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Preface

This monograph presents alternative approaches to Hardy and Rellich inequalities.
Concerning Hardy-type inequalities on Riemannian manifolds, we establish a generic
functional inequality, both in additive and multiplicative forms, which produces well-
known and genuinely new inequalities. For the additive version we introduce the notion
of Riccati pairs, which enables us to give short/elegant proofs for several celebrated
functional inequalities on Riemannian manifolds with sectional curvature bounded from
above, by simply solving a Riccati-type ODE. The multiplicative version allows us to
cover uncertainty principles as well.

Concerning the Rellich inequalities on Riemannian manifolds, we establish two
generic functional inequalities on Riemannian manifolds of the same type as before.
As applications, on the one hand, we prove sharp spectral gap estimates for various
higher-order eigenvalue problems. On the other hand, we provide extensions for some
well-known Rellich inequalities. The latter methods differ from the approach of Riccati
pairs, thus, as a next point, we discuss the applicability of Riccati pairs in the context
of Rellich inequalities.

As a next step, we revisit Hardy inequalities in view of Finsler geometry, and extend
the method of Riccati pairs to this setting. The proof of this extension provides an
other explanation of the appearance of the so called reversibility constant in Finslerian
Hardy inequalities. We also address the issue of sharpness (covering both cases of non-
positive and strong negative curvature; assuming finite reversibility) and we provide
a partial answer: both for the (Finslerian versions of the) classical Hardy inequality
and the McKean-type spectral gap estimate, we construct some families of Finsler
manifolds on which they turn out to be sharp. We also provide sufficient conditions for
the sharpness of more involved Hardy-type inequalities on the aforementioned spaces.

The elegance of our approaches lies in their simplicity: the proofs are based on
convexity arguments and applications of divergence/comparison theorems; moreover,
they are symmetrization-free. Consequently, the validity of the generalized Cartan–
Hadamard conjecture is not required, which broadens the range of applicability of our
results.

Keywords and phrases
Hardy inequalities, Rellich inequalities, Riemannian manifolds, Finsler manifolds,
Riccati pairs, Spectral gap estimates, Symmetrization-free approach
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• Chapter 3: Kajántó, Kristály, Peter, and Zhao [59];

• Chapter 4: Farkas, Kajántó, and Kristály [39];
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Chapter 1

Introduction

More than one hundred years elapsed since the celebrated (one-dimensional) Hardy
inequality appeared (see Hardy [53]). A multi-dimensional version of the original result
can be stated as follows: Given a smooth, compactly supported function u on Ω ⊆ Rn,
the L2-norm of the singular term u(x)/|x| is controlled by the L2-norm of |∇u(x)|.
More precisely, one has∫

Ω

|∇u(x)|2 dx ≥ (n− 2)2

4

∫
Ω

|u(x)|2

|x|2
dx, ∀u ∈ C∞

0 (Ω).

Moreover, the above inequality is sharp, in the sense that the constant (n−2)2

4
cannot

be improved.

Several extensions and improvements of this inequality can be found by now in the
literature, involving more general weights, additional correction terms, and/or various
underlying geometrical settings; sometimes in alternative formulation, often referred
to as uncertainty principles. In general, they can be written in the following forms:∫

Ω

V |∇u|p dm ≥
∫
Ω

W |u|p dm, ∀u ∈ C∞
0 (Ω), (H)(∫

Ω

V |∇u|p dm
) 1

p
(∫

Ω

W |u|p dm
) 1

p′

≥
∫
Ω

W̃ |u|p dm, ∀u ∈ C∞
0 (Ω), (UP)

respectively, where p > 1 and p′
def
= p

p−1
is the conjugate of p; Ω is an open subset of

an ambient space M , which could be the Euclidean space Rn, any Riemannian/Finsler

manifold, or a stratified group; m is a measure on M , while V,W,W, W̃ : Ω → (0,∞)
are certain potentials, possibly containing singular terms. We notice that the analysis
of the sharpness of the above inequalities and the determination of the best constants
has now developed into its own distinct body of literature.

These inequalities became indispensable from the point of view of applications. On
the one hand, solutions of a large class of elliptic problems involving singular terms
are based on the validity of corresponding Hardy-type inequalities; hence, they appear
in several fields of mathematics. In particular, they play a crucial role in the spectral
theory of the fixed membrane problem, describing the fundamental tones.
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8 CHAPTER 1. INTRODUCTION

On the other hand, uncertainty principles have an especially important role in
quantum mechanics, formulating one of its most fundamental and yet most surprising
facts: Given an arbitrary particle of the Universe, one cannot determine precisely both
its position and momentum, i.e., the more precisely we know its position, the less
precisely we know its momentum, and vice versa. In this study we restrict ourselves
to the mathematical point of view of such uncertainty principles.

Key observations related to Hardy-type inequalities have been made (mainly for
p = 2 and the Euclidean setting) e.g., by Adimurthi, Chaudhuri, and Ramaswamy [1],
Brezis and Marcus [17], Brezis and Vázquez [18], Devyver, Fraas, and Pinchover [34],
Fefferman [41], Filippas, Maz’ya, and Tertikas [42, 43], Filippas and Tertikas [44],
Muckenhoupt [85], Ruzhansky and Suragan [98] and Tertikas and Zographopoulos [102].

The higher-order variants of the inequality (H) are the following two Rellich-type
inequalities: ∫

Ω

U |∆u|p dm ≥
∫
Ω

W |u|p dm, ∀u ∈ C∞
0 (Ω), (R1)∫

Ω

U |∆u|p dm ≥
∫
Ω

V |∇u|p dm, ∀u ∈ C∞
0 (Ω), (R2)

where p > 1 and U, V,W are given positive potentials on Ω. Both inequalities of
types (R1) and (R2) have numerous applications; here we highlight the spectral theory
of the clamped plate problem and the buckling problem, respectively. The first problem
describes the vibrations within a thin elastic plate with a clamped boundary. The
second problem investigates a similar plate that is subjected to a compressive load. We
also notice that inequality (R1) can be obtained by combining either (R2) and (H),
or their alternative versions, where the classical gradient ∇u is replaced by the radial
directional derivative ∇radu = ⟨∇u,∇dx0⟩ and dx0 is the distance from a point x0 ∈ Ω.

For both problems, it is increasingly true that they are mainly considered in the
Euclidean setting for p = 2. The classical version of (R1) dates back to the 1950s and is
due to Rellich [97]. Surprisingly, as claimed by the authors, the corresponding version
of (R2) only appeared relatively recently (in the 2000s) in the paper by Tertikas and
Zographopoulos [102]. These facts suggest inequality (R2) being more problematic.
Further pioneering results in the Euclidean setting can be found e.g., in the papers
by Davies and Hinz [32] and Mitidieri [82]. For results on more general structures,
see e.g., Kombe and Özaydin [64, 65] and Kristály and Repovš [73]. Comprehensive
discussions about Hardy and Rellich inequalities can also be found in the monographs
by Balinsky, Evans, and Lewis [7], Ghoussoub and Moradifam [51], and Ruzhansky
and Suragan [99].

A milestone result – concerning the problems (H) and (R2) – has been provided by
Ghoussoub and Moradifam [49, 50], again for p = 2 and the Euclidean setting. On the
one hand, the authors showed that the inequality (H) holds if and only if (V,W ) is
a Bessel pair. The latter notion is based on the solvability of a second-order linear
Bessel-type ordinary differential equation (ODE for short) containing the potentials V
andW . On the other hand, they showed that under certain conditions, inequality (R2)

holds if and only if (U, Ṽ ) is a Bessel pair, where Ṽ is a potential involving V and an
additional correction term.
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The proof of the results concerning Bessel-pairs are heavily based on the technique
of spherical harmonics decomposition, which works well on the model space forms
(Euclidean space, hyperbolic space, and the sphere), but it cannot be applied to general
Riemann manifolds. The concept was extended to general p > 1 (see Duy, Lam, and
Lu [36]), and has applications on non-positively curved Riemannian manifolds (see
Flynn, Lam, Lu, and Mazumdar [46] and Berchio, Ganguly, and Grillo [11]), where
still the usual notion of Bessel pairs and fine comparison arguments are used.

In this work, we present an alternative approach to Hardy–Rellich inequalities,
which completely avoids the use of spherical harmonics decomposition. As we shall
see, our forthcoming proofs are built upon simple convexity arguments, multiple uses
of divergence theorems, and comparison theorems that encode curvature information
of the ambient manifold. In the sequel, we present our results simultaneously with the
structure of this study, as follows.

In Chapter 2 we recall some definitions and preliminary results that are relevant for
our presentation. In Section 2.1 we present several concepts and their corresponding
notations concerning general Riemannian manifolds. In Section 2.1.1 we present various
notions regarding model space forms and relevant comparison results (see Theorem 2.1).
In Section 2.2 we display some relevant elements of Finsler geometry. In Section 2.2.1
we recall several curvature notions and relevant comparison result (see Theorem 2.3). In
Section 2.2.2 some special classes of Finsler manifolds are discussed. In Section 2.3 we
address various eigenvalue problems on Riemannian manifolds with their corresponding
spectral gap estimates. Namely, we discuss the fixed membrane problem (Section 2.3.1),
the clamped plate problem (Section 2.3.2) and the buckling problem (Section 2.3.3).
Finally, in Section 2.4 we summarize the method of Bessel pairs mentioned earlier;
for the central result of the approach, see Theorem 2.14. Here, we also discuss the
relation between Bessel pairs and the classical method of supersolutions, also known
as the Allegretto–Moss–Piepenbrink approach, which emerges from the early works of
Allegretto [4] and Moss and Piepenbrink [84] (see Remark 2.16).

In Chapter 3 we restrict our attention to Hardy inequalities; our approach for them
is presented in Section 3.1: First, in Theorem 3.1, we provide a general functional in-
equality on Riemannian manifolds in both additive and multiplicative forms that turn
out to be equivalent to each other. Both forms involve several parameters besides the
unknown function u; substituting concrete parameters yields inequalities of types (H)
and (UP), respectively. Next, in Section 3.1.1, we make a key observation: Both forms
contain the Laplacian of a given potential (implicitly encoding curvature information
about the manifold), which suggests the application of an appropriate comparison
argument. This comparison furnishes – in the additive form – a Riccati-type ordinary
differential inequality (ODI), which leads to the notion of Riccati pairs for certain
potentials (see Definition 3.3). Incorporating this notion into the additive form yields
Theorem 3.5, which turns out to be extremely efficient in proving inequalities of
type (H). Indeed, to prove an inequality of this type, it is enough to solve a Riccati-
type ODI, and to apply Theorem 3.5. Finally, in Proposition 3.7 and Remark 3.8 we
show that Riccati pairs extend Bessel pairs (slightly in the Euclidean case); however,
the difference is mainly in the underlying technique, not in the ODE/ODI.
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In Section 3.2 we present simple alternative proofs for various functional inequalities
of type (H) using Theorem 3.1/(i) and Theorem 3.5. We highlight that a part of
these results is formally well-known in the Euclidean setting. Our method, however,
extends them to Cartan–Hadamard manifolds, which are complete, simply connected
Riemannian manifolds, with non-positive sectional curvature. This demonstrates the
efficiency of our main results, mostly based on Riccati pairs. We shall consider the
following inequalities:

• In Section 3.2.1 we present two Lp-Caccioppoli-type inequalities on Riemannian
manifolds, providing alternative proofs for the results obtained by D’Ambrosio
and Dipierro [30] (see Theorems 3.9 & 3.12). Some new improvements are also
established in the case p ∈ (1, 2].

• In Section 3.2.2 we discuss a number of improved Hardy-type inequalities on
Cartan–Hadamard manifolds, including results by Carron [20] and Kombe and
Özaydin [64, 65] (see Theorem 3.13), Edmunds and Triebel [37] (see Theo-
rem 3.17), Adimurthi, Chaudhuri, and Ramaswamy [1] (see Theorem 3.18), and
Brezis and Vázquez [18] (see Theorem 3.19).

• In Section 3.2.3 we present spectral estimates on Riemannian manifolds. First,
we establish a simple alternative proof of the celebrated Cheng’s comparison
result on Riemannian manifolds with sectional curvature bounded from above
(see Theorem 3.21). Next, we consider the well-known Faber–Krahn inequality
and the McKean spectral gap estimate (see Theorems 3.23 & 3.24). In addition,
we give a short proof of the main spectral result of Carvalho and Cavalcante [21]
(see Theorem 3.26).

• In Section 3.2.4 we establish an interpolation inequality connecting the Hardy
inequality and McKean’s spectral gap estimate on Cartan–Hadamard manifolds,
in the spirit of Berchio, Ganguly, Grillo, and Pinchover [12] (see Theorem 3.27).
A simple modification of the latter argument also provides a short alternative
proof of the inequality by Akutagawa and Kumura [3] (see Theorem 3.30).

• In Section 3.2.5 we consider two parameter-dependent Ghoussoub–Moradifam-
type weighted inequalities in the Euclidean case (cf. [50]), where the weights are
of non-singular type (see Theorem 3.31). For a certain parameter range, we also
extend these inequalities to Cartan–Hadamard manifolds (see Theorem 3.33).

In Section 3.3 we provide alternative proofs for various multiplicative Hardy-type
inequalities, which are simple consequences of Theorem 3.1/(ii). We proceed as follows:

• In Section 3.3.1 we establish a sharp parameter-dependent uncertainty principle
on Cartan–Hadamard manifolds, which implies the Heisenberg–Pauli–Weyl and
the Hydrogen uncertainty principles (see Theorem 3.35). We also establish a
rigidity result: If the quantitative uncertainty principle holds on an n-dimensional
Cartan–Hadamard manifolds with Ricci curvature bounded from below, then the
manifold is isometric to the corresponding model space form (see Theorem 3.37).

• In Section 3.3.2 we present two sharp Caffarelli–Kohn–Nirenberg inequalities on
Cartan–Hadamard manifolds (see Theorems 3.40 & 3.41).
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In Chapter 4 we focus on Rellich inequalities. In Section 4.1 we present two general
functional inequalities on Riemannian manifolds, built upon convexity arguments and
divergence/comparison theorems. The first inequality involves a second-order ODI, and
provides inequalities of type (R1), for general p > 1 (see Theorem 4.1). The second
inequality involves a second-order partial differential inequality (PDI) and produces
inequalities of type (R2), for p = 2 (see Theorem 4.2). We notice that for special
choices of parameters, the latter PDI reduces to an ODI, becoming easier to deal with
(see Remark 4.3/(a)).

In the rest of the chapter, several applications are presented on Cartan–Hadamard
manifolds. Here we highlight that our proofs are symmetrization-free, hence they do not
require the validity of the generalized Cartan–Hadamard conjecture, i.e., the validity
of the sharp isoperimetric inequality in this geometrical setting. We note that the
conjecture is valid for general Cartan–Hadamard manifolds in dimension n ∈ {2, 3}
(see Bol [15] and Kleiner [62]), and for space forms in any dimension (see Dinghas [35]).

In Section 4.2 we establish fourth-order variants of the celebrated spectral gap result
by McKean [79]. The latter result states that a strong negative curvature (when it is
less than or equal to a negative number) produces a universal, domain-independent
spectral gap for the first/principal eigenvalue of the fixed membrane problem, which is
in radical contrast to the Euclidean case.

• In Section 4.2.1 we prove a spectral gap estimate and its sharpness for the
clamped plate problem on Cartan–Hadamard manifolds with strong negative
curvature, for p > 1 (see Theorem 4.4) We notice that the same estimate was
also established by Kristály [68] (on Cartan–Hadamard manifolds satisfying the
generalized Cartan–Hadamard conjecture) and Ngô and Nguyen [87] (on space
forms) using symmetrization. In this case, our result completes the picture.

• In Section 4.2.2 we provide a sharp spectral gap estimate for the buckling problem
on Cartan–Hadamard manifolds with strong negative curvature, for p = 2 (see
Theorem 4.5). The same estimate is known on space forms due to Ngô and
Nguyen [87]. In this case, our result adds a new piece of puzzle to the picture;
however, the pieces corresponding to the general case when p > 1 are still missing.

• In Section 4.2.3 we establish higher-order sharp spectral gap estimates by simply
combining our previous inequalities. The results are valid on Cartan–Hadamard
manifolds with strong negative curvature. The clamped plate-type results hold
for p > 1, while the buckling-type results hold for p = 2 (see Theorems 4.6 & 4.7).

In Section 4.3 we consider additional Rellich-type inequalities on Cartan–Hadamard
manifolds, namely:

• In Section 4.3.1 we extend the classical and weighted Rellich inequalities to
Cartan–Hadamard manifolds (see Theorem 4.8 and Corollary 4.9). These results
are well-known in the Euclidean settings (see e.g., Mitidieri [83]).

• In Section 4.3.2 we provide higher-order variants of the classical Rellich inequality
on Cartan–Hadamard manifolds (see Theorem 4.10).
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• In Section 4.3.3 we provide further Rellich-type inequalities on general Cartan–
Hadamard manifolds: Theorems 4.11 & 4.12 are improvements of type (R1), the
second result is valid for strong negative curvature. In Theorem 4.14 we extend
the classical Rellich inequality of type (R2) to Cartan–Hadamard manifolds, but
only in dimensions n ≥ 8. This constraint arises from technical conditions; for a
similar phenomenon, see Kristály and Repovš [73].

In Chapter 5 we present a second alternative approach for establishing Rellich
inequalities on space forms, using Riccati pairs. Parallel to presenting the structure of
this chapter, which contains the final versions of this approach and its applications, let
us briefly describe the development process and the intermediate observations. This
additional information is intended to motivate the choice of presentation of our results.

Our initial goal was to develop a general functional inequality built upon Riccati
pairs, which provides Rellich inequalities of type (R2). Having such an inequality and
combining it with the results from Chapter 3 providing inequalities of type (H), would
automatically yield inequalities of type (R1). Clearly, we intended to formulate our
inequality on the most general manifolds possible. Keeping in mind the requirement of
the Laplace comparison in our argument, manifolds with sectional curvature bounded
from above seemed to be good candidates in this case as well.

During the study, it turned out that the suitable convexity argument requires both
a Laplace and a Hessian comparison, having ‘opposite’ direction to each other. Thus,
one either imposes a lower bound on the sectional curvature as well, or simply considers
space forms. We decided on the second option because several applications are also
formulated in this setting. Additionally, in this particular case, the results can be
presented in a formally simpler and more accessible manner.

In Section 5.1 we present our approach for Rellich inequalities on space forms.
In Section 5.1.1 we start with two definitions. First, motivated by the simplicity of
the ambient geometrical setting, in Definition 5.1 we introduce simplified Riccati pairs
including the same ODI, but more straightforward conditions on parameter functions.
Next, in Definition 5.2 we introduce dual Riccati pairs including an ODI, which is the
true driving force behind the Rellich inequalities. We note that the latter ODI differs
from the former by a change of function, the introduction of the second concept is a
personal decision that hopefully enhances the presentation of the results.

Using these simplified concepts, we established a general functional inequality that
furnishes inequalities of type (R2) (see Theorem 5.3/(ii)). Unfortunately, it turned out
that the technical conditions resulting from the convexity argument typically imply
a dimension constraint, similarly to Theorem 4.14. At this point, the idea of radial
derivatives seemed useful. First, in Theorem 5.3/(i) we developed a general functional
inequality, which provides radial versions of inequality (R2), where the gradient is
replaced with the radial derivative. Here, the technical conditions are less restrictive, at
least they do not require unnecessary dimensional constraints. Next, in Theorem 5.5 we
established a general functional inequality providing radial versions of inequality (H).
We note that due to the Cauchy–Schwarz inequality (2.10), this inequality is stronger
than its non-radial variant, i.e., the reformulation of Theorem 3.5 in these geometrical
settings. We also notice that this inequality does not require any additional conditions.
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In the rest of the chapter, we present applications of type (R1) exploiting the idea
of radial derivatives. We note that each of the obtained intermediate radial inequalities
admits a non-radial counterpart, whose technical condition is typically more restrictive;
for the simplicity of presentation, these inequalities are omitted.

In Section 5.2 we provide applications to our method in Euclidean spaces; here we
intend to present both the strengths and limitations of our approach. To do this, we test
our result against two recent inequalities proved by Adimurthi, Grossi, and Santra [2].
First, we combine Theorem 5.3/(i) and Theorem 5.5 to provide a general functional
inequality (see Theorem 5.10) formulated in terms of Bessel potentials (a notion related
to Bessel pairs cf. Proposition 2.12), which allows us to have a simpler presentation.
Next, we show that the first inequality meets the conditions of the latter result (see
Corollary 5.11), while the second does not (see Remark 5.12).

In Section 5.3 we apply our approach to hyperbolic spaces. In Theorem 5.13 we
provide a radial inequality as a consequence of Theorem 5.3/(i), interpolating between
Rellich-type and spectral gap estimate-type inequalities. This result can be seen as
a higher-order radial variant of the interpolation inequality from Theorem 3.27. For
the extremal values of the parameter, we obtain formally well-known inequalities (see
Corollaries 5.14 & 5.15). In Theorem 5.16 lower-order counterparts of Theorem 5.13
are presented, which are simple consequences of Theorem 5.5. Finally, in Theorem 5.18
we combine the previous two results and provide a sophisticated inequality of type (R1)
on hyperbolic spaces.

In Chapter 6, we revisit Riccati pairs and Hardy inequalities in the Finsler setting.
Here, the distance measurement is direction-dependent; in particular, the distance
from a point in one direction can differ from the distance measured in the opposite
direction. The reversibility of the manifold is precisely the supremum of the ratio
of the aforementioned quantities; see relation (2.15). We focus on the following two
questions: On the one hand, is it possible to the extend the previously obtained results
to the Finsler context, in particular, how does the reversibility of the Finlser metric
comes into the play? On the other hand, what can we say about the sharpness of the
obtained inequalities? Note that all the inequalities achieved through Riccati pairs in
the Riemannian setting turn out to be sharp (see Chapter 3).

In Section 6.1 we answer the first question: In form of a general functional inequality
we provide a Finslerian extension of Riccati pairs (see Theorem 6.1). The proof of this
extension also motivates the typical presence of the reversibility constant in Hardy
inequalities formulated on Finsler manifolds. In Section 6.1.1 we present a number of
applications. In their spirit, our extension naturally yield Finslerian counterparts of
the Riemannian inequalities previously obtained by Riccati pairs. A similar functional
inequality can be derived to cover uncertainty principles as well.

In the rest of the chapter, we address the second question: the issue of sharpness.
On the one hand, it is well known that if the manifold is reversible (i.e., the reversibility
equals one) and some suitable curvature bounds hold, then the best constants of Hardy
inequalities are the same as the best constants on Riemannian manifolds satisfying a
corresponding curvature bound. On the other hand, if the reversibility is infinite, the
best constants may vanish, we refer to Huang, Kristály, and Zhao [56] and Kristály,
Li, and Zhao [75] for details.
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Concerning the remaining case, we provide a partial answer: we present some special
families of Finsler spaces on which the obtained functional inequalities (involving the
Riemannian optimal constants and the reversibility constants) turn out to be sharp.
We note, however, that these result are one step away from the complete answer,
which is to provide the best constants for arbitrary manifolds satisfying some suitable
curvature bounds.

In Section 6.2 we consider the case of non-positive curvature. In Section 6.2.1 we
construct a family of Finsler spaces on which our sharpness results are established (see
Theorem 6.5). The main idea of the construction stems from the proof of Theorem 6.1.
We observe that the key inequalities of the proof can be controlled by geometrical
restrictions of ambient space: The ratio appearing in the reversibility (2.15) should
be constant along the geodesics starting from a point. This observation led us to a
candidate metric, which is a projectively flat perturbation of the Euclidean metric;
see (6.13). Unfortunately, this candidate turns out to be discontinuous at the origin,
the aforementioned family is in fact a smooth approximation of this candidate. In
Section 6.2.2, we provide some sufficient conditions ensuring the sharpness of Hardy
inequalities obtained by Riccati pairs on the constructed spaces (see Theorem 6.7).
Finally, in Section 6.2.3 we present an application: In Theorem 6.8 we prove the
sharpness of the Finslerian weighted Hardy inequality. As a consequence we recover
the classical version (see Corollary 6.9).

In Section 6.3 we proceed similarly concerning the case of strong negative curvature.
In Section 6.3.1 we present a second family of spaces (see Theorem 6.10), which is
again a smooth approximation of a candidate metric. In this case, the candidate is
obtained by a perturbation of the Klein metric, see (6.31). The underlying geometrical
considerations are similar to the previous case. In Section 6.3.2 we provide sufficient
conditions for sharpness of Hardy-type inequalities on the aforementioned family (see
Theorem 6.12). Finally, in Section 6.3.3 we present an application: In Theorem 6.13
we prove a sharpness result concerning a McKean-type spectral gap estimate on the
Finsler setting.



Chapter 2

Preliminaries and notations

In this chapter, we recall those definitions and preliminary results that are used in the
subsequent chapters for presenting our approaches. Simultaneously, we also specify
our notations. First, in Section 2.1 we recall the relevant concepts and notations
concerning general Riemannian manifolds. In Section 2.1.1 we focus on Riemannian
manifolds having constant sectional curvature, also called model space forms. Here, we
provide exact formulas for several operators; in addition, relevant comparison results
are recalled. Next, in Section 2.2 we recall various elements from Finsler geometry.
Within this, in Section 2.2.1 we present various concepts of curvature and a relevant
comparison theorem, while in Section 2.2.2 we discuss some special classes of Finsler
manifolds. Next, in Section 2.3 we list those eigenvalue problems that are related
to Hardy–Rellich inequalities, namely the fixed membrane problem, the clamped plate
problem, and the buckling problem. Finally, in Section 2.4 we present the recent notion
of Bessel pairs and the related approach to Hardy–Rellich inequalities, developed by
Ghoussoub and Moradifam [50]. This approach is compared later to ours.

2.1 Riemannian manifolds

In this section we recall various elements of Riemannian geometry. We mainly follow
Gallot, Hulin, and Lafontaine [48] and Hebey [54].

Let (M, g) be a complete n-dimensional Riemannian manifold, with n ≥ 2. At
each point x ∈ M , the tangent space TxM consists of all tangent vectors at x. The
disjoint union of tangent spaces is the tangent bundle TM , which consists of all tangent
vector fields. In both cases, the canonical norm and the scalar product induced by the
metric g are denoted by | · | and ⟨·, ·⟩, respectively.

