0,

we have

a® — (45 +29V2) — (45 —29v2) = 3a {/(45 +29v/2)(45 — 29V/2),

which is equivalent to
a®—21a—90=0

or
(a—6)(a® +6a+15) =0.

The equation a? + 6a + 15 = 0 has no real roots; hence

i/45+29\f2+ i/45—29f2=6,

a rational number.

Example 1.14. Let r be a real number such that

1

. 1
Determine the value of r° + =5
r

1
Solution. From /7 + 7

— 3 =0, we obtain

1 1
+ =27 =3Yr——=(-3)=—
r ; 3\/77%( 3) 9,

1 1
which gives r + o= 18. Now, from r + P 18 = 0, it follows that

1 1
r+ = —18 =3r—(—18) = —3-18,
r r

hence

1
r+—=18"-3-18
r

1
Again, from 13 + 3 (18 —3-18) =0, we get

1
P — 5= (18% —3-18)3 = —3(18° - 3-18),

therefore 1
e = (18% —3-18)% —3(18% — 3-18).
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Example 1.15. Let a,b, and c be the side lengths of a triangle. Prove that

Vﬁ+ﬁ+&+wm

5 > max{a,b,c}.

Solution. Assume, with no loss of generality, that a > b > c. We have to
prove that

jﬁ+ﬁ+&+wm
5 >a,

which is equivalent to
—a® + 1% + 3 + 3abc > 0.

Since
—a3 + b + 3 4 3abe = (—a)® + > + 3 — 3(—a)be,

the latter expression factors into

%(—a+b+c)((a+b)2 +(a+c)*+ (b—c)?).

The conclusion follows by the triangle inequality b + ¢ > a.

Example 1.16. Factorize (x — y)> + (y — z)® + (z — x)3.
Solution. Observe that if a + b + ¢ = 0, then it follows from (1.2) that
a® 4+ b® + ¢ = 3abc.

Because
(x—y)+{y—2)+(z—x)=0,

we obtain the factorization

(=9’ +(y—2°+(z-2)°=3(x-y)(y—2)(z ).

Example 1.17. Prove the arithmetic-geometric mean inequality for three nonnega-
tive real numbers x,y, z.

Solution. We will show that
x+y+z>

3 > Jxyz,

3

with equality for x = y = z. Setting x = a3, y = b®, z = ¢3, we have
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x+y+z—3Yxyz=a’+b>+c - 3abc
1
= E(a +b+c)[(a—b)>+ (b—c)*+(c—a)?.
As the right-hand side is nonnegative, we must have a +b 4 ¢ > 3+v/abc as
desired. Furthermore, equality occurs only when the right-hand side of our
relation is zero, namely, when x = y = z, which is equivalent toa = b = c.

Example 1.18. Show that \3/ 2++5+ %/ 2 — /5 is a rational number.
Solution. Set x = \3/ 2+ /5, y= \/3 2 —+/5,z = —1. Then we have
x3+y3—|—z3—3xyz:2+\@+2—\/5—1—3(—1)\3/?:0‘

Hence
(x+y+2)[(x -y +(y-2>+(z-x? =0

As x # y # z, we must have
(x=y)?+ @ —2>+(z-x?>0

Hence x +y +z =0, x +y =1 as desired.

Example 1.19. If a,b,c € Z satisfy a + b2+ cv/4=0,thena=b=c=0.
Solution. Set x =4,y = b¥/2, z = v/4. Then we obtain
By +2 -3xyz=(x+y+2) (P +y?+2%2—xy—yz—zx) =0.

Hence we have
a3 + 2b% + 4¢3 = 6abc.

Suppose that a’,b’,¢’ are not all zero. Without loss of generality, suppose that
a,b,c are relatively prime. Taking our relation modulo 2, we find that =0
(mod 2). Hence a = 24’ for some integer a’. Then we have

8a’® +2b° + 4c® = 124'be.
Dividing through by 2, we get
40" + 1% + 2% = 6a'be.
Working modulo 2, we find that b = 2b’ for an integer b’, hence we may write
40" + 81" 4 2¢3 =124'V'c.

Dividing through by 2, we get
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20 +4b"® 4 3 =6a'lc.

Working modulo 2 a third time, we find that ¢ = 2¢’ for some integer c.
Hence all of a,b, c are divisible by 2, contradicting our earlier assumption. It
follows that a = b = c = 0, which ends the proof.

Example 1.20. Show that there exists a unique equilateral triangle with vertices on
the graph of the equation
P43y +yP =1

Find the area of this triangle.
Solution. Set z = —1. Then we have
4+ +2° = 3xyz =0.
Hence either
x+y+z=0 or (x—y)?>+(y—2°>+(z—-x)2=0.

In the former case, we have x +y = 1. In the latter case, we have x =y = —1.
Hence the graph of this equation consists of one line and a point not on that
line. Hence any equilateral triangle with vertices among the points of the
graph mush have one vertex at (—1,—1), and altitude from this vertex to
the point (1/2,1/2). Then in this case such an equilateral triangle must be
uniquely determined, and have area

(3v2/2)?/V/3=3V3/2.

1.3 Working with quadratic polynomials

A quadratic polynomial is any polynomial of the form

f= ax? +bx+c, (1.5)

with a,b,c complex numbers, with a nonzero. The most important theoreti-
cal results regarding the quadratic polynomials are the following.
The zeros of f are the roots of the quadratic equation

ax? 4+ bx +c=0. (1.6)

If A = b? — 4ac is its discriminant, then the zeros of f are given by

—b+VA ~b—VA
NE o T (1.7)
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If A =0, then the quadratic equation (1.6) has one double root

b
xlzxzz—z.

From (1.7), we easily can deduce the formulas
x|+ X = —QI X1x2 = E,
a a
called Viete’s relations. Further, we have the factorization
f=a(x—x1)(x —x3). (1.8)
Example 1.21. Factorize b* — 2ab* + a> — b*> +2b — 1.

Solution. Looking at E(a,b) = b* — 2ab? + a> — b?> + 2b — 1 as to a quadratic
polynomial in 4, we have

E(a,b) = a® — 2b%a + b* — b* +2b — 1.
The discriminant of equation E(a,b) = 01is
A=4b* —4(b* — > +2b—1) =4(* -2b+1)=[2(b - 1))%
The roots of E(a,b) =0area; =b*>+b—1and ap = b*> — b+ 1, and it follows
E(a,b)=(a—1?—b+1)(a—P+b—-1)=F*+b—a—1)b*-b—a+1).

Remark. To factorize E(a,b) in linear factor on b over C, we can write

1\2 5

2 —_ —_ = — —_ —_
b*4+b—a—-1 <b+2) <a+4>
= b+1+ a—|—§

- 2 4

1\2 3
2 — - _ v
—b—a+1 (b 2) (a 4>

Example 1.22. Write the polynomial
P(x) =ax* +bx® +cx® +dx +e

as a product of two quadratic polynomials, ifa +d =b+e =c.
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Solution. We can write

P(x)=ax*+bx® +cx’> + (c—a)x+c—b

—ax* —ax+b®—b+cex+cex+c

=ax(x® = 1) +b(x* 1) +c(x? +x+1)
:(x2+x—|—1)[ax(x—1)—I—b(x—1)+C]
:(x2+x+1)[ax2+(b—a)x+0—b]-

Example 1.23. Solve the equation
- em+ 1)+ (m -1+ 2m* 4+ 1D)x+m=0,
where m is a real parameter.
Solution. For m = 0 the equation becomes
B x=0

and hasroots x1 =0, xp = —1, x3 = x4 = 1.
If m # 0, we will solve the equation in terms of m. We have

2em? + (x® =203 + 1)m4x* — 2% =22 4 x=0
and
A= =23+1)2—8x%(x® —x? —x4+1) = (2x° =322 + 1)

It follows that

2
2 _xt =1
mp =x"—xand my = .
2x

The initial equation becomes

= @ =) [m = 5 <0

Hence

x* — x — m = 0, with solutions X1p =

1++/14+4m
2
and
x% — 2mx — 1 = 0, with solutions X34 =m=+ 1+ m2
Example 1.24. Factorize

E(a,b,c) =a*(b+c) 4+ b*(c +a) + c*(a + b) + 2abc.
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Solution 1. Let us look at E(a,b,c) as at a quadratic polynomial in 2 and get
E(a,b,c) = (b+ c)a* + (b* 4 c* + 2bc)a + b*c + c?b.

The discriminant of E(a,b,¢) =0 is
A= (b+c)* —dbc(b+c)>=(b+c)*(b—c)>=[(b+c)(b—c)]?
and the roots are a; = —c and a, = —b. It follows
E(a,b,c)=(b+c)(a+Db)(a+c).
Solution 2. As in previous solution, we have
E(a,b,c) = (b+c)a® + (b+c)?a+be(b +c),
hence

E(a,b,c) = (b+c)[a® + (b +c)a+ bc]
=b+c)la(a+b)+cla+b)]=(b+c)(a+b)(a+c).

Example 1.25. Factorize x*(y — z) + y?(z — x) + 2%(x — y).

Solution. Let E(x,y,z) = x*(y — z) + y*(z — x) + z?(x — y) and write
E(x,y,z) = (y — 2)x* + (22 — y*)x + y°z — Z%y.

The discriminant of E(x,y,z) = 01is

A= (2 =) =4y —2)(y’z = 2%y) = (2 —y*)* —dyz(y — 2)?
=(y-2’y-2’=-2)"
It follows x1 =y, xo = z and we get
E(vy,2) =y —2)(x —y)(x —2).

Solution 2. We have

E(x,y,z) = (y — 2)x* + (22 —y*)x + y?z — 2%y
=(y—2)[x* = (y +2)x +yz
= (y —2)(x® —yx — zx + y2)
=y —2)x(x—y) —z(x —y)]
=(y—z)(x—y)(x—2z)
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Example 1.26. Factorize
E(a,b) =2a> —b* +ab—5a+b +2.
Solution. Looking at E(a,b) as a quadratic polynomial in a, we have
E(a,b) =2a> + (b—5)a — b* +b +2.
The discriminant of equation E(a,b) =0 is

A=(b—52+80b>—b—2)=9b*—18b+9=9(b—1)%

Applying the formulas (1.7) we get the roots a; = b+l anda; = —b+2.

From the factorization (1.8) it follows
E(a,b) :2<u— b—;l) (a+b—-2)=2a—b—-1)(a+b-2).

Example 1.27. Factorize
E(a,b,c) = 2a% + 4b* — c* — 6ab + ac.

Solution. We proceed in a similar way as in previous example. Let us look
at E(a,b,c) as at a quadratic polynomial in 2 and get

E(a,b,c) =2a* — (6b — c)a + 4b* — c*.
The discriminant of equation E(a,b,c) =0 is
A = (6b — c)? — 8(4b* — ¢?) = 4b% — 12bc + 9¢* = (2b — 3¢)>.
2b+c

From formulas (1.7) we get the roots a; =2b — c and a; = 5 hence we

obtain the factorization

_2b+c
2

E(a,b,c)=2(a—2b+c) <a ) =(a—2b+c)(2a—2b—c).

Example 1.28. Factorize the polynomial
P=2x*+x>+3x* +x+2.

Solution. We can write

p=x2(2+ )+ (v )+,
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If we denote x + % =y, then x> + % = y? — 2 and we get
P=x*2P+y—-1)=x2(* =1+ v*+y)
=y -Dy+D+yy+ D=2y + 12y -1)
=x? (x—i—i—kl) (2x+i—1> =2+ x+1)(2x% —x+2).

To factorize P into linear factors we solve the quadratic equations

2 +x+1=0 and 2x2—x+2:0,

and use (1.8). It follows

2 2 4 1 .

Example 1.29. Factorize
E(a,b,c) = 2(a*b? + b*c* + c?a®) — (a* + b* + ).
Solution. Consider E(a,b,c) a as polynomial in 4, and get
E(a,b,c) = —a* +2(b* + ¢*)a® — (b* — c?)2.

In order to solve the equation E(a,b,c) = 0, we denote a> = x, and get the
discriminant

A =4(b* 4 c*)? — 4(b* — ®)? = 16b*c>.
It follows the roots
xp = b*+c® +2bc= (b +c)?
Xy =b*+c? —2bc = (b—c)>.
Hence, we obtain the factorization

E(a,b,¢) = —(x —x1)(x —x2) = —[a® — (b +¢)?][a* — (b —¢)?]
=—(a+b+c)la—b—c)(a+b—c)(a+c—Db)
=(a+b+c)(—a+b+c)a—b+c)(a+b—c).

1
Remark. If 4,b,c are the side lengths of a triangle, then s = E(a +b+c)is

the semiperimeter and the above formula becomes
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E(a,b,c) = 16K?,

where K is the area of the triangle.

Alternative solution. We can write

E(a,b,c) = 4b*c®> — (—a* +b> + 2)?> = [(b + ¢)* — a?][a®> — (b — ¢)?]
=(a+b+c)(—a+b+c)a—b+c)(a+c—b).

Example 1.30. Factorize
E(a,b,c) = a*(b+c) + b*(c + a) 4 c*(a + b) + 3abc.
Solution. Looking to E(a,b,c) as to a quadratic polynomial in 4, we have
E(a,b,c) = (b4 c)a* + (b* 4 c* + 3bc)a + be(b + c).
The discriminant to the equation E(a,b,c) =01is
A= (b* + c® +3bc)? — 4bc(b + ¢)* = [(b + ¢)? + bc]> — 4be(b + ¢)?
= [(b +¢)? - bc]2 = (b® + bc +c?)?,

hence the roots to E(a,b,c) =0 are

. —(b* 4 ¢ +3bc) + (b* + be + ¢?) . be
1= 2(b+c¢) b+c¢’
—(b* 4 ¢ +3bc) — (b* + be + ¢?) L
ap = (b—l—C) = (b+C).

It follows

E(a,b,c)=(b+c)(a—ay)(a—ay)=[(b+c)a+bc|](a+b+c)
=(a+b+c)(ab+ bc+ ca).

Alternative solution. We can write

E(a,b,c) = a*(b+ c) + abc + b*(c + a) + abc + c*(a + b) + abc
=a(ab+ bc+ ca) + b(ab + bc + ca) + c(ab + be + ca)
= (ab+bc +ca)(a+b+c).
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1.4 Polynomials in one variable

Let f = ayX" +a, 1 X" '+ --- +a;X +ag, a, # 0 be a polynomial of de-
gree n. We shall solve problems involving polynomials with integer, ratio-
nal, real, or complex coefficients ag, a1, ...,a,. Denoting these sets of polyno-
mials by Z[X], Q[X], R[X], C[X], respectively, we have the inclusions:

Z[X] Cc Q[X] Cc R[X] C C[X].

Every set of polynomials has specific properties. When not mentioned oth-
erwise, the polynomial f is assumed to belong to the largest set, that is C[X].
The number xg is a root of f if f(xg) = 0.

Theorem 1.1. (Bézout) The number xq is a root of polynomial f if and only if
X —xo | f(X).

Proof. By the Euclidean division for polynomials one can write the identity
f(X) = (X —x0)g(X) + r, where r is a polynomial of degree zero, i.e., a
number. Passing to polynomial functions we obtain f(xg) = r. It follows that
we have f(xp) = 0 if and only if = 0. O

A corollary of this simple result is the so-called remainder theorem: The
remainder of the division of the polynomial f by X — x is the evaluation of
the polynomial function in xp, namely f(xp).

Theorem 1.2. Let f be a polynomial and x1,x2, ..., Xy distinct numbers such that

flx1)=f(x2)=...=f(xm) =0. Then (X — x1) (X — x2) -+« (X — x) | f(X).
Particulary, the number of roots of f is not greater than deg(f).

Proof. From f(X) = (X — x1)g1(X) one obtains (x; — x1)g1(x2) = 0. Since
xp # x1, one has g1 (x2) = 0, which gives g1 (X) = (X — x2)g2(X). In this way
we get f(X) = (X — x1)(X — x2)g2(X). We conclude by induction. O

Theorem 1.3. (Fundamental Theorem of Algebra) Every polynomial with complex
coefficients has a root in C.

The proof of this deep result is not elementary and will be skipped. As a
consequence of this theorem it follows, by induction, that every polynomial
with complex coefficients f can be decomposed in linear factors in C[X] as

f(X)=a,(X—x1)(X—x2) - (X —xn),

where x1,x2,...,x, are the roots of f. Hence, only linear polynomials are
irreducible in C[X].

Recall that the following polynomials in n variables are called the funda-
mental symmetric polynomials of x1,xp,...,x,:
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Sl(xlr---rxn) =x1+xX2+---+ x4

$o(X1,...,xn) = Z XiX;
1<i<j<n

sk(xl,...,xn): Z xilxiz---xik
1<ip<ip<...<ip<n

Sn(X1,...,Xn) = X1X2++* Xy

The following relations connecting the fundamental symmetric polyno-
mials of the roots x1,x,...,x, of polynomial f to the coefficients of f are
known as Vieta's relations:

ap_
$1(X1,..,Xn) =x1+ X2+ +x, = — Z 1
n
Ay
so(x1,...,00) = 2 xixj = n—2
1<i<j<n An
An—k
W= T uen = ()4
1<) <ip<...<ix<n a,
a
sn(xl,...,xn) =X{Xp: Xy = (_1)11“70
n

Let us now present a few example problems.
Example 1.31. Determine the polynomials P for which 16P(x?) = P(2x)>.
Solution 1. Setting x = 0 yields 16P(0) = P(0)?, i.e. P(0) = 0 or 16.

Case 1. Suppose that P(0) = 0. Then P(x) = xQ(x) for some polynomial
Q and 16x?Q(x?) = 4x?Q(2x)?, which reduces to 4Q(x?) = Q(2x)2. Now
setting 4Q(x) = R(x) gives us 16R(x?) = R(2x)% Hence, P(x) = 1xR(x),
with R satisfying the same relation as P.

Case 2. Suppose that P(0) = 16. Putting P(x) = xQ(x) + 16 in the relation
we obtain 4xQ(x?) = xQ(2x)? + 16Q(2x); hence Q(0) = 0,i.e.Q(x) = xQ; (x)
for some polynomial Q;. Furthermore, x>Q;(x?) = x2Q;(2x)? + 8Q;(2x),
implying that Q1 (0) = 0, so Q; too is divisible by x. Thus Q(x) = x?>Q1 (x).
Now assume that x" is the highest degree of x dividing Q, and Q(x)
x"R(x), where R(0) # 0. Then R satisfies 4x" 1R (x?) = 22"x"*+1R(2x)?
2"+4R(2x), hence R(0) = 0, a contradiction. It follows that Q = 0 and P(x

n
16. We conclude that P(x) = 16 (%x) for some positive integer n.

=+ 1

Solution 2. We use the following simple result.

Lemma 1.1. If P(x)? is a polynomial in x?, then so is either P(x) or P(x)/x.
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Proof. Let P(x) =a,x" +a,_1x" ' +---+ag,a, #0. The coefficient of x> !
is 2a,a,_1, from which we get a,,_; = 0. The coefficient of x2"=3 is 2a,a,_s,
hence a,_3 = 0, and so on. After more steps, one obtains a,,_»_1 = 0 for
k=0,1,2,..., thatis P(x) = ayx™ + a,_2x" 2+ a,_4x" 4 +..-. O

Since P(x)? = 16P(%) is a polynomial in x?, we have P(x) = Q(x?) or
P(x) = xQ(x?). In the former case we get 16Q(x*) = Q(4x%)? and there-
fore 16Q(x?) = Q(4x)?; in the latter case we similarly get 4Q(x?) = Q(4x)>.
In either case, Q(x) = R(x?) or Q(x) = xR(x?) for some polynomial R, so
P(x) = x'R(x*) for some i € {0,1,2,3}. Proceeding in this way we find that
P(x) = xiS(ka) for each positive integer k and some i € {0,1,...,2¢}.

Now it suffices to take k with 2F > deg P and to conclude that S must be
constant. Thus P(x) = cx' for some constant c. A simple verification gives us

n
the general solution P(x) = 16 (%x) for some positive integer 7.

2
Example 1.32. Find all polynomials P with P(x)? + P (%) = P(x?)P (i>

Solution. By Lemma 1.1, there is a polynomial Q with P(x) = Q(x?) or
P(x) = xQ(x?). In the former case Q(x?)?> + Q (xl—z) =Q(x%)Q (%), hence
Qx)?+Q (%) =Q(x*)Q (x%) (which is precisely the relation fulfilled by
P), whereas in the latter case (similarly)

w0+ Lo (1) = e (})
x T\ x x
which is impossible for the left and right hand side have odd and even de-
grees, respectively. We conclude that P(x) = Q(x?), where Q is also a solu-
tion of the considered polynomial equation. Considering the solution of the
least degree we find that P.

Example 1.33. Find the non-linear polynomials P and Q with the property

P(Q(x)) = (x = 1)(x = 2)--- (x — 15).

Solution. Suppose there exist such polynomials. Then degP - degQ = 15,
so degP =k € {3,5}. Putting P(x) = c(x —ay)--- (x — ax) we deduce that
c(Q(x) —ay)---(Q(x) —ag) = (x —1)(x —2)--- (x — 15). Thus the roots of
polynomial Q(x) — a; are distinct and contained the set {1,2,...,15}. All
these polynomials mutually differ at the last coefficient only. Now, inves-
tigating parity of the remaining (three or five) coefficients we conclude that
each of them has the equally many odd roots. This is impossible, since the
total number of odd roots is 8, not divisible by 3 or 5.
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Example 1.34. Determine all the polynomials P with P(x)? —2 =2P(2x*> — 1).

Solution. Denoting P(1) = a, we have a?> — 2a — 2 = 0. By substituting
P(x) = (x — 1)Py(x) + a in the initial relation and simplifying yields the re-
lation (x — 1)Py(x)? + 2aP;(x) = 4(x + 1)P;(2x*> — 1). For x = 1 we have
2aP; (1) =8P;(1), which (as a # 4) gives P;(1) =0, i.e., Py(x) = (x — 1) Py(x),
hence P(x) = (x — 1)?Py(x) + a. Suppose that P(x) = (x — 1)"Q(x) + a,
where Q(1) # 0. Substituting in the initial relation and simplifying yields
(x —1)2"Q(x)? +2aQ(x) =2(2x +2)"Q(2x% — 1), giving us Q(1) =0, a con-
tradiction. It follows that P(x) = a.

Example 1.35. Determine all polynomials P with P(x)? — 1 = 4P(x* — 4x +1).

Solution. Suppose that P is not constant. Fixing deg P = n and comparing
coefficients of both sides we deduce that the coefficients of polynomial P
must be rational. On the other hand, setting x = a witha = a? —4a + 1, that

is, a = % , we obtain P(a) = b, where b> —4b —1=0,ie. b =2+ /5.
However, this is impossible because P(a) must have the form p + qv/21 for
some p,q € Q, as the coefficients of P are rational. Hence, P(x) is constant.

Example 1.36. Identify all the polynomials P which satisfy the property P(x? +
1) = P(x)% + 1 for all .

Solution. By Lemma 1.1, there is a polynomial Q such that P(x) = Q(x% + 1)
or P(x) = xQ(x%> +1). Then Q((x*> +1)> +1) = Q(x* + 1)? — 1, from where
(x> +1)Q((x? +1)2+1) = x2Q(x? + 1)? + 1, respectively. Taking x> + 1 =y
yields Q(y* +1) = Q(y)* + 1 and yQ(y* + 1) = (y — 1)Q(y)* + 1, respec-
tively. Assume that yQ(y? +1) = (y — 1)Q(y)? + 1 and set y = 1 we to obtain
Q(2) = 1. Note that, if 2 # 0 and Q(a) = 1, then also aQ(a? + 1) = (a — 1) + 1
and hence Q(a? + 1) = 1. We thus obtain an infinite sequence of points where
Q is 1, namely the sequence given by ag = 2 and 4,11 = a% + 1. Therefore
Q = 1. It follows that if Q # 1, then P(x) = Q(x* + 1). Now we can easily
list all solutions: these are the polynomials of the form T(T(---(T(x))---)),
where T(x) = x? + 1.

Example 1.37. If a polynomial P with real coefficients satisfies for all x

P(cosx) = P(sinx),

prove that there exists a polynomial Q such that for all x, P(x) = Q(x* — x?).

Solution. By the hypothesis we have P(—sinx) = P(sinx), so P(—t) = P(f)
for infinitely many f; hence the polynomials P(x) and P(—x) coincide.
Therefore P(x) = S(x?) for some polynomial S. Now S(cos?x) = S(sin?x)
for all x, so S(1 —t) = S(¢) for infinitely many ¢, hence S(x) = S(1 — x).
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From here we get R(x — 1) = R(} — x), i.e. R(y) = R(—y), where R is de-
fined by S(x) = (x — 1). Now R(x) = T(x?) for some polynom1a1 T, and
finally, P(x) = S(x?) = R(x?> — 1) = T(x* —x2 + }) = Q(x* — x?) for some

polynomial Q.

Example 1.38. Let f be a quadratic polynomial. Prove that there exist quadratic
polynomials g and h such that f(x)f(x 4+ 1) = g(h(x)).

Solution. Let f(x) =a(x —r)(x —s). Since
F)f(x+1)=a?{[x®> = (r+s—1D)x+rs] —r}{[x* — (r+s—1)x+rs] — s},

we are done by setting g(x) = a?(x —r)(x —s),h(x) = x> — (r+s5—1)x +7s.

Example 1.39. Prove that any polynomial with real coefficients is the difference of
some two increasing polynomial functions (over the reals).

Solution. Let P(x) =ag + a1 X + - -+ + a,x". Then
|P'(x)| = |ag + 2apx + -+ + na x| < |ag| + 2]az||x| 4 - + n)a,|[x" 7
<ML+ |x|+ -4 [x"71),

where M > max(|ay|,2|az|,n|an|). If |x| <1then 1+ |x|+ -+ [x|"1 <n,
and if |x| > 1then 1+ |x| + -+ + |x|"~! < nx?". Hence, for any real number
x, we have |P'(x)| < Mn(1+ x?"). Consider the polynomials

Pi(x) = P(x) + Mn(x 4+ x*"1), Py (x) = Mn(x 4 x*"1).
We have P(x) = P;(x) — P»(x). Also, P; and P, are increasing functions, as
P{(x) = P'(x) + Mn(1+ (2n + 1)x**) > P'(x) + Mn(1 + x**) > 0
and P,(x) = Mn((1+ (2n +1)x**) > 0 for any x € R.

Example 1.40. Prove that if the polynomials P,Q € R[X] have a real root each and
for every x € R

P(14+x+Q(x)*) =Q(1+x + P(x)?),

then P = Q.

Solution. Note that there exists x = a for which P(a)? = Q(a)?. This follows
from the fact that, if p and q are the respective real roots of P and Q, then
P(p)? — Q(p)?> <0 < P(9)* — Q(g)?, and moreover the function P? — Q? is
continuous. Now P(b) = Q(b) for b=1+a + P(a)?. Taking a to be the largest
real number for which P(a) = Q(a) leads to an immediate contradiction.
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Example 1.41. Prove that not all zeros of x* + 2nx"~! 4+ 2n%x"~2 + ... are real.

Solution. Suppose that all its zeros x1,xy,...,x, are real. They satisfy

M-

I
—_

xXp=—2n, Y xjx;=2n%

i i<j

However, by the mean inequality we have

n
2 n—1
- <

~ Yi = 2n (

-

N~

i=1

2 2
1 n
hﬁ:Z%%:2<Z%>—- 10 =2n(n—1),
i=1

i<j

a contradiction.

Example 1.42. Find all the polynomials a,x™ + a, _1x" ' + -+ + ayx + ag such
that a; € {-1,1},j=0,1,...,n, whose all roots are real.

Solution. Let x4, ..., x, be the roots of the given polynomial. Then
" 2
x%—{—x%—{—---%—x% = (le) —2<inxj> :a%_l —2a, o, <3.
i=1 i<j

By the mean inequality, the second equality implies x7 + - - - 4+ x2 > 1, hence
n < 3. The case n = 3 is only possible if x1,x2,x3 = +1. Now we can easily
find all solutions: x = 1,x2 £ x — 1,x3 — x + (x> — 1).

Example 1.43. Solve in the real numbers the system of equations

x+y+z=4
> +y?+z22=14
Pty 28 =34

Solution. Consider the monic polynomial
P(t) = +at® + bt +,

with roots x,y,z. Because x + y + z = 4, it follows that a = —4, hence
P(t) =3 — 4> + bt +c.

We have
Pyt +22 = (x+y+z)? - 2(xy +xz +yz),

from where it follows that b = xy + xz + yz = 1. The numbers x,y,z are the
roots of P, thus
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x> —4x? +x+c=0,
y3—4y2+y+c:0,
22— 422+ z2+4c=0.

Adding these equalities and using the system, we obtain c = 6, hence
P(t)=t>—42 +t+6.
We observe that t; = —1 is a root, so P factors as
P(t) = (t+1)(t* — 5t +6),

the other two roots being t, = 2 and t3 = 3. It follows that the solutions of
the system are the triple (—1,2,3) and all of its permutations.

Example 1.44. Let x1,x2,...,x, be the roots of equation
X"+ 2x" 43" 2 x4+ n+1=0.

Compute

n xZ“ -1

)3

=1 X — 1

Solution. We can write the equation in the following equivalent form

P R | 2—-1 x-1

o1 T xo1 Tty T Y AL
that is

1

ﬁ[xnﬂ—i—x”—i—-‘-—i—xz—i—x—(n+1)]:O, x # 1.
We get

1 xn+l_1
1" Txo1

—(n+1)| =0, x#1.

It follows that x; satisfies the relation

xn+1_1
k _ _

X - —(n+1)=0, k=1,2,...,n

xk—l

hence
x;(l"rl o 1 B n + 1

= , k=1,2,...,n.
xk—l Xk

Then, we have



1.4 Polynomials in one variable 27

n le+1 -1 1
Y k =n+1)) —.
= 1 k=1"k
1 1 1 .
Note that —, —,..., — are the roots of the equation
x1’ Xo Xn

(m4+Dy" +ny" 1+ +2y+1=0,

hence we have

and we get

n
- = 1) — = —n.
k=1 xp—1 (1’l—|— )< 1’Z—|—1> "

Example 1.45. Find the roots of the polynomial
F(X) =X —10X° +45X8 + ;X7 + - + a1 X +ag,
assuming that they are all real numbers.

Solution. We have 2}21 x; =10 and }_x;x; = 45. Compute

10 10 10
Y (i—1)?=Y 2 —2) x+10=0.
i=1 i=1 i=1

Since all roots are real, it follows that x; = --- = x1p = 1.

Example 1.46. Solve the system

x+y+z=1
xyz=1

for x, y and z complex numbers of modulus 1.

Solution. Since x = %, from the first equation we have that

which gives xy + yz + zx = 1. Hence, x,y, z are the roots of the polynomial
T°—T>+T—1=0.

It is easy to see that the latter has the roots 1,7, —i.
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Example 1.47. Solve the systems of equations:

x +y +z = 4
(a) {x2+y?+z2=14
Py 423 =34
X3 —9y? +27y — 27 =0
(b) y?—922+272—-27=0
28 —9x2 +27x — 27 =0.

Solution. (a) Consider the cubic equation with roots x,y,z. This is
(T—x)(T—y)(T—2z)=T3+aT? +bT +c=0,
where the coefficients a,b,c are given by Viéte formulas:
a=—(x+y+z)=—4

b=xy+yz+zx=(1/2)[(x +y+2)* - (P +y*+2%) =1
c=—xyz

1
=3 [(x3+y3+z3)—(x+y+z)3+3(x+y+z)(xy+yz+zx)} =6.

One obtains the equation T3 —4T? 4+ T + 6 = 0, which has the roots —1, 2,
and 3. Any permutation of this set is a solution of the system.

(b) Sum the equations to obtain
(x=3°%+(y—3°+(z-3)°=0.
From the first equation we have
x> =9(y* — 3y +3)

giving that x > 0. Similarly, y > 0 and z > 0. Assume that x > 3. From the
first equation we get x> — 27 = 9y(y — 3), yielding that y > 3. Similarly one
obtains z > 3. This gives a contradiction with the sum of cubes which is zero.
Analogously, x < 3 gives a contradiction. So, the solutionis x =y =z = 3.

Example 1.48. Prove that the set of real numbers x for which Y70, ﬁ > 2isa
disjoint union of intervals. Compute the sum of the lengths of all these intervals.

Solution. Consider the function f : R\ {1,2,...,70} — R given by

70 k
fo= L
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This function is decreasing on all intervals in its domain. The limit towards
the points x = 1,2,...,70 is —co from the left and 4oco from the right. The

inequality therefore holds on the union of intervals UZOZ1 (k, x|, where x; are

the points in which f(x;) = 3. The equation f(x) = 3 is equivalent to

70 70
5[[(x—k)—4) k(x—1)---(x—k+1)(x —k—1)--- (x — 70) = 0.
k=1 k=1

We are asked to find the sum of length of intervals which is

70 70 70
I=) (x—k)=) x—) k
k=1 k=1

k=1

So we have to compute only the sum of roots. The equation has degree 70.
Using Viete formulas we obtain:

= % (5) k+4) k) —) k= %Zk: 1988.

Example 1.49. Let a, b, c, d, e and f be positive integers. Suppose that the sum
S=a+b+c+d+e+ f divides both ab+bc + ca — de — ef — fd and abc + def.
Show that S is a composite number.

Solution. Consider the quadratic polynomial
PX)=(X+a)(X+b)(X+c)—-(X-d)(X—e)(X—f) =

(a+b+c+d+e+ f)X>+ (ab+ b+ ca — de —ef — fd)X + abc + def.

Its coefficients are all integers divisible by S. It follows that S|P(d) = (d +
a)(d+b)(d +c). If S is prime number, then S divides one of the factors of
P(d), which is a contradiction.

Example 1.50. Let a,b,c,d be positive real numbers. Show that the following in-
equalities cannot hold simultaneously:

a+b<c+d,
(a+b)(c+d) <ab+cd,
(a+b)cd < (c+ d)ab.

Solution. Consider the real polynomial
P(X)=(X—a)(X—=b)(X+c)(X+d) =X+ (—a—b+c+d) X+

(ab + cd — ac — bc — ad — bd) X? + (abc + abd — acd — bed) X + abed.

Assuming that all coefficients are positive, we get that P(x) > 0 for all x > 0.
This contradicts the fact that P has positive roots a,b, hence the conclusion.
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1.4.1 Chebyshev polynomials

Chebyshev polynomials T, (x) are one of the most remarkable families of
polynomials, which appear in various branches of mathematics. In this sec-
tion we discuss several simple but important properties of the Chebyshev
polynomials, starting from the definition based on the fact that cosnx can be
expressed as a polynomial of cosx, i.e., there exists a polynomial T, (x) such
that T;,(x) = cosnt for x = cost. Indeed, the formula

cos(n + 1)t + cos(n — 1)t = 2costcosnt
shows that the polynomials T, (x) recursively defined by the relation
Tyi1(x) =2xTy(x) — T,—1(x)

with the initial values Tp(x) = 1 and Tj(x) = x, possess the property re-
quired. These polynomials Ty, (x) are called the Chebyshev polynomials.
The fact that Ty, (x) = cosnt for x = cost directly implies that | T,,(x)| <1 for
|x| < 1. The above recurrence implies that

To(x) =2""%" 4+ ax" ot ay,

where ay,...,a, are integers.
The most important property of Chebyshev polynomials was discovered
by Chebyshev himself. It consists of the following.

Theorem 1.4. Let P, (x) = x" + - - be a monic polynomial of degree n such that
1Py (x)| < 55 for |x| < 1. Then Py(x) = L) e the polynomial L) s the

on—1 on—17 on—1
monic polynomial of degree n with the least deviation from zero on [—1,1].

Proof. We use only one property of the polynomial, namely, the fact that
krm k
Ty cos — - =coskm = (—-1)",k=0,1,...,n.

Consider the polynomial

Ty(x
Q) = 2% b (x)
Its degree does not exceed 1 — 1 as the leading terms of 271(_"1) and P, (x) are

equal. Since |P,(x)| < 2"]7*1 for |x| < 1, at the point x; = cos ** the sign of

Q(xx) coincides with the sign of T, (xx). Therefore, at the end points of each
segment [xy 1, x|, the polynomial Q(x) takes values of opposite signs, and
hence Q(x) has a root on each of these segments.

If Q(xx) = 0 we need a slightly more accurate arguments. In this case ei-
ther x; is a double root or within one of the segments [xy 1, ;] and [xg, x;_1]
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there is one more root. This follows from the fact that the values Q(xx;1)
and Q(xx_1) have the same sign. The number of segments [xy 1, Xk is equal
to 1, and hence the polynomial Q(x) has at least n roots. A polynomial of

degree not greater than n — 1 must be identically zero, i.e., P,(x) = Z’L(_xl) .0

—n

If z=cost +isint, thenz 4+ z~1 =2cost and z"* +z~" = 2 cos nt. Therefore

Ty (Z+§ - ) =z +2an . By this property we can prove the following statement.

Theorem 1.5. Let m = | 5 |. Then

Tu(x)=)_

]

m

(;}) X2 (x2 — 1)j.

Proof. Let x = # and y = # Then y? = x> — 1 and

(?) (1 + (—1)i> X"y
(Z) X2 (xz — 1>j.

It remains to observe that T, (x) = # O

0

M-

2z () (=) =

_ (7 n—2j.2j _
2;(2]_>x vyl =2
j=0

0

s

0

]

Corollary 1.1. Let p be an odd prime. Then Ty(x) = Ty(x) (mod p).

Proof. We write p =2m + 1. Then Tp(x) = L/, (2}7].)x”*2j(x2 —1)1.1f j > 0,

then (5) is divisible by p. So Ty (x) = x” (mod p) =x (mod p) = Ty (x). O

For any pair of polynomials P and Q, define their composition naturally,
by setting (P o Q)(x) = P(Q(x)). The polynomials P and Q are said to com-
muteif PoQ=QoP,ie., if P(Q(x)) = Q(P(x)).

Theorem 1.6. The polynomials T,,(x) and Ty, (x) commute.

Proof. Let x = cost. Then Ty (x) = cos(nt) = y and Ty, (y) = cosm(nt), and
hence Ty, (T, (x)) = cosmnt. Similarly, T;,(Ty,(x)) = cosmnt. Hence the iden-
tity Ty, (T (x)) = Trn(Ty(x)) holds for |x| < 1, hence it holds for all x. O

Sometimes instead of Tj (x) it is convenient to consider the monic polyno-
mial P, (x) = 2T, (). The polynomials P, (x) satisfy the recurrence relation

P,i1(x) =xPy(x) — Py_1(x).

Hence P,(x) is a polynomial with integer coefficients. If z = cost + isint,
then z + z7! = 2cost and z"" + z " = 2cosnt. Therefore



32 1 Identities. Polynomials
Py(z+ z_l) =2Ty(cost) =2cosnt=z"+z",

i.e., the polynomial P, (x) expresses z"* + z " via z 4+ z~ 1. Using the polyno-
mials P, we can prove another result.

Theorem 1.7. If both « and cos(art) are rational, then 2 cos(art) is an integer, i.e.,
cos(am) = 0,%4 or £1.

Proof. Let « = 7! be an irreducible fraction. Set xy = 2cost, where t = ar.
Then P, (xg) = 2cos(nt) = 2cos(nam) = 2cos(mrm) = +2. Hence x is a root
of the integral polynomial P, (x) F2 = x" + byx" 1 + -+ + by.

Let xg = 2cos(am) = % be an irreducible fraction. Then it follows that
Pt +bip" g+ + byg" =0, and hence p" is divisible by q. But p and g are
relatively prime, and so g = %1, i.e., 2cos(a7r) is an integer. g

In problems concerning extremal properties of polynomials, Chebyshev
polynomials play a very special role, as seen in the examples below.

Example 1.51. Find the maximal value of the expression a* + b? + c* provided that
lax? 4+ bx +c| <1 forall x € [-1,1].

Solution. Define

A=fQ), B=f(0), C=f(=1).
Then we easily obtain

A+C A-C
T_B b—T, C—B-

Therefore, an immediate computation gives

A%+ C?

2 22—
a+ov-+c >

+2B%> - B(A+C).

Since |A|, |B|, |C| <1, the last expression is clearly bounded above by 5 (use
the obvious estimate for each term of it). Thus, we shall have a?+b*+c%2<5.
To see that it is optimal, simply take Chebyshev’s polynomial 2X? — 1.

Example 1.52. Define F(a,b,c) = m[ax] |x® — ax? — bx — c|. What is the least
€03

possible value of this function over R3?

Solution. Let P, ;, .(X) = X® — aX? — bX — c. The idea is to map the interval
[0,3] to [—1,1] via an affine map and then to use Chebyshev’s least deviation
theorem in order to bound from below max,¢ (g 3) | Py,p,c(x)|- Note that

o (255)]

max |P, = max
[03| ab,e (X)) ax
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Since P, 4, (%) is a polynomial of third degree with leading coefficient

27/8, Chebyshev’s theorem gives us the estimate

P > 2L
max ]| ﬂ,b,C < 2 | — 32

3(x+ 1)) 27
xe[-1,1

which is optimal. Bring this to [0,3] we get F(a,b,c) > 27 which is optimal,
since equality holds for P, ;. = 25 T5(2X/3 — 1), where T5(X) = 4X3 — 3X.
Example 1.53. Let a,b,c,d € R with |ax® + bx? + cx +d| < 1 forall x € [-1,1].
Prove that

|a| + [b] + |e| + [d| < 7.

Solution 1. Let us look at the values of P(X) = aX® + bX? + cX +d at
—1,-1/2,1/2,1, which are the classical interpolation points in Chebyshev’s
theorem (for n = 3). Writing

A=fQ1), B=f(1/2), C=f(-1/2), D=f(-1),

we can express a4,b,c,d in terms of A,B,C, D as follows

azg(A—D)—g(B—C), b:%(A—B)—%(C—D),
1 4 1 2
c=-(A+D)+3(B-C), d=-¢(A+D)+2(B+C).

This shows that f(a,b,c,d) = |a| + |b| 4 |c| + |d| is actually a convex function
of A,B,C,D € [—1,1]. Thus it attains its maximum when all A,B,C,D are
equal to 1 or —1. Now, it is simply a tedious matter to check that in all cases
the expression is at most 7. We have equality for the Chebyshev polynomial
(or its opposite) of degree 3.

Solution 2. We look again at the points —1,—1/2,1/2,1, but in a slightly
different way. Let P(X) = aX® + bX? + cX + d. Since —P(X) and P(—X)
also satisfy the same properties as P, we may assume that a,b > 0. The rest
of the proof is a discussion following the signs of c,d. Namely, if c > 0,d > 0,
we have

la| +|b| +|c|+|d|=a+b+c+d=P(1) <1

For ¢ > 0,d < 0 we obtain
la| 4 |b| + |c| + |d| =a+b+c—d=P(1) = 2P(0) <3,
while for ¢ < 0,d > 0 we can write

la| +|b| + |c| + |d|=a+b—c+d

= %P(l) — %P(—l) - gp (;) + gp (—é) <7
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Finally, when ¢ < 0,d < 0 we get
1 4 1
la| + b+ |c|+|d|=a+b—c—d= gP(l) —4P<—> +P<> <7.

In all cases, the inequality is proved, finishing the solution.

1.4.2 Lagrange interpolating polynomial

A polynomial of degree n is uniquely determined, given its values at n + 1
points. So, suppose that P is an n-th degree polynomial and that P(x;) = y;
in different points xo, x1, ..., x,. There exist unique polynomials Ey, E, ..., E;,
of degree n such that E;(x;) = 1 and E;(x;) = 0 for j # i. Then the polyno-
mial P(x) = yoEo(x) + y1E1(x) + - -+ + y»En(x) has the desired properties.
Indeed, P(x;) = Z]'?:l y;iEi(x;) = y;Ei(x;) = y;. It remains to find the polyno-
mials Ey,...,E,. A polynomial that vanishes at the n points X, j #1,is divis-

ible by [T;; = (x — x;), from which we easily obtain E;(x) = T;; %
Theorem 1.8. (Lagrange interpolating polynomial). For given numbers yo, ..., Yn

and distinct xo, ..., Xy there is a unique polynomial P of degree n such that P(x;) =
yifori=0,1,...,n. This polynomial is given by the formula

It is often useful to consider the finite difference of polynomial P defined
by P(x) = P(x 4+ 1) — P(x), which has the degree smaller by 1 than for
P. Further, one can define the k-th finite difference, P/ = (Pk=1)[1], whose
degree is n — k, (assuming that deg P = n). Using simple induction one can
deduce the general formula

plH = f(—l)k—i (I;)P(x + ).

i=0

In particular, P is constant and PI"*1) = 0, one has the following result.

Theorem 1.9. The following relation holds

Plxt+nt1)=Y (1) (” j 1) P(x + ).

i=0

We now present some illustrative examples.
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Example 1.54. Find the cubic polynomial Q such that Q(i) = 2i fori=0,1,2,3.
Solution. We have
(x — 11)(x_—6 2)(x—3) L 2x(x - 2§(x —3) +4x(x - 1_)2(x —3)

x(x—1)(x-2) 1
5 6 =5

Qx) =

+ x> +5x46).

Example 1.55. Considering the polynomial P of degree n taking the value 1 in
points 0,2,4,...,2n, prove the combinatorial identity:

n+1l 1)n i on
; 21+1z'n—1)' (2n+ 1)1

Solution. P(x) is of course identically equal to 1, so P(1) = P(—1) = 1. But
if we apply the Lagrange interpolating polynomial, here is what we get:

L _(@n4pniE (-t
ZHZ; 21_;1;[ 2]—21 2n ;(2i+1)i!(n—i)!'

i=0j#i

Example 1.56. A polynomial p of degree n satisfies p(k) = 2 for all 0 < k < n.
Find its value at n + 1.

Solution. Applying Lagrange’s interpolation formula, we obtain

pn+1)= 3 p(k) TT 1

k=0 j#e T
i <Vl + 1) 71 k2k 21’l+1 1.

Remark. There is also a neat solution without the use of interpolation for-
mula: consider the polynomial

X X X
X) = ‘
109=0) = (1) -+ ()
It has degree n and satisfies f(k) = 2% for all 0 < k < n, by the binomial

formula. Thus, we must have f = p and then clearly p(n + 1) =2"+1 — 1.

Example 1.57. A polynomial f of degree n satisfies

forall0 <k <mn.Find f(n+1).
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Solution. This is also immediate using Lagrange’s interpolation formula:

Fn+1) Zf Hn+1 _i n.1H '(_1)n_k(n;i<-1>

k=0 j#k j k=0 ("x")
n % 1— (_1)n+1

= Y (=

Example 1.58. Prove that for any real number a the following identity holds

1:20(—1%(’;) (a—k)" = nl.

Solution.Using Lagrange interpolation, we have

P00 = Y (-1 ()T - )

j#k

for any polynomial P of degree at most n. If we identify the leading coeffi-
cients, we obtain that the leading coefficient of P(X) is

1 & n
L ()P
n! = k
Applying this to the polynomial P(X) = (a — X)" yields the desired identity.
Example 1.59. Prove that

n n+1 n
= x
kZ(;)H (xk — ;) ng ¢

j#k

and compute

n n-+2
Yk

=) ()
j#k
Solution. The method below shows how to compute all sums of the form

n n+p

kzonxk

7k

The idea is to consider the remainder f(X) of X"*? when divided by
H}’:O(X — xj) and to apply Lagrange’s interpolation formula to it. Identi-

n+p

fying leading coefficients and using that f(x;) = x i+ wededuce that
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n n+p
Yk

kg [T —x))
ik

is precisely the leading coefficient of f(X). For p = 1 we clearly have

n

fX) =X = TT(X = xp),

j=0

so its leading coefficient is ) ;" , x;. On the other hand, for p =2 we have

n

X" = QX[ T(X = x) + f(X)

j=0

for some polynomial Q. Comparing degrees and leading coefficients shows
that Q(X) = X + ¢ for some constant c. To determine ¢, we impose the con-
dition that deg(f) < n. This implies that c =} x;. Then, it is easy to find
the coefficient of X" in f(X) and the answer is (27:0 xj)2 — Yo<i<j<n XiX;.
We leave as a nice exercise for the reader to prove that for all p we have

n n+p
Yk

_ Z aj .4z an
_— = x x .. x

. 172 n
iz i = %) 4, =

where in the sum above the a; are nonnegative integers.

The next problems involve extremal properties of polynomials. The idea
is that imposing conditions on the values of a polynomial at sufficiently
many points of an interval automatically imposes conditions at all other val-
ues. Lagrange’s interpolation formula is a handy tool in such situations.

Example 1.60. Let a,b,c be real numbers with max{|f(£1)|,|f(0)|} <1 where
f(x) = ax? + bx + c. Show that if |x| < 1 then |f(x)| < 3 and ’xzf (%) ‘ <2

Solution. Using Lagrange interpolation, we can write

2 2
FOX) = FO1 = XD + ST 4+ f-1) T

We deduce that for all |x| <1 we have

|x* — x|

2
2+\x + x|
2

f(x)|<1—x 5 + :1—x2+|x\§

7

W~ U1

the last inequality being equivalent to (|x| — 1)2 > 0. Similarly, we find that

1+x 1—x
2+2

12f(1/x)] <1 —x*+ =2 x?<2.
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Remark. For third degree polynomials, Chebyshev’s theorem can be proved
using Lagrange’s interpolation formula: if f is a monic polynomial of third
degree, identifying leading coefficients in Lagrange’s formula yields

LD 4(/2)  4f(=1/2) 2f(-1)
-3 3 3 3

This equality and the triangle inequality imply that max,c_1,1)[f(x)| > :
for any such f, with equality when f(X) = X° — 3X.

Example 1.61. Let a,b,c,d € R satisfying lax® +bx? +cex+d| <1 for all val-
ues x € [—1,1]. What is the maximal value of |c|? For which polynomials is the
maximum attained?

Solution. Choose distinct numbers xq, x1,x2, x3 and identify the coefficients
of X in Lagrange’s formula

3 X — x:
aX>+bX2+cX+d=) fx)]] L,
k=0 ik T
We deduce that
X1X2 + X2X3 + X3X1
CcC = X 7
LS (x0 — x1) (%0 — x2) (x0 — x3)
SO

X1XZ + X2X3 + X3X1
lc] < Z — — — .
xp — x1) (%o — x2) (%0 — x3)
The problem is to find a 4—tuple (x0,x1,%2,x3) which minimizes the last ex-
pression. One may consider the points where |T5(x)| takes maximal value,
namely 1, on the interval [—1,1]. These are the points xg = —1,x; = — %,xz =

% and x3 = 1. It is easy to compute the last sum in this case and we find that
|c| < 3.Since this value is attained for the polynomial T3(X) = 4X3 — 3X, this
is the maximal value. Also, it is not difficult to check that equality appears
in the above chain of inequalities only for T3 and —T5.

Example 1.62. If a polynomial f € R[X] of degree n satisfies |f(x)| <1 for all

x € [0,1], then
1
- < n—&—li i
()=

Solution. The idea is to use Lagrange’s interpolation formula at the points
k/n for 0 <k <mn, as in this case all expressions have very nice closed forms.

Indeed, we have
]+1
() -G
7k
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which shows that
-1 « j+1 Lo n+1 1
(@)
} " i k=il S \k+1

Example 1.63. Let a > 3 be a real number and p a real polynomial of degree n.
Prove that maxj—g1, n+1]a' — p(i)| > 1.

Solution. The crucial observation is that we have
n+1 1
{C R (e PO
k=0

This is simply Lagrange’s interpolation formula written in a slightly changed
form. We deduce from this and the binomial formula that

n+1
a_ln—i-l: _1n—k n+1 k—ak.
@1yt = R (") o e

Thus, if |p(k) — a*| < 1 for all 0 < k < n + 1, then we must have
|u_1|n+l <ril <1’l—|—1> :2n+1
k=0 k

contradicting the fact that 2 > 3. This finishes the solution.
Remark. The identity

ézt—n"k(”zl)p@>=o

for polynomials of degree at most n is extremely useful. We proved it here as
a consequence of Lagrange’s interpolation formula, but it also follows from
the theory of finite differences. The point is that Ap(X) = p(X + 1) — p(X)
has degree smaller than degp, so that if one iterates A degp +1 <n +1
times and applies it to p, one gets 0. But the evaluation at 0 of A"*!p is

n+1
_kf(n+1
IV (e
k=0

as an immediate induction argument shows.

Example 1.64. Let n > 3 and f,g € R[X] be polynomials such that the points
(f(1),8(1)),(£(2),8(2)),...,(f(n),g(n))

are vertices of a regular n-gon (anticlockwise). Then max(deg f,degg) >n — 1.
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Solution. It is enough to prove that the degree of P(X) = f(X) + ig(X) is
at least n — 1. Clearly, we may assume that the regular n-gon has vertices

2,2%,..., 2 forz=e'n (simply apply a translation and a homothety to reduce

the general case to this one). So, it remains to prove that if a polynomial P
satisfies P(i) = z' for all 1 <i < n, then degP > n — 1. Assume that this is
not true. Using Lagrange’s interpolation formula, we obtain

2 =pn =L 1= 5 (1)) =z

=1 AT i3

By the binomial formula and cancelling similar terms we get (1 —z)"~! =0,
a contradiction.

Remark. Many other approaches may be considered. The most efficient is
the method of finite differences, which yields

n—1 =
atp() =L -1 (" Pty == -2 2o

j=0

Another very neat proof considers the polynomial P(X + 1) — zP(X). This
has degree at most n — 2, it is clearly nonzero and vanishes at 1,2,...,n — 1,
a contradiction.

1.4.3 Polynomial with integer coefficients

Consider a polynomial P(x) = a,x" + - - - + a1 x + ap with integer coefficients.
The difference P(x) — P(y) can be written in the form

an(x" —y") + o+ (6 = y?) +a(x — ),

in which all summands are multiples of polynomial x — y. This leads to the
simple though important arithmetic property of polynomials from Z[x]:

Theorem 1.10. If P is a polynomial with integer coefficients, then P(a) — P(b) is
divisible by a — b for any distinct integers a and b. In particular, all integer roots of
P divide P(0).

There is a similar statement about rational roots of polynomial P € Z|x].

Theorem 1.11. If a rational number p/q (p,q € Z,q # 0,gcd(p,q) = 1) is a root
of an integral polynomial P(x) = ayx" + --- + ayx + ag, then p | ag and q | ay.

Proof. We have
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TF (Z) = anp" +an1p" g+ +aog".

All summands but possibly the first are multiples of g, and all but possibly
the last are multiples of p, hence q | a,p™ and p | apq". O

Note that the polynomial that takes integer values at all integer points

does not necessarily have integer coefficients, as seen on the polynomial
@. The result of the following problem is very important and goes
X(X—1)-(X—n+1)

ol are also called

back to Hilbert. This is why the polynomials
Hilbert polynomials.

Theorem 1.12. Let f be a polynomial with real coefficients. The following two as-
sertions are equivalent:

1° For any integer n one has f(n) € Z;

2° There exist integers n and ag,ay,ay,...,a, such that

X(X—1)

X(X=1)--(X=n+1)
5 .

f(X)=a0+mX+a p

+...+an

Proof. One implication follows from the fact that for all integers x and
all n > 1, the number x(x —1)---(x —n + 1) is a multiple of n!. This
follows from the fact that x(x —1)---(x —n 4+ 1) = n!(}) if x > 1, while
x(x—1)-(x —n+1) = (=1)"("**""1) if x < 0. For the interesting im-
plication, the idea is that any polynomial f of degree n can be written

X(X-1) , XX-1)(X-n+1)

f(X)=ao+mX+ay 5 n o

for suitable real numbers 4; and that the condition that f maps integers to
integers forces all a; be integers.
To prove the first claim, it is enough to prove that we can find (for all i)

ay,...,a; such that f(X) —ap — ;X —--- —a; w is a multiple
of X(X—1)---(X —1i). Choose ay = f(O) and define mductlvely a; by the

relation ) '
. 1 i
f(l) :L10+L11<1) —|—"'+Hj1<i_1> —|—Lli.

By construction (or by an immediate induction), these a; satisfy the desired

conditions, since f(X) —ag — @ X — ... — aiw is a multiple of

X(X—1)--- (X —i). But then f(X) —ag — a1 X — - - — g 2 EDXHD) 104
degree at most n and is a multiple of a polynomlal of degree n + 1, so it
has to be the zero polynomial. This establishes the existence of the a;’s. The

construction we gave also shows that

=1 -a-a (1)~ —aa(, ")




42 1 Identities. Polynomials

which makes it clear that if all f(i) are integers (actually, it is enough to
have f(i) € Z for 0 < i < n), then so are the a;’s. The other implication is
thus proved. O

Remark. 1° The fact that any polynomial of degree n can be written

X(X-1) L X(X 1) (Xt

X) = X
f( ) ag+m X +ap > "

for some real numbers a; can also be proved using a linear algebra ar-
gument. Namely, the map F : R"*! — P, (P, being the set of polyno-
mials with real coefficients and degree at most n) sending (ao,...,a,) to
ag + a1 X + ”2M + -4 ay X(Xfl)';;!(xfnﬂ) is linear and clearly injec-
tive. Since the target and source are vector spaces of the same dimension, it
has to be an isomorphism, thus surjective.

2° The desired relation can be written
1 X
f(X)= ZW(Z.),
i=0

which immediately suggests the method of finite differences. Indeed, by this
method, one obtains a; = A*(f)(0), where A(f)(X) = f(X +1) — f(X). This
gives another proof, also classical, of the first part.

Theorem 1.13. (Schur) Let f € Z[X] be a non constant polynomial. Then the set
of prime numbers dividing at least one non-zero number between the values f(1),

f(2),..., f(n),..., is infinite.

Proof. First, suppose that f(0) =1 and consider the numbers f(n!). For suf-
ficiently large n, they are non-zero integers. Moreover, f(n!) =1 (mod n!)
and so if we pick a prime divisor of each of the numbers f(n!) we obtain
the conclusion (since in particular any such prime divisor is greater than n).
Now, if f(0) = 1, the conclusion is obvious. Suppose thus that f(0) # 1 and

consider the polynomial g(x) = W. Obviously, g € Z[X] and g(0) = 1.
Applying now the first part of the solution, we easily get the conclusion. [J

We now present a number of illustrative examples.

Example 1.65. Let f € Z[X] be a non constant polynomial and n,k some posi-
tive integers. Then there exists a positive integer a such that each of the numbers
f(a),f(a+1),...,f(a+n—1) has at least k distinct prime divisors.

Solution. Let us consider an array of different prime numbers p;;, with
i,j =1,...,k such that for some positive integers x;; such that f(x;;) =0
(mod p;;). We know that this is possible from Schur’s Theorem. Now, using
the Chinese remainder theorem we can find a positive integer a such that
ai —1=x;; (mod p;;). It follows that each of the numbers f(a), f(a+1), ...,
f(a+n—1) has at least k distinct prime divisors.
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Example 1.66. The polynomial P € Z[x| takes the values +1 at three different
integer points. Prove that it has no integer zeros.

Solution. Suppose to the contrary, that a,b,c,d are integers with P(a), P(b),
and P(c) are in the set {—1,1} and P(d) = 0. Then by Theorem 1.10 the
integers a —d, b — d and ¢ — d all divide 1, a contradiction.

Example 1.67. Let P(x) be a polynomial with integer coefficients. Prove that if
P(P(---P(x)--+)) = x for some integer x (where P is iterated n times), then
P(P(x)) = x.

Solution. Consider the sequence given by xp = x and x; 1 = P(xy) for k > 0.
Assume x; = xo. As d; = x;jy1 — x; | P(xXi11) — P(x;) = Xi42 — Xj41 = djyq for
all i, which together with dy = dy implies |dg| = |d1| = ... = |di/|.

Suppose that d; = dy =d # 0. Then d; = d (otherwise x3 = x1 and x( will
never occur in the sequence again). Similarly, d3 = d etc, and hence x; =
xo + kd # xq for all k, a contradiction. It follows that d; = —dg, so x» = xo.

Example 1.68. Consider a polynomial P with integer coefficients and some dis-
tinct integers ay,ay,...,a,. Prove that if there exists a permutation o of the set
{1,2,...,n} such that P(ay) = a, ), k =1,2,...,n, then o o o is the identity.

Solution. The statement is true if ¢ is the identity permutation e. If not, as-
sume on the contrary that ¢ o ¢ # e. Hence, there is a k > 3 and k distinct in-
tegers by, by,..., by among ay,ay,...,a, such that P(b;) = by, for 1 =1,2,...,k
(here and henceforth, the indices are taken modulo k).

By Theorem 1.10, if P is a polynomial with integer coefficients, and u,v
arbitrary distinct integers, then u — v divides P(u) — P(v). It follows that
b; — b1 divides P(b;) — P(bj11) = bj41 — by for I =1,2,...,k. Hence for
each! =1,2,...,k there is an integer g; such that

bip1 — brpo = qi(by — byyg)-

Multiplying the above equalities and simplifying, we get q;q2---qx = 1.
Thus gy = £1for ! =1,2,...,k. Actually, no g; can be —1, since otherwise the
above relation yields b; = b, and by, by, ..., by are distinct by hypothesis.

But g1 = g2 = ... = g leads to a contradiction either. Indeed, in this case
by —by=by—by=...=bg_1 — by =by — by,
and the sum of these equal numbers is 0. Then b; = by = ... = b, and this is

again impossible.

Example 1.69. Suppose that the positive integer m and the real-valued polynomial
R(x) = anx™ + a,_1x"~1 + - + ag are such that R(x) is an integer divisible by
m whenever x is an integer. Prove that nlay is divisible by m.
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Solution. Apply Theorem 1.12 on the polynomial %R(x). The leading coef-
ficient of this polynomial is given by the expression ¢, + nc,—1 + - -- + nlco,
and the property follows.

Example 1.70. The polynomial f(x) = x" + a;x" 1 + -+ +a,_1x + a, with in-
teger non-zero coefficients has n distinct integer roots. Prove that if the roots are
pairwise coprime, then a,_1 and a, are coprime.

Solution. Assume that gcd(a,_1,4,) # 1. then both a,,_1 and a, are divisi-
ble by some prime p. Let the roots of the polynomial be rq,7,...,7,. Then
rira,...,1n = (—1)"a,. It follows that at least one of the roots, say r1, is divis-
ible by p. We also have

Vl—l_o

rir -ty + 13- ty_1 4+ 13-t =(=1)"""=0 (mod p).

All terms containing rq are divisible by p, hence 7,73 - - -1, is divisible by p.
Hence ged(rq, 7213 - - - 1) is divisible by p contradicting the fact that the roots
are pairwise coprime, and the conclusion follows.

Example 1.71. Let fi, f2,..., fx be nonconstant polynomials with integer coeffi-
cients. Prove that for infinitely many n all numbers fi(n), f2(n),..., fr(n) are
composite.

Solution. Let f1, f2,. .., fx be the corresponding polynomials. By Schur’s the-
orem, for any i there are infinitely many primes p that divide at least one of
the numbers f;(1), fi(2), .... Thus, there are distinct primes p1,41,. .., Pk, gk
and integers a1,by,...,a;, by such that fj(a;) =0 (mod p;) and fi(b;) =0
(mod g;). By the Chinese Remainder Theorem, there are infinitely many
n that satisfy n = a; (mod p;),n = b; (mod g;). For any such n we have
piqi | fi(n), so that f;(n) is composite for all i.

The following two problems are standard applications of the fact that
a — bdivides f(a) — f(b) if f € Z[X] and a,b € Z (see Theorem 1.10).

Example 1.72. Let f € Z[X] and let n > 3. Prove that there are no distinct integers
X1,X2,...,%g With f(x;) = x;_1,i=1,2,...,n (indices taken mod n).

Solution. If such a polynomial f and integers x; existed, x; — x;_1= f(x; 1)
—f(x;) would be divisible by x; 1 — x;. In particular, |x; — x;_1| > |xj 11 — x|
for all i. This forces the numbers |x; — x;_1| to be equal. This is however
impossible. Indeed, if there is i such that x; 1 — x;, xj;» — x;;1 have different
signs, then x; = x; 5, which contradicts the hypothesis that x; are all distinct.
But such i has to exist, because Y ;(x; 1 — x;) = 0. This finishes the proof.

Example 1.73. Let f € Z[X] be a polynomial of degree n > 2. Prove that the poly-
nomial f(f(X)) — X has at most n integer zeros.
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Solution. Suppose that x; < xp < ... < x,41 are distinct integers such that
f(f(xi)) = x;. Then f(x;) are also pairwise distinct and f(x;) — f(x;) is a
multiple of x; — x;. But x; — x; = f(f(x;)) — f(f(x;)) is also a multiple of
f(x;) — f(x;). Thus, we must have |f(x;) — f(x;)| = [x; — x;|. But then

n

fng1) = fler) = Y 1 f (xiga) — f(xi)],

i=1

which implies that all numbers f(x;;1) — f(x;) have the same sign. Com-
bined with the equality |f(x;) — f(x;11)| = |x; — x;,1| this shows that either
all numbers f(x;) + x; are equal or that f(x;) — x; are all equal. This is how-
ever impossible, as f has degree n.

Remark. Recently, a very similar problem featured in the IMO 2006: let P(X)
be a polynomial of degree n > 1 with integer coefficients and let k be a posi-
tive integer. Consider the polynomial

Q(X) = P(P(---P(P(X))))-

k times

Prove that there are at most 7 integers such that Q(t) = t. It follows from
Example 1.73 that any integral solution of the equation Q(t) =t is a solution
of the equation P(P(t)) = t, so this new problem is actually equivalent to
the discussed one.

Example 1.74. Find all integers n > 1 for which there is a polynomial f € Z[X]
with the property: for any integer k one has f(k) =0 (mod n) or f(k) =1
(mod n) and both these equations have solutions.

Solution. The answer is: exactly the powers of a prime number. If n is a
prime power, by Euler’s theorem the polynomial X?(") is a solution.

Conversely, suppose there exists a polynomial f with the properties in the
statement and that 7 has at least two different prime factors p,q. Changing
f to f(X —a) for a suitable a, we may assume that f(0) =0 (mod n). Thus
f(0) =0 (mod ¢), which implies that for all b € Z we also have f(bg) =0
(mod g). So, we cannot have f(bg) =1 (mod n), hence f(bg) =0 (mod n).

In particular, f(bg) =0 (mod p). But then for all a € Z we also have
flap+bq) = f(bg) =0 (mod p) and so f(ap + bg) =0 (mod n). Since any
integer x € Z can be written ap + bq for suitable a, b, it follows that the equa-
tion f(x) =1 (mod n) has no solutions, a contradiction.

Example 1.75. Find all polynomials f with integer coefficients which satisfy the
property f(n) | 2" — 1 for all positive integer n.

Solution. Of course, if f is constant, then f has to be either 1 or —1 and these
are solutions. So, assume that f is nonconstant. We may assume that the
leading coefficient of f is positive. Take n such that f(n) > 1 and p a prime
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factor of f(n). Then p | 2" — 1 whilealsop | f(n+p) and f(n+p) | 2"TF — 1.
But then p | 2P — 1, which is certainly impossible. So any such f is constant
and the solutions are 1, —1.

Here is a beautiful and rather tricky application which involves of ideas
present in the proof of Hensel’s lemma (see Lemma 3.1 in [91]).

Example 1.76. Let p be a prime and let f € Z[X] be a polynomial. If the values
£(0), f(1),..., f(p? — 1) give distinct remainders when divided by p?, prove that
£(0),f(1),..., f(p® — 1) give distinct remainders when divided by p®.

Solution. Assume that f(i) = f(j) (mod p3) for some i,j. Since f(i) = f(j)
(mod p?) and since f is injective mod p?, we deduce that i = j (mod p?),
say j =i+ p°k. It is enough to prove that k =0 (mod p). Assume that this
is not the case. We have

f@) = £G) = f(i+kp?) = (i) + kp?f' (i)  (mod p%),
so p divides kf’(i). Thus p divides f'(i). But then

fli+kp) = f(i) +kpf'(i) = f(i) (mod p?),

which, combined with the hypothesis, yields i + kp =i (mod p?), a contra-
diction. Thus k=0 (mod p) and i =j (mod p?). The conclusion follows.
We continue with a series of not so difficult problems.

Example 1.77. Let f € Z[X] be a nonconstant polynomial. Prove that the sequence
f(3") (mod n) is not bounded.

Solution. Changing f with its opposite, we may assume that the leading
coefficient of f is positive. So, given N, there exists m such that f(3") >
N. Choose a prime p > 2f(3™) and observe that f(3/") = f(3™) (mod p)
by Fermat’s little theorem. In particular, if r = f(3™7) (mod mp), then r =
f(3™) (mod p) and sor > f(3™) > N, finishing the proof.

Example 1.78. Is there a nonconstant polynomial f € Z[X| and an integer a > 1
such that the numbers f(a), f(a?), f(a®), ... are pairwise relatively prime?

Solution. Assume that f is such a polynomial and a is as in the state-
ment. Let ¢ = ged(a, f(a¥)) = ged(a, £(0)). If ¢ > 1, then g is a common
factor of all f(a*). Thus ¢ =1, so a and f(a') are relatively prime for all
i. Choose an i with [f(a')| > 1 and choose j =i + ¢(|f(a’)|), where ¢ is
Euler’s totient function. Then f(a') divides @/ — a' by Euler’s Theorem, so
f(a') divides f(a/) — f(a') and f(a')|f(a/). But this contradicts the fact that
ged(f(a'), f(a))) = 1 and shows that the answer to the problem is negative.

Example 1.79. Find all polynomials f with integer coefficients such that there ex-
ists k such that for all primes p, f(p) has at most k prime factors.
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Solution 1. Note that all polynomials of the form aX™ work, for obvious
reasons. Let f be a solution of the problem and suppose f is not of this
form. So we can write f(X) = X"g(X) for some polynomial g with inte-
ger coefficients such that g(0) # 0 and g is not constant. By Schur’s theo-
rem, there are infinitely many primes dividing at least one of the numbers
g(1),4(2),.... In particular, we can choose pi,py,...,pxs+1 distinct primes
greater than |¢(0)| and we can choose positive integers ay,ay,...,a;,1 such
that g(a;) =0 (mod p;). Using the Chinese Remainder Theorem, we can
find an integer a such that 2 = a; (mod p;) for all i.

Note that a is relatively prime to p1p2 - - pry1 (otherwise some p; would
divide a, so p; | a; and then p; | g(0), a contradiction). Thus, by Dirichlet’s
theorem, there exist infinitely many primes p =a (mod p1p2---pis1). In
particular, we can choose such a prime p with f(p) # 0. Since by construc-
tion f(p) is a multiple of p1pa - - pry1, it follows that f is not a solution of
the problem. The conclusion follows.

Solution 2. Note that all polynomials of the form f(X) = aX™ work. Sup-
pose f(X) = X™¢(X) is such a polynomial which is not of this form. Then
g(X) is also such a polynomial. Thus we may assume that f is nonconstant
and f(0) # 0. Let p be a prime not dividing f(0), hence p does not divide
f(p). By Dirichlet’s Theorem there are infinitely many primes g of the form
q=p+kf(p)?. Choose such a g with |f(q)| > |f(p)|. For such a g we have
f(q) = f(p) (mod f(p)?). Thus f(q) is divisible by every prime factor of
f(p), with exactly the same multiplicities, and at least one additional prime
factor. Iterating this construction, we can find a sequence of primes (p,) for
which f(p,) has at least n prime factors. Thus the only solutions where the
ones already given.