Let (xi) be a local coordinate system in a coordinate neighborhood of x ∈ M .
Denote the local components of the metric g and g−1 by (gij) and (gij), respectively.
The gradient of a smooth function u on M is ∇gu ∈ TM , its local components are

ui = gij
∂u

∂xj
.

Hereafter, by convention, repeated upper and lower indexes are automatically summed.

15
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The divergence of a smooth vector field V with components (V i) is a scalar function
and is given by

divg V =
1√
det g

· ∂
∂xi

(√
det g · V i

)
.

If p > 1 and u is a smooth function, the p-Laplace–Beltrami operator is given by

∆g,pu = divg
(
|∇gu|p−2∇gu

)
.

Note that ∆g,2 is in fact ∆g, the usual Laplace–Beltrami operator on (M, g).
Denote by dg : M ×M → [0,∞) the distance function induced by the metric g on

the manifold M . For fixed x0 ∈M define dg,x0 : M → [0,∞) by

dg,x0(x) = dg(x0, x), ∀x ∈M,

the distance from x0. The eikonal equation states that dvg-a.e. on M one has

|∇gdg,x0| = 1. (2.1)

For every p > 1, the above relations yield dvg-a.e. on M that

∆g,pdg,x0 = divg (∇gdg,x0) = ∆gdg,x0 . (2.2)

For a fixed set S ⊆M , define dg,S : M → [0,∞), the distance from S, by

dg,S(x) = inf
y∈S

dg(x, y) = dg(x, S), ∀x ∈M.

The open metric ball with center x0 ∈M and radius R > 0 is defined by

Bg,x0(R) = {y ∈M : dg,x0(y) < R}.

A generic ball with radius R (and arbitrary center) is simply denoted by Bg(R).
The volume of a bounded open set S ⊆M is given by

Volg(S) =

∫
S

dvg = Hn
g (S),

where dvg is the canonical volume form and Hn
g stands for Hausdorff measure.

If u1 and u2 are smooth functions, both vanishing at the boundary, the integration
by parts formula reads as:∫

M

u1∆g,pu2 dvg = −
∫
M

|∇gu2|p−2
g ⟨∇gu2,∇gu1⟩ dvg. (2.3)

Applying twice the latter relation for p = 2 yields Green’s second identity :∫
M

u1∆gu2 dvg =

∫
M

∆gu1u2 dvg. (2.4)
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2.1.1 Model space forms

The model space form (Mn
κ, gκ) is an n-dimensional complete Riemannian manifold

with constant sectional curvature K ≡ κ, where κ ∈ R. In particular,

Mn
κ =


Sn
κ – the sphere, if κ > 0,

Rn – the Euclidean space, if κ = 0,

Hn
κ – the hyperbolic space, if κ < 0.

For a more precise definition, let us construct the auxiliary function

pκ(x) =


2√

κ(1+|x|2) , if κ > 0 and x ∈ Rn,

1, if κ = 0 and x ∈ Rn,
2√

−κ(1−|x|2) , if κ < 0 and x ∈ Rn with |x| < 1,

where | · | stands for the Euclidean norm. Thus, the model space form can be modelled
on the Euclidean space (if κ ≥ 0) or on the unit ball of the Euclidean space (if κ < 0),
endowed with the metric

(gκ)ij(x) = p2κ(x)δij,

where δij is the Kronecker symbol. Note that in the case when κ < 0 we use the
standard Poincaré ball model, while in the case when κ > 0 we use the stereographic
projection of the standard sphere model.

For better readability, hereafter, we simply use the subscript κ instead of gκ. In
case of Euclidean quantities, the subscript κ is also omitted. By this convention, the
canonical volume form, the Riemannian gradient, and the Laplace–Beltrami operator
are written as

dxκ = pnκ(x) dx, ∇κu =
∇u
p2κ
, and ∆κu = p−n

κ div(pn−2
κ ∇u),

respectively, where u is a smooth function. Note that div and ∇ denote the Euclidean
divergence and gradient, respectively.

In the sequel, we define a number of functions that are frequently used in the
subsequent chapters. First, for every κ ∈ R, define

sκ(t) =


sin(

√
κt)√
κ

, if κ > 0,

t, if κ = 0,
sinh(

√
−κt)√

−κ
, if κ < 0,

and cκ(t) =


cos(
√
κt), if κ > 0,

1, if κ = 0,

cosh(
√
−κt), if κ < 0,

for all t ∈ (0, π/
√
κ), using the convention

π/
√
κ

def
= ∞, when κ ≤ 0. (2.5)

Next, using the same convention, let us construct

ctκ(t) =
cκ(t)

sκ(t)
=


√
κ cot(

√
κt), if κ > 0,

1
t
, if κ = 0,
√
−κ coth(

√
−κt), if κ < 0,

∀t ∈
(
0, π/

√
κ
)
. (2.6)
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Next, let
Lκ(t) = (n− 1)ctκ(t), ∀t ∈

(
0, π/

√
κ
)
. (2.7)

Finally, for every κ ≤ 0, define Dκ : [0,∞)→ [0,∞) by

Dκ(t) =

{
0, if t = 0,

tctκ(t)− 1, if t > 0.
(2.8)

The volume of an arbitrary ball Bκ(R) in Mn
κ with radius R > 0 is given by

VBκ(R) = nωn

∫ R

0

sn−1
κ (t) dt, (2.9)

where ωn = π
n
2 /Γ(n

2
+ 1) is the volume of the unit ball in Rn.

The radial derivative of a smooth function u is defined by

∇rad
κ u = ⟨∇κu,∇κdκ,x0⟩,

and it satisfies the following Cauchy–Schwarz inequality:

|∇rad
κ u|2 = ⟨∇κu,∇κdκ,x0⟩2 ≤ |∇κu|2 · |∇κdκ,x0|2 = |∇κu|2. (2.10)

In case of the model space form Mn
κ the eikonal equation

|∇κdκ,x0| = 1 (2.11)

holds everywhere except the point x0 and its cut locus (which is empty for κ ≤ 0, and
is the antipodal point of x0 on the sphere Sn

κ for κ > 0). Excepting those points, the
Laplacian of the distance function can be computed as follows:

∆κdκ,x0 = (n− 1)ctκ(dκ,x0) = Lκ(dκ,x0). (2.12)

For any vector field V ∈ TMn
κ the Hessian of the distance function verifies the following

relation:
Hessκ(dκ,x0)(V, V ) = ctκ(dκ,x0)(|V |2 − ⟨V,∇κdκ,x0⟩2). (2.13)

Denote by injx0
the injectivity radius of x0 ∈ M . We have the following Laplace

comparison and Bishop–Gromov volume comparison principles (see e.g., Gallot, Hulin,
and Lafontaine [48, Theorem 3.101]).

Theorem 2.1. Let (M, g) be an n-dimensional complete Riemannian manifold with
n ≥ 2, and let x0 ∈ M be a fixed point. The following statements hold with the usual
convention (2.5).

(I) If the sectional curvature satisfies K ≤ κ for some κ ∈ R, then:

(i) (Laplace comparison) ∆gdg,x0 ≥ (n− 1)ctκ(dg,x0) with dg,x0 < π/
√
κ;

(ii) (Volume comparison) Volg(Bg,x0(R)) ≥ VBκ(R), ∀R ∈ (0,min(injx0
, π/
√
κ)).

(II) If the Ricci curvature satisfies Ric ≥ κ(n− 1)g for some κ ∈ R, then:

(i) (Laplace comparison) ∆gdg,x0 ≤ (n− 1)ctκ(dg,x0) with dg,x0 < π/
√
κ;

(ii) (Volume comparison) Volg(Bg,x0(R)) ≤ VBκ(R), ∀R > 0.

If equality holds in any of the above statements, then (M, g) is isometric to the model
space form Mn

κ.
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2.2 Finsler manifolds

In this section we recall various elements of Riemannian geometry. For further details,
we refer to the monographs by Bao, Chern, and Shen [8] and Shen [101].

Let M be a smooth manifold with dimension n ≥ 2. At each point x ∈ M , the
tangent space TxM consists of tangent vectors (or simply vectors) at x, while the
cotangent space T ∗

xM consists of cotangent vectors (or covectors) at x, sometimes also
referred to as one forms. These spaces are dual to each other, the canonical pairing
between them is a bilinear form defined by

⟨ξ, y⟩ = ξ(y), ∀x ∈M, y ∈ TxM, ξ ∈ T ∗
xM.

The tangent bundle TM is the collection of all tangent spaces, consisting of bound
vectors, the cotangent bundle T ∗M is the collection of all cotangent spaces, consisting
of bound covectors. More precisely, we have

TM = {(x, y) : x ∈M, y ∈ TxM} and T ∗M = {(x, ξ) : x ∈M, ξ ∈ T ∗
xM}.

A vector field on M is a map that assigns to each point x ∈ M a bound vector
(x, y) ∈ TM , while a covector field assigns a bound covector (x, ξ) ∈ T ∗M .

Remark 2.2. We avoid the introduction of additional notation or letters for bound
vectors and vector fields. If a statement involves a bound vector (x, y) ∈ TM or a
vector field x 7→ (x, y), but the positional coordinate x is not particularly important,
we simply omit x and formulate the statement using the bound vector y ∈ TM or the
vector field y, respectively. Similarly, ξ may denote a covector, a bound covector, or a
covector field. The specific underlying objects are always revealed by the context.

The couple (M,F ) is said to be a Finsler manifold if the function F : TM → [0,∞)
is a Finsler metric satisfying the following conditions:

(i) Regularity : F (y) is smooth on TM \{0}, which consists of non-zero bound vectors;

(ii) Positive homogeneity : F (λy) = λF (y), for every y ∈ TM and λ ≥ 0;

(iii) Strong convexity : For every y ∈ TM \{0}, the following quadratic form is positive
definite:

gy(v, w)
def
=

∂2

∂s∂t

(
1

2
F (y + sv + tw)2

)∣∣∣∣
s=t=0

, ∀v, w ∈ TM. (2.14)

According to Remark 2.2, we use both F (y) and F (x, y) depending on the context.
The reversibility of a Finsler manifold (M,F ), introduced by Rademacher [94], is

defined by

λF (M)
def
= sup

x∈M
sup

y∈TxM
rev(x, y), where rev(x, y) =

F (x,−y)
F (x, y)

. (2.15)

Clearly 1 ≤ λF (M) ≤ +∞. The manifold is said to be reversible, if λF (M) = 1.
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The dual Finsler metric of F is the function F ∗ : T ∗M → [0,∞), defined by

F ∗(ξ)
def
= sup

y∈TM\{0}

⟨ξ, y⟩
F (y)

, ∀ξ ∈ T ∗M, (2.16)

which is also a Finsler metric on M . The reversibility of (M,F ∗) can be defined by

λF ∗(M)
def
= sup

x∈M
sup

ξ∈T ∗
xM

rev∗(x, y), where rev∗(x, y) =
F ∗(x,−ξ)
F ∗(x, ξ)

.

In particular, according to e.g., Huang, Kristály, and Zhao [56, Lemma 2.1], one has

λF (M) = λF ∗(M). (2.17)

Using a Finsler metric F , one can define the length of a Lipschitz continuous curve
c : [a, b]→M by

L(c)
def
=

∫ b

a

F (ċ(t)) dt,

where the dot denotes the derivative with respect to t. Given two points x0, x1 ∈ M ,
the distance from x0 to x1 is defined by

d(x0, x1) = inf
c
L(c),

where the infimum is taken over all Lipschitz continuous curves c : [0, 1] → M with
c(0) = x0 and c(1) = x1. In general, d(x0, x1) ̸= d(x1, x0), unless F is reversible.

If ρ = d(x0, ·) is the distance from a point x0 ∈M , then the eikonal equations hold
dm-a.e. in M :

F (∇ρ) = F ∗(Dρ) = 1. (2.18)

For fixed x ∈M , the Legendre transform ℓ∗ : T ∗
xM → TxM assigns to each covector

ξ the unique vector y, which minimizes the map

E∗(y)
def
= ⟨ξ, y⟩ − 1

2
F (y)2.

The minimizer y = ℓ∗(ξ) can also be interpreted as the unique bound vector with

F (ℓ∗(ξ)) = F ∗(ξ) and ⟨ξ, ℓ∗(ξ)⟩ = F (ℓ∗(ξ))F ∗(ξ). (2.19)

Combining the properties from relation (2.19) yields

⟨ξ, ℓ∗(ξ)⟩ = F ∗(ξ)2, ∀ξ ∈ T ∗
xM. (2.20)

Similarly, the Legendre transform ℓ : TxM → T ∗
xM assigns to each vector y the

unique covector ξ that minimizes the map

E(ξ)
def
= ⟨ξ, y⟩ − 1

2
F ∗(ξ)2.
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For the minimizer ξ = ℓ(y) similar relations hold as in (2.19) & (2.20). One also has
ℓ−1 = ℓ∗, hence y = ℓ∗(ξ). Using the fact that ∂E

∂ξ
= 0, we obtain

ℓ∗(ξ) = F ∗(ξ)
∂F ∗(ξ)

∂ξ
, ∀ξ ∈ T ∗

xM, (2.21)

thus, ℓ∗ is positive homogeneous. Note that the definitions and properties of the
Legendre transforms ℓ and ℓ∗ naturally extend to bound vectors and vector fields.
Moreover, using the conventions of Remark 2.2, all of the above formulas are formally
valid. We only need to make sure that the positional coordinates of y and ξ coincide,
otherwise the canonical pairing does not make sense.

For every x ∈M , there exists a local coordinate system {xi} defined on a coordinate
neighborhood of x. Denote by { ∂

∂xi} and {dxi} the induced basis on TxM and T ∗
xM ,

respectively.
A Finsler metric measure manifold (M,F,m) (abbreviated by FMMM) is a Finsler

manifold equipped with a smooth positive measure m. Unlike the Riemannian setting,
there is no canonical measure in Finsler geometry. However, one often considers the
Busemann–Hausdorff measure induced by F , which is given by

dmF
def
= σF (x) dx

1 ∧ . . . ∧ dxn, where σF (x) =
vol(Bn)

vol(Bx(1))
, (2.22)

vol(·) denotes the Euclidean volume, Bn ⊂ Rn is the Euclidean unit ball, while

Bx(1) = {y ∈ TxM : F (y) < 1}.
The derivative of a smooth function u : M → R is a covector field defined by

Du
def
=

∂u

∂xi
dxi. (2.23)

The gradient of a smooth function u : M → R is a vector field that can be computed
as

∇u def
= ℓ∗(Du). (2.24)

The divergence of a smooth vector field v with components (vi) is given by

div(v)
def
=
∑
i

1

σ

∂σvi

∂xi
.

If p > 1, then the p-Laplacian of a smooth function u is

∆F,p(u)
def
= div(F (∇u)p−2∇u).

We note that for p = 2, the p-Laplacian is precisely the Finsler Laplacian

∆F (u) = div(∇u).
We also notice that, if ρ is a distance function, then ∆F,p(ρ) = ∆F (ρ) holds dm-a.e. in
M .

Finally, if u1 and u2 are smooth functions, both vanishing at the boundary, then
the following integration by parts formula holds:∫

M

u1∆F (u2) dm = −
∫
M

⟨Du1,∇u2⟩ dm, (2.25)

see e.g., Ohta and Sturm [90].
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2.2.1 Curvatures and comparison

In the sequel, we recall the notions of the flag and S-curvature of a FMMM (M,F,m),
which can be interpreted more easily using tensors. According to the notation of the
previous section, the fundamental tensor from relation (2.14) can be rewritten as

g(x,y) = gij(x, y) dx
i dxj, where gij(x, y)

def
=

1

2

∂2F (x, y)2

∂yi∂yj
, ∀(x, y) ∈ TM.

Note that, by convention, repeated indexes are automatically summed. The geodesic
spray coefficients are defined as follows:

Gi(x, y)
def
=

1

4
gil(x, y)

(
2
∂gjl(x, y)

∂xk
− ∂gjk(x, y)

∂xl

)
yjyk, ∀(x, y) ∈ TM.

Recall that a smooth curve t 7→ γ(t) is geodesic if it satisfies the equation

γ̈i(t) + 2Gi(γ(t), γ̇(t)) = 0.

The Riemannian curvature is defined by

R(x,y)
def
= Ri

k(x, y)
∂

∂xi
⊗ dxk, ∀(x, y) ∈ TM,

where

Ri
k(x, y)

def
= 2

∂Gi(x, y)

∂xk
− yi∂

2Gi(x, y)

∂xj∂yk
+ 2Gj(x, y)

∂2Gi(x, y)

∂yj∂yk
− ∂Gi(x, y)

∂yj
∂Gj(x, y)

∂yk
.

The definition of flag curvature is as follows:

K(x, y, v) =
g(x,y)(R(x,y)(v), v)

g(x,y)(y, y)g(x,y)(v, v)− g(x,y)(y, v)2
, ∀x ∈M, y, v ∈ TxM. (2.26)

The name “flag” refers to the plane spanned by the vectors y and v; the vector y is
sometimes referred to as the flagpole.

The distortion is defined by

τ(x, y)
def
= log

√
det gij(x, y)

σ(x)
, ∀(x, y) ∈ TM.

The S-curvature measures the rate of change of the distortion along geodesics, more
precisely

S(x, y) =
d

dt
τ(γ(t), γ̇(t))

∣∣∣∣
t=0

, ∀(x, y) ∈ TM, (2.27)

where γ denotes the unique geodesic with γ(0) = x and γ̇(0) = y. For computational
convenience (due to the homogeneity of degree zero), we prefer to use the reduced
S-curvature defined by

S(x, y) =
S(x, y)

F (x, y)
, ∀(x, y) ∈ TM, y ̸= 0.
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We conclude this subsection, with the following Laplace comparison theorem, which
is a slight modification of the result by Wu and Xin [105, Theorem 5.1]. Here we only
assume curvature conditions alongside the geodesics starting from some x0 ∈M , which
does not affect the original proof. For the Riemannian counterpart, see Theorem 2.1.
See also relation (2.6) for the definition of ctκ.

Theorem 2.3. Let (M,F ) be a Finsler manifold and ρ = d(x0, ·) be the distance from
a point x0 ∈M . Suppose that K ≤ κ and S ≤ (n− 1)h along ∇ρ, for some κ ≤ 0 and
h ∈ R. Then one has

∆F (ρ) ≥ (n− 1)ctκ(ρ)− (n− 1)h.

Moreover, equality holds if and only if K = κ and S = (n− 1)h, along ∇ρ.

2.2.2 Special Finsler metrics

A Finsler metric on Ω ⊆ Rn is said to be projectively flat if the geodesics are straight
(Euclidean) lines as point sets. The following characterization is due to Rapcsák [95].

Theorem 2.4. Let F : TΩ → [0,∞) be a Finlser metric on Ω ⊆ Rn. The following
conditions are equivalent:

(i) The Finsler space (Ω, F ) is projectively flat.

(ii) The geodesic coefficients of F are given by

Gi(x, y) = P (x, y)yi, where P (x, y) =
1

2F (x, y)
· ∂F (x, y)

∂xk
yk. (2.28)

(iii) The metric F satisfies

∂2F (x, y)

∂xk∂yi
yk =

∂F (x, y)

∂xi
, ∀i ∈ {1, . . . , n}. (2.29)

The following proposition is useful for computing the flag and S-curvature of a
projectively flat metric. For the proof, we refer to Shen [101, Sections 6.3 and 7.3]

Proposition 2.5. Suppose that (M,F,m) is a FMMM equipped with a projectively flat
Finsler metric F and a smooth positive measure m having density σ. The flag and
S-curvature can be computed as follows:

K(x, y) =
1

F (x, y)2

(
P (x, y)2 − ∂P (x, y)

∂xi
yi
)
,

S(x, y) =
∂Gi(x, y)

∂yi
− yi

σ(x)

∂σ(x)

∂xi
,

where P and Gi are given by relation (2.28). In this case K only depends on x and y.
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In the sequel, we consider a special class of Finsler spaces, called Randers spaces,
which are important examples of Finsler manifolds: In many cases, they help us to
observe and investigate several conceptual differences between Riemannian and Finsler
geometries. A Randers space is a differentiable manifold M endowed with a special
Finsler metric F : TM → [0,∞) called Randers metric, which is defined by

F (x, y) =
√
aij(x)yiyj + bi(x)y

i, (2.30)

where aij(x) dx
i dxj is a Riemannian metric, bi(x) dx

i is a a one-form, such that

∥b(x)∥a
def
=
√
aij(x)bi(x)bj(x) < 1, ∀x ∈M,

and {aij(x)} denotes the inverse of {aij(x)}. The density of the Busemann–Hausdorff
measure induced by a Raders metric F is given by

σF (x) = (1− ∥b(x)∥2a)
n+1
2

√
det aij(x). (2.31)

For later use, define the Kronecker delta by

δij
def
=

{
1, if i = j,

0, if i ̸= j.
(2.32)

Remark 2.6. Let F be a Randers metric given by (2.30). It the Riemannian metric
F (x, y) =

√
aij(x)yiyj satisfies (2.29), and bi dx

i = Dβ(x) for some smooth function
β, then F satisfies (2.29) as well. Thus, according to Theorem 2.4 the metric F is
projectively flat. The claim easily follows from the symmetry of second order partial
derivatives of the smooth function β.

2.3 Eigenvalue problems

In his celebrated book entitled The Theory of Sound, Lord Rayleigh [96] formulated
various questions concerning the qualitative behavior of the first eigenvalue for the fixed
membrane, the clamped plate, and the buckling problems. Initially, these problems
were posed in the Euclidean setting, but later, the mathematical community started
to study them in curved spaces as well. In this section, we recall these eigenvalue
problems and briefly discuss the relevant result regarding their first eigenvalue. For a
clearer presentation, we formulate the problems on Riemannian manifolds, although
they can naturally also be addressed in the Finsler setting.

2.3.1 Fixed membrane problem

Due to its second-order character, the fixed membrane problem turned out to be the
most accessible among the aforementioned eigenvalue problems that can be formulated
as follows.
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Let (M, g) be an n-dimensional Riemannian manifold, with n ≥ 2, let Ω ⊆ M is a
bounded, open domain, and consider the problem{

∆gu = −λmu, in Ω,

u = 0, on ∂Ω.
(2.33)

In the Euclidean setting, Faber [38] and Krahn [66] independently proved that the first
eigenvalue of (2.33) satisfies

Λm(Ω)
def
= inf

u∈C∞
0 (Ω)\{0}

∫
Ω

|∇gu|2 dvg∫
Ω

u2 dvg

≥ j2n/2−1,1(ωn/Vol(Ω))
2/n, (2.34)

where jµ,1 stands for the first positive zero of the Bessel function Jµ of the first
kind with order µ. In addition, equality is achieved in (2.34) whenever Ω is a ball;
moreover, the eigenvalues converge to zero when the radius of the balls tend to infinity.
The proof relies crucially on the Pólya–Szegő inequality, which is based on Schwarz
symmetrization and the sharp isoperimetric inequality in Rn. For that reason, it can be
naturally extended to Cartan–Hadamard manifolds that satisfy the Cartan–Hadamard
conjecture; formally being the same as its Euclidean counterpart. We note, however,
that this conjecture is confirmed only in low dimensions when n ∈ {2, 3, 4} (see Bol [15],
Kleiner [62], and Croke [29], respectively). For a detailed discussion on this conjecture
and its generalization, see Kloeckner and Kuperberg [63].

One of the most surprising facts in spectral theory on Riemannian manifolds is
due to McKean [79], which roughly states that strong negative curvature produces a
universal, domain-independent, sharp spectral gap for the first eigenvalue of (2.33).
This fact is in radical contrast to the Euclidean case. The precise formulation of
this result is as follows. Let (M, g) be a Cartan–Hadamard manifold with sectional
curvature K ≤ κ for some κ < 0, and Ω ⊆ M be an open bounded domain. Then the
first eigenvalue of (2.33) satisfies

Λm(Ω) = inf
u∈C∞

0 (Ω)\{0}

∫
Ω

|∇gu|2 dvg∫
Ω

u2 dvg

≥
(
(n− 1)

√
−κ

2

)2

. (2.35)

Moreover, the bound in (2.35) is sharp. Indeed, if we consider the model space form
M = Mn

κ of constant sectional curvature K ≡ κ, and the ball Ω = Bκ(R) ⊆Mn
κ with

radius R, then the first eigenvalue of (2.33) has the limiting property

lim
R→∞

Λm(Bκ(R)) =

(
(n− 1)

√
−κ

2

)2

; (2.36)

see e.g., Chavel [24]. For further asymptotically improved versions, see e.g., Borisov
and Freitas [16], Cheng and Yang [26], Kristály [70] and Savo [100].
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A natural extension of the problem (2.33) is the p-fixed membrane problem, which
can be obtained by replacing the PDE with

∆g,pu = −λm,p|u|p−2u.

In this case, the sharp estimate for the first eigenvalue reads as

Λm,p(Ω)
def
= inf

u∈C∞
0 (Ω)\{0}

∫
Ω

|∇gu|p dvg∫
Ω

up dvg

≥
(
(n− 1)

√
−κ

p

)p

, (2.37)

see He and Yin [108]. We refer to Theorem 3.24 for a simple alternative proof. For a
nonlocal version of the above problem, see Kajántó and Kristály [61]. For a Kirchhoff-
type perturbation, we refer to Farkas, Kajántó, and Varga [40].

2.3.2 Clamped plate problem

The clamped plate problem is definitely more sophisticated than the fixed membrane
problem due to its fourth-order character. It can be formulated as follows:{

∆2
gu = λcu, in Ω,

u = ∂u
∂n

= 0, on ∂Ω,
(2.38)

where Ω ⊆M is a bounded, open domain and (M, g) is an n-dimensional Riemannian
manifold, with n ≥ 2, while ∆2

g denotes the biharmonic operator defined by

∆2
gu = ∆g(∆gu)

for every smooth function u, and ∂
∂n

stands for the outward pointing normal derivative.
In the Euclidean setting, Ashbaugh and Benguria [6] and Nadirashvili [86] proved

in dimensions n ∈ {2, 3} that the first eigenvalue of (2.38) satisfies

Λc(Ω)
def
= inf

u∈C∞
0 (Ω)\{0}

∫
Ω

|∆gu|2 dvg∫
Ω

u2 dvg

≥ h4n/2−1(ωn/Vol(Ω))
4/n, (2.39)

where hµ is the first positive critical point of Jµ/Iµ, while Jµ and Iµ represent the Bessel
and modified Bessel functions of the first kind with order µ, respectively. Similarly
to the fixed membrane problem, equality is achieved in (2.39) whenever Ω is a ball.
Additionally, larger and larger domains produce smaller and smaller first eigenvalues,
which tend to zero. For a quantitative form, see Antunes, Buoso, and Freitas [5].