Example 1.80. Find all polynomials f € Z[X] with the property that for any rela-
tively prime integers m,n, the numbers f(m), f(n) are also relatively prime.

Solution 1. The solutions are the polynomials +X? for d > 0. Trivially, these
are solutions of the problem. Consider now any nonconstant solution f and
without loss of generality (change f into — f) we may assume that the lead-
ing coefficient of f is positive. Suppose that p is a large prime for which p
does not divide f(p). Then p and p + f(p) are relatively prime and thus f(p)
and f(p + f(p)) are relatively prime. However, f(p) divides f(p + f(p)).
Thus necessarily |f(p)| =1 or f(p) = 0. Since p was large, none of this hap-
pens (f is not constant). Thus, for p large enough we have p | f(p), forcing
p | f(0). This implies that f(0) = 0 and so we can write f(X) = Xg(X) for
some polynomial g with integral coefficients. Of course, g satisfies the same
property as f and has smaller degree. Repeating the argument with g or per-
forming an obvious induction on the degree of f, we deduce that f is indeed
of the form X for some d. This solves the problem.

Solution 2. Another proof can be based on the following preliminary result.
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Lemma 1.2. If f € Z[X] is not of the form £X", then there exist different primes
p,q such that q | f(p).

Proof of Lemma. Assuming the contrary, we may assume that the leading

coefficient of f is positive. So, for all large enough p, f(p) = p*# for some

_ logf(p)
P logp

integer k. Since k converges to deg(f), it follows that k, = deg(f)

for all sufficiently large p and so f(p) = p3®8l/) for all sufficiently large p.
The conclusion follows.

Coming back to the proof, choose a solution f of the problem and sup-
pose that f is not of the form +X". Pick primes p,q as in the lemma. Then
g divides f(p) and f(p + q) (since g divides f(p + q) — f(p)). But this is
impossible, since p, p + g are relatively prime and so f(p) and f(p + q) are
relatively prime. The conclusion follows. 0

Example 1.81. Let f be a polynomial with integer coefficients and let ag = 0 and
an = f(ay—1) for all n > 1. Prove that (a,),>o is a Mersenne sequence, that is
§d(am, n) = Ageq(m,n) for all positive integers m and n.

Solution. Write f? for the composite of f with itself d times. Pick any pos-
itive integers m,n and write m = du,n = dv with ged(u,v) = 1 and observe
that a, = f"(0) = g%(0) and a,, = g"(0), where ¢ = f¢. Moreover, a; = g(0).
So, it is enough to prove that for any g with integral coefficients and any
ged(u,v) =1 we have ged(g"(0),£87(0)) = g(0). One may clearly notice that
for any polynomial / with integer coefficients and any k we have /(0) | 1*(0).
Applying this to g already shows that ¢(0) divides ged(g"(0),8%(0)). Con-
versely, let x = gcd(g"(0),87(0)). Applying the previous remark to h = g*
and h = g¥, we obtain that for all A,B >1we have x| ¢%(0) and x | g%2(0).
Taking A,B such that Bv = Au + 1, we get x | ¢(¢4*(0)) and x | g*(0).
Clearly, x divides g(0) and the conclusion follows.

Example 1.82. Find all integers k such that if an integral polynomial f satisfies
0<£(0),f(1),---, f(k+1) <k then f(0) = f(1) = --- = f(k) = f(k +1).

Solution. If k <2 we can easily find examples, for instance f(X) = X(2 — X)
for k=1and f(X) = X(3 — X) for k = 2. So, assume k > 3 and let f be a
polynomial having integral coefficients with 0 < £(0), f(1),..., f(k+1) <k.
As f(k+1) — f(0) is between —k and k and since it is a multiple of k + 1, we
must have f(0) = f(k+ 1), hence

f(X) = f(0) = X(X = (k+1))g(X),

for some polynomial g, which clearly has integral coefficients (note that X
divides f(X) — f(0) and X is relatively prime to X — (k + 1)). Thus, we have
f(0)+i(i —k—1)g(i) is between 0 and k for all 0 < i < k + 1. In particular

k>i(k+1—1i)|g(i)], 0<i<k+1.



1.4 Polynomials in one variable 49

However, i(k+1—1i) >k,2<i<k—1,hence g(i) =0for2<i<k—1.In
particular, we can write g(X) = (X —2)--- (X — k+ 1)h(X), for some poly-
nomial /1, again with integral coefficients. But then

flk) = f(0) = —k(k =2)th(k),  f(1) = f(0) = (=1)* k(k — 2)th(1).

This implies that k(k — 2)!|h(x)| < k for x € {1,k}, which clearly implies
that (1) = h(k) = 0, unless k = 3. Therefore, unless k = 3 we can definitely
conclude that f(0) = f(1) =...= f(k+1) and so all k > 4 are solutions of the
problem. For k = 3 we can actually have equality in all previous inequalities,
hence we have the polynomial f(X) = X(X —2)?(4 — X). Clearly, k = 3 is
not a solution and the problem is solved.

Example 1.83. Let n be a positive integer. What is the least degree of a monic poly-
nomial f with integer coefficients such that n | f (k) for any integer k?

Solution. This is immediate. Indeed, by Theorem 1.12 we can write

f(X) X(X—-1)---(X—d+1)

—ap+a X+ - +ag i ,

where d = deg(f). Considering the leading coefficients in this equality
shows that d! is a multiple of n. On the other hand, if d! is a multiple of
n, then we can take f(X) = X(X +1)--- (X +d — 1). Thus the answer is: d
is the smallest integer such that d! is a multiple of n.

Example 1.84. Let f be a polynomial with rational coefficients such that f(n) € Z
forall n € Z. Prove that for any integers m and n the number defined by the formula

Iem(1,2,...,deg(f)] - % is an integer.

Solution. Fix m # n integers and let d = m — n and ¢(X) = f(n + X). Then
¢ has rational coefficients, sends integers to integers and deg(f) = deg(g).
So, we need to prove that

lem([1,2,...,deg(d)] - g(d);g(())
is an integer. Using the result of problem 13, if D = deg(g), then there exist
integers ay, ...,ap such that

1) (X =it 1)

D
g(X) = ;)ﬂiX(X g :

So, it is enough to prove that for any 1 <i < D we have

lem(1,2,...,D] - (4= 1)(d_23|"'(d_i+1) cZ.
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But the last quantity can also be written as

(d-1)---(d—i+1) lem[L,2,...,D]
(i—1)! i ’

making it clear that it is an integer. The conclusion follows.

Example 1.85. Let f be a polynomial of degree d such that f(Z) C Z and for which
f(n) — f(m) is a multiple of m — n for all 0 < m,n < d. Prove that f(m) — f(n)
is a multiple of m — n for all integers m,n with m # n.

Solution. The crucial point is the following consequence of the previous
problem: if Ly =lem(1,2,...,k), then m — n divides Ly ((%) — (})) for all in-
tegers m # n. Now, we will prove that if m — n divides f(m) — f(n) for all
0<m#n<d=degf, then f is a linear combination with integer coeffi-
cients of the polynomials Ly (;f ) for 0 < k < d. By the previous key point, this
will be enough to conclude.

As f(Z) C Z, by Exercise 1.78 there exist integers 4y, a1, ..., az such that

f(X):ﬂ0+ﬂ1<)1{> +---+ad<§>.

It remains to prove that 4; is a multiple of L; for all i. We prove this by induc-
tion, the case i = 0 being clear (by definition Ly = 1). Assume that ay,...,a2;_1
are multiples of Lo, Lq,...,L;—1 and fix 0 < j < i. Then j — i divides

70— £G) =,§ak (()-() =a+ L o (()- ()

By the lemma and the inductive hypothesis, each of the numbers aj (( ,i) - (,]C))

with 0 <k <iis a multiple of i — j. We deduce that i — j divides a; and since
j < iwas arbitrary, it follows that L; divides a;, which end the proof.



Chapter 2
Finite Sums and Products

2.1 How to use the sum symbol

In this section we discuss techniques of evaluating various special sums and
products. special sums and products. A sum is simply repeated addition,
and can be concisely expressed in sigma notation as follows:

n
Zak:a1+a2+---—|—ak.
k=1

The expressions above and below the sigma are the bounds of the sum-
mation. Bounds can come in various forms; the only requirement is that the
specify some (possibly empty) set over which the summation occurs. For
example, the following are correct uses of sigma notation:

n

) Y. i Y. @, ) ap

ij=1 1<i<j<n 1<4,j<100 p prime
1i=360

Some important properties of sums are as follows:

n n n
Z (ap +by) = (Z ak> + (Z bk) (distributivity over addition)
k=1

k=1 k=1

n n
Y (aay) =w (E ak> (distributivity over multiplication by a constant)
k=1 k=1
In the second example x must be a constant and cannot depend on k.
One important class of sums are telescoping sums. These are sums where
almost all of the terms will cancel each other. There are two flavors of tele-
scoping sums: direct and indirect telescoping sums.

51
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2.2 Telescopic sums

A direct telescoping sum is one where there exists some sequence {x;} such
that ay = x,.1 — x for k=1,2,...,n. In this case we may write

n n
Yo=Y (X1 —xp) = (x2 —x1) + -+ (Xpg1 — Xn) = Xpp1 — X1
=1 k=1

An indirect telescoping sum is one where there exists some sequence {x; }
such that ap = xx — x¢41 fork =1,2,...,n. In this case we may write

n n
Y = Z X — Xpg1) = (X1 — x2) + -+ (X0 — Xpq1) = X1 — Xpp1-

A common goal of manipulating sums is to find a closed form, that is an
expression equal to the sum that is free of sigma notation.

n
Example 2.1. Find a closed form for ) k(k +1).
k=1

Solution. We can expand k(k + 1) = k? + k and use formulas for sums of
powers to compute a general form. However, there is an alternate method.
We have (k)(k+1)(k+2) — (k—1)(k)(k+ 1) = 3(k)(k + 1), which gives

fk(k +1) = % i[(k)(k +1)(k+2) — (k — 1)(k)(k +1)]. This is a direct
k=1 k=1

n
telescoping series; letting x; = (k — 1) (k) (k + 1), we have } (x4 — x¢) =

k=1
n 1 2
Xp+1 —x1 =n(n+1)(n+2) — 0. Hence Zk(k+1) — n(n+ g(”"" )
k=1
n{n+1)

n
Remark. We can use this identity, coupled with ) "k =
k=1

, to find the

n
closed form for Z k2.
k=1

n
Example 2.2. Find a closed form for ) _ k(k +1)(k 4 2).
k=1

Solution. Writing
k(k+1)(k+2)=[(k)(k+1)(k+2)(k+3) — (k—=1)(k)(k+1)(k+2)] /4,

we obtain a direct telescoping sum analogous to that in Example 2.1. Writing
xp = (k—1)(k)(k+1)(k+2), we have
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n(n+1)(n+2)(n+3)

n
2 Xpp1 — Xk) /4= (Xp1 —x1) /4= 1

n
Example 2.3. Let S= ) k(k+1)---(k+ p). We have
k=1

k(k+1)---(k+p)=——=k(k+1)---(k+p+1)— (k—Dk---(k+ p)].

p+2

This is a telescoping series and we obtain

p+2n(n+1)~~-(n+p)(n+p+1).

2.3 The sums S,(n) =Y/ _k/,p=0,1,2,...

n
We now consider sums of the form S, (1) = ) " k?, where p is a nonnegative
k=1
integer. The closed forms for small p are

_n(n+1)

2
Sz(n):n(n+l) 2n+1) 53(71):(71(1124—1)) .

We show a more general relation for S, () in our next result.

Theorem 2.1. The following relation holds:

("1 ) s (P ) s = (Pt -

Proof. By the binomial theorem,
(k_|_1)p+1 — kPt = <p‘1|“1>kp_‘_ (pgl)kp_l—{—---—{— (P;1>k1+1.

Summing this as k ranges from 1 to n gives

f (k+1)P+ — Pl
=1

1\ & 1\ & 1\ &
CTYBe e )

k=1 k=1

>~
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The left-hand side of this sum reduces to (1 + 1)P*! — 1, while in the right-
hand side we may replace our sums of powers of k with S, (1), hence

(n+1)Ptt -1
= (p;r1>sp(n)+ (p;rl)s,,_1(n)+---+ (p—gl)sp(n)jtn,

which after a tiny bit of rearranging is exactly what we set out to prove. [

Using this method we can prove the following relations:

_n(n+ 1)(2n+1)(3n% +3n—1)

Sy4(n)

30 ’
n?(n+1)2(2n% +2n—1
sa() = T2 )
n(n+1)2n+1)(3n* + 603 — 3n +1)
56(71): 0 .

Theorem 2.2. 1° For all integers p > 0, Sy(n) is a polynomial of degree p + 1 in
n with rational coefficients and leading coefficient 1/ (p +1).
2° The coefficient of n? is %, hence it does not depend on p.

Proof. 1. We prove this by strong induction. We can verify that So(n) = n
satisfies the conditions above; this provides our base case. Suppose that for
some p > 1 that So(n),S51(n),...,S,-1(n) satisfy the conditions above. We
use the relation

(n+1)P*+ 1= <p1r1)sp(n)+~~-+ (p;_1>sp(n>+1’l

proved in Example 3. We rearrange this to write

oy D = (3D () - = (P DS () — -1
p(n) = p+1 .

By our inductive hypotheses, the highest-degree term in the right-hand side
is the (n +1)7*! term. Hence S, (n) is of degree p + 1 in n. Similarly by our
inductive hypothesis, the right-hand side has rational coefficients. Finally,
as the only term of degree p + 1 on the right-hand side is (n + 1)P !, which
expands to nP*1 plus lower-degree terms, the leading coefficient of Sp(n)

must be 1/(pJ1r1) =1/(p+1) as desired.

2. Let ap be the coefficient of n?. Identifying the coefficient of n” in the

recursive relation, it follows (*') = (pirl)ap + (’742“1)%, hence a, = 1. O



2.4 The geometric sum

2.4 The geometric sum

We will discuss now a very important class of sums.

Theorem 2.3. For every complex number a # 1, the following formula holds:

n 1— an+1

Y=l

k=0 —a

n
Proof. LetS=)_ a*. Then we may write:

k=0
S=1+a+a®+-- +a"
—aS= —a—a*—---—a"—a""
S—aS=1-a""
_ n+1
g 1-a"
1—a
This ends the proof.

Remark. For every complex number a with |a| < 1, we have } ;7 ;a

n
Example 2.4. Find a closed form for ) ka* where a # 1.
k=0

n
Solution. Let S = Z ka*. We rewrite S as

k=0
a+a2+a3+...+an:(Cl—anJrl)/(]-_a)
a2+a3+...+gn:(az—an+1)/(1_a)
4 a"=(a®—a")/(1-a)

a" = (a" — a1 /(1 —a).
Adding up the right-hand sides we get our desired sum. We have

(a+a?+--+a") —na"t!
1—a
a— gt — yantl 4 nat+2
(1-a)?
a—(n+1)a"! + nat?
B (1—-a)?

S =

55

g

1

1

—a’
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n
Example 2.5. Find a closed form for ) | k*a* where a # 1.
k=0

n
Solution. Let S = Z k*a*. Then we may write

k=0
n n
S—aS=Y (kK- (k—1)%)a" =Y (2k —1)a* — n?a"*L.
k=1 k=1

But this can be expressed in terms of sums we can already compute as

(1 — a)S =2 (a _ (n * 1)an+1 + na”+2> — (a _ an+1> — n2g" 1,

(1—a)? 1—a
We get
5 27mn—&-z _ (n 4 1)u”+1 iy a-— g+l N 2 g+l
N (a—1)3 (a—1)2 a—1

2.5 Some interesting trigonometric sums

In this section we present a general trigonometric sum for which we pro-
vide three proofs, and a number of interesting consequences. The original
material was published in [37], inspired by a proposed problem in [36].

Theorem 2.4. For any real number a € R\ {—1,1} the following relation holds:

nl 1 _ n(a"+1)
(=2 —2acos % 41 (a2 —1)(a"—1)

(2.1)

Proof 1. Let P € R[X] be a polynomial of degree n — 1 with real coefficients
denoted by P =ag + ;1 X + --- + a,_1 X"~ 1. If « € Uy, is an nth root of unity,
then we have

n—1 a1 1
:(ao—i-al(x—l-'--—l—an_ltx ) fo+ 24y ——
® n
n—1 n—1 1
=di+al+ - +ad_ + Y Ak + ). B
k=1 k=1

where the coefficients Ay, By, k =1,...,n — 1 are different from zero. Using
the relation (see [6, Proposition 3, page 46]) one gets



2.5 Some interesting trigonometric sums 57

Y zxk:{n' ifn|k
0,

well, otherwise

we get the following formula

Y P@P=n(af+at+ - tad,). 2.2)
acly,

In order to prove (2.1) we consider the polynomial

nxXmt 1
P=1+4aX+4 4o lxm1=22 72
+aX+ +a X1
Applying formula (2.2) it follows that
2n
—1
PV =n(14ta®+...1g2-D) =, 2 ) 2.3
agn\ @R =n (14024 +a2 D) = — (23)
On the other hand we have
2 2 2
y P(a)]? = ata — 1|7 (a" —1) _ (a" —1)
€T, an —1 (ax—1)(aw—1) a?2—2Rea-a+1’
and the desired result follows. |

Proof 2. By the Poisson kernel formula one obtains

1—2

e}
W == Z 1’|mlzm, Where ’ r |< 1 (2.4)

m=—oo

and z = cost + isint. Applying this formula in the current problem one gets

n—1 _ 42 n—1 00 )
Z 1 l;k _ Z gl pim 2
im0 1—2acos#™ + a2 [ =H \ e

: B (f(;)")

m=—0oo k=0
= Z na‘m| =n Z a”\j\
meZ JEZ
1—a?" 1+a"
= n =n P

(1—an)> 1—a"
and the formula follows. O

Proof 3. Let P € C[X] be a polynomial whose factorization is given by the
formula P =[T}_, (X2 +a X+ b). We have the following relations
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22X +ay 1 &2X2 4+ X+b—b

ZX2+akX+b_§k:21 X2+ ;X + b

n b 1
=X - — - -
2X2+aX+b+X X¥X2+akx+b
k=1
—bi 1 -I—E
X EX+aX+b X

from where we can derive the formula

XP' —nP ! 1

—_— = —_. 2.5
(X2—b)P ];X2+akX+b @5)
For the polynomial
n—1
2
P=(x"-17=]] <X2 —2Xcos 2T 4 1)
k=0 n
we have P/ =2nX" (X" — 1), hence
XP' —nP _2nX”_1(X”—1)—n(X”—1)2_n X" 41
(X2-1)P (X2 —1) (X" — 1) (X1 (Xr-1)
and the desired relation (2.4) follows from (2.5). O

In the case n =7 and a € (—1,1) one recovers Problem 49 in the Longlisted
Problems of IMO 1988 (see [102, pp. 217]). We now present four examples
inspired by the main result. The following problem was proposed in [36].

Example 2.6. Evaluate the sum

n—1 1
_ (2.6)
k=0 1 + 8sin? (k”)
Solution. Taking 4 = 2 in (2.4) one obtains
n—1 n
12k _ n(2n+1), 2.7)
h4—4cosZET 41 3(2"—-1)
which can be written as
n—1 n
1 2 1

k=0 1 + 8sin? (7”) S 32 -1)°
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Example 2.7. The following identity holds.

nil 1 (n-1)(n+1) 29)
k=1 sin’ (%") 3
Solution. Indeed, the identity (2.1) can be written as

nl 1 ~ n@+1y 1
a2 —2acos*r 41 (@ -1)(a"-1) (a—1)*

n

Taking the limit as 2 — 1 on the right-hand side we get

lim n(a®+1) 1
a=1| (@2 =1)(@" —=1) (a—1)

1 y (n—1)a""'—(n+1Da"+(n+1a—n+1

T 2nasi (@a—1)7°
B ilim (n+1)(n—1)a" —n(n+1)a" 1+ (n+1)
© 2nas1 3(a—1)2
B ilim (n+1)(n—1)na"2(@a—-1) (n-1)(n+1)
C 2na—1 6(a—1) B 12 '
It follows that
n—1
1 -1 1
lim ), — 2kt 1 =Dl )'
a—1;= a2 — 2acos =% 41 12

that is

”il 1 (n=1)(n+1)

k=1 4sin? (k—"> 12

n
Remark. 1° Using the symmetry

sinzk—n :sinzw, k=1,...,.n—1,
n n

by the identity (2.9) one obtains the following results.
If n =2m +11is odd, then

22 krt N 6 N 3
k=1 s1In (m)

i 1 2m (2m + 2) m(2m+2)'
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Writing 1 = sin?t 4 cos? ¢, this is equivalent to

i kr m(2m —1)
2
k§:1 ctg 5 7= 3 . (2.10)

If n = 2m is even, then one obtains

E 1/n%—1 n2 — 4
k:zlsinz(k”>_2< 3 _1>_6'

n

2° The identity (2.10) can also be proved by different means, as shown
in [4, Page 147]. There the authors consider the trigonometric equation
sin(2m + 1)x = 0, with the roots

T 27T mrt
2m+1"2m+1"""""2m+1°

Writing sin(2m + 1)x in terms of sinx and cos x, we obtain

2 1 2 1
sin(2m+1)x = < m1+ )coszmxsinx— < m;_ >coszm_2xsin3x—|—

2 1 2 1
:sin2m+lx<( m1+ )ctgzmx— < m3+ >ctg2m_2x+--->.

Setting x = %, fork=1,...,m, and since sin

2 1
(2m1+1)ctg2mx_< m;‘ )Cthm—Zx_’_.”:O‘

2m+1y —£ 0 we obtain

Substituting y = ctg 2x this equation becomes

(zm1+ 1>ym - <2m3+ 1>ym_1 N

which has the roots

mrit

., cte 2 )
ot

ct 2T ct 2 2n
& om+1® amy1

By Vieta’s relation between coefficients and roots one obtains

2 1
gz _ G _mm—1)
=1 2m+1 ( ml ) 3

Theorem 2.4 can also be used to prove other interesting identities.
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Example 2.8. If n is odd and n > 3, then

n—1

f 1 n?-1

k=1 cos? (’%) 2
If nis even and n > 4, then

o n? — 4

k:zl cos? (k%) -6

Solution. In order to prove (2.11) note from (2.1) that we have

n-l 1 ) n(a"+1)
2kt = lim 2 1 n 1

i=h2+2cos % am-1(a*—1)(a" — 1)

_ lim a'+1

C 4dao1 a+1

_n

=T

That is
n—1
1
:1’12,

from where we obtain

From the symmetry

one obtains the identity (2.11).
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(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

To prove (2.12) a few more steps are required. Again, by (2.1) one has the

following
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n-] 1 L n(@+1) 1
Y 7 2esE AT {(ahl)(uﬂ—l) (a+1)

g n[(t—1)"+1] 1
TERHE—2) [t -1 -1 £

11, n[(t—1)" +1]t— (t=2)[(t—1)" —1]
250 2[(t—1)"—1]

nt [2—nt+ LUV t3f(t)}

— i
2150 £ |—nt+ 22 4 o)

(t=2) (—nt + Mo — 2R B pre(r))
2 (—nt+ "2 4 n(r) )
1 nz(gfl) _2n(n71)(n72) _ n(n—1)

_n2—1
12

since f, g, h are polynomials in f, so f(0), g(0) and /(0) are finite. Hence,

= 1 n*—1
Z = 3 :

2k
k=0, kg 2 +2cos -

By the symmetry of cosine formula (2.16) the identity (2.12) follows.

Remark. A direct proof of (2.12) can be obtained from (2.9) by using the
symmetry relation

-2
Coszk—ﬂ:sin2 T km :SiHZM:SiHZ(i, kzl,--wﬁ—
n 2n n 2

NI
|
»
~—
=

2 n

Example 2.9. If x € Rand |x| > 1, then

P 2n (x4 V1) [(x+ Va2 1) +1]
Z = . . . (217)
k=0 X —cos = [<x+m) _1] [(x%—\/ﬁ) —1}.

Solution. Indeed, we have

n-l 1 1= 1
Z

2k 2a :
=0 4% —2acos =T + 1 " 20 =0%(ﬂ+%)—c052k—”

n
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Letting x = % (a + %), one has a = x + Vx2 — 1, and by identity (2.1) we get

1 1= 1 (" +1)
72

which can be reduced to (2.17). In particular, for x = 2 one obtains

5 , :2n(2+¢§) [(2+ﬁ):+1]
=01+ 2sin? (1) (3+3v3) [(2+v3) 1]

2.6 Finite products

We now move to products, where repeated multiplication can be concisely
expressed in product notation (occasionally called pi notation) as

n
[Tax = mazaz---a,
k=1

The indices on products can be written in different ways, just as with the
indices on sums. (It is far less common to see unusual indices on products
than on sums.) Some important properties of products are as follows:

n n
H agby) = (H ak> <H bk> (distribution over multiplication)
k=1 k=1

n n
H (wag) = a” H ay (distribution over multiplication by a constant)
k=1 k=1

As with sums, an important class of products are telescoping products.
There are two flavors of telescoping products, as before - direct and indi-
rect telescoping products. A direct telescoping product is one where there
exists a sequence xj such that a; = x’;—:l fork=1,2,...,n, where we have

n

X
[Ta= ="
k=1 1

Analogously, an indirect telescoping product is one where there exists a
sequence xj such that a; = k for k=1,2,...,n. In this case we may write

Hak—

xn+1
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Example 2.10. Compute the product

n k3_1
3"
Y RN

Proof. We may write

KB-1 (k=1 +k+1)
B+1 (k+1)(k2—k+1)

hence we obtain

L -1 S (k-D(K +k+1)
liﬁiﬁf r1w+1xﬂ—k+1)

B 1 24 k+1
Hk+1 sz =

In order to compute the last product, observe the following relation

K +k+1 K +k+1
—k+1 (k—1)2+(kk-1)+1

therefore it is a direct telescopic product. Finally, we get

1£[k3—1 2 n?+n+1_ 2(n>+n+1)
s k41 n(n+1) 3 © 3n(n+1)

Example 2.11. 1° Prove that for every n > 2,

n—1 k 1
Ll
= (k+1)! n!

2° Prove that for every positive integer n > 3, n! can be written as sum of exact n
of its distinct divisors.

Solution. For the first part, note that for every k € IN*, we have the identity

kK k+1-1 1 1

(k+1)! (k+1)! Kk  (k+1)U
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Using this, we get that

n—1 k n—1 1 1
k; (k+1 —k; <k!_ (k+1)!>'
The latter is a telescoping sum, where only the first and last terms survive.

The desired conclusion follows immediately.
For the second part, note that multiplying by n! the identity

Vli k B
=+

1

n!

and re-arranging, we get that 1 + Z " +1) k = n!. The conclusion follows

by observing that for each k € { 1,2,..., — 1}, the expressions [z} k are

k+1)
distinct divisors of n!.

Example 2.12. Prove the inequality:

2 4 2n < 3
35 2n+1 2n+3

Solution. Regrettably, the product on the left side does not possess the prop-
erty of being telescoping. Nevertheless, as we are tasked with proving an
inequality rather than an equality, we may seek to identify a telescoping
product that strictly exceeds the left-hand side while remaining less than or
equal to the right-hand side.

Indeed, note that for every k € N* we have that 4k* + 4k + 1 < 4k? + 6k,
hence (2k + 1)? < 2k(2k + 3). This implies that

2k <2k+1
2k+1 " 2k+3°

n
Now, the left hand side of our inequality can be written as ] %, hence
k

using the inequality above we get

ﬁ 2%k <1£[2k+1 357 2n+1
Li%k+1 LA2K+3 57 9 2n+3

The expression on the right is now a telescoping product and by can-
celling terms we find that the product equals ﬁ, as desired.






Chapter 3
Methods of Proof

3.1 Proof by contradiction

The method of argument by contradiction proves a statement in the follow-
ing way: First, the statement is assumed to be false. Then, a sequence of
logical deductions yields a conclusion that contradicts either the hypothe-
sis (indirect method), or a fact known to be true (reductio ad absurdum).
This contradiction implies that the original statement must be true. This is a
method that Euclid loved, and you can find it applied in some of the most
beautiful proofs from his Elements. Euclid’s most famous proof is that of the
infinitude of prime numbers.

Example 3.1 (Euclid). There are infinitely many prime numbers.

Solution. Assume, to the contrary, that only finitely many prime num-
bers exist. List them as p; = 2,po = 3,p3 = 5,...,ps. Then the number
N = p1p2---pn + 1is divisible by a prime p, yet is coprime to p1,p2,...,Pn.
Therefore, p does not belong to our list of all prime numbers, a contradic-
tion. Hence the initial assumption was false, proving that there are infinitely
many primes.

Example 3.2. The number /2 is irrational.

Solution. Assume that v/2 is rational, that is v/2 = %, where m, n are positive
integers. We may suppose that gcd(m,n) = 1. By squaring, one obtains that
2n? = m?, hence 2 | n?, hence n = 2ny, for some positive integer 1. Replacing
in 2n? = m?, we get n? = 2m?, implying the numbers m, n are both divisible
by 2, contradiction to ged(m,n) = 1.

Similarly, one can prove that if 4 € IN* is not a perfect n-th power, then
{/d is not a rational number.

67
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Example 3.3. Let n be an odd positive integer and let ay,ay,as,...,a, be a rear-
rangement of the numbers 1,2,3,...,n. Show that

2| (ag —1)(ap —2)(az —3)---(ay — n).

Solution. Assume, by contradiction, that (aq —1)(ap —2)(a3 —3)--- (a, —n)
is odd. Then all factors a; — 1,a, — 2,a3 — 3,...,a,, — n must be odd. Because
n is odd, it follows their sum (aqy — 1) 4 (ay —2) + (a3 —3) +--- + (a, — n)
is also odd. But, clearly, the sum is 0, a contradiction.

We continue with an example of Euler.

Example 3.4 (Euler). Prove that there is no polynomial of degree at least 1 de-
fined by P(x) = anx" + a,_1x" 1 + - -+ + ag with integer coefficients and with the
property that P(0),P(1),P(2),..., are all prime numbers.

Solution. Assume the contrary and let P(0) = p where, p is a prime. Then
ap = p and P(kp) is divisible by p for all k > 1. Because we assumed that all
these numbers are prime, it follows that P(kp) = p for every k > 1. Hence,
P(x) takes the same value infinitely many times, a contradiction.

Example 3.5. Suppose that a,b,c are rational numbers with a + by2 +cv/4=0.
Show that a =b=c¢=0.

First solution. If, for example, 2 = 0, then we get that b + cv/2 =0 and since
V/2 is irrational, we must have ¢ = b = 0. One can similarly reach the same
conclusion if b = 0 or ¢ = 0. Suppose now that a, b, c are non-zero. Without
losing generality we can assume that a,b,c € Z are such that ged(a,b,c) = 1.

We know that
a+bV2+cV4=0,

hence multiplying by v/2 we get
av/2 4 b4 +2c = 0.

Eliminating v/4, one obtains
V2(b* — ac) +ab — 2¢* = 0.

As V/2 is not rational, we must have b? — ac = 0 and ab — 2¢? = 0. Multiply-

ing the last equality by ¢ we get that abc — 2¢®> = 0, from where b®> — 2¢®> =0,

which implies that V2= %, a contradiction to the irrationality of /2. There-

fore, the only possibilityisa =b =c =0.

Second solution. If one of 4, b or c is zero, then all of them must be zero.
Suppose that abc # 0. One can scale the such that a,b,c € Z* are such

that gcd(a,b,c) = 1. Denote by x = a, y = b+/2 and z = cv/2. From the given
hypothesis, we have that x + y + z = 0. Moreover, using the identity (1.2)
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B+ —Bxyz=(x+y+2)(®+ P +22 —xy—yz —2zx) =0,
and, replacing the substitutions,
@’ +20° +4c® =32 abe.

We observe that 2 must be even, so 2abc is divisible by 4, hence as 4 | a3+ 4¢3
we deduce that b must be even. As, a,b are both even we know that 8 | 2abc
and as 8 | a® + 2b3, we must have 8 | 4c®, hence c is even. We obtained that 2
divides 4, b and ¢, a contradiction with ged(a,b,c) = 1.

3.2 The pigeonhole principle (or Dirichlet’s box principle)

This principle is usually applied to problems in combinatorial set theory,
combinatorial geometry, and number theory. In its intuitive form, it can be
stated as follows.

Pigeonhole principle. If kn + 1 objects, where k > 1 is an integer, are distributed
among n boxes, one of the boxes will contain at least k + 1 objects.

This is merely an observation, and it was Dirichlet who first used it to
prove nontrivial mathematical results.

Example 3.6. Consider a square of side-length 1 and 5 points inside. Prove that at
least two points are situated at a distance < V2/2.

Solution. Divide the square into four congruent squares by parallel lines
to the sides, having each the length of sides 1/2. At least two points are
situated in the in a such square. But the maximum of possible distances in
this small square is given by the diagonal, and it is v/2/2.

Example 3.7. From the set containing n arbitrary positive integers {ay,ay, ..., a,}
we can select a subset in which the sum of all elements is divisible by n.

Solution. Let us consider 7 subsets :

{a1},{a1,a2},...,{a1,a2,...,0,}.

First, calculate the sum of the elements in each subset and then the remain-
ders after division by n. If some of these remainders is 0, we are done.
If none, then according to the pigeonhole principle, among these n sub-
sets there are at least two with equal remainders. Let {ay,ay,...,4,} and
{ay,ay,...,as}, v < s, be two of such subsets. Then

mAa+--+as—(ag+ar++a) =41+ a2+ +as

is divisible by 1, and {a,41,a,+2,...,4s} is a subset we seek.
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The following is a classical example in number theory that illustrates the
existence of specific multiples with constrained decimal representations.

Example 3.8. Prove that for any n € IN, there exists a multiple of n whose decimal
expansion consists only of the digits 0 and 1.

Solution. If n = 0, the conclusion follows trivially, because 0 is a multiple
of 0. We now suppose n > 0. For every k € IN*, write a; = 111...1. Looking
W—/

k digits
at aj, ay, ..., ay, we distinguish the following two cases. If there exists a
number k € {1,2,...,n} such that n | ai, then we are done. Otherwise, by the
Pigeonhole Principle, the exists integers 1 <i < j < n such thata; and a j give
the same remainder when divided by 7. Then, their difference

aj—a;= 11...100...0
—— ——
j—i digits i digits

is a number with the desired property.

Let us give an easy example from the field of combinatorial geometry.

Example 3.9. Consider a pentagon in the plane with vertices that have integer co-
ordinates. Prove that the midpoint of at least one of its sides or diagonals also has
integer coordinates.

Solution. We denote by (x;,y;), where i € {1,2,...,5} the coordinates of the
vertices of the pentagon. Looking at the parities of these coordinates, we see
that there are 4 possibilities, namely (even, even), (even, odd), (odd, even)
and (odd, odd). By the Pigeonhole Principle, there are two vertices whose
coordinates have the same party, i.e., there exists 1 <i < j <5 such that
x; + xj and y; + y; are even integers.

Hence, the midpoint of the segment whose endpoints are (x;,y;) and

. . xi+x; Yty
(xj,yj) has integer coordinates (’T’, %)

Another classical example of the same nature is the following.

Example 3.10. Show that for any selection of n + 1 positive integers, each less than
or equal to 2n, there are two numbers among them such that one divides the other.

Solution. Write each of the n + 1 integers ay,ay,...,a,4+1 as a power of 2 times
an odd integer. In other words, let aj = 2kj q; forj=1,2,...,n+1, where kj is
a nonnegative integer and ¢; is odd. The integers 41,92, ...,q,+1 are all odd
positive integers less than 2n. Because there are only n odd positive integers
less than 2#, it follows from the Pigeonhole Principle that two of the integers
q1,92,---,9n+1 must be equal. Therefore, there are distinct integers i and j
such that g; = g;. Let g be the common value of g; and g;. Then, a; = 2kig and
aj = 25ig. 1t follows that if k; < kj, then a; divides a;; while if k; > k;, then 4;
divides a;.



3.3 Mathematical induction 71

Example 3.11. A participant in a mathematics competition prepared intensively
for 30 days leading up to the contest. During this period, the participant solved at
least one test per day but no more than 45 tests in total. Prove that there exists a
consecutive interval of days during which the participant solved exactly 14 tests.

Solution. Let 4; be the number of tests solved on or before the j th day of
the month. Then ay,ay,...,a39 is an increasing sequence of distinct positive
integers, with 1 < aj < 45. Moreover, a1 + 14,a, + 14,...,a39 + 14 is also an
increasing sequence of distinct positive integers, with 15 < a; + 14 < 59.

The 60 positive integers aj,4ay,...,a30,a1 + 14,a, + 14,...,a39 + 14 are all
less than or equal to 59 . Hence, by the pigeonhole principle two of these
integers are equal. Because the integers aj, j=1,2,...,30 are all distinct and
the integers aj+ 14,j=1,2,...,30 are all distinct, there must be indices i and
j with a; = a]- + 14.

The previous example is taken from [226].

Example 3.12. Prove that every set of 10 two-digit integer numbers has two dis-
joint subsets with the same sum of elements.

Solution. Let S be the set of 10 numbers. It has 2! — 2 = 1022 subsets that
differ from both S and the empty set. If A C S, the sum of elements of A can-
not exceed 91 + 92 + - - - + 99 = 855. The numbers between 1 and 855, which
are all possible sums, are the boxes. Since the number of objects exceeds the
number of boxes, there will be two sums in the same box. Specifically, there
will be two subsets with the same sum of elements. Deleting the common
elements, we obtain two disjoint sets with the same sum of elements.

3.3 Mathematical induction

Mathematical induction is a technique used to prove that an infinite se-
quence of statements that can be indexed by the natural numbers is true.
The importance of this phrase is paramount; induction can only be used
when the statements to be proven correspond to the integers {1,2,3,...}.
Formally, mathematical induction is used to show that a sequence of state-
ments

P11P2/P3/---/

hold for all n > ng, where ng is a positive integer. P, can be any statement
depending on n: for example, ‘n is prime’, ‘n is bigger than 1’, and ‘I possess
n cows’ are all valid statements P,,. However, it would be rather strange
were we able to successfully use induction on any but the second statement.

Mathematical induction comes in three flavors: weak induction, weak in-
duction with step size s, and strong induction.
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Each induction method has pros and cons:

¢ Standard weak induction is the simplest to use, but may not be strong
enough;

* Weak induction with step size s is a slight extension of standard weak
induction, useful for more complex problems.

¢ Strong induction is more complex than either weak induction, but is of-
ten hardest to apply.

¢ Cauchy induction also known as lacunary induction, is a lesser-known
but powerful variant of induction.

All three types of induction arguments are split into two basic parts: the
base case (or cases), and the inductive step. The base case is often a simple
computation, whereas the theoretical arguments usually occur in the induc-
tive step. In addition, the term inductive hypothesis appears in some texts.
This may refer to two concepts. First, it may refer to the assumption we make
that some P; (i < k) holds in our proof that Py, 1 holds. Second, it may refer
to the statement Py, ; itself - using this meaning, when we finish proving our
inductive step, we may write that we have proven the inductive hypothesis.

3.3.1 Mathematical induction - weak form

Let P, be a sequence of statements, and let 1y be an integer. Suppose that the
following hold:

1. Py, is true;
2. For k > ny, Py is true implies that Py, 1 is true.

Then we may conclude that P is true for all k > ny.
This is mathematical induction in its purest form. A simple example of
the usefulness of this argument follows.

Example 3.13. Show that for n > 1, we have

1
1+2+-~-+n=@.

Solution. Clearly, when n =1, we have 1 = 1(22). As ng = 1, this is our base

case P;. Suppose that P, holds. We want to show that

1+2+---+n+(n+1):w.

Using our inductive hypothesis, we can write

1
@4—71—1—1.

1424+ -4+n+n+1)=1+2+---+n)+n+1=
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Dividing through by n + 1, we obtain % + 1 = 2, which is true. This
completes our inductive step.

Let us now give an example which can be easily explained by the theory
in the next chapter. Here we explain it using induction.

Example 3.14. Show that if n people attend a party and each person shakes hands
with every other person exactly once, then the total number of handshakes is ("2 0}
Solution. Now suppose that the statement is true for any party of k people,
where 2 < k < n. We need to show that the statement is true for any party
of n + 1 people. When the (1 + 1)-th person arrives to the party, they will
shake hands with each of the 1 people who are already at the party.

By the inductive hypothesis, the n people who are already at the party

have already shaken hands with each other a total of @ times. Therefore,
the (n + 1)-th person shakes hands with n people, adding n handshakes to
the total. This gives a total of

nn—1) n(n+1)
=

handshakes, completing the induction.

Example 3.15. 1° Prove that for any positive integer n,

1

nil k P
=+ n!’

2° Show that for all integers n > 3 the equation
1 1 1
—+t—++—=1,
X1 X2 Xn

is solvable in distinct positive integers.

Solution. 1°. Let P, be the following statement:

1

= (k+1)! n!’

We prove that the statement P, is true for all n € IN* using (the weak form of)
induction on n. Pl holds trivially, as on the left we have the empty sum and
on the right 1 — 1, = 0. Similarly, it is easy to check that P, holds. Suppose
Py, is true. We are trying to prove P,, 1. Using the validity of P, we get that
the sum appearing in Py, is equal to

2 k 1 m m+1—m 1
S L — _1- .
ml (1) (m+ 1)1 (m+1)
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Hence P, is true and the induction is complete.

2°. From the first part, we know that

1 =k
4 =1,
n! Icgl(k+1)!

i 1
so for every n > 3 one can choose x; = 2!, x, = 37 =3,x3= % =8,...,X,_1=

i . . . .
M and x, = n!. The terms x1, X5, ..., X, are in strictly increasing order.
n—1 1, A2

3.3.2 Mathematical induction with step size s

Let P, be a sequence of statements, let 19 be an integer, and let s > 2 be an
integer. Suppose that the following hold:

1. Pnozpn0+1rpn0+2/ e /Pn0+s—l are true;
2. For k > ny, Py is true implies that Py, is true.

Then we may conclude that P is true for all k > ny.

Mathematical induction with step size s is used in a variety of problems; a
common example is to show that an expression is an integer for all values of
n (or divisibility, which is nearly equivalent). Many other interesting prob-
lems also require induction with step size s, as the three presented below.

Example 3.16. Show that a square may be divided into n > 6 smaller squares.

Solution. We will use ng = 6 and s = 3. We first prove our base cases.

We first divide a square into 9 smaller squares, then merge 4 of them to
obtain a division into 6 squares, proving Ps.

We divide a square into 4 smaller squares, dividing one of them into 4
still smaller squares to obtain a division into 7 squares. This proves P;.

We then divide a square into 16 smaller squares, then merge 9 of them to
obtain a division into 8 squares, effectively proving Po.

Using the base cases Py, P7, Ps, we show the inductive step Py implies Py 3.

Let k > 6, and suppose we may divide a square into k smaller squares.
Let S be one of these squares. If we divide S into 4 smaller squares, then we
deleted 1 square, and added 4 squares, for a net increase of 3 squares. Hence
we have a division of the square into k + 3 smaller squares. This completes
our inductive step. We may conclude that Py holds for all k > 6.

Example 3.17. Show that any n > 8 can be written as a sum of 3’s and 5's.

Solution. We will use ng = 8 and s = 3. We first prove our base cases.
We may write 8 =3 +5,9 =3+ 3+ 3,10 = 5 + 5. These establish our base
cases Pg, Py, P1g. We proceed to the inductive step, that P, implies Py, 3.
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Suppose that k may be written as a sum of 3’s and 5’s. Then by adding
another 3 to this summation, we may obtain a sequence of 3’s and 5’s which
sum to k + 3. Hence k + 3 can be written as a sum of 3’s and 5’s. This com-
pletes our inductive step. We may thus conclude that P holds for all k > 8.

1
Example 3.18. Let « be any real number such that « + " is an integer. Prove that

1
alt + P is an integer for all n € Z.

1
Solution. We may assume that n > 0. Let E;, = a" + pr We want to prove

1
that E;, is an integer for any n > 0. Wenote that Eg =2 € Z, E; =« + " ez,

2
1 1
E, = a2 + 2 (tx + 0c> — 2 € Z. The following relation holds:

1
Eni2= (“ + (X) Eyi1—Ey, V> 0.

Using induction with step s = 2, we get that E, is an integer, for any n > 0.

In this example, taken from [226] we demonstrate how mathematical in-
duction can be applied to solve paving problems in combinatorics. Such
problems often involve recursive structures and careful reasoning to ensure
that the paving is possible under specific constraints. The following example
involves paving a modified chessboard using a particular type of tile.

Example 3.19. Let n be a natural number. Show that any 2" x 2" checkerboard
with one square removed can be tiled using pieces of size 2 X 2 with one square
removed (L-shaped trominoes), where each tile covers exactly three squares.

Solution. We will prove the statement by induction on n. For every n € IN¥,
let P, be the statement that such a covering exists for every 2" x 2" board,
with one square removed.

P is obviously true, as an 2 x 2 board with one square removed is exactly
a trominoe. Suppose now that P, is true. Given an 2"*! x 2"*1 board with
one square removed, we first divide the board in 4 equal squares of dimen-
sion 2" x 2"". Write A1, Ay, A3 and A4 for these squares. The missing 1 x 1
square will be in one of these four squares, so we can assume without losing
generality that it is missing from A;. Now, we place the first L-shaped tro-
minoe in the middle 2 x 2 square, such that the 3 squares fall in A;, Az and
Ay, respectively.

Now, each of the squares A, Ay, A3 and A4 are squares of size 2" x 2"
with one missing square. Hence, using the inductive hypothesis P, these
can be covered by L-shaped trominoes, hence so does the entire 2"+1 x 27+1
square. The induction is now complete.
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The following example demonstrates an important concept: the existence
of a Gray code for subsets of a finite set. A Gray code is a sequence of binary
strings or subsets where consecutive elements differ by exactly one element.
This concept has significant applications in computer science, particularly
in coding theory.

Example 3.20. Show that for every n € IN* and every set A such that |A| = n,
there exists a numbering of all subsets A1, ..., Ay of A such that V1 <i<2"—1
we have

[(Ai\ Aip1) U (A VA [ =1,

Solution. We will prove the result by induction on n € IN*. Let P, be the
statement that there exists a numbering with the desired property for every
set with 1 elements. P is obviously true, as there are only two subsets of any
one-element set. These are ¢ and the entire set.

Suppose now that P, is true for some n and let A be a set with n 41
elements, one of them being a € A. By the induction hypothesis, since |A \
{a}| = n, the 2" subsets of A\ {a} can be numbered Aj,..., Ay such that
(Ai\ Aiz1) U (Ajr1\ A;)| = 1. These 2" sets are also subsets of A.

Now, for every 1 <i <2", define the set

Agnyj=Agnyg-;U{a}.

The sets A1, A,...,Aynyi1 are all subsets of A and we leave it as an exercise
for the reader to complete the induction by showing that the last 2" + 1 sets
in the numbering also satisfied the required condition.

By now, we hope the reader is convinced that mathematical induction is
a powerful and versatile tool, capable of solving problems across various
areas of mathematics. To further illustrate its broad applicability, we present
the following two examples from the field of combinatorial geometry.

Example 3.21. A finite number of lines divide the plane into regions. Prove that
these regions can be colored with two colors such that any two adjacent regions
have different colors.

Solution. Let us write P, for the statement that the regions formed by any n
lines can be colored with, say, red or blue such that any two adjacent regions
have different colors.

P is obviously true, as we have only two regions and we can color one
red and one blue. Assume P, is true and, to prove that P, implies P, ;1 let us
consider Iy,ly,...1y,1,11 distinct lines in the plane. First, we ignore the line
l,+1 and we look at all the regions formed when the lines I1,15,...,l,; divide
the plane. By the induction hypothesis P,;, we can color these regions such
that no two adjacent regions have the same color.

Consider such a coloring and, on top of it, add the line [, ;. New regions
are formed by this line, on the plane which is already colored. On one side
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of the line /,,;1, we will retain the same colors of the regions. On the other
side of the line /,, 11, we will change the colors of the region, that is, if some
region was red, we color it blue and vice-versa. It is easy to see that this
coloring satisfies the requirements, so the induction is complete.

The next example is closely connected to an important result in combina-
torial geometry, the Sylvester—Gallai theorem (see [74]). In fact, the inductive
step in the solution of our example below is equivalent to the statement of
this theorem. The result explores the relationship between points and lines
in the plane. This example is more challenging than the previous ones.

Example 3.22. Prove that for any n > 3 points in the plane, not all collinear, they
determine at least n distinct lines.

Solution. We first prove the following result, which will be used in the in-
ductive step.

Lemma 3.1 (Sylvester-Gallai). For every integer n > 2 and any n points in the
plane, either all lie on a line, or there is a line which contains exactly 2 of these
points.

Proof. We here present a proof by Kelly [152]. Let us suppose that the n
points are not all collinear and denote by P this set of points. Let S = {(I, P) |
l is a line determined by two points in P and P € P}. Since S is a finite set,
there is a pair (I, P) such that the distance d(I, P) is minimal among all dis-
tances between the pairs consisting of lines and points from S.

Assume that [ contains at least three points from P. At least two of these
are on the same side of P/, the perpendicular projection of P on . Call them B
and C, with B being closest to P’ (and possibly coinciding with it). Draw the
connecting line m passing through P and C, and the perpendicular from B
to B’ on m. Then BB’ is shorter than PP’. This follows from the fact that PP'C
and BB/C are similar triangles, one contained inside the other. This contra-
dicts the minimality of d(I, P), hence I contains exactly two points from P.

O

Going back to the solution of our problem, let P, be the statement that any
n distinct points in the plane, not all collinear, determine at least n distinct
lines. Note that P; is true, as three such points determine a triangle and of
course that there are exactly 3 lines (supporting the sides of the triangle)
determined by them.

Let us suppose that P, is true for some n. Consider a set of n + 1 points
in the plane, not all collinear. By the lemma above, let I be a line that passes
through exactly 2 points, denoted by A and B. Now, ignoring the point A,
there are at least 7 lines determined by the n points in the set, without the
point A. These lines are different from /, because if one of them would be /,
then / would contain A and two other distinct points, which is not possible.
Hence, together with /, the n + 1 points must determine at least n + 1 lines,
so P, 41 is true and the induction is complete.
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3.3.3 Mathematical induction - strong form

Let P, be a sequence of statements, and let 1y be an integer. Suppose that the
following hold:

1. Py, is true;
2. For k > ng, Py, being true for every m with ng < m < k implies Py is true.

Then we may conclude that Py is true for all k > n.

Weak induction is often simpler and more intuitive, but sometimes a
statement can only be proven by strong induction. As we saw in induction
with step s, sometimes the inductive step requires more than just the previ-
ous case. If the inductive step length required is not known, strong induction
can be used to assume that all the previous cases are true.

A classical and illustrative example is the following.

Example 3.23. Prove that every positive integer can be expressed as a sum of dis-
tinct powers of 2.

Solution. We will prove this statement by strong induction on the positive
integer 1. For the base case, n = 1, we see that 1 can be expressed as 2°.

Now suppose that the statement is true for all positive integers less than
or equal to 7. We need to show that the statement is true for n + 1. Let 2* be
the largest power of 2 that is less than or equal to n + 1. Then, n +1 —2Fis a
positive integer less than or equal to k.

By the inductive hypothesis, 1 + 1 — 2 can be expressed as a sum of dis-
tinct powers of 2. Then, adding 2* to this expression gives a representation
of n + 1 as a sum of distinct powers of 2. Therefore, the statement is true for
n + 1, and the proof is complete.

Oftentimes strong induction is useful not because it is the only way to
solve a problem, but because it makes a solution very elegant. This is the
case in the following problem.

Example 3.24. Show that for all k > 3, and for any convex k-gon, we may draw
segments that connect two vertices which do not lie on the same edge and obtain a
division of the polygon into triangles whose vertices are among those of the polygon.
(this is called a triangulation of a polygon.)

Solution. We have ny = 3. P5 is obviously true; we do not need to draw any
segments to triangulate a triangle. We proceed to our inductive step.

Let k > 3, and suppose that P53, Py, - - -, Py are true. Draw some (k + 1)-gon
P and some segment S between two vertices of P that do not lie on the
same edge. This edge divides P into two polygons Q; and Q5. As the total
number of vertices in Q7 and Q; is k + 3 (both of the endpoints of S are
shared by Q7 and Q5), but as both have at least 3 vertices, it follows that
both Q1 and @, have at most k vertices. Hence by our inductive hypothesis,
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they can both be triangulated. But then constructing the triangulations of
Q1 and Q», together with the segment S, provides a triangulation of P. This
proves our inductive step. It follows that Py is true for all k > 3.

The final list of examples is a selection of competition problems from the
wonderful book [9]. We recommend this resource to the reader interested in
learning about the use of induction in many areas of mathematics, including
topics that are not discussed in an competition problems-oriented book.

Example 3.25. Let n be a positive integer. Does n* have more positive divisors of
the form 4k — 1 or of the form 4k 412

Solution. Let A(1) be the number of divisors of #> which are of the form
4k — 1 and let B(n) be the number of divisors of the form 4k + 1.

After exploring a few values of A(n), B(n) for n =1, 2, 3, we decide to
prove by strong induction that A(n) < B(n).

First note that if 1 = 2 is a power of 2, then we have A(n) =0 < B(n) = 1.

If p is a prime such that p{n and p = 4m + 1, then every divisor of
(p°n)? = p*n? of the form 4k — 1 is a power of p times a divisor of n?
of the same form. Hence A(p°n) = (2a + 1)A(n). By the same reason-
ing, B(p"n) = (2a 4+ 1)B(n). So, in this case, A(n) < B(n) if and only if
A(p"n) < B(p"n).

Now, let p { n be a prime of the form p = 4m — 1. Then every divisor of
(p*n)? = p**n? of the form 4k — 1 is either p?’ times a divisor of n? of the
form 4t —1, or pr_l times a divisor of 12 of the form 4k + 1. More precisely,
A(p"n) = (a+1)A(n) + aB(n). With a similar argument, one can show that
B(pn) = (a+1)B(n) +aA(n). Now, if A(n) < B(n) then, A(p"n) < B(p"n).

Let us now proceed to the proof. Using strong induction, assume that
A(k) < B(k) forall 1 <k <n — 1. We are trying to prove that A(n) < B(n). If
n is a power of 2, then the conclusion holds by the remark at the beginning.
Otherwise, let p be an odd prime factor of n and let a be the highest power
of p that divides n. Using the (strong) induction hypothesis, we have that
A(n/p*) < B(n/p*). As p1 (n/p"), the inequalities in the previous para-
graph imply that A(n) < B(n) and the induction is complete.

The result below is commonly known as the Cauchy-Davenport theorem.

Example 3.26. Let p > 3 be a prime number and denote by IFy, the field with p
elements. Show that for any two non-empty subsets A, B C IF,, we have

|A+ B| > min(|]A|+ |B| —1,p),
where A+ B={a+b|ac Abec B}

Solution. The proof we present uses strong induction on |A|. When |A| =1,
note that |A 4+ B| = |B|, so there is nothing to prove.

Suppose the inequality holds for any set A’ with at most k — 1 elements,
where k > 2. Suppose now that |A| = k > 1. Without losing generality, we
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can assume that 0 € A. This is because we can translate the set A with —a, if
a is some fixed element in A. Such a translation keeps both |A| and |A + B|
unchanged, hence it does not affect the statement of the problem.

As k > 2, let x # 0 be an element from A. Note thatif B= @ or B = Fy
there is nothing to prove, so we can assume that g < |B| < p. Thus, there is
n € Fy, such that nx € B but (n + 1)x ¢ B. Translating B with —nx, we get
that 0 € Bbut x  B.

First, we notice that AU B+ AN B C A + B holds trivially. This gives the
inequality |[A + B| > |[AUB+ AN B.

Now A N B is a strict subset of A, because 0 € AN Bbutx € A\ B. Hence,
we can use the induction hypothesis to deduce that

|AUB+ ANB|>min(|JANB|+|AUB|—1,p).
It is easy to prove that |A| + |B| = |A U B| + | A N B|, from where we get
|A+B|>|AUB+ ANB|>min(|A| + |B| —1,p),

completing the induction.

Example 3.27. Show that for every integer n > 2, we can choose distinct numbers
ay,ay,...,ay € {1,2,...,n} such that none of the numbers a1, ay + ap, ..., a3 +
ap + -+ -+ a,_1 is a perfect square.

Solution. If n = 2, we can choose a1 =2, a; = 1. For n = 3 we choose a; = 3,
ap) = 2, az = 1.

We are going prove that the assertion is true using strong induction on .
Assume that the assertion holds for any n < k, for some k > 4. We are going
to show that the assertion also holds for k.

If 142+ -4 (k—1) is not a perfect square, then form the induc-
tion hypothesis we know that there is a suitable choice a1,45,...,4;_1 from
{1,2,...,k — 1}. Using these numbers, we set a; = k and note that a1, ay, ...,
ax_1, ax = k is a k-tuple that satisfies the required condition.

fFl+2+:4(k-1)= @ is a perfect square, then the expression

142+ ---+ (k—2) + kis not. By the induction hypothesis, we can choose
distinct a1, ay, ..., ax_, from {1,2,...,k — 2} satisfying the condition in the
problem. Their sum

(k—2)(k—1)

Ay Fay A ag o =1+4+24-+k—2= 5

is also not a square. To justify the last claim, suppose the contrary. Then,
we can find A, B € N* such that (k —2)(k — 1) = 24% and (k — 1)k = 2B
Multiplying the two equalities we can deduce that (k — 2)k must be a square.
But this is a contradiction with the inequality (k —2)? < (k — 2)k < (k — 1)2.
In this case, we choose a1, ay, ..., ax_», a1 =k, ar = k — 1 and note that the
k-tuple satisfies the requested condition. The induction is now complete.
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The following example appeared on shortlist of the International Mathe-
matical Olympiad in 2006.

Example 3.28. The sequence of real numbers ag,ay,as, ... is defined recursively by

n

a,_
a9 = —1, Zk';’i:O, for n>1.

Show that a,, > 0 for n > 1.

Solution. We prove the statement by induction on n > 1. For the base case,
we note thata; = 1/2.

Now assume that ay,...,a,_1 > 0 for some n > 2. We note that a, is pos-
itive if and only if } ), i’j;lk is negative. Now, since ay,...,a,_1 are all posi-
tive, we know

ap __ n '(_Eg) Z:an 1-k
n+1 n+1 n n+1 k+1

Zk+1 Ap_1— k_nizanflfk
“k+2 k+1 = k427

k=0
The inequality above implies that
n
An—k An—k Ap—1— k ag 4o
_ =0,
k;kJrl Zk+1 n+ Z k+2 n+1 o+l

which completes the induction.

3.3.4 Mathematical induction - Cauchy form

Before seeing some examples using this technique, we introduce the prin-
ciple of Cauchy induction, an elegant variation of mathematical induction.

Let P, be a sequence of statements, and let 1y be a positive integer. Sup-
pose that the following hold:

1. Py, is true;
2. For k > ny, Py being true implies Py is true;
3. For k > ny, Pr1 being true implies Py is true.

Then we may conclude that P, is true for all n > ny.

As a first example, we give a proof of the AM-GM inequality, that is be-
tween the arithmetic and the geometric mean.



82 3 Methods of Proof

Example 3.29. For any n € N* and any ay,ay,...,a, > 0, the following inequality

holds
ar+axy+---+ay

n

> Yaray...ay,.
Solution. Let P, be the statement that for any ay,...,4, > 0, we have

ay+ay+---+ay
n

> Yaray...ay,.

The statement P; is trivially true. Similarly, one can show that P, is equiv-
alent to (/a7 — , /a2)2 > 0, hence true. Suppose that for some k € IN*, P is
true. Consider ay,ay, ...,ax,a511,...,47c > 0. Then

aytap+-tag RS ) S )
ay t+ap+ -ty k X k

2k 2 2

Using the statement Py for ay,ay,...,a; and then for ay 1,4y, ..., a7 we get
that the expression is greater or equal to

Vaay. . ap + Yaag . ay > /max. . ay,

where in the last inequality we used P,. We just proved that for any k € IN*,
Py implies Pyy.

Now suppose Py is true for some k € IN*. We want to show that this
implies P is true. Let aj, ay,...a; > 0 be arbitrary.

Then by Py 1 true we have

R T R X s e Sl “\1/11 RN
k k+1 e

Raising both terms to the power k 4 1, we get that

<a1+a2+---+ak>k“
k

a1+a2+...+ak
k

>aidyp...4a;

which is equivalent to

a+ay+---+ag >

p Yaray ... ag,

proving that Py 1 implies P.
The Cauchy induction is complete, hence P, is true for all n € IN*.

Example 3.30 (Cauchy-Schwarz inequality). Let ay,...,a,,by,...,b, be any
real numbers. Then

(u%+...+a%> (b%+...+bﬁ) > (a1by + ...+ anby)?.
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Solution. We use Cauchy induction. For n = 1 the inequality is clear. Also for
n =2 we have to prove that (a3 + a3) (b3 + b3) > (a1by + azb,)?, which after
expanding the parentheses on both sides and simplification is equivalent to
El%b% + a%b% > 2a1ao01by & ((111’)2 — 6121’)1)2 > 0.

Assume now that the inequality holds for some n > 2 and let us prove
that it holds for 2n. We need to show that

(a% +... +u§n) (b% +...+ b%n> > (aby + ... + agboy )
Let x3 = a3 + ... + a2 (this substitution is possible as a +... 4+ 42 >0),
G=ak gt add, =4 = . b3,
Then from the base case with two variables, we know that
(X% + x%) (y% + y%) > (xiy1 + x2y2)*

P(n) implies further that

X1y1 = \/(a%—l-...—i-a%) (b3 4 ...+ b2) > (a1by + ... + anby)

and similarly
XoY2 > (y+1byt1 + ... + azubop)

Therefore

(x1y1 + nyz)z > (albl +...+ aanzn)z

which is what we wanted. Now we are left to prove that P(n) = P(n —1).
In other words, assuming that for any n variables we have

(F+.+ad) (B4 +82) = (anby +...+anby)?

we want to prove that for any n — 1 variables

(a% +.+ a§_1> (b% +..+ bﬁ_l) > (a1by + ...+ ay_1by_1)*

This follows from P(n) by simply setting a, = b, = 0.

Example 3.31. (USSR 1990) Assume that all coefficients of a quadratic polynomial
f(x) = ax® + bx + c are positive and a + b + ¢ = 1. Prove that the inequality

flxa)---fxn) 21

holds for all positive numbers x1, ..., Xy, satisfying x1 -+ - x, = 1.
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Solution. First observe thatif x; =1, we have f (x1) =a+ b+ ¢ =1. We now
prove that for any positive reals x and y we have f(x) - f(y) > (f(\/xy))>.
Let z = /xy. Then one has

f@) - ) = (F@)P = (22 = =) + 12 (xy = 22) + (1 -1)
+ab (xzy + xy? — 223> +ac (x2 + % — 222) +be(x +y — 22)

—ab<\/xT W) +ac(x —y)* + be(vVx — /y)? >

We now prove by induction that whenever # is a power of 2, for all posi-
tive reals x1,...,x, the following holds:

flan)- f (en) = (f (/21 x))"

Assume that this is true for n = 2. Then using the inductive hypothesis
and the inequality at the beginning, we obtain

) (i) = (F () f (i) - (F (i) -+ (i)
> (F (=) - £ (4/Frm o))
Z(f(2k+1 ,7x2k+1))2k+1

and so the statement is also true for n = 2F+1,

Suppose now that 7 is arbitrary and x;---x, = 1. Let k be the positive
integer such that 2k=1 <y <2k Letus add, if necessary, X,41 = Xp42 = ... =
Xor = 1. Since f (xy41) = f (Xp42) = ... = f (xx) =1, we may write

ok

fla)-ef o) = fxr) - f () = (F (/2 5)) " =1,

and the induction is complete.

3.4 Erdds-Surdnyi sequences

The study of Erd6s-Suranyi sequences is motivated by their intriguing abil-
ity to represent integers through a simple combinatorial construction. To
provide an intuitive understanding of these sequences, we start with a clas-
sical example illustrating their defining property using squares of integers.

Example 3.32 (Erd6s-Surdnyi). Show that for all n > 1, there is a k such that
n=412£22+... £k

for some choice of signs.
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Solution. We use 19 = 1 and s = 4 and verify the base cases Py, P,, P3, Py.
Asl=+1%,2=—-12-22-3244%,3=—-12+22, 4= —12 - 22+ 3, this

proves our base cases; we proceed to the inductive step, namely showing

that Py is true implies Py 4 is true. We claim that for all integers m, we have

m? — (m+1)* = (m+2)%+ (m+3)> =4.

We may note that
m? — (m* +2m+1) — (m* +4m +4) + (m* +6m +9) = 0m* + 0m + 4 = 4.

Now suppose that P, holds; that is, we have

n==4124+22+... £ k2

for some k. Then we may write

(£12 422+ k) + (k+1)> — (k4+2)2 — (k+3)% + (k+4)> =

n+ (k+1)2—(k+2)2 - (k+3)2+ (k+4)>=n+4.

Hence 1 + 4 may be written in the desired form, so P, 4 is true. This com-
pletes our inductive step, hence P, holds for all n > 1.

In fact, note that for each 7 there are infinitely many k for which there ex-
ists such a choice of signs. This is because, once you have such an expression
for n, where the final term is k? one can repeatedly add

[(k+1)2 = (k+2)* = (k+3)2 + (k+4)%]
[~ (k4524 (k+6)2 + (k+7)2 = (k+8)2| =4+ (~4) =0,

therefore obtaining infinitely many such representations of n.

In the example above, we show that (a,),>1, 4, = n2, for all n belongs to
a class of sequences that give rise to special representations of the integers.
More precisely, a sequence of distinct positive integers {a,, },,>1 is called a
Erdos-Suranyi sequence if every integer may be written in the form

d+agxay£---Lay

for some choices of signs + and —, in infinitely many ways.

As an example of a Erdds-Surdnyi sequence we mention, for every k € N,
a, = nk (see J.MIitek, ‘79,[201]). For instance, for k = 1 we have

m=(-14+2)+(-3+4)+---+(-2m—-1)+2m)+---+
+[(n+1)—(n+2)— (n+3)+ (n+4)].
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For k = 2, the proof that the sequence a,, = n? is an Erdés-Suranyi sequence
is presented in the motivating example in this subsection.
For k = 3, one may use the identity
—(m+1)° + (m+2)° + (m+3)° — (m+4)°
+ (m+5)° = (m+6)> — (m+7)>+ (m+8)> =48,
and induction with a basis step for the first 48 positive integers. The fact

that there are infinitely many such representations can be seen by adding 16
consecutive terms that cancel each other out, using the identity above.

Example 3.33. Show that the sequence (ay),>1 given by a, = (2n — 1)? for all n
is an Erdos-Surdnyi squence.

Solution. The proof is based on induction with step 16 and the identity
16 = (2m +5)2 — (2m + 3)2 — (2m + 1)% + (2m — 1)%. Given the identity, it
therefore remains to check the first 16 cases, as follows
0=—-1>+3+5>—7>49>—-11> — 132 + 15?
1=12
2=124324+52—-724+92 112 - 132 + 152
3=12-324+52+724+92 4+ 112 +13% — 15> — 172 — 19> + 212
4=-12-32-52 72492112 - 132 +15* — 172 + 192
5=124+32+5"+72 492+ 112 + 13> + 15> — 172 — 19> — 212
— 232 — 252 4277 4+ 292
6=—12—-324+5>—72-92 4112
7=12+32+52+724+92 4112 + 132 + 152 + 172 — 192 + 212
—23% —25% — 272 4292
8§=—-12432
9=-12-32452-72-92_112 - 132 — 15> =172 + 19> — 212
— 232 — 252 — 272 4 29% 4 312 4 332

10 = 12 + 32
11=-12-324+52_-72_92_112 - 132 — 152 + 172 — 19%2 — 21?2
+23?% + 252

12=-12-32-5> 72+ 92 + 11> — 13? + 15% 4 172
13=-12-32-52 72492 1 112 — 13% — 15% 4+ 172
14=-12-3>-5>4+72

15=-12-3%>452
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Asbefore, adding a sequence of 8 consecutive terms that cancel each other
out based on the identity

16 = (2m +5)% — (2m +3)% — (2m +1)2 + (2m — 1),

one can see that for each n there are infinitely many such representations.

A sequence of distinct positive integers is complete if every positive inte-
ger can be written as a sum of some distinct terms of the sequence.

For instance, since every positive integer has a binary expansion, the se-
quence a,, = 2" for all n > 0 is complete.

We present an example which shows that the sequence of Fibonacci num-
bers, Fp =0, F; =1and F,;, = F,_1 + F,_», for all n > 2 is complete.

Example 3.34 (Zeckendorf). Show that if N is any positive integer, there exist
positive integers ¢; > 2, with cj11 > ¢; + 1, such that

k
N=)F,
i=0
where E, is the n'" Fibonacci number.

Solution. This statement can be proved by strong induction induction. For
n =1,2,3 it is clearly true (as these are Fibonacci numbers), for n = 4 we
have 4 = 3 + 1. If n is a Fibonacci number then there is nothing to prove.
Otherwise there exists j such that F; <n < Fj 1. Now suppose each positive
integer a < n has such a representation (induction hypothesis) and consider
b =mn — F;. Since b < n, b has such a representation by the induction hypoth-
esis. At the same time, b = n — F]- < F]-+1 — F]- = F]-_l, so the representation
of b does not contain Fj_l, and hence also does not contain Fj. As aresult, n
can be represented as the sum of F; and the representation of b, such that the
Fibonacci numbers involved in the sum are distinct.

More generally, Zeckendorf’s result also has a uniqueness part, which
asserts that every positive integer can be represented uniquely as the sum
of one or more distinct Fibonacci numbers in such a way that the sum does
not include any two consecutive Fibonacci numbers. We give a brief proof.

First, one can easily prove by induction on n that sum of any non-empty
set of distinct, non-consecutive Fibonacci numbers whose largest member is
F,, is strictly less than F,, 1. We leave this an exercise for the reader.

Now take two non-empty sets A and B of distinct non-consecutive Fi-
bonacci numbers which have the same sum, } ,.csx =), x. Consider sets
A’ and B’ which are equal to A and B from which the common elements
have been removed. Note that } ", c 4/ x =), cp x.

We now prove that at least one of A’ and B’ is empty. Assume the con-
trary, i. e. that A’ and B’ are both non-empty and let the largest member
of A’ be Fs and the largest member of B’ be F;. Because A’ and B’ contain
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no common elements, F; # F;. We can assume that F; < F;. Then by the re-
sult above, ), c4rx < Fs41, and, by the fact that Fs < Fs11 < F,) ycax < F,
whereas clearly Y, cpx > F. This contradicts the fact that A’ and B’ have
the same sum, and we can conclude that either A’ or A’ must be empty.

If A’ is empty. Then A’ has sum 0, and so must B’. But since B’ can only
contain positive integers, it must be empty too. To conclude: A’ = B’ =@
which actually implies that the sets A and B were equal to begin with. This
proves the uniqueness of the representation in Zeckendorf’s result.

An important result concerning the Erdos-Surdnyi sequences is the fol-
lowing, which we present here with its proof, for brevity.

Theorem 3.1 (M.O. Drimbe, ‘83, [105])). Let {a,, },,>1 be a sequence of distinct
positive integers with a; = 1 and for every n > 1, a1 < ay +---+a, + 1L If
{am }m>1 has infinitely many odd integers, then it is a Erdds-Surdnyi sequence.

Proof. From the first hypothesis, it follows that the sequence {ay },>1 is
complete. For details, we refer to the papers of ]. L. Brown Jr. ([80], [81]) and
that of M. O. Drimbe ([105]).

Following the recent papers of M. Tetiva ([248], [249]), let us denote by
u, the partial sum a; + --- + a,, n > 1. Because the sequence {ay }n>1
has infinitely many odd terms, it follows that u, is even and odd for in-
finitely many p’s. Let m be an arbitrary positive integer, and let p sufficiently
large such that u, > m, and u, and m are of the same parity. The integer
s = (up —m)/21is less than u,. Hence, it is the sum of some distinct terms of
the sequence {a,, },,>1 with indices < p, that is

1
E(a1—|—'-~+ap—m):sla1+---+spap,

for some ¢q,---,&p € {0,1}. The last relation is equivalent to
m=(1-2e1)a; +---+ (1 —2¢p)ap,

with 1 —2¢q,---,1 —2¢, € {—1,1}, and the proof is finished since p can be
selected in infinitely many ways. O

Unfortunately, the sequences mentioned above do not satisfy the condi-
tiona,11 <ay+---+a,+1,n > 1, in this theorem so, we cannot use this
result to prove they are Erdds-Surdnyi sequences.

For an Erdos-Suranyi sequence a = {a;, },,>1, the signum equation of a
is defined as

t+aytay+---+a,=0. (3.1)

For a special case of the signum equation, see also the subsection 10.1.1.

Given a fixed integer 7, a solution to the sighum equation is a choice of
signs + and — such that (3.1) holds. Denote by S, () the number of solutions
of the equation (3.1). Clearly, if 2 does not divide u,,, where u, =a; + - - +ay,,
then we have S,(n) =0.



3.4 Erdos-Surdnyi sequences 89

Here are few equivalent properties for S,(n) (see [40]).
1. Sa(n)/2" is the unique real number a having the property that the func-
tion f : R — R, defined by

a 4, .. [T
cos=tcos2---cos L if x £0

f(x) =

a if x=0,

is a derivative.
2. Sa(n) is the term not depending on z in the development of

1,

1 1
a a an
(Zl+7l)(zz+72)...(z + -

3. Sa(n) is the coefficient of z*#/2 in the polynomial
(T4z)(142")-- (14 2").
4. The following integral formula holds

2n—1

Sa(n) p-

27
/ cosajtcosast---cosaytdt. (3.2)
0

5. Sa(n) is the number of ordered bipartitions into classes having equal
sums of the set {aq,a3,---,a,}.

6. Sa(n) is the number of partitions of u, /2 into distinct parts, if 2 divides
uy, and S, (n) = 0 otherwise.

7. Sa(n) is the number of distinct subsets of {ay,a,,- - ,a, } whose elements
sum to u, /2 if 2 divides u,, and S,(n) = 0 otherwise.

To study the asymptotic behavior of S, (1), when n — o0, is a very chal-
lenged problem. For instance, for the sequence a; = (1k,...,nk),k > 2, itis
still an open problem to show that

Sac(n)  [2(2k+1)

lim =
n—00 oy — Zefl 7T

For k =1 the previous relation was called the Andrica-Tomescu Conjecture
[40] and it was proved by B.Sullivan [245].

For fixed positive integers n and k, one can also study the set Ry () of all
integers that can be expressed as

+1k 2k 4.k (3.3)

for a choice of sign.
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The following problem was proposed at the 2011 Romanian National
Olympiad.

Example 3.35. For every positive integer n, determine the set R (n).

Solution. The greatest element of the set Rq(n) is the triangular number

Tpn=142+--+n= n(n2+1)/ and the smallest element of R1(n) is clearly

—Ty. Also, the difference of any two elements of Rq(n) is an even number.
Hence all elements of R1(n) are of the same parity.
We claim that

Rl(n):{_Tn,_Tn+2,...,Tn_2,Tn}. (3.4)

Let us define a map on the elements of Rq(n) \ {T,,} having values in
R1(n). First, if x € R1(n) \ {T,} is an element for which the writing begins
with —1, then by changing —1 by +1, we get x +2 € R (n). If the writing of
x begins with +1, then consider the first term in the sum which comes with
a negative sign. Such a term exists unless x = Tj. In this case we have

x=14+24---4+(G—-1)—j£---£n

By changing the signs of terms j — 1 and j, it follows that x +2 € Rq(n). This
shows the claim in (3.4).

One can wonder what happens if we work within classes modulo m with
representations of the form (3.3). Of course, taking all the numbers in (3.4)
modulo a small m, the chances are that all classes are covered. When m is a
prime, there is an interesting and a more precise result related to this ques-
tion which appeared as a problem in the Monthly ([193]).

Example 3.36. Let p be an odd prime. Show that the 2(P=1)/2 numbers of the form
12+ £ %(p — 1) represent each nonzero residue class modulo p the same
number of times. Determine this common number of representations and show that
it differs by one from the number of representations of the zero residue class.

Solution. Denote by { = ¢*™/? and write

S= <g+ gﬂ) (52 + C—Z) (g(pfl)/z + é*f(pfl)/2> '
Then
S=ag+ml+-+a, 107"

where gy is the number of ways k can be represented (mod p) by the expres-
sion£1+2+---£1(p—1).
Since S is also equal to

(g(PH)/Z + g*(PH)/Z) (glﬂ*l + g*(lﬂ*l))
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we obtain
szzﬁ(§k+6‘k) = <ﬁ5k> (ﬁ (1+5_2k)>
k=1 k=1 k=1
-1
=) (TT0e) ) =0 iy =

where the identity (x +y)(x + ) (x + y?) -+ (x + yZP~ 1) = xP + y¥ was
used. This shows that S € {—1,+1}. Since 1+ x + x% + --- + xP~! is the
minimal polynomial of { over the rationals, it follows that

apg—S=ay=ay=-"-=dy 1
Further, since { + %>+ --- + P! = —1and
ag+ (p—1)ay=ag+ay+ - +a,_q =202
we have
S=ay—a; = (2(”_1)/2 —(p— 1)a1) —ay =2P"D/2 _ gy
=2(r-1)/2 mod P,

so that S = (%) , where (?) is the Legendre symbol. Thus

a1:1(2(p_1)/2— <2>> and a9g=a; + <2)
4 p p

For k = 2 the situation with R, (n) is almost the same as in case k = 1 but
there is an interesting new phenomenon, although expected since {m?},,>1
is a Erdos-Surdnyi sequence as we have seen. Let us define the set

Ra(n) = {55 (1), ~ () 42+, Y (m) — 2,5, (m)},
where Y, (n) =12 +22 4 - +n? = w.
Theorem 3.2. For n € N, Ry(n) = Ra(n) \ E2(n), where
& (n) = {£(Xa(n) —2j):j€ E} and
E=1{2,3,6,7,8,11,12,15,18,19,22,23,24,27,28,31,32,33, (3.5)
43,44,47,48,60,67,72,76,92,96,108,112,128}.

Proof. The set E is known (see A001422 in OEIS) as being the set of all pos-
itive integers which cannot be written as a sum of distinct squares.
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This is connected to a classical result of E. M. Wright ([261]) and to the
papers of R. Sprague, P. T. Bateman, A. ]. Hildebrand, and G. B. Purdy (see
[241] and [61]). Let us observe that the equation

$12£22 432 kn? =) (n) - 2j
can be written equivalently as
2j=1F )2+ (1F1)2+(1F1)3+---(1F Dr?or

j= €112 + 2% + ¢332 + - - - + cun?, with c; €4{0,1}.

So, a representation is possible if and only if j can be written as a sum
of distinct perfect squares. It is known that the only positive integers that
cannot be written as a sum of distinct squares are the ones in E. O



Chapter 4
Counting Strategies

Enumerative combinatorics is an area of combinatorics that deals with the
number of ways that certain patterns can be formed. In enumerative combi-
natorics, a typical problem involves efficiently counting the size of a set of
objects possessing certain properties.

4.1 Review on sets and functions

We will consider a set naively as a collection of objects called elements. We
use the boldface letters IN to denote the natural numbers (nonnegative in-
tegers) and Z to denote the integers. The boldface letters R and C shall re-
spectively denote the real numbers and the complex numbers.

If S is a set and the element x is in the set, then we say that x belongs to
S and we write this as x € S. If x does not belong to S we write x € S. For
example if S = {n € IN | n is the square of an integer}, then 4 € Sbut2 ¢ S.
We denote by | A| the cardinality of A, that is, the number of elements that
|A| has. If a set A is totally contained in another set B, then we say that A is
a subset of B and we write thisas A C B or A C B if we are sure that A # B.
For example, if S = {squares of integers}, then A = {1,4,9,16} is a subset of
S.If x € A and x ¢ B for some x, then A is not a subset of B, which we write
as A Z B. Two sets A and B are equal if A C Band B C A.

Example 4.1. Find all the subsets of {a,b,c}.
Example 4.2. Find all the subsets of {a,b,c,d}.
Example 4.3. Consider the set A ={a|a €N, 1<n <2009, 3|a}. Find |A|.

Solution. If 4 € A is an element of A, than a is of the form a = 3k for some
positive integer k. Since a < 2009, it follows that 3k < 2009, that is k < 669.
We can write A = {3k | k=1,2,...,669}, hence |A| = 1003.

93
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Example 4.4. Consider the set

A = {x | x is a positive integer and 345 < 3x < 3210}.
Find |A|.

Solution. From inequalities 345 < 3x < 3210 we get 115 < x < 1070, hence
116 < x < 1069. The cardinal number of A is |A| = 1069 — 115 = 954.

The union of two sets A and B, is the set
AUB={x|x€A or xéeB}.

This is read A union B.

The intersection of two sets A and B, is
ANB={x|x€ A and xe€B}.

This is read A intersection B.

The difference of two sets A and B, is
A\B={x|x€ A and x ¢ B}.
The symmetric difference of two sets A and B, is the set
AAB=(A\B)U(B\ A).

The complement of A with respect to a set X such that A C X is A = X\ A.
Observe that A is all that which is outside A. Usually we assume that A is a
subset of some universal set U which is tacitly understood. The complement
A represents the event that A does not occur.

Example 4.5. Let U = {0,1,2,3,4,5,6,7,8,9} be the universal set of the decimal
digits and let A = {0,2,4,6,8} C U be the set of even digits. Then A ={1,3,5,7,9}
is the set of odd digits.

Observe that
ANA=0Q,

where @ is the empty set.

De Morgan Laws: If A and B share the same universal set, we have

We will now prove one of the De Morgan Rules.
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Example 4.6. Prove the first De Morgan Law.

Solution. Letx € AUB.Thenx ¢ AUB. Thus x ¢ A and x ¢ B, thatis,x € A
and x € B. This is the same as x € A N B. Therefore we have the inclusion
AUBC ANB.

Now, let x € AN B. Then x € A and x € B. This means that x ¢ A and x ¢ B
or what is the same x ¢ A U B. But this last statement asserts that x € A U B.
Hence A N B C AU B. Since we have shown that the two sets contain each
other, it must be the case that they are equal.

A partition of the set S is a collection of non-empty, pairwise disjoint subsets
of S whose union is S.

Example 4.7. Let 2Z = {--- ,—6,—4,—2,0,2,4,6,- - - } be the set of even integers
andlet2Z +1=4...,-5,-3,—1,1,3,5,...} be the set of odd integers. Then 2Z. U
2Z2+1=7Z,2Z)N (2Z +1) =@, and so {2Z,2Z + 1} is a partition of Z.

Example 4.8. The sets 37, 3Z + 1 and 3Z + 2 defined as

e 3Z={---9,-6,-3,0,3,6,9,- - - } containing the integral multiples of 3;

e 3Z+1={...,—8,-5,-2,1,4,7,...} containing the integers leaving remain-
der 1 upon division by 3;

e 3Z+2={---,-7,—4,-1,2,5,8,...} containing the integers leaving remain-
der 2 upon division by 3,

form a partition of Z, since (3Z) U (3Z. + 1) U (3Z + 2) = Z, while
BZ)NBZ+1)=0,3Z)NBZ+2)=0,B83Z+1)N(BZ+2)=0Q2.
The Cartesian product of two sets A and B is the set
AxB={(ab)|ac A and b € B}.

The elements of A x B are called ordered pairs.

The Cartesian product of m sets A1,..., Ay, is defined as the set
Al X X Ay = {(al,...,am) ’611 € Aq,...,ay € Am}

The elements of A; X --- X Ay, are called ordered m-tuples.

Suppose A and B are sets. A function f from A to B (denoted as f : A — B)
is a relation associating to each a € A a unique element b € B. The statement
"associating” is abbreviated f(a) = b.

For a function f : A — B, the set A is called the domain of f. (Think of
the domain as the set of possible input values for f). The set B is called the
codomain of f. The range of f is the set {f(a) | a € A}. (Think of the range
as the set of all possible output values for f. Think of the codomain as a sort
of target for the outputs). The set Gf = {(a,f(a)) | a € A} is called the graph
of function f : A — B. Clearly, we have Gy C A X B.
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The identity function of the set Ais 14 : A — A, where for everya € A
we have 14(a) = a.

Two functions f : A — Band g: C — D are equal if A =C,B =D and
f(a) =g(a) for every a € A.

A function f : A — B is called:

—_

. injective (or one-to-one) if for every x,y € A,x # y implies f(x) # f(y);
surjective (or onto) if for every b € B there is ana € A with f(a) =b
3. bijective if f is both injective and surjective.

N

7

Let f: A — B, g: B— C be two functions. The composition of ¢ and f is
afunctiongo f: A — C, givenby (g0 f)(a) = g(f(a)),(V)a € A. We have:

1. Associativity: ho(go f) = (hog)o f;
2. fOlA :fandlB Of:f;
3. If f and g are invertible, then g o f is invertible and (go f) ™' = f~lo g™l

f A — Bisinjective < there exists g: B — A such that go f = 14.
f+ A — Bissurjective < there exists g : B— A such that f o g = 13.

If a function f : A — B is bijective, then it has an inverse function denoted
by f~1: B — A, satisfying the relations f 1o f =14 and fo f~! =15.

Example 4.9. The function f: R — R defined as f(x) = x> + 1 is bijective. For
finding its inverse we write y = x> + 1. Solving for x produces x = 3/y — 1, hence

the inverse is the function f~1: R — R, where f~1(y) = 3/y — 1.

4.2 Simple counting principles

We begin by stating some simple counting principles that will allow us to
solve a great wealth of combinatorics problems.

Addition Principle. If event A can occur in a ways and event B can occur in b
other ways, then the event of either A or B can occur in a + b ways.

The principle can be extended and applied for two or more events. The
addition principle can be stated in terms of sets. Let S be a finite set, and let
51,52,...,Sq be apartition of S. Thatis, S;USU...US, =S, and 5; N Sj =Q
when i # j. Then

S| =1S1] + [S2| + -+ [Sul,

where | X| denotes the number of elements in the set X.

Multiplication Principle. Let A1, Ay, ..., Ay be n independent events, and sup-
pose that event A; can occur in a; different ways. The total number of ways that
event Ay, followed by event A,, ..., followed by event Ay can occur is ayay - - - ay.
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We can also state the multiplication principle in terms of sets, that is, if
we consider the finite sets S1,5,,...,5, and

S§=5 x5 x--- xSn:{(sl,sz,...,sn) ‘SiESi,lgiSn},
then|S| = ’S1| . ‘52| ’Sn|

Example 4.10. A code for a safe is a five-digit number that can have O in the first
place as well in any other place. How many codes are there whose digits form an
increasing sequence?

Solution. We must consider only codes composed of different digits. With-
out the increasing order restriction we have 10-9 - 8 - 7 - 6 = 30240 possibil-
ities. But, only one of each of these possibilities has its digits in increasing
order. It follows that, the desired number is

30240 30240 10
54.3.2.1 120 %7 <5>

Using the multiplication principle, we can prove the following, which is
often convenient when dealing with combinations and permutations.

Division Principle. If a list of length n contains every element of a set S exactly
m times, then |S| = 7.

This principle is usually applied to problems in combinatorial set theory,
combinatorial geometry, and number theory. It can be stated as follows.

Let S be a finite set, partitioned into k parts such that each part contains
the same number of objects. Then the number of parts in the partition is

S|
~ number of objects in a part’

While this may seem trivial, this principle has profound applications.

4.3 Permutations of sets

Numerous counting problems can be classified as one of the following types:

1. Count the ordered arrangements or ordered selections of objects

a. without repeating any object
b. with repetition of objects permitted (but perhaps limited).

2. Count the unordered arrangements or unordered selections of objects

a. without repeating any object
b. with repetition of objects permitted (but perhaps limited).
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Instead of distinguishing between non-repetition and repetition of ob-
jects, we will distinguish between selections from a set and a multiset.

A multiset is like a set except that its members need not be distinct. For
example, the sets {a,b} and {a,a,b} are the same, but the multisets {a,b}
and {a,a,b} are not the same. Suppose a multiset M has three a’s, one b,
two ¢’s and four d’s. We will indicate the multiset by {3-4,1-01,2-¢,4-d}.
The numbers 3;1;2;4 are called the repetition numbers of the multiset M.
Clearly, a set is a multiset with all repetition numbers equal to 1. We can
also allow infinite repetition numbers. Arrangements that take order into
consideration are generally called permutations and arrangements where
order is irrelevant are generally called combinations. So the four types of
counting problems can be summarized as

1. permutations of sets
2. permutations of multisets
3. combinations of sets
4. combinations of multisets

Permutations of sets

Let r be a positive integer. By an r-permutation of a set S of n elements,
we mean an ordered arrangement of 7 of the n elements.

For example, if S = {a,b,c}, we have three 1-permutations: a; b; c. We have
six 2-permutations: ab; ac; ba; bc; ca; cb and six 3-permutations: abc; acb; bac;
bea; cab; cba. There are no 4-permutations because the set has fewer than
four elements.

The number of r-permutations of an n element set is denoted by P(n;r).
If r > n, then P(n;r) = 0, while P(n;1) = n for every positive integer n. An
n-permutation of an n element set will be called a permutation of the set.

Theorem 4.1. For n and r positive integers with r < n the following formula holds
Pmsry=nn—1)---(n—r+1).

Proof. There are n ways to choose the first item, n — 1 ways to choose the
second item, and so on until there are n — (r — 1) =n — r + 1 ways to choose
the " item. Thus we have the result. O

For a nonnegative integer 7, the factorial is defined by
nl=nn—-1)---2-1.
We use the convention that 0! = 1. We can now write

P(n;r) = CE
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For n > 0, define P(n;0) =1 (the number of ways to choose no items from
a set of n elements, i.e. the empty set), which agrees with the formula. The
number of permutations of a set of size n is

Theorem 4.2. Let A={ay,...,a;} and B={by,..., b, } be finite sets, k < n. Then

1. The number of injective functions f : A — B is P(n;k).
2. The number of bijective functions f : A — A is k!.

Proof. There are n ways to choose f(a1), n — 1 ways to choose f(a3), and so
on until there are n — (k — 1) = n — k + 1 ways to choose the f(ay). Thus we
haven(n —1)---(n —k+1) = P(n;k) functions. O

For example, the number of words constructed with k distinct letters of
an alphabet containing n letters is P(n;k). Similarly, the number of ways to
cover a rectangle of dimension 1 x k by squares 1 x 1 of different colors from
n colors is P(1n;k).

Circular permutations

The previous discussion thinks of objects as being in a line and are hence
referred to as linear permutations. We can also arrange items in a circle
(called, not surprisingly, circular permutations). The following serves as a
good motivating example for this notion.

Suppose six children are marching in a circle. In how many different ways
can they form their circle? Since the children are moving, what matters are
their positions relative to each other and not to their environment. Thus, it
is natural to regard two circular permutations as being the same provided
one can be brought to the other by a rotation. There are six linear permuta-
tions for each circular permutation. For example, the circular permutation
(126354) arises from each of the linear permutations

123456, 234561, 345612, 456123, 561234, 612345,

by regarding the last digit as coming before the first digit. Thus there is a
6-to-1 correspondence between the linear permutations of 6 children and
the circular permutations of 6 children. Therefore, the number of circular
permutations is 6! /6 = 5!.

Theorem 4.3. The number of circular r-permutations of n elements is given by

P(n;r) _n
r r(in—r)l"

In particular, the number of circular permutations of n elements is (n — 1)!.
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Proof. The set of linear r-permutations can be partitioned into parts such
that two linear r-permutations correspond to the same circular r-permutation
if and only if they are in the same part. The number of circular r-permutations
equals the number of parts. Since each part contains r linear r-permutations,
we apply the division principle to arrive at the result. O

An alternate way of thinking about circular permutations: If we again
consider the circular permutations of 6 children. Since we are free to rotate
the children, think of the circle as a table and child 1 is at the “head” of the
table. With that position fixed, the circular permutations of the six children
can be identified with the linear permutations of children 2 through 5. There
are 5! linear permutations of the thee remaining children and hence 5! circu-
lar permutations of six children.

4.4 Combinations of sets. Binomial expansion

Let S be a set of n elements. A combination of S is an unordered selection
of the elements of S. The result of such a selection is a subset of S. Let r be a
nonnegative integer. An unordered selection of r elements of S of 1 elements
is called an r-combination of S, also called an r-subset of S. The number of
r-subsets of an 1 element set is denoted (/). Observe the following

0, ifr>n+1
" 0, ifn=0andr>1,
( >: 1, ifr=0,
r n, ifr=1,

1, ifr=n.

Theorem 4.4. For 0 <r < n the following formula holds

P(n;r) :r!<1:),

hence my_
r)  rl(n—r)l

Proof. Let S be an n element set. Each r-permutation of S is found by se-
lecting r elements from S and ordering them. The number of ways to select
r elements from S is (7). The number of ways to order the r elements that
have been selected is r!. By the multiplication principle, we have

P(n;r) —r!(:l).
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Using the formula for P(n;r), we get

<1:> B P(f!;r) - r!(nni )’

and we are done. O

Corollary 4.1. For 0 < r < n, the following formula holds

()-0")

Example 4.11. Twenty five points are chosen in the plane so that no three of them
are collinear. How many distinct straight lines do they form? How many distinct
triangles do they form?

Solution. Given 25 points in the plane, no tree of them collinear, the number
of distinct straight lines that can be formed by joining any two of them is
given by the number of subsets of cardinality 2 chosen from a subset of
cardinality 25, namely (225 ) = 22 =300.

Each 3 distinct points determine a triangle, so to count the number of dis-
tinct triangles that can be formed by these 25 points, we can use the formula

=2300.

25\ 25!  25.24.23
3) 31(25-3)!  3.2.1

Hence, we have 300 distinct straight lines and 2300 distinct triangles that
can be formed from 25 planar points, if no three of them are collinear.

Example 4.12. How many eight letter "words” can be constructed by using the 26
letters of the alphabet if each word contains 3, 4, or 5 vowels? It is understood that
there is no restriction on the number of times a letter can be used in a word.

Solution. We can solve this problem by breaking it down into cases based
on the number of vowels in the word.

Case 1: The word contains 3 vowels. In this case, there are (g) ways to
choose the positions of the vowels in the word, and for each vowel position,
there are 5 choices for the vowel and 21 choices for the consonant. Therefore,
the total number of 8-letter words with 3 vowels is (g) .53 217,

Case 2: Similarly, when the word contains 4 vowels, we get (Z) 54214,

Case 3: When the word contains 5 vowels, we get (g) .5°.213,
Therefore, the total number of 8-letter words with 3, 4, or 5 vowels is the
sum of the results from each case:

8\ =3 ~15 ., [(8) =4 o4, (8 =5 ~q3
(3>521+<4>521+5 5°.21°.
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Theorem 4.5 (Pascal’s Formula). For all integers n,k with1 <k <n — 1, we get

n\ (n-—1 n—1
() ="+ ()
Proof. One could prove this theorem using the formula in Theorem 1. How-
ever, we will give a combinatorial proof. Let S be a set of 1 elements. Choose
one specific element of S called x. Let S \ {x} be the set obtained from S by
removing x. Partition the set X of k-subsets of S into two parts, A and B. Part
A will contain all k-subsets of S that do not contain x. Part B will contain all
k-subsets of S that contain x. The size of X is () by definition. By the addi-

tion principle, we also have | X| = |A| + |B|. The k-subsets in A are exactly
the k-subsets of the set S\ {x} of n — 1 elements, so the size of A is

a=(%)

A k-subset in B can be found by finding a k — 1- subset of the set S \ {x} of
n — 1 elements and appending an x, so the size of B is

n—1
1Bl = (k - 1>'
Combining the facts, we have
n\ (n-— 1 n n—1
k) k k—1/)
Theorem 4.6. For n > 0

(e ()=

Proof. Let S be an n element set. Every subset of S is an r-subset of S for
r=20,1,...,n. Since ('f) is the number of r-subsets of S, it follows that

() (3) e (2) -

is the number of subsets of S.

We can also count the number of subsets of S by considering each element
of S in turn. For each element we have 2 options: either the element is in a
subset or it is not. So there are 2" subsets of S. The two formulas count the
same thing, so they must be equal and we have our result. O
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The numbers (}) count the number of k-subsets of a set of 1 elements.
They are called binomial coefficients and feature in the binomial theorem.
These numbers satisfy a number of identities and have interesting properties
that are useful in the analysis of algorithms.

The following properties hold:

1. Fork < [g

2. (Symmetry) (Z) = (nf k).

n n—1 n—1
. ! = <k<n-1.
3. (Pascal’s formula) (k) ( K )+<k—1>' 1<k<n-1
4.

(Recursive formulas)

n nin—1

. = - <k<n-1

N
n k+1/n+1

. _ T <k<n.

b (k) n—|—1<k—|—1>' Osksm

By Pascal’s formula and (;j) = 1 and (};) = 1, we can derive the binomial

coefficients without using the third formula above. The results are often dis-
played in an infinite array called Pascal’s triangle.

} , <Z> is a polynomial in variable n of degree k.

Theorem 4.7 (Binomial expansion). Let n be a positive integer. Then for all x
and y, the following formula holds:

(x+y)n: i n xnfk k
k=0 k e
a homogeneous symmetric polynomial in x and y of degree n with n 4 1 terms.

Proof 1. (By counting the terms) Write (x + y)" as the product

(x+y)(x+y) - (x+y)

of n factors of x + y. Fully expand this product using the distributive law
and group terms alike. For each factor x 4+ y we can choose either x or y in
(x +1y)", so there are 2" terms. Each can be arranged in the form x"~*y* for
some k =0,1,...,n. We obtain term x"~¥y¥ by choosing y in k of the 1 factors
and x in the remaining 1 — k factors. Thus, the term x" ¥y occurs (}) times
in the expanded product. Hence we have our result.

Proof 2. (By induction) Our base case n = 1 cleary holds:
1_ v (1 k. k
(x+y) =), <k>x”_ y=x+y.

k=0

Assuming that the theorem holds for 1, we show it holds for n + 1. Write
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(x+y)" = +y)(x+y)",

which, by the induction hypothesis (the binomial theorem for 7), becomes

) = )L ()

k=0

(”) x4 i <Z) xn+1—kyk + ni:l <’;> x”’kykﬂ + <”> yn+1.
0 = n

k=0

Replace the index k by k — 1 and adjust the limits in the second summation
in the last line to obtain

= A k1 v n n+1—k, k

k=0 k=1

Thus we have

(x+y)n+l :xn+1 + i |:<7’l> n ( n )] xn+1fkyk+yn+1’
S\ T k-1

which by Pascal’s formula can be rewritten as

n 1 n+1 1
(x+y) =1y n+ xHIkyk el Y n+ NSRS
k=1 k k=0 k
and we have our result. O

The generic term in this expansion is Ty, 1 = (})a" *b¥ and it is situated
in position k + 1. The recursive formula for the generic term is

n—k b
T2 = k+1 ) ETk+1-

For x = y = 1 in the binomial expansion we get

(0-0)+ (20

For x =1,y = —1 in the binomial expansion we get
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(=) ectr)-e

hence we have

4.5 Extended binomial expansion

Now we extend the definition of (}) to allow 7 to be any real number and
k any integer. Let a be a real number and let k be an integer. Define the
extended binomial coefficient as

a(a—1)---(a—k+1) if k>1

" 3
(k) ={1 if k=0 . 4.1)
0 if k<-—1

Remark. In the case k > 1, (}) is a polynomial in & of degree k with the
leading coefficient %

Example 4.13. Compute (1é2>.

Solution. Using the definition we have

1/2\  1/2(1/2-1) 1
(7)- 2200y

Theorem 4.8 (Extended Pascal’s Formula). For all real numbers « and all inte-

gers k, we have
a  fa-—1 n a—1
k) k k—1)°

Proof. If k < —1 the relation is clear. If k = 0 this reduces toa = (a« — 1) + 1,
also clear. If k > 1, after simplification, the relation is equivalent to

oc_oc—k

= *L

which is obvious. O

Isaac Newton generalized the binomial theorem to obtain an expansion
for (x +y)* where « is any real number. In general, the expansion becomes
an infinite series and questions of convergence need to be considered. We
will restrict ourselves to a statement of the theorem and some special cases.
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Theorem 4.9 (Extended binomial expansion). Let « be a real number. Then for
all x and y, with 0 < |x| < |y|, the following formula holds:

ey =% ()t

k=0

Proof. The formula is equivalent to
x 29 [e] o X k
+3) =566
( Y k;o k) \y

(1+1)% = i <i) &,

k=0

that is

where t = ; < 1. Consider the function f : (—1,1) — R, defined by the for-
mula f(t) = (1+ t)*. By Taylor’s expansion formula, we have

_ £, , f(0) IR
F6) = f0) + =7t + t2+-~_k§)Ttk.
In our case we have

R =al@=1) (@ —k+1)(t+1)"F,
hence

FOO) =a(a—1)---(x —k+1),

and the formula is proved. [l

In practice, the following particular form of the formula is often used:

Corollary 4.2.

A+t =Y (’;{‘) £,

k=0

The generic term of the expansion is

14
Tyt1= <k> t,

and it is situated at the position k + 1.
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Example 4.14. If |t| < 1 and n a positive integer, prove the relation

<1—1t>n:i(n+:_1>tk'

Solution. Take « = —n and obtain

<i> _ <—kn> _ (=m)(-n— 1)];!..(—11 —k+1)

nn+1)---(n+k—-1) n+k—1
(- Kl _(_1)k< k )

Now, from the extended binomial expansion we get

(146" = i <—kn> _ i(_l)k(n+llj_1>tk~

k=0 k=0

Replace t by —t and obtain

R DR R WY
= pen (")

= i(—l)k(—l)"<n +,lf B 1) 5,

k=0

and we are done.

4.6 Permutations of multisets

Recall that a multiset is like a set except that its members need not be dis-
tinct. For example, the sets {a;b} and {a;a;b} are the same, but the multisets
{a;b} and {a;a;b} are not the same. Suppose a multiset M has three a’s, one
b, two ¢’s and four d’s. We will indicate the multiset by {3.4;1.b;2.c;4.d}. The
numbers 3;1;2;4 are called the repetition numbers of the multiset M. A set
is a multiset with all repetition numbers equal to 1. We can also allow infinite
repetition numbers. In this case we will use co to indicate that the repetition
number is infinite.

If S is a multiset, an r-permutation of S is an ordered arrangement of r of
the objects of S. If the total number of objects in S is n (counting repetitions),
then an n-permutation of S will simply be called a permutation of S.

We note that for S = {3.4;2.b;1.c}, then abcab, baaab are 5-permutations
of S and abcaba is a permutation of S. The multiset S has no 7-permutations
since 7 > 3 + 2 + 1 = 6, the number of objects of S.
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Theorem 4.10. Let S be a multiset with objects of k different types, where each
object has an infinite repetition number. The number of r-permutations of S is k'.

Proof. In constructing any r-permutation of S, we can choose the first item
to be an object of any one of the k types. Similarly, the second item can be
an object of any one of the k types. Since the repetition numbers are infinite,
there are k ways to choose each item. By the multiplication principle there
are k" ways to choose the r items. O

Note that the conclusion of the theorem remains true if the repetition
numbers of the k different types of objects of S are all at least r (that is we
can’t run out of items of any type).

Theorem 4.11. Let S be a multiset with objects of k different types with finite repe-
tition numbers ny;ny;- - - ;n, respectively. If the size of Sisn =nq +ny + - - - +ny,
then the number of permutations of S is

n!
nl!Tl2! . -le! ’

Proof 1. Suppose S has objects of k types, say ay,a»,...,a;, with repetition
numbers ny;ny;--- ;1 for a total of n = ny 4+ ny + --- + ny objects. To de-
termine the number of n-permutations, we have to put exactly one of the
objects of S in each of n places. First decide which places will by occupied
by a;’s. There are n; objects of type a1 in S, so there are (:1) ways to place
the a1’s. Next decide where to put the a;’s. There are n, objects of type a,
in S and n — n; places remaining, so there are (";2”1) ways to place the a;’s.
Continuing this, we see the number of n-permutations of S is

n n—nmnq n—mny—ny n—my —np—-+-—MNg_1
ni ] n3 03

which can be expressed as

n! (n—mnp)! (n—ny—mnp—--- —ng_q)!
nm!(n—mny)! mln—ny—mny)! m!m—ny—ng—- —np)l
n! n!

This simplifies to U

mtngl - g0l nyligl- gl
Proof 2. If S has n elements, then the number of permutations of S is n!. But
for a fixed permutations, we have n1! permutations of a1’s that give the same
permutation of the multiset S. Also, we have 1;! permutations of a,’s giving
the same permutation of the multiset S, and so on, n;! permutations of a;’s

that give the same permutation of the multiset S. By the division principle,
n!
the number of all permutation of the multiset S is —— . O
1’11!1’12! st nk!



4.6 Permutations of multisets 109

Remark. From Theorem (4.11), it follows that the number
n!
is an integer, that is n1!ny! - - - ny! divides (nq +np + - - + ng)!.
Example 4.15. Find the number of permutations of the letters of the word
ADDRESSES.

Solution. The multiset is {1.4;2.D;2.E;1.R;3.5}. The repetition numbers are
ny = 1;ny =2;n3 = 2;n4 = 1;n5 = 3, and the total number of objects is given
byn=mny+---+ns=1+2+2+1+3=09. By the formula in Theorem 4.11,
the number of permutations is

n! 9!

= " —15120.
mmptnatngtng! 1121211131

Theorem 4.12. Let n be a positive integer and let ny;ny; - - - ;ny be positive integers
withn =ny + ny + - - - + ng. The number of ways to partition a set of n objects into
k labeled boxes in which Box 1 contains nq objects, Box 2 contains ny objects and so
on is |

n!

nylng!- - m!”

If boxes are not labeled and ny = ny = - - - = ny, then the number of partitions is

n!
k!i’lﬂ?lz! o 'le! '

Proof. First choose 1, objects for the first box. This can be done (,fl ) ways.
Next, choose 1y of the remaining n — n; objects for the second box. This
can be done in (";2”1) ways. Continue in this way and by the multiplication
principle, the number of ways to partition the items is

n n—nqp n—mny—np n—my—mnyg —---—MNj_q
ni )\ m n g '

which we saw in the proof of Theorem 4.11

n!
1’11!1’12! e 'le! '

If the boxes are not labeled and 1y = ny = --- = ny, for each of way of al-
locating the objects into the k unlabeled boxes, there are k! ways to attach

the labels. Thus by the division principle, the number of ways to partition n

. . . n!
objects equally into k unlabeled boxes is Kl gl O
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4.7 Combinations of multisets

If S is a multiset, an -combination of S is an unordered arrangement of r of
the objects of S. If the total number of objects in S is n (counting repetitions),
then an n-combination of S will simply be S.

Example 4.16. If S = {3.a;2.b;1.c}, then the 3-combinations of S are
{3.a};{2.4;1.b};{2.a;1.c};{1.0;2.b};{1.a;1.b;1.c}; {2.b;1.c}.
There are no 7-combinations as 7 > 3 4+ 2 + 1 = 6, the number of objects of S.
Theorem 4.13 (De Moivre). Let r be a positive integer. The equation
X1+x2+--+x=7
has (,ij) positive integer solutions.

Proof. We writer asr =1+ 1+ --- 4+ 1+ 1, where there are r copies of 1s
and r — 1 signs +. To decompose 7 in k summands we only need to choose
k — 1 pluses from the r — 1, which proves the theorem. U

Corollary 4.3. Let r be a positive integer. The equation

R

n+r—1 o ,
has e non-negative integer solutions.

Proof. Denoting Xj— 1= y]-,j =1,2,...,k, one has xj > 1. Then the equation

x1—14+xp—1+---+x—1=risequivalenttox; +x2 +---+x =7r+k,

which from Theorem 1, has (“,:ﬁl) solutions. O

Theorem 4.14. Let S be a multiset with objects of k different types, where each
object has an infinite repetition number. Then the number of r-combinations of S is

<r+k—1> _ (r+k—1>

r k—1 )

Proof. Let the k types of objects of S be ay,a,...,a; so that
S = {o0.a1;00.ap; -+ ;00.a; }.

Any r-combination of S is of the form

{xl.al;xz.az; s ;xk.ak},

where x1,x7,...,x; are nonnegative integers with x; + xp + -+ x =71.
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Conversely, every sequence x1,Xy,...,X; of nonnegative integers with
X1 + X2 + - - + x; = r corresponds to an r-combination of S.

Thus there is a one-to-one correspondence between the number of r-
combinations of S and the number of solutions of the equation

x1+xz+...+xk:r’ (4.2)

where x1, X, ..., X are nonnegative integers. So the number of r-combinations
of S is equal to the number of solutions to the equation (2), where x1, x5, ..., xx

are nonnegative integers. According to the previous Corollary this number

H—k—l) _ (H—k—l). ]

is equal to (" 1

Remark. 1°. We can give a direct combinatorial argument for the formula in
the Corollary, that is to count the number of solutions to equation (2). In this
respect, let us consider the multiset

M = {r.1;(k —1).0}.

The k — 1 0’s divided the r 1’s into k groups as follows. Let there be x1 1's to
the left of the first 0, x, 1’s between the first and second 0, and so on, with x;
1’s to the right of the last 0. Then x1, x, ..., X} are nonnegative integers with
X1 + xp + -+ + x; = r. Conversely, given nonnegative integers x1,xy,...,Xk
with x; + x2 + -+ + x¢ = r, we can construct a permutation of the multi-
set M. Thus there is a one-to-one correspondence between the number of
r-permutations of the multiset M and the number of solutions to the equa-
tion (4.2) with x1,x2,...,x; nonnegative, that is we have a one-to-one corre-
spondence between the number of r-permutations of M and the number of
r-combinations of S. So the number of r-combinations of S is equal to the
number of r-permutations of M which, by Theorem 4.1 is

(:!J(rkk—_1;!)! - <r " ’; . 1)‘

2°. Note that the conclusion of the theorem remains true if the repetition
numbers of the k different types of objects of S are all at least r (i.e. we can’t
run out of items of any type).

3°. There is no general formula for finding the number of r-combinations
of an n element multiset S = {ny.ay;np.az;- - - ;ng.ax}, r < n. The number of
r-combinations of S is equal to the number of integral solutions of x; +
Xo+ -+ xp =71, where 0 < x; <ny,0<xy <ny,...,0 < x; < ng. The up-
per bounds cannot be handled the same way we treated the lower bounds.
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4.8 Multinomial expansion

We can generalize the binomial theorem to find a formula for the n-th power
of the sum of k real numbers:

(xl—i—xz—i—---—l—xk)”.

In general, the role of the binomial coefficients is taken over by numbers
called multinomial coefficients, defined as

< n )_ n!
— T .1
ny, Ny, ..., N n1!n2!---nk!

where ny,ny,...,n; are nonnegative integers with ny +np + --- + ng = n.
Recall that this number represents the number of permutations of a mul-

tiset of n objects of k different types with repetition numbers ny,ny,...,ny,

respectively. The binomial coefficients are just multinomial coefficients with

k =2, which gives
(=6
i)~ \in-j)

and represent the number of permutations of a multiset of n objects of 2
types with repetition numbers j and n — j, respectively.

Theorem 4.15 (Pascal’s formula for multinomials). For the positive integers
n, Ny, Na,..., Nx with ny + ny + - - + ny = n, the following formula holds:

n n—1 n—1
ni,Nny,...,Ng nl—l,nZ,...,nk nl,nz,...,nk—l

Proof. Just replace the formula of the multinomial coefficients and, after
simplification we get the equivalent form

n 1 1
Ny -« - Ny Ny -+ N ny--Ng_q

which is clearly true. 0

Theorem 4.16 (Multinomial expansion). Let n be a positive integer. For all
X1,X2,...,Xk the following formula holds:

n n n n n
(xl +x2+...+xk) :Z(nl 1y " x11x22...xkk/
s 2y eey

where the summation extends over all nonnegative integral solutions ny,ny, ..., ng
of the equation ny +ny + - +np=n.
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Proof. Write (x1 + x2 + --- + x¢)" as a product of n factors, each equal to
(x1 +x2 + - -+ + x¢). Completely expand the product, using the distributive
law and collect like terms. For each of the n factors, we choose one of the
k numbers x1,x2,...,x; and form their product. There are k" terms that re-
sult this way, and each can be arranged in the form x"1x"2...x"k, where
ni,ny,..., N are nonnegative integers summing to n. We obtain the term
x?lxgz . -x;:" by choosing x; in n7 of the n factors, xy in 1y of the remain-

ing n — ny factors, on down to x; in n of the remaining n —ny — -+ — ng_1.
By the multiplication principle, the number of times the term xj'x2 - 'xZ"
is given by

n\ m—n\ (n—ny—np n—ng—ny— - — Hp_q

ni np ns ny ’
which we know from the proof of Theorem 4.11, is equal to

n! _ n
mng!---m!  \ny,no,...n)
O

Remark. The number of terms in the multinomial expansion is the number
of solutions in nonnegative integers of the equation ny +np + --- + ng = n.
According to Corollary 4.3, this is given by

(1)

In case k = 2, by the previous formula we obtain

2-1 1
<n+ >:<n+ >:n+1,
n n
i.e. the number of terms in the classical binomial expansion (x1 + x)".
For example, consider the multinomial with k = 3 and n = 3, that is
3

(x1+x2 + x3)°.

After expansion we will find (3 + g a 1) = (g) = 10 terms. These are

X3 4 x5 4+ %3 + 3x3xp + 3% %3 + 3x3x3 + 3x0x3 + 3xFx3 + 3x1x3 + 611203,
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4.9 Inclusion-exclusion principle

We saw that if A1 and Aj are disjoint finite sets, then |A; U Ay| = |A1| + | Az
If A7 and Aj; intersect, then |A1| 4 |Az| counts the number of elements in
A1 N Aj twice, so we must subtract off the number of elements in Ay N Ay,
hence we have the formula :

Inclusion-exclusion principle for two sets. If A1, A, are two finite sets, then
‘A1 @) Az‘ = ‘Aﬂ + |A2‘ — ’A1 ﬂA2|.
Example 4.17. How many integers from 1 to 500 are divisible by 3 or by 7?

Solution. Let A be the set consisting in all integers from 1 to 500 which are
divisible by 3. Consider B, the set of all integers from 1 to 500, divisible by
7. We have to find |A U B|. We write A and B as follows:

A= {3k|1<3k <500},

B={71|1<71<500}.
In order to calculate |A| we need to find the largest k such that 3k < 500. This
is 166, hence |A| = 166. In similar way, for |B| we need to find the largest

integer [ with 7] <500 and we get |B| = 71.
Applying the inclusion-exclusion principle for two sets we have

|AUB|=|A|+|B|—|ANB|=166+71—|ANB| =237 —|ANB|.

The set A N B consists in all integers from 1 to 500 which are divisible by 3
and by 7, hence we can write

ANB={21s|1<21s <500}

The largest s with property 21s < 500 is 23, that is |A N B| = 23. Finally, it
follows |A U B| =237 — |A N B| =237 — 23 = 214.

Inclusion-exclusion principle for three sets. If A1, A, A3 are finite sets, then

|A1 UAQUA:;’ = ’Al‘ + ‘Az’ + ‘Ag,’ - |A1 ﬂAz‘ — ’Al ﬂAg,’ - |A2ﬂA3‘
+ |A1 ﬂAzﬂA3|.

Example 4.18. How many integers from 1 to 2009 are divisible by 5 or by 7 or by
9?2

Solution. Let A be the set of integers from 1 to 2009 which are divisible by 5,
B which are divisible by 7 and C which are divisible by 9. We have 5k <2009
is equivalent to k < 401, hence |A| = 401. Also, 7k < 2009 is equivalent to
k <287, so |B| = 281. From 9k < 2009, we get k < 223, that is |C| = 223.
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In order to find |A N B, observe that 35k <2009 is equivalent to k < 57.
Also, 45k <2009, gives k < 44, and 63k < 2009, gives k < 31. In this way we
obtain |[ANB| =57, |]ANC|=44and |[BNC|=31.

In order to find |A N BN C|, observe that 5 - 7 - 9k < 2009 is equivalent to
k <6,hence | ANBNC|=6.

Applying the inclusion-exclusion principle for three sets we get

|JANBNC|=|A|+|B|+|C|—|ANB|—|ANC|—|BNC|+|ANBNC]|
=401+ 2814223 —57 —44 — 31 + 6 =769.

Theorem 4.17 (Inclusion-exclusion, general form). If A1, A,..., Ay, are fi-
nite sets, then the following formula holds:

[AUA U UAy|l= ) A= ), [AiNA)
1<i<m 1<i<j<m
+ Y JANANA+--
1<i<j<k<m

+(=D)"MAINA NN Al

Proof. Proceed by induction on m. For m = 2 and m = 3 the formula was
proved in the previous particular cases. For the the induction step, just write

A1UA2U"'UAmUAm+1:(A1UA2U~"UAm)UAm+1:AUAm_H,

where A = A1 U Ay U --- U Ay,. From inclusion-exclusion principle for two
sets we obtain

|[A1UA U UAR U Apia| =AU Ay | = [A] + [Apga| = [AN Apgal,

thenuse AN A1 =(A1NAL1)U(ANAy 1)U U(AnNAy) and
apply the induction hypothesis. Finally group the resulting terms. O

Euler’s totient function. For any positive integer n denote by ¢(n) the num-
ber of integers m such that m < n and gcd(m,n) = 1.

The arithmetic function ¢ is called Euler’s totient function. Clearly,
¢(1) =1 and for any prime p we have ¢(p) = p — 1. Moreover, if n is a
positive integer such that ¢(n) =n — 1, then n is a prime.

X102

1 P2

.- p,¥, then we have the formula

oo 3) -3 0-3)

For the proof we employ the inclusion-exclusion principle. For each index
i=1,...,k consider the set

Ifn=p

Ti = {d | d < n and pl’d}
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It follows that
T1U---UTy={m|m<nand ged(m,n) >1}.
Hence, we obtain

p(n)=n—|T1U---UT
k
:Tl—Z‘Ti‘—F Z ’Tl’ﬂTj’—"'+(—1)k|T1ﬂ---ﬂTk‘.

i=1 1>i<j<k

On the other hand, we have

‘Ti‘zg, miij:p:lpj, \Tm---mTky:pl.’_q'pk.
Finally,
py=n- Y Y
i=1Pi 1>icj<k PiPj p1-- Pk

(-3 (-3 0-3)

and the formula is proved.

The number of surjective functions. Let M and N be finite sets, and
m = |M| and n = |N| their cardinalities. Counting the functions of the form
f | M — N is easy. Each x € M has n choices for its image, the choices are in-
dependent, and therefore the number of functions is n”". How many of these
functions are surjective ? To answer this question, let N = {y1,»,...,y, } and
let A; be the set of functions in which y; is not the image of any element in
M. Writing A for the set of all functions and S for the set of all surjective
functions, we have

S=A—-(A1U---UAy,).

We already know |A|. Similarly, |A;| = (n — 1)™ . Furthermore, the size of
the intersection of k of the A; is

A, M- N Ay | = (n— k)™,

We can now use inclusion-exclusion principle to get the number of functions
in the union, namely,

AT U UAy,| = i(—mk“ (Z) (n— k)™,

k=1
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To get the number of surjective functions, we subtract the size of the union
from the total number of functions

s =11 = - (0 = ™.

k=0

For m < n , this number should be 0, and for m = n, it should be n!.
Finally, we can write

Yo (=D (n—k)™ if m>n
Smpn =1 n! if m=mn 4.3)
Oif m<n

Derangements. Since the actual nature of the objects does not matter, we
may take X to be the set {1,2,---,n} in which the location of each of the
integers is that specified by its position in the sequence 1,2,...,1n.

A derangement of {1,2,...,n} is a permutation i1 ---i, of {1,2,...,n}
with iy #1,ip #2,...,i, # n,1ie. a derangement of {1,2,...,n} is a permuta-
tion i1iy - - -i, of {1,2,...,n} in which no integer occupies its natural position.

We denote the numbers of derangements of {1,2,...,n} by D,. Forn =1,
there is no derangement. For n = 2, there is only one derangement: 21. For
n = 3, there are two derangements: 231 and 312. The derangements for n = 4
are 2143 ; 3142 ; 4123 ; 2341 ; 3412 ; 4312 ; 2413 ; 3421 ; 4321. Thus we have 9
derangements in this case. These examples show that

D1:0,' Dzzl} D3:2; D4:9

For n > 1, the following formula holds true

1 1 1 (=1)"

In order to prove formula (4.4), consider S to be the set of all n! permutations
of {1,2,...,n}.Forj=1,2,...,n,let P; be the property that, in a permutation,
j is in its natural position. A permutation of {1,2,...,n} is a derangement
if it has none of properties Py, P, ..., Py. Denote by A; the set of permuta-
tions of {1,2,...,n} with P;,j=1,2,...,n. The derangements of {1,2,...,n}
are precisely those permutationsin S \ (A1 U Az--- U A,). Hence

Dy =S| — |[AjUAs---UAy| =nl — |A; UAy-- U Ayl

We now calculate |A; U Ay - - - U Ay| by using inclusion-exclusion formula.
The permutations in A; have the form 1i; - - - i,,, where i - - - i, is a permu-
tation of the set {2,...,n}. Thus |A1| = (n — 1)L
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In the same way, we have
Aj] = (n — 1)1,

The permutations in A; N Ay are of the form 12i3---i,, where i3---iy, is a
permutation of {2,...,n}. Thus |A; N Ay| = (n — 2)!. Similarly,

|Ai N Aj| = (n—2)! for i#].
The permutations in A; N Ay N --- N Ay have the form 12 - - - kiy 1 - - - i, where
iky1---in is a permutation of { fiy1,...,n}. Thus |[A1 N Ay - Ag| = (n —k)!.
A similar argument shows that

|AilﬂAi2ﬂ---ﬁAik|:(n—k)!

for any k-subset {i,ip,..., it} of {1,2,...,n}. Since there are (}) k-subsets of
{1,2,...,n}, by the inclusion-exclusion principle, we have

n!  n!l nl 1!
:”‘F+E‘§+““”a
1 1 1 21

ooxn
X __
e _Zﬁ
j=0
So we have
1 1 1 1
[ [ E

2t 31 4l

Therefore, for a fixed 1, the probability to extract a derangement out of
the n! permutation is

D, . 1 1 1 1 o1
ETEEE TR TR TR TR S e

Notice that % — % for n — co.

The following recursive formulas for the number of derangements hold:

Dy =nDy_1 + (—1)"
Dy=(n—1)(Dy_2+Dy_1), n=234,5,...
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Example 4.19. Let A1, Ay, ..., Ay be finite subsets of a set S. Denote by d(n) the
number of elements which appear in an odd number of subsets among Ay, ..., Ay.
Show that for all 1 < k < n, the number

n
d(n)—Z]Ai\+22|AiﬁAJ‘|+"‘+(_1)k2kil Z |AZ-1 ﬁAizﬂ...ﬁAik|
i=1

i<j i1 <. <ig
is divisible by 2F.

Solution. Let S = A; U... U A, and, for any subset A of S we denote by 14
its indicator function relative to S, namely 14 : S — {0,1} is given by

lifsec A
0 otherwise °

1a(s) = {

It is very easy to show that for any A,B C S, we have
* lanp=1a"1p;

* laup=1a+1p—14-1p;

* Iga=1-14

e ACBifandonlyifaly(s) <1g(s)forallseS;

o If|A] < oo, then |A| =Y c51a(s).

Returning to our problem, note that it is sufficient to prove the result for
k = n. For each x € S let Py be 1 if x belongs to an odd number of A; ’s and 0
otherwise. It suffices to prove that for all x € S we have

n
Pe—Y leea 4+ 4+ (=1)"2" Myepnna, =0 (mod2"),
i=1

as then the result follows by summing over all x € S. On the other hand,

n
leeAi — (_1)n712n711x€A1 Teeet 1x€An
i=1
is equal to

1—(1-21gen) - (1=2Teea,) 1—(=1)F
2 N 2

where k is the number of A; ’s containing x. The result follows.

Let us now see an example given at the 2012 Tuymaada Olympiad. This
was regarded as the hardest problem in the competition.

Example 4.20. 25 little donkeys stand in a row; the rightmost of them is Eeyore.
Winnie-the-Pooh wants to give a balloon of one of the seven colors of the rainbow to
each donkey, so that successive donkeys receive balloons of different colors, and so
that at least one balloon of each color is given to some donkey. Eeyore wants to give
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to each of the 24 remaining donkeys a pot of one of six colors of the rainbow (except
red), so that at least one pot of each color is given to some donkey (but successive
donkeys can receive pots of the same color). Which of the two friends has more ways
to get his plan implemented, and how many times more?

Solution. In fact both these numbers can be computed. Label the colors of
the rainbow by 1,2,3,4,5,6,7, with red being the 7th. Denote by Ay, 1 <k <7,
the set of ways to give balloons of any but the k-th color to 25 donkeys,
so that neighboring donkeys receive balloons of different color (though
maybe not all 6 of the available colours are being used). Clearly, for any
K C{1,2,3,4,5,6,7}, we have |\ex Ax| = (7 — |K|)(6 — |K|)?*. By the Prin-
ciple of Inclusion/Exclusion (PIE) we have

M Ak
kekK

=mi:0<—1>m(;)m<m o

= K|=¢

Now, denote by A the set of ways to give balloons of any of the colors
of the rainbow to 25 donkeys, so that neighboring donkeys receive balloons
of different color (though maybe not all 7 of the available colors are being
used). Clearly |Ag| =7 - 6**. The number we are looking for, the number of
such ways that use all 7 colors, is therefore

= ¥ (D) mon -1

m=0

|Ao| —

7
U A
k=1

We have now to compute the number of ways to distribute pots, i.e. 6
colors (no red), 24 donkeys, no restriction for neighboring donkeys, but all
6 colors to be used. Denote, following the fashion of above, by By, 1 <k <6,
the set of ways to give pots of any but red and the k-th color to 24 donkeys
(though maybe not all 5 of the available colors are being used). Clearly, for
any K C {1,2,3,4,5,6}, we have |tk Bi| = (6 — |K|)?*. By the Principle of
Inclusion/Exclusion (PIE) we have

6
NIy
=1

[K|=¢

6 5 6
By B =Y (-t ( )m24.
1 keK m=0 "
Now, denote by By the set of ways to give pots of any of the colors of
the rainbow but red to 24 donkeys (though maybe not all 6 of the available
colors are being used). Clearly |By| = 6>*. The number we are looking for,

the number of such ways that use all 6 colors, is therefore

= i (—1)" (:1) m**

m=0

k=

|Bo| —

6
U B
k=1

All it remains is to notice that, term by term,
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7

o (QJte- oo ()

m=1
so there are 7 more ways to distribute balloons than pots.

Alternative solution. We present another official, i.e. presented on the mark-
ing scheme, for this problem. This method does not actually count the ways,
but rather establishes a one-to-one correspondence between Eeyore’s ways
to distribute pots and Winnie’s ways to distribute balloons, all the while
giving Eeyore a red one. We present it because it anticipates the concepts
discussed in the next section.

Concretely, pots and balloons have the same color, except when a pair
of two consecutive pots share a same color, in which case the color of the
second balloon in the pair is red.

Now, the total number of ways Winnie can distribute balloons is 7 times
larger, since the balloon given to Eeyore may be of any of the 7 colors, not
just red, and clearly for each of the colors of the balloon given to Eeyore
there are a same number of ways to do it.

4.10 Counting by a bijection

This is a basic method of counting which is very useful in many concrete
problems. We first revisit some results given earlier in Section 4.1.

Let A and B be two sets. A function f : A — B is called:

* one-to-one or injective if for all 2,b € A we have f(a) = f(b) = a=0b.
* onto or surjective if for all b € B there exists an a € A such that f(a) = b.
* bijective if the function is one-to-one and onto.

The following properties of injective, surjective and bijective functions
are relevant for counting problems:

e If there is an injective function f : A — B, then |A| < |B].
e If there is a surjective function f : A — B, then |A| > |B|.
e If there is a bijective function f : A — B, then |A| = |B].

The key point of the last property is that whenever counting the number
of objects in a given set A presents a challenge, an alternative is to establish
a bijection between A and another set B whose cardinal is easier to find.

If a bijection f : A — B exists, then there is also a bijection g : B— A. Here

we provide some classical examples of counting with bijections.

Example 4.21. Let m,n be positive integers. How many increasing functions f :
{1,2,...,n} = {1,2,...,m} can one define?
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Solution. Denote the following sets of functions:

A={f:{1,2,...,n} = {1,2,...,m}, fisincreasing}
B={g:{1,2,...,n} = {1,2,...,m}, gis strictly increasing}.

The function & : A — B defined by h(f(i)) = f(i) +i—1=g(i),i=1,...,n

is a bijection between A and B, and clearly, |B| = ("*"""1).

Example 4.22. In a single-elimination tournament there are n people competing.
How many matches are needed to decide the champion?

Solution. There is a bijection between the set of eliminated players and the
set of matches played. To decide the single winner, n — 1 players must be
eliminated, therefore n — 1 are required for deciding the champion.

Example 4.23. A set S of integers is called fat if each of its elements is greater
or equal to |S|. For example, the empty set, or the set {5,6,7,8} are fat, while the
set {1,2,3} is not. Establish a recursion for the sequence (f,)o_,, where fy is the
number of fat subsets of {1,...,n}.

Solution. We split the subsets of {1,2,...,n + 1} into those which contain
n + 1, and those who do not (whose number is actually f,, as they are in fact
fat subsets of {1,...,n}.)

The number of fat subsets containing n + 1 are in a bijective corre-
spondence with the fat subsets of {1,2,...,n — 1}, through the mapping
{x1,x0,...,xe,n+1} = {x; —Lxp—1...,x, — 1}, where x; < xp < -+ < xp.
It follows that there are f,,_1 fat subsets of {1,...,n 4 1} which contain n +1,
hence the desired recurrence relation is

fn+1:fn+fn—1/ 7’122/

where f; = 2 (fat sets: @ and {1}) and f, = 3 (fat sets: @, {1} and {2}).
Clearly, the fat sets for n = 3 are @, {1}, {2}, {3} and {2,3}, hence f3 = 5.
Notice that f, = F,4», n > 1, where (F,),>0 is the Fibonacci sequence.

Example 4.24. Let m, n be positive integers, and consider an m X n rectangular
grid. How many paths are there from (0,0) to (m,n), following the grid lines and
only moving up or right?

Solution. Each path from (0,0) to (m,n) following the grid lines and only
moving up or right consists of exactly n 4+ m segments, being uniquely de-
fined by the position of n vertical steps (the other m being horizontal steps).
Hence, the set of such paths is in a bijective correspondence with the subsets

of {1,2,...,m + n} with n elements, so the answer is (n : m> = <n —;m)
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Example 4.25 (Catalan numbers). Prove that the number of lattice paths from
the point (0,0) to (n,n) following the grid lines, located lower than, or on the bi-
tor liney = x is C e
sector line y = =1, )
These numbers recover the Catalan sequence (Cy),>0 (A000108 in OEIS [211]),
and starting with 1,1,2,5,14,42,132,429,1430,4862,16796,58786, ... ..

Solution. First, notice that each path going from (0,0) to (n,n) contains n
steps to the right, and n steps upwards. For each such path going above the
diagonal we associate another path, as follows:

1) keep all steps until going above the diagonal for the first time unchanged;
2) swap all remaining steps (right become up, up become right).

If the first point reached above the diagonal is (k,k + 1), then the initial path
contained k + (n — k) = n steps to the right, and (k+1)+(n—k—1) =n
steps upwards. The new path will then have k + (n —k — 1) = n — 1 steps
to the right and (k+ 1) + (n — k) = n + 1 steps upwards, hence it will end
at (n — 1,n +1). This mapping is well defined and bijective, so the number
of lattice paths from (0,0) to (1,7) not going above the diagonal, is actually
equal to the total number of paths from (0,0) to (n — 1,1 + 1). Therefore

C. — 2n\ (2n\ _ 1 (2n
"\ n n+1) n+1\n)
Example 4.26. A triangular grid is obtained by tiling an equilateral triangle of side

length n by n? equilateral triangles of side length 1, whose sides are parallel to the
big triangle. Determine the number of

1) rhombi of side length 1.
2) parallelograms.

Solution. 1) Each short lattice segment within the triangle, can be the diag-
onal of exactly one rhombus (so there is a bijection between the two sets),
hence the answer is

1
3(1+---+n—1):3%,

as each of the sides of the big triangles has n segments of length 1, which are
discounted from the total count.

2) A parallelogram has the sides parallel to the sides of the original trian-
gle. One may notice that extending the sides of the parallelogram, they in-
tersect the a line parallel to the third side and having 1 + 1 segments (hence
n + 2 points) in 4 points. This shift of one position is to allow one to count
the parallelograms having one vertex on the non-parallel line. The set of
parallelograms and the set of quadruples selected from amongst these 1 +- 2
points on the line are in bijective correspondence, so the number of parallel-

ograms (accounting for each of the 3 orientations) is 3(”12).
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Example 4.27. Here we have other examples related to the Catalan sequence.

1) Prove that the number of expressions containing n pairs of correctly matched
brackets is C,,. For n = 3, the correctly matched brackets are

000, 0€0), (0O, (0O0), «(O)-

2) Prove that the number of increasing functions f : {1,...,n} — {1,...,n} with
the property f(x) <x,x=1,...,nis Cy.

3) Show that the number of sequences (a1, ...,a2,+1) With nonnegative terms such
that ay = apy 1 =0and |a; —a; 1| =1fori=1,...,2nis C,.

4) Prove that C,, satisfies the recurrence relation

Ch=Cy1Co+Cp2Cy + -+ C1C—1 + CoCpy—1.

Solution. 1) The valid bracket combinations can be put in bijective corre-
spondence with the paths in Example 4.25, associating the “(” brackets with
steps to the right, and the “)” brackets with steps upwards.

2) We associate each function f: {1,...,n} — {1,...,n} satisfying f(x) <x
for x =1,...,n with the Catalan path having the highest point in columni —1
equalto (i—1,f(i) —1),i=2,...,n.

3) The paths in Example 4.25, can be put in a bijective correspondence
with a sequence, by associating a number g;, i > 2 with a step to the right if
a;_1 < a; and with a step upwards otherwise.

4) One can count the Catalan paths based on the first point reached on
the diagonal, after (0,0). If the first point of the path on the diagonal is (k, k),
k=1,...,n, then the number of paths from (0,0) to (k,k) with this property
is the number of Catalan paths from (1,0) to (k,k — 1) (as the first segment
is horizontal, while the last one is vertical), that is C;_1, with Cy = 1. Once
(k,k) is reached, the number of Catalan paths from (k,k) to (n,n) is C,_,
hence we have exactly Cx_1C,_i paths hitting the diagonal first time at the
point (k,k), k=1,...,n. Summing over k = 1,...,n we obtain the formula.

Example 4.28. Consider the permutations (x1,Xy,...,X2,) of set {1,2,...,2n}.
Determine if the number of permutations having the property |x; — xj11| = n for
at least one value i € {1,...,2n — 1}, is greater then the number of permutations
which do not have this property.

Solution. Let us call two numbers x,y € {1,2,...,2n} twins if |x —y| = n,
and a permutation (x1,xy,...,X2,) of this set will be called of type Ty if there
are exactly k pairs of twins, i.e., there are exactly k indices i with the prop-
erty |x; — xj11| = n. Let us define the mapping f : To — T; as follows. If
(x1,%2,...,%2) € Ty and xy, k > 2 is the twin of xq, then

fxy,x0,...,%0n) = (X2, , Xk _1,X1, Xgs -, X2p ).
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Notice that the mapping is injective but not surjective, hence the number of
permutations with at least one pair of neighbouring twins is greater than the
number of permutations without pairs of neighboring twins.

Example 4.29. Prove that the number of subsets with k elements of {1,...,n}, in
which no numbers are consecutive is ("‘,’f“).

Solution. We associate the subsets of S C {1,...,n} with binary words
aiay ...a for which a; = 1 whenever i € S and a4; = 0 otherwise. A set S hav-
ing no consecutive integers is represented by a binary word with no consec-
utive 1’s, hence there is a bijection between them and the number of words
having k values equal to 1, n — k values equal to 0, and no consecutive 1’s.
To compute the cardinal of this set, we label the n — k digits equal to 0 from
1 to n — k. Between them we have to add k digits 1, avoiding consecutive 1’s.
Hence, each digit 1 is preceded by a 0 digit, indicated by it’s label 0,...,n — k
(this can be 0 as well, when the word starts with 1). This can be done in
exactly (”*IEH) ways, which ends the proof.

Example 4.30. Three people A, B, C play the following game: for a fixed positive
integer k < 2022, a subset of {1,2,...,2022} with k elements is randomly chosen,
with an equal probability of each choice. The winner is decided based on the reminder
of the sum of the chosen numbers when divided by 3: A for 0, B for 1 and C for 2.
For which values k is the game fair, and who has the best odds when it is not?

Solution. Let us split the set {1,2,...,2022} into sets X; = {3j — 2,3j — 1,3},
j=1,...,674. Denote by F the family of all subsets Y C {1,2,...,2022} with
k elements with the property |Y N X;| =1 or [Y N X;| = 2 for some j.

Let jo be the smallest such j, and define Y’ as the set with k elements
obtained by replacing in Y the elements in Y N X with the ones following
cyclically inside Xj (i.e., shifting to the right adds 1 to the sum in the first
case, or 2 in the second case). Applying this process to Y/, we obtain the set
Y", and applying again to Y we get Y. Denoting by s(Y) the modulo 3
sum of the elements in set Y, one can check that s(Y), s(Y’) and s(Y") are
distinct, while Y = Y. Thus, this operator ' gives a bijective correspondence
between the three families Py, P;, P> C F for with the property s(Py) = 0 for
Py € Py, s(Py) =1for Py € Py, and s(P,) =2 for P, € P;.

When k (mod 3) = 0, then the elements not belonging to F are those
formed of unions of several triads. As the sum of elements in each such
triad is divisible by 3, then player A has the advantage. For k (mod 3) # 0,
each set B with k elements belongs to F, hence the game is fair.

Example 4.31. Let k and n be positive integers. Denote by A the set of all sequences
a = (ay,...,a;) whose integer entries satisfy 0 < a; <n,i=1,...,k. If m(a) =
min{ay,ap,...,a;} and M(a) = max{ay,ay,...,a;}, show that

Z}q(m(a) + M(a))=n(n-+ 1)k.
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Solution. Clearly, |A| = (1 4 1). To each sequence a = (a1, 4y, ...,a;) we can
associate the sequence a’ = (n — ay,n — ap,...,n — ay), through a bijective
correspondence between A and A. Since M(a’) =n — m(a), one obtains

Y. (m(a)+M(a)) =) m(a)+ ) M(a)

acA acA a'eA
= Zm(a) + Z [n—m(a)] =nl|A| :n(n+1)k.
acA acA

Example 4.32. Let 1 < k < n be positive integers. For each subset of {1,2,...,n}
with k elements, we consider the minimal element. Prove that the arithmetic mean
of these minima is ZTJF%

Solution. The set A of {1,2,...,n} with k elements indexed as (ay,...,a;)
with1 <ay <a <--- <ay <nare in bijective correspondence with the set B
containing the sets (by,...,b;1) with k + 1 elements, having the sum n + 1.
This bijection can be defined by the formula

(ay,...,ax) — (ay,ap — ay,...,ap — ag_1,n+ 1 — ag).

The problem reduces to computing the aritmetic mean of by, over all config-
urations (by,...,bx;1) having the sum n 4 1. Notice that the elements in this
(k + 1)-tuple can be permuted, hence the arithmetic mean of by is also equal
to the arithmetic mean of b]-, j=1,...,k+ 1. One obtains

1
(k+1)[B[ L

1/"'rbk+1)€B

(n+1)|B| _n+1
(k+1)|B]  k+1°

(by + -+ bry1)

4.11 Counting in two ways

This is a specific method in combinatorics. Here are a few examples.

Example 4.33. Prove the following identities:
n n—1 n—1
b ()=o) ()

2) (ﬂ : b) = (Z) <n E k> (Vandermonde).
k
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Solution. 1) Let us label a set of n objects by O;,0;,...,0;. Clearly, (’;) is
the number of ways of selecting k objects out of n. For each value of k, we
have two mutually exclusive possibilities. Either O, is taken, in which case
the remaining k — 1 objects can be chosen in (Zj) ways, or Oy is not taken,

when the k objects can be chosen in (”;1) ways. This confirms the identity.

2) Let A and B be two disjoint sets with cardinals |A| = a and |B| = b. With
these notations, the expression on the left represents the ways of choosing a
subset X C A U B having n elements. We are now summing over all possible
intersections X N A and X N B. The intersection X N1 A may have k =0,...,n
elements, and since the sets A, B are disjoint, one must have |[X N B| =n — k.
For each value of k = 0,...,n, there will be (ﬁ) ways to select the set X N A,

and (nﬁk) ways to select the elements in X N B. We notice that in certain
cases, some of terms in the right-hand side will may be equal to zero.

3) We first notice that unless m < k < n, the identity holds trivially with
both side equal to zero. Let A be a set with n elements. For given integers
m < k < n, the left-hand side corresponds to the number of choices for a pair
of subsets (B,C) with the properties |B| =k, |C| =m and C C B C A. Clearly,
B can be chosen in () ways, while C can be chosen in (rlfq) distinct ways.

The right-hand side also counts the pair of subsets (B,C) with the prop-
erties |B| =k, |C| =m and C C B C A, but now first choosing the set C C A,
possible in (). Apart from the m elements from C, the set B\ C has other
k — m other elements, which are selected from the remaining n — m elements
of A\ C, for a total of () choices.