Clamped plate problems have been recently studied on Riemannian manifolds, in
both the positively and negatively curved cases; see Kristály [68, 69]. The author
proved that if (M, g) is a Cartan–Hadamard manifold with sectional curvature K ≤ κ
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for some κ < 0 and verifying the generalized Cartan–Hadamard conjecture, then the
first eigenvalue of (2.38) satisfies the sharp estimate

Λc(Ω) = inf
u∈C∞

0 (Ω)\{0}

∫
Ω

|∆gu|2 dvg∫
Ω

u2 dvg

≥ (n− 1)4κ4

16
. (2.40)

The proof of the inequality (2.40) deeply relies on Schwarz-type symmetrization and
the validity of the aforementioned generalized Cartan–Hadamard conjecture.

The natural extension of the problem (2.38) is the p-clamped plate problem, which
can be obtained by replacing the PDE with

∆2
g,pu = λc,p|u|p−2u,

where ∆2
g,p denotes the p-biharmonic operator defined by

∆2
g,pu = ∆g(|∆gu|p−2∆gu),

for every smooth function u. The latter problem was discussed in the context of
hyperbolic spaces by Ngô and Nguyen [87]. More precisely, the authors proved that if
Ω ⊆ Hn

κ is a bounded open domain for some κ < 0, then the sharp estimate for the
first eigenvalue reads as

Λc,p(Ω)
def
= inf

u∈C∞
0 (Ω)\{0}

∫
Ω

|∆gu|p dvg∫
Ω

up dvg

≥
(
(n− 1)2|κ|(p− 1)

p2

)p

. (2.41)

The proof of the inequality (2.41) deeply explores symmetrization techniques combined
with the validity of the generalized Cartan–Hadamard conjecture, where the model
structure of M = Mn

κ plays a crucial role.

Remark 2.7. Later in Theorem 4.4 we prove the estimate (2.41) and its sharpness for
general Cartan–Hadamard manifolds, with sectional curvature K ≤ κ for some κ < 0,
using a symmetrization-free approach. We note that Theorem 4.4 extends not only the
validity of (2.40) to any dimension (this estimate being proved only in dimensions 2
and 3, cf. Kristály [68]), but also solves the claim raised in Cheng and Yang [27] and
Li, Mao, and Zeng [78]. In the latter two works the authors proved that if the first
eigenvalue of the clamped plate problem satisfies

lim
R→∞

Λc(B−1(R)) =
(n− 1)4

16
, (2.42)

where B−1(R) is the geodesic ball in the hyperbolic space Mn
−1, then the same limit

should be valid also for the lth eigenvalues of (2.38), for every l ≥ 2. In view of
Theorem 4.4, the assumption (2.42) in papers [27, 78] turns out to be superfluous.
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2.3.3 Buckling problem

The buckling problem is a fourth-order problem, which can be stated as follows:{
∆2

gu = −λb∆gu, in Ω,

u = ∂u
∂n

= 0, on ∂Ω,
(2.43)

where Ω ⊆M is a bounded, open domain and (M, g) is an n-dimensional Riemannian
manifold, with n ≥ 2.

To the best of our knowledge, only a few pieces of qualitative information are known
concerning the first eigenvalue of the problem (2.43). A milestone result is due to Ngô
and Nguyen [87], where the authors provided a spectral gap estimate for the p-buckling
problem in the hyperbolic setting, for general p > 1. In particular, when p = 2, the
estimate can be stated as follows: If Ω ⊆ Hn

κ is a bounded, open domain for some
κ < 0, then the first eigenvalue of (2.43) satisfies the sharp estimate

Λb(Ω)
def
= inf

u∈C∞
0 (Ω)\{0}

∫
Ω

|∆gu|2 dvg∫
Ω

|∇gu|2 dvg
≥ (n− 1)2|κ|

4
. (2.44)

The proof is again based on symmetrization and on the validity of the generalized
Cartan–Hadamard conjecture.

Remark 2.8. Later in Theorem 4.5 we prove the estimate (2.44) and its sharpness
for general Cartan–Hadamard manifolds, with sectional curvature K ≤ κ for some
κ < 0, using a symmetrization-free approach. We note, however, that certain technical
difficulties prevent the extension of our approach to the general case when p > 1.

2.4 The approach of Bessel pairs

In this section, we recall the key ingredients of a recent approach to establish Hardy–
Rellich inequalities on the Euclidean space Rn. This method is based on the notion of
Bessel pairs introduced by Ghoussoub and Moradifam [50].

Let us start with an auxiliary definition that is relevant for applications.

Definition 2.9. A positive function Z is said to be a Bessel potential on (0, R) if there
exist a constant c > 0 and a function z > 0 such that following ordinary differential
equation holds:

z′′(t) +
z′(t)

t
+ c · Z(t) · z(t) = 0, ∀t ∈ (0, R). (2.45)

The largest c, for which there exists z > 0 verifying (2.45) is called the best constant.

In the sequel, we present some relevant examples of Bessel potentials. Hereafter,
for every function h let us denote

h[i](t) =


t, if i = 0,

h(t), if i = 1,

h(h[i−1](t)), if i ≥ 2.

(2.46)
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Example 2.10. (a) For every R > 0, the functions

Z ≡ 1 and z(t) = J0

(
t · j0,1
R

)
satisfy (2.45), for all t ∈ (0, R), where j0,1 denotes the first positive root of the Bessel

function J0 of the first kind and order zero. The best constant is c =
j20,1
R2 .

(b) Let k ≥ 1, R > 0, and r = R · exp[k−1](e). The functions

Zk,r(t) =
k∑

j=1

1

t2

(
j∏

i=1

log[i]

(r
t

))−2

and zk,r(t) =

(
k∏

i=1

log[i]

(r
t

)) 1
2

satisfy (2.45), for all t ∈ (0, R). The best constant is c = 1
4
.

(c) Let k ≥ 1, R > 0, and define

ℓ(t) =
1

1− log(t)
, ∀t ∈ (0, 1).

The functions

Z̃k,R(t) =
k∑

j=1

1

t2

j∏
i=1

ℓ2[i]

(
t

R

)
and z̃k,R(t) =

(
k∏

i=1

ℓ[i]

(
t

R

))− 1
2

satisfy (2.45), for all t ∈ (0, R). The best constant is c = 1
4
.

The central concept of this approach is the notion of Bessel pairs. The definition is
as follows.

Definition 2.11. The couple (X, Y ) of positive functions is said to be a Bessel pair
on (0, R) if there exist a constant C > 0 and a function y > 0 such that the following
ordinary differential equation holds:

y′′(t) +

(
n− 1

t
+
X ′(t)

X(t)

)
y′(t) +

C · Y (t)

X(t)
y(t) = 0, ∀t ∈ (0, R). (2.47)

The largest C, for which there exists y > 0 verifying (2.47) is called the best constant.

The relations between the two concepts are given by the following proposition.

Proposition 2.12. If equation (2.45) holds on (0, R), then equation (2.47) holds as
well for the choices:

y(t) = z(t) · t
2−n
2 , C = 1, X(t) ≡ 1, and Y (t) =

(n− 2)2

4t2
+ c · Z(t).

The next result sheds more light on the connection between the two notions, being
particularly useful when dealing with Rellich inequalities. It is a simple consequence
of [50, Theorem 2.6], the proof is based on the comparison of solutions of (2.47).
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Proposition 2.13. Suppose that Z is a Bessel potential on (0, R) with best constant c,
such that

(Z) : Z′(t)
Z(t)

= −λ
t
+ f(t), where λ < n− 2, f(t) ≥ 0 and limt→0 tf(t) = 0.

Then the couples
(

1
t2
, (n−4)2

4t4
+ c·Z

t2

)
and

(
Z, (n−λ−2)2·Z

4t2

)
are also Bessel pairs on (0, R),

with best constant C = 1.

Finally, we present the main result of this approach (see [50, Theorem 1.1]).

Theorem 2.14. Let Ω = BO(R) denote the Euclidean ball centered at the origin O
with radius R > 0. Suppose that X and Y are positive radial C1 functions on Ω \ {O},
with ∫ R

0

1

tn−1X(t)
dt = +∞ and

∫ R

0

tn−1X(t) dt < +∞.

The following statements are equivalent:

(1) The couple (X, Y ) is a Bessel pair on (0, R) with the best constant C ≥ 1.

(2) One has ∫
Ω

V (x)|∇u|2 dx ≥
∫
Ω

W (x)u2 dx, (2.48)

for all u ∈ C∞
0 (B).

(3) If limt→0 t
αV (t) = 0 for some α < n− 2, then one has∫

Ω

V (x)|∆u|2 dx ≥
∫
Ω

W (x)|∇u|2 dx

+ (n− 1)

∫
Ω

(
V (x)

|x|2
− ∇

radV (|x|)
|x|

|∇u|2
)

dx, (2.49)

for all radial functions u ∈ C∞
0 (B).

(4) If, in addition,

W (t)− 2V (t)

t2
+

2∇radV (t)

t
−∇rad∇radV (t) ≥ 0, ∀t ∈ (0, R),

then the inequality (2.49) holds for all u ∈ C∞
0 (B).

The notion of classical Bessel pairs was extended to general p > 1 as follows (see
Duy, Lam, and Lu [36, Definition 1.1]).

Definition 2.15. If p > 1 and A,B : (0, R) → R are functions with A being of class
C1, the couple (A,B) is a p-Bessel pair in (0, R) if the ODE(

tn−1A(t)|y′(t)|p−2y′(t)
)′
+ tn−1B(t)|y(t)|p−2y(t) = 0 (2.50)

has a positive solution in (0, R).



2.4. THE APPROACH OF BESSEL PAIRS 31

We note that there exists a connection between the ODE of Bessel pairs, and
the classical method of supersolutions, sometimes also called the Allegretto–Moss–
Piepenbrink approach. We have the following

Remark 2.16. By the theory of supersolutions, if a second-order elliptic operator
admits a positive supersolution, then the operator is positive in the sense of quadratic
forms (see Davies [31, Theorem 4.2.1]). Accordingly, if Ω ⊆ Rn is a domain that
contains the origin, W ∈ L1

loc(Ω) ∩ C(Ω \ {0}) and φ ∈ C2(Ω \ {0}) is positive such
that

(−∆−W )φ(x) ≥ 0, ∀x ∈ Ω \ {0}, (2.51)

then the operator (−∆−W ) ≥ 0 is positive; more precisely, one has∫
Ω

|∇u|2 dx ≥
∫
Ω

Wu2 dx, ∀u ∈ C∞
0 (Ω).

Observe that if φ(x) = y(|x|) for some function y, then (2.51) translates to

−y′′(t)− n− 1

t
y′(t)−W (t)y(t) ≥ 0, ∀t ∈ (0, sup{|x| : x ∈ Ω}).

The equality case of the above relation perfectly agrees with equation (2.50) for A ≡ 1,
B = W and p = 2. We note that similar arguments apply in the weighted case, as well
as in the case when p > 1.

We conclude this section with the following additional comments.

Remark 2.17. (a) We notice that equation (2.50) for p = 2 is equivalent to (2.47).

(b) The notion of Bessel pairs and p-Bessel pairs was used to establish Hardy–Rellich
inequalities on both Euclidean and hyperbolic spaces, in spite of the fact that their
definition is purely Euclidean, i.e., they do not encode curvature information. Later,
in Remark 3.8 we suggest a more natural extension.

(c) By using a suitable Laplace comparison, the arguments from Remark 2.16 can be
extended to Riemannian manifolds in the view of Remark 3.8. These relations, together
with Proposition 3.7 – linking Bessel pairs with our approach to Hardy inequalities –
allow us to incorporate in our method various elements of the criticality theory of Hardy
inequalities, developed originally in context of supersolutions; see Remark 3.29/(b) for
an illustration. Concerning criticality theory, we refer to the foundational works by
Pinchover [92, 93] and Devyver, Fraas, and Pinchover [34].

(d) In the subsequent chapters, we present alternative methods for proving Hardy and
Rellich inequalities. These methods do not rely on spherical harmonics decomposition
and are also symmetrization-free.





Chapter 3

Hardy inequalities on general
Riemannian manifolds

In this chapter, we present a simple, elegant approach for proving well-known and
genuinely new Hardy-type inequalities on Riemannian manifolds.

In Section 3.1 we present our abstract approach. First, in Theorem 3.1 we provide
a general functional inequality both in additive and multiplicative forms, producing
Hardy inequalities of the corresponding forms, i.e., inequalities of types (H) and (UP),
respectively. We also show that the two forms are equivalent. Next, in Section 3.1.1
we introduce the notion of Riccati pairs for the additive form. This concept enables
us to give short/elegant proofs for a number of celebrated functional inequalities on
Riemannian manifolds with sectional curvature bounded from above, by simply solving
a Riccati-type ODI; see Theorem 3.5. Finally, in Proposition 3.7 and Remark 3.8 we
show that Riccati pairs extend the notion of Bessel pairs developed by Ghoussoub and
Moradifam [50]. We refer to Section 2.4 for a short summary of Bessel pairs.

In Section 3.2 we present various applications of the additive inequality; specifically,
we shall consider the following inequalities.

• In Section 3.2.1 we give alternative proofs to Lp-Caccioppoli-type inequalities on
Riemannian manifolds (see Theorems 3.9 & 3.12).

• In Section 3.2.2 we prove various improved Hardy-type inequalities on Cartan–
Hadamard manifolds (see Theorems 3.13 & 3.17 & 3.18 & 3.19).

• In Section 3.2.3 we establish several spectral estimates on Riemannian manifolds,
including the Cheng-type comparison result, the Faber–Krahn inequality, the
McKean-type spectral gap estimate, and the Carvalho–Cavalcante-type spectral
result (see Theorems 3.21 & 3.23 & 3.24 & 3.26).

• In Section 3.2.4 we prove interpolation inequalities connecting the classical Hardy
inequality and McKean’s spectral gap estimate on Cartan–Hadamard manifolds
(see Theorems 3.27 & 3.30).

• In Section 3.2.5 we provide Ghoussoub–Moradifam-type weighted inequalities
in the Euclidean setting; for a certain parameter range these results extend to
Cartan–Hadamard manifolds (see Theorems 3.31 & 3.33).

33
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In Section 3.3 we present applications to the multiplicative inequality; specifically,
we shall consider the following inequalities.

• In Section 3.3.1 we provide a sharp uncertainty principle on Cartan–Hadamard
manifolds (see Theorem 3.35), which implies both the Heisenberg–Pauli–Weyl
and Hydrogen uncertainty principles; a rigidity result is proved in Theorem 3.37.

• In Section 3.3.2 we establish sharp Caffarelli–Kohn–Nirenberg inequalities on
Cartan–Hadamard manifolds (see Theorems 3.40 & 3.41).

3.1 General functional inequalities

In this section, we present our abstract approach for proving Hardy inequalities. We put
ourselves into the realm of Riemannian manifolds. The utilized concepts, preliminary
results, and the corresponding notations are summarized in Sections 2.1 & 2.1.1.

Our first result is a general functional inequality formulated in two equivalent forms,
which provide inequalities of types (H) and (UP). It can be stated as follows.

Theorem 3.1 (see [59]). Let (M, g) be a complete, non-compact, n ≥ 2-dimensional
Riemannian manifold. Let Ω ⊆ M be a domain, p > 1, and let ρ ∈ W 1,p

loc (Ω) be non-
constant and positive with Hn

g (ρ
−1(supΩ ρ)) = 0. Suppose that w : (0, supΩ ρ)→ (0,∞),

G : (0, supΩ ρ)→ R, and H : R→ R are C1 functions such that

(G)ρ,w : G(ρ)w(ρ)
1
p′ |∇gρ|p−1 ∈ Lp′

loc(Ω) and (G(ρ)w(ρ))′|∇gρ|p, w(ρ) ∈ L1
loc(Ω),

and H(0) = H ′(0) = 0. The following inequalities hold:

(i) (Additive form) For every u ∈ C∞
0 (Ω) one has∫

Ω

w(ρ)|∇gu|p dvg ≥ p

∫
Ω

[(G(ρ)w(ρ))′|∇gρ|p +G(ρ)w(ρ)∆g,pρ]H(u) dvg

+ (1− p)
∫
Ω

|G(ρ)|p′ |∇gρ|pw(ρ)|H ′(u)|p′ dvg. (3.1)

(ii) (Multiplicative form) For every u ∈ C∞
0 (Ω) one has

∫
Ω

w(ρ)|∇gu|p dvg ≥

∣∣∣∣∫
Ω

[(G(ρ)w(ρ))′|∇gρ|p +G(ρ)w(ρ)∆g,pρ]H(u) dvg

∣∣∣∣p(∫
Ω

|G(ρ)|p′|∇gρ|pw(ρ)|H ′(u)|p′ dvg
)p−1 , (3.2)

provided that there exists a neighborhood V ⊆ R of zero satisfying

H ′(s) ̸= 0,∀s ∈ V \ {0}, G(t) ̸= 0,∀t ∈ (0, sup
Ω
ρ), and Hn

g (|∇gρ|−1(0)) = 0. (3.3)



3.1. GENERAL FUNCTIONAL INEQUALITIES 35

Proof. (i) By the convexity of ξ 7→ |ξ|p, it turns out that

|ξ|p ≥ |η|p + p|η|p−2(ξ − η)η = p|η|p−2ξη + (1− p)|η|p, ∀ξ, η ∈ TΩ.

Fix u ∈ C∞
0 (Ω) arbitrarily and choose

ξ = ∇gu and η = −|G(ρ)|
2−p
p−1 |H ′(u)|

2−p
p−1G(ρ)H ′(u)∇gρ.

On the one hand, we have

|η|p = |G(ρ)|
p

p−1 |∇gρ|p|H ′(u)|
p

p−1 = |G(ρ)|p′|∇gρ|p|H ′(u)|p′ .

On the other hand, the chain rule

∇gH(u) = H ′(u)∇gu

implies that
|η|p−2ξη = −G(ρ)|∇gρ|p−2∇gρ∇gH(u).

Therefore, one has

|∇gu|p ≥ −pG(ρ)|∇gρ|p−2∇gρ∇gH(u) + (1− p)|G(ρ)|p′|∇gρ|p|H ′(u)|p′ .

Multiplying by w(ρ) > 0, integrating over Ω, and using (G)ρ,w lead to∫
Ω

w(ρ)|∇gu|p dvg ≥ −p
∫
Ω

G(ρ)w(ρ)|∇gρ|p−2∇gρ∇gH(u) dvg

+ (1− p)
∫
Ω

|G(ρ)|p′ |∇gρ|pw(ρ)|H ′(u)|p′ dvg
def
= pIH + (1− p)JH . (3.4)

Integration by parts (2.3) and the boundary conditions on H yield

IH =

∫
Ω

divg
(
G(ρ)w(ρ)|∇gρ|p−2∇gρ

)
H(u) dvg

=

∫
Ω

[(G(ρ)w(ρ))′|∇gρ|p +G(ρ)w(ρ)∆g,pρ]H(u) dvg.

The above arguments imply inequality (3.1).

(ii) Recall the definitions of IH and JH from (3.4). On the one hand, assumption (3.3)
implies that JH > 0. On the other hand, observe that for every c ∈ R, inequality (3.1)
is valid for cH instead of H, thus,∫

Ω

w(ρ)|∇gu|p dvg ≥ pIcH + (1− p)JcH = pcIH + (1− p)|c|p′JH .

Note that 1−p < 0; thus, we can maximize the right-hand side of the latter expression
with respect to c. The maximum is achieved for c = J1−p

H |IH |p−2IH , obtaining that∫
Ω

w(ρ)|∇gu|p dvg ≥
|IH |p

Jp−1
H

,

which is precisely inequality (3.2).
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Remark 3.2. We notice that the additive and multiplicative forms are equivalent in
the sense that they can be deduced from each other. On the one hand, the relation (3.2)
follows from (3.1) (see Theorem 3.1/(ii)). On the other hand, we have that

J1−p
H |IH |p ≥ pIH + (1− p)JH ;

indeed, for IH ≤ 0, the latter inequality is trivial, while for IH > 0, Young’s inequality
applies. Accordingly, we may roughly say that inequalities of types (H) and (UP)
have the same ‘algebraic’ origin.

As one shall see, both inequalities in Theorem 3.1 are generic, that is, for suitable
choices of parameters p, ρ, w, G, and H, they produce various functional inequalities.
On the one hand, the additive form (i) is tailored to produce Hardy-type inequalities
of type (H) (see Section 3.2). On the other hand, the multiplicative form (ii) provides
various uncertainty principles of type (UP) (see Section 3.3).

In the sequel we demonstrate that the aforementioned procedure can be reversed:
for a number of Hardy-type inequalities one can find suitable choices of parameters
providing short/elegant proofs for them. The central element of this idea is the concept
of Riccati pairs, which is presented in the next section.

3.1.1 Riccati pairs

Let us focus on the additive form (i) of Theorem 3.1. Let p > 1, and observe that if

H(s) =
|s|p

p
, ∀s ∈ R, then pH(s) = |H ′(s)|p′ = |s|p.

The above observation, together with the Laplace comparison (see Theorem 2.1/(I)/(i))
suggest the following notion.

Definition 3.3 (see [59]). Let (M, g) be a complete, non-compact n ≥ 2-dimensional
Riemannian manifold. Let Ω ⊆ M be a domain, p > 1, and ρ ∈ W 1,p

loc (Ω) be
a positive function with |∇gρ| = 1 dvg-a.e. in Ω. Fix the continuous functions
L,W : (0, supΩ ρ) → (0,∞) and the function w : (0, supΩ ρ) → (0,∞) of class C1.
We say that the couple (L,W ) is a (p, ρ, w)-Riccati pair in (0, supΩ ρ) if there exists a
function G : (0, supΩ ρ)→ R such that

(c1) (G)ρ,w holds (from Theorem 3.1);

(c2) ∆gρ ≥ L(ρ) in the distributional sense in Ω, and

G ≥ 0, if Hn
g ({x ∈ Ω : ∆gρ(x) > L(ρ(x))}) ̸= 0;

(c3) for every t ∈ (0, supΩ ρ) one has

(G(t)w(t))′ +G(t)w(t)L(t) + (1− p)|G(t)|p′w(t) ≥ W (t)w(t). (3.5)

A function G satisfying the above conditions is said to be admissible for (L,W ).
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Remark 3.4. For later use, we provide the following particular forms of (3.5).

(i) If p = 2, then inequality (3.5) reduces to

(G(t)w(t))′ +G(t)w(t)L(t)− |G(t)|2w(t) ≥ W (t)w(t), ∀t ∈ (0, supΩ ρ). (3.6)

(ii) If w ≡ 1, then inequality (3.5) reduces to

G′(t) +G(t)L(t) + (1− p)|G(t)|p′ ≥ W (t), ∀t ∈ (0, supΩ ρ). (3.7)

(iii) If both p = 2 and w ≡ 1, then inequality (3.5) reduces to

G′(t) +G(t)L(t)− |G(t)|2 ≥ W (t), ∀t ∈ (0, supΩ ρ). (3.8)

An efficient application of Theorem 3.1/(i) based on the concept of Riccati pairs
can be stated as follows.

Theorem 3.5 (see [59]). Let (M, g) be a complete, non-compact n ≥ 2-dimensional
Riemannian manifold. Let Ω ⊆ M be a domain, p > 1, and ρ ∈ W 1,p

loc (Ω) be a positive
function with |∇gρ| = 1 dvg-a.e. in Ω. Suppose that L,W : (0, supΩ ρ) → (0,∞) are
continuous functions and w : (0, supΩ ρ)→ (0,∞) is of class C1 such that (L,W ) is a
(p, ρ, w)-Riccati pair in (0, supΩ ρ). Then for every u ∈ C∞

0 (Ω) one has∫
Ω

w(ρ)|∇gu|p dvg ≥
∫
Ω

W (ρ)w(ρ)|u|p dvg. (3.9)

Proof. Since (L,W ) is a (p, ρ, w)-Riccati pair in (0, supΩ ρ), there exists a function
G : (0, supΩ ρ) → R, such that Conditions (c1)–(c3) are satisfied. We shall apply
Theorem 3.1/(i) for the parameters L,W, p, ρ, w,G, as well as

H(s) =
|s|p

p
, ∀s ∈ R.

Condition (c1) yields (G)ρ,w; moreover, the boundary conditions H(0) = H ′(0) = 0
hold as well. Accordingly, we obtain that∫

Ω

w(ρ)|∇gu|p dvg ≥ p

∫
Ω

[(G(ρ)w(ρ))′|∇gρ|p +G(ρ)w(ρ)∆g,pρ]
|u|p

p
dvg

+ (1− p)
∫
Ω

|G(ρ)|p′|∇gρ|pw(ρ)|u|p dvg.

Now we can use relations (2.1) & (2.2), namely, since |∇gρ| = 1 dvg-a.e. in Ω, one has
∆g,pρ = ∆gρ dvg-a.e. in Ω. Therefore, we have∫

Ω

w(ρ)|∇gu|p dvg ≥
∫
Ω

[(G(ρ)w(ρ))′ +G(ρ)w(ρ)∆gρ] |u|p dvg

+ (1− p)
∫
Ω

|G(ρ)|p′w(ρ)|u|p dvg. (3.10)
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Observe that Condition (c2) implies

G(ρ)∆gρ ≥ G(ρ)L(ρ) (3.11)

in the distributional sense in Ω. Indeed, on the one hand, if ∆gρ = L(ρ) dvg-a.e. in Ω,
then the inequality (3.11) is trivial. On the other hand, if

Hn
g ({x ∈ Ω : ∆gρ(x) > L(ρ(x))}) ̸= 0,

then G is non-negative by (c2), hence the inequality (3.11) holds in this case as well.
Finally, combining inequalities (3.10) & (3.11) with Condition (c3) yields

∫
Ω

w(ρ)|∇gu|p dvg ≥ p

∫
Ω

[(G(ρ)w(ρ))′ +G(ρ)w(ρ)∆gρ]
|u|p

p
dvg

+ (1− p)
∫
Ω

|G(ρ)|p′w(ρ)|u|p dvg

≥
∫
Ω

[(G(ρ)w(ρ))′ +G(ρ)w(ρ)L(ρ)] |u|p dvg

+ (1− p)
∫
Ω

|G(ρ)|p′w(ρ)|u|p dvg

≥
∫
Ω

W (ρ)w(ρ)|u|p dvg,

which is precisely relation (3.9).