4) To count the right-hand side one may consider two disjoint sets A and
B with cardinals |A| = m and |B| = n.

For a fixed positive integer k, the number of pairs of sets (X,Y) having
cardinals |X| =k and |Y| = m, satisfying X C A and Y C BU X is given by
) (”Zk). Summing over all k =0,...,m the left-hand side expression repre-
sents the number of pairs (X, Y) satisfying X C Aand Y C BU X and |Y|=m.

These pairs can be placed in bijective correspondence with the triples
(YNB,YNAX\Y), satisfying X C A and Y C BU X and |Y| = m. These
can be counted by first choosing Y N B, then Y N A and finally X. When
|Y N B| = k there are (}) choices for YN B, (,,) choices for Y N A and 2¢
choices for Y \ X (as each of the k elements in A \ Y may belong, or not to
X). Summing over all values of k we obtain the desired result.

Example 4.34. Let n be a positive integer. Prove that

T1)+ @)+ 4T = 3|+ [ 5]+ 2]

where T(k) represents the number of divisors of the positive integer k.
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Solution. Both sums represent the number of pairs (a,b) of positive integers
satisfying a | b and b < n. When fixing a first one obtains the right-hand side,
while fixing b first, the left-hand side is obtained.

Example 4.35. Let S be a set of n persons such that:

1. each person has exactly k friends in S;
2. any two friends have exactly I common friends in S;
3. any two persons who are not friends, have exactly m common friends.

Prove that m(n — k) —k(k—1)+k—m =0.

Solution. Consider an arbitrary person P in S. By property 1., P has k friends
(denote this set by A) and n — k — 1 it does not know (we denote this set
by B). We are now counting the pairs (P;,P,) with P; € A and P, € B for
which P; and P, are friends. As a person P» € B is not a friend of P, the
persons P, and P have m common friends (by 3.). Clearly, all these common
friends belong to A, because P has no friends in B, P, is friends with exactly
m persons in A. Since P, can be selected in exactly n — k — 1 ways, we have
(n —k —1)m pairs (Py, P,) with P; € A, P, € Bin which P; and P, are friends.
Similarly, a person P; € A who s friend with P has | common friends with
P (by 2.), all belonging to A. Since P; has a total of k friends (including P),
he has exactly k — I — 1 friends in B. Therefore, the number of pairs (P;, P;)
with P; € A, P, € B in which P; and P; are friends is exactly k(k — [ — 1).
We conclude that m (n —k — 1) =k (k — I — 1), which ends the proof.

Example 4.36. Prove the following identities:
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Solution. 1) The right-hand side is the number of subsets Y of a set X with
n elements (as each of the n elements of X may belong to Y or not). The left-
hand side counts the same sets, but splitting them by cardinal, where we
have: () sets with exactly k elements, where k =0,...,n.

2) Notice that this identity is equivalent to

n n—1
f(3) =)
On the left we have the number of ways to select a group of k people out
of n, and then designate one with a special role (i.e., the boss). On the right

side we count the same thing, but first selecting the boss (in n ways), then
its other k — 1 companions, out of the n — 1 persons left in the group.

3) First notice that for n < m both sides vanish. Consider a set X with n
elements. Both sides count the number of pairs of subsets (Y, Z) such that
Z CY C X with |Y| = m fixed, in two ways. Notice that the set Z can have
k =0,...,m elements. On the left, for every k =0,...,m, the set Z can be

chosen in (}) ways, while the other elements in Y \ Z can be selected in

( 1':1:’,‘{) ways. On the other hand, on the right-hand one can first choose the

set Yin ( Zl) ways, which has 2" subsets Z of cardinal k =0, ..., m.

4) For the right-hand side one may use two disjoint sets A and B with
the same cardinal n. Then, the number of ways of choosing an element
x € A and then n — 1 other elements from (AU B) \ {x} is exactly n(zr?:ll).
Hence, on the right-hand side we counted the number of pairs (x, X) with
the property x € A, X C (AUB) \ {x} and |X| = n — 1. These pairs are in bi-
jective correspondence with the triples (x,Y,Z), wherex € Y C A, Z C Band
|Y U Z| = n. To count them we first choose the set Y of cardinal k =0,...,n,
then x, and finally Z, to obtain k(})(," ;) acceptable configurations. The total

number is then 3} k(})(," ), which ends the proof.

5) First, the number of subsets X = {x1,...,x;} with x; < xp--- < x; with
k elements taken from a set with 1 elements is (}). Since the values taken by
Xx_p areintherangek —2,...,n —2,foreachj =k —2,...,n — 2, the number
of choices for the set {x1,...,x;_3} is (ij,)) while the number of choices for
the set {x,_1,x¢} is (",7). The identity is obtained by summing over the
values j =k —2,...,n — 2 and then setting p = j — 1.

6) Consider two disjoint sets A and B of cardinals |A| = p and |B| = g.
On the left-hand side we count the triples (X,Y,Z) such that X C A, Y C B,
Z C B\ Y with |Z| =jand | XU Y| = g. To obtain the identity we sum over
k=0,...,p+ g and use (qzk) = (). Notice that these triples are in bijective
correspondence with the pairs (T,U) satisfying U C B, T C (AUB) \ U,

|U| =jand |T| = p+ q — j, whose number is clearly (?)(erg—j)'
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7) Let A be a set with |A| = n. The number of pairs of sets (X,Y) C A x A
such that |X| =p and |Y| =g is (Z) (Z) These pairs are in a bijective corre-
spondence with the triples (T,U, V) with the property TC A, UC T,V C U,

|U| =gand |VU(T\ U)| = p, through the map (X,Y) — (XUY,Y,XNY).
One can now count these triples by summing over all cardinals of |V| = j.

Example 4.37. Compute the following sums:

1° f(Zk— 1) (Z)

k=0
n
2 YR <”> .
k=0 k

Solution. 1° We have shown that } 7 (¥) = 2" and now we compute

n
24 (i)
k=0 k
Notice that this is the number of ways of choosing a subset Y from of a set
X with n persons, having a special element (the “boss”). This is the number
of ordered pairs (y,Y), where y € Y C X. Clearly, this number is n2" !, as y

can be chosen in n ways, and each of the remaining n — 1 elements in X may
belong to Y, or not. The desired number is then 2 - n2"~1 — 2" = (n — 1) 2".

2° One may easily notice that

ékz (’Z) - kngok(k ~1) (Z) + ék(’;)

Reasoning as above, consider a set X with n elements of which v, y, have
special role. To compute Y k(k — 1)(}) we may notice that this is the sum
of ordered pairs (y1,12,Y) such that y;,y2 € Y C X, y1 # y». This number is
n(n —1)2"72, hence the desired sum is n(n — 1)2" =2 4 n2" 1,

Example 4.38. Let p and q be relatively prime positive integers. Prove that

R A el B I A i e

Solution. Both sums represent the number of lattice points within the trian-
gle determined by the lines y = 0, x = g and py = gx. On the left-hand side,
the points are counted horizontally, while on the right-hand side vertically.

Example 4.39. Let m, nand a1 < ap < --- < a, = m be positive integers. Denoting
by by the number of elements a; such that a; > k, show that

mAap++ag=bi+by+ -+ by
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Solution. Imagine the following diagram: n lines of points, and on the line
i consider put a; points. Counting the points horizontally (first count the
points on each line, then add the results), one gets a; + --- 4 a,. Second,
counting the points vertically (first count the points on a column and then
adding the results), one obtains the desired relation.

Example 4.40. Let n be a positive integer. Prove that

c(1)+0@)+ o) = | 5| +2] 2]+ +n] 2],

where o (k) represents the sum of divisors of the positive integer k.

Solution. Both sums represent the number of triples (a,b,c) of positive inte-
gers satisfying a <b b | ¢ and ¢ < n. Fixing b first one obtains the right-hand
side, while fixing c first, the left-hand side is obtained.

Example 4.41. Let n be a positive integer. Prove that

1 1 1)(2n+1
12+22+---+712:<’“2L >+2<”J3r >=”(”+ )6( ntl)

Solution. 12 + 22 + - + n? is the number of triples (x,y,z) of positive inte-
gers satisfying x < z, y < z and z < n + 1. We now count these in two dif-
ferent ways. First, the number of such triples for which x < z is (”erl) (one
can choose 2 integers {1,...,n + 1} and select x = y as the smaller one, and z
the bigger one), and the number of triples for which x # z is 2(";:1) (for each
triple (a,b,c) with the property 1 <a < b < ¢ < n + 1 there are two triples
(x,y,z), given by (a,b,c) and (b,a,c)).

Example 4.42. In a finite sequence of real numbers, the sum of any seven consec-
utive terms is negative and the sum of any eleven terms is positive. What is the
maximum number of terms in the sequence?

Solution. There can be a maximum of 16 numbers in the sequence. Other-
wise, arranging the first 17 numbers in the sequence below:

al az .. a7

az aa oo as

ail aiz - 417
by adding the numbers first by rows and then by columns, we get a contra-
diction. A numerical example for 16 is the following;:

7,7,-18,7,7,7,-18,7,7,7, =18,7,7,7, =18, 7.
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Example 4.43. Prove the following identities:
n 2
o 2\ B 2n—2 2n—1
1 k;)k (k) =n(n 1)<n—2>+n<n—l :
! —k 2n+1
7 52 () ()= ()
57 ) = U

Solution. 1° Clearly, one has
n 2 n 2« 2
2(m\° VAL n
Le() - oren(i) L)

T G )

If A and B are two teams of n players each, then the sum above represents
the number of ways in which one can choose n members out of these teams,
in such a way that both the leader and deputy are from Team A. For every
k=0,...,n, there are (};) ways to choose k players from Team A, k(k — 1)
ways to des1gnate the leadership, and (,," ;) to choose the other n — k players
from Team B. If the count is made overall then there are n(n — 1) ways to
tirst choose the leaders from Team A, while the other n — 2 members can be
selected in (2” 2) ways. This confirms the relation

T 8 3 A R e

Similarly, if a single captain has to be selected from Team A, then one obtains

oo m\? & (n n 2n—1
2o =R R0 = ()
= \k = \k)\n—k n—1
2° The right-hand side is the number of ways in which # players can be
selected from a team with 2n + 1 players.

We now relate this to the left-hand side. First, divide the players into n
groups of 2, with 1 player unpaired. For a given k = 0,...,n, there are (})

while

ways to choose k pairs from where exactly one player is selected, with 2¢
such configurations possible, and (Lrﬁ;}fj) ways to select [“5*| pairs from
2

the n — k pairs from which both players are taken. The unpaired element
will not be chosen if n — k is even (as all other elements come in pairs), or it
will be chosen if n — k is odd. This ends the proof.
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Example 4.44. Let k and n be positive integers, and consider a set X of n points in
the plane with the properties:

1) no three points in X are collinear
2) for every given point M € X, there are at least k other points in X located at the
same distance from M.

Prove that k < % +42n —1.

Solution. If A,B € X, then by 1) there can be at most two points C € X such
that [AC] = [BC] (as these are located on the bisector of the segment [AB],
and no more than two points in X are collinear). Hence, the number K of
triplets (A, B,C) such that [AC] = [BC] satisfies K < 2(3). By 2) one also has
K> n(é), as for each of the n points in X there are at least (g) sets {A,B}
located at the same distance. Combining these two inequalities one obtains

K —k<2(n—1),

from where

1\* ., 1 .
k_i =k _k+i<k —k+1<2n-1.

Taking square roots the desired inequality follows.

Example 4.45. For a finite set U C IN, denote by |U|, o(U) and rt(U) the number,
the sum and, respectively, the product of the elements in U. If U = @, then |U| =0,
o(U) =0and t(U) = 1. Prove that

v -l (" g ) =nes)

ucs
forall m > o(S).

Solution. Say S = {x1,...,x,}. Let R be a set with m elements, containing
n pairwise disjoint subsets Ay, ..., A, such that |A;| = x;. We will count the
number of n-element subsets of R meeting each of the A; ’s. Clearly, such a
set is obtained by picking one element from each A;, so there are x;...x, =
71(S) such sets.

Now, we show that the left hand side counts the same quantity. To see
this, let X; be the set of n-element subsets of R which do not meet A;. Then
X, N...NX; | = (m—z(u)), where U = {x; ,...,x;_}. By the Principle of In-
clusion and Exclusion, we see that the left hand side counts exactly the num-
ber of n-elements subsets of R which meet each of the A;’s.
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4.12 Hall’s theorem (the marriage theorem)

In this section we present a theoretical result which provides necessary and
sufficient conditions for the solubility of the real-life problem below.

Suppose that in a town there are n families m > n houses. Each family
has preferences over the houses, liking some and disliking others. Establish
necessary and sufficient conditions, based on the families” preferences, that
would allow for the allocation of a house to each family such that every
family receives a house that is to their liking.

Clearly, a necessary condition for the assignment is that every family likes
at least one house. However, this condition is not sufficient. Mere fulfillment
of this condition does not exclude the possibility that two families like exclu-
sively the same single house. This observation allows us to derive another
necessary condition: given any pair of distinct families, the set of houses
liked by at least one of them must have at least two elements. Similarly, we
deduce that for any set of three families, the set of houses liked by at least
one of them must have at least three elements.

Let us denote by F and H the set of families and the set of houses, respec-
tively. We know that |F| = n and |H| = m, where m > n. For every subset
X C F, we denote by H(X) C H the subset of houses liked by at least one
family in X. Generalising the previous idea, it is easy to deduce that in order
to have a successful allocation of houses, the following necessary condition
must hold: for every subset X C F, the cardinality of the set H(X) C H we
must have |H(X)| > | X|.

The following celebrated theorem of the British mathematician Philip
Hall asserts that the condition above is sufficient for the solubility of the
problem described above.

Theorem 4.18 (Hall, 1935). Let F and H be as above. If for every set X C F, we
have |H(X)| > | X|, then there exists an allocation of houses such that each family
receives a house that they like.

Hall’s theorem has become commonly known as the Marriage theorem, be-
cause instead of the families and houses analogy, the theorem is often moti-
vated by asking if it possible to pair two disjoint sets of persons in marriages
in a way that all persons from one set are satisfied with their assigned part-
ner?

This problem can be represented using a bipartite graph, where the set
of vertices is the disjoint union F U H. Each edge in the graph represents a
possible pairing between a family f € F and a house h € H. The goal is to
find a matching, which is a set of edges that do not share any vertices. In an
effort of keeping the book self-contained, we do not use the theory of graphs
in our presentation. We recommend the books by Bumbadcea [82] and [252]
for detailed accounts of this theorem using graph theory.
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Proof. As we remarked above, the condition in the hypothesis is necessary.
We prove the sufficiency by strong induction on |F| = n. For n = 1, the con-
clusion follows trivially. Assume that the condition is sufficient for |F| < n
and we will prove that it is also sufficient for n + 1. There are two possible
cases: either for every subset X C F we have |H(X)| > |X| + 1 or, there exists
a subset X with 1 < |X| =k < n such that |H(X)| = |X| =k.

In the first case, we choose any family f € F and we pair it with a house
h e H({f}) € H. Now, the remaining sets F \ {f} and H \ {h} satisfy the
condition of the theorem. We can therefore finish by applying the induction
hypothesis.

In the second case, applying the induction hypothesis to X and H(X), we
can match the k families with the k houses they like. We are left to prove that
we can match the remaining families F \ X with the remaining set of houses
H\ H(X). For any set Y C F \ X, from the necessary condition and the fact
that Y and X are disjoint, we deduce that |[H(Y U X)| > |Y| + | X| = |Y| + k.
But since the k families in X like exactly k houses, it follows that [H(Y)| >
|Y], i.e. the houses in Y like at least |Y| houses. Since Y was chosen arbitrary
from F\ X and |F \ X| < |X| = n + 1, we can apply induction hypothesis to
F \ X to deduce that the remaining families can be paired to the remaining
n + 1 — k houses, completing the induction. O

Hall’s theorem is a powerful tool and has been applied in many different
fields to solve diverse problems. In short, it provides a minimal set of con-
ditions in order to assure a set of preferences can be satisfied in a particular
allocation problem. The versatility of Hall’s theorem lies in its ability to pro-
vide a framework for solving problems that, at first glance, seem unrelated.
We illustrate below a list of example problems.

Example 4.46. An n x n table is filled with 0’s and 1’s so that if we chose randomly
n cells (no two of them in the same row or column) then at least one of these cells
contains 1. Prove that we can find i rows and j columns so that i +j > n + 1 and
their intersection contains only 1’s.

Solution. Let us consider a set of families F = {fy, f2,...,fn} and a set of
houses H = {hy,hy,...,h,} such that the family f; likes the house h; if and
only if the entry on the position (i, /) in our table is 0.

If for every subset X C F, we have |H(X)| > |X|, then by Hall’s theorem
there is an allocation of houses such that each family receives a house they
like. In our context, this means that there exists n cells from different rows
and columns such that all of them contain 0, a contradiction to the hypothe-
sis. Therefore, the condition in Hall’s theorem must not be satisfied.

In other words, there exists a non-empty subset X C F with the property
|H(X)| < |X|.Letk =|X| and I = |[H(X)|. Without losing generality, we may
change the ordering of families and houses such that X = {fi, f»,..., f¢} and
also H(X) = {hy,hy,...,h; }. Looking back to our problem, this means that in
the table, the re-labeled lines 1,2,...k and columns [ 4 1,...,n have only 1's
in their intersection.
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We have therefore found at least k rows and n — I columns such that
k+n—I1>k+n—-k+1=n+1

such that their intersection contains only 1’s, which is what we had to prove.
We will now provide an example that can be approached in a manner
akin to the one described above.

Example 4.47. The entries of a n X n table are non-negative reals such that the
numbers in each row and column add up to s > 0. Prove that one can pick n numbers
from distinct rows and columns which are positive.

Solution. We first note that by scaling the entries in table, one can assume
that s = 1. Let us consider a set of families F = {f1, f»,..., fu} and a set of
houses H = {hy,hy,...,hy} such that the family f; likes the house £; if and
only if the entry on the position (i,) in our table is different from 0.

If the hypothesis of Hall’s theorem holds for F and H, then since there
exists a successfully allocation of houses to the n families, each family f; will
correspond to a positive entry (i, ), for different j’s, yielding the conclusion.

Let us now prove that the hypothesis of Hall’s theorem holds indeed.
First let X C F be any non-empty subset. Remark that the sum of all the
numbers on the lines corresponding to families in X is | X|. If H(X) < |X| —1,
there are positive numbers on at most | X| — 1 of the intersection of columns

with the lines corresponding to families in X, the sum of the numbers on
|X]

X1 > 1, a contradiction with the

one of these columns would be at least

hypothesis of our problem.
Therefore, for any subset X, we have |H(X)| > | X|, completing the proof.

Example 4.48. Some pieces are placed on an 8 x 8 chessboard. There are exactly 4
pieces in each row and each column of the board. Show that there are 8 pieces among
those pieces that no two of them are in the same row or column.

Solution. Similarly to the first two problems, let us consider a set of families
F={f1,f2...,fs} and a set of houses H = {hy,hy,...,hg} such that the fam-
ily f; likes the house F; if and only if there is a piece in the cell (i,j) of the
chessboard. We will show that the hypothesis of Hall’s theorem is satisfied.

Indeed, for any subset X C F with k > 2 elements, we note that these like
together 4k houses (not necessarily distinct). In other words, |H(X)| < 4k. If
among these 4k houses, at most k — 1 are distinct, then there exists a house
which is liked by at least % > 4 families.

Translated to the setting of our problem, this means that on the column
corresponding to this house, there are more than 4 pieces, contradicting the
hypothesis. Therefore, for any X C F, we have |H(X)| > |X|. The conclusion
now follows easily.
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Example 4.49. Let X be a finite set and let

be two disjoint decompositions with all sets X; and Y; having the same size. Prove
that there are distinct elements x1,Xy,...,x, € X which are in different sets in both
decompositions.

Solution. Consider the families F = {X1,X5,..., X, } and the houses H =
{Y1,Y2,...,Yn}. We say that the family X; likes the house Y; if and only if
X; NY; # . Note that the conclusion follows if we prove that there is a
successful allocation of houses to families.

Now, let k = | X;| = |Y;] for all 1 <1i,j < n. As X;’s are disjoint, the union
of any t sets X; has exactly kt elements. By the same argument, the union
of any t — 1 sets Y; has exactly (f — 1)k elements. As Yj’ s cover the whole

set X, the tk elements belong to at least  sets Y;. Looking at Hall’s theorem,
we just proved that for any A C F, we have |H(A)| > |A|. The proof is now
complete.

Example 4.50. Let P C IN be a set consisting of 2005 distinct prime numbers. Let
A be the set of all possible products of 1002 elements from P and let B be the set of all
products of 1003 elements from P. Prove that there is a one-to-one correspondence
f + A — B such that for every a € A, we have that a divides f(a).

Solution. Consider a set F = {f1, fa,...,fn} of n = (%88;) families and a set

H={hy,hy,...,hy} of n = (%883) houses, each of them associated to one of
the products with 1002 and 1003 factors, respectively. We say that a family
likes a house if the family’s number divides the number of the house.

Now, construct a n x 1 table in which on the position (i, j) we have x5 if
the family f; likes the house /; and 0 otherwise, it is easy to see that on each
line and on each column we have non-negative numbers that sum up to 1.
From Example 4.47, we deduce that one can pick n numbers from distinct
rows and distinct columns which are all positive. That means, there is a suc-
cessfully allocation of houses to families. This allocation gives the desired
one-to-one correspondence f.

Example 4.51. An m x n array is filled with the numbers 1,2,...,n each used ex-
actly m times. Show that one can always permute the numbers within columns to
arrange that each row contains every number 1,2,...,n exactly once.

Solution. We claim that one can permute the numbers within columns to
arrange that on the first row we have {1,2,...,n} ordered in some way.

Consider an 1 x n table such that in each entry (i,j) we record the number
of times i appears on the column j in the original m x n array.
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Note that in this n x n table, the sum of the numbers on each line is m,
since each number appears m times in the initial array. The sum of the num-
bers on each column is also m, because each column in the initial array con-
tains m entries.

Now, from Example 4.47 we deduce that we can pick n numbers from
distinct rows and distinct columns which are all positive. This means that
there are n distinct entries in the original m x n array, lying on different
rows and different columns. By permuting elements on each column, these
entries can be brought to the first row.

Using the claim, the conclusion follows by an easy induction argument
on the number of rows m.

Example 4.52. A group of students went on a trip to the beach. There were provided
n busses of equal capacity for both the trip to the beach and the ride home, one
student in each seat. There were not enough seats in n — 1 buses to fit each student.
Every student who left in a bus came back in a bus, but not necessarily the same
one. Prove that there are n students such that any two were on different buses on
both rides.

Solution. Let X; be the set of students in the i-th bus on the trip to the beach
and Y; be the set of the students in the j-th bus on the ride home (1 <1i,j <
n). Denote by m the number of students that can be seated in a bus. The
hypothesis tells us that there are at least (n — 1)m + 1 students in total, as
they cannot be seated in n — 1 busses. We note a striking resemblance to the
solution of Example 4.49.

Let F = {Xy,...,Xu} be the set of families and H = {Y3,...,Y,} be the
set of houses. We say that the family X; likes the house Y; if and only if
XiNY; #@. The problem reduces to showing that there exists a successful
allocation of houses to families. Any group of k families contain at least km —
(m —1) = k(m — 1) students (otherwise a bus can be discarded). Therefore,
these students belong to at least k different busses on the ride home. This
means that k families like at least k different houses altogether. Now the
conclusion follows from Hall’s theorem.



Chapter 5
Generating Functions

Generating functions play an important role in the study of sequences of
numbers, functions and polynomials (see, e.g., [167, 189, 200, 242, 260]). In
this chapter we present key properties, operations and examples involving
ordinary generating functions (Section 5.1), or exponential generating func-
tions (Section 5.2). There we give the ordinary and exponential generating
functions for some classical polynomials and integer sequences. Section 5.3
contains applications of the Cauchy integral formula in the derivation of
integral representations for classical number sequences.

5.1 Ordinary generating functions and examples

The generating function of an infinite sequence
ag, a1, ..., an, ...,
is the infinite series
F(z) =ag+mz+az* + - +a,2" + -+ (5.1)

The identification principle. Let F(z) = Y_> ja,z" and G(z) =Y, bnz" be
two generating functions. Then, F(z) = G(z) if and only if a, = b,, n > 0.

The following operations hold.
1. Addition.

(o] (o] [ee]
Y anZ"+ Y anz" =) cu2", wherec, =a,+ by
n=0 n=0 n=0
2. Multiplication by a constant. If « € C a scalar, then

o0 (o)
o 2 a,z" = Z cyz", wherec, = aa,.
n=0 n=0

139
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3. Formal differentiation.

d

d = n\| _ - n—
&(F(z)) =1z <n¥0anz > —ng{)nanz !

4. Formal integration.

/P dz—/Zanz”dz—an:r_l1 n+l

n=0

() (5) £

where ¢, = Y/ arb, k-

5. Multiplication.

6. Hadamard multiplication.

F(z) o G(z) = (ia,@”) (éb,ﬂ”) = iocnz”,

where ¢;, = a,b,,.

7. Composition. If 29 = 0, we have

8. Division. If by # 0, then we have

F(z) _ Yoiomz" & »
= %) = CnZ
G~ gbut

1 n
cn:% ﬂn—k;bkcn—k .

9. Inverse. The power series F(z) and G(z) are inverse if F(z)G(z) =1,
which implies apbp = 1 and

:——Zakbn k, form>1.
80 =1

We now present some illustrative examples of generating functions.
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Example 5.1 (Finite sequences). For example, a finite sequence

ag,ai,...,0n,
can be seen as the infinite sequence

ap,a1,..-,a,,0,0,...,
whose generating function is the polynomial
F(z) = ag+ a1z + axz> + - - + a,2". (5.2)

Example 5.2 (Constant sequence). The generating function of the sequence

1,1,...,1,...

is the function
2 n _ 1
Fiz)=14z+z 4+ 42"+ 1-2 |z < 1.

Example 5.3 (Binomial coefficients). For an integer n > 1, the generating func-
tion for the binomial coefficients

n

Y (Z)zk: (142)".

k=0

is the function

Example 5.4 (Generalized binomial coefficients). Recall that for a real num-
ber a and an integer n > 0, the generalized binomial coefficient is defined by

(a) a(w—1)-(a—n+1)

n n!

The generating function for the generalized binomial coefficients

(o) () (2)()

y <z)z”:(1+z)“.

n=0

is given by
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Example 5.5. Let k be a positive integer and let aq, ay, ..., ay,..., be the infinite
sequence whose general term ay, is the number of non-negative integer solutions of
the linear Diophantine equation xg + x1 + - -+ + x,, = n.

Solution. The generating function of the sequence (x;),>0 is

i( Y. )Z_Z I s

=0 \ji+-+jy=n n=0j;+-+j=n

E)(E) (2) s

(e £

n=0

Example 5.6. Let a,, be the number of integer solutions of the equation
X1 +x2+x3=n,

where 0 < a1 < 4,2 <apy <3and az > 3. Find the generating function.

Solution. The generating function of this sequence is

F(z) = (1+Z+ZZ+Z3+Z4> (zz—l—z3> (23—1—24—1—---)

2(1+z4+22+28+2%) (1+2)
1—z ’

Example 5.7. Find the generating function for the number of n-combinations of
red, green, blue and yellow balls, with the properties: the number of red balls is
0,1,2 or 3, the number of green balls is at least 5, the number of blue balls is odd,
while the number of yellow balls is even.

Solution. The generating function of this sequence is

() (22 (B ) (8)

26 (1-24) (1-22)°
(1-2)° '
Example 5.8. Let k be a positive integer and let ag, ay, ...,ay, ..., be the infinite

sequence whose general term ay, is the number of non-negative integer solutions of
the linear Diophantine equation

X1+ Xp+ -+ X =1

Solution. The generating function of the sequence (x),>0 is
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F(z) = i ( Y 1) 2= i Y gtk

JiteAg=n n=0ji+-+j=n

- > o 1
“(E2) (=) (£5)-ats

_ i(_n"(_nk)z" -y ("+:_1>zn.

n=0

i
o

Example 5.9. Let k be a positive integer and let xy.,, be the number of integer solu-
tions (j1,...,jx) of the equation

ap+ax;+---+a,=mn,
such that the numbers ji,...,ji are odd positive integers.
The generating function of the sequence (x,, x)n>0 is

k

F(z) = (izsz) <i22j+1> _ 272]{

=0 =0 (1-2%)

:Zk ad n+k—1 22”: s 1’l—|—k—1 ZZI’H-k.
("))

n=0

Example 5.10. Find the terms a,, n > 1 representing the number of nonnegative
integer solutions of the equation

3x1 +4xp + x3 + 5xy = n.

Solution. The generating function of the sequence (a,),,>0 is

Fz) = (é Zak> @Z%) (ﬁfﬂ (:isz)

1
1-28)1-z*)(1—-2)(1-25)"

More generally, if for an integer k > 1 and given integers aj,...,a;, then
the number of integer solutions (xy,...,x) of the equation

a1x1 +axxy + -+ apxp =n,
is given by the formula

1
(1—2zm)(1—2z%)- (1 —2z%)

F(z) =

Note that we also have the following useful identities:
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(1 _12)71 :ki:) <_kn) (—2)* :ki:) <n+ll§_ 1)2", lz| < 1;
- _1az)n :ki:) <—kn)(_az)k:ki:) <n +Ilz— 1)akzk, 2] < |le|'

These formulae help to find the generating functions for many sequences.

Example 5.11. Show that the generating function of the sequence
0,1,2%...,n% ...,
is given by the formula

z(1+z)
(1-2)%

F(z) =

1 [}
Solution. Indeed, we have = Z zk, hence
1—z pr

(1—12)2 :% (1iz>§cﬁz(zk>

o0
= 2 kzk1,
k=0

o]

Multiplying both sides by z we obtain a z 22 = Y kz¥, which by differen-
N k=0

tiation with respect to z gives

1 +z ad 2 k—1
= E koz" .
(1-2)3 k=0

The desired result is obtained by multiplication with z.

Similarly one can obtain the generating functions for the sequence
0,1,25 ..., 15 ...,
where k > 2 is a fixed integer.

The sequence (Cy,),>0 given by

1 (2n
Ci’l = ’
n+1\n
is known as the Catalan sequence, which has numerous interpretations and
practical applications.
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Example 5.12 (Catalan sequence). Consider the Catalan sequence given by

n
Cp1 = Z CGCrrk Co=1
k=0

1 2
Prove that C,, = < n>.
n+1

Solution. Using the generating function F(z) =), ,C,z", we have

F(z)F(z) = (Z an’l) (Z an”> =) (Z Ckan> z"
n=0 n=0 n=0 \k=0
v n_ly~n_FE 1
= ngocn_l’_’lz — Z n;l an — Z Z,

hence the following identity holds zF(z)? — F(z) +1=0.
Solving for F(z) we obtain

1++1—4z
F@) =—%—

Since we have

co 1 00
V1—4z=1+ Z(—l)”(i)él“z” =1+ ) a,z",

n=1 n=1
with
211 /1 1 2r
1= (~1) [2<2—1>---<2—n+1>]-n!-2
— (_1)71 (_1)(_3)”' (n_!z(n — 1) + 1) . on
1-3-5---2n—1)—-1 " 2(n—1))!
- (11(!11 ! ).2 :_2(71!((1;1—1)))!'
It follows that
_ - (2m)t
\/1_42_1_2,;)m2 +
hence




146 5 Generating Functions

Remark. One can prove by induction that C;, is the number of ways to add
brackets to evaluate the matrix product

A1Ag--- Ay, n20.

The number of ways to evaluate the product AjA;--- A, is determined
by multiplying two matrices at the end, which is given exactly by n + 1, i.e.,

A1Ay- - Api1 = (A1 Ar) (Agyr - Ang1), 0<k<n.

This suggests that the following recurrence relation holds:
n
Chy1= Z CkCrts
k=0

which produces Catalan’s sequence.

5.2 Exponential generating functions and examples

The method of ordinary generating functions helped finding sequence terms,
especially when these were linked to binomial coefficients. However, in
other applications, generating functions with different properties must be
considered. Such examples are the exponential generating functions.

For the sequence (a,,),>0, the exponential generating function is the series

o]

E(z) =) %z”. (5.3)
n=0 """
e - -1 o 1
The identification principle. If F(z) = ) —jnZ and G(z) = ) ﬁbnz are
n=0""" n=0"""

two generating functions, then F(z) = G(z) if and only if a, = by, 11 > 0.

The following operations are defined.

1. Addition.
() 1 " [ee) 1 " o0 1 "
E —auz" + E —auz" = E —cuz", wherec, =a, +b,.
n! n! n!
n=0 n=0 n=0

2. Multiplication by a constant. If « € C a scalar, then

oo

<1
zxi —auz" = 2 —cnz", wherec, = aay.
! = n!
n—= =

3. Formal differentiation.
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d d (&1 =1 1 w1
— (F2)) =1 | Y =anz" | =) —naz" ' =Y —a,42"
dz dz \ /= n! = !

4. Formal integration.

_ An _pi1_ v 1
/F dz_/Z—anz”dz Z n'n+1z” = Zaan,1z”.

n=1

4. Multiplication.

(o] 1 . a;
= Z ﬁb” Z Li; 2
n=0""" ]1+ = nJl Jk:
Jirerjie=>1
> 1 1 n
:Zjbn Z |< .>61]'1"'L1]'k Z",
n=o " ]1+ ~+jk=n ]1" “rJk
Jiseefi>1

7. Division. If by # 0, then we have

FG) _ Eiopod’ 1
GG~ Lo !

1 " n
Cp=— an—2(>bkck>.
b0< = k "

cnz where
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8. Inverse. The power series F(z) and G(z) are inverse if apby = 1 and

b= Ly (") ab forn > 1
n — aO = k kYn—ks - -

The following exponential generating functions are immediate

* a4, =1,n > 0 (constant sequence)

* g, =a",n>0anda € C acomplex number (geometric sequence)

© gkk © (az)k
E(Z):Z](':Z(k') :elZZ‘

k=0

e If 0 <k < n be positive integers and P(n,k) = (nfi'k), is the number of ar-
rangements of k objects out of 1, then the exponential generating function
of the sequence P(n,0), P(n,1), P(n,2),..., P(n,n),0,...,is given by

Aoy POK) e S (MY kg ok
Be= L U= (1) # =04

Theorem 5.1 (n-permutations of multisets). Let M = {nya1,n0az,...,np0;}
be a multiset over the set S = {ay,a, ...,y }, where n; is multiplicity of the element
aj, j =1,...,k. Denoting by a, the number of n-permutations of the multiset M,
the exponential generating function of the sequence (ay),>o is

E(z) = (i%) (i%) (%%) ) 5.4)
=07/ \j=0 /" =0/’

Proof. Notice that for n > ny + --- 4+ ng, we have a, = 0, hence E(z) is a
polynomial. Notice also that the right side of (5.4) can be expanded as

ny,Mnp,..., Nk Zj1+j2"'+jk ni+np+---+ng 2N

n!
juojargi=011-12""" " ke =0 " ot JURTE
0<j1 <nq,.. 0 <y

The number of permutations of M with exactly jia}s, j2a5s, ..., jrais such
that j; + jo + - - - + jx = n is the multinomial coefficient

< n )_ n!
JJ2r 0 jk Jiljal gt
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. - . n!

This shows that a,, is indeed given by a,, = Z —. U
g b
etk

0<j1<ny,.. 0, <ny

Example 5.13. Determine the number of ways to colour the squares of a 1-by-
n chessboard using black, white, green and red, if an even number of squares if
coloured in black.

Solution. Denoting the numbers of colourings by a,, we have a; = 0. Each
such colouring can be seen as a permutation of three objects b (black), w
(white), g (green) and r (red), with repetitions allowed, where b appears an
even number of times. This is given by the exponential generating function
expressed by the formula

00 ZZn o N 3
= (5 ) (57)

_ & +e*ze3z _1 (e4z +622)

2 2
1 (4" & 22" 1& z"
== ) +Y ==Y (@ +2m)- =
2 (nO n! = M ) 2= n!

This shows that a, = 2"~ 1(2" 4+ 1), n > 1.

Example 5.14. Determine the number ay, of n digit (in base 10) numbers with each
digit even, where the digits 0, 2 and 4 occur an even number of times.

Solution. Denoting this number by a4, and setting a; = 0, this is the num-
ber of n-permutations of the multiset M = {000, 002, 004,006,008} (having in-
finitely many copies of each element), in which 0, 2 and 4 occur an even
number of times. The exponential generating function is

ro- (£ o) (B2) - (F5) =

1
=3 (e_z + 3e% + 3e% - 652)

1 (& (=1)" =2 z" = 3 & 51
=8<Z T3y L H3) -+ ) n,)
n=0 n=0 """ n=0 n=0
1 "
= 5,;) (5" +3" + 1+ (=1)")-

This shows that
5" 4+3"+1+(=1)"
ayl — 8
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Example 5.15. Find the number of ways to colour the squares of a 1-by-n board
with red, blue, green and white, where the number of red squares is odd, the number
of blue squares is even, and at least one square is white.

Solution. The exponential generating function is

o 2n+1 © y2n o 2" o 2"
E(z) = (g(znﬂ),) (EO (2n)!> (Em') (2')

B <ez e—z) (6226_2>ez(62_1)
1
T4

2
(6’42 _ €3Z — 14+ €_Z>

——1+1i(4n—3n+(—1)”) i
4 4= n!’
n=0

This shows that o ,
an_ — +(_1) 7 ”21/
4
and ap = 0.

5.3 A useful version of the Cauchy integral formula

The Cauchy integral formula is a fundamental result in complex analysis,
with a long history and applications in areas like complex analysis, combi-
natorics, discrete mathematics, or number theory.

Here we will use a version of Cauchy’s formula derived in [16], to derive
integral representations for the terms of some classical integer sequences.
Recently, this approach was used to compute exact integral formulae for the
coefficients of cyclotomic [20], Gaussian and multinomial [17], polygonal
[18], and other general classes of polynomials [19].

Recall that a function /1 : () — C is said to be meromorphic at a point z € (),
if h can be written as a quotient of two analytic functions f, g in a neighbour-
hood U C Q) of zj @)

f(z
Vz zo} : h(z) = ——=.
cu \ { 0} ( ) g( Z)

In this case we also have the expansion

h(z)= ) culz—20)", (5.5)

n>—m

for all z # z( in a disk centered at zg. If m is the largest number for which
c—m # 0in (5.5), then zy is called a pole of order m. The coefficient c_; in the
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expression (z — zp) "1 in (5.5) is denoted by Res(1,z), and called the residue
of h at the point zy. Cauchy’s Residue theorem relates global properties of a
meromorphic function and its integral along closed curves, to local charac-
teristics, i.e., the residues at poles.

Theorem 5.2 (Residue theorem). Let 1 : Q) — C be a meromorphic function in a
domain ), and A be a simple loop in Q) along which the function is analytic. Then

1
27ti

/Ah(z) dz =) Res(h(z),z=s),

where the sum is over all poles s of h enclosed by A.

Through this formula one can obtain a unitary formula for the coefficients
of an analytic function [124].

Theorem 5.3 (Cauchy integral formula). Let f(z) = Y_,,~q¢cnz" be an analytic
function in a disk centered at 0, and let " be a curve in the interior of this disk, which
winds around the origin exactly once in positive orientation, that is the winding
number with respect to 0 is equal to 1. Then we have

1 [f()
cnzz—m, 1_Znﬂdz, n=0,1,.... (5.6)
Letting T be the circle of radius R > 0 centred at 0 and z = R (cost + isint),
with t € [0,27t], we have dz = R(—sint + icost)dt = iR(cost + isint)dt.
Then, formula (5.6) can be written as

c dt

1 /2" iR(cost + isint) f (R(cost + isint))

"o Jo R"t1(cost + isint)"+1

1 /Zﬂf(R(cost—i—isint))dt
0

7

- 27TR" cosnt + isinnt

therefore

27T
Cn = 27‘(1R” /0 (cosnt —isinnt) f (R(cost + isint))dt, n=0,1,.... (5.7)

If the coefficients ¢,, are real numbers, then from (5.7), for n = 0,1,... we
obtain

1

= RN

/Oane [(cosnt —isinnt)f (R(cost + isint))] dt. (5.8)

In addition, in this case the following formula can be deduced

27
/ Im [(cosnt —isinnt) f (R(cost +isint))] dt =0, n=0,1,....
0
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Remark. When f is a polynomial, we can give a direct proof to formula (5.7).
Indeed, assuming that f(z) = Y.I"_, cxz¥, we obtain

m
,nf + Z
k= O,k;én

Letz = R(cost+isint), t € [0,277], and consider the integral over the interval
[0,277]. Clearly, the integral of zk=" vanishes for k # 1, hence

27
/0 R(cost +isint) ™" f (R(cost + isint)) dt = 2mc,, n=0,1,..., (5.9)

so (5.7) follows. The above argument also works for Laurent polynomials.

Example 5.16. Let with 0 < R <1 and consider the geometric series } ,~z".
Clearly, we have f(z) = 1= and

1 1 —R(cost —isint)
1— R(cost+isint) 1+ R2—2Rcost

f (R(cost +isint)) =

By formula (5.7) it follows that for every n > 0, we have

1 /2” (cosnt —isinnt)[1 — R(cost — isint)] d
0

1+ R%Z —2Rcost
1 /27T cosnt — Rcos(n + 1)t —i[sinnt — Rsin(n + 1)¢]
~ 27R" Jo 1+ R2 —2Rcost

dt.

Because the coefficients c,, are real numbers, from (5.8) we obtain

1 1 /2” cosnt—Rcos(n+1)tdt
~ 27R" Jo 1+ R?2 —2Rcost ’
and
0= 1 /2” sinnt — Rsin(n + 1)t
2R Jo 1+ R2 — 2Rcost



Chapter 6
Recursive Processes

Many mathematical patterns can be described using the idea of recursion.
Recursion is a process in which each step of a pattern is dependent on the
step or steps that come before it. In this chapter we will present recursive
processes of first order, second order, and also higher-order.

In this process we will also investigate the Fibonacci numbers and related
sequences, for which we give exact formulae for the general terms, as well
as various properties, formulae and interpretations.

We begin with an illustrative example.
Recall the number D, of derangements of a set with n elements is

pon(1-fe ko L)

This formula is not useful if we want to compute D, for some concrete
values of n. Two formulas connecting D,, with D,,_1, or with D,,_1 and D,,_,
are given in the following examples.

Example 6.1 (The first recursive formula for D,,). The following formula holds:
Dpy1=(n+1)Dy+ (=1)", n=1,23,...

Solution. Just write

nD,_1+ (—1)" =nD,,_1 + n!

(="
n!

1 1 1 L1 (—1)"
= (1——=+——— 4 .- (-1)"! !
”< TR TR (n—l)!>+” !

1 1 1 1

Finally, replace n by n 4 1.

153
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Example 6.2 (Another recursive formula for D,,). The following formula holds:
Dyio=(n+1)(Dysq1+Dy), n=1,23,...

Solution. Using twice the first recursion formula, we have

(n+1)(Dyy1+Dy) =(m+1)Dyyq1+ (n+1)Dy
= (n+1)Dyps1+ Dyy1 — (_1)n+1
= (n+2)Dys1 + (=1)""? = Dyya.
Let k > 1 be a fixed integer, and let (f,),>0 be a sequence of functions in

k variables. A recursive sequence defined by (f,),>1 is a sequence (a,),>0
of numbers satisfying

Aptk = fn+k(an+k—1ran+k—2r ceesln)

for any n >0, i.e., the (1 + k)™ entry of the sequence is uniquely determined
by the k entries before it. The above relation is called a recursive relation
of order k. If the first k terms of the sequence (a,),>0 are given, then the
sequence is perfectly determined by the recursive relation.

Properties of the sequence of functions (f,;),>0 will define various classes
of recursive relations. In Example 6.1, the sequence of functions (f;;),>0 , is
defined by the formula f,,,1(x) = (n + 1)x + (=1)"*!,n =1,2,...; Then, in
Example 6.2, the sequence of functions (f;,),>1, is defined by the formula
fo2(x)=n+1)(x+y),n=12,....

6.1 First order recursions

Let a,a,b be given real numbers. In many situations one must find the for-
mula for x,,, where (x,,),>0 is a sequence defined by xy = « and

Xpi1=ax,+b, n=0,12,.... (6.1)

The sequence of functions (f,;),>o is defined f,(x) =ax+b,n=0,1,...
The following special cases are clear.

e Ifa=1,b#0,then (x,),>0 is an arithmetic sequence and
X, = & + nb.

e Ifa =0, then (x,),>0 is the constant sequence x, =b,n =1,2,....
e Ifa=1,b=0, then (x,),>0 is a geometric sequence and

xp=aa"" ', n=12,....
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In the generic case a # 1, a # 0 and b # 0 we proceed as follows. In the
first step we find a real number x such that x, 11 +x =a(x, +x),n=0,1,....
For n =0, we get x; + x = a(xo + x) and x; = axp + b, hence x =
For the second step, introduce the sequence (¥, ),>0, Yn = Xn + x. We obtain
Ynt1 =ayy, 1 =0,1,..., hence (y,),>0 is a geometric sequence.

It follows that y, = a"yo, n=0,1,2,...,s0

|~

=

b b
Xn:an <0C+a_1) —m, 7’120,1,2,.... (6.2)

Example 6.3. Consider the sequence (x,),>0 defined by xo = 0 and x,41 =
—%xn +1,n=0,1,2,.... Find a formula for x,.

Solution. Applying formula (6.2) fora =0,a = —1, b =1, we obtain
o ( 1 ) " ( 1 ) L1
"\ 2 1 1
2) \=1- 3+1

(_1)n+1
B

gl
Example 6.4. Let (x,,),,>0 be the sequence defined by xo = o and x, 11 = x, + 1,

n= 0,1,2,. ... Find X2025-

Solution. Note that in this case the recursion defining the sequence (x,),>0
is not of type (6.1), hence we cannot apply the method above to find x,. In
this case we write the recursion relation for n =0,1,2,..., and get

xl—xon
xz—xlzl
X3—X2:2

Xp —Xy_1=n—1.
Summing up all these relations we obtain

(n—l)n.

Xy —x0=14+24--+n—-1= >

Therefore, x,, =« + @ and
2024 - 2025

Xo025 = & + >
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6.2 Second order linear recursions

Let (x,,),>0 be the sequence defined by xy = &g, x1 = 1, and
Xpio = axpyi1 +bx,, n=0,1,2,..., (6.3)

where ag,a1,a,b are given real numbers.

One can define the sequence of functions (f,),>0 given by the formula
fu(x,y) =ax+0by,n=0,1,..., where we have k = 2 and all the functions in
the sequence are linear. These properties motivate the name of the recursion.

In the search for solutions of the equation (6.3), one may try expressions
of the form x,, = t"*. By substitution in the original equation

t”(tz—at—b> —0.

A trivial solution is obtained for ¢ = 0, so we shall assume for now that ¢ # 0.
The characteristic equation of sequence (x,),>o, is defined by

P —at—b=0. (6.4)

Depending on whether the two roots t1,t, of the characteristic equation
(6.4) are distinct or equal, one may identify two cases.

Case 1. Distinct roots. If the roots t1,#, of (6.4) are distinct (real or complex),
then the sequences (t),>0 and (t),>0 are both solutions of (6.3).
The general formula is given by the linear combination

xp=citf +cty, n=0,12,..., (6.5)

where coefficients c¢; and ¢, are determined by the system of linear equations

c1+c=up
{ 1t + o) = aq. (6.6)

Case 2. Equal roots. If t; = t;, then the solution of (6.3) is given by
xp=(c1+cmn)tf, n=0,12,..., (6.7)

where coefficients c; and ¢, are determined by the system

{cl =y
(Cl + Cz)tz = .

The relations (6.5) and (6.7) are often called Binet-type formulae. Initially
formulated by Binet in 1843 in the context of the Fibonacci sequence, nu-
merous Binet-type formulae exist for similar sequences, including the case
of recurrent sequences of higher order.
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We now present a matrix formula which allows the calculation of the
terms of the sequence (x,),>0 given by (6.3). We start with two identities.

Remark. For 4,b,c,d real numbers, the following identity holds
01\ (ab) (01 dc 01\"' (01
(1 o) (c d) (1 0) = (b a)’ (1 0) = (1 o) : (6:8)
Theorem 6.1. The following formulae hold
10 Xp—1 Xn ) _ (01 -l X0 X1 6.9)
Xn  Xn41 ba X1 x2)° ’
20 xn+1 Xn — a b - x2 xl (6 10)
Xn Xp—1 10 x1x0/)’ '

Proof. 1° Note that the following matrix relation holds for n > 2
(xnl Xn ) _ <0 1) <xn—2 xnl)
Xn Xp41 ba Xp—1 Xn )’
hence, we can write
Xp—1 Xn ) _ (01 -1 X0 X1
Xn Xpi1) \ba X1 x2)°
2° By the remark we obtain
01\ _(01\ [ab) 01\ (01\ [ab) 01\ "
ba) \10)\10/\10/ \10/\10/\10
on\* /o1 /ap\ o1\
ba) \10/\10 10 ’
Therefore, it follows that
Xpt1 Xn \ _ (01N [xy—1 xn 01
Xn xXu—1/) \10 Xn an 10
! X0 X1 01
x1x2/) \10
101\ (x0 x1) (01
10/ \x1 xp 10
" (x x
(50) (2 1) :
X1 X0

wheren=1,2,....

~

01
10
ab
10
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6.2.1 Fibonacci, Lucas, Pell and Pell-Lucas numbers
Here we present the definitions some famous second-order linear sequences.

Fibonacci numbers: F))u>o0: 0,1,1,2,3,5,8,13,21,34,55,89,....

(Fu)n>
Lucas numbers: (Lu)u>o0: 2,1,3,4,7,11,18,29,47,76,123,....
Pell numbers: (Pu)n>0: 0,1,2,5,12,29,70,169,408,985,2378, ...
Pell-Lucas numbers:  (Qy),>0: 2,2,6,14,34,82,198,478,1154,2786, ...,

indexed as A000045, A000032, A000129, and A002203, in the OEIS [211]. Be-
low we present some explicit formulae for the terms of these sequences.

Theorem 6.2. 1° (Fibonacci numbers) Let F, be given by Fg =0, F; =1 and
Fiyo=F,1+F, n=012,....

The formula of the general term is given by
1

1+v5)" [1-v5)"
) e

2° (Lucas numbers) Let Ly, be given by Ly =2, L1 = 1 and

Fn:

Lyio=Lys1+Ly, n=01,2,....

The formula of the general term is given by

L,= (1 +2\£> + (1 _2\@) . (6.12)

3° (Pell numbers) Let Py, be given by Py =0, P} =1 and

Pn+2:2Pn+1+P1’l/ 7’1:0,1,2,....

The formula of the general term is given by

1 n n
Pnzz\—@[(uﬁ) -(1-v2)]. (6.13)
4° (Pell-Lucas numbers) Let Q, be given by Qo =2, Q1 =2 and
Qi’l+2:2Qn+1+Qn, n:0,1,2,....

The formula of the general term is given by

Qn=(1+ﬁ)"+(1—\ﬁ)". (6.14)
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Proof. 1° The associated characteristic equation is
2 —t—1=0,

1++5 1—-+5
2 2

having the distinct roots t; = and t, =

. Solving the system

c1+c=0
c1t] + ooty =1,

1 1
——, ¢p = ——— and the desired formula follows.
NG
2° The proof is similar to that used at 1° for Fibonacci numbers, but now the
starting points are instead Lo =2, L; = 1.

we getcy =

3° The associated characteristic equation is
2 —2t—1=0,
having the distinct roots t; =1 + V2 and t, = 1 — /2, while from the initial

conditions Py = 0, P; = 1 one obtains the formula.

4° The proof follows the same ideas as for Pell numbers, but here we have
the starting points Qp =2, Q1 = 2. O

These formulae can be extended naturally to negative integers, where
they yield the identities

F_n = (_1)n_1Fn, L—n = (_1)nLn/ P—n = (_1)11—113”, Q—n = (_1)71in

valid for all n.

By formula (6.9), one can obtain expressions for the general terms of Fi-
bonacci, Lucas, Pell, and Pell-Lucas sequences, which involve powers of
some special matrices.

Theorem 6.3. The following formulae hold for all integers n > 1

(Fgl FfL) - ((1) D . <(1) D = <(1) Dn (6.15)

(Lgl LiL) - ((1) 1) . G ;) (6.16)
n—1 n

(Pﬁl PZl) - <(1) ;) ((1) ;) = <(1) ;) , (6.17)
n—1

(QQn;1 Q%L) B <(1) D @ 2) : (6.18)
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Remark. Using formula (6.10) it follows that for n > 1 we have

F,o1 E,\ _ [11\"
F. F,q) \10)
Lusi Lo\ (11\"'/31\
Ly L,1) \10 12)7
Po1 P\ [21\"
P, P,y)  \10) "’
(G ar)-() 63)
Qn Qn 10 22)"

Taking determinants the identities presented in Theorem 6.3, one can ob-

tain the Cassini identities for these sequences.

Theorem 6.4. The following formulae hold for n > 1

Fy—Fy1Fn = (=)

Ly — Ly—1Lyg1 =5(=1)"

Py — Py 1Py = (—1)"!
Qr — Qu-1Qns1 =8(—=1)".

(6.19)
(6.20)
(6.21)
(6.22)

Some history and related generalisations of these results are discussed by
Melham in [199], or by Fairgrieve and Gould in [113]. For example, the rela-

tion (6.19) was apparently proved by Simson in 1753.

We give below an application of the classical Cassini identity.

_1\n+1 . . .
Example 6.5. Compute } ;> 4 %, where (Fy) >0 is the Fibonacci sequence.

Solution. Indeed, by the Cassini relation
Fi% = Fy1Fy1 + (71)71—’_1/

the sum of the first n terms is given by

5, = i (F—;:)kJrl _1_ i Fk—lFPklj-l - K
= FcFen = Fcben
:1_i<Fkl_ Fk): Fu
i\ B B Futa

Taking limits, the sum of the series is given by

> (-t 2 V51
n;i :

S = ==
FnFyq n—eo ™" 14++5 2
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One may consult [3, 145, 170] for more results on reciprocal sums.
Theorem 6.5. 1° (Golden ratio) The sequence of ratios of Fibonacci numbers

BEE  Fo
F11F21F3/---/ Fn ARRY]

has the limit ¢ = # ~ 1.6180339887 - - -, called the golden ratio.
2° The sequence of ratios of Lucas numbers

Ly Ly Ly Ly
Ly Ly, L3 L, "

S

also has the limit ¢ = 1=
3° The sequence of ratios of Pell numbers

P, Py Py Py

P1/P21P3/"'I Pn L4

has the limit 1 + /2, referred to as the silver ratio.
4° The sequence of ratios of Pell-Lucas numbers

Q2 Q3 Q4 Qi1

Q1" Q" Q3" Qn T

has the limit 1 + /2.
Proof. 1° From the Binet formula (6.11), we have

1

Fo=—=[¢" = (=1)"¢""].

S

5

One can check that for n > 0

Fn+1 B ¢n+l _ (_1)n+1¢fn—1

S

Clearly, as ¢ > 1 the limit of this expression is ¢.

2° From the Binet-type formula (6.12), we have
Ly=¢"+(=1)"¢7",
hence

Ln+1 _ (Pn-‘rl + (_1)n+1¢—n—1
Lo ¢"+ (1)

and the solution follows.
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3° Similarly, from the Binet-type formula (6.13), we have

P, [a" — (—=1)"a™"],

_ 1
2V/2
where « = 1 + v/2. Therefore,

Pn+1 _ an-&-l _ (_1)n+1a—n—l

P, a — (=1)ma—m

hence the limitis a =1 + v/2.
4° By the Binet-type formula (6.14) we have

Qu=a"+(=1)"a™",
where a« = 1 + v/2. We obtain

Qn+1 _ 0(”+1 + (_1)n+1lx—n—1

On alt + (_1)710(771 ’

and the conclusion follows. O

Remark. The golden ratio is linked to the proportions between parts of the
human body, musical notes and various patterns in nature. Many of these
occurrences are presented in the monograph of Koshy [163].

Example 6.6. Let (a,,),>0 be the sequence defined by ag =0, a1 =1, and
Ay —3ay, +a,1=2(-1)", n=1,2,....

Prove that ay, is a perfect square for all n > 0.

Solution. Note thata, =1,a3 =4,a4 =9, a5 =25,s0a9 = F3, a1 = F},a, = F3,
az = Fg, a4 = Ff, as = F52, where (F,),>0 is the Fibonacci sequence. We prove
that a, = F2 for all n > 0. Assume that a5, = F,f for all k <n. Hence

an=F2, a,_1=F,, a, ,=F,. (6.23)
From the given relation we obtain a,. 11 — 3a, +a,_1 =2(—1)", and
Ay —3ay_1 +a,_ o =2(-1)""1, n>2

Summing up these equalities yields a,,11 — 2a, — 24,1 +a,_2 =0, n > 2.
Using this relation and (6.23) we obtain

Any1 =2F2 +2F2 | —F2 ,=(F,+F,1)*+ (F,—F,_1)*—F2,

_ 12 2 2 _
- n+1+Fn—2_Fn—2_Fn+l'
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6.2.2 Reduction of order

As shown in [31] and [32], second order linear recurrent sequences can be
written as first-order non-linear recurrent sequences.

Theorem 6.6. The recurrence sequence (6.3) satisfies

X2 —axpx,_1 —bx3 | = (=1)""" (% —anga; —bad), n=1,2,....
(6.24)

Proof. Taking determinants in both sides in formula (6.9) (or in the relation
(6.10)), we obtain the relation

Xp_1Xpe1 — x> = (=b)"} (xoxz — x%) ,
which by the recurrence formula (6.3) gives
X1 (axy +bx, 1) — x5 = (—=b)" ! [xo(ﬂﬂ + bxg) — xﬂ ,

which represents the relation (6.24). O

From Theorem 6.4, or by applying Theorem 6.6 in the particular case of
Fibonacci, Lucas, Pell and Pell-Lucas numbers, one can obtain some other
classical results, which connect the sequence terms to just the previous term,
but now through a non-linear identity.

Theorem 6.7 (Cassini-type identities). The following formulae hold for n > 1
Fi = FuFyg = By = (=)™ (

Ly —LnLy_1 — Ly =5(=1)" (6.26)
P2 —2P,P, 1 — P2 ;= (-1)""! (
Qi — QuQu-1— Q41 =8(-1)". (

Solving the quadratic equations for F;, L,, P, and Q,, in Theorem 6.7, the
following first-order non-linear recurrent sequences can be obtained.

Corollary 6.1. The following relations hold for all integers n > 1

F:<n1+\/5 L +A(— 1) (6.29)
1

L, = 5 (Ln_l + \/5L§_1 + 20(—1)n> (6.30)

Py=P, 1+ \/2135_1 4 (—1)mt (6.31)

Qu = Qu1 +/2Q2_; +8(~1)". (6.32)
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Extensions involving products of three or more recurrence terms are de-
tailed in [21, Section 2.2]. We here state a Melham-type result without proof.

Theorem 6.8. Consider the sequence (xy,),>0 defined by the recurrence equation
Xpto =axpi1 +bx,, n=0,1,...,

with xg = g, X1 = &y, where wg, 1, a, b are given real (or complex) numbers. The
following identity holds
Xn41Xn+2Xn+6 — x§z+3 = D(_b)n+1 (a3xn+2 - bzanrl)/ (6.33)

where D = angnq + ba% — zx%.

The following Melham-type identities are obtained for Fibonacci, Lucas,
Pell and Pell-Lucas numbers. The first of these was given in [199].

Theorem 6.9. The following formulae hold for n > 1

Fps1FuioFure — Foya = (—1)"F, (6.34)
Lys1LusoLnve — L35 =3(—1)""1L, (6.35)
Pui1Pui2Puye — Pz = (=1)" (8Pus2 — Pyy1) (6.36)

Qu1Qn+2Qn+6 — Qs = 8(=1)"" (8Qu12 — Qui1)- (6.37)

Example 6.7. The sequence (xy),>1 is defined by x1 = 0 and

Xpi1 =5xp +1/24x2+1, n=1,2,....

Prove that all x,, are positive integers.

Solution. It is clear that x; < x < .... The recursive relation is equivalent to

X2 —10xuxp 1 +2x2—1=0, n=12,...
Replacing n by n — 1 we get

X2 —10x,%, 1 +x2 1 —1=0, n=2,3,...
It follows that x,,1 and x,,_; are the roots of quadratic equation

12 —10x,t + x5 —1=0,
hence x;, 1 + x,,—1 = 10x,,. We obtain
Xpy1=10xy, —x,1, n=23,..., x1=0,x2=1

A simple inductive argument shows that x; is a positive integer for any 7.
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6.3 Higher order linear recursions

In this section we present basic results in the theory of linear recurrent se-
quences. We first discuss the general term for recurrent sequences of higher
order defined for arbitrary initial values and recurrence coefficients, based
on the article of Andrica and Toader [38] and the monograph of Everest et al.
[112]. Some problems where significant progress was made recently are then
discussed [214]. The order of a linear recurrence relation can be reduced, as
shown by Andrica and Buzeteanu [31, 32].

Let m > 2 be a natural number. A linear recurrence sequence (LRS) is an
infinite sequence (x;),>o satisfying the recurrence relation

Xn=mMXp_1+apXp_2+ -+ amXn—m, m<néclN. (6.38)

If a;, i =1,...,m (recurrence coefficients), and «;, i = 1,...,m (initial condi-
tions) are fixed complex numbers satisfying a,, #0and x;_1 =w;,i=1,...,m,
then the recurrence relation has order m and is uniquely defined.

The polynomial defined by

fx)=x"—ax™ N — o~y gx —ay, (6.39)

is called the characteristic polynomial of the LRS (6.38). The general term
of the recursion is given by

xp =Py (n)z + -+ Py(n)z),

where z1,...,zy are roots of (6.39), and P;, i = 1,...,m are polynomials in .
If z1,...,zy are distinct, then the LRS is simple and Py, ..., P, are constant.

The theory of LRS is a vast subject with extensive applications in mathe-
matics and other sciences. Many properties and results are presented in the
monograph of Everest et al. [112]. Decision problems involving LRS with
rational terms are discussed by Ouaknine in [214] and other of his papers.
Problem 1 (Skolem). Does x;, = 0 for some n?

Problem 2. Is x,, = 0 for infinitely many n?
Problem 3 (Positivity). Does x;,, > 0 for all n?
Problem 4 (Ultimate Positivity). Does x, > 0 for all but finitely many n?

Berstel and Mignotte showed that Problem 2 is decidable [68]. Ouaknine
made progress on Problem 3 for simple LRS of order m <9 [215], or arbitrary
LRS of order m <5 [216], respectively. Problem 4 holds for simple LRS [214].
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6.3.1 The general term

Let the sequence (x,),>0 be defined by the linear recurrence relation (6.38),
where ay,...,a, €C, a, #0and xo,...,x,_1 € C are given. We want to find
the general term x,, for n > m. For this we consider the generating function
of the sequence (xy,),>0

F(z)=xo+x1z+ -+ x52" +---. (6.40)

The following result presents the relationship between homogeneous lin-
ear recurrent sequences and their generating function (see, e.g., [191]).

Theorem 6.10. Assume that the sequence (x, ), satisfies the homogeneous linear
recurrence relation (6.38). The generating function F associated with this sequence

can be written as a rational fraction F(z) = g(é)) , where Q is a polynomial of degree

m with nonzero constant term and P is a polynomial of degree strictly less than m.

Conversely, for any such polynomials P and Q, there exists a unique sequence
(Xn)n>0 satisfying the linear homogeneous recurrence relation (6.38), having the
generating function given by the rational function P/ Q.

Proof. From (6.38) and (6.40), the generating function F for the sequence
(xn)n>0 can be written as

m—1 ) 0 m—1 ) 0 m
= x;z + Xzt = x;z + aix,_i |z
] ] ) ]
': n=m ': n=m ':
= 2 xJZ]+2”] an 2" = Z x]zf+2a] Z xn2""
= n=m—j

= Z szf 4+ a,z™" Z xuz" + Z ajz] (2 x,z" — Z xizl>
j=0 n=0 j=1 n=0 i=0

— m m—1 'm—j—l )
= Z xZ +F(z)Y a7 = Y a7 Y xZ
j=0 j=1 j=1 i=0
-1 m—1 s
Ea]z] + 2 x]zf Y. 2 apxj.
s=1 j=1
It follows that
m ) m—1 . om=1 s
z) (1 - Zu]'z]> =) x7d - ) 2°) ax,;

j=1 j=0 s=1  j=1

m—1 s
=x9+ Z (xs - Zajxs_]-> z°
j=1
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We obtain the polynomials P € C,,_1[z] and Q € Cy,[z] defined by

Conversely, if (x,),>0 is the sequence having the generating function
F(z) = P(z)/Q(z), we can write

) k ) m .
=) xz", P(z)= ijz], Q(z)=1- Zajz].
n=0 j=0 j=1

g(é)) we obtain the formula

(1 — ia]-z]) (i xnz”> = ibjzj.
j=1 n=0 j=0

Writing polynomial Q as an infinite series with a; = 0 for j > m, we have

Clearly, from F(z) =

0 o0 n m .
PIEAED (Z:a]-xn]) = Zb]-z].
n=0 j=1 j=0

n=0

Identifying the coefficients of z", one obtains the recurrence relation

Xy = Zujxn,j, n>m.
j=1

O
Remark. We can write F as a sum of simple fractions. If the polynomial
Fa)=1-mz— — a2
has the distinct roots zJ, ..., z;,, with multiplicities g1, ...,qm, then
m 4qi
F(z) = 2@ =) Z i - (6:41)

i=1j=1 Z —Z; )
Lemma 6.1. The coefficients f;; in formula (6.41) is

1

e LREE N9, =1 g, i=1...,m (642

* 7
ZI

fii=
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Proof. By (6.41) we have fori=1,...,m

fi fifh
F(z) = 4+ —— 4+ hi(2),
&= b T i)
or
(z=2)"F(2) = fn (2= 2))" " o+ fig, + (2 = 2) " hi(8),
which gives (6.42) by successive differentiation. O

Lemma 6.2. If u # 0 and |2| <1, then for all integers j > 1 we have

a0 o1 (L [ PR

n>0

Proof. The result follows from operations with formal series given in [90],
by differentiating the identity below j — 1 times with respect to z

56

n>0
O
Theorem 6.11. The sequence (xy,),>0 defined by (6.38) is given by
Xy =Pi(n)z{ + -+ Py(n)z,, n>k, (6.44)
where the z1, ... ,zy are the distinct roots of the polynomial
f(z) =2 —a;zF 1 — ... — g,
with the orders of multiplicity q1,...,qm, and
Zﬁ] l("ﬂ ) i=1,...m. (6.45)

Proof. Asz; = l* from (6.41) and (6.43) we get

D=Ly =ty (") (5)

i=1j=1 Z—Z i=1j=1n>0 J i
. . n_|_ — m
=222ewﬁ%{~ﬁ)f=2<zmmgﬁ
n>0i=1j=1 ]~ n>0 \i=1

which is exactly (6.44). O
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Example 6.8. The sequence (xy),>1 is defined as x; = 20, xp = 12 and

Xp42 = Xp + Xp41 + 24/ XnXp1 +121, n>1

1° Compute x10;
2° Determine with justification if every term in the sequence is an integer.

Solution. It is clear that x3 =20 + 12 4+ 2 - 19 = 70. Notice that

Xp43 = Xp41 + Xpg2 + 2\/xn+1xn+2 + 121

= Xp41+ Xpq2 + 2\/xn+1 (xn + X1 + 2/ XnXpp1 + 121) + 121

=Xp41 + Xppo + 2\/x%+1 + 2/ XXy + 121 + xpx,01 + 121

= Xu41 + Xni2 2 (Fug1 + VEa X +121)

=3Xp41+ X2 + Xpp2 — Xn — Xy
=2Xp42 + 2Xp41 — Xp.

Therefore, it follows that (x, ), >1 is an integer sequence and we can compute
x4 = 144, x5 = 416, x¢ = 1010, x7 = 2788, x5 = 7260, x9 = 19046, x19 = 49824.
The characteristic equation of (x),>1 is 2 — 2t — 2t + 1 = 0, with the

rootst; = —1,t, = 3+2\@, t3 = 3_2\/5. If follows that

345 3-5)"
xn:cl(—l)”—f—cz( +2 ) +C3< _2 ) , n=12,....

Solving the system x; = 20, x, = 12, x3 = 70, we obtain the coefficients

54 . 12 25 12 25
R 2:7 —_— =

5’ 5T 5 8T5 5

1 =

Furthermore, one can write

X = (1) 4 % (6+6+2\f5) <6+42\@>

5
n
1 6—2v/5
+ < (6+6-2V5) <4>
54 6 4
= g(—l)n+l + ngn + gL2n+2/

where L, is the mth Lucas number.
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6.3.2 The space of solutions

A solution of the recurrence equation (6.38) is any function x : N — C with
x(n) =mx(n—1)+ax(n—-2)+ - +apx(n—m), n>m. (6.46)

(The notation x () is only used in this section, while for the rest of the chap-

ter the more compact subscript notation x, is preferred). As each solution

is completely determined by m initial conditions x(0),x(1),...,x(m — 1), the

set containing the solutions of (6.46) forms a vector space V of dimension m

over C. The general term of the sequence satisfying the recurrence relation

(6.46) is then a linear combination of m functions which form a basis for V.
For A # 0, the characteristic equation (6.47) is equivalent to

AT =g AL g A2, A+ a.

It may be assumed without loss of generality that the order of the recurrence
relation can not be reduced, therefore ¢, # 0. For finding a base of the vec-
tor space V, one may first check that the functions w(n) = A" (A # 0) are a
solution of (6.46), whenever A is a zero of the characteristic polynomial

flx)=2" —apx™ 1t —ax™ o — X — . (6.47)

As a complex polynomial, f(x) has exactly m roots. Examples of bases for
V for the cases when the roots of (6.47) are all distinct, all equal, or distinct
with arbitrary multiplicities are presented below.

Proposition 6.1. If the polynomial f (6.47) has m distinct roots z1,...,zy, then
An) =21, fa(n) =23, ..., fm(n) =z,
form a basis of the vector space V of solutions for the recurrence relation (6.46).

The proof is based on two facts. First, each function f;(n) is a solution of
(6.46). Second, the Vandermonde determinant involving the first m values

1,z;,... ,2"~1 of each function fi(n) is non-zero for distinct values z1,...,zpy.
A detailed proof is presented in [147, Theorem 1].

1

Proposition 6.2. If z is a unique root with multiplicity m of the the polynomial f
given by (6.47), then the m sequences

fi(n) =z", fo(n) =nz", ..., fu(n) =n""12",
form a basis of the vector space V of solutions for the recurrence relation (6.46).