To present the efficiency of Theorem 3.5, we sketch a short proof of the celebrated
McKean’s sharp spectral gap estimate: If (M, g) is an n-dimensional Cartan–Hadamard
manifold with n ≥ 2 and sectional curvature K ≤ κ for some κ < 0, then the essential
spectrum of the Laplace–Beltrami operator on (M, g) is [Kκ,n,∞), where

Kκ,n
def
=

(
(n− 1)

√
−κ

2

)2

.

Indeed, fix x0 ∈M and choose ρ = dg,x0 , i.e., the distance from x0, as well as

w ≡ 1, L ≡ (n− 1)
√
−κ, W ≡ (n− 1)c

√
−κ− c2, and G ≡ c,

for some c > 0. For these choices, the ODI of (3.8) is verified with equality, thus,
Conditions (c1) & (c3) clearly hold. The Laplace comparison (see Theorem 2.1/(I)/(i))
implies ∆gρ ≥ L, hence (c2) holds as well. We obtained that (L,W ) is a (p, ρ, w)-
Riccati pair in (0,∞), and G is admissible for (L,W ). A simple computation yields

max
c>0

(
(n− 1)

√
−κc− c2

)
= Kκ,n,

thus, Theorem 3.5 immediately implies the required spectral estimate:∫
M

|∇gu|2 dvg ≥ Kκ,n

∫
M

|u|2 dvg, ∀u ∈ C∞
0 (M).

For a similar proof of the general case when p > 1, see Theorem 3.24. We also note
that the eigenvalues of the Laplace–Beltrami operator are precisely the eigenvalues of
the fixed membrane problem (see Section 2.3.1).
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Remark 3.6. (a) In the majority of applications, as in the previous one, ρ is a distance
function either from a fixed point x0 or from the boundary of the domain; additionally,
the other parameter functions are typically smooth. However, we have presented our
results in such a general way that we can also include delicate applications, such as
Caccioppoli-type inequalities (see Theorem 3.9).

(b) If Ω is a domain in the model space form Mn
κ and ρ = dκ,x0 is the distance from

some fixed point x0 ∈Mn
κ, then by the relation (2.12) we have

∆κdκ,x0 = (n− 1)ctκ(dκ,x0) = Lκ(dκ,x0)

on Mn
κ, except the point x0 and its cut locus (which is empty for κ ≤ 0, and is the

antipodal point of x0 on the sphere Sn
κ for κ > 0). In such cases we may choose

L(t) = (n− 1)ctκ(t) = Lκ(t),

with the usual interval restriction when κ > 0, and then no sign restriction should be
imposed on the functionG (see (c2) and the proof of Theorem 3.5). However, on generic
Riemannian manifolds, the non-negativeness of G is indispensable in our arguments.

(c) Based on these observations, in Chapter 5 – where we discuss Rellich inequalities
on space forms – we will use a simplified definition of Riccati pairs (see Definition 5.1).

In the sequel, we establish the connection between Riccati and Bessel pairs. Let us
recall Definition 2.15: Let p > 1, R > 0, and A,B : (0, R) → R are functions with A
being of class C1. The couple (A,B) is a p-Bessel pair in (0, R), if the ODE(

tn−1A(t)|y′(t)|p−2y′(t)
)′
+ tn−1B(t)|y(t)|p−2y(t) = 0 (3.12)

has a positive solution in (0, R). This concept is related to Riccati pairs as follows.

Proposition 3.7 (see [59]). Let R > 0 and w,W : (0, R)→ (0,∞) be two potentials
with w of class C1. The function y > 0 is a solution of (3.12) on (0, R) for the couple

(A,B) = (w,wW )

if and only if

G(t) = −|y
′(t)|p−2y′(t)

y(t)p−1
(3.13)

is a solution of

(G(t)w(t))′ +G(t)w(t)L0(t) + (1− p)|G(t)|p′w(t) = W (t)w(t), (3.14)

on (0, R), that is precisely (3.5) with equality and

L(t) =
n− 1

t
= L0(t).

Proof. Insert G of (3.13) into (3.14); a simple computation yields the equation (3.12).
Since all steps can be reversed, the two equations are equivalent.
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By Proposition 3.7, we obtain that Riccati pairs extend Bessel pairs. For a better
analysis of the relationship between the two concepts, we make a few observations.

First, we note that the concept of Bessel pairs is purely Euclidean, since it does not
implicitly encode any curvature information. Nevertheless, several authors managed
to apply it in the hyperbolic context with additional comparisons of Jacobi fields; see
e.g., Flynn, Lam, Lu, and Mazumdar [46] and Berchio, Ganguly, and Grillo [11]. In
contrary, Riccati pairs ‘inherit’ the geometry of the ambient Riemannian manifold,
which is reflected in the L term of the ODI (3.5) of Riccati pairs.

Next, we observe that in the Euclidean setting, the two notions are ‘essentially’
equivalent to each other: The equality case of the ODI (3.5) of Riccati pairs is equivalent
to the ODE (3.12) of Bessel pairs, in the sense that performing a change of functions
makes the transition between them. Based on this observation, we suggest a more
general definition of p-Bessel pairs, which has similar properties to the original, but
can also be used on general manifolds. Our suggestion is the following.

Remark 3.8. In a Riemannian manifold (M, g) with sectional curvature K ≤ κ for
some κ ∈ R, a more appropriate ODE in the definition of a p-Bessel pair (A,B) instead
of (3.12), is as follows:(

sn−1
κ (t)A(t)|y′(t)|p−2y′(t)

)′
+ sn−1

κ (t)B(t)|y(t)|p−2y(t) = 0, ∀t ∈ (0, R). (3.15)

Indeed, when κ = 0, equation (3.15) reduces to (3.12), while for κ ̸= 0, the density sκ
encodes the curvature and explains the choice of

L(t) = (n− 1)ctκ(t) = Lκ(t), ∀t ∈ (0, R).

This observation will be crucial in some functional inequalities in the forthcoming
sections, which will be obtained by means of Riccati pairs; see e.g., Cheng’s comparison
principle for the first eigenvalue in Theorem 3.21.

Finally, in view of Remark 3.8, we motivate the decision of presenting our results
using Riccati pairs over the recently suggested version of Bessel pairs. On the one
hand, Riccati pairs naturally appear from our generic inequality of Theorem 3.1, and the
corresponding convexity arguments, thus, no redundant change of variables is required.
On the other hand, Riccati pairs are flexible from technical point of view, as both L
and W can be easily adjusted to meet our needs. Such an example is provided by the
proof of McKean’s sharp spectral gap estimate, where the choice of L ≡ (n − 1)

√
−κ

significantly reduces the computations compared to the expected form

L(t) = (n− 1)
√
−κ coth(

√
−κt) = (n− 1)ctκ(t) = Lκ(t).

We note that, despite the similarities between the Riccati ODI (3.5) and the Bessel
ODE (3.12), the corresponding approaches and arguments are mutually different. The
former is based on convexity and comparison arguments, and hence it can be used on
general manifolds with sectional curvature bounded from above. The latter is based
on spherical harmonics decomposition; thus, it is limited to model space forms.

We also notice that our arguments can be easily extended to reversible Finsler
manifolds; in the irreversible case, there are certain technical issues, which require
the presence of the reversibility constant. For such a phenomenon, see Kajántó and
Kristály [60].
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3.2 Applications I: Additive Hardy-type

inequalities

3.2.1 Caccioppoli inequalities

The first simple consequence of Theorem 3.1 is a Caccioppoli-type inequality, proved
by D’Ambrosio and Dipierro [30, Theorems 2.1 & 3.1; Corollary 2.3].

Theorem 3.9 (see [59]). Let (M, g) be a complete, non-compact n ≥ 2-dimensional
Riemannian manifold. Let Ω ⊆ M be a domain, p > 1, and ρ ∈ W 1,p

loc (Ω) be a non-
negative function. If α ∈ R such that −(p− 1−α)∆g,pρ ≥ 0 in the distributional sense
in Ω and |∇gρ|pρα−p, ρα ∈ L1

loc(Ω), then for every u ∈ C∞
0 (Ω) one has∫

Ω

ρα|∇gu|p dvg ≥
(
|p− 1− α|

p

)p ∫
Ω

ρα
|u|p

ρp
|∇gρ|p dvg. (3.16)

Proof. Without loss of generality, based on the assumptions |∇gρ|pρα−p, ρα ∈ L1
loc(Ω),

we may assume that ρ is positive. Indeed, eventually we may replace ρ by ρ+ϵ for some
ϵ > 0, and then take the limit with respect to ϵ > 0, by using the above integrability
assumptions. A similar reason is developed in [30].

Let us choose in Theorem 3.1/(i) the functions

w(t) = tα, G(t) = −(p− 1− α) |p− 1− α|p−2

pp−1
t1−p, ∀t > 0,

as well as

H(s) =
|s|p

p
, ∀s ∈ R.

Observe that the Condition (G)ρ,w is equivalent to |∇gρ|pρα−p, ρα ∈ L1
loc(Ω). Hence,

using assumption−(p − 1 − α)∆g,pρ ≥ 0 and Theorem 3.1/(i), we directly obtain
inequality (3.16).

Remark 3.10. (a) The above argument provides a simple, alternative proof of the Lp-
Caccioppoli inequality discussed by D’Ambrosio and Dipierro [30, Theorems 2.1 & 3.1;
Corollary 2.3]. The sharpness (and eventually the existence of nonzero extremizers)
of (3.16) is a very delicate issue, even in the Euclidean setting; see e.g., Brezis and
Marcus [17] and Filippas, Maz’ya, and Tertikas [43]. In [30, Theorem 4.1] a simple
criterion is formulated for α = 0 under the assumptions of Theorem 3.9; namely, the
constant ((p− 1)/p)p is sharp; moreover,

(i) if ρ1/p
′ ∈ D1,p(Ω), then the function ρ1/p

′
is an extremizer;

(ii) if ρ1/p
′
/∈ D1,p(Ω) and p ≥ 2, then there is no extremal function.

Here, D1,p(Ω) stands for the completion of C∞
0 (Ω) with respect to the Dirichlet norm

u 7→
(∫

Ω

|∇gu|p dvg
)1/p

.
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(b) A typical example of ρ verifying the assumptions of Theorem 3.9 is provided by

ρ(x) = dg,∂Ω(x) = inf
y∈∂Ω

dg(x, y), ∀x ∈ Ω,

where Ω ⊆ M is a bounded domain. Note that |∇gρ| = 1 dvg-a.e. in Ω and (G)ρ,w
is verified for the choices of w and G in Theorem 3.9. Indeed, for any constant β ∈ R
and compact set K ⊆ Ω, it follows that

ρ1
def
= max

x∈K
ρ(x) ≥ min

x∈K
ρ(x)

def
= ρ0 > 0,

thus, ∫
K

ρβ dvg ≤ max
{
ρβ0 , ρ

β
1

}
Volg(K) <∞.

In particular, we have ρα−p, ρα ∈ L1
loc(Ω); moreover, relations (2.1) & (2.2) imply that

∆g,pρ = ∆gρ dvg-a.e. in Ω, for every p > 1.

(c) Let (M, g) be an n-dimensional complete Riemannian manifold with non-negative
sectional curvature and N be a minimal closed submanifold of M . If

ρ(x) = dg,N(x) = inf
y∈N

dg(x, y), ∀x ∈M,

then ρ is superharmonic, that is −∆gρ ≥ 0 dvg-a.e. in M (see Chen, Leung, and
Zhao [25, Theorem 2.8]). Alternatively, if (M, g) is a complete Riemannian manifold
with non-negative Ricci curvature and Ω ⊆ M is a domain with non-empty piecewise
smooth weakly mean convex boundary, then ρ(x) = dg,∂Ω(x) is superharmonic a.e.
on Ω (see Chen, Leung, and Zhao [25, Corollary 2.9]). In particular, in the Euclidean
setting, the above statement can be reversed as well (see Lewis, Li, and Li [77]). Related
studies on Finsler-type Minkowski spaces can be found in Della Pietra, di Blasio, and
Gavitone [33].

An immediate consequence of Theorem 3.9 is the estimate of the first Dirichlet
eigenvalue of the p-Laplace–Beltrami operator, i.e., of the p-fixed membrane problem
(see Section 2.3.1). For simplicity, we consider the unweighted case (α = 0):

Corollary 3.11 (see [59]). Let (M, g) be a complete, non-compact n ≥ 2-dimensional
Riemannian manifold, Ω ⊆ M be a bounded domain, p > 1, and ρ(x) = dg,∂Ω(x) for
every x ∈ Ω. If −∆gρ ≥ 0 in the distributional sense in Ω, then the first Dirichlet
eigenvalue of the Riemannian p-Laplacian can be estimated as

Λm,p(Ω) = inf
u∈C∞

0 (Ω)\{0}

∫
Ω
|∇gu|p dvg∫
Ω
|u|p dvg

≥
(
p− 1

p

)p
1

Rp
Ω

,

where RΩ = supx∈Ω ρ(x) is the Riemannian-inradius of the domain Ω ⊆M .

Using the notation RΩ = supx∈Ω ρ(x) from Corollary 3.11, in the spirit of Brezis
and Marcus [17] and Barbatis, Filippas, and Tertikas [9], we provide an improvement
of Theorem 3.9 with a suitable reminder term, whenever 1 < p ≤ 2, as follows.
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Theorem 3.12 (see [59]). Under the assumptions of Corollary 3.11, if 1 < p ≤ 2, then
one has ∫

Ω

|∇gu|p dvg ≥
(
p− 1

p

)p ∫
Ω

|u|p

ρp
(1 +Rp(ρ)) dvg, (3.17)

for every u ∈ C∞
0 (Ω), where

Rp(t) =

(
1 + log−1

(
t

eRΩ

))p−2(
1 + (2− p) log−1

(
t

eRΩ

)
+ log−2

(
t

eRΩ

))
−1 ≥ 0,

for every t ∈ (0, RΩ). In particular, if p = 2, then we have∫
Ω

|∇gu|2 dvg ≥
1

4

∫
Ω

u2

ρ2
dvg +

1

4

∫
Ω

u2

ρ2
log−2

(
ρ

eRΩ

)
dvg. (3.18)

Proof. In Theorem 3.1/(i) we choose the functions w ≡ 1, as well as

G(t) = −
(
p− 1

p

)p−1

t1−p

(
1 + log−1

(
t

eRΩ

))p−1

, ∀t ∈ (0, RΩ),

and

H(s) =
|s|p

p
, ∀s ∈ R.

Note that supΩ ρ = RΩ and observe that (G)ρ,w clearly holds (see Remark 3.10/(b)).
An elementary computation shows the validity of (3.17). Observe that for every

t ∈ (0, RΩ), the reminder term satisfies Rp(t) ≥ 0, since

z
def
= log−1

(
t

eRΩ

)
∈ (−1, 0),

and due to the fact that if p ∈ (1, 2], then the function

h(z) = (1 + z)p−2 (1 + (2− p)z + z2
)
− 1

is decreasing on (−1, 0), with limz→0 h(z) = 0.

3.2.2 Improved Hardy inequalities on Cartan–Hadamard
manifolds

In the sequel, we demonstrate that our approach works perfectly on Cartan–Hadamard
manifolds. Before doing this, the following Lp-Hardy inequality is stated on general
Riemannian manifolds with certain constraints, which has been first established by
Kombe and Özaydin [64, Theorem 2.1] for generic p > 1; the initial version for p = 2
is the celebrated result of Carron [20, Theorem 1.4].

Theorem 3.13 (see [59]). Let (M, g) be a complete, non-compact n ≥ 2-dimensional
Riemannian manifold. Let α ∈ R, p > 1, and ρ : M → [0,∞) be a function such that
ρ−1(0) ⊆ M is compact, |∇gρ| = 1 and ∆gρ ≥ C

ρ
in the distributional sense for some

C > 0 with the property that C + 1 + α > p > 1. Then for every u ∈ C∞
0 (M \ ρ−1(0))

one has ∫
M

ρα|∇gu|p dvg ≥
(
C + 1 + α− p

p

)p ∫
M

ρα
|u|p

ρp
dvg. (3.19)
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Proof. Denote
q = C + 1 + α− p > 0.

In Theorem 3.5 let us choose Ω =M \ ρ−1(0), as well as

w(t) = tα, L(t) =
C

t
, W (t) =

(
q

pt

)p

, and G(t) =

(
q

pt

)p−1

, ∀t > 0.

We obtain that (L,W ) is a (p, ρ, w)-Riccati pair in (0,∞) ⊃ (0, supΩ ρ) and G is
admissible for (L,W ). Indeed, the validity of (c1) reduces to ρα−p, ρα ∈ L1

loc(Ω), which
is true since Ω = M \ ρ−1(0), while Condition (c2) holds by assumption. Moreover,
since G > 0 satisfies (3.5) with equality, i.e., one has

(G(t)w(t))′ +G(t)w(t)L(t) + (1− p)|G(t)|p′w(t) = W (t)w(t), ∀t > 0,

thus, (c3) holds as well. Therefore, applying Theorem 3.5 concludes the proof.

Remark 3.14. We notice that if the p-capacity of the compact set ρ−1(0) ⊆ M is
zero, then inequality (3.19) is valid not only in C∞

0 (M \ ρ−1(0)) but also in C∞
0 (M);

see e.g., Carron [20] and D’Ambrosio and Dipierro [30]. In particular, if n ≥ p
and Hn−p

g (ρ−1(0)) < ∞, then the p-capacity of ρ−1(0) ⊆ M is zero (see Heinonen,
Kilpeläinen, and Martio [55]).

A simple consequence of Theorem 3.13 is the following weighted Hardy inequality.

Corollary 3.15 (see [59]). Let (M, g) be an n ≥ 2-dimensional Cartan–Hadamard
manifold. Let x0 ∈ M be fixed and p, α ∈ R such that 1 < p < n + α. Then for every
u ∈ C∞

0 (M \ {x0}) one has∫
M

dαg,x0
|∇gu|p dvg ≥

(
n+ α− p

p

)p ∫
M

dαg,x0

|u|p

dpg,x0

dvg. (3.20)

Moreover, the constant
(

n+α−p
p

)p
is sharp.

Proof. We apply Theorem 3.13 with the following choices:

ρ = dg,x0 , Ω =M \ {x0}, and C = n− 1.

On the one hand, the eikonal equation (2.1) yields that dvg-a.e. on Ω one has

|∇gdg,x0| = 1.

On the other hand, by the Laplace comparison (see Theorem 2.1/(I)/(i)) we obtain

∆gρ ≥
n− 1

ρ
,

which concludes the proof.
The sharpness of the inequality and the lack of extremal functions can be shown

in the usual way; see e.g., Yang, Su, and Kong [107, Theorem 3.1], Zhao [109, Theo-
rem 1.2], and Kristály [67, Theorem 4.1].
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Remark 3.16. (a) An alternative way to prove inequality (3.20) is to choose

ρ = dg,x0 , w(t) = tα, G(t) = t1−p, and H(s) =
|s|p

p
, ∀t > 0, ∀s ∈ R,

in Theorem 3.1/(ii). The Laplace comparison (see Theorem 2.1/(I)/(i)) yields

∆gρ ≥
n− 1

ρ

in the distributional sense, and hence the following inequality holds:∫
M

[(G(ρ)w(ρ))′|∇gρ|p +G(ρ)w(ρ)∆g,pρ]H(u) dvg ≥
n+ α− p

p

∫
M

ρα
|u|p

ρp
dvg.

Using the relation

(G(ρ))p
′
w(ρ)|H ′(u)|p′ = ρα

|u|p

ρp
,

and Theorem 3.1/(ii) concludes the proof.

(b) The inequality (3.20) has also been established for α = 0 by D’Ambrosio and
Dipierro [30, Theorem 6.5]. It was also discussed on special Finsler manifolds by
Zhao [109, Theorem 1.2]. Further results on Finsler manifolds can also be found in
Mester, Peter, and Varga [81].

(c) The proof of Theorem 3.1 can also be adapted to the compact case, where certain
Hardy-type inequalities can be produced; such a result will be provided in the sequel.
To see this, let (M, g) be an n-dimensional compact Riemannian manifold, Ω ⊆M be
a domain, and x0 ∈ Ω. Let w : (0, supΩ ρ) → (0,∞) and G : (0, supΩ ρ) → R be C1

functions such that

(G)x0
ρ,w : G(ρ)w(ρ)

1
p′ ∈ Lp′

loc(Ω\{x0}) and (G(ρ)w(ρ))′, w(ρ) ∈ L1
loc(Ω\{x0}).

In particular, Theorem 3.1 holds for every u ∈ C∞
0 (Ω\{x0}). Moreover, if Ric ≥ 0 and

the parameters p and β verify

p ∈ (1, n) ∪ (n,∞), β < −n, and p+ β > −n,

then for every u ∈ C∞(M,x0)
def
= {u ∈ C∞(M) : u(x0) = 0} one has∫

M

|∇gu|pdp+β
g,x0

dvg ≥
(
|n+ β|
p

)p ∫
M

|u|pdβg,x0
dvg. (3.21)

The proof goes as follows: Let Ω =M , ρ = dg,x0 , as well as

w(t) = tp+β, G(t) = −t1−p and Hc(s) = c|s|p, ∀t > 0, ∀s ∈ R,

and for c > 0 chosen later. Clearly, (G)x0
ρ,w holds. Thus, for every u ∈ C∞

0 (M\{x0}),
by Theorem 3.1/(i) and Theorem 2.1/(II)/(i) we have∫

M

|∇gu|pdp+β
g,x0

dvg ≥
(
c|β + n|+ (1− p)cp′

)∫
M

|u|pdβg,x0
dvg.
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It is easy to check that

max
c>0

(
c|β + n|+ (1− p)cp′

)
=

(
|n+ β|
p

)p

,

which implies that (3.21) holds for every u ∈ C∞
0 (M\{x0}). By the theory of capacity

(see e.g., Meng, Wang, and Zhao [80, Lemma 3.2]), every u ∈ C∞(M,x0) can be
approximated by a sequence of functions belonging to C∞

0 (M\{x0}) and hence (3.21)
follows. The sharpness of (|n+ β|/p)p also follows from [80].

When α = 0 in Corollary 3.15, the limit case p = n does not provide any reasonable
inequality similar to (3.20). In the next result we prove a parameter-dependent Hardy
inequality with logarithmic weights, which is valid also in the limit case p = n; similar
results were established by Edmunds and Triebel [37] in the Euclidean case, as well as by
D’Ambrosio and Dipierro [30, Theorem 6.5], Nguyen [88], and Zhao [109, Theorem 1.3]
on Riemannian/Finsler manifolds.

Theorem 3.17 (see [59]). Let (M, g) be an n ≥ 2-dimensional Cartan–Hadamard
manifold, x0 ∈M be a fixed point, Ω = Bg,x0(1), and α, p ∈ R such that 1 < p ≤ n and
α + 1 < p. Then for every u ∈ C∞

0 (Ω \ {x0}) one has∫
Ω

logα(1/dg,x0)|∇gu|p dvg ≥
(
p− α− 1

p

)p ∫
Ω

logα−p(1/dg,x0)
|u|p

dpg,x0

dvg. (3.22)

Moreover, the constant
(

p−α−1
p

)p
is sharp.

Proof. Define
f(t) = t log(1/t) > 0, ∀t ∈ (0, 1).

In Theorem 3.5, let us choose ρ = dg,x0 on the punctured ball Ω \ {x0}, as well as

w(t) = logα(1/t), L(t) =
p− 1

t
, WC(t) = Cf(t)−p, and Gc(t) = cf(t)1−p,

for all t ∈ (0, 1) and for some C, c > 0, which will be determined later. Observe that
f > 0 implies WC , Gc > 0. On the one hand, Condition (c1) clearly holds on Ω \ {x0}.
Since p ≤ n, the Laplace comparison (see Theorem 2.1/(I)/(i)) implies ∆g,pρ ≥ L(ρ),
thus (c2) holds as well. On the other hand, a simple computation yields

G′
c(t) +

(
w′(t)

w(t)
+ L(t)

)
Gc(t) + (1− p)Gc(t)

p′ =
(
c(p− α− 1) + (1− p)cp′

)
f(t)−p,

for every t ∈ (0, 1). Hence, choosing

C = c(p− α− 1) + (1− p)cp′

verifies the ODI (3.5) from Condition (c3) with equality. We obtain that (L,WC) is a
(p, ρ, w)-Riccati pair in (0, 1) and Theorem 3.5 implies for every u ∈ C∞

0 (Ω) that∫
Ω

logα(1/dg,x0)|∇gu|p dvg ≥ C

∫
Ω

logα−p(1/dg,x0)
|u|p

dpg,x0

dvg.
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The best constant C is

max
c>0

(
c(p− α− 1) + (1− p)cp′

)
=

(
p− α− 1

p

)p

,

and it is achieved for c = ((p− α− 1)/p)p−1.
The sharpness of the inequality is proved by Zhao [109, Theorem 1.3].

Since the inequality in Theorem 3.15 is sharp, but no nonzero extremals exist, one
can expect improvements even on Riemannian manifolds; see e.g., Berchio, D’Ambrosio,
Ganguly, and Grillo [10], Berchio, Ganguly, and Roychowdhury [13], Flynn, Lam, and
Lu [46], and Kristály [67].

In the sequel, we provide an alternative approach to establish improved Hardy
inequalities on Cartan–Hadamard manifolds. For simplicity of presentation, we shall
consider the case when p = 2 and α = 0. The first such result ‘interpolates’ between
Corollary 3.15 and Theorem 3.17 (see Adimurthi, Chaudhuri, and Ramaswamy [1]).

Theorem 3.18 (see [59]). Let (M, g) be an n ≥ 3-dimensional Cartan–Hadamard
manifold, and Ω ⊆ M be a bounded domain. Let x0 ∈ Ω and DΩ = supx∈Ω dg(x0, x).
Then for every u ∈ C∞

0 (Ω) one has∫
Ω

|∇gu|2 dvg ≥
(n− 2)2

4

∫
Ω

u2

d2g,x0

dvg +
1

4

∫
Ω

log−2

(
dg,x0

eDΩ

)
u2

d2g,x0

dvg. (3.23)

Proof. We apply Theorem 3.5 for the set Ω \ {x0}, and the positive functions w ≡ 1
and ρ = dg,x0 on Ω \ {x0} with Im ρ ⊆ (0, DΩ), as well as

L(t) =
n− 1

t
and WC(t) =

(n− 2)2

4t2
+
C

t2
log−2

(
t

eDΩ

)
, ∀t ∈ (0, DΩ),

and for some C > 0, which will be defined later. First, by the Laplace comparison (see
Theorem 2.1/(I)/(i)), one has that ∆gρ ≥ L(ρ) on Ω \ {x0}, thus (c2) holds. Next, we
intend to guarantee that (L,WC) is a (2, ρ, 1)-Riccati pair in (0, DΩ). To do this, we
are looking for a positive function GC , which solves the Riccati-type ODI (3.8) with
equality, i.e., for which one has

G′
C(t) + L(t)GC(t)−GC(t)

2 = WC(t), ∀t ∈ (0, DΩ).

The fundamental solution of the latter equation is given by

GC(t) =
n− 2

2t
+

1−
√
1− 4C

2t log( eDΩ

t
)
, ∀t ∈ (0, DΩ).

The function GC is well-defined and positive whenever C ≤ 1
4
. Clearly, we choose

the largest possible value for C, i.e., C = 1
4
, which yields (c3). Finally, with this

choice of C, it turns out that (G)ρ,w is verified on Ω \ {x0}, thus (c1) holds as well.
Therefore, (L,W1/4) is a (2, ρ, 1)-Riccati pair in (0, DΩ), and Theorem 3.5 provides
the proof of (3.23) for functions belonging to C∞

0 (Ω \ {x0}). Since ρ−1(0) = {x0},
by Remark 3.14 we have the validity of (3.23) for every function in C∞

0 (Ω), which
concludes the proof.
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Another relevant improvement of the Hardy inequality in Rn is due to Brezis and
Vázquez [18, Theorem 4.1]; more precisely, if Ω ⊆ Rn is a bounded domain (n ≥ 2),
then for every u ∈ C∞

0 (Ω) one has∫
Ω

|∇u|2 dx ≥ (n− 2)2

4

∫
Ω

u2

|x|2
dx+ j20,1

(
ωn

Vol(Ω)

) 2
n
∫
Ω

u2 dx, (3.24)

where j0,1 ≈ 2.4048 is the first positive root of the Bessel function J0, and ωn is the
volume of the unit Euclidean ball. Inequality (3.24) has been obtained by Schwarz
symmetrization and an ingenious 1-dimensional analysis.

In the sequel, by using our approach, we provide a Riemannian version of the
result by Brezis and Vázquez [18], which sheds new light on the appearance of j0,1 in
inequality (3.24). In fact, we prove another kind of interpolation inequality; see also
Remark 3.20. As before, let jν,k be the kth positive root of the Bessel function Jν of
the first kind and order ν ∈ R.

Theorem 3.19 (see [59]). Let (M, g) be an n ≥ 2-dimensional Cartan–Hadamard
manifold and Ω ⊆ M be a bounded domain. Let x0 ∈ Ω and DΩ = supx∈Ω dg,x0(x).
Then for every ν ∈

[
0, n−2

2

]
and u ∈ C∞

0 (Ω) one has∫
Ω

|∇gu|2 dvg ≥
(
(n− 2)2

4
− ν2

)∫
Ω

u2

d2g,x0

dvg +
j2ν,1
D2

Ω

∫
Ω

u2 dvg. (3.25)

Proof. We intend to apply Theorem 3.5 for the set Ω\{x0} and for the functions w ≡ 1,
ρ = dg,x0 > 0, as well as

L(t) =
n− 1

t
and WC(t) =

1

t2

(
(n− 2)2

4
− ν2

)
+ C > 0, ∀t ∈ (0, DΩ),

and for some C > 0, which will be determined later.
We clearly have ∆gρ ≥ L(ρ) on Ω \ {x0}, which implies (c2). The fundamental

solution of the ODE

G′
C(t) + L(t)GC(t)−GC(t)

2 = WC(t), ∀t ∈ (0, DΩ),

which is precisely the equality case of (3.8), is given by the function

GC(t) =
n− 2− 2ν

2t
+
√
C
Jν+1(

√
Ct)

Jν(
√
Ct)

, ∀t ∈ (0, DΩ).

Accordingly, GC is well-defined whenever Jν(
√
Ct) ̸= 0 for every t ∈ (0, DΩ); thus, we

need
√
CDΩ ≤ jν,1. Clearly, we choose the largest possible value C = j2ν,1/D

2
Ω.

We show that GC is positive on (0, DΩ). Indeed, since n− 2− 2ν > 0, it is enough
to show that Jν+1(t)/Jν(t) ≥ 0, for every t ∈ (0, jν,1), which directly follows from the
Mittag–Leffler representation (see Watson [104, p. 498]):

Jν+1(t)

Jν(t)
=

∞∑
k=1

2t

j2ν,k − t2
> 0, ∀t ∈ (0, j0,1). (3.26)
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Simple reasoning shows that (G)ρ,w holds on Ω \ {x0} for the above choice of GC ,
thus (c1) & (c3) are verified and (L,WC) is a (2, ρ, 1)-Riccati pair in (0, DΩ).

Now, we are in the position to apply Theorem 3.5 obtaining∫
Ω

|∇gu|2 dvg ≥
∫
Ω

u2WC(ρ) dvg =

(
(n− 2)2

4
− ν2

)∫
Ω

u2

d2g,x0

dvg +
j2ν,1
D2

Ω

∫
Ω

u2 dvg,

for all u ∈ C∞
0 (Ω \ {x0}). Since ρ−1(0) = {x0}, using an argument similar to that in

Remark 3.14 implies the validity of (3.25) for every function in C∞
0 (Ω).

Several comments are in order.

Remark 3.20. (a) The Brezis–Vázquez inequality (3.24) in the Euclidean space Rn

contains the constant (
ωn

Vol(Ω)

)2/n

instead of D−2
Ω . This fact is explained by Schwarz symmetrization, rearranging the

sets and functions into radially symmetric objects. Indeed, under symmetrization, the
Dirichlet energy functional u 7→

∫
Ω
|∇u(x)|2 dx non-increases (Pólya–Szegő inequality),

the L2-norm u 7→
∫
Ω
u(x)2 dx is preserved (Cavalieri principle), while the Hardy term

u 7→
∫
Ω
u(x)2/|x|2 dx non-decreases (Hardy–Littlewood–Pólya inequality). In this way,

the problem reduces to a ball with volume Vol(Ω) and radially symmetric functions;
thus a 1-dimensional analysis suffices.

These arguments can be partially repeated in Cartan–Hadamard manifolds. In this
case, the Pólya–Szegő inequality is valid whenever the Cartan–Hadamard conjecture
holds (in dimensions 2, 3, and 4; see Hebey [54]), and the L2-norm is preserved; however,
nothing is known about the behavior of the Hardy term u 7→

∫
Ω
u2/d2g,x0

dvg under
symmetrization.

(b) We note that in the ‘complementary’ geometric setting, i.e., on Riemannian or
Finsler manifolds with non-negative Ricci curvature, the Hardy term non-decreases
under symmetrization, that is, a Hardy–Littlewood–Pólya-type inequality holds; see
Kristály, Mester, and Mezei [71] and Kristály and Szakál [74]. In this way, Euclidean
spaces can be viewed as threshold geometric structures of the symmetric rearrangement
of Hardy terms.

(c) Note that if in Theorem 3.19 we consider the ball Ω = Bg,x0(R) for some R > 0,
then by the Bishop–Gromov volume comparison principle (see Theorem 2.1/(I)/(ii)),
we have that

D−2
Ω = R−2 ≥

(
ωn

Volg(Ω)

)2/n

,

which is in a perfect concordance with the original inequality (3.24) containing the
volume of the set.

(d) Inequality (3.25) trivially interpolates between the inequality of Brezis and Vázquez
(ν = 0) and the celebrated Faber–Krahn inequality (ν = n−2

2
). In the latter case, we

obtain a spectral estimate for the first Dirichlet eigenvalue on a domain Ω. More details
are provided in the next section.
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3.2.3 Spectral estimates on Riemannian manifolds

Let (M, g) be an n-dimensional Riemannian manifold with n ≥ 2. Let Ω ⊆ M be a
domain and p > 1. The first Dirichlet eigenvalue of Ω for the p-Laplace–Beltrami
operator −∆g,p on (M, g) is given by

Λm,p(Ω) = inf
u∈C∞

0 (Ω)\{0}

∫
Ω
|∇gu|p dvg∫
Ω
|u|p dvg

.

The above quantity can also be referred to as the first eigenvalue of the fixed membrane
problem, see Section 2.3.1.

In this section, we present the applicability of our method to obtain spectral gap
estimates on Riemannian manifolds. First, we prove Cheng’s comparison principle (see
Cheng [28]), whose original proof is based on Barta’s argument. Next, we prove the
Faber–Krahn inequality on Cartan–Hadamard manifolds (see Chavel [24]), as well as
McKean’s spectral gap estimate (see McKean [79]). Finally, we provide a short proof
of the main result of Carvalho and Cavalcante [21, Theorem 1.1] concerning the lower
bound of Λm,p for the p-Laplacian on general Riemannian manifolds.

Theorem 3.21 (see [59]). Let (M, g) be an n-dimensional Riemannian manifold with
n ≥ 2 and sectional curvature K ≤ κ for some κ ∈ R. Fix x0 ∈ M and suppose that
0 < R < min(injx0

, π/
√
κ) with the usual convention (2.5). Then one has

Λm,2(Bg,x0(R)) ≥ Λm,2(Bκ(R)), (3.27)

where Bκ(R) is an arbitrary ball of radius R in the model space form Mn
κ.

Proof. Using standard compactness and symmetrization arguments, we know that
Λm,2(Bκ(R)) is achieved by a positive, radially symmetric, non-increasing function
v ∈ W 1,2

0 (Bκ(R)), such that vκ = v(dκ(x0, ·)) is a non-increasing profile function of v,
where x0 is the center of Bκ(R). By the Euler–Lagrange equation, it turns out that

v′′κ(t) + (n− 1)ctκ(t)v
′
κ(t) + Λm,2(Bκ(R))vκ(t) = 0, ∀t ∈ (0, R), (3.28)

which can be written equivalently in the form

G′
κ(t) + L(t)Gκ(t)−G2

κ(t) = W (t), ∀t ∈ (0, R), (3.29)

where

L(t) = (n− 1)ctκ(t), W ≡ Λm,2(Bκ(R)), and Gκ(t) = −
v′κ(t)

vκ(t)
, ∀t ∈ (0, R).

Note that Gκ ≥ 0 on (0, R), since vκ is non-increasing and positive in (0, R). Define
Ω = Bg,x0(R) and ρ = dg,x0 . The Laplace comparison (see Theorem 2.1/(I)/(i)) implies
that ∆gρ ≥ L(ρ) on Ω \ {x0}. Since (G)ρ,w also holds, we obtain that (L,W ) is a
(2, ρ, 1)-Riccati pair in (0, R) and Gκ is admissible for (L,W ). By Theorem 3.5 one
has for every u ∈ C∞

0 (Ω \ {x0}) that∫
Ω

|∇gu|2 dvg ≥ Λm,2(Bκ(R))

∫
Ω

u2 dvg.

On account of Remark 3.14, this inequality is valid for every function in C∞
0 (Ω), which

concludes the proof of (3.27).
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Remark 3.22. We notice that (3.28) is also equivalent to(
sn−1
κ (t)v′0(t)

)′
+ Λm,2(Bκ(R))s

n−1
κ (t)v0(t) = 0, ∀t ∈ (0, R),

which is in perfect concordance with equation (3.15) from Remark 3.8.

In the case when the domain is not a ball, as in Cheng’s result, a more powerful
argument is needed. We shall consider only the case when κ = 0, which corresponds
to the famous Faber–Krahn inequality on Cartan–Hadamard manifolds:

Theorem 3.23 (see [59]). Let (M, g) be an n ≥ 2-dimensional Cartan–Hadamard
manifold, which satisfies the Cartan–Hadamard conjecture, and let Ω ⊆M be a bounded
domain. Then we have

Λm,2(Ω) ≥ Λm,2(Ω
∗) = j2n

2
−1,1

(
ωn

Volg(Ω)

)2/n

, (3.30)

where Ω∗ ⊆ Rn is a ball with Vol(Ω∗) = Volg(Ω).

Proof. Let u ∈ C∞
0 (Ω) \ {0} be arbitrarily fixed; without loss of generality, we may

assume that u ≥ 0. Let u∗ : Ω∗ → [0,∞) be the symmetric rearrangement of u on the
Euclidean ball Ω∗ ⊆ Rn. Without loss of generality, we may assume that its center is
the origin O (see Hebey [54]). By the layer cake representation and the validity of the
Cartan–Hadamard conjecture on (M, g), both the Cavalieri principle and Pólya–Szegő
inequality hold, thus ∫

Ω
|∇gu|2 dvg∫
Ω
u2 dvg

≥
∫
Ω∗ |∇u∗|2 dx∫
Ω∗ (u∗)2 dx

.

Observe that the right-hand side falls into the setting of Theorem 3.21 for κ = 0.
Therefore, if we choose

R = (Volg(Ω)/ωn)
1/n, Ω∗ = BO(R), and WC ≡ C = Λm,2(BO(R)),

in equation (3.29) for κ = 0, the fundamental solution is

G0(t) =
√
C

Jn
2
(
√
Ct)

Jn
2
−1(
√
Ct)

, ∀t ∈ (0, R).

A similar argument as in the proof of Theorem 3.19 shows that the best choice is

C = Λm,2(BO(R)) =
j2n

2
−1,1

R2
.

Clearly, G0 is positive on (0, R) and (G)ρ,w holds; therefore, (L,WC) is a (2, ρ, 1)-Riccati
pair in (0, R). The rest follows similarly as in the proof of Theorem 3.21.

The following result is McKean’s spectral gap estimate, established by McKean [79]
for p = 2 by using fine properties of Jacobi fields; our argument is based on Riccati
pairs.
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Theorem 3.24 (see [59]). Let (M, g) be an n ≥ 2-dimensional Cartan–Hadamard
manifold, with sectional curvature K ≤ κ < 0. If p > 1, then

Λm,p(M) ≥
(
n− 1

p

√
−κ
)p

. (3.31)

Proof. Let x0 ∈M be arbitrarily fixed, and choose ρ = dg,x0 > 0 on Ω =M \ {x0}, as
well as

w ≡ 1, L ≡ (n− 1)
√
−κ, WC ≡ C, and Gc ≡ c,

for some C, c > 0 that will be determined later.
Clearly, (c1) holds. The Laplace comparison (see Theorem 2.1/(I)/(i)) yields

∆gρ ≥ (n− 1)ctκ(ρ) = (n− 1)
√
−κ coth(

√
−κρ) ≥ (n− 1)

√
−κ = L(ρ),

thus, (c3) is verified by the choice

C = (n− 1)c
√
−κ+ (1− p)cp′ .

Indeed, in this case, the ODI (3.7) is verified with equality, that is

G′
c(t) + L(t)Gc(t) + (1− p)Gc(t)

p′ ≥ (n− 1)c
√
−κ+ (1− p)cp′ = C = WC(t),

for all t > 0. Thus, (L,WC) is a (p, ρ, 1)-Riccati pair in (0,∞). The best constant C is

max
c>0

(
(n− 1)c

√
−κ+ (1− p)cp′

)
=

(
n− 1

p

√
−κ
)p

,

and it is achieved for

c =

(
n− 1

p

√
−κ
)p−1

.

It remains to apply Theorem 3.5 to conclude the proof of (3.31).

Remark 3.25. (a) Another proof of (3.31) can be given using the multiplicative form
from Theorem 3.1/(ii). Indeed, fix x0 ∈M and choose

w ≡ 1, ρ = dg,x0 , G ≡ 1, and H(s) =
|s|p

p
, ∀s ∈ R.

The Laplace comparison (see Theorem 2.1/(I)/(i)) implies that

∆gρ ≥ (n− 1)ctκ(ρ) ≥ (n− 1)
√
−κ.

Thus, the inequality (3.31) follows at once.

(b) The constant (n−1
p

√
−κ)p in (3.31) is sharp for the hyperbolic space Hn

κ, more

precisely (similarly to relation (2.36)) one has

Λm,p(Hn
κ) = lim

R→∞
Λm,p(Bκ(R)) =

(
n− 1

p

√
−κ
)p

.
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(c) Instead of (3.31), we can prove an improved version of McKean’s spectral gap
estimate. Indeed, if we fix x0 ∈M and choose w ≡ 1 as well as

L(t) = (n− 1)ctκ(t)

W (t) =

(
n− 1

p

√
−κ
)p

+
(n− 1)p

pp−1
(
√
−κ)p(coth(

√
−κt)− 1),

for all t > 0, it turns out that (L,W ) is a (p, ρ, 1)-Riccati pair in (0,∞), and

G ≡
(
n− 1

p

√
−κ
)p−1

is admissible for (L,W ). By Theorem 3.5 we have for every u ∈ C∞
0 (M) that∫

M

|∇gu|p dvg ≥
(
n− 1

p

√
−κ
)p ∫

M

|u|p dvg + 2
(n− 1)p

pp−1
(
√
−κ)p

∫
M

|u|p

e2
√
−κdg,x0 − 1

dvg.

Another improvement of the McKean’s spectral gap estimate will be provided in the
next section.

We conclude this section by providing a short proof of the main result of Carvalho
and Cavalcante [21, Theorem 1.1], which is valid on general Riemannian manifolds.

Theorem 3.26 (see [59]). Let (M, g) be an n-dimensional Riemannian manifold, n ≥ 2
and Ω ⊆M be a domain. Given p > 1, we assume that there exists a function ρ : Ω→ R
such that |∇gρ| ≤ a and ∆g,pρ ≥ b for some a, b > 0. Then

Λm,p(Ω) ≥
bp

ppap(p−1)
. (3.32)

Proof. We apply the additive form of Theorem 3.1/(i) for the choices

w ≡ 1, G ≡ c, and H(s) =
|s|p

p
, ∀s ∈ R,

and for some c > 0, which will be determined later. Since all the assumptions of
Theorem 3.1 are trivially verified, using (3.1) and the facts that

p > 1, |∇gρ| ≤ a, and ∆g,pρ ≥ b,

we obtain for every u ∈ C∞
0 (Ω) that∫

Ω

|∇gu|p dvg ≥
∫
Ω

|u|p
(
c∆g,pρ+ (1− p)cp′|∇gρ|p

)
dvg

≥
(
cb+ (1− p)cp′ap

)∫
Ω

|u|p dvg.

By simple computation

max
c>0

(
cb+ (1− p)cp′ap

)
=

bp

ppap(p−1)

and it is achieved by

c =

(
b

pap

)p−1

,

hence the proof of inequality (3.32) is complete.
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3.2.4 Interpolation: Hardy inequality versus McKean
spectral gap

The main result of this section is to prove an interpolation between the classical Hardy
inequality and McKean’s spectral gap, established first by Berchio, Ganguly, Grillo,
and Pinchover [12, Theorem 2.1]. Although the authors stated their result on the
hyperbolic space Hn

−1, their approach also works on Cartan–Hadamard manifolds with
sectional curvature K ≤ κ < 0. In the sequel, we provide here a simple proof of the
same result by using our approach, based on Riccati pairs.

Theorem 3.27 (see [59]). Let (M, g) be an n ≥ 3-dimensional Cartan–Hadamard
manifold, having sectional curvature K ≤ κ < 0, and x0 ∈M be fixed. Then, for every

λ ∈ [n− 2, (n−1)2

4
] and u ∈ C∞

0 (M \ {x0}) one has∫
M

|∇gu|2 dvg ≥ λ|κ|
∫
M

u2 dvg + h2n(λ)

∫
M

u2

d2g,x0

dvg

+ |κ|
(
(n− 2)2

4
− h2n(λ)

)∫
M

u2

sinh2(
√
−κdg,x0)

dvg

+ hn(λ)γn(λ)

∫
M

Dκ(dg,x0)

d2g,x0

u2 dvg, (3.33)

where γn(λ) =
√

(n− 1)2 − 4λ and hn(λ) =
γn(λ)+1

2
.

Proof. Fix λ ∈ [n − 2, (n−1)2

4
]. In Theorem 3.5 let us choose Ω = M \ {x0}, w ≡ 1,

ρ = dg,x0 > 0, as well as

L(t) = (n− 1)ctκ(t) = (n− 1)
√
−κ coth(

√
−κt),

Wλ(t) = λ|κ|+ h2n(λ)

t2
+

|κ|
sinh2(

√
−κt)

(
(n− 2)2

4
− h2n(λ)

)
+ hn(λ)γn(λ)

Dκ(t)

t2
,

for all t > 0. It is immediate that Wλ is positive. The fundamental solution of the
Riccati equation

G′(t) + L(t)G(t)−G(t)2 = Wλ(t), ∀t > 0, (3.34)

which is precisely the equality case of (3.8), is given by

G(t) = −hn(λ)
t

+

(
n− 2

2
+ hn(λ)

)
ctκ(t), ∀t > 0.

We easily observe that G is positive on (0,∞) and (G)ρ,w holds. Since

∆gρ ≥ L(ρ)

by Theorem 2.1/(I)/(i), it turns out that (L,Wλ) is a (2, ρ, 1)-Riccati pair on (0,∞).
Thus, Theorem 3.5 implies inequality (3.33) for every u ∈ C∞

0 (M \ {x0}) .
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A direct consequence of Theorem 3.27 can be stated as follows for the two marginal
values of λ. More precisely, for λ = n − 2 a Hardy improvement holds, while for

λ = (n−1)2

4
the McKean spectral gap is improved:

Corollary 3.28 (see [59]). Let (M, g) be an n ≥ 3-dimensional Cartan–Hadamard
manifold with sectional curvature K ≤ κ < 0. If x0 ∈ M is fixed, then for every
u ∈ C∞

0 (M \ {x0}) the following inequalities hold:

(i) (Hardy improvement)∫
M

|∇gu|2 dvg ≥
(n− 2)2

4

∫
M

u2

d2g,x0

dvg + (n− 2)|κ|
∫
M

u2 dvg

+
(n− 2)(n− 3)

2

∫
M

Dκ(dg,x0)

d2g,x0

u2 dvg. (3.35)

(ii) (McKean spectral gap improvement)∫
M

|∇gu|2 dvg ≥
(n− 1)2

4
|κ|
∫
M

u2 dvg +
1

4

∫
M

u2

d2g,x0

dvg

+ |κ|(n− 1)(n− 3)

4

∫
M

u2

sinh2(
√
−κdg,x0)

dvg. (3.36)

Remark 3.29. (a) We note that inequality (3.35) appears in Berchio, Ganguly, Grillo,
and Pinchover [12, Corollary 4.3]. Using this inequality and the estimate

t2 ≥ t coth t− 1, ∀t > 0,

we obtain for every u ∈ C∞
0 (M \ {x0}) that (see Kristály [67, Theorem 4.1]):∫

M

|∇gu|2 dvg ≥
(n− 2)2

4

∫
M

u2

d2g,x0

dvg +
(n− 1)(n− 2)

2

∫
M

Dκ(dg,x0)

d2g,x0

u2 dvg.

Inequality (3.36) appears first in Akutagawa and Kumura [3, Theorem 1.3/(6)], which
became a starting point of numerous further studies; see e.g., Berchio, Ganguly, and
Grillo [11, Theorem 2.1], Berchio, Ganguly, Grillo, and Pinchover [12], and Flynn, Lam
and Lu [45].

(b) It is worth mentioning that inequalities from Theorem 3.27 and Corollary 3.28
are known to be critical on Hn

−1, i.e., the right-hand sides of the inequalities cannot
be improved with weights that are strictly larger somewhere (see Devyver, Fraas, and
Pinchover [34, Definition 2.1]).

Classical criticality proofs are usually formulated using the supersolutions approach;
however, by Remarks 2.16 & 3.8, they can be adapted to Riccati pairs. In the sequel,
we illustrate this through an example. Consider (3.36) on Hn

−1 and recall the definition
of Wλ from the proof of Theorem 3.27.
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As we learned from [11], in order to prove the criticality, it is enough to show that
the equation (

−∆g −W (n−1)2

4

)
φ(x) = 0, ∀x ∈ Hn

−1 \ {x0}, (3.37)

admits two solutions φ±(x) = y±(dg,x0(x)) satisfying

lim
r→∞

y+(r)

y−(r)
= 0.

Moreover, by Remark 2.16 it is enough to consider the ODE (3.15) from Remark 3.8.
By simple computation we obtain that the following linearly independent functions
meet the above conditions:

y+(t) =
√
t sinh(t)

2−n
2 and y−(t) =

√
t log(t) sinh(t)

2−n
2 , ∀t > 0.

We note, however, that the above functions can be also obtained from two linearly
independent solutions G± of the Riccati ODE (3.34) via the mechanism

G±(t) = −
y′±(t)

y±(t)
;

see Proposition 3.7. Using additional elements from criticality theory, one can also
adapt the criticality proof of the general inequality (3.33).