The idea of the argument is that a multiple root of polynomial (6.47) is also
a root of its derivative. A detailed proof is given in [147, Corollary 1].
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Proposition 6.3. If a characteristic polynomial of a linear recurrence relation of
order d has m distinct roots z1,...,zy, having the multiplicities dy,...,d,, (i.e., the
degree is dy + - - - + dy, = d), then the d sequences

fiin)y=n"12!, 1<i<m, 1<j<d, (6.48)

form a basis of the vector space V of solutions for the recurrence relation (6.46).

A proof of this results is given in [147, Theorem 2].

6.3.3 Reduction of order for LRS

As suggested by Andrica and Buzeteanu in 1982 [31], a second order linear
recurrence equation can be reduced to a non-linear recurrence equation of
the first order (see Theorem 6.6). In particular, such first order formulae ob-
tained for Fibonacci, Lucas, Pell and Pell-Lucas numbers were presented in
Theorem 6.7.

Here we present a more general result, concerning the reduction of order
for higher order linear recurrence relation, based on results proved by An-
drica and Buzeteanu in 1985 [32]. Specifically, we show that if a sequence
(xn)n>0 satisfies a linear recurrence of order m > 2, then there exists a poly-
nomial relation between any m consecutive terms. This shows that the linear
recurrence relation of order m is in fact reduced to a nonlinear recurrence re-
lation of order m — 1.

Let m > 2 be an integer and let the sequence (x;),>1 satisfying

m
Xp = Zarxn,r, n>m, (6.49)
r=1

where the starting values x; = «;, and recurrence coefficients a;, i =1,...,m,
are given real (or complex) numbers such that a,, # 0.
For n > m, let us consider the determinant

Xndm—1 Xn+m—2 --- Xn+1 Xn
Xnt+m—2 Xn+m—3 --- Xn Xn—1
D = |t , (6.50)
Xn4+1 Xn oo Xp—m43 Xn—m+2
Xn Xn—1 -+  Xp—m+2 Xn—m+1

for which we can obtain a recursive formula.

Theorem 6.12. Let (xy,),>1 be a sequence given by (6.49) and let D, be defined by
formula (6.50). For any n > m, the following relation holds

Dy = (—1)(m=Din=m)gnompy (651)
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Proof. Following the steps outlined in [159], [194] and [238] (for m = 2), we
introduce the matrix

Xn4m—1 Xntm—2 --- Xn41 Xn
Xn4m—2 Xntm—3 --- Xn Xn—1
A = | . (6.52)
Xn+1 Xn  vev Xp—m43 Xn—m+2
Xn Xn—1 -+ Xp—m+2 Xn—m+1
It is easy to see that
0100 0 0 o0
0010 0 0 o0
Aoy = 0000 ..... O ...... 10 A, (6.53)
0000O0 0 0 1
ai az as aq4 Am—2 Am—1 Am
hence
0100 0 o o\""
0010 0 0 0
A=10000 .. 0 1 0 A (6.54)
00 0 0 0 1
ay ap as ag e A2 A1 Am

By taking determinants in (6.54), we obtain

((_1)m71am>nim Dy, = Dy,
for n > m, which ends the proof. O

Theorem 6.13. Let (xy,),>1 be a sequence given by (6.49). There is a polynomial

function of degree m defined by F,, : C™ — C, so that the relation below holds

ML) =) e (1, 00).
(6.55)

Fm(xnrxnflr---/xnferl) = (_1)(

Notice that from the recurrence relation (6.49) one can compute D,, as a
function of the known values a1, a5, ..., 4. For the same reason, one can also
express Dy, as a function of the terms x,,,x,,_1,...,X,_p+1. Thus, there exists
a polynomial function of degree m, such that the relation (6.55) is true. If we
suppose that the equation (6.55) can be solved with respect to x;,, this results
in an expression involving only the terms x,,_1,x,_2,...,X,_y+1. However,
the resulting expression is in general very complicated, as shown bellow.
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Example 6.9. For m = 2 we obtain

FB(xy) = x> — ajxy — azy?, (6.56)
and the sequence (x,),>1 is given by
Xp =01Xp—1 + A2Xp—2, N =>3, X1 =01, X2 =0, (6.57)

where the relation Fy(xp,x,_1) = (—1)"a} 2Fy(ap,a1) holds. This relation was
proved by induction in [58]. Writing the relation explicitly we have

(2x, — alxn,l)2 = (a% + 4a2)x%_1 + 4(—1)”_1113_2 (azac% + ajoq0p — oc%) )
(6.58)

Under some special conditions on (xy, ),>1, we can express x,, as an explicit formula
of x,_1. Moreover, if the sequence satisfies the second order recurrence equation
(6.57) with ay,a; and aq,wy integers, by (6.58) then

(a2 +4ap)xs_; +4(—1)" a2 <aza% + a0 — 0(%) ,

is a perfect square. This results extends [151].

Example 6.10. Simple computations show that for m = 3 we have

F(x,y,z) =— x> — (a3 + alaz)y3 — a§z3 + 2a1x2y + ayx?z — (a% + alag)yzz
- (a% - az)xyz — myazxz? — 2a203y22 + (3az — ayap)xyz.
By (6.55) we obtain that for the linear recurrence relation

Xp =01Xp—1 + A2Xn—p +a3Xp—3, N =>4,X1=01,X =0a,x3=0a3, (6.59)
one has the relation F3(xp, X, _1,Xy—2) = ag’3F3(a3,oc2,a1).
Example 6.11. The Tribonacci numbers are defined by the recurrence relation
Th=Ty 1+Ty2+Ty 3 n=>4, (6.60)

where Ty =1, T, = 1 and T3 = 2. In our notation, we have k1 =1, 0p =1, a3 =2,
and a1 = ap = az = 1. Substituting in Example 6.10, we obtain

F3(x,y,2) = —x> — 2y° — 2% 4 2x%y + x%z — 2y%z — xz* — 2yz* + 2xyz.

The nonlinear relation satisfied by Tribonacci numbers is
F5(Tn, Ty—1, Tu-2) = F3(as,az,a1),

where F3(a3,0p,00) = —8—-2—-14+8+4—-2-2-2+4=—1.
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6.4 The sequences of Lucas and Pell-Lucas polynomials

The Lucas and Pell-Lucas polynomials U,,V, € Z[x,y], n =0,1,..., are de-
fined by the formulae

B x— yn
Un(xy) = —— - v (6.61)
Vi(x,y) = 2" +y". (6.62)

The polynomials U, and V,, are symmetric and we have degl, =n —1,
n=12,...,and degV,, =n,n=0,1,.... Also from (6.61) we can extend the
sequence U, (x,y) for n =0, by Up(x,y) = 0.

On the other hand, the sequences (U, (x,Y))n>0 and (Vy(x,y))n>0 satisfy
the same recursive relation of order 2, with different initial values

Un+2 = (x + y) Un+1 — X]/un, Up=0,U; =1, (6.63)
Vit =(x+y)Vys1 —xyVy, Vo=2,Vi=x+y. (6.64)
The Fibonacci, Lucas, Pell and Pell-Lucas numbers can be obtained as partic-

ular instances of the polynomials U, and V;, for special pairs of real numbers
(x,y) as detailed below

1 1-—-
Fn:u;«l< +\/g, \/§>, 1’120,1,...,

2 2
L,=V, (H\@,l_‘/g), n=0,1,...,

2 2
P, = U, (1+ﬁ,1—\/§), n=0,1,...,
Qi =V (1+v21-+2), n=01,....

The polynomials U, and V;, have similar algebraic properties as the Fi-
bonacci, Lucas, Pell and Pell-Lucas numbers. For instance, we have the fol-
lowing matrix forms valid forn =1,2,...

U1 —xyl, \ _ (x+y —xy\"
< U, —xylln1> - ( 1 0 ’ (6.65)
Vigr —xyVe \ _ (x+y —xy\" (x+y —2xy (6.6)
Vi —xyVy,_q 1 0 2 —(x+y))’ '

which recover the matrix identities for second order recurrent sequences
shown in Theorem 6.1, and in particular polynomials obtained for the cases

(x,y) = (#,%) and (x,y) = (1 ++/2,1— \/E), respectively.
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6.4.1 Ordinary generating functions of (U )n>0, (Vi)n>0

Using the formulae for U, and V;, (6.61), one obtains

[ee] 1 o)
) Un(x,y)z" = — Y (" =y (6.67)
n=0 yn:O

1 11

S x—y\l—xz 1-yz

z z

C (1—xz2)(1—yz) 1—(x+y)z+ (xy)z2’ (6.68)
Y Va(xy)z' =Y (x" +y")z2" (6.69)
n=0 n=0

_1

S l-xz 1-yz

2—(x+y)z (6.70)

T 1-(xty)z+ ()

Substituting for the polynomials given in Section 1.2.3, we obtain the gen-
erating functions for special classical polynomials.

The Fibonacci polynomials. Since f,,(x) = U, (X+ V sz +4 x—«/zxz +4 ) ,we have

4

Y fulx)e" =
n=0

xz — z2°

The Lucas polynomials. Since I, (x) = V, (” T sz2+4) , we have

2 —xz

i Iy (x)z"
n=0

C1—xz—22

The Pell polynomials. As p,(x) = U, (x +Vx2+1,x—Vx2+ 1), we have

ad z
n __
n;op”(x)z 1 —2xz—22°

The Pell-Lucas polynomials. As g, (x) =V, (x +VxZ+1,x— Va2 + 1)

ad 2 —2xz
n __
ngbq”(x)z 1 —2xz—22°
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The Chebyshev polynomials of the first kind. Since we have the relation

Tu(x) = 1V, (x +vVx2—1,x—Vx ) if follows that

ad  1-2xz
1 —2xz 422

The Chebyshev polynomials of the second kind. Since we have the relation

un(x) = Uy 1 (x +Vx2—1,x —Vx%2— 1), it follows that

1
n __
;un(x)z 1 —2xz 422

The Hoggatt-Bicknell-King polynomial of Fibonacci kind. Since we have
gn(x) =Uy, <x+ vxi—d x—y xz ) it follows that

(o)

Y gn(x)z" =

n=0

z
1—xz+2z2

The Hoggatt-Bicknell-King polynomial of Lucas kind. By the relation
hy(x) =V, (x+ sz2_4, X VZXZ_‘L), one has

i hy(x)z" =
n=0

2 —xz
1—xz 422

The Jacobsthal polynomials. Since [, (x) = Uy, ( L Brtl 1-yirsl ), we have

> z
n __
nzzojn(x)z 1 —z—4xz?’

The Morgan-Voyce polynomials. As B,,_1(x) = gn(x +2), go(x) =0, we get

Y Bu(0)2" = Y guia ()2
n=0 n=0

i (x+2)z !
= Tl (x+2)z+22

N\H

The Brahmagupta polynomials. For the integer parameter t > 0 we have

Xn(2%,y) = 3 Vi (x +yvix— y\/f), yn(x,y) = yUy (x +yvix— y\/f), 50

Y xa(xy)z" = e
= 1—2xz 4 (x2 — y2t)z2

- n_ yz
; yn(x,y)z" = 1—2xz+ (22— y21)22
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6.4.2 The explicit formula for the Fibonacci, Lucas, Pell and
Pell-Lucas polynomials

Using the ordinary generating functions of the Fibonacci, Lucas, Pell and
Pell-Lucas polynomials, we can derive the following algebraic expressions.

Theorem 6.14. For every positive integer n, we have

=], ‘

1° fu(x) = (n ; 1)x”211; (6.71)
j=0

2° ! N ey 6.72

n<x)—jzon_j< ]. )x : (6.72)

%2 n—j—1 . .

3° pn(x) = ( i )2”—21—1;81—21—1; (6.73)
j=0
5, n—j S

4° gu(x) = Zn_],< ; >2"_2]x”_2]. (6.74)
j=0

Proof. 1° Using the geometric series we can write

> - z B z
Ig)fn(x)z S l-xz—22 1—(x+2)z

w (28],
E(E )

and the formula follows by identification of the corresponding coefficients.

2° Pollowing the same idea as before, we have

ad 2 —xz 2 —xz
1, (x)z" = —
H;OH() 1—-xz—22 1—(x+2)z

[
agk

(2—xz)(x+2z)"z"

m=0

o (B,
L (]ZO = ]>x“]> =

hence the formula (6.72) follows.
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3° From the generating function of the Pell numbers, we obtain

Y = i =
= 1—2xz—22 1—(2x+2)z

(2x 4 z)Mz" T

|
e

m=0

w [1"2] :
y i (” —J- 1)2n2j1xn2]'1 2"
n=0 \ j=0 J

and the formula follows by identifying the corresponding coefficients.

4° Analogously, for the Pell-Lucas polynomials, we have

i (x)2" = 2—-2xz  2-2xz
n:oqn C1-2xz—22 1—(2x+z2)z
=2) (1—xz)(2x+2)"z"
m=0

o (8, el
— - ]) n=2j,n=2j | -n
E(5as(; ,

and the desired formula follows.

U

As F, = fy(1), by (6.71) we obtain the Lucas formula in Theorem 6.14

with a different proof. Similar formulae hold for L, P, and Q.

Corollary 6.2. The following relations hold:

(6.75)

(6.76)

(6.77)

(6.78)
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6.4.3 Applications to classical sequences

Using (x,y) = (%,1_2—\/5) one obtains the generating functions which

correspond to Fibonacci and Lucas sequences. In this case, xy = —1 and
x +y =1, hence by the formulae (6.67) and (6.69) we have
YR =i
=0 l-z—-z
o0 2 _
2 ann - z 5"
=0 l-z—-z

For (x,y) = (1 ++2,1— \/E) , the generating functions for Pell and Pell-

Lucas sequences are obtained. Indeed, here xy = —1 and x + y = 2, hence by
the formulae (6.67) and (6.69) we have

ad z
Pz = —
ng:O"Z 1—2z—22

ad 2—-2z
n __
n;OQnZ 1 —2z—22

In many situations, it is possible to obtain the generating function of
the sequence (x),>0 using only the recurrence relation, and then to derive
some properties of the sequence.

We illustrate this idea for second order recurrence relations. Assume that
(xn)n>0 is given by x,,42 = ax, 1 + bx,, n=0,1,..., where xg = ap and x1 =
«1, while a,b are real (or complex) numbers with b # 0. We can write

[ee]

oo
F(z) =) xuz" =x0+ 112+ ) xp2"
n=0 n=2

0]

=wg+a1z + Z (axy,_1 +bxy_p)z"
n=2

= ag + a1z 4 az (F(z) — ag) + bz*F(2),

and obtain the following relation

g+ (a4 —aag)z

Flz)= =7 ———7 (6.79)

From formula (6.79) we can derive the Binet-type formula for the sequence
(xn)n>0. Let t1,  be the roots of the characteristic equation associated to the
sequences, 2 —at—b=0.
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Clearly, we have 1 — az — bz?> = (1 — t;z)(1 — t»z), hence the decomposi-
tion of the fraction in (6.79) can be written as

wo+ (a1 —amg)z A n B
1—az—bz2  1—tz 1—tyz’

(6.80)

where the values of A and B can be determined by identifying the coeffi-
cients in the equality ag + (a1 — ang)z = A(1 — tpz) + B(1 — t1z). This leads
to the system A 4+ B = ag and tp A + t; B = ang — ay. If t; # tp, then we get

oty + e —ang
- t—ty

aoty +wq — ang
t1— b ’

A , B=

We can derive the explicit formula for x,, by expanding the fractions in (6.80)
as geometric series, and the comparing coefficients of z" on either side. It
follows that forn = 0,1, ..., we have

T h-bh [(aots + a1 — ang) £ — (aotz + a1 — ag) t5]. (6.81)

If t; = tp, then it is possible to derive the formula for x,, directly from (6.81),
by taking the limit t, — t;. We obtain

il gl o n
xp =g lim 2——2— 4 (a1 —ang) lim 1—2
thy—t t] - tZ tr—t1 tl - t2

= ag(n + 1)t} + + (ag — aag) nti !
= [wot1 + (apt1 + a1 — ang) 1 t?*l, n=0,1,....
Example 6.12. Find the recurrence relation satisfied by the sequence (Fyy )y>0, con-

sisting of those Fibonacci numbers whose index is a multiple of r, where r is a fixed
positive integer.

Solution. Denoting a = ”2\/5 and B = 1*2—‘/5, one may write
- n = ]‘ m m n
Y Fuz'=) — (" — ")z
n=0 n=0 Vo
1
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We also obtain the relation

iF z”—L ! + !
= Bs\l—a'z 1-pz

 LWw-p)z
1= (" + Bz + (aB) 22
F.z

T 1Lzt (—1)22

where L, denotes the rth Lucas number. The denominator leads immedi-
ately to the recurrence relation

Fru2) = LiFyuiny + (=1 Fyqy, n=0,1,.... (6.82)

6.4.4 Exponential generating functions of (Uy,)u>0, (Vi) n>0

Using the formulae for the polynomials U, and V;, (6.61), we have

S l n _ 1 S l n_ . n\n
n;)n!un(x'y)Z _x_]/,;)n!( y )Z
— 1 o 1 n o 1 n _exz_eyz
=iy n;o”!(xz) n;)m(yZ) -, 68
and
[ee] o0 1
n;) [ Vn(xy)z" = ;;oﬁ (X" +y") 2" = e + 2, (6.84)

. . . U__,—u u —u
Here we use the hyperbolic functions sinhu = ~—— and coshu = &4—.

The Fibonacci polynomials. Since f, (x) = U, (X+ v sz +4 x—\/ZxZ +4 ) ,we have

i lfn (x)z” = # <€X+\/2m'z — ex\/zm.z>
w0 2+
2eF MFH_ B aF P
xZ+4 2 =i 5 '

The Lucas polynomials. Since [,,(x) = Vj, <X+\/ 2962+4/ x—\/2xZ+4), we have
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S | V214 =214
F Ly = o
=0 n:
- e%Z\/x2+4+ef%z\/x2+4 - VA2 + 4
=2e7 5 =2e2 cosh ——.

The Pell polynomials. As p,(x) = Uy, (x +VxZ+1,x — Va2 + 1) , we have

=1 " 2e%%
—p,(x)z" = sinh zv/ x2 + 1.
n;)n!p"( ) Va2 +1

The Pell-Lucas polynomials. As g, (x) = Vj, (x +Vx2+1,x—Vx2+ 1)

=1
Y —qn(x)z" =2e**coshz/x% + 1.
n=0

n!

The Chebyshev polynomials of the first kind. Since we have the relation

Tu(x) = %Vn (x +Vx2—1,x—Vx%— 1) , it follows that

Zl x)z" = e cosh zv/x2 — 1.
= n!

The Chebyshev polynomials of the second kind. We have the relation
U (x) = Uysq (x + Va2 —1,x — Vx% — 1), while by (6.83) we deduce that

S | _ xe® —ye”

Z; n+1xy

n=0 -y

It follows that

o 1 » <x+\/7> (x+VaT1)z _ (x_ xz_1>e(x_m)z
n;oﬁ - 2V -1

XZ

= 6271 (xsinhZ\/x2 — 14 v/x2 —1coshzv/x2 — 1) )
x J—

The Hoggatt-Bicknell- King polynomial of Fibonacci kind. Since we have
gan(x) =Uy, (xJ” ot a1y ) it follows that

> 1 " 27 zVx?2—4
—gn(x)z" = sinh ———
Lm0 =
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The Hoggatt-Bicknell-King polynomial of Lucas kind. By the relation
hy(x) =V, (x+ sz2_4, X VZXL‘L), we have

x2 —4

—2e7 h
Z e 2 COS >

3‘,_\

The Jacobsthal polynomials. Since J, (x) = U, (1+ fo“ (1= VZSXH ) ,wehave

® 1 ; 2e . z/8x+1
Z —Jn(x)z" = —=sinh ————.
n=0 n! vV 8x + 1 2

The Morgan-Voyce polynomials. Since B, _1(x) = gu(x +2) and go(x) =0,
as for Chebysev polynomials of the second kind, one obtains

x+\/x2—467x+vzx2_4z _ x—Vx2— eix_vz’g_‘lz
_ 2 2

x2 —4

= e (xsmh + VX 4cosh 4)

X2 —4

The Brahmagupta polynomials. For the integer parameter t > 0 we have

Xn(x,y) = 1V, (x +yvtx — yx/f), yn(x,y) = yUy, (x +yvtx — y\/f), S0

an 1 (x,1)z" = e** coshyzv/t.
n=0"""

i lyn(x,y)z = isinhyzx/f.
nzOn! \ﬁ

Substituting x = 1 in the formulae for the exponential generating func-
tions for Fibonacci, Lucas, Pell and Lucas Pell polynomials, we obtain

5 L= 2 an 25,
—on! V5 2
| P

Y — Lyz" = 2¢2 coshﬂ;
a—on! 2
| 2¢*

) EP"ZH = %sinh z2V/2;
n=0

an = 2¢7 cosh zv/2.

e
:‘._\

3
Il
=
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6.5 The integral representation of classical sequences

We begin with the integral representation of Uy, (x,y), where x,y are nonzero
7 } The ordinary gen-

real numbers with x # y. Assume that R < min { %
(6.67 ) as

erating function of Uy, (x,y) is given in formula (6

e 1 &/ 1 1
n_ —

The power series in the left hand side is convergent for |z| < R, since |xz| < 1
and |yz| < 1. Applying formula (5.7) we obtain

Uy (x,y) = 1 /2” cosnt —isinnt  cosnt —isinnt
Y= 2(x —y)R" Jo |1—xR(cost+isint) 1—yR(cost+isint)
In order to calculate the first expression in the integral, we have

cosnt —isinnt ~ (cosnt —isinnt)[l — xR(cost — isint)]
1 — xR(cost +isint) x2R? 4+ 1 — 2xRcost
cosnt — isinnt — xR [cos(n + 1)t —isin(n + 1)¢]

x2R%2 +1 —2xRcost

7

and similarly

cosnt —isinnt ~ (cosnt —isinnt)[1 — yR(cost —isint)]
1—yR(cost +isint) y2RZ +1 — 2xRcost
cosnt — isinnt — yR [cos(n + 1)t —isin(n + 1)¢]
y2R? 4+ 1 —2yRcost '

Because U, (x,y) is a real number, it follows that

U (2, ) = 1 /2” cosnt —xRcos(n+1)t  cosnt —yRcos(n + 1)t
Y= 2m(x —y)R" Jo x2R2 4+ 1 — 2xRcost y2R2 +1 — 2yRcost

After simple computations we obtain the integral formula

Up (x,y) = 1 /2” xyR2cos(n + 1)t
27R"-1 Jo  a+ bcost + ccos?t

1 27 (x4+y)Rcosnt

~ 27Rn-1 /o a-+bcost + ccos?t

1 2t cos(n—1)t
dt, 6.85
+ 27TR”*1/0 a-+bcost + ccos? t (6.:85)

where the parameters a, b, ¢ are given by
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a=a(x,y,R) = (xy)ZR4 + (xz + y2> R?+1,
b="b(x,y,R) = —2(x + y)(xyR*> + 1)R, (6.86)
c=c(x,y,R) = 4xyR2.

Similarly, the ordinary generating function of V,(x,y) is given by

_1
S l-xz 1-yz

Z Va(x,y)z"
n=0

Applying formula (5.7) it follows that

1 27 [cosnt — xRcos(n + 1)t  cosnt — yRcos(n + 1)t
s = s [ (1+1) yRcos(n +1)

27TR™ x¥2R2 +1 — 2xRcost y2R2 +1 — 2yRcost

hence if a,b, c are defined by (6.86) we obtain

Va(y) = 1 /2” 2xyR?cos(n + 2)t
! 27R" Jo a+ bcost + ccos?t
1 27 (x+y) (xyR*+2) Rcos(n + 1)t
_ZﬂR”/o a+bcost + ccos?t
1 27 {(x +y)*R? + 2} cosnt
+27rR”/o a+ bcost + ccos? t

1 27 (x +y)Recos(n — 1)t
— dt. 6.87
ZnR”/o a+ bcost + ccos?t (6:87)

dt

Remark. Considering the integral

coskt
a+ bcost + ccos?t

27T
I = Lk(x,y,R) = /0

formula (6.85) shows that U, (x,y) is a linear combination of the integrals
Liy1, Iy and I,_q, i.e., we have

_ Xy xX+y 1

= 2R3 LT gppe2 T ppRe

Un(x,y) I1.

Similarly, from (6.87), we obtain V;(x,y) as the linear combination

x (x+v) (xyR? +2
Vn (x/]/) = 7TR;11/_2 n+2 — 27'[(Rn1 )In-‘rl
(x+y)*R?+2 x+y
I, — L.

27TR" " 2pgRn-17"T
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Integral formula for Fibonacci numbers

Because F, = U, HT‘E, %), for Fibonacci numbers we have x +y =1

and xy = —1, therefore
F, — 1 2t —R?cos(n + 1)t — Rcosnt + cos(n — 1)t i, (6:89)
2nR*1 Jo R*43R?+1+2(R3 — R)cost —4R?cos?
for every positive real number R < min { 1+2 75 \/52_ ] } = 1+2 5= \/52_1.

Using the notation

1k=1k<1+\/5,1ﬁ,11>

2 2

[T coskt Y
~Jo R4¥+3R2+1+2(R3—R)cost —4R2cos?t '

this can be further written as

1 1 1

Fa = ~ 27Rn-3 Lo = 2R 2 T o1 Tn-1.

Integral formula for Lucas numbers

Because L, =V, (H'Z—\/g,l%‘/g), and x% + y2 = 3, we obtain the following

integral formula for Lucas numbers

L= 1 /2” cos(n + 2)t ds
nR"2 Jo R*+3R?+1+2(R3— R)cost — 4R?cos?t
n Rz -2 y2n cos(n + 1)t oy
2R Jo R*+3R?*+1+2(R3 — R)cost — 4R?cos? t
R%+2 (27 cosnt Y
2nR™ Jo R*+3R%2+1+2(R3— R)cost — 4R%cos?t
1 27 cos(n — 1)t dt, (689)

" 2R 1 Jo R*43R2+1+2(R3—R)cost — 4R2cos? t

it : 2 2 _ 2 _ /-1
for every positive real number R < mm{H\/g, ﬁ—l} BTV Al et

With the I;’s used for Fibonacci numbers, for Lucas numbers we have

1 ; R?2-2 ; RZ42 1
R R e v T R By Peo - TR Ly P

Li’l = Infl.
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Integral formula for Pell numbers

Because P, = U, (1 ++2,1— ﬂ), for Pell numbers we have x +y =2 and
xy = —1, therefore

1 2t —R2cos(n + 1)t — 2Rcosnt + cos(n — 1)t
- 2nR"1 Jo R4 +6R2+144(R3 — R)cost —4R2cos?t

P, dt, (6.90)

) . 1 1 _ _
for every positive real number R < min { T A } =v2-1.
Using the notation

L= (1 +V2,1— \fz,R)

[T coskt
~Jo R*4+6R2+4+1+4(R3—R)cost —4R2cos?t

7

we have

B 1 1 1
" T amR 3 T R T et et

Integral formula for Pell-Lucas numbers

As Q, =V, (1 +2,1— ﬁ) and x2 + y2 = 6, for Pell-Lucas numbers we
get the following formula

Q= — 1 2n cos(n +2)t d
! mR"=2 Jo R*+46R?>+1+4(R3 — R)cost —4R?cos? t
n R?2—2 r2m cos(n+ 1)t a4t
R 1 Jo R*+6R?>+1+4(R3— R)cost —4R?cos?t
N 2RZ 41 g2 cosnt ds
nR* Jo R*+6R?+1+4(R3—R)cost —4R?cos?t
1 27 cos(n —1)t

- dt, (691
nR*=1 Jo R*+6R%?+1+4(R3 — R)cost —4R?cos?t (691)

for every positive real number R < min { ﬁﬁ’ ﬁ} =v2-1.
With the [;’s used for Pell numbers, for Pell-Lucas numbers we have

1 RZ -2 2R%Z +1 1

R A Tk
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Chapter 7
Polynomials in Multiple Variables

Polynomials in several variables with coefficients in a field K can be defined
inductively. To be precise, a polynomial f(X,Y) in two variables X,Y is a
polynomial in Y with coefficients in K[X]. That means

FX,Y) = z";]mxwf,
L

where f;(X) € K[X]. If we write

nG)
f](X) = Z ainl
i=0
we see that f(X,Y) can be expressed as

n . .
fXY) =Y a; XY,
=0

where n = max{n(j)}. We will write f(X,Y) = }¥;; ainin and we always
assume that this sum is finite. We denote by K[X, Y]the set of polynomials in
variables X, Y with coefficients in K. It is clear that we can perform addition
and multiplication of polynomials in two variables such that K[X,Y] is a
ring. Nevertheless, the Euclidean division theorem is not valid unless the
divisor is a monic polynomial in one of the variables. For example:

XY = X"y 4 XA X = (XY (XY 4 YR) £ XY,
when we divide the polynomial by X? — Y. But, dividing to Y — X2 we get:

XY — X"2Y2 4 X2Y2 4 X = (Y - XZ) (—XHY + X2y + X4) L X6 1 X.

189
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Assume that the ring of polynomials in n — 1 variables K[X3, ..., X, 1] is
defined. Then, by induction we define

K[X1,...,Xn] = K[X1, ..., Xp_1][Xu].

Clearly, a polynomial in the variables Xi, ..., X,,_1, X, is a polynomial in the
variable X, with coefficients polynomials in the variables Xy, ..., X;,,_1. Such
a polynomial is commonly denoted as F(Xj,...,X;). Also, a polynomial in
n variables F(Xj,...,X,) can be expressed as a finite formal sum

F(Xl,...,Xn): Z al‘Xil.‘.Xiln,
I1=(i1,.-/in)

where I = (iy,...,1,) is an ordered sequence of non negative integers and a;
are constants from one of the number sets Z,Q,R,C or from Fyp.

The product a 1X§1 ...Xil” is called a monomial. The degree of the mono-

mial a IX;1 XIS iy 4 - + iy The degree of a polynomial is the highest
degree of its non zero monomials.
To be precise, we defined the degree of F by

deg(F) = rnax{deg(Xi1 LX) A, O}.

This maximum may be attained in more monomials. For example, the
polynomial F = X3Y — 2YZ> + 3X3Z has three variables X, Y and Z, and
the degree deg(F) = 6.

A polynomial F(Xj,...,X,) is homogeneous if all its non zero monomials
have the same degree. A homogeneous polynomial of degree 1 is called a
linear form and can be written as a1 X7 + - - - + 4, X,,, where ay,...,a, € K.

A general homogeneous polynomial of degree 2 is called a quadratic
form and can be written as

G X3+ ag X+ apXi Xy +a3X1 X3 + -+ an 1, X0 1 X,

where a;,a;; € K for alli,j € {0,1,...,n}.
The following properties hold for homogeneous polynomials.

1) The sum of two homogeneous polynomials of the same degree is also a
homogeneous polynomial.

2) The product of two homogeneous polynomial is also a homogeneous
polynomial.

3) Let f and g be two homogeneous polynomials with f divisible by g. Then,
the quotient of f by g is also a homogeneous polynomial.
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7.1 Symmetric polynomials

The polynomial F(Xj,...,X,) is said to be symmetric if for any permutation
s =(s1,...,51) of theset {1,2,...,n} one has F(Xy,...,X;) = F(X,,...,Xs,).
For example, the polynomial F = X2Y + XY? + Y2Z + YZ? + 72X + ZX?
is a symmetric polynomial in three variables. For all k > 1, the polynomials
Pe(X1,...,Xn) = Xll‘ 4 -+ Xk are symmetric in n variables are symmetric.
Clearly, the polynomial G = X?Y — XY? + Y2Z — YZ? + Z2X — ZX?, in
three variables, is not symmetric.

Let us consider the following important symmetric polynomials

Sl(Xl,...,Xn) :X1+'+Xn

Sk(X1,...,Xn):.Z Xi, - Xi,

Sn(Xl,...,X;fl) - X1X2...Xn,

where the sum in the definition of the term S is taken over all k element
subsets {iy,..., i} of the set {1,2,...,n}. By extension for k > n, we define
Sk = 0 and also Sy = 1. These polynomials are generally called the funda-
mental symmetric polynomials in 7 variables. We will use them throughout
the book and for simplicity we denote them by Sy, ..., S;.

Some properties involving symmetric polynomials in the same variables,
analogous to the properties 1) — 3) listed for homogeneous polynomials.

1) The sum of two symmetric polynomials is also a symmetric polynomial.

2) The product of two symmetric polynomials is also a symmetric polyno-
mial.

3) Let f and g be two symmetric polynomials such that f is divisible by g.
Then, the quotient is also a symmetric polynomial.

In other words, an algebraic combination of symmetric polynomials is a
symmetric polynomial. In numerous applications, the polynomials involved
are symmetric and homogeneous, therefore one can make use of the three
properties listed above. We now present some illustrative examples.

Example 7.1. Factorize the polynomial
P(a,b,c)=(b—c)(—2a+b+c)*+ (c—a)(a—2b-+c)*+(a—b)(a+b—2c)%

Solution. Clearly, P is a symmetric and homogeneous polynomial of degree
3in a,b,c. Note that P(a,a,c) =0, hence P is divisible by a — b. Because of
the symmetry, P is also divisible by b — c and by ¢ — a.
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It follows that
P(a,b,c)=k(a—b)(b—c)(c—a),

for some constant k. Taking a =0, b =1, c =2, we get P(0,1,2) = 2k, hence
2k = —18. It follows k = —9, so

P(a,b,c) =—-9(a—0b)(b—c)(c—a).
A similar example problem is the following.

Example 7.2. Factorize the expression
E(a,b,c)=(a—b)(a+b)*+ (b —c)(b+c)* + (c—a)(c+a)

Solution. It is clear that E is a symmetric and homogeneous polynomial in
a,b,c of degree 5. From E(a,a,c) = 0 it follows that E is divisible by a — b and
because the symmetry, E is also divisible by b — c and by ¢ — a.

We now get the expression
E=(a—b)(b—c)(c—a)-G,

where G is a symmetric and homogeneous polynomial of degree 2 in he
variables a,b,c. We have

G =ki (a2 + 02 +) +ka (ab + be + ca),
for some constants k; and kj. Therefore
E=(a—b)(b—c)(c—a) [k (a+0*+c) + ko (ab+ b+ ca) |
From the relations
E(0,1,2) =2(5ky +2ky), E(—1,0,1) =2(2ky — k),
one obtains the system

5k + 2ky = —25
2k —ky = —1,

from where it follows that k; = —3 and k, = —5. We get

E(a,b,c)=—(a—Db)(b—c)(c—a) {3 (a2 +1? +c2) +5(ab+bc+ca)} .
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Let us see how these ideas can be used to prove an identity of cyclic form.

Example 7.3. Prove the identity

Yy —2)=—(x =Py —2)z—x) (P+P+ P+ xy+yz+ax).

cyc

Solution. We proceed as in previous problem in order to factor

F(x,y,z) =) x*(y —2).
cyc

It is clear that F is a symmetric and homogeneous polynomial in x, 1,z of de-
gree 5. From F(x,x,z) = 0 it follows that F is divisible by x — y, and because
the symmetry it is also divisible by y — z and z — x. We get

F=(x-y)y-2)(z-x)-H,

where H is a symmetric and homogeneous polynomial in x,y, z of degree 2,
given by the formula

H=Ik <x2+y2+22) + ko (xy +yz + zx),

where k; and k; are constants to be determined.

From the relations F(0,1,2) = 2(5k; + 2ky) and F(—1,0,1) =2(2k; — k),
and we obtain the system of equations

5ki +2ky = =7
2k1 —kp = —1,
hence k1 = ky, = —1, and the conclusion follows.

Second solution. If we provide the substitutions
x=b+c, y=c+a, z=a+b,
then the left-hand side of the identity is
(a—b)a+b)*+b—-c)b+c)*+ (c—a)(c+a)t
Now, we replace x, v,z in the right-hand side and get
—(a—=0b)(b—c)(c—a) {3 (az + b+ cz) +5(ab+ bc +ca)] .

The result now follows from the previous example.
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Example 7.4. Prove the identity

Y (y—2)(—x+y+2°=—4x—y)(y-2)(z-2) (x+y+2).
cyc

Solution. Consider the expression

E(xy,z)=Y (y—2)(-x+y+2z)°
cyc

and note that E(x,x,z) = 0. It follows that E is divisible by x — y, and because
the symmetry, it is also divisible by y — z and z — x. Taking into account that
E is a symmetric and homogeneous polynomial in x,y,z of degree 2, we have
the formula

E=@x—-y)y—-2)(z—x)F
where F is polynomial in x,y,z of degree 1, both symmetric and homoge-

neous, hence F = k (x + y + z), for some constant k. From F(0,1,2) = 6k, we
get —24 = 6k, hence k = —4 and we are done.

Example 7.5. Factorize the expression
P(x,y,z) = (x = y)° + (y —2)° + (z = x)°.

Solution. We have P(x,x,z) =0, P(x,y,x) = 0 and P(x,y,y) =0, hence P is
divisible by (x — y)(y — z)(z — x). We get

P=x-yy-2)(z-2)-Q
where Q is a homogeneous polynomial of degree 2 in x,y,z, hence
Q=K (x2+y2+zz) + ko (xy +yz +zx),

where the constants k; and k, must be determined.

From the relations P(0,1,2) = 2(5k; + 2k;) and P(—1,0,1) = 2(2k; — k7)
we obtain the system of equations

5k1 + 2k, =15
2k1 —kp =15,

hence k1 =5 and k, = —5. It follows the factorization

P(x,y,2) =5(x = y)(y = 2)(z = 2) (¥ + 2 + 2 —xy —yz — 2x).
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Example 7.6. Factorize the expression

f(x,y,z):(x+y+z)3—(—x+y—i—z)3—(x—y+z)3—(x+y—z)3.

Solution. Clearly, f is a symmetric and homogeneous polynomial of degree
3 in x,y,z. Note that f(0,y,z) = 0, hence f is divisible by x. Also, we have
f(x,0,z) = f(x,y,0) =0, hence f is divisible by y and by z.

It follows that f is divisible by xyz and since deg( f) = 3, we get f = kxyz,
for some constant k. In order to determine k, observe that f(1,1,1) =k, hence
k = 24. Finally, f(x,y,z) = 24xyz.

Example 7.7. Factorize
gy =@+y+2)' — @+t - @+2)*' - @+ + @yt + 2.
Solution. The polynomial g is symmetric in x,y,z and deg(g) = 4. We have

8(0,y,z) = g(x,0,z) = g(x,y,0) =0,

hence g is divisible by xyz. It follows that ¢ = xyz - h, where h is a symmetric
polynomial in x,,z of degree 1, thatis h = k (x + y + z) for some constant k.
We get the factorization

g=kxyz(x+y+z).

In order to find the constant k we set x =y =z =1 and obtain g(1,1,1) = 3k,
hence 3* — 3 -2 + 3 = 3k. It follows k = 27 — 16 + 1 = 12, therefore

g=12xyz(x+y+2z).
Example 7.8. Factorize

hxyz)=(x+y+z)° - (—x+y+2)°— (x—y+2)°— (x+y—2)°.

Solution. It is clear that /1 is a symmetric and homogeneous polynomial in
x,Y,z of degree 5. From

h(0,y,z) = h(x,0,z) = h(x,y,0) =0,

it follows that & is divisible by xyz, hence h = xyz - g, where g is a symmetric
and homogeneous polynomial of degree 2. We have

=k <x2+y2+zz> + ko (xy +yz + zx),

for some constants kq and kp. Therefore
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h=xyz [kl (x2 + 2+ zz) + ko (xy +yz +zx)} .
From the relation
h(1,1,1) =3(ky + ko),  h(1,2,—1) = —2(6k; — k2),

it follows the system

k1 + ko, =80
6ki — ko) =6-80.

We get k1 = 80 and kp = 0, hence
h = 80xyz (xz +y7 + zz) .
Example 7.9. Factorize
foyz)=(x+y+2)° =2 =y -2

Solution. The polynomial f is symmetric and homogeneous in x,y,z and
deg(f) =5. We have

fo—x2) = f(x,y,—x) = f(oy,—y) =0,
hence f is divisible by (x + y)(y + z)(z + x). It follows that

f=&+y)y+2z)(z+x)g

where ¢ is a degree 2 polynomial in x,y,z, symmetric and homogeneous,
ie.,

g§=k <x2+y2+zz) + ko (xy +yz + zx),
for some constants k; and kj, hence
f=x+y)(y+z)(z+x) [kl (x2 + 17 —1—22) —|—k2(xy+yz+zx)} :
From the relations f(1,1,1) =24(ky + k2), f(0,1,2) = 6(5k; + 2k,), we get

ki1 +k,=10
5k1 + 2ky =35,

hence k; = ko = 5. We get

f=5(x+y)(y+z)(z+x) <x2+y2+zz+xy+yz—|—zx).
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Example 7.10. Factorize
E(a,b,c) = at (bz — c2> + bt (cz — a2> +ct (a2 — b2> .

Solution. Denote a?> = x, b?> =y, ¢> = z and consider the symmetric and
homogeneous polynomial of degree 3

E(x,y,2) =x*(y —2) + y*(z — x) + 22 (x — ).
It is clear that
Ei(x,x,z) = E1(x,y,x) = E1(x,y,y) =0,

hence E; is divisible by (x — y)(y — z)(z — x). It follows

Ei(x,y,2) = k(x —y)(y — 2)(z = x),

for some constant k. We have Eq(0,1,2) = 2k, that is —2 = 2k, hence k = —1.
We get the factorization

E(a,b,c) = — (az - bz) (bz — c2) (c2 - az) .

We now present a result with deep implications in various areas of math-
ematics.

Theorem 7.1 (Fundamental theorem of symmetric polynomials). For every
symmetric polynomial F(Xq,...,Xy) there exists a polynomial G(X1,...,Xy,) such
that F(Xy,...,Xn) = G(S1,...,5x). Moreover, the polynomial G is unique.

Proof. The proof of this theorem is by double induction. One induction is
on the number of variables n and the second on the degree of the polynomial
F. The result holds trivially when n = 1. Assume the conclusion holds for all
symmetric polynomials in n — 1 variables. Using induction, we are going to
prove that it also holds for any symmetric polynomial F in n variables.

Now we induct on deg F, the degree of the polynomial F. It is not hard to
verify that the conclusion follows if degF € {0,1}. Assume that the conclu-
sion holds for all polynomials in at most n variables whose degree is strictly
less than that of F.

Define the polynomial in n — 1 variables

g(Xlr"-/Xn—l) = F(Xl,. ‘.,Xn_l,Xn).

The polynomial g is symmetric, because F is. Using the hypothesis of the
induction on 1, we deduce that there exists & such that

8(X1, Xy, Xp—1) =h(Xa+ X0+ + Xy1,..., X1 X0 Xpn).
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We now define the polynomial H € R[Xj, ..., X,] by
H(X1,X3,...,Xn) =F(X1,X2,...,Xn) —h(51,52,.--,5,-1),

where S;, i =1,...,n — 1 are the fundamental symmetric polynomials in n
variables. Note that H is symmetric. Moreover, as H(X3,,Xj,...,X;,-1,0) =0
we deduce that X, | H(X1, Xy, ..., X,). By symmetry it follows that we have
X1Xy... Xy | H(X1,Xy,...,Xn). Now, observe that the polynomial

H(Xy,Xo,...,Xy)
XIXZ .. 'Xn

is symmetric and

H(X1,Xa,...,Xy)
F.
de< XX, X, < deg
(X1,X2,., Xn)

Using the hypothesis of the induction on degF, it follows that 1 yep.crD®

can be written as a polynomial expression in the fundamental symmetric
polynomials Sy, S5, ...,S,. Now the conclusion follows easily for F and both
inductions are complete. O

For example, we can write the expressions

S? 2S5 =Xi+ -+ X2
515, =353 =(X+ Y+ Z)(XY+YZ+ZX) —3XYZ
=X?Y + XY?*+Y?Z +YZ* + 7°X + ZX2.

The fundamental theorem of symmetric polynomials plays an important
role in the theory of algebraic equations. Viéta formulas can be obtained as
follows. Let us consider the polynomial in n + 1 variables

F(Y,X1,...,X) =Y+ X7)...(Y + Xp).
It is clear that
FOY,X1,..., X)) =Y "+ Sy ... ¢ S Y™ k4. 45,
In particular, if a polynomial
FX)=X"+a; X" 1+ 4a, 1 X +ag (7.1)
has the roots x1, ..., x,, then it splits (over an algebraic closure) as

X'+ X g, X ag= (X —x1)... (X —xp).
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From the equality of polynomials
FX)=(X—x1) .. (X =) = X" = Sy (x1,..., %) X" 14+
+ (= 1)*S (1, ) XK (1) S (X, 2,
after identification of coefficients one obtains Viéta formulas:

a1 = —Sl(xl,...,xn)

ag = (—1)*S(x1,..., xn)

an = (=1)"Sp(x1,...,%n).

Their meaning is that every symmetric polynomial in the roots x1,...,x, of
the polynomial (7.1) can be expressed in terms of the coefficients ay, ..., a,.

Now we present some applications of this important result.

Example 7.11 (Constructing a polynomial from its roots). The polynomial
P(X) =aX3 +bX? + cX +d (d # 0) has the roots x1,xp,x3. Find a polynomial
whose roots are 1/x1,1/x7,1/ x3.

Solution. We compute Viete sums for the roots 1/x1,1/x2,1/x3 to get

1 1 1
X1 X2 X3
1 1 1
+ =b/d,
X1X2  XpX3  X3X]
1
=—a/d.
X1X2X3

Hence, such a polynomial is X® + £X? + %X + 4. We can multiply it by d
to obtain the polynomial dX3 + c¢X? + bX + a. This is called the reciprocal
polynomial of aX® + bX? + cX + d.

Alternatively, for the example above, one can assume that x is a root of
P(X), that is ax® + bx? + cx +d = 0. Since d # 0, we get x # 0. Then we can
divide by x® and we obtain a + b(1/x) +c(1/x)% 4+ d(1/x)3. This shows that
1/x is a root of dX> + ¢ X2 + bX +a.

Definition 7.1. The polynomial a, X" +a,, 1 X" ' + - 4+ a; X + ag is called
a reciprocal polynomial if its coefficients satisfy the relations:

a, = ag, 4,1 = a1, d,_p = dp, and so on.
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Such a polynomial has the property that if x is a root, then 1/x is also a root.
That is, its roots which are not 1 can be paired in to {x,1/x}. Here is an
application of this property.

Example 7.12 (Roots of a reciprocal polynomial). Find the roots of the poly-
nomial f(X) = 6X* +5X3 — 38X? +5X + 6.

Solution. This is a reciprocal polynomial, so we can denote its roots by
x,1/x,y,1/y. Using Vieta relations we obtain the equalities:

ttyt o=

y y_ 6’

y 1 19

x—|— + +—+2=——.
Ty xy 3

The second equality can be written as

(-3

Denote x +1/x =u and y + 1/y = v. Then, from Vieta relations, we get the

system u+v= g, Uy = 25 . Solving the system one obtains u = 3 and
v = —%. Solving the equat1ons x+1i=3andy+ 1/ y = — ¥ one obtains
the solutlons X1 =2,x =—%and y1 —3, 2 = —3. So, the roots of f(X)

are 2,—3,%,—%.

Example 7.13. Find the roots of the polynomial f(X) = X* + X3+ X?> + X + 1.

Solution. This is a reciprocal polynomial. Let z € C be a root. By the relation
24+ 23422424+ 1=0, and because z # 0, we have

1 1
Z+z4+1+=+5=0.
z ya

By grouping the terms of the sum we obtain

1\2 1
<z+> +(z+>—1:0.
Z Z

Let denote z + 1/z = y. Then y satisfies the equation y? +y — 1 = 0. Solving

the quadratic equation one obtains 1, = %\/5 To find z we have to solve
the quadratic equations:

1
zz++2\@z+1=0,

1—-+v5
Z2+2\/>Z+1:0.
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After solving them one obtains the following four solutions

—1 5+\F —1 +
21 =
Z_f+1+7 —5Z_f+11' —
37 4 2 2 4T 4 2 2

We know that these roots are z;, = cos =~ Zk” +isin 2@”, where k =1,2,3,4.
Identifying the quadrants we obtain, for example:

27 V/5-1 2 545
Cos — = and sin — =

5 4 5 8

7.1.1 Newton’s formulas

Let Pe(x,...,xy) = x’l‘ + x’ﬁ 4+ -+ xk,k=0,1,..., be the sum of power k of
the roots x1,x2,...,x, of polynomial f. It is clear that Py is a homogeneous
symmetric polynomial of degree k in variables x1, x, ..., x,; hence, according
to the fundamental theorem of symmetric polynomials, Py can be expressed
as a polynomial of Sq,5»,...,5,, and finally in terms of the coefficients of
polynomial. The problem to express Py in terms of Sy, S»,...,Sy is a difficult
one. First of all we observe that for any j > 0 we have the recursive relation

an—lp

ap—2 a1 ap
e L .- Ap P

Pyyj= nj—2 PR Es Bt i
n n

Hence, we can write successively P,;1,P,42,... as linear combinations
of Py, Py,...,P,_1, so the problem is reduced to expressing Py, P, ..., P,_1 in
terms of S1,5»,...,5,. We need the following simple but important result.

Theorem 7.2. Let f be a polynomial with roots x1,x3,...,x,. Then, for every value
X # X1,X2,..., Xy, the following relation holds:

fllx)y 1 1

fx)  x—x x—x2+ +x—xn'

Proof. One can write the polynomial function induced by f in the form
f(x) =an(x —x1)(x —x2) - (x — x,,), then the derivative of f is

F(6) = (= x2) -+ (8 = 300) + (= 1) (6 = 23) -+ (x = )
o () (=) (= )

Replacing in % we get the desired formula. O
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Now we can derive an algorithm in order to express Py, Py,...,P,_1 in
terms of S1,5,,...,S;. From formula in Theorem 7.2 we have

f@ )

X=X X—2x X— X

Dividing f by x — x; we get
) _ flx) — f)

X — X X — Xi
e (= S Sy - — (<1718, ),

= ay[x" 4 (g — S1)x" 2 4 (xF — Syxp + Sp) a3

Summing for k =1,2,...,n it follows that
f(x) = an[nx" 1+ (Py — nS1)x" % + (Py — S1Py + nSy)x" 3 + -
+ (Pic1 — S$1Pya + SoPyz — - — (=1)" " 1nS,_4)].

But according to Vieta’s relations we have
f(x)=ay, [x”fl —(n— 1)51x”*2 + (n— 2)52x”*3 _ } )

Identifying coefficients in the above we get P; — nS; = —(n — 1)Sy, then
P, — 5P +nS; = (Tl — 2)52, and P3 — S1P, + S,P; — nS3 = —(1’1 — 3)53,
Successively, these recover Newton’s formulas

P =5
P, — 5P =-25;
P3s — S51P, 4+ S5,P; =353

which provide a way to express Py, Py, ..., P,_1 in terms of 51,5>,...,Sx:

szn
P1:51
P, =52 25,

P3 =S5 — 3515, + 353

Here we extend the newton relations to powers sums P, where k > 0 can be
even larger than the number of variables 7.

In other words, for any n variables Xj,..., X, and any k > 0, Newton
formulas relate the polynomials Sy, ...,5, and Py, P,,..., P, by the relations

Pe—SiPq+S5oPp— -+ (=118 1P + (—1DfkS =0.  (7.2)
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There are many proofs of Newton’s identities. One using calculus and the
logarithmic derivative can be found in [106], while a combinatorial proof is
given in [266]. Here we present a simple, purely algebraic proof.

Let x1,...,x, € C be arbitrary complex numbers. It is enough to show that
the equality (7.2) when we evaluate the polynomials in x4, ..., x,,. We start by
first proving the case k = n and then we will derive the general formulas.

Suppose f € C[X] is a monic polynomial with roots x1, ..., x,. Recall that

=X"+ Z i (e, x) X
Evaluating f at x; for j=1,2,...,n we get

n .
x + Z i(xq,.. ,xn)x;?_’ =0.
i=1

Summing over all j =1,...,n, and using Py = n we obtain that

Po(x1,..,x0) 4+ Y (=1)1Si(x1,. ., X0) Py_i(x1,...,2xn) = 0.

-

Il
—_

As this is true for any x1,...,x, € C, we get that (7.2) holds in the particular
case n = k. Suppose now that k > n and let x1,x2,..., x4, X,41,..., X, € C be
arbitrary. Consider f € C[X] the monic polinomial having roots xi,...,x,
and g € C[X] the monic polynomial with roots x1,xy, ..., Xx. More precisely,

K
§X)=f(X)- JT X—x).

i=n+1

We run now apply the previous argument for symmetric sums in k variables
to the polynomial ¢ and then set x;,; 1 = x40 =+ = x, = 0.
The desired identity (7.2) follows, since for every i € {1,2,...,k} we have

Si(xl,...,xk): Z lesz...x]-i,

<p2<-<ji

any term in which x; appears for j > n becomes 0.
We just need to justify formula (7.2) when k < n. Consider the polynomial

F(Xq,...,Xn) =Pt — S1Pe_q 4+ SoPp_y — - - + (1)1, _1 P + (=1)kkS,.
As F is a homogeneous polynomial of degree k, it can be written as

F(X1,....Xn) = Y, clayaz,...,a0) X' X532 ... X5,

a1,42,..-,An
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where ay,...,a, are non-negative integers such thata; +ax 4+ --- +a, =k.

Each monomial in F does not contain more than k variables. Fix one
monomial ¢(ay,ay, .. .,an)Xf1 X;Z ... Xj". By substituting 0 for n — k variables
in F, we can make sure that the monomial c(a1,ay,...,a,) X]* X52 ... X3" sur-
vives. But the same monomial can be found in the polynomial arising from a
version of Newton’s identities for k variables, therefore it must be 0. We can
repeat the procedure, i.e. substituting 0 for (possibly other) n — k variables
to show that the polynomial F is identically zero. This concludes the proof
of the Newton’s identities.

By fixing the fundamental symmetric polynomials S;, the Newton iden-
tities (7.2) can be regarded as linear equations in the unknowns P; and one
can use linear algebra to express

S 1 0 ...0
25 S, 1 ...0

Pe=1(3% 52 St .- 0 forany k e N*. (7.3)
kSk Sk_1 Sk_o ... 51
Similarly, by fixing the P;, one can find S; in terms of P; as follows

PR 1 0 ..0 0
B P 2 .0
1l B P ..0 0O
. . S , for any k € N™. (7.4)
Pe1PioPrs...Plk—1
P. Py Prn...P, P

The following result gives an explicit formula for the symmetric polyno-
mials Sy in terms of the symmetric power sums P;, j =0,1,2,...

Theorem 7.3. The following formula holds

I I I
Pll P22 e Pkk .
11111! 21212! klklk!

Sp = (_1)k Z (_1)l1+...+lk (7.5)

I 2l +...+kl=k

Proof. Suppose x1,x2,...,x;, are the variables of the polynomials Sy,...,Sy.
Adding an extra variable z, we observe the following identities of formal
power series in z:
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n n X n ] _,22]7”

_ E PSSZS <) PzS 0 0 q PSZS t
= ¢ s=1 = | |e E— | |Z§ (— 5 >
s=1 s=1t=0 ""
NG E;
1 2
=) ]2
! !

k=0 \ h+2l+...=k

k=0 <11+212+...+klk:k

[ ! I
(_1)11+...+lk Pl1 P22 Pkk -k
1h ! 21212! o klklk! )

The conclusion follows by identifying the coefficients of z*. O

Remark. By the theorem above it follows that for every k > n + 1 we have

h I> I
Pl PZ pk

NN

(_1)ll++lk
I +2lp+... 4kl =k

Remark. In the proof above, we note that the Diophantine equation
X1 +2x0+ ...+ kx, =k,

plays a fundamental role. For fixed k > 1, note that the number of non-
negative solutions (x1,x,...,x;) € IN¥ for this equation is exactly p(k), the
number of partitions of k. Note that p(1) =1, p(2) =2, p(3) = 3. For k = 4,
the only solutions are given by (0,0,0,1), (1,0,1,0), (0,2,0,0), (2,1,0,0),
(4,0,0,0), so p(4) = 5. In general, the number of solutions p(k) is encoded
as the coefficient of p(k) in the formal power-series expansion of

fk(z):HZ(l—i—zj—i—zzj%—‘--):H - for all z such that |z| < 1.

k k 1
j=1m=1 j=1 1-2

It is easy to deduce now that for every k > 2,

p) = £00), 76)

where fk(k) denotes the k-th derivative of f.Indeed, one could verify that this
formula gives p(4) =5 and p(5) = 7. However, the formula (7.6) becomes
too complicated to compute the number of partitions p(k) for high values
of k. It is known that the partition function p(k) is notoriously complicated
and no closed form formula for this function is known.
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The sequence p(k) is indexed as A000041 in the OEIS [211], and starts
with the following terms

1,1,2,3,5,7,11,15,22,30,42,56,77,101,135,176,231,297,385,490,627,792, .. ..

An asymptotic formula was first discovered by Hardy and Ramanujan and
later improved by Rademacher. This asserts that

1
k) ~ 7T\/2k/3
p(k) 4k\/§e

The theory of modular forms can be applied to reveal some intriguing arith-
metic properties carried by the partition function p(k). An example of this is
that p(5k+4) =0 (mod 5) for all k € N. There is an extremely rich literature
on the subject of partitions. One of the standard references for connections
of p(k) with number theory is the book by Andrews [12].

, as k — oo. (7.7)

Example 7.14 (Asian-Pacific 2003). If the roots of the polynomial
P(x) = x® — 4x” + 7x° + a5x° + agx* + azx® + aox® + a1x + ag
are all positive real numbers, find all possible values of ay.
Solution. Let the roots be rq,7,,...,rg. By Vieta’s formulas, we have
Si=ri+rn+---+rg=4ande; =7.

The value of S; does not seem particularly helpful in the form in which it is
given, so we recall that Newton’s identities give

agPy +ayP; +2a¢ =0, P>+ (—4) (4) + 2(7) =0,

so P, = 1’% + r% 4+ -4 1’52; = 2. It seems that we have run into another
dead end here, unless we recall the well-known Cauchy-Schwarz Inequality,
which states that, for real numbers x1,x»,...,x, and y1,v2,...,y, we have

(e + 32+ ) < (4 B+ 4 22) (BB ++2),

with equality if and only if x; /y; = x2/y2 = ... = x3/ys. In this case, we put
X1 =x2=...=xg=1and y; =r; to get

(n+ra+-+r) <8(R+rd+ - +13).

Since equality holds, we must have r; =r, = ... =rg =1/2, and thus

1
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Example 7.15. Find all solutions, real or complex, to the system of equations

x+y+z=3
4y +22=3
4y 28 =3
Solution. Assume without loss of generality that x,y,z are the roots of a

cubic polynomial with leading coefficient 1. Since S; = 3, we find 4, = —3.
Hence, we know that the polynomial has the form

f(r) =1 =3 + ayr + ay.
By Newton’s sums, we have

as3Py +a, Py +2a1 =0,

(1)(3) +(=3)(3) +2a1 =0,

a) = 3,

a3P3 + 612P2 + (11P1 + 3(10 =0,

(1)(3) +(=3)(3) + (3)(3) +3a =0,
apg = —1.

Thus f(r) =73 —3r2 +3r — 1= (r — 1)3, so the only solutionisx =y =z = 1.
Example 7.16. Let x1,x2,x3 be the roots ofx3 —x+1=0. Find x%o + x%o + X%O.

Solution. Recall the notation P, = x’lc + xé + x’3‘, k=0,1,.... We have a; =0,
a; = —1, a3 = —1, and from Newton’s formulas we get

It is clear that Py = 3, P; =0, P, = 2. Then, applying successively the above
recursion relation, one obtains

P3=P—Py=-3,
Py=P—P =2

Ps =P — P, = -5,
Pe=Py—P; =35,

Py=Ps—P,=—7,
Pg = Ps — P = 10,
Po—= Py — Py = —12,
Pyy=Ps—P;=17,

which is the quantity we are asked for.
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Example 7.17. Find all the values of a € R such that the zeros x1,x3,x3 of the
polynomial x> — 6x% + ax + a satisfy

(x1 =32+ (22 =3+ (x3—3)° =0.

Solution. We use Newton's formulas for P, = x]f + x’ﬁ + xé, k = 2,3. Since
X1,X2,x3 are zeros of the given polynomial, we have S; =6, S, =a, S3 = —a,
and therefore

Py =51=6,
Py =53 — 28, =36 — 2a,
Py = S3 — 35S, 4 3S3 =216 — 21a.

Using the binomial theorem we then obtain

0=(x1 —3)%+ (x2—3)%+ (x3—3)% =53 — 35, - 3435, -32 —3.3°
=216 —21a — 9(36 — 2a) +27 -6 — 81 = —27 — 3a,

and therefore a = —9.

Example 7.18 (IMO 1985). Let a,b,c,d be real numbers such that
a+b+ct+d=d +V ++d =0.
Show that a(a+b)(a+c)(a+d) =0.

Solution. We use the notation Py(a,b,c,d) = ak + bk + ¢k + dk for the New-
ton sums and Sy = S (a,b,c,d) for the elementary symmetric polynomials in
a,b,c,d, k=1,2,.... We have P; = S; = 0. From Newton’s formulas we get
successively:

P2 = 51P1 - 252, hence Pz = —252,

P3 =51P, — 5,P; + 353, hence P; = 353,

P4 = 51P3 — Szpz + 53P1 - 454, hence P4 = 25% — 4:54,

Ps = S51Py — SoP3 + S3P, — 54P;, hence P5 = —55,S53,

Py = 51P5 — SoPy + S3P3 — 54P,, hence Py = —ZS% 4+ 65,54 + 35%,

P; = S1Ps — SoP5 + S3P, — S4P3, hence P; = S3(753 — 5S4).

Because P; = 0, it follows that S3(753 — 554) = 0.

There are two cases: S3 = 0 or 752 — 5S4 = 0. We have to prove that

a a3+a2(b+c—|—d)+a(bc+cd+db)+bcd} ~0.
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This is equivalent to
a*(a+b+c+d)=—aSs,

and S3 = 0 gives the result.

Assume that 75% —554 =0, that is S% = ;S4. From P, = 25% — 454 >0, we

5
have S% > 25,4, which is in contradiction with S% = 554.

Example 7.19. Let the roots ofx3 +2x2+3x+4=0bea,b,c. Find a®> + b*> + ¢
Solution. Recall that

(a+b+c)>=a®+b*>+c2+2(ab+bc+ca).
Then, we get

>+ b +c*=(a+b+c)?—2(ab+bc+ca).
By Viete’s formulas, a + b 4 ¢ = —2 and ab + bc + ca = 3, so that

@+ b+t = 2.

Remark. According to Newton’s identities we have

Py=aiP, —2a,=0a? —2ay=4—-2-3=—-2.
Example 7.20. Find the sum of the fourth powers of the roots of the equation

7x% —21x% +9x +2=0.

Solution. First we write the equation as

9 2
3 a.2, 7 < _
X 3x +7x—|—7 0.
9 2 7. g
We have a7 = 3, a2:§,a3:—§,a4:0, and by Newton’s identities we get
Py =3,
18 45
P - P _2 = - ==,
» =3P a =9 7 >
45 9 6 102
P3—H1P2—ﬂ2P1+3a3_3-7—5.3_§_7,
102 9 45 6 1695
P4—a1P3—a2P2—|—a3P1—4a4_3.77 _5. - _§_ 0
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Example 7.21 (AIME 2003). The roots of x* — x> — x> — 1 =0are a,b,c, and d.
Find p(a) + p(b) + p(c) + p(d), where
p(x) =x0 —x° —x% —x2 —x.

Solution. We have
p(u):a6—a5—a3—az—a:a6—a5—a4—a2+a4—a3—a
=@t - - -+ (@ - - 1)+’ —at+1=a*—a+1,
and similarly
p(b)=b*—b+1, pc)=c—c+1, pd)=d*—d+1.
It follows that

p(a) +p(b) +plc) +p(d) =) a> =) a+4
From Newton’s identities we get
Py=a1Py —2ay=a —2a,=1+2=3,
hence
p(a)+p(b) +plc)+pd)=3—-1+4=6.
Example 7.22. Let x1,x2,...,X, and y1,Y2,..., Y, complex numbers such that
Kk = Ak, k=120

Show that x1,x7,..., Xy and y1,Y2,...,Yu are the same, up to ordering.

Solution. Denote a; = Si(x1,...,x,) and by = Sk(y1,...,yn). Using Newton
formulas for the two series of numbers, we see that g, = by forallk=1,...,n.
Hence, the numbers x1,x3,...,x, and y1,Y2,...,y, are the roots of the same
algebraic equation of degree .

Example 7.23. Let x1,x3,...,X, be complex numbers. Show that if the Newton
sums Py(xq,...,xn) = Po(x1,...,xp) = -+ = Py1(xq,...,x,) then x; € {0,1}
for all i. Prove that if x1,x3,...,x, are real numbers then the above hypothesis can
be replaced by P, = P3 = Py.

Solution. First, we remark that S;(Xy, ..., X;,0,...,0) = S;(Xy, ..., X), for all
1 <i<mnand all 1 <k <n. Therefore, the hypothesis do not change if we
assume that all numbers are non zero. Denote by S; = S;j(x1,...,x5). By the
Newton formulas we have the equality:

Pyi1— 1Py + SoPy_q + -+ 4 (=1)"S,P, = 0.
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Using the equality P; = P, = --- = P, 1 we obtain the identity

1-81+S —--+(-1)nS, =0,
which gives

(1—x1)(1—=x2)---(1—x,)=0.

Assume that x;, = 1. The hypothesis reproduces for the numbers x1,...,x,_1
and then, use induction.

In the case of real numbers, P, = P; = P, implies that P, —2P; + P, =0,
which can be written

¥ (1-x)*=0.

M-

Il
—_

The conclusion is now obvious.

Example 7.24. Let a, b, ¢ and d be real numbers such that a +b+c+d =0 and
a’ + b + ¢’ +d” = 0. Show that (a+b)(a+c)(a+d) = 0.

Solution. Apply Newton formulas to compute P; to P;. One obtains the
equalities P, = —2S;, P3 =53, Py = ZS% — 484, Ps = —55,53 and, finally, from
P; =0 one has 755(S4 — S3) = 0.
IfS4 — S% =0, one obtains Py = —ZS%, which meansthata=b=c=d =0.
In the case S3 = 0 one can see, using P; = 0, that this is equivalent to

(a+b)(a+c)(a+d)=0.
Example 7.25. Let p be a prime number. Find 18 +-2F ... 4+ (p — 1)F (mod p).

Solution. The classes 1,2,...,p — 1 are the roots of the polynomial X” -1,
Using Viete formulas and then Newton formulas we get Py =--- =P, » =0
and Py = —1.

7.2 Number theoretic applications of symmetric polynomials

Given a polynomial f € C[X], can one decide if it has a double zero only by
performing additions, multiplications and divisions on its coefficients? The
answer to this question is yes. Let x,...,x, be the roots of f counted with
multiplicity. Then, f has a double root if and only if F(xy,...,x,) = 0, where

F(xl,...,xn): H (xi—xj)z.

1<i<j<n
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Clearly, F is a symmetric polynomial in xi,...,x,, hence by the funda-
mental theorem of symmetric polynomials, F can be written as a polynomial
expression in the symmetric sums Sy (x1,...,Xn), ..., Su(x1,..., Xn).

Using Vieta’s relations, the symmetric sums are equal to the coefficients of
f, up to sign. Therefore, deciding whether F(xy,...,x,) = 0 amounts to per-
forming operations such as additions, multiplications and divisions on the
coefficients of f. Notice that the only divisions one might have to perform
are divisions by the dominant coefficient of f.

Let us bring our attention to one of the challenge problems from the pre-
vious set, which we now give as a Lemma.

Lemma 7.1. Let f € Q[Xq, ..., Xy be a symmetric polynomial and ¢(X) € Q[X]
be a polynomial of degree n having z1,...,z, € C as roots. Then f(z1,...,2,) € Q.
Moreover, if g is monic, then the conclusion still holds if we replace Q with Z in
every instance of this lemma.

Proof. Using the fundamental theorem of symmetric polynomials one can
write f(z1,...,zn) as a polynomial h(S1(z1,...,2n),...,Sn(21,.--,2n)). Now
Si(z1,...,zn) are rational numbers, as the coefficients of g are rational. The
case when g is monic with integer coefficients follows by the same proof. [

Let us now have a look at the following corollary.

Corollary 7.1. Let f € Z[X] be a monic polynomial of degree n with complex roots
z1,...,zn € C. Then for any prime p, (z1 +zo + -+ +2z,)P — (2} + -+ +2}) € Z.
Moreover, one has

pl(z1+za+-+zn) — (zf%—---%—zﬁ).
Proof. The previous lemma implies immediately that
4+ +zZi€Zand (z1+ 2+ +z4)P €Z.

Consider now

X A X (G X))

X1,...,X
q(Xy n) p

Q[Xy,..., Xn].

Using the multinomial formula it is easy to see that in fact all coefficients of
q are integers. Hence q(z1,...,z,) € Z, by the previous Lemma. O

7.2.1 Algebraic numbers and algebraic integers

Definition 7.2. A number z € C is algebraic if there is a non-zero f € Q[X]
with f(z) = 0. For an algebraic number z, its minimal polynomial m, € Q[X]
is the monic polynomial of smallest degree which has z as a root.
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One many notice that the minimal polynomial 1, of an algebraic number
z is unique and irreducible in Q[X]. Moreover, if f € Q[X] is such that f(z) =
0, then m; | f in Q[X]. The roots of m; are called the “conjugates” of z.

Definition 7.3. A number z € C is an algebraic integer if there exists a monic
f € Z[X] such that f(z) = 0. Algebraic integers are exactly the algebraic
numbers for which m, € Z[X].

The set of algebraic numbers is denoted by Q and the set of algebraic
integers by Z. We next show that the sum and product of two algebraic
numbers (or algebraic integers) is an algebraic number (or algebraic integer).

Theorem 7.4. The sets Z and Q are subrings of C.

Proof. Let a, € Q and denote by a1 =a,a2,...,a, and by B1 = B,B2,...,Bm
are the conjugates of « and f, respectively. Recall that the a;’s and B;’s are
the roots of some irreducible polynomials with coefficients in Q. Consider

HH — Bj) € C[X].

i=1j=1

We first claim that f has rational coefficients. As a 4 f8 is a root of f, so
this would prove that a + 8 € Q.

To prove the claim, let us focus on a coefficient of f. This is a polynomial
expression in «;, 8 j- It is invariant under permutations of a1, ...,a, and also
under permutations of B1,..., B Let us see this coefficient ¢ as a polynomial
with coefficients in the ring Q[B1, ..., Bn| which is symmetricin aq, ..., ay.

By the fundamental theorem of symmetric polynomials we have

c(ay, .., 0n,B1,---,Bm) = B(S1(aq,...,an),...,Sn(a1,...,an)),

where B € (Q[B1,...,Bm]) [X1,...,Xn]. Each of the n entries of this polyno-
mial is a rational number, so

C(ocl,...,ocn,ﬁl,...,ﬁm) S Q[,Bl,,ﬁm]

But c is symmetric in By, ..., Bm, hence

0(061,...,06n,‘31,...,‘3m) = B/(S1(‘B1,...,ﬁm),...,Sm(‘BL...,‘Bm)),

where B’ € Q[X3, ..., Xy]. Again, each entry in the evaluation of the polyno-
mial B’ is a rational number, hence c is rational, proving that « 4+ g € Q.
To show that a8 € Q one can apply the same strategy for the polynomial

HH — aip;)-

i=1j=

The proof for algebraic integers is obtained by replacing Q with Z. O
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Note that Q is in fact a field. Indeed, let z € Q \ {0}. Then, its minimal
polynomial m(X) = X" +a,_1X" "1 + ... 4+ a; X + ag has ay # 0, hence

2" a, 12" V4 bz a9 =0,

1 1\"
1+an7] (Z) + -+ (Z) =0,

hence z7" is an algebraic number.

The example we are about to discuss generated a whole mathematical
theory and was probably the source of an important area of research in tran-
scendental number theory. Let us start by introducing a definition.

from where

1

Definition 7.4. For a polynomial f(X) = a,(X — x1)...(X — x,) € C[X], we
define its Mahler measure to be

M(f) = lan|max (1, x]) - - - max (L, [x])-

It is easy to see that M(f - g) = M(f) - M(g), for all f,¢ € C[X]. Using
complex analysis one can prove that

M(f) = elomlF @™
We now present the following beautiful result of Kronecker.

Theorem 7.5. Let f € Z[X] be a monic polynomial with f(0) # 0 and M(f) = 1.
Then, for all z € C such that f(z) = 0, there exists n € IN such that z" = 1.

Proof. Let xq,...,x, € Q C C be the roots of f, counted with multiplicity.
Consider the polynomials

filX) = (X =)o (X =),

The coefficients of these polynomials are symmetric polynomial expres-
sions in x1,..., X, hence f; € Z[X]. Moreover, note that the coefficients of f
are bounded above by (Lg ] ). This implies that there are only finitely many

polynomials fi, so there are i,j € N, with i > j such that f; = f;.
The latter equality in Z[X] gives

(X—xi)---(X—x;) — (X—xfl')---(X—x{;).

We deduce that there exists a permutation o € S, such that
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Let us now focus on the first zero x1. Remark that

2

o = (xf) = (xf%l))i = ("fr(n)j = Xoo1))

Inductively, we get x| = x{f '(1) for any r € IN, where ¢” is the permutation
obtained by composing o with itself r times.
As the order of the group S, is n!, we have that

int B ]‘"!
Xy =X,
n!_ n! . ) )
SO le 7" =1 and this shows that x; is an i"! — j™ root of unity. O

We end this section with a question: are there algebraic integers lying on
the unit circle which are not roots of unity?

Example 7.26. Consider the sequence (x,),>o defined by xg =4, x; = x =0,
x3 =3 and Xy 14 = X1 + Xu. Prove that for any prime p, x, is a multiple of p.

Solution. The characteristic polynomial of the recursive relation is given by
f(X) = X* — X — 1. It is easy to see that f cannot have a double zero (by
looking at the derivative f’, for instance).

Using the theory of linear recursive sequences, it follows that the gen-
eral term of the sequence is of the form Ar} + Brj + Cr% + Dr) for some
constants A, B, C, D. Here r; are the distinct zeros of the characteristic poly-
nomial. Because this polynomial has no rational zero, it is natural to sup-
pose that Ar} + Bry + Cr; + Dr} is symmetric in rq, 12, r3 and r4. Thus,
A = B = C = D. This result can also be proved rigorously using Galois the-
ory, but such a proof goes beyond the scope of this book.

We will prove that x,, = r} +rj +r5 +r) using induction on n. For n <4,
the assertion follows from Viete’s formulae. To prove that it holds for any
n, just notice that r/'** = ™1 4 . The induction can be completed easily.
We are left to prove that p divides rf + rg + rg + rZ for any prime number p.
This follows from Corollary 7.1.

Example 7.27. Let ay,ay,...,ax be positive real numbers such that

YA+ Wit
is a rational number for all n > 2. Prove that a1 = ap = --- = a; = 1.

Solution. First, we will prove that ay,ay,...,a; are algebraic numbers and
that aya; - - -a; = 1. Take an integer N > k and set

x1= Nay, xo=%a, ..., xx= Va.

Then clearly x]i + x]é 4+ 4 x{; is rational for all 1 <j < N.
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Using Newton’s formulae, we can easily deduce that all the symmetric
fundamental sums of x1,x»,...,x; are rational numbers. Hence x1,x»,..., Xk
are algebraic numbers and so are a4, ay, ..., ax. As we previously mentioned,
from the Newton’s formula we deduced that

X1+ Xp- X = Yaqay...ax

is rational, which happens for any N > k. This only happens if aja; - - -a;, = 1.

Now let f(x) = b, X" + b, 1X"~! + -+ + by be a polynomial with integer
coefficients which vanishes at ajy,...,a;. Clearly b,ay, ..., bya are algebraic
integers, but then

by (Y7 + @2+ a0 = {0 (b + oz + -+ Yoray)

is also an algebraic integer. Because it is also a rational number, we deduce
that it is a rational integer. Consequently,

(Y )uz1 = (by (Yo + /a2 + -+ /ar)) ;>4

is a sequence of positive integers. Because it converges to kb,, it eventually
becomes equal to kb, (from a rank). Thus, there is a n such that

Y+ Y4+ Ya =k

As ayap - - -a; = 1, the AM-GM inequality implies thata; =ay, = --- =a; = 1.



Chapter 8
Cyclotomic Polynomials

Cyclotomic polynomials play a fundamental role in various areas of math-
ematics, bridging classical and modern theory. Their study dates back to
Gauss, whose work laid the foundation for understanding these polynomi-
als” deep connections to algebra and number theory. In algebra, for instance,
cyclotomic polynomials appear in Witt’s proof of Wedderburn’s little theo-
rem asserting that every finite division ring is a field. More recently, in num-
ber theory, they provide a foundation for the “cyclotomic criterion” used in
the study of primitive divisors of Lucas and Lehmer sequences [71].

In addition to their purely theoretical significance, cyclotomic polyno-
mials have also found applications in public-key cryptographic protocols.
For instance, Lenstra showed that cyclotomic polynomials can be used to
construct efficient discrete logarithm cryptosystems over finite fields [182].
Lately these polynomials have become foundational in lattice-based cryp-
tography, where cyclotomic fields and polynomials play a central role in
constructing lattices in which hard problems are believed to be resistant to
quantum attacks. Specifically, Lyubashevsky, Peikert, and Regev’s [184] and
Langlois and Stehlé [169] work on ideal lattices and learning with errors
over rings demonstrated the use of cyclotomic fields in developing crypto-
graphic systems that leverage the hardness of certain lattice problems.

For a start, we mention that cyclotomic polynomials play a key role in the
proof of the following classical results in number theory:

1) (Gauss-Wanzel) It is possible to construct the regular n-gon with a straight-
edge and compass if and only if 7 has the form 2Kp;p, - - - p,, where k > 0
and the p;’s are distinct Fermat primes.

2) (Dirichlet) Let n be a positive integer. Then there exist infinitely many
prime numbers p with p=1 (mod n).

The chapter also explores the n-th inverse cyclotomic polynomial, which
is defined as the quotient of x” — 1 by the n-th cyclotomic polynomial. The
investigation of these polynomials originates in the work of Moree [204]
with particular focus on their coefficients.

217
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Some key references devoted to cyclotomic polynomials and their coeffi-
cients are [59], [60], [107], [185], [186], [187] or [255]. Other important results
concerning the coefficients of cyclotomic polynomials and their properties
have also featured in the works [62], [63], [64], [87], [103] and [166]. This
chapter is based mostly on the results in [20], [23], [24], [29], [30], [207] and
the references therein.

Before providing specific details about cyclotomic polynomials, we first
present some important examples of arithmetic functions used in this chap-
ter. This digression will conclude with a description of the Mobius y func-
tion and the associated inversion formula.

8.1 Arithmetic functions

In this section present some important arithmetic functions, inspired by the
excellent book of [120]. Most of the times, by arithmetic functions people
mean functions defined on IN, but it is not uncommon to refer to functions
defined on Z or on Q as arithmetic. The constant and the identity functions
defined on IN are trivial examples of arithmetic functions.

Some classical examples of arithmetic functions appearing frequently in
number theory are as follows.

Example 8.1. The number of divisors function T : IN* — IN*, where

T(n) =#{d € N* : d is a divisor of n}.

Example 8.2. The last digit function u : IN* — IN, with u(n) = the last digit of n.

Two important classes of arithmetic functions behave naturally with re-
spect to the two fundamental operations on whole numbers.

An arithmetic function is called additive if f(mn) = f(m) + f(n), for all
m,n such that ged(m,n) = 1.

Example 8.3. Let p be a prime. Then for every n € IN* we denote by v,(n) the

natural number such that p°» ") | n, but p?» (1§ n. It is clear to see that for any
positive integers m,n we have vy, (mn) = v,(m) 4 vy(n), hence vy is an additive
function. In the literature, vy, appears under the name p-adic valuation.

Another important subcategory of arithmetic functions are the so-called
multiplicative functions. An arithmetic function f is called multiplicative if

f(mn) = f(m)f(n) for all m,n € N such that ged (m,n) = 1. (8.1)

If f satisfies (8.1) for any integers m,n > 0, then it is totally multiplicative.
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Example 8.4. If n = pil e pZ" is a positive integer written in its prime-power
factorization, then it is not hard to count that the number of divisors T(n) =
(eg+1) - --- - (ex +1). Using this representation, one can see immediately that
T is multiplicative. However, T(9) = 3, whereas T(3) - 7(3) = 4. This shows that T
is not totally multiplicative.

The constant and the identity functions are totally multiplicative.
Example 8.5. The function f : IN* — IN*, where f(n) = 2n is not multiplicative.

Multiplicative functions play a key role in number theory, since in order
to compute the values of the function at any positive integer #, it is enough
to know the values of the function on the prime powers that divide n. To be
precise, let n = p{' - - - pi* be the factorization prime-power factorization of n.
If f is a multiplicative function, then using (8.1) inductively, we get

f(n) = f(p) - F(p).

Suppose f is a multiplicative function and suppose that f(n) # 0 for
some positive integer 7. Then, using (8.1) we get that f(1n) = f(n)f(1), hence
f(1) = 1. This shows that for any multiplicative function f, either f(1) =1
or f(n) =0 for all positive integers n.

Moreover, it is worth noting that the set of multiplicative functions forms
a monoid with respect to the (pointwise) multiplication of functions. This is
because the constant function 1 is (totally) multiplicative and, it is easy to
show that if f and g are multiplicative functions, then so is their pointwise
product, i.e. the function n — f(n)g(n) for all n.

For any positive integer n, let us denote by ¢(n) the cardinality of the set
{meNN:1<m<nand ged(m,n)=1}.

Denoted ¢, this satisfies ¢(1) =1 and is in fact a famous arithmetic function,
called Euler’s Totient Function, which plays a central role in number theory.

Suppose m, n are coprime positive integers. Then, by the Chinese Remain-
der Theorem, there is an isomorphism of rings

Z/mnZ = (Z/mZ) x (Z/mnZ),
which gives rise to an isomorphism between their unit groups
(Z/mnZ)" = (Z/mZ)* x (Z/nZ)".

As the units in every ring Z /nZ correspond bijectively with the positive
integers less than or equal to n which are coprime to n, the group isomor-
phism above implies ¢(mn) = ¢(m)¢p(n) for every coprime positive integers
m,n. This shows that the Euler Totient function ¢ is multiplicative. However,
it is easy to check that ¢ is not totally multiplicative.
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This fact, together with a remark above, implies that in order to evaluate
¢(n) it is enough to evaluate ¢(p°) for all distinct prime-powers p® appear-
ing in the factorization of n. Now, if p is prime, then ged(m, p¢) = 1 if and
only if ged(m, p) = 1. In that case, we see that

e(p°)=#{m:1<m<p°}—#{m:1<m<p°and p|m}
— pe _ pefl
where for a set A we denoted by #A its cardinal.
We therefore have the following representations for ¢(n)
k k k

, ., , 1 1
(P(W)ZH(P? - 1) =ITIr" (1—,) =n]] <1—,>/ (8.2)

i=1 i=1 Pi i=1 Pi

€1

where n = p{' - -+ i is the factorization prime-power factorization of 7.

We remark that this property was proved in section 4.9, using the inclusion-
exclusion principle. To emphasize the utility of this representation, we prove
the following inequality involving Euler’s totient function.

Example 8.6. For every composite number n € IN*, show that

¢(n) <n—+/n.

Solution. Denote by p1,p2,..., px the set of all prime distinct divisors of n.
Since 1 is composite, there exists a j € {1,2,...,k} such that p; < /n.
Applying the previous formula, we deduce that

fp(n)zn(l—;)--(l—;)§n<1—;j> Sn(l—\}ﬁ>:n—\/ﬁ,

which is what we had to show.

Theorem 8.1. For any given multiplicative function f, the function

F(n) =}_f(d)

dln
is multiplicative.
Before showing the proof of the theorem, let us give a few applications.
Corollary 8.1. The number of divisor function can be written as T(n) = % 1, for
n

all n € IN*. As the constant function 1 is clearly (totally) multiplicative, it follows
from the theorem above that T is multiplicative.
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In the following corollary it is perhaps more difficult to give a direct proof
of the multiplicative property of the function.

Corollary 8.2. Let 0 : IN* — IN* be the sum of divisors function. Ideed, for any n

we have that o(n) = Y_ d. As the identity function is multiplicative, the previous
d|n
theorem implies that o is also multiplicative.

The next problem involves the sum of divisors function.

Example 8.7 (St. Petersburg Olympiad). Find all the solutions n,m,k € N* of
o(n)k=n".

Solution. Note that if n = 1, then every m, k € IN* satisfy the equality.
Suppose that the triple (1,m,k) € N* is a solution such that n > 1, while

n = piipy?---pi' is the factorisation of n into distinct prime powers. As

o(n) > n+1, we deduce that k < m. Therefore, o(n) = nt. It follows that
o(n)= pf1 pgz ptﬁt, where ; > a; + 1, foralli € {1,2,...,t}. First, note that

w1+1 0(2+1 Dét+1
o(n) 2 py'"ps Pt

Secondly, note that for every i € {1,2,...,t}, we have that p;’ 241>

Zp’f , which 1mphes that p; %i+2 —pi it p?‘ 1 _ 1. From here we deduce

that for all such i, l
o +1 1

l'X,‘+1 > pz

o

One can therefore derive the chain of inequalities

o(n) > pP st it s e (P o (p52) - o (p) = o (n),

a contradiction. To justify the last equality, we use the fact that ¢ is a mul-
tiplicative function. Hence, the given Diophantine equation has solutions
only when n =1, when any m,k € IN* satisfy the equation.

We now present an inequality that involves both functions T and o, the
number and sum of divisors functions.

Example 8.8. For every integer n > 2, show that the following inequality holds

o(n)
) 2V

Solution. Let dq,d>, . .. ,dT(n) be the positive divisors of n. These can be writ-

ten (by changing their order) as ;—1, ;—2, o7 ’z -
T(n
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Therefore, the square of the sums of divisors of n can be written as

2y = (P!
a(n)—<d1+d2+ +dT(n)>(d1+d2+ +df(n)>,

hence

YR I S R
U(n)—n<dl+d2+ +dT(n)>(d1+d2+ () -

Applying the Cauchy-Buniakowski-Schwarz inequality for the last two
terms in the product on the right, we get that 0?(n) > nt?(n), which is equiv-
alent to the inequality in the statement.

Example 8.9. The Euler Totient function ¢, the number of divisors T and the sum
od divisors o, satisfy the following inequality

¢(n) +o(n) <nt(n),
for any positive integer n > 2. The equality holds if and only if n is a prime number.

Solution. First note that the inequality holds (trivially) with equality if n = p
is a prime number. Moreover, one can immediately check that the inequality
holds strictly if n = p¥, k > 2 is a prime power. To prove the inequality for
general 1, we are going to use strong induction.

Note that the inequality is true for n = 2 and assume that the inequality
holds for every n such that 2 < n < k. We are going to prove that the in-
equality holds for k. If k is a prime power, we are done by the remark in
the first paragraph. Otherwise, we can write k = ab, where 1 < a,b < k and
gcd(a,b) = 1. As the functions ¢,0 and 7 are multiplicative, we have

(k) + (k) = ¢(ab) +o(ab) = ¢(a)p(b) +o(a)o (D).
the right-hand side is strictly less than (¢(a) + o (a))(¢@(b) + o(b)).
Now, using the inductive hypothesis we get that
(9(a) +c(a))(¢(b) +0(b)) < at(a)br(b) = abr(ab) = kz(k),
which completes the induction. Looking carefully at the inequalities derived
above, one can easily justify the claimed equality case.

We have seen that the Euler totient function is multiplicative. Let us now
prove an identity which, combined with the previous theorem, allows one to
give an indirect proof of the fact that the identity function is multiplicative.
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Example 8.10. For every n € IN*, we have n = Y ¢(d).
d|n

Solution. By partitioning the set {1,2,...,n} into the disjoint sets given by
My ={1<i<n|ged(i,n) =d} for every positive divisor d of n. Note that

n=Yy |Myl.

d|n

Let us now determine the cardinality of the set M. If x € My, then the
integers 7 and 7 are coprime. In fact, this gives rise to a one-to-one corre-
spondence between the sets My and {1 <i <n/d | ged(i,n/d) = 1}. This
shows that |M;| = ¢(n/d), hence

n=Y¢(%) =L@,

d|n d|n

where the last equality follows by changing the order of summation.
We now return to the proof of Theorem 8.1.

Proof (of Theorem 8.1). Let m,n be positive integers with ged(m,n) = 1.
Then, all divisors d of the product mn can be written as d = ab, where a | m
and b | n. Since ged(a,b) | ged(m,n) two such integers a,b are also coprime.
Using the fact that f is multiplicative, we see that for any such d = ab, we
can write f(d) = f(a) f(b) and therefore

F(mn) =) f(d)= }, f(ab)=}) f(a)} f(b)=F(m)F(n).

d|mn a|lm,b|n alm m|b

The conclusion follows. Ol

This raises some natural questions. For every multiplicative function F,
does there exists a multiplicative function f such that F(n) = Y4, f(d) for
all n? And if yes, given F is the function f unique? The Mobius y function,
which we discuss in the next section allows us to answer these questions.

8.2 The Mébius y function

The Mdbius u function can be defined multiplicatively on IN* by just speci-
fying its values on prime powers. If p is a prime number, define u(p) = —1
and 1(p*) = 0 for every k > 2. Now the value y(n) can be computed recur-
sively for any n € IN*.

Since we defined y as a multiplicative function, we have that u(1) = 1.
Moreover, one can easily check that #(2) = —1, u(3) = —1, u(4) =0, then
u(5)=-1,u(6) =pu(10) =1and u(7-11-17) = —1.
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It is easy to deduce that for any n € IN*, we have

Y u(d) = { Litn=1, (8.3)

0, otherwise.
dln

Indeed, the result follows trivially for n = 1. If n = p¥ is prime power then
the sum consists of (1) + u(p) =1+ (—=1) + 0+ --- 4+ 0, where the sum on
the right has k 4 1 terms. In general, denote by

=) u(d)

dln

By Theorem 8.1, it follows that F is a multiplicative function. Since we saw
that F vanishes on prime-powers, it follows that F(n) = 0 for any n > 2.

We give another proof of the formula for the Euler totient function ¢(n).

Example 8.11. Show that for any n € IN*, we have
=y M,
i d

Solution. Since ¢ (1) gives counts the numbers that are less than n and co-
prime to n. So we can write

& [1,if (kn) =1,
¢(n) = k; { 0, otherwise.
Formula (8.3) allows one to write

[ 1,if (k,n)=1,
Z u(d) = {O, otherwise
d|k and d|n

therefore by replacing into the formula above we have

By first changing the order of summation, we obtain

=Y ud) ¥ 1=Yu)s.

d|n 1<k<n,d|k dln
In the formula ¢(n) =nY 4, @ from the example above, if we denote by
r =n/d, we can see the right hand side as a sum over all possible factoriza-
tions of n = dr, where d and r are positive integers.
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In other words,

p(n) = Z u(d)r. (8.4)

dr>1,n=dr

Recall that in Example 8.10 we saw

n=) ed)= ) ¢@d-L (8.5)

d|n dr>1n=dr

Identities (8.4) and (8.5) are particular instances of a more general result.

Theorem 8.2 (Mobius inversion formula). For any two arithmetic functions f
and g we have

=Y f(b) for every integer n > 1

ab=n
if and only if
= Y u(c)g(d) for every integer m > 1.

cd=m

The conclusion of the theorem is frequently written shortly as follows

=) f(d)foreveryn >1« f(m) =Y u(m/d)g(d) for every m > 1.
dln d|m

Proof. If g(n) =Y ,;,—, f(b), for all positive integers n, then

Y ule)g(d)=Y ule) ), f(b)y=Y u(c)f(b)

cd=m cd=m ab=d abc=m

which is further equal to

Y)Y plo)=

blm ac=m/b

as desired. In the last equality we used the fact that the sum on the right is
zero unless 4+ = 1, which was explained in (8.3).

Conversely, if
= ) w(e)g(d)

cd=m
for all positive integers m, then

Y fW) =Y Y uegd) =Y uegd =Y gd- Y. ul)

ab=n ab=ncd=b acd=n d|n ac=n/d

As in the first part, the relation (8.3) allows us to deduce that the second

sum in the last expression vanishes unless 5 = 1. The conclusion follows

immediately. O
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The examples above, together with this theorem serve as motivation for
defining the following concept. Given two multiplicative functions f, g, we
define their convolution f * g as follows

(fxg)(n)= Z f(a)f(b) for every n € IN*.

ab=n

The set of arithmetic multiplicative functions, together with the convolu-
tion operation forms a commutative monoid, where the identity element is
the ¢ function, defined as

1,ifn=1,
o(n) = {O, otherwise.

We will restrict ourselves to proving the fact that the set of multiplicative
functions is closed with respect to the convolution operation, leaving the
proofs of the other axioms of a monoid to the curious reader.

Indeed, suppose f and g are two multiplicative functions. Let m,n be two
coprime integers. Note that by definition

(fxg)(mn) =} f(a)g(b).

ab=mn

It is easy to show that there exists integers 7, s, t,u, such that ged(r,s) =1
and ged(t,u) =1 such thata = rs,b = tu, m = rt and n = su. Using this, note
that f(a) = f(rs) = f(r)f(s) and g(b) = g(tu) = g(t)g(u).

We then have

(f+g)(mn)= 3 flrs)g(tu)= ) f(r)g(t) }, f(s)g(u)

rt=m,su=n rt=m su=n

and the right-hand side is easily seen to be equal to (f x g)(m) - (f * g)(n).
Since m, n are two arbitrarily chosen coprime numbers, this shows that f * g
is a multiplicative function.

This observation about the convolution of two multiplicative functions,
together with Theorems 8.1 and 8.2, allows us to give a positive answer to
the two questions raised at the end of the previous section.

Indeed, if F is a multiplicative arithmetic function, then the function
f(m) =Yg u(m/d)F(d) is multiplicative. This is because f can be seen as
the convolution between the multiplicative functions y and F. Now, Theo-
rem 8.2 guarantees that F(n) = Y4, f(d). The uniqueness of f follows im-
mediately from the direct implication of the aforementioned theorem.
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8.3 Ramanujan sums

For every positive integers n and g, the Ramanujan sum p(#,4) is defined as

png) = Y i, (8.6)
ged(an)=1

where the sum is taken over all a such that 1 <a <n and ged(a,n) = 1.
While a usual notation for the Ramanujan sums is ¢, (g), we avoid this as
a similar notation is used for the coefficients of cyclotomic polynomials. An-
other motivation for our choice is that by fixing one of g or 1, one can think
of Ramanujan sums as arithmetic functions of the remaining free variable.

We start by remarking that, by fixing n € IN*, the arithmetic function
p(n,-) :IN* — C is periodic, as p(n,q + n) = p(n,q), for all g € IN.

In what follows, we see that fixing g and regarding p(-,q) : N* — C as
a function in the variable n will unravel some remarkable properties. For
example, notice that when g = 0, one obtains the Euler Totient function, i.e.
p(n,0) = ¢(n) forall n € N*.

Let us also present the following identity which is useful in the later com-
putations involving Ramanujan sums.
Example 8.12. For g € Z, and every positive integer n, we consider the function

n a »
oq(n) = ):1627'”7. We have the following identity
a=

m={Ganla.

Solution. Indeed, if 7 | g then all terms in the sum are 1 and the conclusion
follows. Otherwise, letn =d - n’, g =d - ', where d = gcd(n,q). We have

o’

n .4 n o7
y e =y
a=1 a=1

As ¢’ and n’ are coprime, exponentiation by 4’ is an automorphism of the
group of n’-th roots of unity. Therefore, the last sum is

n

!/
262711'” :aneZm'n )
a=1

a=1

=
|

By Viéta’s formula applied to the polynomial X" — 1, the sum vanishes.
Suppose g € IN* is fixed. An immediate corollary of the example above is

that 6, : IN* — IN is a multiplicative function. Indeed, suppose m,n € IN* are

coprime. Then, as nm | g if and only if n | ¢ and m | g it follows that
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0 (nm) = 64(n)d4(m). (8.7)
Theorem 8.3 (Kluyver). Let g € IN* be fixed. Then

p(n,g)= Y du (g) forall n € N*. (8.8)

d|ged(n,q)

Proof. In the previous example we saw that for all n € IN*, we have
n .
— Zni% _Jn if n ‘ q
=), _{Oifnj(q'
a=1

This can be written as

:2 Z 62711' 7”1’ Z eZmFZZp(d,q)'

d|n (a,d)=1 d|n (a,d)=1 dln

Applying Mobius inversion formula, we obtain (Theorem 8.2)

n,q) = §5q(d)y (g) = Y du (g) . O (8.9)

d|ged(n,q)

With the convention that y (4) = 0if d { n, we obtain the following imme-
diate consequences of formula (8.8), valid for all n € IN*:

o(n,2) = dp (%) = mln) +2u (n/2);
d|ged(n,2)
o(n,3) dp (%) = nln) +3u (n/3);
d|ged(n,3)
o(n,4) = dp (5) = () + 20 (1n/2) + 43 (n/4);
d|ged(n,4)
p(n,5) = dp (5) = uln) +5p(n/5);
d|ged(n,5)
o(n,6) = dp (5 ) = wln) + 20 (1/2) + 3 (n/3) + 63 (n/6);
d|ged(n,6)
o(n,7) = dp (%) = nln) +7u(n/7);
d|ged(n,7)
p(n,8) = dp (%) = 1(n) + 21 (1/2) + 4yt (n/4) + 8y (n/8)..
d|ged(n,8)

In addition, one can now derive the following corollary.
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Corollary 8.3. For q € IN* fixed, the function p(-,q) : IN* — C is multiplicative.
Proof. Indeed, we derived in 8.9, that for any n € IN*,

p(ng) = 0@ (%)

dln

As the right-hand-side is the convolution product é; * y of two multiplica-
tive functions, it follows from the results in the previous section that p(-,q)
is also a multiplicative function. O

We saw that the values of a multiplicative function are fully determined
by the values these functions take on prime powers. Let us describe these.

Suppose g € IN* is fixed. Then, for every prime number p and for every
positive integer k, Theorem 8.3 yields

; pk proptLifptlg
e )= 3 du| 'z | =4 PP [gbutphig
d|ged(pk,q) 0, otherwise.

In particular, p(-,q) takes integral values on powers of primes. Then, by
Corollary 8.3, p(+,q) are integral valued arithmetic functions, for all 4 € IN*.

Example 8.13. Another interesting situation is when n = pypa--- px is a prod-
uct of distinct k primes. Without loosing generality, suppose that ged(n,q) =
pip2- - Pm, where m < k. The theorem presented above together with the defini-
tion of the Mobius function yield that

m

o(n,9) =Y (=1)*7S;(p1,p2, ..., Pm),

i=1
where S; is the i-th fundamental symmetric polynomial in m variables.
Theorem 8.4 (Von Sterneck). The following formula holds
) H %,- @(n)
p(n,j) = (5t 2) . (5.10)
¢ (sadtn)

Proof. The fact that for fixed j, p(-,j) : N — R is multiplicative can be seen
for instance on page 16 of [233]. In addition, we remark that for fixed j, the

. " " e .
functions n — u (r a0n)) ), n— @ (r d(n,j)) are multiplicative and so is the
Euler totient function ¢. Hence, it follows that the formula (8.10) holds for

every positive integers n and ;. O

The right-hand side of (8.10) often appears under the name of Von Ster-
neck’s function and the first proof of the equality in (8.10) is due to Holder
(see the discussion on page 243 of [127]).
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Let us now see two example problems involving Ramanujan sums.
Example 8.14. For every n € IN*, prove that the following identities hold
T 2kt
Y, cos=——=upu(m)and ) K sin— =0,
ged(k,n)=1 ged(kn)=1 "
where the summation is over all integers 1 < k < n which are coprime to n.

Solution. We have

) cosZk—n +i ) sin—= )} ¢2h = p(n,1)=pu(n),
ged(kn)=1 n ged(kn)=1 n ged(kn)=1
so the identities follow by identifying the real and the imaginary parts.
We now present another interesting identity using Ramanujan sums.
Example 8.15. For every n € IN*, prove that the following identity holds
2k 1 1 n
2 —_— p— — —
Y cos? =5 = So(n) + ou(n) +u(3)-
ged(kn)=1
Solution. For every such n, we have that
p(n2)= Y, i — ) (cosm + isin4k7r> ,
ged(kn)=1 ged(kn)=1 n n
hence, using the fact that p(n,2) is real-valued (actually integer-valued),
4k 4k
Y. cos =1 — p(n,2)and ) sin 1 — (),
ged(k,n)=1 n ged(k,n)=1 "

Therefore, using the double-angle formula for the cosine function,

5 2k 14 cos &L 4k”

Lo fl= ¥ SO = (g +e(n2),
= =1

The conclusion follows from (8.8), using that y(n/2) = 0 if n is odd.
Remark. Clearly, it follows that

Yo v (1ot ) = Do) - julm - n(n/2).

ged(kn)=1 ged(kn)=1
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8.4 Cyclotomic polynomials: definition and basic properties

For an integer n > 1, recall that an nth root ( is called primitive if (" =1, but
{% # 1 forall 1 < d < n. The n-th cyclotomic polynomial ®,, is defined by

@(n) (n)_i
Du(z)=[](z=0) =), c; z/, (8.11)
=0

¢'=1

where ( are the n-th order primitive roots of unity, and ¢ is Euler’s totient
function, which is also the degree of the polynomial. The term cyclotomic
comes from the property of the nth roots of unity to divide the unit circle
into n equal arcs, forming a regular polygon inscribed in the unit circle.

The first few cyclotomic polynomials are

Di(z)=z2—1,Py(z) =241, P3(2) =22 + 241, Py(z) =2% +1,
Os(z) =2+ 22+ 224241, Pg(z) =22 —z+1,

Oy(z) =28 +2°2 42t + 22 + 22 —|—z+1 dg(z) =24 +1,

Dg(z) =20+ 224 1,: Op(z) =2t -2 +22—z+1,

Dp(z) =2 22 +1, Pry(z) =2° —2:5+z4—z3+zz—z—|—1,

D5(z) =28 z7+z5—z4+z3—z+1,¢16(z):28+1,

<I>18(z): -2 —|—1 Dy (z ) B4t 2211,

Dy (z) =22 -2 427 - B 420 A48 2 1 (8.12)

Using the Mobius function y, an alternative version of (8.11) is obtained
by the multiplicative version of the Mobius inversion formula, as

(n/d)
D, (2) :H(zd - 1)” e (8.13)
dln
The following identity for products of cyclotomic polynomials is useful.
Theorem 8.5. For every n € IN*, the following equality holds

2" —1=[]®a(2), (8.14)
dln

where @ is the d-th cyclotomic polynomial.

Proof. The roots of z" — 1 are all n-th roots of unity. However, ( is an n-
th root of unity if and only if { is a primitive root of unity for exactly one
positive divisor d of n. The roots of polynomials & are, by definition, exactly
the primitive d-th roots of unity, so (8.14) holds because the polynomials on
both sides are monic, having simple roots in one-to-one correspondence. []
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As an application, we now present a shorter (but more conceptual) proof
for the formula in Example 8.10.

Example 8.16. For every n € IN*, we have

n=Yy o(d).

dln

Solution Each polynomial ®; has degree ¢(d), so the identity follows by
identifying the degrees on both sides in the formula (8.14).

It is well-known that every cyclotomic polynomial has integer coefficients
and is irreducible over Z ([146, Theorem 1, p.195]).

Lemma 8.1. The following properties are known:
1° @y (z) = ©u(2P) if p is a prime divisor of n.
2° @y (z) = 22D, (%)for n>1
3° For n odd one has ®yy,(z) = ®,(—2z).

Theorem 8.6. Let p be a prime number and m be a positive integer. If p does not
divide m, then @y (z) Py (z) = O (2P).

Proof. Let d be an integer such that d | pm and p does not divide d. Since
p is prime, gcd(p,d) = 1, hence d | m. Since p does not divide m, we have
ged(p,m) = 1.If d is a divisor of m, then ged(m/d,p) = 1. Since function p
is multiplicative, it follows that

p(mp/d) =p(m/d)u(p) =—pu(m/d).

Assume that p | d, in which case d = pn for some integer n, where n | m,
therefore d | pm. In these notations we obtain

p(pm/d)
pn(@u(2) =TT (2 =1) 7 @u(2

d|pm

=TI (Zd _ 1);4(pm/d) I (zd B 1>y(pm/d) O (2)
d|pm, p|d d|pm, pid

=][@E" - 1)V(pm/pn) I1 (Zd B 1)V(Pm/d) o (2)
n|m d|m

= ®,,(2P) H (Zd B 1) —u(m/d) By (2)

dlm
=&y (27) (Cpm(z))_l@m(z) =&y (27).

By formula (8.11) the following interesting relations hold
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(n)—1
dcbn =S () — j) 2o,
j=0 J
d”‘CIDH o n> —j)!cj(")

Definition 8.1. The companion matrix representation of a monic polyno-
mial P(z) = ag + a1z + -+ + a,_12" "1 + 2™, m > 2 is the square matrix

00---0 —ag
10---0 —ay

C(P(2)) = 01---0 —ap
00---1—a,_1
The following tools can be defined for a general polynomial [76].

Definition 8.2. Let m >2 and P(z) =ag + a1z + -+ + a4, 12" ' + a,z" be a
polynomial with ay,...,a,; € R, having the factorization

P(z)=am(z—ay) (2 —am).

1° The length of the polynomial P is
m
L(P) = laol + |ar] + -+~ + [am| = } _ |aj].
=0
2° The height of the polynomial P is

H(P)=
(P)= max |aj|.

3° The Mahler measure of the polynomial P is
m
P) — ’ﬂm‘ . Hmax{l,]rx”} ’ﬂ]’
j=1

The following results are known to connect these notions.

(Lmr?zj) N N
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where ( > is the binomial coefficient.

[m/2]

Sometimes one may use Py = max;—gy,.. |;| and P— =minj_o1, |4

-----

The following results presents some properties of the companion matrix
for polynomials in general, and for cyclotomic polynomials in particular.

Proposition 8.1. If P(z) = ag + a1z + -+ + a,,_12"™ ' + 2", then we have:

1° The characteristic polynomial of C (P(z)) is P(z), hence the eigenvalues of the
matrix C (P(z)) are the roots of P(z).

2° det(C (P(z))) = (—1)"ag, hence det (C (®,,(z))) = (—=1)?") =1, n > 3.
3° Tr(P(z)) = —ay—1, hence Tr (®,(z)) = u(n).

The proof of item 3° follows from Theorem 8.9 or Theorem 8.16.

8.5 The coefficients of cyclotomic polynomials. Suzuki’s
Theorem

Many studies have been devoted to the coefficients of cyclotomic polynomi-
als. As seen in (8.12), the first cyclotomic polynomials only have 0, 1 and —1
as coefficients. In fact, just in 1883 Mignotti found that —2 first appears in
®15 as the coefficient of z7, and moreover ®,, only has the coefficients 0 and
+1, whenever 7 is a product of at most two distinct primes. Next, the coeffi-
cient 2 first appears for n = 165, while all coefficients of P,, do not exceed 2 in
absolute value for n < 385. Later, in 1895 Bang showed that for n = pqr with
p < g <r odd primes, no coefficient of ®, is larger than p — 1. An impor-
tant breakthrough came in 1931, when Schur showed that the coefficients of
cyclotomic polynomials can be arbitrarily large in absolute value.

A history of early results can be found in [179]. Later, Suzuki [246] proved
that any integer number can be a coefficient of a cyclotomic polynomial of
a certain degree. For more details regarding the study of cyclotomic poly-
nomials and their coefficients we refer the reader to papers by Erdos [110],
[111], Ji [150], and to the monograph of Bachman[43]. The explicit computa-
tion of the coefficients of cyclotomic polynomials involves elaborated calcu-
lations [229, p.258-259].

In what follows, we present the aforementioned result of Suzuki [246].

()

Recall that we denote by ¢, the coefficient of z' in the n-th cyclotomic poly-
nomial ®,(z), as in formula (8.11).
(n) _

Theorem 8.7. For any integer s € Z, there exists n,i € N such that c;’ =s.
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The result above can be rephrased as follows: every integer can be found
among the coefficients of some cyclotomic polynomial. Based on [246], in the
proof of this theorem we will make us of the following consequence of the
Prime number theorem. We refer to [209] for the full statement and proof.

Proposition 8.2. Let t > 2 be any integer. Then there exist t distinct primes p; <
p2 < --- < py such that py + p2 > p.

Proof. Indeed, suppose the conclusion of the proposition is false for some
t > 2. Then for any distinct primes p; < pp < --- < p; we should have that
p1 + p2 < pi. In particular, this implies that 2p; < p;. As a consequence, we
obtain that for any integer k > 2 the number of primes between 2¢~! and
2k is strictly less than t. If 7t denotes the prime-counting function, it follows
that for every k > t we have that 77(2X) = kt, which gives a contradiction
to the Prime Number Theorem. The latter asserts that 77(2F) is of the order

k
kl%@' when k — oo.

Let us now return to the proof of the Theorem 8.7. Let t > 2 be any
odd integer. From the proposition above, we know that there are primes
p1 < p2 < --- < pt such that p; + po > pr. We will write shortly p = p; and
n = py1p2---pt for the product of all these primes. We will look at the n-th
cyclotomic polynomial @, (z).

Following an earlier idea of Schur, the Suzuki Theorem considers the cy-
clotomic polinomial ®,(z) modulo z7*!. We have

D, (z) = li(l —zP)/(1—2z) (mod zF*1)

=(14z+-+2P)1—2P — ... —zP1) (modzrﬂrl).

By this formula we deduce that that cg,n) = —t+1and C;@z = —t+2
Because t takes every odd positive values greater or equal than 3, this shows
that all the integers in the set {s € Z : s < —1} can be found among the
coefficients of cyclotomic polynomials.

It is known that for any odd positive integer m, we have the identity
Dy (z) = Oy (—2). As for p; > 3, the product n = p1py--- pn is odd, this
implies that for the above n we have Cl(72n) =t—1and Céz_nz) =t — 2 which
implies that also the integers in the set {s € Z : s > 1} can be found among
coefficients of cyclotomic polynomials.

We noted earlier in this chapter that 0 = c§4), which end the proof. O

Given an integer |k| > 2, an interesting follow-up problem consists of

finding the minimal m for which there exists an n such that c,(ff ) = k. The
problem was first considered in 1991 by Grytezuk and Tropak [121], and
here we describe some of the progress made on this, following [250].
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If m is such a natural number, then for all n, we must have cﬁ”) # k for

all r < m. Taking for instance k = —2, it is known that m = 7 is minimal and
c;105) = —2. Recall in (8.13) we deduced that
p(n/d)
,(z) =TT (1-2")""",
d|n

where 1 is the Mobius function. By setting 1.(1/d) = 0 whenever n/d is not
an integer, we can write

®,(z) =[] (1- zd)” . (8.15)
d=1

(n)

Hence, for a square-free n, the value ¢;,” depends only on the values of j(n),
#(n/d) and on the primes that are less that m + 1 and divide n.

The following interesting result was proved by Endo [107], who used
mathematical induction ande earlier results by Bloom [72] and Erdés [110]).
We here provide a direct proof and some simplifications. Then we will for-
mulate a counterpart for the inverse cyclotomic polynomials.

Theorem 8.8. The following formula holds

el y (1) <M(ﬁ)> (#(7/2)) <M(?{/m)>/

i142ip - mim=m h 12 m
(8.16)

where (iy,...,im) runs over all the non-negative integral solutions of the equation
i1 + 2ip + - - - + miy, = m, for m a positive integer.

Proof. We write the infinite product formula (8.15), as

mio <i1+2i2+§mimm(—l)iﬁ'"“m (%?) (V(?z/z)> - (MZW)) -

and identify the coefficients of z™. U
By formula (8.16) if we fix m, we can obtain the first coefficients as follows:

* For m =1 the equation i1 = 1 has the solutions i1 = 1, so one obtains
c%") = —u(n). (8.17)

e For m = 2 the equation i; + 2ip = 2 has the solutions (i1,i;) = (2,0) and
(i1,i2) = (0,1). Hence, once obtains
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o= ) () (7)

= () (u(m) — 1) ~ e (n/2). (8.18)

e For m = 3 the solutions of the equation iy + 2ip 4 3i3 = 3 are (iy,ip,i3) =
(3,0,0), (i1,i2,i3) = (1,1,0) and (il,iz,i3) = (0,0,l) This gives

= ¥ (_1)i1+i2+i3<u(n)> <ﬂ(11/2)> <#(rf/3)>

i1 +2iy+3i3=3 ! 2 I3

_ _(V%”)) n (#(1”)) (V(nl/Z)) _ (ﬂ(n1/3))

_ ) (p(n) = 1) (u(n) = 2)

3 +u(n)u(n/2) —p(n/3)
n)3 —3u(n)? n
= MU= WO 2 )/ 2) — (/)
= BT (2 — n/3), 8.19)

2 3
e For m =4 the solutions (iy,13,i3,14) of equation iy + 2ip + 3i3 + 4iy = 4 are
(0,0,0,1), (1,0,1,0), (0,2,0,0), (2,1,0,0), and (4,0,0,0). This gives

ey B )
= (") = (5 )morrz o (M) wtns) s
OB (1 72 4 O/~ /2]

+u(n)u(n/3) —u(n/4), (8.20)

where we used that 31(n)? = u(n), leading to <”(”)) S (”(”)>.

where we used that u (1) = u(n).

The results below helps to simplify calculations in Endo’s Theorem 8.16.

Lemma 8.2. Let (K,+,-) be a a field such that charK = 0, and x € K an element
for which x3 = x. If k > 2 is an integer, then the following identity holds

(’;) = (=1 (;) (8.21)

x> x(x—1)(x—k+1)

v = is a formal binomial coefficient.

where < k!
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3

Proof. Since x° — x = 0, the following relations hold

<;{c)+ (k_T_1> :x(x—l)-‘lé!(x—k—i—l)
x(x—=1)---(x—k+1)(x—k)

* k+ 1)
S et

[T (x—j+1) B

= 1 -1 =0.
(x+1)x(x—1) k=) 0
This identity shows that (,},) = —(§), for k > 0, hence
XN (XN (XN k(X
()=-() = () == ()
confirming the desired identity for k > 2. O

As a consequence, since ji(1n1) € {—1,0,1} (n > 1), ensures that (1n)> = u(n),
for an integer k > 2 we have

(V(kn)) _ (_1)k<ﬂ(2”)>_ (8.22)

Therefore, if (iy,...,in) is a solution of the equation i + 2ip + - - - + miy, = m
and for a given j =1,...,m the corresponding index satisfies i; > 2, then the

corresponding binomial coefficient in (8.16) having the form (—1)% (* (71.‘,/ J )),
, j
can be replaced using formula (8.22) by (¥ (Z/ J )). For example, this allows

quicker calculations for an) in (8.19) and cfln) in (8.20). Splitting the indices
of a fixed vector (iy,...,in ) solution to i; + 2ip + - - - 4+ mi,, = m into two sets

J1= {le,...,m\i]'zl}, = {jEl,...,m|i]~22},

the corresponding term in Endo’s formula can be rewritten as

(1) in <V51n>) (MZZ)) <M(le_:m)>

— )BT/ - T (”(Z/j)>. (8.23)

j€N j€J2

We first find upper bounds for selected coefficients.

Example 8.17. Let us confirm that ]cé")] <1
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Solution. Indeed, by the Theorem, and formula (8.18), when u(n) =0 or 1,
Su(n) (u(n) — 1) =0, hence ¢ = —p (1/2). On the other hand, when y(n) =
—1, one obtains 1/2u(n) (y(n) — 1) = 1. Clearly, if the number n/2 is an
integer, then ],t(n/ 2) =1, hence ¢, = 0. On the other hand, when 1/2 is not
an integer, we gave i(n/2) = 0, in which case c; = 1. One can observe that

in all cases |c£n)] <1.

Similar calculations can be used to prove that |C$: )| <lform=3,...,6.
Below we detail the computations for m = 7.

Example 8.18. Let us prove that ]cé")] <2

Solution. We analyse all configurations for which iy + 2ip + - - - 4 7iy =7 and
the formula below :

an) _ Z (_1)i1+-~-+i7 (V(l’l)) (]J(H/Z)) . (}1(1’1/7)) . (8.24)
i1+ 2ig+-+7i7 =7 i ) 17
Using this approach it is proved that

). c(7") = —2for u(n) =1and n divisibleby 2 x 3 x 5 x 7;
1. c(7n) =2 when p(n) = —1, for n odd and divisible by 3 x 5 x 7;
(I1D). \c;n)\ <1 otherwise.

Indeed, the details of these cases are discussed below.
Case (D). For u(n) = 0, one has (”l(f)) for iy > 1, hence

A=Y 1yt (VW >) (w(n/ )),
i+ +7i7=7 2 17
while the equation 2i; + - - - + 7iy = 7 has only the four solutions

where the numbers not explicitly mentioned are zero.
It follows that

o = —%‘u(n/Z) (n(n/2) =) p(n/3)+p(n/2)p(n/5)
+u(n/3)u(n/4) —u(n/7).

Here we have three scenarios.

(I-a). If u(n/2) = 1, then n is a multiple of 4, which implies that we have
u(n/3)=wu(n/5)=wu(n/7) =0, hence c; = 0.

(I-b). If u(n/2) = 0 and p? | n with p # 7 and 72 | n, then

) = (n/3) p(n/4) = (n/7).
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If u(n/2) =0and 72 | n, then

) = —p(n/7).

(I-0). If u(n/2) = —1, then n must be a multiple of 4 and so we have
u(n/3)=wu(n/5)=wu(n/7) =0, hence c; = 0.

Case (II). When y(n) =1, we have (”1(11)) =0fori; >2,andas u(n/4) =1
) = () gp (n/2) (1 (1/2) = 1) ( (n/2) - 2)
— ) e (2/3) (1 (1/3) = 1)+ p (n) e (n/6)
- %ﬂ(n/Z) (w(n/2) =V)p(n/3) +p(n/2)p(n/5) = p(n/7).

(ITa). If n is not even, then y(n/2) = 0, therefore

) = 2 (n/3) (4 (n/3) ~1) ~ u(n/7),

where p(n) =1, while —p(n/7) =10r0,if 7 | n or not. Also, we have

1
—Ey(n/3) (u(n/3)—1)=—-1or0,
if 3 | n or not, hence |c7| < 1.
(II-b). If n is a multiple of 2, then y (n/2) = —1, hence

) = = 1= Zu(0/3) (n (n/3) = 1)

+u(n/6) —u(n/3) —pu(n/5 —pun/7).

(II-b-1). If n is not multiple of 3, then y (1/3) = 0, so we have

) = 1= pu(n/5) = p(n/7).
Since p(n) =1and u(n/5), u(n/7) are —1 or 0, it follows that |c;| < 1.
(II-b-2). If 3 | n then p (n/3) = —1 so that u (n/6) =1, hence
c;") =—1-14+141—un/5 —un/7).

In this case if 5 | n and 7 | n then |cy| = 2. For example, this can be checked
forn =2 x 3 x5 x 7=210, where c; = 2.

We now move to the final case.
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Case (III). When u(n) = —1, (”(.n)) = (—1)" and u(n/4) = 0 since n/4 is not

I
an integer. Hence the following formula is obtained:

") =1 (1/2) = i (1/3) + 30 (0/2) (u(0/2) = 1)+ (0/2)  (1/3)
e n/5) — g (n/2) (e(2/2) = 1) (e(0/2) = 2) + 5 (n/3) (e (0/3) = 1)
—p(n/6) - %V(”/Z) (n(n/2) =) p(n/3) +p(n/2)p(n/5) —p(n/7).
Since (1) = —1, with (n/2) and (n/3) being 1 or 0, the formula becomes

& = (1= pu(n/2)) (1 = u(n/3)) = u(n/5) — u(n/6)
+u(n/2)p(n/5) = u(n/7).

(III-a). If u(n/2) =1 one has

) = —p(n/6) = pu(n/7).
Since pu(n/2) =1, we get u(n) =0or —1. Also u(n/7) =0or1,so |cy| <1.
(III-b). If u(n/2) = 0 then u(n/6) =0 and

) =1—p(n/3) — p(n/5) — u(n/7).

Hence, if u(n/3) = u(n/5) = u(n/7) = 1, in which case c; = —2. One can
check that forn =3 x 5 x 7 =105 one has ¢; = —2.

In the same paper it is mentioned that ]cé”)] <2and \cgn)| <2.

In the aforementioned article [121], Grytezuk and Tropak derived the fol-

lowing recurrence relation for these coefficients. First, observe that cén) =1

Then, for m > 2 we have

m=1
o = —VS;) Y u(ged(n,m —1))¢(ged(n,m — Z))cl(n), (8.25)
1=0

where ¢ denotes the Euler’s totient function.

We note the following interesting connection between the coefficients of

cyclotomic polynomials and Ramanujan sums.
Let c!") be the coefficient of 2/ in the n-th cyclotomic polynomial. We first
recall that the cyclotomic polynomials are reciprocal. Moreover, for every
(m) _ .(n)

1<j<¢(n)—1, using Viéta’s formula one can write ¢ = Cotn)
uation of the symmetric polynomial S; in the primitive n-th roots of unity.

_ the eval-
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On the other hand, the Ramanujan sums p(#,k) are just the evaluation of the
symmetric polynomial P in the primitive n-th roots of unity.

Newton’s identities discussed previously, assert that the polynomials
54,...,S o(q) and Py, P,,...,P (n) are related by the following relations

P,
Pe = S1P1+ 2Py — -+ + (=1) 'S4 Py + (—=1)'kS, = 0,
which hold for every k € {2,...,¢(n)}.

This leads to an interesting recursive formula.

Theorem 8.9. The following identities hold for every k in the aforementioned set:

n 1 n n
o =~ [k +ptnk =1 4+ )] 826)

We apply the above recurrence relation to compute the first four coeffi-

(n)

cients ¢, 7, for every n € IN* as follows:

e For k =1 one obtains

e For k =2 we have

e For k = 3, using the identity u(n) = u(n) one obtains

n 1 n n
ol = =3 [o(n3) +p(n2)el” + p(n, 1)l |
~ p(n) +3u(n/3) n p(n) +2u(n/2)y o)

= 3 3 (n)
p(n)2—u(m) pun/2)
- ) (M) 2
u(n)? —u(n)

== tum)p(n/2) — u(n/3).

2

e For k = 4 since u(n)® = p(n) and u(n)* = u(n)? we confirm that



8.5 The coefficients of cyclotomic polynomials. Suzuki’s Theorem 243

oo 1 : "
e’ =7 [p(n4) +p(n,3)e"” +p(n,2)ef" + p(n,1)c5" |

_ () +2p(n/2) +4p(n/4) V(”)+3ﬂ(”/3)y(n)
4 4
n n 1’12— n
B 202) (W) )
p(n)* —pu(n) | p(m)un/2)  u(n/3)
- (M) D) KDY )
u(n/2)* — u(n/2)
2

- ”(”)22‘ K (4~ u(n/2)) +

+u(m)p(n/3) = p(n/4).

The relation (8.26) suggests that every coefficient c}((n) of the n-th cyclo-
tomic polynomial is a polynomial with rational coefficients in the variables
p(n,k),k=1,2,...,¢(n) — 1 given by Ramanujan sums. The explicit form of
this polynomial is given in the following result, linked to Theorem 7.3.

Theorem 8.10. We have

1h ! 21212! klklk! '

I I Iy
C]((n) _ Z (_1)ll+lz+-~~+lk p(ﬂ,l) ! . p(Tl,Z) p(i’l,k) (8.27)
142l 44kl =k

As direct corollaries of the above, we can recover the formulas for the first
four cyclotomic coefficients as follows:

¢ For k =1, the equation /; = 1 has the (only) solution /; = 1, hence

" = —p(n,1) = —u(n).

e For k = 2, the equation I + 2], = 2 has the solutions (I1,1;) = (2,0) and
(I1,1) = (0,1). We therefore get

&2 = 31,12 = 2p(n,2) = pP(n) — 2 (u(n) +2u(n/2))

112— n
_ un) . KD ).

Recall that y(n)3 = u(n) for every n € N* and using this identity one can
simplify the expressions involving powers of the Mobius function.

e For k = 3 the solutions (I1,l,13) of the equation I; + 2l + 3l3 = 3 are
(3,0,0), (1,1,0) and (0,0,1), therefore
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n ]‘ 1 1
Cé ) = —gp?)(l’l,l) + EP(”:”P(”IZ) - gp(n,?))

= —%pﬁ(n) + %y(n) (y(n) +2u (g)) - % (u(n) +3u(n/3))

n 2_ n
= MO0 oy (n2) — i (n/3).

e For k =4, the solutions (I1,15,13,14) of the equation I + 21, + 3I3 + 41, =4
are (4,0,0,0), (2,1,0,0), (0,2,0,0), (1,0,1,0), (0,0,0,1), hence

(n) _ M — 1 2 1 2 1 _ 1
= g~ gpn e 2) 4 gpt(n2) + 3p(n 1)p(n3) = go(n4)

— 50 = J020n) u(m) + 20 (0/2)) + g (u(n) + 20 (n/2))?

+ %y(n) (u(n) +3u(n/3)) — 31 (y(n) +2p(n/2) +4p (Z))

u(n/2)* — u(n/2)
2

— V(n)zz_ ‘u(Tl) (1 _ y(n/2)) +

+pu(m)p(n/3) — p(n/4).
Using the identity > = p in Theorem 8.8, we obtain a useful result.

Corollary 8.4. For every n € IN* and every k € {1,2,...,¢(n)}, the cyclotomic
(n)

coefficient ¢, is a polynomial with rational coefficients in p(n/d), where d is a
divisor of n. Moreover, the degree of 1 (n/d) in every monomial is at most 2.

8.6 The integral formula for the coefficients of ®,

Explicit formulae calculations for the coefficients are mentioned in [229,
p-258-259], and involve complicated expressions. Using Stirling and Bernoulli
numbers, [181] has obtained formulae for the coefficients of ®,(z + 1) as
polynomials with rational coefficients of certain Jordan functions.

Integer sequences related to the coefficients of cyclotomic polynomials
can be found in the Online Encyclopedia of Integer Sequences [211].

In this section we use derive an integral formula for the coefficients of &,
then discuss some applications, related to the direct and alternate sums of
coefficients, along with a formula for the mid-term of ®,. Integral formulae
for the coefficients were derived by Andrica and Bagdasar in [20].
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8.6.1 The integral formula

The proof a known identity involving Euler’s totient function.

Lemma 8.3. Let n > 3 be a positive integer. The following formula holds:

Y, k= g(p(n). (8.28)
1<k<n-—1
ged(k,n)=1

Proof.Ifk € {1,...,n — 1} is relatively prime with 7, then so is number n — k.
There are ¢(n) numbers relatively prime with 7 in total, hence there are
¢(n)/2 pairs of numbers which sum up to . O

(n)

In order to get a unitary formula for ¢ i we introduce the function

A= ] sin(t—k:>. (8.29)

1<k<n—1
ged(kn)=1

For n = 1,2 one obtains the following expressions:
A1(t) =sin(t — 1) = —sint,

Ao (t) =sin (t - g) = —cost.

For the first few values n = 3,4,5,6 we have

. TN . 27 1 1
A3(t) = SIn (t— §> Sin <t— 3> E OSZt"—z

. 1
A4(t) =sin (t— 1 sin <t— ) 3¢ cos2t.
A(t)—sin(t—— sin t—— sin t—4—ﬂ

T 5 5
2cos2t + 2cos4t +
=1 (2cos2t +2cos4t +1).

2 1 1
Ng(t) =sin <t—6n> sin (t—6n> ECOSZt_E
As polynomials @4 (z) and ®,(z) are linear, we may assume n > 3.

Theorem 8.11. The coefficients c](”) are given by the following integral formula:

¢(n)
c](.n) _ 2 /On/\n(t) -cos(@(n) —2j)tdt, j=0,1,...,(n). (8.30)

7T
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Proof. Denote by {,, = cos 2Z + zsm T and let z = cos 2t + isin2t, t € [0,271].
By the well-known de Moivre formula and work with complex numbers
in polar form (see for example [6]), for k =1,...,1n, we have

z—gk: cosZt—cos& +1i 51r12t—51n2k—n
n n n
. < kn) . < kn) .. ( kn) ( krr)
=-2sin|{t— — |sin|{t+ — | +2isin|{t— — Jcos|t+ —
n n n n
.. < k7r> [ ( kn) .. ( kn)]
=2isin{t—— ) |cos|t+ — | +isin|{t+ — )].
n n n

By Lemma 8.3, for n > 3, one can write the polynomial ®,(z) in the form

1<k<n—1
ged(kn)=1
= (21’)(”(”) H sin (t — k7'[) l:COS <t + kn) +isin (t + k7'(>]
1<k<n-1 n n n
ged(kn)=1
= 2)?"A (1) T1 |:COS (t + kn) + isin (t + k7'c>]
1<k<n—1 n n
ged(k,n)=1
= (21)(P(”)An(t) cos <go( )+ go(nz)n) + isin <q)(n)t+ €0(Z)7T>]
= (21)‘P(”)(—1)(p(2n>/\ (t) [cos@(n)t +ising(n)t]
=220 A, (1) [cos @(n)t + ising(n)t].

where we have used that ¢(n) is even for n > 3, and the multiplication of
complex numbers in polar form. For every j =0,1,...,¢(n), one may write

=220 A, (1) (cos2jt — isin2jt) [cos ¢(n)t + isin @(n)t]
=20 A, (1) [cos(@(n) — 2j)t + isin(g(n) — 2))t].

Integrating on the interval [0,71] we obtain formula (8.30). This is true
since the integral of z*7 over [0, 7] vanishes whenever k # ;. U

In addition, from the proof of the integral formula (8.30) it follows that

/O"An(t) sin(@p(n) —2))tdt =0, j=0,1,...,p(n).  (831)
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8.6.2 Some applications of the integral formula

The formula in Theorem 8.11 can be used to show that the coefficients of the
cyclotomic polynomial are reciprocal, to derive compact formulae for the
mid-term of cyclotomic polynomials, as well as for the direct and alternate
sums of coefficients. Details of the calculations can be found in [20].

Reciprocity of coefficients. It is known that the cyclotomic polynomial
®,,(z) is reciprocal, that is its coefficients satisfy

c](.n) = CE;(L)_]., j=0,1,...,¢(n).

Indeed, using formula (8.30), for every j =0,1,...,¢(n), we have

(i’l) 247(7/1) T .
= [ Aalt) - cos (@(n) —2(p(m) )ttt
2¢(n)

" _ _oived = ™
- /OAn(t) cos (¢(n) —2j)tdt =c¢; .

Direct sum of coefficients ®,(1). The following explicit formula is known:
0 ifn=1;

P,(1)=<p ifn=p"; (8.32)
1 otherwise,

where m > 1 is an integer and p is prime. This integer sequence is labeled
A014963 in [211], has stretches of 1 of arbitrary length, and starts with

0,23,2,517,2,3,1,11,1,13,1,1,2,17,1,19,1,1,1,23, ...

(n)

By the formula (8.30) for the coefficients c jwe obtain an integral equiv-
alent formula &, (1), valid for n > 3, as follows:

J
_ 2900 /0” Ap(pySne() + Dt (8:33)
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The integral in (8.33) is not improper. Indeed, by de Moivre’s formula

cos(q(n) 4+ 1)t + isin(@(n) + 1)t = (cost + isint) P+,

Separating the real and imaginary parts one can show that

P(n)/2

cos(p(n) +1)t =Y. [(-1)]’("’(”2)],“) (cost)?") % (sint)? }Cost

0
p(n)/2 oln
sin(p(n) + 1)t = [(—1)] <(P§] %;; 1) (cost)? ™~ (sint)? ] sint,

sin(g(n)+1)t

Sint is in fact a polynomial in sin t and cos .

hence

Formula (8.33) can also be proved using the sum of cosines:

¢(n)

Z — 2j)t - sint

=0
p(n) 1

=) 5 [sin(@(n) — 2j + 1)t —sin(¢(n) — 2j — 1)t]
=0
= 2 lsin((n) + 1)t — sin(~p(n) 1)1

=sin(¢p(n) +1)t,

and dividing by sint.

The mid-term of ®,(z). The middle coefficients obtained for n > 3 produce
the integer sequence A094754 in OEIS, which starts with the terms

,01,-1,1,0,1,1,1,-1,1,-1,-1,0,1,-1,1,1, ...

These are also given by the integral formula

_ 290
= = /O An(t)dt. (8.34)

As ®,, is reciprocal we have ®,, (1) = 2a + m,,, with a integer. By (8.32), @, (1)
is odd if n is not a power of 2, in which case m,, is also odd. Moreover, m,, =0
if and only if n = 2" for some m > 2. By formula (8.34) we obtain

7T
/An(t)dt:O, ifand only if n =2", m>1.
0
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While the terms of the sequence m, seem to be equal to —1, 0 or 1, other
negative and positive values appear. For example m3zgs = —3, mgsa5 = —5
and my735 = —7, while miis5 = 3, Mmy785 — 5, and mi1305 — 19. Some of these
values are mentioned in the paper of Dresden [103].

This suggests that every odd integer may be the mid-coefficient of some
cyclotomic polynomial [20, Conjecture].

Alternate sum of coefficients @, (—1). The following formula is known
-2 ifn=1;

ifn=2;

0
T S (8.35)
1

otherwise,
where m > 1 is an integer. This is sequence A020513 in OEIS and starts with
-2,0,1,2,1,3,1,2,1,5,1,1,1,7,1,2,1,3,1,1,1,11,1,1,1,13,....

(n)

From the formula (8.30) for the coefficients ¢, we obtain an integral
equivalent formula ®,(—1), valid for n > 3, as follows.

@(n) " ) @(”)247(11) T )
(1) = Y (1) = ¥ [T A1) eos(p(n) - 2t
j=0 j=0
_2 T 5 1)/ 2j)t| dt
== Jy M| LD eoslotn) ~2)
(n) ,m
:% /0 An(t)Wdt. (8.36)

To prove the last identity we note that for a fixed j € {0,...,¢(n)}, one has

j . . . . Tt
(=1) cos(p(n) —2j)t =cos[(¢(n) —2j)t — jmr] = cos [qo(n)t —2j (t + E)] .
One can multiply this last expression by sin(f+ %) and add the terms

cos [@(n)t —2j(t+ F)] -sin(t+ %), j=0,...,¢(n). Using the simple iden-
tities sin(x + 71/2) = cosx, cos(x + krr) = (—1)Kcos x, k € Z one obtains

p(n) ‘ - -
]E)(—l)]cos((P(n) —2j)t = (¢C(:S)t+ Dt 14 ( 21)4,
_ cos(g(n) + 1)t
T ot

since ¢(n) is even for n > 3.
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8.7 The inverse cyclotomic polynomial

In this section we discuss properties of a family of polynomials which are
closely related to the cyclotomic polynomials.

Definition 8.3 ([204]). For an integer n > 2, the n-th inverse cyclotomic poly-
nomial ¥,(z) is defined by

Y,(z) = H (z — em) _ -1 nijfn)d(n)zj
! 1<k<n,ged (kn)>1 @ (2) e

The roots of this monic polynomial are the non-primitive nth roots of unity,
and the degree is n — ¢(n).

(n)

To fix the notation, from now on we will write d j for the coefficient of z/

in the n-th inverse cyclotomic polynomial ¥,, where deg¥,, = n — ¢(n).
The first inverse cyclotomic polynomials (discounting prime indices) are

=281, ¥5(2) =22 +2° — 22 — 1, ¥po(z) =212 + 210 — 22 —1,

You(z) =22 +28 42" — 22—z -1, ¥u(z) =22 4211 — 22 — 1.

Proposition 8.3. The following properties hold:
1° If p is a prime and n = p* for & > 1 then ¥,,(z) = T

2° Forn = py -+ py squarefree, deg (¥n) = p1---pr — (p1 = 1) (px = 1)-
3° If p < q are primes, then for n = pq one has

(2 - 1) -

1 1) =Pt ot el 2 g,
Z_

Y.(z) =

4° If p,q,r are different primes, then for n = pqr one has

ZPT—1)(z7" = 1)(2"P = 1)(z — 1)
(zP —1)(z1—1)(z" — 1) ’

Yu(z) = (

5°¥o,(z) = (1 —2")¥u(—z), if nis odd.
6° ¥pn(z) =¥u(2F), if p | n.
7° ¥pn(z) =¥ (2")Pu(z), if pin.

Proof. For 1° note that for this value of #, the only non-primitive n-th roots
of unity are the ones having order that divides p* — 1. These are the roots of

the polynomial 27"~ — 1 and the conclusion follows.
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2° follows immediately from the fact that ¢(n) = (p1 —1)--- (px — 1).

Let us prove 3°. The only non-primitive n-th roots of unity have orders
1, p or q. Hence, these are the roots of the polynomials z" — 1 and z7 — 1,
respectively. As the root 1 appears in both polynomials we have that

(2 - 1)@ - 1)

¥u(z) = z—1 !

as required.

For 4°, note that the non-primitive pgr-th roots of unity are the roots of
unity of order dividing pg, g7 or rp. Denoting by Uy the set of roots of unity
which have order dividing k, using the Principle of Inclusion and Exclusion,
we deduce that

|upq UUWUUTP| = |upq| + |u117’| + |U7’P’ - |UP‘ - |uq| - ’u7’| + |U1|

The elements of Uy, U Uy U Uyp are the roots of ¥,,. The conclusion follows
by identifying the roots of unity with the roots of the corresponding poly-
nomials.

To prove 5°, one just observe that the non-primitive 2n-th roots of unity
have order dividing n or 2d, where d | n and d < n. The first ones are the
roots of 1 — z"*, whereas the second type can be found among the roots of
¥, (—z). The statements 5° and 6° can be proved in a similar fashion. O

From the proposition above, we easily derive the following corollary.
Corollary 8.5. 1. If p,q are distinct primes, then the cyclotomic polynomial

(zP1—1)(z—1)
()= @ -1y

2. Moreover, if p,q,r are distinct primes, then the cyclotomic polynomial

(227 —1)(28 = 1)1 — 1) (&' 1)
@ -1 )@~ 1) 1)

Dpgr(z) =

8.7.1 The coefficients of ¥,

Since ¥, is the division of the monic polynomial z" — 1 and the cyclotomic
polynomial ®;, both have integer coefficients, it follows that ¥, is monic
with integer coefficients as well. As mentioned in the beginning of the sec-
tion, ¥}, is intimately connected to the cyclotomic polynomial ®,,. This sug-
gests that understanding the coefficients of ¥, is a challenging venture, as
any knowledge above the coefficients of ¥, could be transferred to knowl-
edge about the coefficients of ®;, and vice-versa.
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Using the generalized binomial coefficient

(tx):rx((x—l)---((x—j—i—l) LER,jEN
j /!

we establish the following formula, analogous to (8.16).
Theorem 8.12. For every m,n € N, n > 1, the following formula holds

D N e ) | ) I )

i142ip 4. mip=m I 5} Im
(8.37)

Proof. We make use of the infinite product formula established in (8.15),

o0

(n/d
namely ®,(z) = [] (1 - zd) e ). After observing that

Z"—1 =
Y,(z)= =(z"-1 1 — z4)—H(n/d)
)= oy =@ - DI -2
3 ety (—H)Y) (—H(1/2)
=<z"—1>2< Y (TR (7
m=0 \iy+2ip+-+miyp=m i 12
. (_V(ﬁ/m)>>zm,
Im
the formula follows by identifying coefficients of z"* on both sides. O

Let us emphasize how one can compute the first few coefficients of ¥,
for every n € IN* using the formula above.

e Form =1, wehave i; =1, hence dgn) = (7”1(71)) = —u(n).

e For m =2, the equation i1 + 2ip = 2 has the solutions (i1,i) = (2,0) and
(i1,i2) = (0,1), so one obtains

== (TH) o (THOD) = L)l + 1) = /2,

e For m = 3, the solutions to (I1,1,13) of the equation I; + 21, + 3I3 = 3 are
(3,0,0), (1,1,0) and (0,0,1), therefore one obtains

aln) — (—%;(M) _ <—V1(”)> <—P‘(1”/2)> n (—y(;z/B))
= *% (rO02 4 () = p(m)p(n/2) = p(n/3),

where we have used again that > = .
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e For m =4, the solutions (I1,1,13,14) of the equation Iy 421, + 3I3 + 4l =4
are (4,0,0,0), (2,1,0,0), (0,2,0,0), (1,0,1,0), (0,0,0,1), hence

dn — _(—V4(”)> N <—V2(n)> <—V(f/2)> B <—y1(n)> <—H(f/3)>+
N (—V(;/2)> n <—ﬂ(1”/4)>
_ pm)(p(n)+1)  p(n)(u(n) +1)

2 - > p(n/2) — p(n)u(n/3)+
n P‘(”/Z)(Vén/Z) +1) y(n/),

where we have used the identity (8.21) to simplify the computations and
deduce that (_”4(”)) = (7”2(”)).
Remark. If one knows the first few coefficients d,(("), one can directly com-

(n)

pute the coefficients ¢, of the cyclotomic polynomial, for small values of k.
This can be achieved by identifying the coefficients in @, (z) - ¥, (z) =z" — 1.
This reduced to solving the linear system

Ll —
) 1 (g
0l 1 (gl 4 (g g

where the coefficients c(()n), an)l cé"), ... of &, are the unknowns.

We use Newton'’s identities for ¥, to find a recurrence relation for the co-
efficients d,g"). Denote P; the j-th symmetric power polynomial evaluated at
the ¢(n) roots of ¥, (primitive roots of unity) and Pj/ , for the j-th symmet-
ric power polynomial evaluated at the n — ¢(n) roots of ¥,,. Recall that in
Example 8.12 we had 6;(n) = aé (eZm‘%)]’ where §;(n) = { gllff:llj(‘]] .