(c) We notice that Berchio, Ganguly, and Grillo [11, Theorem 2.5] provided a more
general version of the inequality (3.36) under a mild curvature assumption, which can
be stated as follows. Let (M, g) be an n-dimensional Riemannian manifold (n ≥ 3),
x0 ∈ M be a point such that Cutx0 = ∅ (here, Cutx0 stands for the cut locus of x0),
and the sectional curvature in the radial direction satisfies

Krad(dg,x0(x)) ≤ −
ψ′′(dg,x0(x))

ψ(dg,x0(x))
, ∀x ∈M, (3.38)

where ψ is a positive, increasing C2 function with ψ(0) = ψ′′(0) = 0, ψ′(0) = 1 and

(n− 2)ψ′(t) + (n− 1)rψ′′(t) ≥ 0, ∀t > 0. (3.39)

Then for every u ∈ C∞
0 (M \ {x0}) one has∫

M

|∇gu|2 dvg ≥
(n− 1)

4

∫
M

(
2
ψ′′(dg,x0)

ψ(dg,x0)
+ (n− 3)

(ψ′(dg,x0)
2 − 1)

ψ(dg,x0)
2

)
u2 dvg

+
1

4

∫
M

u2

d2g,x0

dvg +
(n− 1)(n− 3)

4

∫
M

u2

ψ2(dg,x0)
dvg. (3.40)

Observe that for κ < 0 and

ψ(t) =
sinh(

√
−κt)√
−κ

,

inequality (3.40) reduces to (3.36).
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As expected, inequality (3.40) can also be obtained via Riccati pairs. Indeed, the
curvature assumption (3.38) implies the following refined Laplace comparison principle

∆dg,x0 ≤ (n− 1)
ψ′(dg,x0)

ψ(dg,x0)
,

see Greene and Wu [52]. Thus, inequality (3.40) follows from Theorem 3.5 by choosing

L(t) = (n− 1)
ψ′(t)

ψ(t)
and G(t) = − 1

2t
+

(n− 1)

2

ψ′(t)

ψ(t)
;

the positivity of G is guaranteed by the boundary conditions on ψ and relation (3.39).

This example shows that Riccati pairs can be efficiently used to extend various well-
known Hardy inequalities to manifolds that satisfy – instead of a universal curvature
bound – the pointwise curvature assumption (3.38).

We conclude this section with an alternative proof of an inequality by Akutagawa
and Kumura [3, Theorem 1.3/(5)].

Theorem 3.30 (see [59]). Let (M, g) be an n ≥ 2-dimensional Cartan–Hadamard
manifold with sectional curvature K ≤ κ < 0. Let x0 ∈ M be fixed, R > 0, and
Ω =M \Bg,x0(R). Then for every and u ∈ C∞

0 (Ω) one has∫
Ω

|∇gu|2 dvg ≥
∫
Ω

(n− 1)2

4
|κ|u2 dvg +

∫
Ω

u2

4
(
dg,x0 −R + 1

(n−1)ctκ(R)

)2 dvg
+

∫
Ω

|κ| (n− 1)(n− 3)

4 sinh2(
√
−κdg,x0)

u2 dvg.

Proof. The proof is similar to the one of Theorem 3.27, except for the choice of
W : (R,∞)→ R, which is defined by

W (t) =
(n− 1)2

4
|κ|+ 1

4
(
t−R + 1

(n−1)ctκ(R)

)2 + |κ|(n− 1)(n− 3)

4 sinh2(
√
−κt)

, ∀t > R.

One can check that the function

G(t) = − 1

2
(
t−R + 1

(n−1)ctκ(R)

) +
n− 1

2
ctκ(t), ∀t > R,

is positive and verifies both (G)ρ,w and the ODE

G′(t) + L(t)G(t)−G(t)2 = W (t), ∀t > R,

which is precisely the equality case of (3.8), where

ρ = dg,x0 and L(t) = (n− 1)ctκ(t).

Thus, (L,W ) is a (2, ρ, 1)-Riccati pair on (R,∞), and Theorem 3.5 concludes the
proof.
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3.2.5 Ghoussoub–Moradifam-type inequalities

In this section, we provide an alternative proof of some inequalities established by
Ghoussoub and Moradifam [50, Theorem 2.12] (see also [51]), where the weights are of
the form

(a+ b|x|α)β/|x|2m

for some parameters. Possible extensions of these inequalities to Cartan–Hadamard
manifolds are also discussed; see Remark 3.32 and Theorem 3.33, where some technical
difficulties arise.

Theorem 3.31 (see [59]). Suppose that a, b > 0 and α, β,m ∈ R. The following
statements hold:

(i) If αβ > 0 and m ≤ n−2
2
, then for every u ∈ C∞

0 (Rn) one has∫
Rn

(a+ b|x|α)β

|x|2m
|∇u|2 dx ≥

(
n− 2m− 2

2

)2 ∫
Rn

(a+ b|x|α)β

|x|2m+2
u2 dx. (3.41)

(ii) If αβ < 0 and 2m− αβ ≤ n− 2, then for every u ∈ C∞
0 (Rn) one has∫

Rn

(a+ b|x|α)β

|x|2m
|∇u|2 dx ≥

(
n− 2m+ αβ − 2

2

)2 ∫
Rn

(a+ b|x|α)β

|x|2m+2
u2 dx. (3.42)

Proof. First, we prove that (i) and (ii) are equivalent, that is, they can be deduced
from each other. Indeed, let us assume that (i) holds, i.e., by notation’s convenience,

if α̃β̃ > 0 and m̃ ≤ n−2
2
, then for every u ∈ C∞

0 (Rn) one has∫
Rn

(b+ a|x|α̃)β̃

|x|2m̃
|∇u|2 dx ≥

(
n− 2m̃− 2

2

)2 ∫
Rn

(b+ a|x|α̃)β

|x|2m̃+2
u2 dx. (3.43)

Now, we fix α, β,m ∈ R that verify the assumptions of (ii), namely,

αβ < 0 and 2m− αβ ≤ n− 2.

Let us choose

α̃ = −α β̃ = β and m̃ = m− αβ

2
.

We observe that

α̃β̃ = −αβ > 0 and m̃ = m− αβ

2
≤ n− 2 + αβ

2
− αβ

2
=
n− 2

2
.

Thus, we may apply the inequality (3.43) with the latter choices, obtaining after a
simple computation precisely the inequality (3.42). The converse can be performed
similarly. Thus, it is enough to prove (i). Consequently, we assume that

αβ > 0 and m ≤ n− 2

2
.
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Let us define

w(t) =
(a+ btα)β

t2m
, L(t) =

n− 1

t
, and WC(t) =

C

t2
, ∀t > 0,

and for some C > 0, which will be determined later. Consider the ODE

(G(t)w(t))′ +G(t)w(t)L(t)− |G(t)|2w(t) = WC(t)w(t), ∀t > 0. (3.44)

which is the equality case of (3.6). Let us introduce the numbers

K0
def
= n− 2m− 2 ≥ 0,

K1
def
= n− 2m+ αβ − 2 > 0.

The fundamental solution of (3.44) is given by

G(t) =
K0 −

√
K2

0 − 4C

2t
·
(
1− β bt

α

a
I(t)

)
, ∀t > 0, (3.45)

where

I(t) =
2F 1

(
1 + β

2
+

√
K2

0−4C−
√

K2
1−4C

2α
, 1 + β

2
+

√
K2

0−4C+
√

K2
1−4C

2α
; 2 +

√
K2

0−4C

2α
;− btα

a

)
2F 1

(
β
2
+

√
K2

0−4C−
√

K2
1−4C

2α
, β
2
+

√
K2

0−4C+
√

K2
1−4C

2α
; 1 +

√
K2

0−4C

2α
;− btα

a

)
and 2F 1 stands for the regularized Gaussian hypergeometric function. More precisely,
for q, r, s ∈ C with s /∈ Z−,

2F 1(q, r; s; z) =
1

Γ(1 + s)

∑
k≥0

(q)k(r)k
(s)k

zk

k!
, ∀|z| < 1, (3.46)

extended by analytic continuation elsewhere, while

(q)k = q(q + 1) . . . (q + k − 1) =
Γ(q + k)

Γ(q)

denotes the Pochhammer symbol, where k ∈ N.
In order to have a well-defined function G, we should first guarantee that

C ≤ 1

4
min

(
K2

0 , K
2
1

)
=

(
n− 2m− 2

2

)2

.

Thus, in (3.45) we put the best possible value, which is C =
(
n−2m−2

2

)2
. With this

choice, for every t > 0 the expression of G(t) reduces to

G(t) =
K0

2t
·

1− β bt
α

a

2F 1

(
1 + β

2
−
√

K2
1−4C

2α
, 1 + β

2
+

√
K2

1−4C

2α
; 2;− btα

a

)
2F 1

(
β
2
−
√

K2
1−4C

2α
, β
2
+

√
K2

1−4C

2α
; 1;− btα

a

)
 . (3.47)
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We observe that the denominator in the latter expression does not vanish. To see this,
let

A
def
=
β

2
and B

def
=

√
K2

1 − 4C

2α
=

√
αβ(αβ + 2K0)

2α
. (3.48)

At this point one may apply the Euler–Pfaff transformations (see e.g., Olver, Lozier,
Boisvert, and Clark [91, rel. 15.8.1]). We distinguish the following two cases.

• If A > 0 (thus α > 0), then B ≥ A > 0 and for every z > 0 we have

2F 1 (A−B,A+B; 1;−z) = (1 + z)−A−B
2F 1

(
1− A+B,A+B; 1;

z

1 + z

)
> 0.

• If A < 0 (thus α < 0), one has B ≤ A < 0, then for every z > 0 it follows that

2F 1 (A−B,A+B; 1;−z) = (1 + z)B−A
2F 1

(
A−B, 1− A−B; 1;

z

1 + z

)
> 0.

Now, we shall apply Theorem 3.5 for p = 2, Ω = Rn \ {0}, ρ(x) = |x| > 0 for x ∈ Ω,
as well as

w(t) =
(a+ btα)β

t2m
, L(t) =

n− 1

t
, and W (t) =

(
n− 2m− 2

2t

)2

, ∀t > 0.

One can easily see that the integrability assumptions of (G)ρ,w are verified. By the
above arguments, it follows that (L,W ) is a (2, ρ, w)-Riccati pair in (0,∞). Therefore,
by (3.9) we obtain the validity of (3.41) for every u ∈ C∞

0 (Rn \ {0}). It remains to
extend (3.41) to the space C∞

0 (Rn).

Remark 3.32. One could expect a similar proof on Cartan–Hadamard manifolds as in
Theorem 3.31. However, a subtle technical difficulty shows up that comes from the fact
that – despite several confirming numerical tests – there is no evidence on positiveness
of the function G of (3.47) for the full range of parameters. Note that in the Euclidean
case such a sign property is not necessary, as ∆|x| = (n − 1)/|x| for all x ̸= 0; see
Remark 3.6/(b) and Condition (c2).

Closely related to the latter observation, we highlight that G contains the expression

zf ′(z)/f(z), where f(z) = 2F 1 (a, b; 1;−z) , ∀z > 0,

which is used to characterize the order of starlikeness (with respect to zero) of the
function f (see e.g., Küstner [76]). Although one can find various results in the lit-
erature, to the best of our knowledge, there is no full characterization of the order of
starlikeness for Gaussian hypergeometric functions (with respect to the full spectrum
of parameters). However, under specific constraints on the parameters, we provide
the following partial result on Cartan–Hadamard manifolds. For simplicity, we only
focus on the inequality (3.41); by equivalence, it can also be formulated in terms of its
‘dual’ (3.42).
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Theorem 3.33 (see [59]). Let (M, g) be an n ≥ 2-dimensional Cartan–Hadamard
manifold, and x0 ∈M be a point. Let a, b, α, β > 0 and m ∈ R, with m ≤ n−2

2
and

αβ +
√
αβ(αβ + 2(n− 2m− 2)) ≤ 2. (3.49)

Then for every u ∈ C∞
0 (M) the following inequality holds:∫

M

(a+ bdαg,x0
)β

d2mg,x0

|∇gu|2 dvg ≥
(
n− 2m− 2

2

)2 ∫
M

(a+ bdαg,x0
)β

d2m+2
g,x0

u2 dvg. (3.50)

Proof. We apply Theorem 3.5 for p = 2, Ω =M \ {x0}, ρ = dg,x0 > 0 in Ω, as well as

w(t) =
(a+ btα)β

t2m
, L(t) =

n− 1

t
, and W (t) =

(
n− 2m− 2

2t

)2

, ∀t > 0.

Note that the function G of (3.47) verifies the ODI (3.6) with equality. It is also
clear that (G)ρ,w holds. Once we can prove that G is positive on (0,∞) (see also
Remark 3.32), it turns out that (L,W ) is a (2, ρ, w)-Riccati pair in (0,∞), and we can
apply Theorem 3.5 concluding the proof of (3.50).

To prove the positiveness of G on (0,∞), it is enough to show that

2Az · 2F 1 (1 + A−B, 1 + A+B; 2;−z)
2F 1 (A−B,A+B; 1;−z)

≤ 1, ∀z > 0,

where A and B are as in (3.48); by our assumption, we have B ≥ A > 0. The definition
of the hypergeometric function implies that the above inequality is equivalent to

2A

A+B

(
1− 2F 1 (1 + A−B,A+B; 1;−z)

2F 1 (A−B,A+B; 1;−z)

)
≤ 1, ∀z > 0.

In particular, since B ≥ A > 0, it is enough to prove that

2F 1 (1 + A−B,A+B; 1;−z)
2F 1 (A−B,A+B; 1;−z)

≥ 0, ∀z > 0.

By assumption (3.49), we have that |A ± B| ≤ 1. In this case, we have the integral
representation

2F 1 (1 + A−B,A+B; 1;−z)
2F 1 (A−B,A+B; 1;−z)

=

∫ 1

0

1

1 + tz
dµ0(t), ∀z > 0,

where µ0 : [0, 1] → [0, 1] is a non-decreasing function satisfying µ0(1) − µ0(0) = 1 (see
Küstner [76]). Clearly, by the latter representation, our claim easily follows.

Remark 3.34. As we already pointed out in Remark 3.32, numerical tests confirm the
positiveness of G for every a, b > 0 and α, β,m ∈ R, whose proof requires some specific
arguments from the theory of special functions. At this moment, such an approach
is not available. In particular, we expect to cancel the additional hypothesis from
Theorem 3.33.
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3.3 Applications II: Multiplicative Hardy-type

inequalities

3.3.1 Sharp uncertainty principles

Let (M, g) be a complete, non-compact n-dimensional Riemannian manifold (n ≥ 2),
and x0 ∈M be fixed. Suppose that p, α ∈ R such that

n > p > 1 and − p+ 1 < α ≤ 1. (3.51)

We investigate the following uncertainty principle: for every u ∈ C∞
0 (M), one has(∫

M

|∇gu|p dvg
) 1

p
(∫

M

dp
′α

g,x0
|u|p dvg

) 1
p′

≥ n+ α− 1

p

∫
M

(
1 +

n− 1

n+ α− 1
Dκ(dg,x0)

)
dα−1
g,x0
|u|p dvg. (UPκ)

We observe that (UPκ) formally reduces to the:

• Heisenberg–Pauli–Weyl uncertainty principle, whenever α = 1 (see Kombe and
Özaydin [64, 65] for p = 2 and κ = 0, Kristály [67] for p = 2 and κ ≤ 0, and
Nguyen [89] for generic p > 1 and κ ≤ 0);

• Hydrogen uncertainty principle, whenever α = 0 (see Cazacu, Flynn, and Lam [23]
and Frank [47] in Rn, thus, for κ = 0);

• Hardy inequality in the limit case when α→ −p+ 1 (see Corollary 3.15).

Our first result shows the validity of (UPκ) on Cartan–Hadamard manifolds, which
can be stated as follows.

Theorem 3.35 (see [59]). Let (M, g) be an n-dimensional Cartan–Hadamard manifold
(n ≥ 2), such that K ≤ κ ≤ 0. If the conditions of (3.51) hold, then (UPκ) holds as
well; moreover, the constant n+α−1

p
is sharp.

Proof. In Theorem 3.1/(ii) let us choose w ≡ 1, ρ = dg,x0 , as well as

G(t) = tα and H(s) =
|s|p

p
, ∀t > 0, ∀s ∈ R.

A simple computation shows that (G)ρ,w holds, due to our assumptions on α, p and n.
By Laplace comparison (see Theorem 2.1/(I)/(i)) we have

∆g,pρ = ∆gρ ≥ (n− 1)ctκ(ρ).

Using Theorem 3.1/(ii), yields that inequality (UPκ) holds for every u ∈ C∞
0 (M\{x0}).

It remains to extend (UPκ) to the whole space C∞
0 (M).
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We assume by contradiction that there exists C > n+α−1
p

such that(∫
M

|∇gu|p dvg
) 1

p
(∫

M

dp
′α

g,x0
|u|p dvg

) 1
p′

≥ C

∫
M

(
1 +

n− 1

n+ α− 1
Dκ(dg,x0)

)
dα−1
g,x0
|u|p dvg

for all u ∈ C∞
0 (M). Since Dκ ≥ 0, the latter inequality implies that(∫

M

|∇gu|p dvg
) 1

p
(∫

M

dp
′α

g,x0
|u|p dvg

) 1
p′

≥ C

∫
M

dα−1
g,x0
|u|p dvg, (3.52)

for all u ∈ C∞
0 (M). Fix ε > 0 arbitrarily. Then there exist a number r > 0 and a local

diffeomorphism ϕ : BO(r)→M such that ϕ(0) = x0 and in the sense of bilinear forms.
The components gij of the metric g satisfy on ϕ(BO(r)) the estimates

(1− ε)δij ≤ gij ≤ (1 + ε)δij; (3.53)

see Hebey [54]. As before, BO(r) denotes the n-dimensional Euclidean ball centered at
the origin O, with radius r > 0.

Due to relations (3.52) and (3.53), for 0 < ε ≪ 1 one can find r̃ > 0 with the
property that for every r ∈ (0, r̃) and w ∈ C∞

0 (BO(r)), the following inequality holds(∫
BO(r)

|∇w|p dx
) 1

p
(∫

BO(r)

|x|p′α|w|p dx
) 1

p′

≥ C

(
1− ε
1 + ε

)n+α+1 ∫
BO(r)

|x|α−1|w|p dx. (3.54)

By assumption, C > n+α−1
p

, thus, we may choose 0 < ε≪ 1 such that

Cε
def
= C

(
1− ε
1 + ε

)n+α+1

>
n+ α− 1

p
. (3.55)

Let u ∈ C∞
0 (Rn) be fixed arbitrarily and define the scaled function

wλ(x) = u(λx), ∀λ > 0.

For large enough λ > 0, it follows that wλ ∈ C∞
0 (BO(r)); accordingly, we may use

wλ as a test function in inequality (3.54), obtaining(∫
BO(r)

|∇wλ|p dx
) 1

p
(∫

BO(r)

|x|p′α|wλ|p dx
) 1

p′

≥ Cε

∫
BO(r)

|x|α−1|wλ|p dx.

Making the suitable change of variables, we have the scaling properties∫
BO(r)

|∇wλ|pdx = λp−n

∫
Rn

|∇u|pdx,∫
BO(r)

|x|p′α|wλ|p dx = λ−p′α−n

∫
Rn

|x|p′α|u|p dx,∫
BO(r)

|x|α−1|wλ|p dx = λ−α+1−n

∫
Rn

|x|α−1|wλ|p dx.
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In particular, by the scaling properties and the latter inequality, we obtain the following
λ-independent inequality:(∫

Rn

|∇u|p dx
) 1

p
(∫

Rn

|x|p′α|u|p dx
) 1

p′

≥ Cε

∫
Rn

|x|α−1|u|p dx.

Since −p+ 1 < α ≤ 1, one can approximate

u(x) = e−
|x|

1+ α
p−1

p , ∀x ∈ Rn,

by functions from C∞
0 (Rn), and we may use it as a test function in the latter inequality.

Taking polar coordinates and using the relation∫ ∞

0

e−sβsγ ds =
1

β
Γ

(
γ + 1

β

)
, ∀β > 0, ∀γ > −1,

we obtain that
n+ α− 1

p
≥ Cε,

which contradicts (3.55), showing the sharpness of n+α−1
p

in (UPκ).

Remark 3.36. If equality holds in (UPκ) for some positive function u ∈ W 1,p(M),
then equality ∆gdg,x0 = (n − 1)ctκ(dg,x0) also holds, which implies that the manifold
(M, g) is isometric to the model space form Mn

κ (see Theorem 2.1). This rigidity result
is known for κ = 0 from Kristály [67] for p = 2, and from Nguyen [89] for p > 1.

The following result is a counterpart of Theorem 3.35, providing the rigidity of
Riemannian manifolds with Ric ≥ κ(n−1)g for some κ ≤ 0 supporting the uncertainty
principle (UPκ). Similar results have been obtained first by Kristály [67] for p = 2 and
α = 1, and then by Nguyen [89] for generic p > 1, both considering only the case κ = 0.
Now, we have a more general result, valid for every κ ≤ 0 :

Theorem 3.37 (see [59]). Let (M, g) be an n ≥ 2-dimensional complete, non-compact
Riemannian manifold, with Ric ≥ κ(n − 1)g, for some κ ≤ 0. Suppose that (UPκ)
holds for some x0 ∈M and the parameters α, p, n verify either −p+1 < α ≤ 1 < p < n,
when κ = 0, or 0 < α ≤ 1 < p < n, when κ < 0. Then (M, g) is isometric to the model
space form Mn

κ.

Proof. For simplicity of notations, let γ = 1 + α
p−1

> 0 and define u0 : M → (0,∞) by

u0 = e−
d
γ
g,x0
p .

Clearly, we may approximate u0 by elements of C∞
0 (M); moreover, by using the eikonal

equation (2.1), it turns out that∫
M

|∇gu0|p dvg =
(
γ

p

)p ∫
M

dp
′α

g,x0
up0 dvg.
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We first claim that the latter integrals are well defined. To see this, using (2.9), we
observe that κ = 0 implies

γ > 0 and VBκ(R) = ωnR
n,

while κ < 0 implies

γ > 1 and VBκ(R) ∼ e(n−1)
√

|κ|R, as R→∞,

up to a multiplicative constant.
At this point, by the layer cake representation and the volume comparison (see

Theorem 2.1/(II)/(ii)), we conclude the claim.
By using u0 as a test function in (UPκ), it follows that

γ

∫
M

dp
′α

g,x0
up0 dvg ≥ (n+ α− 1)

∫
M

(
1 +

n− 1

n+ α− 1
Dκ(dg,x0)

)
dα−1
g,x0

up0 dvg. (3.56)

By the Laplace comparison (see Theorem 2.1/(II)/(i)), we have that

∆gdg,x0 ≤ (n− 1)ctκ(dg,x0).

Thus, relation (3.56), an integration by parts (2.3) and the eikonal equation (2.1) yield

γ

∫
M

dp
′α

g,x0
e−dγg,x0 dvg ≥

∫
M

(n+ α− 1 + (n− 1)Dκ(dg,x0)) d
α−1
g,x0

e−dγg,x0 dvg

=

∫
M

(α + (n− 1)dg,x0ctκ(dg,x0)) d
α−1
g,x0

e−dγg,x0 dvg

≥
∫
M

(α + dg,x0∆gdg,x0) d
α−1
g,x0

e−dγg,x0 dvg

= α

∫
M

dα−1
g,x0

e−dγg,x0 dvg +

∫
M

dαg,x0
e−dγg,x0∆gdg,x0 dvg

= γ

∫
M

dα+γ−1
g,x0

e−dγg,x0 dvg

= γ

∫
M

dp
′α

g,x0
e−dγg,x0 dvg,

where we used the fact that α + γ − 1 = p′α.
Since the two marginal terms are equal (and finite), we should have equality in each

step. In particular, we have

∆gdg,x0 = (n− 1)ctκ(dg,x0)

on M \ {x0}, therefore, by Theorem 2.1 it follows that (M, g) is isometric to the model
space form Mn

κ.

Remark 3.38. The proof of Theorem 3.37 is much simpler than the original rigidity
argument performed in Kristály [67] and Nguyen [89], where the comparison of certain
ordinary differential inequalities/equations is used.
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Remark 3.39. By using additive-type inequalities we can produce multiplicative
inequalities in the spirit of Berchio, Ganguly, Grillo, and Pinchover [12, Section 3].
For example, inequality (3.35) combined with the Cauchy–Schwarz inequality (2.10)
imply (in the same geometric context as in Corollary 3.28) for every u ∈ C∞

0 (M) that(∫
M

|∇gu|2 dvg − (n− 2)|κ|
∫
M

u2 dvg

)(∫
M

d2g,x0
u2 dvg

)
≥ (n− 2)2

4

(∫
M

u2 dvg

)2

.

In the special case when M = Hn
−1, the latter inequality reduces to [12, Corollary 3.1].

Similarly, further inequalities can be obtained from the results of Section 3.2.4.

3.3.2 Caffarelli–Kohn–Nirenberg inequalities

In this section, we prove a version of the Caffarelli–Kohn–Nirenberg inequality (see [19]),
which easily follows from the multiplicative inequality of Theorem 3.1/(ii).

Theorem 3.40 (see [59]). Let (M, g) be an n-dimensional Cartan–Hadamard manifold
with n ≥ 2 such that K ≤ κ for some κ ≤ 0. Fix x0 ∈M and suppose that p, α, r ∈ R
satisfy

r > p > 1, α+ p > 1, and p(n+ α− 1) > r(n− p) > 0.

Then for every u ∈ C∞
0 (M) one has(∫

M

|∇gu|p dvg
) 1

p
(∫

M

dp
′α

g,x0
|u|p′(r−1) dvg

) 1
p′

≥ n+ α− 1

r

∫
M

(
1 +

n− 1

n+ α− 1
Dκ(dg,x0)

)
dα−1
g,x0
|u|r dvg.

Moreover, the constant n+α−1
r

is sharp.

Proof. The proof is similar to Theorem 3.35, the difference is that we choose

H(s) =
|s|r

r
, ∀s ∈ R.

The sharpness of n+α−1
r

is based on the same scaling argument as before, the test
function (in Rn) in the last step being the Talenti-type function

u(x) =
(
1 + |x|1+

α
p−1

) p−1
p−r

, ∀x ∈ Rn.

The rest of the proof is similar as before.

For further Caffarelli–Kohn–Nirenberg inequalities, see e.g., Catrina and Wang [22],
Kristály and Ohta [72], Wang and Willem [103], and Xia [106].