In our notation, the symmetric power sums polynomials satisfy the rela-
tion P; + Pj’ = 6;(n). But for j <n we have n{j, hence P = —P; = —p(n, ),
where p denotes the Ramanujan sum (8.6). The polynomial ¥, is anti-
reciprocal, hence we have the relations

_ i 4(n) o i1 ) .
S]I - (_1)]dn7<p(n)—j - (_1)]+1d]' ] = 1/2/---/

where S} is the evaluation of the j-th fundamental symmetric polynomial at

the n — ¢(n) roots of ¥,,. The explanation above implies that the following
recurrence holds.
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Theorem 8.13. The coefficients of Y, satisfy the following recurrence relation in-
volving Ramanujan sums:

1
i = p [—p(n,k) +p(nk—1)d" + -+ p(nfl)d;(ﬁ)l} (8.38)

Let us apply the theorem above to give a different way for computing the

(n)

first four coefficients d P for every n € IN*, recovering the results obtained
right after Theorem 8.12.

e For k=1, we have dgn) =—p(n,1) = —pu(n).
e For k = 2, one obtains
1 1
45" =5 [~0n2) +p(n )" | = =3 [u(m) + 23t (n/2) + 42 ()

21’1 n
_ PO )

* For k = 3, using the identity > = y, it follows that

8 = L[p(n,3) + p(n, 20" + p(n, )"

Wl W=

[—u(n) —=3u(n/3) — (u(n) +2u(n/2)) p(n)+
n 2 n
) (- o))

= =5 (W) + 1)) = pn)(1/2) = p(n/3)

+

=

e For k = 4, using again the identity % = u we get
[—p(n,4) + p(n,3)dy" + p(n,2)d" + p(n, 1)} |

= 4 [7u(n) =2u(n/2) —4u(n/4) — (u(n) +3pu (n/3)) p(n)+

+(u(n >+2y<n/2>>(”< M) )+
( 3 (0024 0)) = wm(n/2)  p(/3) )|
MG Yy s+

u(n/2)(u(n/2)+1)
2

+ —p(n/4).
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As in the case of cyclotomic polynomials, the recurrence relation 8.38

(n)

suggests that every coefficient d; "’ of ¥, is a polynomial with rational
coefficients in the variables given by the Ramanujan sums p(n,k), where
k=1,2,...,n — ¢(n) — 1. This is illustrated in the following result, a direct
consequence of Theorem 7.3.

Theorem 8.14. We have

11111! 21212! klklk!

4" = — ol DY p(n 2% p(uklk g 5
l+2l+-+kl =k

In the proof, we have use the relations P; = —p(n,j) and S = (—1)k+1d,(c").

Let us compute the first four coefficients of ¥, for every n € IN*, using
the formula (8.39).

e For k=1, wehavel; =1, hence d%") =—p(n,1) = —pu(n).

e For k =2, the equation 71 + 2i; = 2 has the solutions (i1,i;) = (2,0) and
(i1,i2) = (0,1), so one obtains

dy) = —%p(n,1)2 - %P(”fz)
= —2#2(n) — 5 (k) +231(n/2))
1

= —5u(n)(p(n) +1) = p(n/2).

e For k = 3, the solutions to (I1,l,13) of the equation I; + 2, 4 3I3 = 3 are
(3,0,0), (1,1,0) and (0,0,1), therefore one obtains

1 1 1
437 = —ge(n 1) = 5e(n1)p(n,2) = 5p(n,3)

=g (n) = su(n) (u(n) +2pu(n/2)) - % (n(n) +3pu(n/3))
= — 2 (20) + () — u(n)u(n/2) — p(/3),

where we used the relation y% = y.

e For k =4, the solutions (I1,15,13,14) of the equation I + 21, + 3I3 + 41, =4
are (4,0,0,0), (2,1,0,0), (0,2,0,0), (1,0,1,0), (0,0,0,1), hence
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_ 1 g 1 2 1
= 24p(n,1) 4p(n,l) p(n,2) 3p(n,1)p(n,3)
1 , 1
- gp(n,2) - ;p(nﬂl)
1 4

= — o #A) — (0 () + 20(1/2)

_ i(y(n) +2u(n/2) + 4u(n/4))

__um)(u) 1) p(n)(u(n) +1)
2 2
y(n/2)(y§n/2) +1) u(n/4).

d

u(n/2) —p(n)u(n/3)+

_|_

In the relation above we used repeatedly the fact that u® = p.
We point out the following direct corollary.

Corollary 8.6. For every n € IN* and every k € {1,2,...,n — ¢(n)}, the anti-
cyclotomic coefficient d,g”) is a polynomial with rational coefficients in u(n/d),
where d is a divisor of n. Moreover, the degree of y(n/d) in every monomial can be

at most 2.

8.7.2 The integral formula for the coefficients of ¥,

Following the same process as the one used for cyclotomic polynomials,
similar integral formulae can be obtained for the coefficients of ¥, (z).

In this section we compute an integral formula for the coefficients of the
inverse cyclotomic polynomial ¥, (z) is defined by

kri xn—1 e (n)_;
Y,(z) = z—en )= = d;"2. (8.40)
13%11 ( ) D,(z) ];) j
ged(kn)>1

The roots of this monic polynomial are the non-primitive nth roots of unity,

](”),jzo,l,...,n — ¢(n).

The proof of the main result uses the following known identity involving
Euler’s totient function.

having degree n — ¢(n) and integer coefficients d

Lemma 8.4. Let n > 3 be a positive integer. The following formula holds:

Y ke

1<k<n
ged(kn)>1

(n+1—¢(n)). (8.41)

T
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Proof. Using Lemma 8.3, one can write

Y ok=Yk- ¥k

1<k<n 1<k<n
ged(kn)>1 ged(kn)=1
nn+1) n n
=M - R = 5 (n = p(m) £ 1).
For n is prime one has ¢(n) = n — 1, hence the value of the sum is #. U

(n)

In order to get a unitary formula for d jn , we introduce the function

r,(t)y= T[] sin <t - k”) : (8.42)
1<k<n n
ged(kn)>1

Clearly, for n =1 or when n > 2 is prime one obtains
I'y(t) =sin (t - %) = —sint.

For the first composite values n = 4,6,8 we have

Ty(t) = sin (t - 2:) sin (t - 4:)

=sin (t — g) sin (t — 7r) = (—cost) (—sint) = sint - cost

1
= —sin2t.
5 sin

[¢(t) =sin t—z—n sin t—3—n sin t—4—n sin t—6—7t
o 6 6 6 6
. T . TN . 2\ .
=sin (t— 5) sin (t— E) sin (t— 3> sin (t — 71)

1
=3 (sin2t 4 sin4t).

. 2\ . 4T\ 67T\ | 87
I's(t) =sin <t - 8) sin (t - 8) sin (t - 8) sin <t — 8)

1
= - sin4t.
8sm

In what follows we assume n > 3.

Theorem 8.15. The coefficients d](.n), j=0,1,...,n — @(n), of the inverse cyclo-
tomic polynomial ¥, (z) are given by the following integral formula:
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i =y 2

] . /0 T,(t) -sin (n — g(n) — 2j) ¢dt. (8.43)

Proof. Denotlng Ty = cos 2X 4 isin 2% and z = cos2t + isin2t for t € [0,271],
k=1,...,n, the previous calculatlons showed that

z—@ﬁzZisin (t— k:) [cos (t+k:> + isin (H— k:)]

To simplify the notation we shall use cost + isint by exp(ti).
By Lemma 8.4, for n > 3, one can write the polynomial ¥,(z) in the form

¥u(z)= ] (z—25)

1<k<n

ged(k,n)>1
= (21‘)17—(/)(”) [] sin (t — k7t> exp (ti + kni)
1<k<n n n
ged(kn)>1

= 20)" =T, (Hexp ([n — p(m)] i+ [1n — p(n) +1] )

= (2i)" UL, (t) [cos (n — @(n)t) + isin (n — @(n)t)] - "2V +1
— 200 (1) 9T, (1) cos (1 — g(n)t) + isin (1 — g (n)t)]
= (=2)" 20T, () [cos (n — @(n)t) + isin (n — p(n)t)] i,

where we have used that ¢(n) is even for n > 3, and that e2’ = i.
For every j =0,1,...,¢(n), one may write

Wy =T [ (-2
k#j 1<k<n
ged(kn)>1
(=2)" =90, (1) (cos2jt — isin2jt) [cos (n — @(n)t) + isin(n — @(n)t)] i
(—2)”_‘P(")Fn(t) [cos (n— @(n) —2j)t+isin(n — @(n) —2j)t]i

= (=1)"+12"=90T, (1) [sin (n — @(n) — 2j) t —icos (n — @(n) — 2j)t].

Integrating on the interval [0,271] we obtain formula (8.43). This is true
since the integral of z*~/ over [0,277] vanishes whenever k # ;. g

Furthermore, by the proof of formula (8.43) we deduce that

/Onl"n(t)cos(n —g(n) —2)tdE=0, j=01,...,n—g(n). (844
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8.7.3 Some applications of the integral formula

Using formula (8.43) we show that the inverse cyclotomic polynomial is an-
tipalindromic, and we derive compact integral formulae for the mid-term of
cyclotomic polynomials, the direct, and alternate sums of coefficients.

Reciprocal coefficients. These add to zero. Here we give an elegant proof
based on the integral formula (8.43).

Theorem 8.16. The inverse cyclotomic polynomial ¥, (z) is antipalindromic, that
is its coefficients satisfy the following antisymmetry relation

d = —d? L =01, —g(n). (8.45)

Proof. Using formula (8.43), for every j =0,1,...,¢(n), we have

" on—¢(n) rm ) ‘
Ay = (" E—— [ Tu()sin(n — p(n) — 2(n — p(n) — )
on—¢(n) rm
— (_1\nt+1 ; ; _
=(-1) - /()Fn(t)51n(2]—|—(p(n) n)tdt
on—¢(n) rm
_ _(_1\nt+1l=e . . Y
— (-1 . /Ol"n(t)sm(n o(n) —2j)tdt
— g
=—d; .
This ends the proof. O

The mid-term coefficients of ¥,(z). Recall that ¢(n) is even for n > 3.
Hence, if n is odd then n — ¢(n) is odd, and there is no middle coefficient. If
n is even, then the middle term coefficient index is given by the formula

j gl

Since n — ¢(n) —2j = 0, from formula (8.43) we obtain

(I’l) o\l 2”7@0’)
0 = (1 2

/O "L (t) sin(0f) dt = 0. (8.46)

Direct sum of coefficients ¥, (1). From the definition of ¥,(z), one obtains
n—g(n) (n)
Y,(1)= ];) d;" =0.

This can also be checked by formula (8.45), which gives
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n—g(n) (n) V*%’W (n) (n)
B= L= L (874 )
= =

Indeed, when 7 is odd this sum covers all the terms, while when 7 is even
the middle term obtained for j = %M) is zero.
This is in contrast with the more complicated formula (8.32) for ®,(1).

Alternate sum of coefficients ¥, (—1). By the formula (8.35) for ®,(z) and
the definition of ¥, (z) one can write

(=) -1 0 ifniseven
g~y DT 8.47
n(=1) $pn(—1) 2 ifnisodd, ®.47)

where p is prime.

(n)

From the formula (8.30) for the coefficients d i we obtain an integral

equivalent formula ¥, (—1), valid for n > 3, as follows

¥u(-1)= ) d"(-1)
n—g(n) 2n—cp(n)

_ (_1)n+1 Z

j=0

=(-1)" +127j()/ { i ]sm n—q)(n)—2j)t] dt

(n) 7 i —
_ (1+(—1)”+1)21/0 r, (1 St Cfs(’:)“)tdt. (8.48)

/()nl"n(t)(—l)fsin(n — o(n) —2))tdt,

7T

To prove the last identity note that for a fixed j € {0,...,n — ¢(n) }, one has

(=1)sin(n — g(n) — 2))t =sin[(n — g(n) - 2j)t — jn]
=sin {(n —@(n))t —2j (t + ;)] .

Multiplying this expression by 2sin (¢ + 5 ) one obtains

2(—1)/sin(n — @(n) — 2j)t - sin (t + g)
= cos [(n —o(n))t—(2j+1) (t T g)]
~cos [(r— gt~ 2 1) (14 3)].
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Summing for j € {0,...,n — ¢(n)} we obtain the telescopic sum
n— (p(n -
1) - sin(n — @(n) — 2j)t - sin (t + E)
j=0

= —% [cos ((ﬂ —o(n) +1)t+ g)}
STARAMAAE S

— 5 [sin (= g + 11) = (=17 Wsin (1~ () + 1),

14 (=1t _sin(n —@(n) + 1)t
N 2 cost '

where we used cos(x + krr) = (—1)¥cosx, k € Z, cos(x + 7/2) = —sinx,
cos(x — 7t/2) = sinx. The results follows, as ¢(n) is even for n > 3.

If n > 3 is odd, the function f : [0, 7] \ {7t/2} — R defined by the formula

sin(n — ¢(n) + 1)t

ft) = cost
can be extended by continuity at 77/2 as
lim (1) = (~1)"% (0= g(n) +1).

t—m/2

Hence, we obtain the following result.

Corollary 8.7. If n > 3 is odd, then

/nfn(t) sin(n — ¢(n) + 1)t df — T
0

cost ~on—g(n)-1"

8.8 Upper bounds for the coefficients

In this section we use the integral formulae for the coefficients of @, and ¥,
to establish upper bounds, which we illustrate via numerical simulations.
These involve some special integrals which we aim to explore in future pa-
pers. The section is largely based on the recent results published in [29].
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8.8.1 Upper bounds for the coefficients of P,

The integral formula (8.30) can be used to establish upper bounds for the
coefficients of the cyclotomic polynomial ®,,.

Theorem 8.17. For n > 3, the following property holds

e L2 /n/\z(t)dt —0,1,...,0(n) (8.49)
Sy - A , j=01,...,9(n). )

Proof. Indeed, by the Cauchy-Schwarz integral inequality we have

o2 220 s oew _ 2
‘c]() == (/0 An(t)-cos((p(n)—Zj)tdt)
229(n) T, _

<= /OAn(t)dt-/O cos? (@(n) — 2j) tdt

229(n) m ™1+ cos2(p(n) —2j)t
== /OAn(t)dt-/O 5 dt
) sin(p(n) — 2t
_ Hdt| =
7'[2/0 n(t) 27 4(p(n) —2j) |,
22(p(ﬂ) T
= /OA%(t)dt.

Taking the square root we obtain the desired result. In the calculations we
used cos? x = 52X to show that ' cos? (p(n) — 2j)tdt = Z. O

Notice that the integral fon A2 (t)dt played an important role in establish-

ing the upper bound (8.49) for the coefficients of ®, and will be examined
(n)

numerically. Next we provide a lower bound. Since c¢; ’ = 1 one obtains
(n) 24’(”) T
o) == /0 An(t)cosg(n)tdt =1, (8.50)

from where we obtain

T (/(J”An(t)cow(n)tdt)Z

22¢(n)

T

T 7T 7T
g/o Afl(t)dt-/o cosz(p(n)tdtzz'/o AZ(t)dt,

which gives the lower bound

27 T
o S /O AZ(t)dt. (8.51)
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8.8.2 Upper bounds for the coefficients of ¥,

An upper bound for the coefficients of the inverse cyclotomic polynomial
Y, can be obtained as follows.

Theorem 8.18. For n > 3, the following inequality holds:

am <27 [ vae i—on 8.52
‘j = an /0 atydt, j=01,...,n—¢m). (852

Proof. By the Cauchy-Schwarz integral inequality we have

2 2(n—g(n)) 2
‘d](.n) T </0n1"n(t) -sin(n — ¢(n) — 2j)tdt>

7-[2
20-on) 7 T .
ST/O l"n(t)dt-/o sin? (1 — () — 2j) tdt

22(n—g(m)) rm_, 1 —cos2(n—¢(n)—2j)t
7/0 Fn(t)dt-/ dt
22(1— ()

772 0 2
t=rm
t0>
T2
= T2 (t)dt.
el 10

2n—¢(n) i — —2j
_2 / I2(¢)dt (7‘( _ sin2(n — ¢(n) —2j)t
Taking the square root we obtain the desired result. In the calculations we

is 2 4(n—g(n)—-2j)

used sin? x = 1=5952% to show that Josin? (n — @(n) — 2j) tdt = Z. O
Furthermore, since dén) = —1, one obtains the lower bound
21 T,
— < . .
e} < /O T2(f)dt (8.53)

We notice that the integral fon I'2(t)dt played an important role in estab-
lishing the upper bound for the coefficients (8.52).

8.8.3 Numerical simulations

In this section, we explore the upper bounds of the cyclotomic and inverse
cyclotomic polynomial coefficients and investigate some related integrals.
As seen earlier, the functions A, (t) and I',(t) played an important role in

the exact integral formulae for the coefficients c](") of &, and d](.") of ¥,,
while and A2(t) and T2 (t) featured in formulae for their upper bounds. The
first few sequence terms (n = 1,...,20) are displayed in Table 8.1.
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The diagrams are obtained in Matlab®, and the integrals are computed
by the trapezium rule with 10000 equally spaced points in the interval [0, 7t].

Upper bounds for polynomial coefficients. The upper bound formula (8.49)
(n)

for the coefficients ¢ j of &, gives the sequence

(11) _2(/)(”) T 5
ub(e") = Z té A2(1)dt.

Similarly, the upper bound (8.52) of the coefficients d](n) of ¥, defines

on—g(n) [
b(d") = T2(t)dt.
R g 10

These two sequences are plotted in Figure 8.1 (c).

10 20 30 40 50 60 70 8 90 100 10 20 30 40 5 60 70 8 9 100
n n

Fig.8.1 Termsn=1,...,105 terms of the sequences (a) I (n), I (n), I3(n); (b) I4(n), Is(n),
Is(1); (c) ub(c") and ub(d\") .

The normalised integral of A,. The function A,(t) defined in (8.29) ap-
pears in the formula (8.30) for the coefficients c]("), j=0,1,...,¢9(n), of the

polynomial ®;. The normalised integral produces the sequence of middle
term coefficients of ®,;, seen in (8.34):

@(n)
I(n) = 2 _ /OnAn(t)dt = (8.54)

with the numerical values for n > 2 given by
0,1,0,1,-1,1,0,1,1,...,

indexed as A094754 in OEIS.
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[ n) Ba(m) I5(m)[La(n) I () Ts(m)[ub(c?™) ub(a")
1 1 -1273 -1 1 1 1 0.707 1

21 0 -1273 0 2 1 1 1 1

3] 1 -1.273 -1 3 1 1 1.224 1

41 0 0 0 2 1 1 1 1

5/ 1 -1273 -1 5 1 1 1.581 1

6| -1 0 0 3 2 1 1.224 1414
70 1 -1273 -1 7 1 1 1.870 1

81 0 0 0 2 1 1 1 1

9| 1 -0424 -1 3 1 1 1.224 1
10 1 0 0 5 2 1 1.581 1.4142
11 1 -1.273 -1 11 1 1 2.345 1
12| -1 0 0 3 2 1 1224 1414
3] 1 -1.273 -1 13 1 1 2.549 1
14| -1 0 0 7 2 1 1.870 1.4142
15 -1 -0.861 -1 7 3 1 1.870 1.732
16| 0 0 0 2 1 1 1 1
17 1 -1.273 -1 17 1 1 2915 1
18| -1 0 0 3 2 1 1224 1414
9] 1 -1273 -1 19 1 1 3.082 1
201 1 0 0 5 2 1 1.581 1414

ub(d;-”)), computed forn =1,...,20.

The normalised integral of T',,. The function I',,(¢) defined in (8.42) appears

in formula (8.43) for the coefficients d](”), j=0,1,...,n — ¢(n), of the polyno-
mial ¥,,. The normalised integral
on—¢(n) rm
b(n) = =— / T, (H)dt, (8.55)
0

links to formula (8.46) (although the middle coefficient of ¥, vanishes).

The normalised integral of P, = A, - I';,. Consider the function

Py(t) =An(t) - Tu(t)= ] sin (t - k;) : (8.56)

1<k<n
It can be shown that
T 0 if n is even
P,(t)dt = 8.57

In Figure 8.1 (a) we plot the normalized integral

I(n) = n2"2. /0 " pa(#)dt. (858)
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The normalised integral of A2. This integral featured in the upper bound
(n)

of the coefficients c ;o in (8.49). In Figure 8.1 we plot the normalized integral

2¢(n)  rm
14(11):2” /O AZ(t)dt. (8.59)

The first few terms of this sequence are
2,3,2,5,3,7,2,3,5,11,3,13,7,7,2,17,3, ..,

which seem to correspond to A051664 in the OEIS, counting the number of
nonzero coefficients in the n-th cyclotomic polynomial ®;,.

The normalised integral of I'2. The integral of I'2 featured in the upper

bound of the coefficients d](”) in (8.52). From (8.53) we have that I5(n) > 1.
In Figure 8.1 we plot the normalized integral

22(n—¢(n))

Is(n) = = — /O ﬂrﬁ(t)dt. (8.60)

The first few terms are
1,1,1,1,2,1,1,1,2,1,2,...,

seeming to indicate the sequence A001221 in OEIS, number of distinct
primes dividing 1, whose terms are half of those in sequence A034444 (rep-
resenting the number of unitary divisors of n (divisors d of n, for which
ged(d,n/d) =1).

The normalised integral of P2. It can be shown that
T T k7 T
P3(t dt:/ sin’ (t— ) dt = - —. 8.61
J, rrwde= [ TT T)dt= g @6

In Figure 8.1 we plot the normalized integral

Ie(n) = % /0 P21y dt. (8.62)

A separate paper investigating these integrals in more detail is currently
in progress.
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8.9 Some special classes of cyclotomic and inverse
cyclotomic polynomials

In this section, we explore special cyclotomic polynomials ®;, and inverse
cyclotomic polynomials ¥, when the parameter 7 is a product of few dis-
tinct primes. The motivation stems from the intricate structure exhibited by
the coefficients of these polynomials, as seen already in the proof of Suzuki’s
theorem. Specifically, we investigate recursive techniques for determining
the coefficients of cyclotomic and inverse cyclotomic polynomials.

The subsections that follow detail some definitions and results regarding
the coefficients of these special classes of cyclotomic and inverse cyclotomic
polynomials. The results presented here include both established and new
findings, with particular attention given to the coefficients of cyclotomic
polynomials when n represents products of two or three distinct primes.
The new results concerning formulas for the coefficients of ternary cyclo-
tomic and inverse cyclotomic polynomials presented in this section have
been submitted for publication in [30].

An interesting application of formula (8.10) is inspired by Theorem 8.9,
(n)

from which one can observe that the coefficient ¢, ’ of ®;, can be computed
recursively as

# (gcdnn,1)> (n)

o (stm)
(8.63)

m) _ _¢n) V<gcdnn,k)> n V(W) L)

ok ?(gtom) @ (gve) | o

Using the multiplicative properties of the functions featuring in the right
hand side of (8.63) it is easy to show that this formula is equivalent to one
first published in [121] and which is also recalled in the survey [230]. There-
fore, one can argue that the use of Von Sterneck’s formula (8.10) for reinter-
preting Ramanujan sums gives a short proof of a known recursive formula.

Combining formula (8.10) with Theorem 8.13, it follows that the coeffi-

(n)

cientd,”’ of ¥, can be obtained recursively as

4 = q)gcn) K (gcd?:lﬂ) L (gcd(izkl)) i 4t K (gcdgn,l)) 4
¢ <m) ¢ (m) ¢ <gcd<n,1>> s6h

To complement the theoretical recurrence formula presented in (8.64), one
can easily compute the coefficients of the n-th inverse cyclotomic polyno-
mial using a computer algebra system such as Magma. By using a simple re-
cursive approach, as outlined in the code snippet below, Magma can handle
the necessary calculations, providing a practical form of these coefficients.
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// Define the function to compute d_k“{ (n)}
function InverseCyclotomicCoefficient (n, k)
// Define the Euler totient function and the Mobius function

phi := EulerPhi (n);

mu_n := MoebiusMu (n);

// Initialize the array to store the coefficients d_17°{(n)}, ..., d_k"{(n)}
d := [0 : 1 in [1..k]];

// Compute d_1"{(n)} = -mu(n)

d[l] := -mu_n;

// Recurrence to compute d_i"{(n)} for i >= 2
for 1 in [2..k] do
// Start with the first term

gcd_ni := GCD(n, 1);
mu_term_1i := MoebiusMu(n div gcd_ni);
phi_term_i := EulerPhi(n div gcd_ni);

// k x d_k“{(n)} starts with the first term
i_di := - (phi / phi_term_i)  mu_term_i;

// Add the sum for j = 1 to i-1
for j in [1..i-1] do

gcd_nij := GCD(n, i-3j);
mu_term_ij := MoebiusMu(n div gcd_nij); // M\"obius term for this
gcd
phi_term_ij := EulerPhi(n div gcd_nij);
i_di +:= (phi / phi_term_ij) % mu_term_ij * d[j]; // Include M\"
obius term
end for;

// Now compute d_i"{(n)} by dividing by i
d[i] := 4i_di / 1i;
end for;

// Return the result for d_k“{(n)}
return d[k];
end function;

Proposition 8.4. Suppose n = p1pa...pr, where p1 < pa < ... < p, are primes.
Then the first p1 + 1 coefficients of the n-th cyclotomic polynomial belong to the set

{-1,0,1}.

Proof. In fact, we show that we can compute these coefficients. The results
will differ, according to the parity of r.
From the formula (8.63), we have thatif 1 <k < p; — 1 then

n _1 T+1 n n
() = e,

Note that an) =—u(n)=(-1)*L

If r is even, then c%") = —1 and hence an) = 0. Inductively, one can use the

same recurrence formula to show that c,((n) =0, forall2 <k <p; — 1. Using
the same formula, we have that

1 r r r
) = o [ (1) + (1 ()




8.9 Some special classes of cyclotomic and inverse cyclotomic polynomials 269

hence cgf) = % (p1 — 1+ 1) =1. Similarly, applying the recurrence formula

again, one shows that c’(g?lrl =-1
When ris odd, the same recurrence formula and idea can be used to show
that c,(cn) =1,forall1 <k <p; —1, and that cé’f) = CIEZ)H =0. O

For square-free values of n, we have the following analogous result for
the coefficients of the inverse cyclotomic d ,({n) polynomials.
Proposition 8.5. Let n = p1ps...pr, where py < pa < ... < py are primes. Then
the first p1 + 1 coefficients of the n-th inverse cyclotomic polynomial belong to the
set {—1,0,1}.

Proof. The proof follows the same lines as the one for Proposition 8.4. First

we note that dgn) = —u(n) = (—=1)"*1, for such n. Now, we distinguish the

following two cases.
If ris odd and p; > 2, then from the recurrence formula (8.64) we compute
d(”)

5 =0.Now, inductively using the same recurrence formula it follows that

d ,(cn) =0 for all 2 <k < p; — 1. By same recurrence formula, one sees that

1
) = (pr—1+1+0+...4+0)=—1.

n

(n)
pit
for such chosen n, we have u(n) = -1, u(n/p1) =1, ged(n,p1 +1) =1,

ged(n,p1) = p1and ged(n,k) =1foralll <k < p — 1. We get

To compute d, ’ ; we directly apply the formula (8.64). First, we note that

m _ 1 1y 00— ...~ 041 =1
A= [Tt — 0= —041| =1,
p—2 terms
Similarly, when r is even, one can compute that d%") =1, dé”) =—1.
Then, inductively, as in the proof of the previous proposition, one can show
that d]((n) = —1forall1 <k < p; — 1. Moreover, d;,’;) = d;’:)ﬂ =0. ]

8.9.1 Coefficients of binary cyclotomic polynomials
Suppose n = pg, where p < g are distinct primes. In this case, the polynomi-

als @, are said to be binary and has the following expression

(zP1—1)(z—1)
P = @1y
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We note that our result in Proposition 8.4 implies that the first the first
p + 1 coefficients of this polynomial belong to the set {—1,0,1}.

Let u be the unique integer such that 0 < u < p and ug = —1 (mod p).
Carlitz [87] showed that the number of positive coefficients of ®,,(z) is

(p —u)(ug+1)
. :

The following result about their coefficients is well-known and a proof can
be found, for instance, in [166].

Theorem 8.19. For n = pq, where p < q are primes, write r,s for the unique pos-
itive integers such that ¢(n) = (p — 1)(q — 1) = pr + gs. Then the coefficients of
D, are given by the following formulas

—1, ifand only ifk =ip+jg—pgicr+qq9—1],j€[s+1,p—1];
0, otherwise.

C =

( {1, if and only if k = ip + jq with i € [0,7],j € [0,s];
n j—
As the polynomial coefficients are 0, —1 and 1, they are called flat.

8.9.2 Coefficients of ternary polynomials O,

We present the formula (8.63) in the special case when n = pgr, is a product
of three distinct primes p < q < r. In this case, the polynomial ®,, is called
ternary and has the following apparently simple form

(1—2zP1")(1—2") (1 —29)(1—zP)
(1—z1)(1—2zP)(1—2zP)(1—2z)

Ppgr(2) =
If k < p, then ged(n,j) =1 forall 1 <j <k, hence formula (8.63) becomes

n 1 n n
o = [+l ] (8.65)

For k = p, we have

o = ;17 [—p+1+c§”) n ...+C<n_>1}, (8.66)

By the two relations above, we prove the following result by induction.
Proposition 8.6. Suppose n = pqr, where p < q < r are primes. Then

1. cl((")zl,foralllgkgp—l;

2. c;”) = C;ﬁgl =0.
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(n) _

Proof. Indeed, in this case we know that c; * = —pu(n) = 1. Now, we prove

the first claimed result using strong induction on k. Suppose c](") =1 for all
1 <j <k, where k < p — 2. Then, using the recurrence in (8.65), we get that

(m _ 1 (n) m)__1 | _
c,(+1_k+1[1+c1 +.otcy }_k+1 (k+1)=1
completing the induction.
Using what we just proved in (8.66) we obtain
) _17_ ) pem]o 1 1) =
cp _p[ p+l+4c’+ +cp_1}_p (-p+1+p-1)=0.

To compute the (p + 1)-th coefficient of this polynomial, we will apply di-
rectly (8.63). Note that gcd(n,p +1) =1, ged(n,p) = p and ged(n,k) =1 for
all1 <k < p—1. Also, in our hypotheses y(n) = —1 and u(qr) = 1. Plugging
all these in the aforementioned formula, we obtain

(n) @(n) 1 I w1 1 1
c =— — + c Cy c.’ c
P p+1 | e(n) @)t (n) p(n) 71 g(n)?

which after replacing the previously known coefficients gives

m ___1 _
1= "7 - P D Hep)] =0,

completing the proof of the second claim. O

In general, for 1 < j <k, we have ged(n,k —j) € {1,p,q,7,pq,rp,qr}, be-
cause k < n — ¢(n) < n. Upon substituting the required values for ¢ and

considering that u(n) = —1, u(p) = u(q) = u(r) = =1, and u(pq) = u(pr) =
1(qr) =1, we derive the formula

(n) _ _ (P—-D@-Hr-1H (gcdnn,k)> 1 Z

¢ ¢ (geatig) et

p—1 ) q—1 m r—1 (n)

- ) ¢ = ¢ — Y, o«
ged(nk—j)=p ged(nk—j)=q ged(nk—j)=r

(p—1D(g—-1) n  (p—1(r-1) (n

+— Yo s Yoo
ged(nk—j)=pq ged(nk—j)=p

+ (q B 1)k(r B 1) Z C(n), (8.67)
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where all the sums above run through the values 1 <j < k — 1 satisfying the
given condition regarding the greatest common divisor.

In what follows, we introduce the definition of a particular triple of prime
numbers that will be used throughout the paper.

Definition 8.4. We call a triple of natural numbers (p,q,7) a Ramanujan
triple if p,q,r are primes and p < g <r <2p.

In his landmark 1919 paper [222], Ramanujan presented a novel proof of
Bertrand’s postulate, together with a generalisation. An important conse-
quence is that for all x > 11 one has

(x)—7 (g) >3,

where 7 represents the prime-counting function. By considering arbitrarily
large values of x, there exist infinitely many distinct Ramanujan triples.

We note that for n = pgr, where (p,q,r) forms a Ramanujan triple, the
recurrence formula above simplifies significantly, allowing us to obtain the
following results, complementing the ones obtained in Proposition 8.6.

Proposition 8.7. For every n = pqr where (p,q,r) is a Ramanujan triple, we have
1. clsn) =0forevery p <k <g;

2. c,((") = —1foreveryq <k<r;

3.¢M =2

Proof. We start by noting that for p < k < g we have ged(n,k — j) =1 for all
je{1,2,....k—1}\ {k — p}. Morover, gcd(n,p) = p. Using Proposition 8.6
in formula (8.63) we get

k| o o(n) =4
p(n) |2p—1—k k+1-2p 1=
k { g et &
1k71
—r L9
J=P

Remark that in the second equality we used the fact that k < g < 2p implies

]((”_)p = 1. Now, we saw in Proposition 8.6 that c;") =0.

The formula above implies that c,((n) =0 for all p < k < g, completing the

proof of the first claim.

0<k—p<p hencec

By the same argument, one can also compute the coefficient
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—p—1 q—1
m_ o) el 1 TE | ep) m (n)
Cqg = — - .+ c, = c
TS et e & % Tt b 5
1 SR 0
=—|@-D+(p+)—q+(p-1)—- )} 1-) ¢
q k=qg—p+1  k=p
‘;6_/

We now compute the terms C]En) where g < k <r. By formula (8.63) we get

) 1 k—g—1 k—p—1 p—1
% =~ [(—U Y lte@+ (1) ) 1+e(p)+(-1) } 1+
j=0 j=k—q+1 j=k—p+1

g—1 k-1
+(-1)), c](-") +(—1) Zc](")]
j=p

j=q

1 k-1
=— (q—k+q—1+p+1—q+p—1+k+1—2p—]§c§n))

(n) _ (n)

Now since we saw that ¢y’ =—1,we obtainc¢, ' = —1 forall g <k <r,which
proves the second claim.

(n)

Similarly, we will compute the coefficient ¢, ’ and for such n. We obtain

(n) 1 r—q—1 r—p—1
o =——le()+(=1) ) T+e@+ (1) Y 1+e(p)
j=1 j=r—q+1
p—1 q-1 r=1 1
+(=1) Y 14+(-DY0+(-))Y . (-1)|=—=-2r=-2.
j=r—pt1 =p i=q '
This ends the proof. 0

By Ramanujan’s result, there is an infinite family of n = pgr for which

cﬁ”) = —2. While the first Ramanujan triple is (7,11,13), where n = 1001,

this polynomial has C%om) = —2and C%gm) = —2. but the polynomial has

no coefficients of absolute value strictly greater than 2. However, for the

Ramanujan triple (17,19,29) and n = 9367 there are coefficients of larger

absolute value such as cgg?) = -4
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8.9.3 Coefficients of binary inverse cyclotomic polynomials

Let us suppose that n = pg, where p < g are primes. We discussed previously
that in this case the polynomial ¥, is called binary. From the proof of the

Proposition 8.5 we see that in this case d,({n) =—-1forall1<k<p-1,and

that d ;(7") = d;’?l = 0. In this situation, the inverse cyclotomic polynomial has

the following simple form

(2 ~1)(z1 - 1)

Fulz) = z—1 ’

which is in turn equal to
llfn(z) :Zp+q_1_|_...+zq_zp_1 — e _22_2—1.

Hence, all the coefficients of these polynomials belong to the set {—1,0,1},
that is, the binary inverse cyclotomic polynomials are flat.

8.9.4 Coefficients of ternary inverse cyclotomic polynomials

As subsection 8.8.2, suppose n = pgqr, where p < g < r are primes. In this
case, the polynomial ¥, is said to be ternary and has the following form

(P -~ )P —1)(z—1)

Y.(z) = P —1)(zT—1)(zZ — 1)

Despite its seemingly simple form, the structure of the coefficients of this
polynomial remains quite intricate and is not yet fully understood.
If k < p, then ged(n,j) =1 for all 1 < j <k, hence formula (8.64) becomes

n) 1 (n n)
dl _—%[—1+d1)+---+d£,1}- (8.68)

For k = p, we have
1
a) = - {p C1d d;”_)J , (8.69)

Building upon the recursive formula (8.64), we derive explicit formulas for
the coefficients of ¥,. In particular, we find exact values of the coefficients

d,g") up to the (p + 1)-th term. This result is analogue to Proposition 8.6,
where we previously determined the corresponding coefficients for the cy-
clotomic polynomial ®;,.
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We show that the coefficients of ¥, start with d%n) =1, and continue with
the specific values of d,((n) for2<k<p—+1
Proposition 8.8. Suppose n = pqr, where p < q < r are primes. Then

1.d" =1andd" =0, forall 2<k<p—1;

2.d)) = —landd\) =1

Proof. The steps are similar to Proposition 8.6. First note that dgn) =—u(n)=

1, for such n. By using (8.68), we get dén) =—1/2(—1+1) =0. Now, the fact

that d,gn) =0, forall 2 <k < p — 1 follows from an immediate inductive ar-
gument and the same recurrence formula. Using (8.69) we get

, 1
d;):—E[p—l—i-l—’—o—f—"‘—f—()]:—l/

proving the third claim.
(n)
p+1
that for such chosen n, we have p(n) = -1, u(n/p) =1, ged(n,p+1) =1,
ged(n,p) =pand ged(n,k) =1foralll <k <p—1. We get

To compute d,/, we directly apply the formula (8.64). First, we note

1 1 1 1
gn _ o) [ v\ - ——a a4
PR p 1 o) elgr) Tt g(n) p(n) Pt g(n)""
SO

m _ 1 —0—...— -

d”“_p—H {1+go(p) 0—... O+1] 1,

p—2 terms

completing the proof of the last claim. O

In general, for 1 < j <k, we have ged(n,j) € {1,p,q,7,pq,7p,qr}, because
k <n— ¢(n) < n, hence using that u(n) = —1, u(p) = u(q) = u(r) = -1,
u(pq) = u(pr) = u(gr) =1, we derive

g = _(p=D@ =11 F (stm) 1 4
Kk (L) . Z
¢ ged(n,k) ged(n,j)=1

. —_

p—1 my , q—1 m  r—1 (n)
v DR D Y, d
ged(n,j)=p ged(n,j)=q ged(n,j)=r
(p—-1(g-1) m  (p=D-1) (n)
B k Z 4" = k Z 4
ged(n,j)=pq ged(n,j)=pr
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where all the sums above run through the values 1 <j < k — 1 satisfying the
given condition regarding the greatest common divisor.

When (p,q,r) is a Ramanujan triple and n = pqr, formula (8.70) can be
simplified. The following result complements Proposition 8.8.

Proposition 8.9. For every n = pqr where (p,q,r) is a Ramanujan triple, we have
1.4 —Oforallp+2 <k<q—tlandd" = —1;

2. d( Y =land d") = 0forallg+2 <k <r;

3. dﬁ "

Proof. We saw above that dg”) =1, d,({") =0forall2<k<p-1, dg,") =1
and d;@l =1.If p+1 <k < g, then we have

(n) _ 1
a =1

=
14 (-1) -l —dl) — % d]-] Z at"

j=p+2 ] p+2

which implies that d,((n) =0forallp+2<k<g-1
Similarly, for k = g one shows that

dgn)Zl{—qv(qH Zd } “(I-gq—-1)=-1,

completing the proof of the first statement. To justify the second equality we
note that all but the first two terms in the sum are equal to 0.

Similarly, it is easy to show that d;r_?l =1. When g + 2 < k <, one gets

{Z] q 4od (n } which is equal to 0, confirming the second statement.
Fmally, when k = r one obtains

n 1 n n n n
a — - [—(p(r) + (=1 + (=D + (=1 + (-1 + (~1)d),
Y N
r
This ends the proof. U

We note that, combined with Ramanujan’s result on the infinitude of such
triples, Propositions 8.8 and 8.9 give precise values for the first  terms in an
infinite family of inverse cyclotomic polynomials. One would be mislead to
think that for n = pgr, where (p,q,r) is a Ramanujan triple, the inverse cyclo-
tomic polynomials are flat. Indeed, when n =11 - 13 - 19, the computations
implemented in Magma confirmed that d gg) = 2. Similar computations were
carried out for the Ramanujan triple (101,103,109) and n = 1133927 where

we calculated that d%’;é&;l = —16.
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8.9.5 Numerical simulations

In this section, we present numerical simulations for two specific cases of in-
terest, namely the 105-th cyclotomic polynomial &5 and the 561-th inverse
cyclotomic polynomial Y541, the first instances where the polynomials are
non-flat. The goal of the following subsections is to illustrate, step by step,
how the first non-flat coefficients can be computed for each polynomial us-
ing the recurrence formulas and methods discussed in the previous section.
These computations provide insight into the structure of the coefficients and
suggest a pattern for how larger coefficients tend to concentrate toward the
center of the polynomials.

8.9.5.1 Results for @105

Whenn =3-5-7 =105, we have an) = —yu(n) =1 and from Proposition 8.6,

we know that an) =1, cén) =0.

Now, using the recurrence formula (8.63) we obtain

cm _ _ ¢(105) [u(105) #G-7) () . #(A05) ) p(105) ()
i 4 [9(105) " @(5-7)1 " (105)  @(105)
:_i[—1+2-1—1-1—1-o]:0
Similarly, cé") =—land cén) = —1. Now, we use the formula to get
(n) _ _ 9(105) [P‘(15) p35 w21 ) p(A05) )
;' == + o “Cy F c
7 7 le(15) " @(35) 1 e(21) 2 " (105) 7
uB35) ), p(105) () , w(105) ()
9(3) 4 T g(105) 5 T p(105) o
1
:—7[6+2-1+4-1+(—1)-O+2-0+(—1)-(—1)+(—1)-(—1)]
=-2.

This confirms that —2 appears as the coefficient of z” in

Dros(z) =228 427 4296 8 82 Al A0 539 4 036y )35y o3
138,832 31 28 % 24 22 20 4 17 4 16 15

482 9 8 07 6 52,

While this result is aligned with Proposition 8.7.3 stating that cﬁn) =-2,

we notice that (p,q,7) = (3,5,7) is not a Ramanujan triple.
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8.9.5.2 Results for ‘I’r561

For numerical simulations we focus on some instances where ¥, is not flat.
It is known that the first non flat inverse cyclotomic polynomial is ¥s5g;.
As listed in Table 1 of [204], —3 first appears in ¥1;55 as the coefficient of
233, while 4 first appears in Y5145 as the coefficient of z* These are the three
cases we focus on, and we compute explicitly until we get the first coefficient
which isnot 0, 1 or —1.

Let us focus on the case n =561 =3-11-17.

Since yt(n) = —1, by the argument used earlier we get dg") =—u(n) =1

From Proposition 8.8 we have dgn) =0and dén) = —1,s0 by (8.64), we get

g _ 561) [ p(561) | p(187) i) p(561) 0wy p(561) o
4 4 p(561) = @(187) 1 " @(561) 2 = @(561) 3
1
:1[1+2-1+(—1)-0+(—1)-(—1)] =1;
Similarly, one obtains can compute dén) =0, al" = -1, d;n) =1, dén) =0,

) = —1,d%) =1, 4100 = —1,a\%) =0, 4!
1, from where

dg):i[_16+(—1).1+2.0+(_1)-(—1)+(—1)'1+2-0+10-(—1)}+

17
F (D) 14204 (<1 (<1 4+ (<1) - 142+ (1) + (=1) 0]+
+%[(—1)-1+2-(—1)+(—1)-0+(—1)-1]:—2;

This confirms that —2 appears as the coefficient of z!” in

Wse1(z) =224 — 2240 o 422224 g 218y

07 16 M4y 13 11y 10 9 7 6y 4 3y,

This argument allows the calculation of further coefficients, and suggests
why the larger coefficients of inverse cyclotomic polynomials are moving to-
wards the centre (also using the fact that the polynomial is antipalindromic).

Sincein Proposition 8.9.3 we had dﬁ") = —1, so the condition that (p,q,7)
is a Ramanujan triple is necessary, as (3,11,17) is clearly not Ramanujan.



Chapter 9
Special Polynomials and their Coefficients

In this chapter we investigate some classes of polynomials defined by fac-
torization, whose roots are situated on the unit circle with possible multi-
plicities. For these polynomials we establish integral formulae for the coef-
ficients, which are useful in the study of certain asymptotic properties. We
also study recurrence relations, connections to other classical polynomials,
or associated integer sequences, recently added to the Online Encyclopedia
of Integer Sequences (OEIS).

In Section 9.1 we define and study a general family of polynomials de-
pending on an integer sequence my,...,My,..., and on a sequence of com-
plex numbers zy,...,zy,... of modulus one [20], for which we derive an in-
tegral formula for the coefficients.

In Section 9.2 we discuss some key results concerning the cyclotomic
polynomials and their coefficients. These have numerous applications in
discrete mathematics and number theory. The integral formulae for the co-
efficients of cyclotomic obtained in [20], are used to prove some classical
results, or to study formulae for the direct or alternate sums of coefficients.

Section 9.3 is dedicated to the polygonal polynomials [17], which have
applications in the study of integer partitions. We first present integral for-
mulae and recurrence relations for the coefficients, then highlight combina-
torial interpretations and connections to the Mahonian polynomials.

In Sections 9.4 and 9.5 are defined and investigated the extended cyclo-
tomic polynomials, and the extended polygonal-type polynomials, respec-
tively. For these polynomials we present integral formulae for the coeffi-
cients, links to partitions and some integer sequences.

Section 9.6 concerns the study of the multinomial, Gaussian and Cata-
lan polynomials, based on [18]. The following two sections are dedicated to
the extended cyclotomic, and extended polygonal-type polynomials, intro-
duced in [19]. All these polynomials are recovered as particular instances of
the general family of polynomials presented in Section 9.1.

279
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9.1 A general class of polynomials

In this section we introduce a class of polynomials defined by an integer se-
quence my,...,My,..., and a sequence zi,...,2y,..., of complex numbers of
modulus one, which recovers cyclotomic, polygonal, and multinomial poly-
nomials as special cases.

9.1.1 Definition and basic properties

Consider the positive integers n, my,...,my,, and the complex numbers

z1,...,2p With |z9| = - -+ = |z,,| = 1. We define the polynomial
n
Eot o (2) = T T("™ — 2). (9.1)
k=1

21,120

Clearly, the degree of F,)""}} (z) is my + - -+ 4 m;,. While this polynomial is
factorized as a product of factors z — ¢, where |{| = 1, this form is not prac-
tical. The product of absolute values of the roots is one, hence the Mahler
measure of Fﬂl’,‘jf’zn’;n is 1. An interesting and challenging problem is to find

reasonable formulae for the coefficients after multiplication.

Numerous interesting polynomials are obtained for particular choices of
the sequences my, ..., my,... and z1,...,2zy,.... Some of them are explored in
some detail throughout this chapter.

9.1.2 Integral formulae for the coefficients

In what follows we obtain an integral formula for the coefficients of F,le’,'jj.’,z,;;n.
The method we use is a special case of the Cauchy integral formula (see [75]),
adapted for complex polynomials, where the integration curve is the unit
circle (see [19]). Denote z;, = cosay + isinag, k=1,...,n,a = a1 + - + &y,

m=my + -+ + my, and consider z = cos2t + isin2t for t € [0, 7t].

To get a unified formula for the coefficients of the polynomial (9.1), it is
useful to introduce the function

X

n
At,my,...,My0q,...,0,) = sin(mt—
( 1 ns 1 n) I:(E[l k 2

),temﬂ. 9.2)

For each k =1,...,n, by computations involving Euler’s exponential no-
tation of complex numbers in polar form, we obtain:
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z"k — zj = (cos2myt — cosay) + i (sin2myt — sinay)
.. QN e
= 2isin (mkt - Ek) ol (met+%), (9.3)

Writing the polynomial F%ll’,'j"z"n in algebraic form, it follows that

ver

m . n
Euit o (2) = ) G2 = [ T(2"™ — 2)
j=0 k=1
n . X
= (Zi)ngSin (mkt — %) el(mkt+7k)
= (2i)nA(t;m1,...,mn;ucl,..,,,xn)ei(mwg)‘ 9.4)

Using the multiplication of complex numbers in polar form we deduce
k—j T
Ci+ ) Gz =z [ ("™ —z)
k#j k=1
= z_j(Zi)”A(t;m1,. MK, . .,zxn)ei(m“r%)

= (21')”A(t;m1,...,mn;le,...,an)ei((m_zj)H%).
Integrating the above relation over [0, 77}, we get the following result.
Theorem 9.1. (1) The coefficients of polynomial Fut/ "5 are given by
2%\ , .
Ci= (;[)/0 A(t;ml,...,mn;le,...,txn)el((m_zf)”?)dt. (9.5)

(2) If the coefficient C; is a real number, then it is given by

NI=

(A)TznfOnA(t;ml,...,mn;al,...,zxn)cos ((m—2j)t+ %) dt ifnis even

+1
(—1)"3 on
7T

fonA(t;ml,...,mn;ocl,...,ocn)sin((m —2j)t+ %) dt ifnisodd.

9.2 Polygonal polynomials

Here we explore properties of the polygonal polynomials P, defined in [17].
A general framework based on the Cauchy’s integral formula (Section 5.3)
and applications to the study of k-partitions of multisets was given in [19].
We then study the coefficients of P, for which we establish a recursive for-
mula , we deduce an exact integral formula and give a combinatorial inter-
pretation. We then investigate connections to the Mahonian polynomials Q,
and present related integer sequences.
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9.2.1 Definition and basic properties

The n-th polygonal polynomial was defined in [17], by

n(n+1)

Po(z) = (= 1)(2 —1)--- (" — 1) i 9.6)

The roots of P, are the complex coordinates of the vertices, with repeti-
tions, of the regular k-gons centered in the origin, and having 1 as a vertex,
k =1,...,n, which justifies the name. These polynomials are closely linked
to Euler’s famous pentagonal number theorem concerning the infinite ex-

pansion (1 —x)(1—x?)(1—x3)--- =Y (-1 1)F 1k G=1)/2 where |x| < 1,
and the exponents are called (generahsed) pentagonal numbers [42].

We recall that 2" —1 =TTy, ®;(z), hence the polynomial P, can be de-
composed as product of cyclotomic polynomials

= ﬁ]‘[@d(z). 9.7)

k=1 d|k

As every cyclotomic polynomial is irreducible over Z ([146], Thm. 1, p. 195),
the polynomial P, has exactly v(n) = }_}_; 7(k) factors irreducible over Z,
where 7(k) denotes the number of divisors of the positive integer k.

While the polynomial P, seems simple, it exhibits deep algebraic, arith-
metic and combinatorial properties. Its natural companion is the Mahonian
polynomial Q, defined in (9.16), with a key role in the theory of partitions.

9.2.1.1 Palindromicity of the coefficients of P,

Recall that a polynomial f(z) =ag + a1z + - - - + a,,z"™ of degree m is called
e palindromic (reciprocal) if f(z) =z"f (%), ie,aj=ay_j,j=0,...,m;

e antipalindromic (antireciprocal) if f(z) = —z"'f (%), ie,a;=—ay j;
¢ unimodal if the sequence of coefficients is unimodal, i.e., there is an inte-
ger t (called mode), witha; <ap <---<agranda; > a;y1 > -+ > ay.

Py(z) = (—1)"z"T P, (1>

Notice that

z
hence P, is palindromic if n even, i.e., c]( " ng(zﬂ) j'j =0,..., ”(";1) , while
2
P, is antipalindromic for n odd, i.e., c]( " _ c(n(zzﬂ) Ly j=0,..., @
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9.2.2 A recursive formula for coefficients

The coefficients of P, can be obtained recursively, from
n
Pu(z) =[]z —1) = Pio1(2) (z" — 1).

k=1

Writing P, and P,_; explicitly, one obtains

This indicates the following formula:
—" Y ifje{o,...,n—1},
(n-1) (1) .¢ . 1
c](. ={c" —c].n 1f]€{n,...,”(”2 )}, (9.8)

R R e e

Using the recurrence (9.8), we obtain the numbers in Table 9.1.

(n)

The values of the coefficients ¢; ’ correspond to the sequence (—1)"T(n, )
indexed A231599 in the Online Encyclopedia of Integer Sequences [211].

9.2.3 Integral formulae for the coefficients

Setting my = k and z; =1 for k =1,...,n in the polynomial (9.28), we obtain
the polygonal polynomials P, given in (9.6), investigated in our paper [17].
Also, the formula (9.2) where ay =0, k =1,...,n, is simply denoted by

n
AL, ..n) = Hsinkt, telo,m), 9.9
k=1

while the degree of the polynomial P, is

n(n+1)'

—14... —
m + +n 5

By applying the results in Theorem 9.1 (2), it follows the integral formula
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eV |-1,1
Pi(z)|-1+4z

¢ 1,1,-1,1
Py (z)|1—z—z*+2°

$)mLLquJ
Py(z)|—1+z+2z% -z — 25 +2°

$)L4,LaazﬁﬁpL4ﬂ

Py(z)|1 —z— 2> +22° — 28 — 2% 4 z10

$)¢LLQQ4A,LLLLQQm4J
Po(z)|—14z422 20 26 27 428429 4710 13 514, 505

CP]fLiQQLQLQm4fLmQLQLQQi4J

Py(z) 1—z—224254227 — 29 710 _Z11_ 3124 9714 4 516 719 _ 520 4 521

C](-7) -1,1,1,0,0,-1,0,-1,-1,0,1,1,2,0,0,0,-2,-1,-1,0,1,1,0,1,0,0,-1,-1, 1
+221 4 223 _ Z26 _ Z27 4 228

Table 9.1 Polynomials P, and their coefficients for n =1,2,3,4,5,6,7.

n rm 1) —4y
C@:/cmnm+)5+m'mmmmeMt (9.10)
] 7T Jo 2 2

(_D%anoncos (%t) sintsin2t---sinntdt if niseven
= nil .
(_1)% fon sin (%t) sintsin2t---sinntdt if nis odd.

9.2.4 The combinatorial interpretation of the coefficients

The calculation of these polynomial coefficients involves tuples with fixed
sum. Let s,k,n be positive integers. We denote by «a(s,k,n) the number of
integer s-tuples (iy,...,i;) with the properties

i1+ip+-Fis=k 1<ii<ipa<---<ig<n. (9.11)

The link with the coefficients c](.") is given in the following theorem.

Theorem 9.2. The following formula holds:

c,({n) = (=1)" Y(a(1,kn) —a(2,kn) +a(3,kn)—---). (9.12)
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(n)

Proof. The coefficient ¢, of zF in the expansion (z —1)(z2 — 1)---(z" — 1)
involves s distinct terms chosen from the set {1,...,n} with the property that
their sum is k, and also n — s terms equal to (—1), for s =0,...,n. Explicitly,

(n)

¢, is given by the expression

™ = (=1)" Ta(1,kn) + (—=1)"2w(2,kn) + (=1)" 3a(3,kn) 4 - .
This ends the proof. O

Clearly, (s, k, 1) is an increasing function with n. When n is large enough,
the function is stationary to a value independent of 1, denoted by «(s, k).

The following result links the polynomial Ps to «(s, k).

Theorem 9.3. If s is a positive integer, then for all z € C such that |z| < 1 we have

= lim Y L DL AN C )

Ps(z) M0 <y <ip o <is<n k=0
Proof. Clearly, we have

lim Z St ts — Z Sl tis
1<i1 < <is<n 1< <+ <is
is—1+1
. . zts—1 z . .
_ I+ Fig_q — i1+ 4215
= Z - —_— = Z

1<ip<---<ig_q z _Zlgl‘1<"'<lls,1

2(ig_n+1
_ z Z Zi1+"'+is—2 ' z (is—2+1)
1 1—22

T2 1<ii<<is_y

_ 7142 Z Zi1+m+3i572 ..

1-2)1-22), 2,

o s(s+1)

_ Lt +(s-1) Z Jsit z72

(1—z)---(1—z~'3—1)1§1.1 (1—2z)---(1—2%)
_ (e

P(z)
O
Notice also that by (9.13) it follows that
s(s+1)
s, e - k ° (s) - k
(-1)z 2 =PR(z) | Y a(sk)z" )= ) c;’7 Y als, k)" |,
k=0 i=0 k=0

hence we obtain the following result.
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Corollary 9.1. Considering that c( =0forj> SH) , we have
n

Z a(s,n —j)c S)Z(—l)sé s(s+1) » (9.14)

— =

where 6,,, denotes the Kronecker symbol.
Corollary 9.2. Let (s, k) be the number of distinct solutions to the equation
j14 2+ +sjs =k, (9.15)

such that the numbers jy,ja,...,js > 1 may be equal. We have «(s,k) = B(s, k).

] . .
Proof. Indeed, forj € {1,...,s} and |z| < 1 one has ] z ;= Z ..
—z
By taking the product over j € {1,...,s}, one obtains
s(s+1)
—1)%z 2 =
# = (Z+ZZ+"')'-'(ZS+225+"') = Z‘B(slk)zk
Ps(z) k=0

The result follows by (9.13). Clearly, a(s, k) = B(s,k) =0 for 0 <k < ° (S+1) _1

Results counting the ordered partitions of the integer k into s parts each of
size at least 0 but no larger than n have been obtained in [223] and [247]. [

9.2.5 The connection to the Mahonian polynomial Q,

The polygonal polynomial can be written as P,(z) = (z — 1)"Qx(z), where

(nl)
Qu(z)=(z+1)-- (" 42" 24 2+1) Za 7. (9.16)

We call Q, the Mahonian polynomial, which presents interest in its own

right and has been investigated in many papers (see, e.g., [190] or [205]). The
(n)

coefficients a; ’ are called Mahonian numbers, representing the number of
permutations of {1,...,n} with k inversions, indexed as A008302 in OEIS.

If 2K = ZF1 ... Zhn-1 wiith 2 coming from the factor 1 +z 4 --- + 7/ in (9.16),
then an interpretation of the coefficient a,((n) is the number of partitions of the
integer k = k1 + --- + k;,—1 , with the constraints 0 < k; <j, 1<j<n-1
These numbers are related to the Mahonian distribution, which interest-

ingly, are used in the mixing of diffusing particles [65].
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a? 1,1
Qo(z)|1+2
a](3) 1,2,2,1
Q3(z)|1 + 2z +22% + 28
a](4) 1,3,5,6,5,3, 1
Qa(z)|1 4 3z + 522 + 62° 4 5z* +32° + 20
u](.S) 1,4,9,15,20,22,20,15,9, 4, 1
Qs5(2)|1 + 4z + 922 + 1523 + 20z* + 222° + 202° + 1528 + 928 4 427 + 210
a'® |1,5,14,29,49,71,90, 101, 101, 90, 71, 49, 29, 14, 5, 1

Qs(2) |1 + 5z + 142% 4 2923 + 49z* + 712° 4 902° + 10127 + 10128 + 902°+
71210 4 49211 4 29712 4 14213 4 5714 4 715

Table 9.2 Polynomials Q, and their coefficients for n = 2,3,4,5,6.

For n = 10 the following formula is obtained for the polynomial Q1:

Qio(z) =1+ 9z + 442% 4 1552° + 440z* + 10682 + 22982° + 448927 +
+ 809528 + 136402° + 2167020 + 32683z + 47043212+
+ 6488921 + 86054z + 1100102"° + 1358532 + 162337217 +
+ 187959z'8 4 211089z + 23013122 + 24369422 + 25074922+
+ 250749222 4 2436942z%* + 23013122 + 2110892%° + 187959z% +
+ 162337228 4 1358532271100102%° + 8605423" + 64889232+
+ 4704323 + 32683z3* + 216702%° + 13640230 + 809527 +
+ 448928 +22982% + 10682%° 4 440z* +
+ 155242 4 4478 4 974 1 7%,

We give a recursive formula for a](-"), depending on the coefficients of Q;.

Theorem 9.4. Let n > k + 1. The coefficient a,((") is given by the recursive formula

K fm_1_i
M=y (” b 7) a. (9.17)

j=0

Proof. Clearly, a}({n) is the coefficient of z¥ in Qi (z)(1 +z + -+ +2F)"~k, and

—k
1 — Zk+1 " n—k 1 n—k
kyn—k _ ( 2~ — _ Sk+1
(I4+z+---+25 (1_Z> (1 z ) <1_Z> .
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For |z| < 1, the geometric series summation yields

1
=14zt
1-z

By differentiating (n — k — 1) times one obtains

n—k 0
(n—k—l)!<1i2> :_O(s+1)(s+2)...(5+n—k—1)zs,

hence

<1iz>n_k:§)(S+1)(”'_(Sk+_n1;k_l)zs:i<s+ng1_k>zs-

s=0

The coefficient of zK in

k(kz—l) ) ) ok
(k) kT
(L) ()"

is then given by
(1) _ g g0 (sHn—k=1\ 5w (n—j-1
=B () £ ()

This ends the proof. U

Example. Clearly, a(()n) =1land agn) =n — 1. By Theorem 9.4:

e k=2:Forn>3wehave

n n—1\ n—2\ (2 n—3\ @y(n—2)(n+1)
ag):< 5 >aé)+< 1 >a§)+< 0 >a£)2 ;

e k=3:Forn>4wehave

n n—1\ 3 n—2\ (3 n—3\ 3 n—4\ 3

ag>:< ; )ag>+< ; )ag>+( 1 )ag>+( ; )ag>
n(n2—7)‘
6 7

e k=4:Forn>5wehave
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n n—1\ @« n—2\ (4 n—3\ @ n—4\ (4
L (S () (7

n—>5\ @ nn+1)(n?+n—14)
+< 0 >“4 - 24 /

e k=>5:Forn > 6wehave
- -1 -2 —
al) — <n5 >a(()5)+ <n4 >u§5)+ <n3 3>a§5)+
i <n;4>a§5) + (n;5)ai5) + (n66>aé5)

1
= (" 1)(n+6)(n® —9n — 20);

e k=6:Forn>7wehave

1
ol = o™ (n5 +9n* — 513 — 1651% — 3561 + 516) .

For n =10, aéw) = 1068 and aélo) = 2298, confirming the values of Q1.

The coefficients of Q, can also be obtained recursively, using

Qu(z) = Quoa(2) ("1 4+ +241). 9.18)

Using the coefficients of Q,, and Q,,_1, one obtains

(n—"1)n (n—2)(n-1)
= () SR CE= Il I
Qn(z) = Z a; 7l = Z a; Z (z +~--—|—z—|—1>. (9.19)
=0 j=0

This naturally leads to the next result.
Proposition 9.1. The following formula holds:
d" VY e qo,..,n -1},
(n) _ 4
A (n=1) ... n(n—1) (9-20)
a; —i—---—i-a]._(n_l) 1f]6{n,...,T}.

A polynomial is called A-polynomial, if it is both palindromic and uni-
modal with nonnegative coefficients. It is known that the product of two or
more A-polynomials is also a A-polynomial [11]. Since Q, is a product of
the A-polynomials z 41, 224+z41,...,2" V4 ... 4+ 241, it follows that Q,,
is a A-polynomial. This property can be seen in Table 9.1. A direct proof of
the unimodality of Q, was given in [18, Proposition 2.2].
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By the definition of Q,, we obtain another interpretation of the coeffi-
cients of polynomial P, in terms of Kandall-Mann numbers. Indeed, from

o= [ () (D)t () (“}ifuyaﬂ),

one obtains a link between the coefficients of the polynomial P, and Q.

Theorem 9.5. The following formula holds

o (=1 (a = al") () + -+ (~1al" (1) je{0,.n—1},
P e (o = a4 (<1 0) e e 1Y,
Example 9.1. Using Theorem 9.5 for j =1,...,5and n > j + 1 we obtain

g =(-1)",

A" = (1@ —ag" () = (-1 ((n = 1) = m) = (=1,

i = (1" — ") + oy (3)) = (~1)" 7,

2 = (=1)"(ay” — " )+ () — " (3) =0,

o) = (0" = a () () - () () =0,

e = (=)@l = al () + ol () — ol () + a7 () — 2l (2) = (-1)"

9.2.6 Some related integer sequences

Here we examine some integer sequences related to the coefficients of the
polynomials P, and Q,,. We also conjecture that every integer n can be a coef-
ficient of some polynomial Py, (property known to hold for cyclotomic poly-
nomials [246]), the result being confirmed numerically for the first 10° num-
bers. We also present some some new integer sequences: A301703, A301704,
and A301705, recently added by the authors to the OEIS.

9.2.6.1 The number of distinct roots of P,
The number of distinct roots of P, is given by

An)=¢1)+¢2)+ -+ @(n). (9.21)
Indeed, by (9.6) one has P, 1(z) = P,(z)(z"*! — 1). The new roots added by

z"1 — 1 to the set of roots of P,, are those given by the primitive roots of
order n + 1, whose number is ¢(n + 1). The result follows by induction.
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The sequence A(n) is indexed as A002088 in the OEIS, starting with:
1,2,4,6,10,12,18,22,28,32,42,46,58,64,72,80,96,102,120,128,140, ....

The asymptotic formula for A(n) is given in [42, Theorem 3.7, page 72]:
2

An) ~ 2

- + O(nlogn).

Proposition 9.2. Let 1 < k < n be an integer. If z, = 2% is a k-th primitive
root, then the multiplicity of root z,, x in the polynomial Py is L%J Consequently,
one recovers the identity

L n :n(n—i-l)
k_zlfp(k)[kj 2

Proof. The root z,; appears for the first time in polynomial P from the

factor zF — 1. Each of the ¢ (k) roots appears as a non-primitive root of every
multiple of k smaller than .

9.2.6.2 The middle coefficients of P, and Q,

Formula (9.10) gives information into the sequence of middle terms. Denote
by m — Ln(n-{—l)J
y B

e If n =4k, then for m = % we have cos (Wt) =1land
my 2" (7. . .
Cn’ = ;/ sintsin?2f- - -sinntdt. (9.22)
0

This sequence recovers A269298 in OEIS, having the starting values

2,2,4,6,8,16,28,50,100,196,388,786,1600,3280, 6780, 14060, 29280, .. ..
e Ifn=4k+1,thenn(n+1) —4m =2 and sin (Wf) = sint, hence

2n 7
c,(q?) = - ; sin?tsin2t - - -sinntdt = —Cﬁﬂl. (9.23)

The sequence of opposite terms is not currently indexed in OEIS:

1,1,1,1,2,2,3,4,6,10,17,28,52,94,176,339,651,1268,2505,4965,9916, . . ...

o Ifn=4k+2,thenn(n+1)—4m=2and cos (Wt) = cost, hence
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c(n)——g ncostsintsin2t---sinntdt—c(n) (9.24)
m =" = i1 :

The sequence of opposite terms is not currently indexed in OEIS:
1,1,2,3,5,10,19,34,68,135,269,544,1111,2274,4694,9729,20237, .. ..

e Forn =4k + 3, wehavem = M"I”,sosin(%t) :Oandc,(,?) =0.

Conjecture 1. Let n be an integer and m = {n(nj 1) |. The middle coefficient c,(; ) is

* positive for n = 4k (mentioned in A231599, without a proof);
* negative for n = 4k + 1 and n = 4k + 2.

The sequence of middle coefficients of Q, gives the Kendall-Mann num-
bers A000140 in OEIS, representing the number of permutations of the set
{1,...,n} having the maximum number of inversions. The first terms are:

1,1,2,6,22,101,573,3836,29228,250749,2409581,25598186,296643390, . . ..

The asymptotic behavior of this sequence was conjectured in A000140.
Conjecture 2. Let n be an integer and m = L@J . Then the sequence of middle

coefficients ag,f ) of Qy satisfies the asymptotic formula

(n) 67’1”71
Ay ~ )
el

We are not aware of the existence of any proof at the moment.

9.2.6.3 First occurrence of 7 as a coefficient of a polygonal polynomial

In [246], Suzuki proved that every integer 7 is a coefficient for some cyclo-
tomic polynomial. We conjecture a similar result for polygonal polynomials.

Conjecture 3. Every integer n is a coefficient of some polygonal polynomial.

Notice that 1 is a coefficient of P;, while 2 first appears as a coefficient in
Py. For an integer n > 0, the sequence a(n) defined by the smallest number
m for which n is a coefficient of P, produces sequence A301701, recently
added by the authors to OEIS.

n 0123 456 7 8 910111213141516171819...
a(n)[3141012171619202222232425252524262628...

The conjecture was recently checked for the first 10° integers.
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9.2.6.4 Number of non-zero terms of P,

The sequence of non-zero coefficients of P, is indexed as A086781 in OEIS
and starts with the terms

1,2,4,6,7,12,14,18,25,32,36,42,53,68,64,84,97,108,126,146,161,170, .. ..
Recently, we have added the sequences below to the OEIS.
¢ AB301703, representing the number of positive coefficients of Py:
1,2,3,3,6,6,9,13,16,18,21,27,34,32,42,47,54,62,73,79,85,96,104,113, . ...
e A301704, representing the number of negative coefficients of Py:
1,2,3,4,6,8,9,12,16,18,21,26,34,32,42,50,54,64,73,82,85,96,104, 116, .. ..
* A301705, representing the number of zero coefficients of Py:

0,0,1,4,4,8,11,12,14,20,25,26,24,42,37,40,46,46,45,50,62,62,69,72, . ...

9.3 Extended cyclotomic polynomials

Let zx =, k =1,...,¢(n), be the n-th primitive roots of unity. These can
also be indexed as powers of the first primitive root {; = cos X + isin 2%

. n
ie, ), with1 <j<mn—1landgcd(j,n)=1.

The extended cyclotomic polynomial of degree my + - -+ + 1, is

n) N .

q)m1,...,m¢<n) (Z) = (ka - gk) - ]__[ (ij - gjl)/ (9.25)
1<j<n-1

ged(j,n)=1

=

>\~
I
_

where for k =1,...,¢(n), we have my = m;, with j being the k-th positive
integer relatively prime with n, with1 <j <n —1.