As we already pointed out, various choices of H and G in Theorem 3.1 produce
well-known or new functional inequalities. In this spirit, we conclude the section with
an unusual Caffarelli–Kohn–Nirenberg-type inequality, which can be the starting point
to build further functional inequalities through Theorem 3.1.
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Theorem 3.41 (see [59]). Let (M, g) be an n-dimensional Cartan–Hadamard manifold
(n ≥ 2), such that K ≤ κ < 0. Then for every u ∈ C∞

0 (M) \ {0} and c ∈ R, we have∫
M

|∇gu|2 dvg ≥
(∫

M
s2c(u) dvg

)2∫
M
s2c(2u) dvg

(n− 1)2|κ|. (3.57)

In particular, we also have the McKean spectral gap estimate

λm(M) ≥ (n− 1)2

4
|κ|.

Proof. Fix x0 ∈M and let w ≡ 1, ρ = dg,x0 , p = 2, as well as

G ≡ 1 and H(s) = s2c(s), ∀s ∈ R.

By Laplace comparison (see Theorem 2.1/(I)/(i)), we have

∆gdg,x0 ≥ (n− 1)ctκ(dg,x0) ≥ (n− 1)
√
−κ,

hence inequality (3.57) follows at once from Theorem 3.1/(ii). For c = 0, we obtain
the classical L2-McKean spectral estimate.





Chapter 4

Rellich inequalities on general
Riemannian manifolds

In this chapter, we present an elegant approach for proving Rellich-type inequalities
on Riemannian manifolds. Similarly to the previous chapter, the main ingredients are
general functional inequalities built upon simple convexity and comparison arguments.
The proofs do not involve spherical harmonics decompositions; moreover, they are
symmetrization-free, thus, the validity of the generalized Cartan–Hadamard conjecture
(or sharp isoperimetric inequality) is not required.

Our method is extremely useful for providing higher-order spectral gap estimates
for problems involving higher-order operators on general Cartan–Hadamard manifolds.
These include both the clamped plate problem (2.38) and buckling problem (2.43) as well
as their higher-order variants. Furthermore, it can also be used to establish additional
Rellich-type inequalities in the same geometric setting by either extending classical
Euclidean inequalities or providing genuinely new inequalities.

In Section 4.1 we present two general functional inequalities. The first inequality
(see Theorem 4.1) connects |∆gu|p and |u|p for p > 1, and it is tailored to provide a
sharp spectral gap estimate for the clamped plate problem, for general p > 1. The
second inequality (see Theorem 4.2) connects |∆gu|2 and |∇gu|2, and it is designed to
provide a sharp spectral gap estimate for the buckling problem. We notice that the first
inequality involves an ODI, while the second involves a PDI, which turn out to be more
problematic to deal with. However, for special parameter choices, the PDI reduces to
an ODI (see Remark 4.3/(a)). We also note that the second inequality cannot be
extended for general p > 1, due to some technical limitations (see Remark 4.3/(b)).

In Section 4.2 we prove various spectral gap results and their sharpness on Cartan–
Hadamard manifolds. More specifically, the following will be discussed.

• In Section 4.2.1 we prove a sharp spectral gap estimate concerning the clamped
plate problem, for general p > 1 (see Theorem 4.4).

• In Section 4.2.2 we demonstrate a sharp spectral gap estimate concerning the
buckling problem, for p = 2 (see Theorem 4.5).

• In Section 4.2.3 we establish higher-order variants of the previous results (see
Theorems 4.6 & 4.7).

69
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In Section 4.3 we give alternative proofs for further Rellich inequalities, namely:

• In Section 4.3.1 we extend the weighted Euclidean Rellich inequality to Cartan–
Hadamard manifolds (see Theorem 4.8); as a consequence, we obtain an extension
of the classical Rellich inequality as well (see Corollary 4.9).

• In Section 4.3.2 we establish higher-order versions of the previous results (see
Theorem 4.10).

• In Section 4.3.3 we provide further applications concerning improved Rellich-type
inequalities (see Theorems 4.11 & 4.12 & 4.14).

4.1 General functional inequalities

In this section, we present two general functional inequalities. The first inequality can
be stated as follows.

Theorem 4.1 (see [39]). Let (M, g) be an n ≥ 2-dimensional, complete, non-compact
Riemannian manifold. Let Ω ⊆M be a domain, x0 ∈ Ω, and ρ = dg,x0. Let p > 1 and
suppose that L,W,w,G,H : (0, supΩ ρ)→ (0,∞) satisfy the following conditions:

(C1) L,W are continuous, w,G are of class C2, and H is of class C1;

(C2) ∆gρ ≥ L(ρ) in the distributional sense and (wG)′ ≤ 0;

(C3) the ordinary differential inequality

(p−1)
[
2(wGH)′ + 2wGHL− pwGH2 − w|G|p′

]
−(wG)′′−(wG)′L ≥ W (4.1)

holds for the functions L(t),W (t), w(t), G(t), H(t), for all t ∈ (0, supΩ ρ).

Then for every u ∈ C∞
0 (Ω) one has∫

Ω

w(ρ)|∆gu|p dvg ≥
∫
Ω

W (ρ)|u|p dvg.

Proof. The convexity of ξ 7→ |ξ|p implies

|ξ|p ≥ |η|p + p|η|p−2(ξ − η)η = p|η|p−2ξη + (1− p)|η|p, ∀ξ, η, (4.2)

where ξ and η are both scalars or both vector fields. Fix u ∈ C∞
0 (Ω) arbitrarily and

choose
ξ = ∆gu and η = −|G(ρ)|

2−p
p−1G(ρ)u

to obtain
|∆gu|p ≥ −pG(ρ)|u|p−2u∆gu+ (1− p)|G(ρ)|p′ |u|p.

Multiplying both sides by w(ρ) > 0 and integrating over Ω yield∫
Ω

w(ρ)|∆gu|p dvg ≥ −p
∫
Ω

w(ρ)G(ρ)|u|p−2u∆gu dvg + (1− p)
∫
Ω

w(ρ)|G(ρ)|p′ |u|p dvg.
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We shall focus on the second term. On the one hand, using the relation

∆g
|u|p

p
= (p− 1)|u|p−2|∇gu|2 + |u|p−2u∆gu,

and Green’s second identity (2.4) leads to

−p
∫
Ω

w(ρ)G(ρ)|u|p−2u∆gu dvg = p(p− 1)

∫
Ω

w(ρ)G(ρ)|u|p−2|∇gu|2 dvg

−
∫
Ω

|u|p∆[w(ρ)G(ρ)] dvg.

On the other hand, choose

p = 2, ξ = ∇gu, and η = −uH(ρ)∇gρ

in inequality (4.2) to obtain

|∇gu|2 ≥ −2H(ρ)u∇gu∇gρ−H(ρ)2|u|2,

hence ∫
Ω

w(ρ)G(ρ)|u|p−2|∇gu|2 dvg ≥ −2
∫
Ω

w(ρ)G(ρ)H(ρ)|u|p−2u∇gu∇gρ dvg

−
∫
Ω

w(ρ)G(ρ)H(ρ)2|u|p dvg.

Finally, integration by parts (2.3) yields

−2
∫
Ω

w(ρ)G(ρ)H(ρ)|u|p−2u∇gu∇gρ dvg = −
2

p

∫
Ω

w(ρ)G(ρ)H(ρ)∇g|u|p∇g dvgρ

=
2

p

∫
Ω

|u|p divg(w(ρ)G(ρ)H(ρ)∇gρ) dvg.

By the above computations, for every u ∈ C∞
0 (Ω) one has∫

Ω

w(ρ)|∆gu|p dvg ≥
∫
Ω

|u|pW (ρ) dvg,

provided that

W (ρ) ≤ (p− 1)(2 divg(w(ρ)G(ρ)H(ρ)∇gρ)− pw(ρ)G(ρ)H(ρ)2 − w(ρ)|G(ρ)|p′)
−∆(w(ρ)G(ρ))

≤ (p− 1) (2(w(ρ)G(ρ)H(ρ))′ + 2w(ρ)G(ρ)H(ρ)∆gρ)

+ (p− 1)
(
−pw(ρ)G(ρ)H(ρ)2 − w(ρ)|G(ρ)|p′

)
− (w(ρ)G(ρ))′′ − (w(ρ)G(ρ))′∆gρ,

which easily follows from (C2) and (C3).
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Theorem 4.2 (see [39]). Let (M, g) be an n ≥ 2-dimensional complete, non-compact
Riemannian manifold. Let Ω ⊆ M be a domain, x0 ∈ Ω, and ρ = dg,x0. Suppose that
L,W,G,H : (0, supΩ ρ)→ (0,∞) satisfy the following conditions:

(C1’) L,W are continuous, G is of class C2, and H is of class C1;

(C2’) ∆gρ ≥ L(ρ) in the distributional sense;

(C3’) the following PDI holds for ρ = dg,x0(x) and for every x ∈ Ω:

(W (ρ)H(ρ))′ +W (ρ)H(ρ)L(ρ)−W (ρ)H(ρ)2 ≥ ∆gG(ρ) +G(ρ)2. (4.3)

Then for every u ∈ C∞
0 (Ω) one has∫
Ω

|∆gu|2 dvg ≥
∫
Ω

(2G(ρ)−W (ρ))|∇gu|2 dvg.

Proof. For p = 2, the convexity inequality (4.2) reads as

ξ2 ≥ 2ξη − η2, ∀ξ, η ∈ R. (4.4)

On the one hand, by choosing

ξ = ∆gu and η = −G(ρ)u,

we obtain that
(∆gu)

2 ≥ −2G(ρ)u∆gu−G(ρ)2u2.
Integrating over Ω yields∫

Ω

(∆gu)
2 dvg ≥ −2

∫
Ω

G(ρ)u∆gu dvg −
∫
Ω

G(ρ)2u2 dvg. (4.5)

By using relation
−2u∆gu = 2|∇gu|2 −∆g(u

2)

and Green’s second identity (2.4) in the second term of (4.5) leads to∫
Ω

(∆gu)
2 dvg ≥ 2

∫
Ω

G(ρ)|∇gu|2 dvg −
∫
Ω

(∆gG(ρ))u
2 dvg −

∫
Ω

G(ρ)2u2 dvg.

Thus, to finish our proof, it is enough to show that∫
Ω

W (ρ)|∇gu|2 dvg ≥
∫
Ω

(∆gG(ρ) +G(ρ)2)u2 dvg. (4.6)

On the other hand, by choosing

ξ = ∇gu and η = −uH(ρ)∇gρ

in inequality (4.4), we infer that

|∇gu|2 ≥ −2H(ρ)u∇gu∇gρ− u2H(ρ)2.
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Multiplying both sides with W (ρ) > 0 and integrating over Ω yield∫
Ω

W (ρ)|∇gu|2 dvg ≥ −2
∫
Ω

W (ρ)H(ρ)u∇gu∇gρ dvg −
∫
Ω

W (ρ)H(ρ)2u2 dvg.

Integration by parts (2.3) and Condition (C2’) imply that

−2
∫
Ω

W (ρ)H(ρ)u∇gu∇gρ dvg = −
∫
Ω

W (ρ)H(ρ)∇gρ∇g(u
2) dvg

=

∫
Ω

divg[W (ρ)H(ρ)∇gρ]u
2 dvg

=

∫
Ω

[(W (ρ)H(ρ))′ +W (ρ)H(ρ)∆gρ]u
2 dvg

≥
∫
Ω

[(W (ρ)H(ρ))′ +W (ρ)H(ρ)L(ρ)]u2 dvg.

Finally, Condition (C3’) yields (4.6), which finishes the proof.

We conclude this section by presenting several comments concerning the above
result and its possible alternatives.

Remark 4.3. (a) We highlight that Condition (C3) involves an ordinary differential
inequality, while (C3’) involves a partial differential inequality on the manifold; the
latter is due to the dependence of ∆g on ρ. For a radial function G(ρ) one has

∆gG(ρ) = G′′(ρ) +G′(ρ)∆gρ.

Hence (C3’) is genuinely harder to verify than (C3). However, when G is constant, ρ
can be simply replaced by a scalar t, and the partial differential inequality reduces to
an ordinary one.

(b) The technique presented in the proof of Theorem 4.2 works only for p = 2. For
general p > 1 the second term of the convexity inequality (4.2) contains the term

|u|p−2u∆gu,

which cannot be transformed into |∇gu|p.

(c) Later, in Theorem 5.3/(ii) we present an alternative functional inequality, which
connects |∆κu|2 and |∇κu

2| on space forms Mn
κ, for some κ ≤ 0. The proof again relies

on the convexity inequality (4.2), using alternative choices of ξ and η. However, due
to some other technical limitations, that method remains valid for p = 2 as well.

(d) It is an open question if there exists a convexity argument involving arbitrary
choices of ξ and η and possibly multiple uses of integration by parts, which provides a
general functional inequality on general Riemannian manifolds connecting the integrals
of |∆gu|p and |∇gu|p, for general p > 1.
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4.2 Applications I: Spectral gap estimates

In this section, we establish sharp spectral estimates on Cartan–Hadamard manifolds.
First, in Theorem 4.4 we prove a spectral gap estimate and its sharpness for the clamped
plate problem (2.38), for general p > 1. Next, in Theorem 4.5 we establish a sharp
spectral gap estimate for the buckling problem (2.43), for p = 2. Finally, by iterative
applications of these results and using the spectral gap estimate (2.37) for the fixed
membrane problem, we also establish higher-order estimates (see Theorems 4.6 & 4.7).
All the proofs are built upon convexity and comparison arguments; moreover, they are
symmetrization-free.

4.2.1 Clamped plate problem

Our spectral gap result concerning the clamped plate problem reads as follows.

Theorem 4.4 (see [39]). Let (M, g) be an n-dimensional Cartan–Hadamard manifold
with n ≥ 2 and sectional curvature K ≤ κ, for some κ < 0. Let p > 1 and Ω ⊆ M be
a domain. Then for every u ∈ C∞

0 (Ω) one has∫
Ω

|∆gu|p dvg ≥
(
(n− 1)2|κ|(p− 1)

p2

)p ∫
Ω

|u|p dvg. (4.7)

Moreover, the constant in (4.7) is sharp.

Proof. For simplicity denote ϑ =
√
−κ. Fix x0 ∈ Ω and let ρ = dg,x0 . In Theorem 4.1

let us choose

L ≡ (n− 1)ϑ, W ≡ C, w ≡ 1, G ≡ a, and H ≡ b,

for some constants C, a, b > 0, which will be determined later. Condition (C1) clearly
holds. By Laplace comparison (see Theorem 2.1/(I)/(i)), one has

∆gρ ≥ (n− 1)ctκ(ρ) = (n− 1)ϑ coth(ϑρ) ≥ (n− 1)ϑ.

Additionally, since G is constant, Condition (C2) holds as well. Inequality (4.1) from
Condition (C3) is equivalent to

f(a, b)
def
= (p− 1)

(
2abϑ(n− 1)− a

p
p−1 − ab2p

)
≥ C.

The best choice for the constant C is obtained as

max
a,b

f(a, b) = f

((
(n− 1)2ϑ2(p− 1)

p2

)p−1

,
(n− 1)ϑ

p

)
=

(
(n− 1)2ϑ2(p− 1)

p2

)p

,

which yields the inequality (4.7).
To prove sharpness, fix δ > 4 and define the truncation function

ϕ(t) =


t− δ

2
, if t ∈

[
δ
2
, δ
2
+ 1
]
,

1, if t ∈
[
δ
2
+ 1, δ − 1

]
,

δ − t, if t ∈ [δ − 1, δ] ,

0, otherwise.

(4.8)
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Choose

Ω = Mn
κ, ρ = dκ,x0 , s =

(n− 1)ϑ

p
, and uδ = ϕ(ρ)e−sρ.

Using the properties of ρ (see formulas (2.11) & (2.12)), we have

|∇κρ| = 1 and ∆κρ = (n− 1)ϑ coth(ϑρ) = ps coth(ϑρ).

By using the fact that ϕ′′ = 0 (except a finite number of points), one has dvκ-a.e. that

∇κuδ = (ϕ′(ρ)− sϕ(ρ))e−sρ∇κρ,

∆κuδ =
[
−2sϕ′(ρ) + s2ϕ(ρ) + (ϕ′(ρ)− sϕ(ρ))ps coth(ϑρ)

]
e−sρ

=
[
s(p coth(ϑρ)− 2)ϕ′(ρ) + s2(1− p coth(ϑρ))ϕ(ρ)

]
e−sρ.

On the one hand, using a polar coordinate transform and the second branch of (4.8)
we have∫

Ω

|uδ|p dvκ =

∫ δ

δ
2

ϕ(t)pe−pst sinh
n−1(ϑt)

ϑn−1
dt ≥ 1

ϑn−1

∫ δ−1

δ
2
+1

e−pst sinhn−1(ϑt) dt.

Observe that

e−pst sinhn−1(ϑt) = (e−ϑt sinh(ϑt))n−1 =

(
1

2
− e−2ϑt

2

)n−1

is strictly increasing in t, thus, we have the following estimate∫
Ω

|uδ|p dvκ ≥
1

ϑn−1

(
δ

2
− 2

)(
1

2
− e−ϑδ−2ϑ

2

)n−1
def
= E1(δ). (4.9)

On the other hand, similarly to the previous computations, one has∫
Ω

|∆κuδ|p dvκ =

∫ δ

δ
2

1

ϑn−1
Φ(t) dt,

where

Φ(t) =
∣∣s(p coth(ϑt)− 2)ϕ′(t) + s2(1− p coth(ϑt))ϕ(t)

∣∣p (e−ϑt sinh(ϑt)
)n−1

.

Observe that Φ(t) is bounded. Let M1 and M2 be the maximum of Φ(t) on
[
δ
2
, δ
2
+ 1
]

and [δ − 1, δ], respectively. Thus, using again (4.8) we have∫
Ω

|∆κuδ|p dvκ ≤M1 +M2 +
s2p

ϑn−1

∫ δ−1

δ
2
+1

(p coth(ϑt)− 1)p
(
e−ϑt sinh(ϑt)

)n−1
dt.

Since (p coth(ϑt) − 1)p is decreasing, e−ϑt sinh(ϑt) is increasing, and both expressions
are positive, we get∫
Ω

|∆κuδ|p dvκ ≤M1 +M2

+
s2p

ϑn−1

(
δ

2
− 2

)(
p coth

((
δ

2
+ 1

)
ϑ

)
− 1

)p(
1

2
− e−2ϑ(δ−1)

2

)n−1

def
= E2(δ). (4.10)
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Using the two estimates, we have

lim
δ→∞

∫
Ω

|∆κuδ|p dvκ∫
Ω

|uδ|p dvκ
≤ lim

δ→∞

E2(δ)

E1(δ)
= s2p(p− 1)p =

(
(n− 1)2|κ|(p− 1)

p2

)p

,

hence the inequality is sharp.

We highlight that the estimate from Theorem 4.4 is a novel result that has not yet
been established in such a general context. For a summary of milestone results related
to the clamped plate problem, see Section 2.3.2.

4.2.2 Buckling problem

Our spectral gap result concerning the buckling problem reads as follows.

Theorem 4.5 (see [39]). Let (M, g) be an n-dimensional Cartan–Hadamard manifold,
with n ≥ 2 and sectional curvature K ≤ κ, for some κ < 0. If Ω ⊆ M is a domain,
then for every u ∈ C∞

0 (Ω) one has∫
Ω

|∆gu|2 dvg ≥
(n− 1)2|κ|

4

∫
Ω

|∇gu|2 dvg. (4.11)

Moreover, the constant in (4.11) is sharp.

Proof. For simplicity denote ϑ =
√
−κ. Fix x0 ∈ Ω and let ρ = dg,x0 . In Theorem 4.2

let us choose
L ≡ (n− 1)ϑ, W ≡ C, G ≡ a, and H ≡ b,

for some constants C, a, b > 0, which will be determined later. Condition (C1’) clearly
holds. By Laplace comparison (see Theorem 2.1/(I)/(i)), one has

∆gρ ≥ (n− 1)ctκ(ρ) = (n− 1)ϑ coth(ϑρ) ≥ (n− 1)ϑ,

implying Condition (C2’). Inequality (4.3) from Condition (C3’) is equivalent to

Cb(n− 1)ϑ− Cb2 ≥ a2.

Provided that the above inequality holds, Theorem 4.2 implies∫
Ω

|∆gu|2 dvg ≥ (2a− C)
∫
Ω

|∇gu|2 dvg, ∀u ∈ C∞
0 (Ω).

To obtain the best spectral gap estimate we need to maximize

f(b, C)
def
= 2

√
Cb(n− 1)ϑ− Cb2 − C,

which can be obtained as

max
b,C

f(b, C) = f

(
(n− 1)ϑ

2
,
(n− 1)2ϑ2

4

)
=

(n− 1)2ϑ2

4
.



4.2. APPLICATIONS I: SPECTRAL GAP ESTIMATES 77

The proof of the sharpness is similar as before. Fix δ > 4 and choose

Ω = Mn
κ, ρ = dκ,x0 , s =

(n− 1)ϑ

p
, and uδ = ϕ(ρ)e−sρ,

where ϕ is the truncation function of (4.8). Since

∇κuδ = (ϕ′(ρ)− sϕ(ρ))e−sρ∇κρ,

using a polar coordinate transform and the second branch of (4.8) we have∫
Ω

|∇κuδ|2 dvκ =

∫ δ

δ
2

(ϕ′(t)− sϕ(t))2e−2st sinh
n−1(ϑt)

ϑn−1
dt

≥ s2

ϑn−1

∫ δ−1

δ
2
+1

e−2st sinhn−1(ϑt) dt

=
s2

ϑn−1

∫ δ−1

δ
2
+1

(
1

2
− e−2ϑt

2

)n−1

dt

≥ s2

ϑn−1

(
δ

2
− 2

)(
1

2
− e−ϑδ−2ϑ

2

)n−1

def
= E1(δ).

Recall the estimate (4.10) for p = 2 to obtain∫
Ω

|∆κuδ|2 dvκ ≤M1 +M2

+
s2p

ϑn−1

(
δ

2
− 2

)(
p coth

((
δ

2
+ 1

)
ϑ

)
− 1

)p(
1

2
− e−2ϑ(δ−1)

2

)n−1

def
= E2(δ),

where M1 and M2 is the maximum of the bounded function

Φ(t) =
(
s(2 coth(ϑt)− 2)ϕ′(t) + s2(1− 2 coth(ϑt))ϕ(t)

)2 (
e−ϑt sinh(ϑt)

)n−1
,

on the intervals
[
δ
2
, δ
2
+ 1
]
and [δ − 1, δ], respectively.

Using the two estimates, we have

lim
δ→∞

∫
Ω

|∆κuδ|2 dvκ∫
Ω

|∇κuδ|2 dvκ
≤ lim

δ→∞

E2(δ)

E1(δ)
= s2 =

(n− 1)2|κ|
4

,

hence the inequality is sharp.

We note that Theorem 4.5 is a novel result, which provides the spectral gap estimate
in general Cartan–Hadamard manifolds for p = 2. For a short summary of alternative
results regarding the buckling problem, see Section 2.3.3.
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4.2.3 Higher-order estimates

In the sequel, we present higher-order estimates concerning both the clamped plate
problem and the buckling problem. The proofs are built upon Theorems 4.4 & 4.5 and
inequality (2.37), hence they are symmetrization-free.

In case of the clamped plate problem, the following higher-order estimates hold.

Theorem 4.6 (see [39]). Let (M, g) be an n-dimensional Cartan–Hadamard manifold
with n ≥ 2 and sectional curvature K ≤ κ for some κ < 0. Let p > 1 and Ω ⊆M be a
domain. Then for every u ∈ C∞

0 (Ω) and k ≥ 1 with k ∈ N, one has∫
Ω

|∆k
gu|p dvg ≥

(
(n− 1)2(p− 1)κ2

p2

)kp ∫
Ω

|u|p dvg, (4.12)∫
Ω

|∇g∆
k
gu|p dvg ≥

(
(n− 1)κ

p

)p(
(n− 1)2(p− 1)κ2

p2

)kp ∫
Ω

|u|p dvg. (4.13)

Moreover, the constants in (4.12) and (4.13) are sharp.

Proof. Inequality (4.12) can be obtained by iterative applications of Theorem 4.4 for
the functions

u↣ ∆lu, for every l ∈ {0, 1, . . . , k − 1}.
To obtain (4.13), also apply the inequality (2.35) for the function u↣ ∆ku.

To prove sharpness, as before, fix δ > 4 and choose

Ω = Mn
κ, ρ = dκ,x0 , s =

(n− 1)ϑ

p
, and uδ = ϕ(ρ)e−sρ,

where ϑ =
√
−κ and ϕ is the truncation function of (4.8). For simplicity, denote

L(δ) = (n− 1)ctκ(δ) = (n− 1)ϑ coth(ϑδ) = ps coth(ϑδ).

To obtain the proof for general k ≥ 1, we have to compute ∆k
κuδ and give an

appropriate lower bound for it. This computation becomes increasingly involved for
higher values of k; however, based on the ideas used in case k = 1, we can significantly
simplify them.

The first observation is that the branches when t ∈ [ δ
2
, δ
2
+ 1] and t ∈ [δ − 1, δ] do

not have any contribution to the final limit. This is due to the fact that the integrands
are bounded, and the integration interval is of unit length; therefore, these integrals
are dominated by the leading term provided by the branch when t ∈ [ δ

2
+1, δ−1]. The

same phenomenon occurs when k ≥ 1. We can restrict our attention only to this case,
and technically we can assume in the sequel that ϕ = 1.

The second observation is that since u is radially symmetric, we have

∆κuδ = u′′δ + Lu′δ = s(s− L)e−sρ.

Based on the computation for the case k = 1, we are only interested in the asymptotic
behavior when δ →∞. One can easily verify that the k-th derivatives of L(δ) satisfy

lim
δ→∞

L(k)(δ) =

{
ps, if k = 0,

0, if k ≥ 1.
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Using this fact, for the bi-Laplacian one has

∆2
κuδ = u

(4)
δ + 2Lu

(3)
δ + L2u′′δ + L′′u′δ + 2L′u′′δ + LL′u′δ

∼ u
(4)
δ + 2Lu

(3)
δ + L2u′′δ = s2(s− L)2e−sρ ∼ s4(1− p)2esρ, as δ →∞.