The coefficients of @;ﬂl ,,,,, Mgy ATE generally complex. For example, for
7T

n=3,{=cos 27" +isin 5, my = 2 and my = 3, we obtain the polynomial

Dy3(z) = (22— Q)2 - ?) =2 — {2 - PZ + 1.
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9.3.1 Basic properties

Formy = .-+ =mg,) =1 we obtain the classical cyclotomic polynomials de-

fined in (8.11),i.e., we have ®; 1 = ®,,. It is well known that the coefficients
(n)

C

~~~~~

,j=0,...,¢(n), of ®, are integers, while the cyclotomic polynomials are

irreducible over Z (see for example, [146], Theorem 1, p. 195).

The characterization of extended cyclotomic polynomials with integer
coefficients can be done by using Kronecker’s Theorem (see, e.g., [75] and
[123]). Here we present an alternative proof based on Galois theory.

Consider the extension K = Q({,)/Q. This is Galois and the ring of in-
tegers of K is O(K) = Z[{,]; see, e.g., [168, Theorem 4, Chapter IV]. By the
fundamental theorem of Galois theory, an element « in K is rational if and
only if 0(a) = a for all ¢ in Gal(K/Q) and, since for any number field K one
has O(K) N Q = Z, we deduce that an element  in O(K) is an integer if and
only if o(B) = B for all  in Gal(K/Q) (see [96, Theorem 7.3.1]).
in O(K) and by the previous observations, these coefficients are integers pre-
cisely when o(P(z)) = P(z) for all ¢ € Gal(K/Q). To finish off, we note that
Gal(K/Q) acts transitively on the group of n-th roots of unity, and hence,
for any i,j € (Z/nZ)*, there is a ¢ in Gal(K/Q) such that o({},) = ¢},. This
shows that m; = m; (the equality of P(z) and o(P(z)) is one of polynomials
in K]z], which is a UFD and all the factors are irreducible) and since i and
j were arbitrary, it shows that m; = --- = m,) = s. In this case we have
. (2) = @u(z°), where s is an arbitrary positive integer. The poly-

[
ml,...,m(l,(

nomials ®,(z°) play an important role in the study of cyclotomic partitions.

9.3.2 Integral formulae for the coefficients

Here we also index powers by the primitive roots, i.e., my with k <n —1and
ged(k,n) = 1. In this case, for each t € [0, 7r] formula (9.2) becomes

A(t;ml,...,m(P(n);él,...,é(P(n)) = A(t;ml,...,m(p(n))
k7

= J] sin (mkt — ) .
1<k<n—1 n

ged(kn)=1

As shown in [20, Lemma 2.1], in this case we have

= ¥

1<k<n-1
ged(kn)=1

2k _
g

¢(n)m.
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As ¢(n) is even for n > 3, using ¢*™ = (—1)k, k € Z and Theorem 9.1 (1)

the coefficients of the polynomial q)mu..-,m(,, () are given by

(*1)(P2 29(n) rm ) i (mij)t+M7T
C‘:—/O A(t,ml,...,mqv(n))e( 2 )dt

o(n) rm . :
:27_[ /0A(t;ml,...,mq,(n))el(m_zf)tdt. (926)

If the coefficient C; is a real number, then by Theorem 9.1 (2), we have

2¢(n)

7T
Ci= /O A, m () cos(m — 2))tdt. (9.27)

T
As a consequence, since cos(m — 2j)t = cos(m —2(m — j))t, t € [0,27], from
(9.27) we obtain C; = Cy,—j, j = 0,...,m, hence we get the following result:
Corollary 9.3. If q)mllm,m@(n) has real coefficients, then it is reciprocal.

Notice that for m; = - = m,,,) one recovers Theorem 8.11.

¢

9.3.3 Some related integer sequences

The numerical calculations producing the sequences in Tables 9.3 have been
computed in Matlab® and Wolfram Alpha. Some new integer sequences,
not currently indexed in OEIS [211] are obtained.

Considering my =1 fork=1,...,¢(n), we obtain the classical cyclotomic
polynomial ®; 1 = ®,. The coefficients of ®, are integers and they have
been studied in detail by numerous authors. Some interesting integer se-
quences generated by the extended cyclotomic polynomials are defined by
the number of non-zero coefficients.

Setting n =5 we have ¢(5) =4 and { = cos %X + isin 2%, hence
DP1111(2) =Pu(z) =(z— Q) (z — Az-P)z-tH = +2+22+z+1
Also, setting m; =1 and my = 2 for k > 2, for n = 5 we obtain

Piooa(z) =(z—0) (P —)Z-P) P - =2 - — (P + P+ Y7
+(14+P 4+t + A4+ -+ P+ )2 -z + 1

When 1 =6, ¢(6) =2, { = cos 2F + isin 2 for my = 1, mp = 2 we get
Pip(z) = (z2-0)(2* =) =2~ {2 - Pz + 1.

For my =1, my =5, where ®15(z) = (z = {)(2° = 0°) =20 — (> — Pz + 1.
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The first row of Table 9.3 recovers the sequence of non-zero coefficients
of cyclotomic polynomials, indexed as A051664 in OEIS. The second row
recovers the sequence A140434, counting the number of new visible points
created at each step in an n x n grid (n > 2). Notice that the results in the
last two rows are similar whenever 7 is a prime, while both sequences are
not currently indexed. The n-th prime number was denoted by p;,.

Polynomial|Sequence of non-zero coefficients OEIS
D 1 2,2,3,2,5,3,7,2,3,5,11,3,13,7,7,2,17,...  |A051664
Do o 2,2,4,4,8,4,12,8,12,8,20,8,24,12,16,16, ... |A140434
D13 .3 (2,4,4,4,10,4, 16,10, 16, 10, 28, 10, 34, 16,22, ...| NEW

Do o |22,4411,4,22,11,22,11,56,11,79,22,37,...| NEW

q)h,jz,..-,jq,(n) 2,2,4,4,11,4,22,15,28,15,56,15,79,39, 61, ...| NEW
Table 9.3 The number of non-zero coefficients of the polynomial qul""'mw(n)’ n > 1. The
numbers j; <... <jk <...<jy(y) are relatively prime with n.
9.4 Extended polygonal-type polynomials
The extended polygonal polynomial is defined by

n
Fonma(2) = TT(Z"™ = 1), (9:28)
k=1

obtained for z; = --- = z;, = 1in (9.1) and the integers my, ..., m;.

It clearly has integer coefficients and recovers the polygonal polynomial
(9.6) for my =k, k=1,...,n. The roots of z""* — 1 are the complex coordinates
of the vertices of the regular m-gon centered at the origin, having 1 as a
vertex, hence the roots of (9.28) are the complex coordinates of the vertices,
with repetitions, of the regular m-gons withk =1,...,n.

9.4.1 Basic properties

According to the well-known formula x™ — 1 =[], ®4(2), it follows that

n

le,...,mn (Z) = H H qu(Z)/

k=1 d|mk

i.e., the polynomial Fy,,, ., has exactly v(my) + - -- 4+ v(m,) irreducible fac-
tors over Z, where v(a) denotes the number of divisors of 4. Since all the
factors are cyclotomic, Fy,, ... m, is a Kronecker polynomial [75].
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Theorem 9.6. The number of distinct roots of the polynomial (9.28) is

n .
R ey :m1+---+mn+2(—l)]_1 ) gcd(mkl,...,mkj).

j=2 1<ky <+ <kj<n

(9.29)

Proof. For n = 2, the polynomials z"1 — 1 and z"2 — 1 have m; and m; dis-
tinct roots, respectively. Out of these, a number of ged(m1,m;) are common.
In general, the proof follows by the inclusion-exclusion principle. Clearly,
the result holds even if the numbers m4,...,m, are not all distinct. [l

The following formula is obtained in particular.
Remark. For my =k, k =1,...,n, a direct counting leads to

This represents the sequence A002088 in OEIS [211], which has numerous
interesting properties.

Theorem 9.7. Let n > 2, and my,...,my be integers and consider the set
Dyy,...my = {d € N : d is a divisor of my, for some k=1,...,n}.

For each d € Dy,,...m, we denote the number of multiples of d in Dy,,.. m, by
My (Dy,.,...,m, )- The following identity holds:

@(d) - Mg(Dy,..ymy) = 1 + -+ + 1y (9.30)

de'Dml,‘..,mn

Proof. We count the roots of the polynomial (9.28) in two ways, consider-
ing multiplicities. A primitive root { = COSzST" + icos.25'77T of order d with
ged(s,d) = 1is a root of (9.28) if and only if d € Dyy,,...m,. Indeed, for each
k=1,...,n,theroots of z — 1 = 0 are distinct, while ( is a m-th root, when-
ever d is a divisor of my. Conversely, for each d € Dyy,,... m,, the number of
d-th primitive roots of unity is ¢(d), while the multiplicity of each such root
in (9.28) is given by M;(Din,,...m, )- On the other hand, the polynomial (9.28)

has mj + - - - + my, roots, counting multiplicities. O
Corollary 9.4. Let 1 < k < n be an integer. If my =k, k=1,...,n, by Theorem 9.7
! n n(n+1)

Yook | =—5—

$atn 1] =

In the limit cases my = --- = my or n = 1, formula (9.30) reduces to the classical
summation formula of Gauss Y-y, (d) = m.
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Setting z; = --- = z; = —1 in formula (9.1), one obtains the extended anti-
polygonal polynomial, given by

n

A,y (2) = [ T +1). (9.31)
k=1

Such polynomials with integer coefficients play an important role in the
study of partitions. For example, the coefficient of z™ of the polynomial
Admy,...2my,, Where m = mq + --- + my, is the number of ordered bipartitions
of the set {my,...,m, } having equal sums (see, e.g., [15, 34, 40, 47]).

Clearly, the product Fy,,... m, - Am,,....my = Fom,,...2m, is a product of exactly
v(2my) + - -+ + v(2my) cyclotomic polynomials. The number of irreducible
factors over Z of the polynomial Ay, ... m, is

v(2my) + - +v(2my) — [v(my) + - +v(my)]. (9.32)

All these factors are cyclotomic, hence A, m, is a Kronecker polynomial.
This is a special case of Kronecker’s Theorem [75, Chapter 6, pp.43-56].
9.4.2 Coefficients of extended polygonal-type polynomials

Notice that for the polynomial Fy,,.  mu, given by formula (9.28), we have
zr =1, hence wy =0 fork=1,...,n, and &« = a1 + --- + a,, = 0. We shortly
denote by A(t;my,...,my), the function A(t;my,...,my,0,...,0). We have

n
A(t;my,...,my) = [ [sinmgt, t€[0,7]. (9.33)
k=1

Since the coefficients Cj of Fy,
obtain the following result.

my, (9.28) are real, by Theorem 9.1 (2) we

.....

Theorem 9.8. The coefficients of the polynomial Fy,, .. m, are given by

(717)172’1 Jo  A(t;ma, ... ,my) cos(m — 2j)tdt if n is even

Ci= i (9.34)
(_1)# fon/\(t;ml,...,mn) sin(m — 2j)tdt if nis odd.

For the polynomial Ay, . m, (9.31) one has zy = —1, hence &y = 7 for

k=1,...,nand &« = a1 + --- + &, = n7r. We denote A(t;my,..., My, 7T,...,7)
by A(t;my,...,my), and obtain

n
A(t;my,...,my) = Hcosmkt, t e [0, ). (9.35)
k=1
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The following result can be obtained from Theorem 9.1 (2).
Theorem 9.9. The coefficients of the polynomial Ay,,,...m, are given by
A
Ci = ;/ A(t;ma,...,mp)cos(m — 2j)tdt, j=0,...,m.  (9.36)
0

It also follows that
T
/A(t;m1,...,mn)sin(m—Zj)tdt:O, j=0,....m
0

Remark. An interesting particular case is obtained for my =k, k=1,...,n
If S(n) is the number of ordered bipartitions of {1,2,...,n} into sets having
equal sums, then this is the middle coefficient of the polynomial A1y,

that is the coefficient of "7~ when n=0 or n =3 (mod 4).
In [40], D. Andrica and I. Tomescu conjectured the asymptotic formula

where f(n) ~ g(n) means that nli_r}r;lof(n)/g(n) = 1. This formula has been

proven by B. D. Sullivan [245], using the corresponding integral formula
from Theorem 9.9 and complicated analytic techniques.

9.4.3 Some related integer sequences

The extended polygonal polynomial Fy,, ., has integer coefficients. For
example, when n =4 and my =1, my =2, m3 = 3 and my = 4 one has

Fiosa(z)=(z—-1)(z2 - 1)(2> - 1)(z* - 1)
=710 _29 81025 32 —z+1,

which has 7 non-zero coefficients of which the highest is equal to 2.

In this section we explore some integer sequences related to the number
of non-zero, and the maximum coefficients of the polynomial Fy,,.. ,, the
for the sequence Fy, ... m,, as well as to the number of irreducible factors over
integers for the polynomial A, .. m,. The numerical calculations producing
the sequences presented in the Tables 9.3-9.7 in this section, have been com-
puted in Matlab® and Wolfram Alpha. In this process we recover some new
integer sequences, not currently indexed in OEIS [211].



300 9 Special Polynomials and Their Coefficients

9.4.3.1 The number of non-zero coefficients of F,, .,

The sequence giving the number of non-zero coefficients of Fy;,, .. m, (n > 1)
recovers some known integer sequences, as well as a novel sequence when
My = py is the n-th prime (n > 1), as seen in Table 9.4. The first and third
lines are identical, since Fiy,,, _km, (2) = Finy,....m, (zF), for all k € N.

Polynomial|Sequence of non-zero coefficients OEIS
Fi.n 2,4,6,7,12,14, 18, 25,32, 36,42,53, 68, 64,84, ... |A086781
Fi.on1 |2,4,8,15,24,35,48, 63,80,99,120, 143, 168, 195, ... |A082562
F . on 2,4,6,7,12,14, 18, 25,32, 36,42,53, 68,64, 84, ... |A086781
2,4,8,16,24,40, 68,103, 162, 236, 344, 453, 612, ... |A225549
Fpi,...on 2,4,6,8,14, 20,24, 32, 46, 66, 92, 138, 162, 204, ... NEW

mus N >1.

,,,,,

9.4.3.2 The maximum coefficient of F,, .,

The maximum coefficient of Fy, . m, (n > 1) recovers some known integer
sequences when m; = n or m, = 2n, while it also generates some novel se-
quences in the other cases, as seen in Table 9.5.

Polynomial|Sequence of maximum coefficients of Fy,,, . m, OEIS
Fi . » 1,1,1,2,1,2,2,2,2,3,2,4,33,4,6,5,6,7,8,... |A086376
Fl,,..,Zn—l s 4r Ly

1,1,1,2,2,3,5,8,13,22,38, 68,118, 211,380, ... | NEW
Fy..on 1,1,1,2,1,2,2,2,2,3,2,4,3,3,4,6,5,6,7,8, ... |A086376

2 1,1,1,1,1,1,2,2,3,3,4,6,7,8,11,14,12,12,... | NEW
Fooovw  |LL1,1,1,1,1,1,1,2,2,2,3,4,6,8,12,17,30,...| NEW

Table 9.5 The maximum coefficient of the polynomial Fy, .. m,, n > 1.

9.4.3.3 The number of irreducible factors over integers of A, .,

The number of irreducible factors of A, m, given by (9.32), simplifies to

Yr a +1 , where my = 2%my, with mj_ odd, k = 1,...,n. Some sequences
arise naturally for particular choices of my, k=1, .

The interpretations known for the OEIS sequence A001227 in the first row
of Table 9.6 include: the number of odd divisors of 1, the number of ways to
write n as difference of two triangular numbers, the number of partitions of
n into consecutive positive integers, or the number of factors in the factor-
ization of the n-th Chebyshev polynomial of the first kind.
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Polynomial | Number of irreducible factors OEIS
z" +1 1,1,2,1,2,2,2,1,3,2,2,2,2,2,4,...|A001227
2" +1 2,2,3,2,4,3,4,2,4,4,4,3,4,4,6,...| NEW
2" +1 3,3,4,3,6,4,6,3,5,6,6,4,6,6,8,...| NEW

Table 9.6 Number of irreducible factors over the integers of the polynomial z" + 1, for
m, =n,my, =3nand m,;, =9, n > 1.

Polynomial|Number of irreducible factors of Ay, ... m, OEIS
Al n 1,2,4,5,7,9,11,12,15,17,19, 21, 23, 25, 29, ... A060831
A3z, 3n 2,4,7,9,13, 16,20, 22, 26, 30, 34, 37,41, 45,51, ... NEW
Ag . on 3,6,10,13,19,23,29,32,37,43,49, 53,59, 65,73, ...| NEW

Table 9.7 The number of irreducible factors over the integers of the polynomial A,,,... m,,
form, =n,my, =3nand m, =9n,n > 1.

Some interpretations known for the OEIS sequence A060831 in the first
row of Table 9.7 are the following: the number of odd divisors present in
{1,...,n}, the number of sums less than or equal to 1 of sequences of con-
secutive positive integers, or the total number of partitions of all positive
integers less or equal to n into an odd number of equal parts. The asymp-
totic formula for the OEIS sequence A060831 was conjectured in 2019 as
a(n) ~n(log(2n) + 2y — 1) /2, where 7 is the Euler-Mascheroni constant.

9.5 Gaussian, multinomial and Catalan polynomials

In what follows we shall present some properties of the Gaussian, multino-
mial and Catalan polynomials and some integral formulae for their coeffi-
cients, based on the papers [18] and [19].

9.5.1 Coefficients of Gaussian polynomials

Let m and r be positive integers. The Gaussian polynomial is defined by

—r m—r+1_1Y...(»M _ .
(m) _ r(mZ: )C(m’r)zj _ Py (z) _ (z (z_l)nl-)(zr(—zl) D ify <m
)z - P (z)Py—r(2)

0 ifr >m.
(9.37)

Notice that while formula (9.37) seems to involve a rational function, the
division is actually exact in the ring Z[z], of polynomials with integer coef-
ficients, and it generates a polynomial of degree r(m — r).
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The Gaussian polynomial (9.37) has distinct roots roots (see. e.g., Chen
and Hou [88]), while its factorization in terms of cyclotomic polynomials
was given by Knuth and Wilf [162] as

<m> :1—[[(Dk(z)]Lm/kjf[r/kaL(mfr)/kjI (9.38)
z k=1

where @ (z) denotes the k-th cyclotomic polynomial.

The coefficients C](m’r), j=0,...,r(m — r), have many interesting proper-

(m,r)
j

ties and interpretations. The coefficient C represents the number of par-

titions of number j whose Ferrers diagram fits into a X (m — r) rectangle.
Also, if 6 = 61056, is a r-subset of [n], and o (J) = Y7 6; (weight of 9),
then C](m’r) is the number of r-subsets of [n] with weight j + @ [212].

It is known that the sequence C](m’r), j=0,...,r(m —r), is unimodal. First
stated by Cayley in 1856, this property was proved by Sylvester in 1878, and
a constructive proof was first given by O'Hara in 1990 [212]. However, this
sequence is not always log-concave (see, e.g., (3) ,=1+z+ 272 4+ 23 + %),
as shown by Stanley in 1989 [244]. Other generalized Gaussian coefficients
were proved to be unimodal by Kirillov in 1992 [157].

By simple work with complex numbers [6], and using formula

ZF — 1 = (cos2kt — 1) + isin2kt = 2ie'™ sinkt, (9.39)
from Theorem 9.1 (2) applied for the function
m—r+k)t

- sin(
m —
Ar(t) = ,g sinkt

, (9.40)

we obtain a formula for the coefficients of the Gaussian polynomial ('}')..

Theorem 9.10. The coefficients of the polynomial ('), are given by

C](m’r):;/;A;”(t)-cos[r(m—r)—Zj]tdt, i= 0. r(m—r). (941)

Remark. By Theorem 9.10 we can easily prove that the polynomial ('), is
palindromic. Indeed, for j =0,...,7(m — r), one obtains

cmn 1 /nAm(t) ccos[r(m —r) —2(r(m—r) —j)|tdt
r(m—r)—j 7T Jo r J

_1 /nAm(t) -cos[—r(m—r)+2j]tdt = clmr) (9.42)
g R e .
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A simple formula for the middle coefficients can also be derived.

Proposition 9.3. The middle coefficient of the polynomial (")), is given by:
1. Ifr(m —r) = 2k, then
_ 1 / " AT (1) dt
wlo "k

2. Ifr(m—r) =2k +1, then

C(W) — C(W) - l /nAm(t) - costdt.
k k+1 mto K

9.5.2 Coefficients of multinomial polynomials

Let s,m,my...,ms be positive integers such that m; + --- + ms = m. The
multinomial polynomial is defined by the formula:

m Py, ( m ms _j
= C L, 9.43
<m1/"'1ms>z Pml( ) Pms Z ( )

Clearly, for s = 2 and m; = r, one obtains the Gaussian polynomial. While
the formula (9.43) seems to involve a rational function, the division is in fact
exact in the ring Z[z]. The degree of this polynomial is

m(m+1) B i m]-(m]- +1)

M=
2 = 2
1
= [mz—(m%+m§+---+m§)}
= Y mm. (9.44)
1<k<iI<s

The multinomial polynomial can be factorized in irreducible factors in-
volving the cyclotomic polynomials, as shown by Chen and Huo in [88,
Lemma 1], and naturally extends formula (9.38).

Proposition 9.4. The multinomial polynomial (9.43) can be factorized as

m

m i \m/k|—|my/k]—|my/k|——|ms/k]
= | | [} ’
<m1,"',ms>z k:1[ k(Z)]

where Oy (z) denotes the k-th cyclotomic polynomial.

From this result we can obtain an interesting identity concerning the degree
of this polynomial, which involves the floor function.
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Theorem 9.11. Let m,my,my, ..., ms be positive integers which satisfy the identity
m = my + my + - - + ms. The following relation holds:

m
Y (k) ([m/k] — [my/k| = [ma/k] =+ = [ms/k|) =M. (9.45)
k=1
By using again the result in Theorem 9.1 (2) with the function
TTL sinkt
Ay () = ——F =, (9.46)
=1 (]_[k:1 smkt)
we get an integral formula for the coefficients of the polynomial ( ml,T,ms)z‘
Theorem 9.12. The coefficients of the polynomial ( m1,~n-1~,ms)z are given by
my,...,Ms 1 T m . .
G =2 Ay, ms (£) -cos (M —2j)tdt, j=0,...,M. (947)

Notice that the integral in formula (9.47) is not singular, since we have

m! m
lim A" = ———— = .
t—0 M m (1) H?:lmj! mi,..., Mg

Remark. Using Theorem 9.12 it follows that the polynomial (ml,-r-rf,ms)z is
palindromic. Indeed, for j = 0,..., M, one obtains

1 7T
Chii™ = — /O AL (£) - cos (M — 2(M — j)) tdt
1 7T
== / AL (8) - cos(—M+2j)bdt = CI™(9.48)
0

A formula for the middle coefficients can also be derived.

Proposition 9.5. The middle coefficient of ( ml’_"f ,

mulae (depending on the parity of M):
1°. If M = 2k, then

Mg

)Z is given by the following for-

1 7T
cpr = — [T AL, (D, (949)

2°. If M =2k +1, then

T
Colr e =l = —/ Ajp,, . (t) - costdt. (9.50)
0 el



9.5 Gaussian, multinomial and Catalan polynomials 305

9.5.3 Coefficients of Catalan polynomials

For a positive integer m, the m-th Catalan polynomial is defined by

z—1 [2m\  z-1 sz(z)_m(_)mj
Qm(z)_zm+1—1(m>z_zm+1—1 P22y = ]-;) 'z, (9.51)

having degree m(m — 1) and at least m — 1 irreducible factors [88].
Applying the formula (9.39), we obtain

<2m> _pimt [12", sinkt
mj. (TP sinkt)?
Denoting for simplicity by

sint

) = sin(m + 1)t

A2M(1), telon],

by Theorem 9.1 (2) we obtain the following result
Theorem 9.13. The coefficients of the polynomial Q,,(z) are given by

7/ Y(f) - cos|m(m —1) — 2j]tdt, j=0,...,m(m—1). (9.52)

Notice that the integral in formula (9.52) is not singular, since we have

Hm ¥ () = — <ZHT>

t—0 m+1

which represents the m-th Catalan number.

Remark. Theorem 9.13 can be used to prove that the Catalan polynomial is
palindromic. Indeed, for j =0,...,m(m — 1), one obtains

7f/ Y (t) - cos [m(m — 1) — 2(m(m — 1) — j)] tdt

7/‘ ¥ (1) - cos[—m(m — 1) +2j] rdt = " 9.53)

We also give an integral formula for the middle coefficient.

Proposition 9.6. The middle coefficient of Q. (z) is given by:

o :l/nwm(t)dt
m(néfl) T Jo






Chapter 10
Partitions and Recurrences

An integer partition is a way of writing an integer as a sum of natural
numbers. The study of partitions was pioneered by Euler (1748), who in-
troduced many concepts which are still in use, and proved fundamental re-
sults concerning partitions into distinct parts, or into odd parts. Since that
time, numerous mathematicians including Gauss, Cauchy, Jacobi, Weier-
strass, MacMahon, Hardy, Ramanujan, Erd6s or Andrews contributed to the
study of partitions. Key details about the history of partitions can be found
in the classical books of Andrews [12] and [13], or in the review article by
Pak [217], which focuses on bijective proofs of classical partitions identities.

Partitions play a significant role in many branches of mathematics, like
combinatorics, group representation theory, or symmetric polynomials. Par-
titions have direct applications to classical combinatorial optimization prob-
lems such as the Bin Packing Problem (BPP), the Multiprocessor Scheduling
Problem (MSP) and the 0 — 1 Multiple Knapsack Problem (MKP) [99].

In Section 10.1 we present key results and problems concerning parti-
tions, including the signum equation, and the Laurent ring Z[X, X~ 1].

In Section 10.2 we investigate in detail the ordered 2-partitions of multi-
sets with equal sums, which are related to the signum equation, based on
the results presented in our paper [47]. We provide integral formulae for the
number of such partitions, and we explore the scenario when the multiset
contains m > 1 copies of the set {1,...,1n}. Some conjectures are stated.

In Section 10.3 we analyze the number of ordered k-partitions with equal
sums of a multiset, for which we derive generating functions, integral for-
mulae, and recurrences. Numerical experiments are used to illustrate the
results and to formulate some new conjectures. The generating function ap-
proach proposed by Andrica in [14] opened the way to numerous novel
results related to multi-partitions with equal sums.

Examples involving particular case of 3-partitions with equal sums are
also provided [15]. Some sequences resulting from this investigation were
new, or provided novel context to existing entries in OEIS.

307
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10.1 Some classical partition problems and preliminaries

Euler showed that the number of ways in which an integer n > 2 can be
partitioned as a sum of positive integers is given by the generating function

gp(n)x” = ﬁ <1 —1xk> : (10.1)

k=1

In fact, Euler has also considered the partition of number n obtained when
the summands only belong to a certain set of integers A. More details about
generating functions related to partitions can be found in [260].

A first asymptotic formula for p(n) was given by Hardy and Ramanujan,
who in 1918 proposed the following result

4nﬁ

valid as n — co. An elementary proof was given in 1942 by Erdos [109].
Of particular interest are the partitions of the set {1,2,...,n}, related to
the signum equation, and that of k-partitions with equal sums.

p(n) ~ ! eXp<7r 2;) (10.2)

10.1.1 The signum equation

The signum equation is classic a combinatorial problem, first considered by
S. Finch [114]. For a given positive integer n, the level n solution of this
equation denoted by S(n), which corresponds to the number of ways of
choosing + and — such that £1 =2+ 3 £ --- £ n = 0. This also represents
the number of partitions of {1,2,...,n} in two sets with equal sums. The
sequence {S(n)},>0 is indexed as A063865 in the Online Encyclopedia of
Integer Sequences (OEIS) [211], and its first few terms are

1,0,0,2,2,0,0,8,14,0,0,70,124,0,0,722,1314,0,0, . ..
For example, S(7) =8since 1 4 --- +7 =28 and
14=1+64+7=2+54+7=34+4+7=3+5+6.

The asymptotic formula for S(n) was conjectured by Andrica and Tomescu
[40] in 2002:

lim =4/ —.
Frrglod on T
n=0 or 3(mod4) "Vn
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The result was proved in 2013 by Sullivan [245], by analytic methods.
Proof details and possible extensions, as well as connections to Erdos-
Suranyi representations, were suggested in [34, 35]. More details on these
sequence were provided earlier in Chapter 3.

Starting from an interesting analysis problem with trigonometric inte-
grals [14], Andrica established a generating function which allowed novel
approaches in the study of 2-partitions with equal sums for multisets. The
exact value of related trigonometric integrals involving products of sine or
cosine function has been studied in [73], and inspired numerous Olympiad
problems as shown in [25].

For details regarding the general theory of multisets one can check the
paper by Stanley [243]. The connection with unimodal polynomials is made
in [41] and with some aspects in special representations of integers, known
as Erdos-Suranyi representations are given in [104], [108] and [114].

10.1.2 The Laurent ring Z[X, X 1]

Recall that a Laurent polynomial with integer coefficients has the form

p=Y aX", mez,
kez

where X is a formal variable, and only finitely many coefficients a; are non-
zero. Two Laurent polynomials are equal if their coefficients are equal. Such
expressions can be added, multiplied, and brought back to the same form
by reducing the corresponding similar terms.

Formulae for addition and multiplication are the same as for the ordinary
polynomials, with the only difference being that both positive and negative
powers of X can be present. The set of Laurent polynomials Z[X,X 1] is a
ring with respect to the addition and multiplication.

A Laurent polynomial p € Z[X, X 1] is symmetric if it satisfies the relation
p(X) = p(X~1). This property is equivalent to a_j = ay, for all k € Z. The
maximal positive integer s with a5 # 0 defines the degree of p. The set of all
symmetric Laurent polynomials Zsymm[X, X '] is a subring of Z[X, X ~1].

10.2 Ordered 2-partitions of multisets

The interplay between integer sequences and partitions has led to numer-
ous interesting results, with implications in generating functions, integral
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formulae, or combinatorics. An illustrative example is the number of solu-
tions at level 7 to the signum equation. Here we present some of the results
and conjectures concerning 2-partitions of multisets, given in [47].

10.2.1 Definitions and notations

Letaq,...,a, € Rand my, ..., m, € N, and consider the multiset

AI = {alr' TS PR ERYY ST A /DCI’I}~
—— ————
mq times my, times

Fors =1,...,n, we call ms the multiplicity of element a; in the multiset M,
while (M) = Y, msas is the sum of the elements of M.

Definition 10.1. Let &« = (a1,...,a,), m = (my,...,m,) and denote by S(m;«)
the number of ordered 2-partitions of M having equal sums, i.e., the number
of pairs (Cq,C;) of subsets of M satisfying the properties

(i) C,UCy = Mand C; N C, = @;
i) ©x= ¥ x=3iY" ma.

xeCy xeCy

One can check that S(m;«) is the constant term in the expansion

it 1\™ it 1\™ o 1\™
— 1 N 2 - “en n
F(z) = (z + z“l) (z + 2“2) (z + Zan) . (10.3)

Clearly, from the relation F(z) = F(1/z) it follows that the expression of
F(z) in (10.3), after we expand, is a symmetric Laurent polynomial of vari-
able z and degree Zi-;l m;a;. When my = ... = my = m, we say that the ele-
ments of the multiset M are of the multiplicity m.

Expanding F(z) one obtains its algebraic form

F(z) =co(m;a) + ) cjzj, (10.4)
jeZ\{0}

where all coefficients c; of F are zero, excepting a finite number. For the unity
of notation, we use co(m;a) = S(m;«) and ¢; = ¢j(m;«), for j € Z \ {0}.

10.2.2 Integral formulae

Setting z = cost + isint in (10.3) and (10.4) we get
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k
2 T (cosast)™ = co(m;a) + ) cj(cosjt + isinjt).
s=1 jez {0y

Integrating in t over [0,277], we obtain the following formula
oMy, 27 1
co(m;a) = 7/ 1—[ cosast) " dt. (10.5)

The combinatorial intepretation of the coefficient c;(m;«) is the number of
representations of the integer j as

j=x - Eag - Eap - Lay,
—_—— N———
my times my, times
for all possible 217 choices of signs + and —.
If we multiply the relation (10.4) by z/ we get

zTF(z) = cj(m;a) + Y o7, (10.6)
I#]

hence by integrating in t over [0,27t], we have

oyt

2 n
ci(ma) = ——— / cosjt [ J(cosast)™dt. (10.7)
27 Jo =1

10.2.3 Multisets with equal multiplicity

Consider the multiset M = [n],, consisting of m copies of each element of
the set [n] = {1,...,n}. In the paper [47] we have studied some properties of
the symmetric Laurent polynomial defined by the expansion

1\"™ 1\" 1\"
Fn,m(z):<z+z> <ZZ+ZZ> "'(Zn+2n>

= ¥ "y, (10.8)

jez

which is a special case of the polynomial in (10.3), obtained for k = n and
a1 =1,...,a, = n. Notice that the symmetric Laurent polynomial F, ,(z)
mn(n+1)

has the degree >



312 10 Partitions and Recurrences

If we multiply the polynomials F, x(z) and F, ;(z), we have the following
formula for the coefficients of F, y1(z)

k l 1)
=Y ), dez. (109)
JEZ

(m)(

Recurrent formulae for ¢ ; n) as a function of terms of the form ctm (n),

]
which allow an efficient numerical computation.

For m = 1 one obtains c](l) (n) recursively as

ZC n11()<zn+zln>

JEZ

= (jgcj(-l)(n - l)zf> (z” + Zln)

Hence,

1 1 1
c]( )(n) = c](;)n(n —1) +cW

fn(n—=1), forje Z. (10.10)

Similarly, c](.2) (n) can also be obtained recurrently by

ZC F,- 12()<Zn+21n>2

JEZ

1
Zc (n—1)z <22”—|—2—|—2>
jeZ z

_ZC Z]+2n+zc Z]“‘ZC Z] —2n

jeZ JEZ jez
—ZZ:(] o ( +2c()( )+c](+)2n(n—1)>zj
j€

Hence, for j € Z one obtains

o (=21 +2 =1+l (1 =1). (o)
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The following recurrences are valid for j € Z and n > 1.

e (n) =Yy, (n = 1) +3c) (n = 1) + 3¢5, (n = 1) + ¢, (n 1)

—n jtn j+3n
(10.12)
c](4) (n) = c](.A:)4n(n —-1)+ 4c;i)2n(n —-1)+ 6c](.4)(n -1)
+4ciy, (1 =1) + ¢, (n—1). (10.13)

In general, for m even one obtains the formula

" m/2 m " m m
my =Y ( k)c](i%kn(” ~1)+ (m /2>c§ ‘(n-1), (1014

k=1
. (m+1)/2 m .
" (n) = k; <2k_1>c](i22k1)n(n—l). (10.15)

when m is even or odd, respectively.

10.2.4 Associated integer sequences

Various integer sequences can be recovered from the coefficients of F, (z)

(m)

given in formula (10.8). Of particular interest are the sequences ¢, (1), rep-
resenting the constant term of Fy,,,(z). As seen in our paper [47], the se-

( l)
s ]

combinatorial interpretation and importance.

(n) obtainde for fixed values j = 1,2,... have an interesting

The casem =1

(1)

For m =1, sequence c; ' (1) represents also the number of solutions at level

n to the signum equation, which is A063865 in OEIS. More precisely, c(()l) (n)
is the number of ways of choosing + and — such that

+1+2+£3+.--£n=0,
(1)

sometimes denoted by S(n) = ¢, ’(n). This is in fact an old combinato-
rial problem also considered by S. Finch [114]. Computations show that

c{" (40) = 5830034720 and ¢! (100) = 1731024005948725016633786324, hence
the sequence terms seem to grow rather quickly.
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Concerning its asymptotic behaviour, Andrica and Tomescu [40] conjec-
tured the following asymptotic formula in 2002:

lim ng) = é
n—00 7T
n=0 or 3(mod4) nyn

This was proved analytically in 2013 by B.D. Sullivan [245]. Extensions of
this result will be discussed in the following sections.

For m = 1 and fixed values of 1, the coefficients {c]O) (1) }j>0 produce the
following finite sequences:

—_
~—

V@ 01

¢@): 01,01

’(3): 2,010,101

¢V@):  2020201,01,0,1

V(5): 0,3,0,3,0,3,020,20,1,0,1,0,1

é”@y 0,5,0,5,0,4,0,4,0,4,0,3,0,2,0,2,0,1,0,1,0,1

¢(7): 80,8,0,8,0,7,0,7,0,6,0,50,50,40,3,0,2,0,2,0,1,0,1,0,1

cV(8):  14,0,13,0,13,0,13,0,12,0,11,0,10,0,9,0,8,0,7,0,6,0,5,0,4,
0,3,0,2,0,2,0,1,0,1,0,1

V@) 0,23,0,23,0,22,0,21,0,21,0,19,0,18,0,17,0,15,0,13,0,12,

0,10,0,9,0,8,0,6,0,5,0,4,0,3,0,2,0,2,0,1,0,1,0,1
Notice that {c]m (n)}j>0 has n(n +1)/2 + 1 relevant terms, i.e., c](l) (n)=0
for j > n(n+1)/2 + 1. The rows of this triangle are not indexed in the OEIS.
The case m =2
For m = 2 one recovers the sequence

c$? (n) : 2,4,10,26,76,236,760,2522,8556,29504, ...,

indexed in OEIS as A047653. By the recurrence formula (10.9), one obtains
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n(n+1)/2

)
=Y VeV =2m+2 Y (Vm32 @016
jez =1

Concerning its asymptotic equivalent, the following formula was conjec-
tured by Kotesovec in 2014 (see A047653 description in [211])

) 3
lim =5—=4/—
n—oo 7T

ny/n

d?(1): 2,01

¢?(2): 4030201

”(3):  10,0,8,07,0,6,0,3,0,2,0,1

c](.z) (4):  26,0,24,0,22,0,20,0,16,0,12,0,9,0,6,0,3,0,2,0,1

¢?'(5):  76,0,73,0,70,0,65,0,58,0,51,0,42,0,34,0,26,0,20,0,14,0,9,0,

6,0,3,0,2,0,1
c? (6):  236,0,231,0,224,0,215,0,200,0,184,0,166,0,144,0,124,0,106,0,
86,0,69,0,54,0,40,0,30,0,22,0,14,0,9,0,6,0,3,0,2,0,1.

Notice that {c](z) (1) }j>0 has n(n + 1) + 1 relevant terms, i.e., c](z) (n) = 0 for
j > n(n+1) 4 1. The rows of this triangle are not indexed in the OEIS.

The case m = 3

For m = 3 one obtains the sequence

c{? (n) :0,0,62,332,0,0,80006,531524,0,0,173607568, ...,

indexed in OEIS as A124995. While several terms of this sequences have
been computed, its asymptotic behaviour is not currently known. However,
a conjecture based suggested by numerical calculations has been formulated
in the following section.

The coefficients {c](-3) (1) }j>0 produce the following finite sequences:
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(1) 03,01

”(2): 0,12,0,10,0,6,0,3,0,1

c”(3):  62,0,57,0,51,0,43,0,30,0,21,0,13,0,6,0,3,0,1

e’ (4):  332,0,327,0,309,0,278,0,243,0,204,0,161,0,123,0,90,

0,61,0,39,0,24,0,13,0,6,0,3,0,1

c](.3) (5): 0,1974,0,1932,0,1851,0,1731,0,1587,0,1419,0,1242,0,1062,0,
882,0,717,0,566,0,435,0,324,0,233,0,162,0,108,0,
70,0,42,0,24,0,13,0,6,0,3,0,1.

One can notice that {c](3)(n)}j20 has 3n(n +1)/2 + 1 relevant terms, i.e.,

c](3) (n) =0forj>3n(n+1)/2+ 1. The rows of this triangle are not currently
indexed in the encyclopedia of integer sequences OEIS.

The case m = 4

For m = 4 one recovers the sequence

c{! (n) : 6,44,426,4658,55260,689508,8914872, ...,

indexed in OEIS as A124996. The asymptotic behaviour of this sequence is
not currently known, but a conjecture based on numerical calculations is
formulated in the following section.

The coefficients {C](4) (1) }j>0 produce the following finite sequences:
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(1) 6,040,
¢(2):  44,0,40,0,31,0,20,0,10,0,4,0,1
(
g

4 (3): 426,0,408,0,372,0,320,0,251,0,188,0,130,0, 80,

0,47,0,24,0,10,0,4,0,1

¢ (4): 4658,0,4584,0,4380,0,4064,0,3650,0,3176,0,2680,0,2184,
0,1716,0,1304,0,952,0,664,0,445,0,284,0,170,0,96,0,
51,0,24,0,10,0,4,0,1

¢ (5): 55260,0,54792,0,53433,0,51236,0,48302,0,44768,0,40773,0,
36492,0,32078,0,27692,0,23459,0,19492,0,15882,0,12672,0,
9902,0,7564,0,5642,0,4108,0,2912,0,2008,0,1342,0, 868, 0,
541,0,324,0,186,0,100,0,51,0,24,0,10,0,4,0,1

One can notice that {c](4)(n)}]'20 has 2n(n + 1) + 1 relevant terms, i.e.,

c](4) (n) =0 for j > 2n(n+ 1) + 1. The rows of this triangle are not currently

indexed in the encyclopedia of integer sequences OEIS and more research is
required to study the interpretations.

10.2.5 Some conjectures

Numerical evidence suggests a number of conjectures.

10.2.5.1 Asymptotic behaviour of sequences {c(()m) (n) }n>0

In 2002, Andrica and Tomescu conjectured in the paper [40], the following
asymptotic formula f =V (n):
ymptotic formula for S(n) = ¢y’ (n):

lim ng) = é
n—00 T
n=0 or 3(mod4) "Vn

This was proved in 2013 by using analytic methods by B.D. Sullivan [245].
(2)

The following asymptotic formula for c;” (1) was then conjectured by
Kotesovec in 2014 (see A047653 in [211]):

lim 7(:(()2)(11) — /3

4n -
n—oo 7T
ny/n
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Fig. 10.1 First 30 terms of sequences CJ‘}m (il")) ,m=1,2,3,4, with f,,(n) given by (10.17).

We aim to establish a more general result for C(()m) (n). To this end, let
m,n > 1be integers and define the function

6 21”11’[
fm(n) =/ T (10.17)

The numerical results obtained for m = 1,2,3,4 shown in Fig. 10.1, suggest

the following asymptotic behaviour of c(()m) (n).

Conjecture 10.1. Let m > 1 be an integer. The following formula holds

(m)
lim %2& YL (10.18)
n—00 m mr7t

10.2.5.2 On the properties of C;.”(n)

Note that {c](.m)(n)}jzo has w + 1 relevant terms, i.e., c](m)(n) =0 for

j> M +1, and we know that {c}l) (1) }jez has a modulo 2 unimodality.

Numerical evidence obtained so far suggests two other conjectures.

Conjecture 10.2. The non-zero subsequence of {c](m) (1) }jez is unimodal. As

)

j (n) = an;) (n) and every second term is zero, it is sufficient to prove that
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(m)

Fig.10.2 Plot of % evaluated for n =10,m =1,2,3,4,j € {0,..., M + 1}, where

the function f,, (1) is given by (10.17).

the subsequences {cg]ﬁ) (1) }j>0 and {chle(n)} j>0 are decreasing, by using
formula (10.9).

The following behaviour is suggested by Fig 10.2.
(m)

Conjecture 10.3. For any integers m,n > 1, the coefficients ¢ j (n) belong to
a normally distribution shaped curve. If true, this conjecture would explain

(m)

the unimodality of ¢ ] (n) for fixed m,n, as well as the asymptotic limits for
cg'(n) as n increases to infinity, for fixed m.

10.3 Ordered k-partitions of multisets

An important problem is the study of the number of partitions of multisets
having certain properties. Results concerning the number of partitions of
multisets, as well as asymptotic formulae for small multiplicity values were
obtained in the 1970’s by Bender [66] and Bender et al. [67]. For further in-
formation about multiset theory, one may consult Stanley’s paper [243].

Some partition problems have important practical applications, as for ex-
ample the famous strongly NP-complete problem related to 3-partitions. For
the positive integers b,m and aj,...,a, such that n =3m and ) ;as = mb,
one needs to partition the set {ay,...,a,} into m subsets, each containing
exactly three elements, whose sum is exactly b (see, e.g., [116] and [117]).
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For example, the set {10,13,5,15,7,10} can be partitioned into the two sets
{10,13,7}, {5,15,10}, each of which sum to 30.

The key results in this section were published in [22], while the connec-
tions to Diophantine equations were explored in [26] and [27]. In 2023, He
et al. [131] proved the uniformly asymptotic formula conjectured in [22]. In
2024, Zeenath et al. [265] used the notion of k-partitions with equal sums
proposed in [22] and extended the techniques to give an explicit formula for
counting and constructing the balanced rotation symmetric Boolean func-
tions applied in cryptography, closing an important open problem which
lasted a few decades.

10.3.1 Notations and basic formulae

Let ay,...,a, be real numbers, my,...,m, positive integers. For the multiset

M:{0‘1/”'/0‘11"'/“l’l/"'/“l’l}/
N ——

my times my, times

the number m; is called the multiplicity of the element as, s =1,...,n, while
(M) =Y, msas represents the sum of the elements of M. For a simplified
notation, we shall denote m = (my,...,my,) and & = (aq,...,ay).

Definition 10.2. Let k > 2 be an integer. Denote by Sx(m;«) the number of
ordered k-partitions of M having equal sums, i.e., the number of k-tuples
(C1,...,Cx) of subsets of pairwise disjoint subsets of M such that

HCU---UC=M;
(i) 0(C1) = -+ = 0(Cy) = 1o (M).

Clearly, one has the relationship Si(m;a) = k! Ny(m;a), where Ni(m;«) is
the number of non-ordered k-partitions of M.

The number S (m;«) is the constant term of the expansion of a Laurent
polynomial F(Xy,...,X4—1) € Z[X1,..., Xk-1,X; 1,..., X Y], defined by

n

F(X1,.... X 1) =]] (Xi‘s +e X+
s=1

1 ms
w) . (10.19)

mg
Indeed, assume that fors=1,...,n, from (Xi‘s R X,‘i‘il + m)

we have selected c; terms equal to X;‘S, with j =1,...,k — 1, and ¢} terms

equal to m Notice that we must have ¢j + - -+ + ¢} = ms.

Such a selection contributes to the free term if and only if
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Ci: Xs Z::1:1 ci71a5 1

Yo
X hs= X ) -1
1 k—1 (Xl . Xk—1)2g:1 Cit’és ’
n n n
which is equivalent to Zcizxs =...= Z Ch_q0ts = Z Cpls.
s=1 s=1 s=1

This means that the sets

Ci= {ag,...,00,. 00,0}, j=12,...k
—— ——

ct times C? times
]

represent a partition of M which also satisfies property (ii) in Definition 10.2.

10.3.2 An integral formula

Ordering (10.19) after the integer powers of X, forj=1,...,k—1, one has

F(X1, Xko1) = Y Puj(X1,o Xjo1, Xt Xeo1) X, (10.20)
meZ

where Py, ; (X1,..., Xi1,Xj41,---s X)_1) are Laurent polynomials. As F is
symmetric in its variables, the polynomials P, ; are independent of j, hence
we may use the simplified notation Py, (X7, .. .,Xj_l,Xj+1, ..., Xg_1), and the
free term of F(X7,..., X;_1) is the free term of Py(X1, ..., Xi-1, Xj41,- Xi_1)-

Denoting by )~(]- =(Xy,.. X1, Xjy1, , Xx_1) for simplicity, we have

n ‘ 1 mg
B X =TT (X0 4+ X0 4 ) a0
s=1 1 k—1
=R(X)+ Y Pa(X)XI (10.22)

meZ,m#0

Let X; = cost +isint in (10.21) and integrate with respect to t over [0,27].
Since the integral of the monomial X}” with respect to t over [0,277] vanishes

for m # 0, the integral representation of the polynomial is given by

o1 o ) 1 ms

Setting X; = X, X; =1forl=1,...,k—1and ] # j in (10.21), one obtains
n

1 \"™
H(X“S+k—2+ Xa<> =Pl )+ Y Pu(l. 1)X™
1 ° meZ,m#0

(10.24)
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By symmetry in X and X! we have
Pm(l,...,l):P_m(l,...,l), meZ.

Also, from (10.23) we deduce that

1 o 1\
R(1,...,1) / 11 <X"‘S tk—2+ ) dt. (10.25)
0

27 e Xts

Note that Py(1,...,1) depends on k, m and «.
Since X% + XL = 2cosast, we have the following relation

n

1 27
Qr(m;a) :=Py(1,...,1) = E/o g(k—Z—l—Zcosast)ms dt.  (10.26)

We have that
Qk(m;a) = Sp(m;a) + Ry (m;a), (10.27)

where Ry(m;a) is the sum of the coefficients of Py(X;), different from the
free term. Also, setting X =11in (10.24) we get k™ * " =Yy P (1...,1),
that is the sum of all the coefficients in all polynomials Py, is k™17 +"n,

By formula (10.26), after simple computations it follows that

Qu(m;a) = Qo (Zm;%> .

As shown in [47], the integral formula for the number of ordered 2-
partitions with equal sum of the multiset M is

oMyt 2w
co(m;a) =Sy (m;e) = 7/ [ J(cosast)™ dt, (10.28)
27 0 =1
which formy =--- =m, =mand as =s,s =1,...,n, produces the formula
(m) 2nm 27T hn
¢y (n)= [ J(cosst)™dt. (10.29)
21t Jo s=1

If Qr(n) =Qk(1,...,1,1,2,...,n),then Qy(n) = c(()l)(n) and Q4(n) = c(()z)(n).

10.3.3 k-partitions with equal sums of the set {1,...,n}

In this section we set a; =s and ms =1, for s = 1,...,n and use the simplified
notations Sy (n) for Si(m;a) and Ri(n) for Ry (m;a). Some recurrences can
be obtained for the coefficients of the polynomial F(Xy, ..., X;_1) defined by
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(10.19), which is indexed by the level n, as in the formula

n

1
F.(Xq,...,X5_1) = X3+ + X5 —|->. 10.30
6 Xen) = [T (2 ot ). (1030

We first write F,(Xj,...,X;_1) as a Laurent polynomial in Xj,..., X} 1
with integer coefficients, given by he formula

Fo(X1,.. X)) = Y, ciyje, (XPXE - XL (10.31)
Jirejk—1€Z

Clearly, we have F,(Xy,..., X 1) = %,

mials. If V' # 0 at the origin of RF1, then the coefficients in (10.31) are given
by the Cauchy integral formula

where U and V are polyno-

1 Fi(Xq,...,Xk1) —j1 -
i1 (n) = (27i)F1 /T X7 eex A A AdXg,

(10.32)

xl "'xkfl

with T a product of sufficiently small circles around the coordinate axes of
IR*~1. While this is a closed formula, for effective computations it is more
practical to use a recurrence between the coefficients of levels n and n — 1.

Theorem 10.1. Denote by eq, ..., ex_1 the vectors of the canonical basis in Zk-1,
The following recurrence relation is valid for j = (ji,...,jx—1) € Z¥"Yand n > 1:

¢j(n) = Cj—ne, (N — 1) + - + Cjne_, (n = 1) + 5151, 1 (n —1). (10.33)

Proof. Indeed, by formula (10.30) we obtain

1
Fa(X1,..., Xg-1) = Fam1(Xq, .., Xp-1) <X'11 o X+ (X1 %Xy 1);1)
D 1
= ci(n—1)X ... X1 (X”+--~+X” +)
jegl : Y A (X X"

= ¥ -1 (XX e XX X X
jezk-1

= L (G D G (1= D G, (1= D) XX
jezk-1

0

Foreachj € {1,...,k — 1}, we write F, as a Laurent polynomial in X; as
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Fy(X1,., Xeo1) = Y Pamj(XpXT, (10.34)

med.

where }N(]- = (Xl,...,Xj,l,Xj+1,...,Xk_1). Since F,(Xy,...,X;_1) is symmet-
ric, the coefficients P, ,,; are independent of j, so the simplified notation

Pym (X ) can be used. These polynomials can be obtained recursively.

Theorem 10.2. The recurrence below holds form e Z,j=1,...,k—landn > 1.

Pn,m(X) Pn 1,m— n (;X) n— 1m (I;IXP) ” n 1m+n(Z)'
pP7] P7]

Also, for m = 0 we have

Pn,O(/X;) - Pn—l,—n (/X;) + ( Z X;)Pn—l,o(j\(;) + (HXp) _npn—l,n (/X;)

p#j p#i
(10.35)
Proof. The following formula can be established.
1
F,(X1,...,X =F_1(Xy,...,X X!+ + X! —_
n(X1,-o, Xp1) = B (Xq, k1)< 1o+ k_1+(X1---Xk_1)">
1
= P4, (X +--+ X7+ >
(mglz n— m ) 1 k-1 (Xl"'Xk—l)n
n - 3. m
= Z [Pn 1,m— n (ZX ) n— lm (pr) Pn—l,m+n(Xj)]X]‘ .
mez P#j p#j
Substituting m = 0 into this formula, we obtain (10.35). O

Setting X1 = X and X, =1for p=2,...,k — 1in (10.30), one obtains

n
Fu(X,1,...,1) = H(Xs+k 2+ ) Y Pum(1,...,1)X™.  (10.36)
s=1

Notice that Py (1,...,1) = Py, —m(1,...,1), m € Z, which represents the sum
of the coefficients of the Laurent polynomial Py, (X, ..., X¢_1). For simplic-
ity, we denote P, := Py i (1,...,1). The terms of the sequence {P, o },>1 can
be obtained from the following double recurrence:

Pn,O = Pnfl,fn + Pnfl,O + Pnfl,n = Pnfl,O + 2Pnfl,n- (10-37)

From the integral formula (10.26) applied in this case, we can also com-
pute the terms P, g directly. Since this computation is actually performed for
a given value of k, for what follows we introduce the notation
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n

Qk(n) = Pn,() = Sk(n) + Rk(i’l) = % /02”1—[(’( -2+ 2COSSt) dt. (10.38)
s=1

10.3.4 Numerical examples and integer sequences

In we analyze some numerical examples for Si(n), Rg(n) and Qi (n). In this
process we provide new context for a number of existing sequences, and
identify novel entries to OEIS. We then establish a polynomial formula for
Qk(n) and conjecture its asymptotic behaviour. We also conjecture proper-
ties related to the distribution of perfect powers within this sequence.

10.3.4.1 Integer sequences related to S;(n) and k-partitions of multisets

Denoting by T(n,k) the number of set partitions of [1] into k blocks with
equal element sum, this is indexed since 2016 in OEIS as a triangle A275714.
We have S(n) =k!- T(n,k).

Example 10.1. S3(n) has been recently added by us to OEIS as A317577 :

0,0,0,0,6,6,0,18,54,0,258,612,0,3570,8880,0,55764,142368,0,947946,
2468844,0,17099808,45375498,0,323927184,871038570,0, . . ..

For n = 3k + 1, the number n(n2+1) is not divisible by 3, hence S3(n) = 0. Also,
S3(n) =6-a(n), where a(n) is the sequence A112972 in OEIS.

Example 10.2. For k = 4, the free term Sy4(n) produces a new OEIS sequence:

0,0,0,0,0,0,24,24,0,0,0,0,0,0,20904, 63600,0,0,0,0,0,0,227090256, . . ..

For n # 8k — 1,8k, the number "(";1) is not divisible by 4, hence Sy (n) = 0.

Example 10.3. For k = 5, the free term Ss(n) produces a new OEIS sequence:

0,0,0,0,0,0,0,0,120,120,0,0,0,8160,22440,0,0,0,3331560,13021920,0, ......

For n # 5k — 1,5k, the number "(";1) is not divisible by 5, hence Ss(n) = 0.

10.3.4.2 Integer sequences related to Qy(7) and the 3-signum equation

We now investigate the expression Qi (1) defined by (10.38). In particular,
Qs3(n) gives the number of solutions of the 3-signum equation [15]
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l-e94+2-ep4+---+n-¢,=0, (10.39)

where ¢, € {—1,0,1}, s = 1,...,n. Below we study some properties of this
sequence and we illustrate a counting procedure for Qy(n) whenk =3, k=4
and k = 5. We then highlight some novel integer sequences.

The following result provides a new combinatorial context for Qk(n).

Theorem 10.3. A formula for Qy(n) is given by the number of ordered partitions
of [n] into k disjoint sets Ay, ..., Ay, with the property 0 (A1) = o(Ag).

Proof. A monomial X‘{Z1 - X;jkjll (Xq -+ Xg_1) "% of F, (X, ..., Xk_1) in (10.30)
is independent of X if and only if d; = dy. The number of such monomi-
als equals the number the ordered partitions A1, Ay, ..., Ax of [n] such that
U'(Al) :U(Ak) :dl,Withd]' ZOforjzl,...,kanddl + —|—dk:0'([l’l]) ]

Example 10.4. For k = 3, the sequence Qz(n) starts with the terms
1,1,3,7,15,35,87,217,547,1417,3735,9911,26513,71581, 194681, 532481, . . ..

and is indexed in the OEIS as A007576. Same terms are obtained from

n

1 27T
Qs(n) = 5 /0 [T(1 +2cosst)dt. (10.40)
s=1

It was recently conjectured (see context for A007576 in OEIS [211]) that

1 3n+1

Qs(n) ~ NG

As the monomials in the F, (X, Y) expansion have the form X*Y#(XY)~7,
a term is independent of X if and only if & = . To identify the numbers of
terms independent of X, we count all subsets A and B of {1,2,...,n} such
that ANB=Q®witho(A) =0(B) =awitha,,y>0and a+ p+v=0c([n]).
This is equivalent to finding the number of solutions of the 3-signum equa-
tion (10.39). For k = 3 we list below the triples obtained for n =4 and n = 5.

When [n] = {1,2,3,4}, we have o([n]) = 10. We enumerate the partitions
A, B,C of [n] having the property ¢(A) = ¢(C). The problem is equivalent to
finding all the triplets («,3,y) such thata,f,¥ >0, =y and a + f + 7 = 10.
Table 10.1 presents all such partitions and &5, s = 1,...,4, satisfying (10.39).
Adding the multiplicities we confirm that Q3(4) =7.

When [n] = {1,2,3,4,5}, we have o([n]) = 15. We count the partitions
A,B,C of [n] such that 0(A) = ¢(C). To this end we find the number of
triplets («,B,7) such thata, 8,7 >0, « = v and & + B + v = 15. From simple
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x By A B Cleq &2 €3 e4|Multiplicity
0100 @ [n] ©/0000 1
343121 (4 [3)][1 110 1
{3} {4} {1,2}|-1-1 10 1
42 41{1,3} {2} {4}|1 0 1-1 1
{4} {2} {1,3}|-1 0-1 1 1
555{1,4} @{2,3}1-1-1 1 1
{2,3} @{1,4}]-1 1 1-1 1

Table 10.1 Partitions of [n] into k subsets when n =4 and k = 3. Q3(n) =7 forn = 4.

computations we obtain Table 10.2 presenting all possible subset configura-
tions, along with the corresponding values for €5, s = 1,...,5, which feature
in (10.39). Adding the multiplicities one may confirm that Q3(5) = 15.

x Py A B Cleq €2 €3 €4 €5|Multiplicity
0150 @ [n] @/00000 1
39 3[{1,2} {45} {3}|11-100 1
{3} {4,5} {1,2}|-1-1 1 0 0 1
47 4/{1,3} {2,5} {4}|101-10 1
{4} {2,5} {1,3}|-1 0-1 1 0O 1
55 5/{1,4} {2,3} {5}|1 00 1-1 1
{5} {2,3} {1,4}|-1 0 0-1 1 1
{2,3} {1,4} {5}|0 11 0-1 1
{5} {1,4} {2,3}|0-1-1 0 1 1
{1,4} {5} {2,3}|1-1-110 1
{2,3} {5} {1,4}|-111-10 1
6 3 6/{1,5} {3}{2,4}|1-10-11 1
{2,4} {3} {1,5}|-1 1 0 1-1 1
71 7/{2,5} {1} {3,4}|{0 1-1-1 1 1
{3,4} {1} {2,5}|0-1 1 1-1 1

Table 10.2 Partitions of [n] into k subsets when n =5 and k = 3. Q3(n) = 15 for n = 5.

Example 10.5. The sequence Q4(n) ( A047653 in OEIS) starts with
2,4,10,26,76,236,760,2522,8556,29504, 103130, 364548, 1300820,

for which we also give the a new integral formula

Q4(n) = % /Oznﬁ (24 2cosst)dt /anﬁcos —dt. (10.41)

An asymptotic expansion was conjectured in 2014 (see A047653 in [211])
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3 4"
Qu(n) ~ \/; Yok

The sequence R4(n) is also novel, and begins with the numbers

2,4,10,26,76,236,736,2498,8556,29504, 103130, 364548,1300820,
4679472,16931258,61726842, ...

Count the partitions A, B,C,D of {1,2,3,4,5} such that 0(A) = ¢(D), that
is the number of 4-tuples (a,,7,d) with the properties «,,7,0 >0, x =
and « + B + v + J = 15. Direct computations give the values in Table 10.3.

xB+v6 ABUC D|eq €3 €3 €4 €5|Multiplicity
0 15 00 @ [ @00000 2°
3 9 3{1,2} {45} {3}|]11-100 22
{3} {4,5} {1,2}|-1-1 1 0 0 22
4 7 4[{1,3} {25} {4}[101-10 22
{4}y {2,5} {1,3}|-1 0-1 1 0 22
5 5 5[{1,4} {2,3} {5}|1 00 1-1 22
{5} {2,3} {1,4}|-1 0 0-1 1 22
{2,3} {1,4} {5}|0 1 10-1 22
{5} {1,4} {2,3}| 0-1-1 0 1 22
{1,4} {5} {2,3}|1-1-1 10 2
{2,3} {5} {1,4}|-1 1 1-10 2
6 3 6/{1,5} {3}{24}[1-10-11 2
{2,4} {3} {1,5}|-1 1 0 1-1 2
7 1 7|{2,5} {1} {34}|0 1-1-11 2
{3,4} {1} {2,5}|0-1 1 1-1 2

Table 10.3 Partitions of [n] into k subsets when n =5 and k = 4. Q4(n) =76 for n =5.

One may notice that Q4(5) =76 =2° +8-22 +6-2.

Remark. In Table 10.3, the B U C column contains all elements just once.
There are 8 instances where this contains two elements, and then finally, 6
instances where this only has a single element. This suggest the formula

Qe(5) = (k—2)°+8(k—2)>+6(k—2), (k>2) (10.42)

which will be fully explained by Theorem 10.4.

Example 10.6. The sequence Qs (n) produces the new integer sequence

3,9,29,95,333,1215,4661,18509,76281,321729,1386757,6070591, ... ..
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First, observe that 3° + 8 - 32 + 6 - 3 = 333 = Q5(5), in accordance with (10.42).

We count partitions A,B,C,D,E of {1,2,3,4,5,6} such that 0 (A) = o (E), that
is the number of 5-tuples («, B,7y,d,€) such that «,B,v,6,€ > 0,a = eand a + B+
v + 6 + € = 21. Simple computations give the values in Table 10.4.

x Y B e A UB Eleq €y €3 €4 €5 €g|Mult
0 21 0 %) [n] @/0 0000 0f 3°
3 15 3| {1,2} {456} {3}/11-100 0] 3
{3} {4,56} {1,2}|-1-1 1 0 0 0| 33

4 13 4| {1,3} {256} {4}[1 0 1-10 0] 3
{4} {2,566} {1,3}|-1 0-1 1 0 0| 33

5 11 5| {1,4}{23,6} {5}/]1 00 1-1 0 3°
{5} {2,3,6} {1,4}|-1 0 0-1 1 0| 33

{2,3} {1,46} {5}{0110-1 0 3°

{5} {1,46} {2,3}{0-1-1 0 1 0| 33

{1,4} {56} {23}|1-1-110 0 32

{2,3} {56} {1,4}|-1 1 1-1 0 0| 32

6 9 6| {1,5}{234} {61000 1-1] 33
{6} {1,3,5} {1,5}|-1 0 0 0-1 1| 33

{2,4} {1,3,5} {6})|0 101 0-1| 33

{6} {1,3,5} {2,4}|0-10-1 0 1| 3

{1,2,3} {45} {6}{1 110 0-1 3?

{6} {45} {1,2,3}|-1-1-1 0 0 1| 3

{15} {36} {24} 1-1 0-1 1 0| 3?

{2,4} {3,6} {1,5}|-1-1 0-1 1 0| 3?

7 7 7| {16} {34} {25}|1-1 0 0-1 1| 32
{2,5} {3,4} {1,6}|-1 1 0 0 1-1| 3?

{1,6} {2,5} {34}/10-1-1 0 1| 32

{3,4y {25} {1,6}|-1 011 0-1] 32

{2,5} {16} {3,4}|0 1-1-1 1 0| 3?

{3,4} {1,6} {2,5}|0-1 1 1-1 0 32

8 5 8| {26} {14} {355})]0 1-1 0-1 1| 32
{3,5} {1,4} {2,6}/0-1 10 1-1| 3

{2,6} {5} {1,3,4}|-1 1-1-1 0 1| 3!

{1,34} {5} {26} 1-1 11 0-1 3

9 3 9| {36} {1,2} {45}00 1-1-1 1] 3?
{4,5} {1,2} {3,6}|0 0-1 1 1-1| 32

{45} {3} {1,2,6}|-1-1 0 1 1-1| 3!

{126} {3} {45} 110-1-1 1] 3!

10 1 10] {46} {1} {235}[0-1-1 1-1 1] 3
{2,3,5} {1} {4,6}{0 1 1-1 1-1| 3

Table 10.4 Partitions of [n] into k subsets when n = 6 and k = 5. Qs(n) = 1215 for n = 6.

Notice that we have Q5(6) = 1215=13° +12-3% +16-3% +6-3 for n = 6.
Remark. In Table 10.4, the union B U C U D contains all elements once. In 12
instances it contains three elements, in 16 it contains two elements, and in 6
it only has one element. This suggests a formula for Qx(6), k > 2:
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Qi(6) = (k—2)° +12(k — 2)3 +16(k — 2)% + 6(k — 2). (10.43)

Tables 10.1 and 10.2 also inspire formulae for Qx(3) and Qi (4):
Q(3)=(k—2)°+2, Qi(4)=(k—2)*+4(k—2)+2 (10.44)

An enumerative formula for Q(n) is given by the following result.

Theorem 10.4. 1° The following formula holds

n

Qi(n) =Y N(d,n)- (k—2)"*

d=0

where for each d = 0,...,n, and N(d,n) is the number of ordered partitions of [n]
into 3 subsets A, B,C, such that the cardinality of Bis d and c(A) = o(C).

2° If o4 (cost,cos2t,...,cosnt) represents the d-th symmetric sum of the terms
cost,cos?2t,...,cosnt, then the coefficients N(d,n) are given by the formula

2d

N(d,n) = 5

/ 04 (cost,cos2t,...,cosnt)dt, d=0,...,n. (10.45)

Proof. Recall that by formula (10.38) we have
= LR k + 2co d
= — —2+2
Qx(n) 27r/0 S| 1|( cosst)dt,

hence Qg (1) is a monic polynomial of degree n in k — 2.

1° By Theorem 10.3, Qi (1) represents the number of ordered partitions
of [n] into k subsets Ay, ..., Ax, with the property 0(A1) = 0 (Ag).

Consider a 3-partition A,B,C of [n] such that 0(A) = ¢(C) and assume
that A U C has d elements, d = 0,...,n (denote the number of these 3-
partitions by N(d,n)). The number of ordered partitions of [n] into k sub-
sets generated by this conflguratlon haV1 § the properties A; = A and
B=A,U---UA;_1and A, =Cis ( (i-e., the number of functions
between a set with n — d elements and a set with k — 2 elements).

Clearly, Qk(n) is as a linear combination of powers of k — 2, where the
coefficient of (k — 2)"~% has the multiplicity N(d,n).

2° Ford =0,...,n the coefficients are

2d
N(d,n) = 5 / 2 coskitcoskot---coskytdt. [ (10.46)
T 1§k1<k2<-"<kd§ﬁ

Corollary 10.1. Let N, ., be the number of solutions of the 2-signum equation

tkythkyt-- k=0,
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(i.e., the number of ordered 2-partitions with equal sums of the set {kq,...,k;}).
The following relation holds true

N(d,n) = ) Niey,oo ey (10.47)

l§k1<k2<"'<kd§1’l
Proof. The following identity is known to hold (see, e.g., [34]):

d
Zdncoskst =) "cos(dkit £kt -+ L kyt), (10.48)

s=1

where the sum is taken over all the choices of + and —.
Also, notice that for an integer k € Z one has

27T =
i/ cosktdt = 1, k=0
27t Jo 0, k#0.

For fixed 1 <ky <k <--- <k; <n, the integral of (10.46) gives N, ., by
(10.48). Summing over all such configurations we obtain (10.47). U

We can now easily compute some coefficients.

Case d = 0. First, one has N(0,n) = 1.
Cased =1.Fork; =1,...,n, Ny, =0,s0 N(1,n) = 0 by Corollary 10.1.
Case d = 2. Whenever 1 < k; <k, <nwehave N, , =0, hence N(2,n) =0.
Case d = 3. By Corollary 10.1, N(3,1) corresponds to the number of ordered
triplets (kq,kp,k3) such that 1 < k; <k, < k3 < n such that k; + kp = k3. This
is the number of pairs (k1,ky) with 1 <k <k, <nand k1 +ky < n.

If k1 =1, then k; takes the values 2,...,n — 1; If k; = 2, then k; takes the
values 3,...,n — 2, and so on. Finally, if ky = | 7| then one has ko = [ 5] + 1
for n odd, and there is no solution k; for n even. This gives the expression

wan=afz - [z -9)-|)

where the last formula is obtained by trying even and odd cases. One may
notice that this sequence corresponds to the OEIS entry A007590.

Case d = n. One obtains

n

1 27
N(n,n)=2". 2—/ Hcosstdt =Qo(n)=Nigp.  a
TJo s=1
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10.3.5 Conjectures concerning Qy(n)

We conjecture the asymptotic behaviour and some properties of Q(#n),
which relate to the sequence containing perfect powers.

Conjecture 10.4. For k > 2, the following asymptotic formula holds

\/g 1 kn-i—%
Qk(n) ~ 5 T T3/27
2 Jmon
as n — oo. The formula for Q(n) conjectured by Andrica and Tomescu
in 2002 was proved by Sullivan in 2013, while the asymptotic formula for
Q3(n) has been proposed by Finch in 2009 (see A007576 in [211]).

Q, (n)/f(k.n)

. . . . .
25 30 35 40 45 50

Ni—

kn+

3 .
NG

Fig. 10.3 First 50 terms of %fﬁ; evaluated for k = 3,4,5,6, with f(k,n) =

Conjecture 10.5. It seems to us that the sequence Qy(3) (10.44) (A084380 in
OEIS [211]) does not contain any perfect squares, i.e., the elliptic equation

x3 12 = y2
has no solution in positive integers.

This property is linked to a Catalan-type conjecture related to Pillai’s
equation a* — b¥Y =n, witha > 0,b > 0,x > 1,y > 1 integers. This states that
for any integer n, there are finitely many perfect powers whose difference
is n. For n = 2, the only solution involving perfect powers smaller than 108
was 2 = 3% — 52, The number of such solutions is linked to A076427.
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We conjecture that:

1° Sequence Qy(4) (10.44) does not contain any perfect cubes.
It is easily seen that [(k — 2)?]2 < Qx(4) < [(k — 2)? + 1], hence Qi (4)
does not have perfect squares, i.e., the equation

A ax2=4°

has no solution in positive integers.

2° Sequence Qi (5) (10.42) does not contain any perfect fourth powers.
This is to say that the only non-negative integer solution of the equation

X+ 8x% +6x =yt

is the trivial solution x =y = 0.

3° Sequence Qy(6) (10.43) does not contain any perfect fifth powers.
This is equivalent to the equation

X8 +12x% 4 16x% + 6x = 1°

having no solution in non-negative integers, apart from x =y = 0.
The items 1°,2° and 3° of Conjecture 10.5 have been checked up to k = 10%.

The only perfect power encountered in sequences Q(4), Qx(5) or Qx(6)
was found for n =5 and k = 8 where Qg(5) = 6° + 8- 6% + 6 - 6 = 8100 = 90°.

We suggest that for j > 2, the number of perfect powers x' in the sequence
Qk(j+1) is zero for I = j, and finite for2 <1 < j.
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