By a similar argument, for general k ≥ 1 one has

∆k
κuδ ∼ s2k(1− p)ke−sρ, as δ →∞. (4.14)

Using the estimate (4.9) from the proof of the case when k = 1, we obtain

lim
δ→∞

∫
Ω

|∆k
κuδ|p dvκ∫

Ω

|uδ|p dvκ
= s2kp(1− p)kp =

(
(n− 1)2(p− 1)κ2

p2

)kp

.

Taking the gradient in relation (4.14) implies

∇κ∆
k
κuδ ∼ −s · s2k(1− p)ke−sρ, as δ →∞,

hence we obtain

lim
δ→∞

∫
Ω

|∇κ∆
k
κuδ|p dvκ∫

Ω

|uδ|p dvκ
= sps2kp(1− p)kp =

(
(n− 1)κ

p

)p(
(n− 1)2(p− 1)κ2

p2

)kp

,

which concludes the proof.

In case of the buckling problem, the following higher-order estimates hold.

Theorem 4.7 (see [39]). Let (M, g) be an n-dimensional Cartan–Hadamard manifold
with n ≥ 2 and sectional curvature K ≤ κ for some κ < 0. If Ω ⊆ M is a domain,
then for every u ∈ C∞

0 (Ω) and k ≥ 1 one has∫
Ω

|∆k
gu|2 dvg ≥

(
(n− 1)κ

2

)4k−2 ∫
Ω

|∇gu|2 dvg, (4.15)∫
Ω

|∇g∆
k
gu|2 dvg ≥

(
(n− 1)κ

2

)4k ∫
Ω

|∇gu|2 dvg. (4.16)

Proof. Inequality (4.15) can be obtained using inequality (4.12) for

p↣ 2, u↣ ∆gu, and k ↣ k − 1,

and applying Theorem 4.5. To obtain the inequality (4.16), combine the previous result
with the inequality (2.37) for

p↣ 2 and u↣ ∆ku.

The sharpness can be proved similarly as before: choose

Ω = Mn
κ, ρ = dκ,x0 , s =

(n− 1)ϑ

p
, uδ = ϕ(ρ)e−sρ,

where ϑ =
√
−κ and ϕ is the truncation function of (4.8). By letting δ → ∞, we

obtain the desired result.
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4.3 Applications II: Rellich inequalities

In this section, we present additional utilizations of our general functional inequalities
to obtain various Rellich inequalities on Cartan–Hadamard manifolds. First, we use
Theorem 4.1 to extend the weighted Rellich inequality to Cartan–Hadamard manifolds.
Next, based on this result, we state higher-order Rellich inequalities. Finally, we present
short proofs of some, formally well-known Rellich-type inequalities, suggesting further
applicability of Theorems 4.1 & 4.2.

4.3.1 Classical and weighted Rellich inequalities

The extension of the weighted Rellich inequality reads as follow; for the Euclidean
version, see Mitidieri [83, Theorem 3.1].

Theorem 4.8 (see [39]). Let (M, g) be an n-dimensional Cartan–Hadamard manifold,
with n ≥ 5. Let Ω ⊆M be a domain, and p, γ ∈ R such that

1 < p < n/2 and 2− n

p
< γ <

n(p− 1)

p
.

Fix x0 ∈ Ω and let ρ = dg,x0. Then for every u ∈ C∞
0 (Ω) one has∫

Ω

ργp|∆gu|p dvg ≥
(
n

p
− 2 + γ

)p(
n(p− 1)

p
− γ
)p ∫

Ω

|u|p

ρ(2−γ)p
dvg. (4.17)

Proof. In Theorem 4.1 we choose

L(t) =
n− 1

t
, W (t) =

C

t(2−γ)p
, w = tγp, G(t) =

a

t2p−2
, and H(t) =

b

t
,

for all t ∈ (0, supΩ ρ) and for some constants C, a, b > 0, which will be determined
later. Condition (C1) clearly holds, while a straightforward computation and the
Laplace comparison (see Theorem 2.1/(I)/(i)) imply Condition (C2). Inequality (4.1)
from Condition (C3) is equivalent to

f(a, b)
def
= a(p− 1)(2(b+ 1)n− (2 + b)2p)ap(2b(p− 1) + 4p− n− 2)γ

− ap2γ2 − (p− 1)a
p

p−1

≥ C.

The best value for the constant C is obtained as

max
a,b

f(a, b) = f

((
n

p
− 2 + γ

)p−1(
n(p− 1)

p
− γ
)p−1

,
n

p
− 2 + γ

)

=

(
n

p
− 2 + γ

)p(
n(p− 1)

p
− γ
)p

,

which provides the desired inequality (4.17).
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Corollary 4.9 (see [39]). By choosing γ = 0 in Theorem 4.8, we obtain the extension
of the classical Rellich inequality; namely, one has for every u ∈ C∞

0 (Ω) that∫
Ω

|∆gu|p dvg ≥
(
n

p
− 2

)p(
n(p− 1)

p

)p ∫
Ω

|u|p

ρ2p
dvg.

In particular, for p = 2 one has for every u ∈ C∞
0 (Ω) that∫

Ω

|∆gu|2 dvg ≥
n2(n− 4)2

16

∫
Ω

|u|2

ρ4
dvg. (4.18)

4.3.2 Higher-order variants of the classical Rellich inequality

Extension of higher-order Rellich inequalities can be stated as follows; for the Euclidean
versions, see Mitidieri [83, Theorem 3.3].

Theorem 4.10 (see [39]). Let (M, g) be an n-dimensional Cartan–Hadamard manifold,
with n ≥ 5. Let Ω ⊆ M be a domain, fix x0 ∈ Ω and define ρ = dg,x0. The following
inequalities hold:

(i) If k ≥ 1 and n > 2kp, then∫
Ω

|∆k
gu|p dvg ≥ Λr;1(k, p)

∫
Ω

|u|p

ρ2kp
dvg, ∀u ∈ C∞

0 (Ω),

where

Λr;1(k, p) =
k∏

s=1

(
n

p
− 2s

)p(
n(p− 1)

p
+ 2s− 2

)p

.

(ii) If k ≥ 1 and n > (2k + 1)p, then∫
Ω

|∇g∆
k
gu|p dvg ≥ Λr;2(k, p)

∫
Ω

|u|p

ρ(2k+1)p
dvg, ∀u ∈ C∞

0 (Ω)

where

Λr;2(k, p) =

(
n− p
p

)p k∏
s=1

(
n

p
− 2s− 1

)p(
n(p− 1)

p
+ 2s− 1

)p

.

Proof. To obtain (i), we apply Theorem 4.8 with the choices

u↣ ∆k−s
g u and γ ↣ 2− 2s, ∀s ∈ {1, . . . , k}.

To prove (ii), first apply Theorem 4.8 with the choices

u↣ ∆k−s
g u and γ ↣ 1− 2s, ∀s ∈ {1, . . . , k},

and then choose u↣ ∆k
gu in the following classical Hardy inequality∫

Ω

|∇gu|p dvg ≥
(
n− p
p

)p ∫
Ω

|u|p dvg, ∀u ∈ C∞
0 (Ω),

where 1 < p < n. The latter inequality follows e.g., from Corollary 3.15 for α = 0.
The sharpness of Λr;1(k, p) and Λr;2(k, p) can be proved in the usual way.
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4.3.3 Further Rellich inequalities

In this section we present further applications to our general functional inequalities
providing short proofs for additional Rellich-type inequalities.

Theorem 4.11 (see [39]). Let (M, g) be an n-dimensional Cartan–Hadamard manifold
(n ≥ 5). Let Ω = Bg,x0(1) ⊆ M be a ball centered at x0 ∈ M with unit radius. Define
ρ = dg,x0. Then for every u ∈ C∞

0 (Ω) one has∫
Ω

|∆gu|2 dvg ≥
n2(n− 4)4

16

∫
Ω

u2

ρ4
dvg +

n(n− 4)j20,1
2

∫
Ω

u2

ρ2
dvg,

where j0,1 denotes the first positive zero of the Bessel function J0.

Proof. Apply Theorem 4.1 for p = 2 with the following choices:

L(t) =
n− 1

t
, G(t) =

n(n− 4)

4t2
, and H(t) =

n− 4

2t
+
j0,1 · J1(j0,1t)
J0(j0,1t)

,

for all t ∈ (0, 1). A simple computation yields the desired inequality.

The second result deals with the case when K ≤ κ for some κ < 0, and can be
formulated as follows.

Theorem 4.12 (see [39]). Let (M, g) be an n-dimensional Cartan–Hadamard manifold
with n ≥ 5 and sectional curvature K ≤ κ for some κ < 0. Let Ω ⊆ M be a domain,
fix x0 ∈ Ω and define ρ = dg,x0. Then for every u ∈ C∞

0 (Ω) one has∫
Ω

|∆gu|2 dvg ≥
(n− 1)4|κ|2

16

∫
Ω

u2 dvg +
(n− 1)2|κ|

8

∫
Ω

u2

ρ2
dvg

+
(n− 1)3(n− 3)|κ|2

8

∫
Ω

u2

sinh2(κρ)
dvg.

Proof. We apply Theorem 4.1 by choosing

L(t) = (n− 1)
√
−κ coth(

√
−κt), G(t) =

(n− 1)2|κ|
4

, and

H(t) =
(n− 1)

√
−κ coth(

√
−κt)

2
− 1

2t
,

for all t > 0. The required inequality follows from a simple computation.

Remark 4.13. The inequality of Theorem 4.12 shall be compared to the main results
of Berchio, Ganguly, and Roychowdhury [14], where the authors established various
Rellich-type identities, which in turn imply sharp Rellich-type improvements on the
hyperbolic space.

The third result of the section is a simple application of Theorem 4.2.
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Theorem 4.14 (see [39]). Let (M, g) be an n-dimensional Cartan–Hadamard manifold
(n ≥ 8), Ω ⊆ M be a domain, x0 ∈ M be fixed and define ρ = dg,x0. Then for every
u ∈ C∞

0 (Ω) one has ∫
Ω

|∆gu|2 dvg ≥
n2

4

∫
Ω

|∇gu|2

ρ2
dvg.

Proof. We apply Theorem 4.2 with the choices

L(t) =
n− 1

t
, G(t) =

n(n− 4)

4t2
, H(t) =

n− 4

2t
, and W (t) =

n(n− 8)

4
,

for all t > 0, which provides the proof.

Remark 4.15. Note that Theorem 4.14 is expected to hold for every n ≥ 5; however,
the technical condition n ≥ 8 is required to guarantee the applicability of Theorem 4.2
(W > 0 whenever n ≥ 9, and if n = 8, then W = 0, in which case the proof of
Theorem 4.2 is obvious). A similar restriction also appeared in the Finsler context
when proving quantitative Rellich inequalities; see Kristály and Repovš [73], where
another approach was applied.





Chapter 5

Rellich inequalities on space forms

In this chapter, using the idea of Riccati pairs, we provide an alternative approach
for proving Rellich inequalities on model space forms. We notice that our method can
be extended to Riemannian manifolds with bounded sectional curvature; however, we
use the former setting for the simplicity of presentation. We also note that numerous
relevant applications are also formulated in this geometrical setting. The chapter is
structured as follows.

In Section 5.1 we present our abstract approach. First, in Section 5.1.1 we provide
a simplified definition of Riccati pairs (see Definition 5.1), which is tailored to prove
Hardy inequalities on space forms (as anticipated in Remark 3.6). Next, we introduce
dual Riccati pairs (see Definition 5.2), which can be used to prove Rellich inequalities
in the same setting. Finally, we establish three general functional inequalities.

The first inequality connects ∆κu and ∇rad
κ u, while the second inequality connects

∆κu and ∇κu; see Theorems 5.3/(i) & 5.3/(ii), respectively. Both inequalities impose
an extra condition on the parameter functions, which turns out to be less restrictive
in the first case. This motivates the third inequality, which connects ∇rad

κ u and u
(see Theorem 5.5), since its combination with the first inequality connects ∆κu and u.
Obviously, this can also be done by combining the second inequality with Theorem 3.5,
under more strict conditions. For this reason, when presenting applications, we follow
the former line of thought. It is also worth mentioning that, if we restrict ourselves to
space forms, Theorem 5.5 is stronger than Theorem 3.5, which follows from a simple
application of the Cauchy–Schwarz inequality (2.10).

In Section 5.2 we provide applications in the Euclidean setting, presenting both
the strengths and the limitations of the method. First, by combining Theorem 5.3/(i)
and Theorem 5.5 we provide a general functional inequality formulated in terms of
Bessel potentials (see Theorem 5.10). Next, we test two inequalities against our result:
The first inequality meets the imposed extra condition (see Corollary 5.11), while the
second does not (see Remark 5.12).

In Section 5.3 we provide applications on hyperbolic spaces. First, in Theorem 5.13
we establish a radial inequality, interpolating between a Rellich-type and a spectral gap
estimate-type inequality. Next, in Theorem 5.16 we present lower-order counterparts of
Theorem 5.13. Finally, in Theorem 5.18 we combine the previous two results, providing
a sophisticated non-radial inequality on hyperbolic spaces connecting ∆κu and u.

85
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5.1 General functional inequalities

In this section, we present an alternative, abstract approach for proving Rellich-type
inequalities on model space forms, using the idea of Riccati pairs from Chapter 3.
The choice of the geometrical setting, however, motivates a simplified definition of the
original notion that can be used to provide Hardy inequalities. Furthermore, it turns
out that Rellich inequalities require a corresponding dual notion. Both concepts are
presented in the next section.

5.1.1 Simplified Riccati pairs and dual Riccati pairs

Let κ ≤ 0 and recall from relation (2.7) the function Lκ : (0,∞)→ (0,∞),

Lκ(t) = (n− 1)ctκ(t).

A simplified definition of Riccati pairs refactored for space forms is as follows (for the
original version, see Definition 3.3).

Definition 5.1 (see [57]). Let κ ≤ 0 and Ω ⊆ Mn
κ be an open domain. Fix x0 ∈ Ω

and let ρ = dκ,x0 the distance from x0. Suppose that w,W : (0, supΩ ρ) → [0,∞) are
smooth functions. The couple (Lκ,W ) is a (ρ, w)-simplified Riccati pair on (0, supΩ ρ)
if there exists a smooth function G : (0, supΩ ρ)→ R such that the following ODI holds:

G′(t) +

(
Lκ(t) +

w′(t)

w(t)

)
G(t)−G(t)2 ≥ W (t), ∀t ∈ (0, supΩ ρ). (5.1)

A function G satisfying (5.1) is said to be admissible for (Lκ,W ).

The above inequality is a driving force for the Hardy-type functional inequalities.
However, as we shall see soon, the Rellich-type inequalities are more compatible with
its dual version, which can be stated as follows.

Definition 5.2 (see [57]). Let κ ≤ 0 and Ω ⊆ Mn
κ be an open domain. Fix x0 ∈ Ω

and let ρ = dκ,x0 the distance from x0. Suppose that v, V : (0, supΩ ρ) → [0,∞) are
smooth functions. The couple (Lκ, V ) is a (ρ, v)-dual Riccati pair on (0, supΩ ρ) if there
exists a smooth function H : (0, supΩ ρ)→ R such that the following ODI holds:

−H ′(t) +

(
Lκ(t)−

v′(t)

v(t)

)
H(t)−H(t)2 ≥ V (t), ∀t ∈ (0, supΩ ρ). (5.2)

A function H satisfying (5.2) is said to be dual admissible for (Lκ, V ).

We notice that the latter two concepts are in fact equivalent. Indeed, the following
changes of functions provide the transitions between the two differential inequalities:

H(t) = Lκ(t)−G(t), v(t) = w(t), and V (t) = W (t)− v′(t)

v(t)
Lκ(t)− L′

κ(t).

The motivation behind the introduction of the latter concept is to highlight the true
driving force of Rellich-type inequalities and to improve the clarity of the presentation.
The first result of the section is a general functional inequality, which can be stated as
follows.
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Theorem 5.3 (see [57]). Let κ ≤ 0 and Ω ⊆ Mn
κ be an open domain. Fix x0 ∈ Ω

and define ρ = dκ,x0. Suppose that (Lκ, V ) is a dual Riccati pair on (0, supΩ ρ) and H
is dual admissible for (Lκ, V ). Then the following statements hold.

(i) For every u ∈ C∞
0 (Ω) one has∫

Ω

v(ρ)|∆κu|2 dxκ ≥
∫
Ω

v(ρ)V (ρ)|∇rad
κ u|2 dxκ, (5.3)

provided that E1(t) = (v(t)H(t))′ + v(t)H(t)(Lκ(t)− 2ctκ(t)) ≥ 0, for all t > 0.

(ii) For every u ∈ C∞
0 (Ω) one has∫

Ω

v(ρ)|∆κu|2 dxκ ≥
∫
Ω

v(ρ)V (ρ)|∇κu|2 dxκ, (5.4)

provided that E2(t) = 2(v(t)H(t))′ + v(t)H(t)(H(t)− 2ctκ(t)) ≥ 0, for all t > 0.

Proof. It is well-known that
|ξ|2 ≥ 2ξη − |η|2, (5.5)

for every ξ, η ∈ R. Choose

ξ = ∆κu and η = H(ρ)⟨∇κu,∇κρ⟩

to obtain
|∆κu|2 ≥ 2H(ρ)∆κu⟨∇κu,∇κρ⟩ −H(ρ)2⟨∇κu,∇κρ⟩2.

Multiplying both sides by v(ρ) ≥ 0 and integrating over Ω yield∫
Ω

v(ρ)|∆κu|2 dxκ ≥ 2

∫
Ω

v(ρ)H(ρ)∆κu⟨∇κu,∇κρ⟩ dxκ−
∫
Ω

v(ρ)H(ρ)2⟨∇κu,∇κρ⟩2 dxκ.

First, applying an integration by parts (2.3) to the second term implies

I1
def
= 2

∫
Ω

v(ρ)H(ρ)∆κu⟨∇κu,∇κρ⟩ dxκ = −2
∫
Ω

∇κ (v(ρ)H(ρ)⟨∇κu,∇κρ⟩)∇κu dxκ

= −2
∫
Ω

(v(ρ)H(ρ))′⟨∇κu,∇κρ⟩2 dxκ − 2

∫
Ω

v(ρ)H(ρ)Hessκ(u)(∇κu,∇κρ) dxκ

− 2

∫
Ω

v(ρ)H(ρ)Hessκ(ρ)(∇κu,∇κu) dxκ.

Next, another integration by parts and the expression (2.12) concerning ∆κρ yield

I2
def
= −2

∫
Ω

v(ρ)H(ρ)Hessκ(u)(∇κu,∇κρ) dxκ

= −
∫
Ω

v(ρ)H(ρ)⟨∇κ|∇κu|2,∇κρ⟩ dxκ

=

∫
Ω

((v(ρ)H(ρ))′ + v(ρ)H(ρ)Lκ(ρ)) |∇κu|2 dxκ.
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Next, expression (2.13) concerning Hessκ(ρ), for V = ∇κu implies

I3
def
= −2

∫
Ω

v(ρ)H(ρ)Hessκ(ρ)(∇κu,∇κu) dxκ

= 2

∫
Ω

v(ρ)H(ρ)ctκ(ρ)
(
⟨∇κu,∇κρ⟩2 − |∇κu|2

)
dxκ.

Finally, by the above computation we obtain that

I4
def
=

∫
Ω

v(ρ)|∆κu|2 dxκ

≥
∫
Ω

(
−2(v(ρ)H(ρ))′ + 2v(ρ)H(ρ)ctκ(ρ)− v(ρ)H(ρ)2

)
|∇rad

κ u|2 dxκ

+

∫
Ω

((v(ρ)H(ρ))′ + v(ρ)H(ρ)Lκ(ρ)− 2v(ρ)H(ρ)ctκ(ρ)) |∇κu|2 dxκ. (5.6)

If E1 ≥ 0, then inequality (5.6) and the Cauchy–Schwarz inequality (2.10) imply∫
Ω

v(ρ)|∆κu|2 dxκ ≥
∫
Ω

(
−(v(ρ)H(ρ))′ + v(ρ)H(ρ)Lκ(ρ)− v(ρ)H(ρ)2

)
|∇rad

κ u|2 dxκ,

whence the dual Riccati ODI (5.2) yields the desired inequality (5.3).
Similarly, if E2 ≥ 0, then again inequalities (5.6), (2.10) and (5.2) imply the desired

inequality (5.4), concluding the proof.

Remark 5.4. We note that the above proof is valid for spaces with bounded sectional
curvature. In that case, one needs to apply both a Laplace and a Hessian comparison,
which have ‘opposite’ direction to each other, resulting the boundedness condition. We
opted to present our results in model space forms for simplicity and better readability.

The second result of the section is tailored to complement Theorem 5.3/(i). It can
be stated as follows.

Theorem 5.5 (see [57]). Let κ ≤ 0 and Ω ⊆Mn
κ be an open domain. Fix x0 ∈ Ω and

define ρ = dκ,x0. Suppose that (Lκ, V ) is a simplified Riccati pair on (0, supΩ ρ) and H
is admissible for (Lκ, V ). Then for every u ∈ C∞

0 (Ω) one has∫
Ω

w(ρ)|∇rad
κ u|2 dxκ ≥

∫
Ω

w(ρ)W (ρ)u2 dxκ. (5.7)

Proof. Choose ξ = ⟨∇κu,∇κρ⟩ and η = −G(ρ)u in the convexity inequality (5.5) to
obtain

⟨∇κu,∇κρ⟩2 ≥ −2G(ρ)u⟨∇κu,∇κρ⟩ −G(ρ)2u2.
Multiplying both sides by w(ρ) ≥ 0 and integrating over Ω yield∫

Ω

w(ρ)⟨∇κu,∇κρ⟩2 dxκ ≥ −
∫
Ω

2w(ρ)G(ρ)u⟨∇κu,∇κρ⟩ dxκ −
∫
Ω

w(ρ)G(ρ)2u2 dxκ.

Integration by parts (2.3) implies

−
∫
Ω

2w(ρ)G(ρ)u⟨∇κu,∇κρ⟩ dxκ =

∫
Ω

(w(ρ)G′(ρ)+w′(ρ)G(ρ)+w(ρ)G(ρ)Lκ(ρ))u
2 dxκ,

whence the Riccati ODI (5.1) finishes the proof of the desired inequality (5.7).
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Remark 5.6. The latter proof is analogous to the proof of Theorem 3.1/(i) & 3.5,
where similar steps with choices ξ = ∇κu and η = −G(ρ)u∇κρ imply the inequality:∫

Ω

w(ρ)|∇κu|2 dxκ ≥
∫
Ω

w(ρ)W (ρ)u2 dxκ, ∀u ∈ C∞
0 (Ω). (5.8)

According to the Cauchy–Schwarz inequality (2.10), the inequality stated in Theo-
rem 5.5 is stronger than the inequality (5.8).

Theorem 5.3/(i) can be used efficiently in combination with Theorem 5.5 to prove
Rellich-type inequalities. For illustrative purposes, we sketch an alternative proof of
the classical Rellich inequality (4.18) in Rn.

Example 5.7 (see [57]). If Ω ⊆ Rn, with n ≥ 5, then for every u ∈ C∞
0 (Ω) one has∫

Ω

|∆u|2 dx ≥ n2

4

∫
Ω

|∇radu|2

|x|2
dx ≥ n2(n− 4)2

16

∫
Ω

u2

|x|4
dx. (5.9)

Proof. On the one hand, in Theorem 5.3, let us choose

v(t) ≡ 1, H(t) =
n

2t
, and V (t) =

n2

4t2
, ∀t > 0.

For these choices, the dual Riccati inequality (5.2) is verified with equality; moreover,

E1(t) =
n(n− 4)

2t2
and E2(t) =

n(n− 8)

4t2
, ∀t > 0,

hence, for every u ∈ C∞
0 (Ω) one has∫

Ω

|∆u|2 dx ≥ n2

4

∫
Ω

|∇radu|2

|x|2
dx, (if n ≥ 5), (5.10)∫

Ω

|∆u|2 dx ≥ n2

4

∫
Ω

|∇u|2

|x|2
dx, (if n ≥ 8). (5.11)

On the other hand, in Theorem 5.5 choose

w(t) =
n2

4t2
, G(t) =

n− 4

2t
, and W (t) =

n2(n− 4)2

16t4
, ∀t > 0,

and combine the result with the inequality (5.10) to obtain (5.9).

We conclude this section with additional comments.

Remark 5.8. (a) As one can see, our results provide an efficient framework to prove
Rellich-type inequalities connecting |∆u|2 and u2 by combining Theorem 5.3/(i) and
Theorem 5.5. We notice that this can also be done by combining Theorem 5.3/(ii)
and Theorem 3.5 but at the price of some additional conditions, typically involving
restrictive dimension constraints.

(b) When presenting applications, we restrict ourselves to the first approach. We note,
however, that using Theorem 5.3/(ii), each of the obtained inequalities admits a non-
radial counterpart; in order to avoid technicalities we omit them from the presentation.

(c) We also note that our results use a simpler approach for Rellich inequalities than
other results from the literature, making them easy-to-use alternatives. In the next
sections, some exact comparisons are made.
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5.2 Applications I: Inequalities on Euclidean

spaces

In the Euclidean setting, a number of well-known Rellich inequalities are discussed
by Ghoussoub and Moradifam [50] in terms of Bessel potentials and/or Bessel pairs.
After recalling the related concepts, we discuss two novel inequalities among them,
which highlight the strengths and the limitations of our method. For the original proof
of the selected inequalities (5.14) & (5.15), see Adimurthi, Grossi, and Santra [2].

For better readability, we repeat the definition of Bessel potentials and Bessel pairs
introduced by Ghoussoub and Moradifam [50]; see Definitions 2.9 & 2.11, respectively.
A function Z > 0 is a Bessel potential on (0, R) if there exist a constant c > 0 and a
function z > 0 such that following ODE holds:

z′′(t) +
z′(t)

t
+ c · Z(t) · z(t) = 0, ∀t ∈ (0, R). (5.12)

The couple (X, Y ) of positive functions is a Bessel pair on (0, R) if there exist a constant
C > 0 and a function y > 0 such that following ODE holds:

y′′(t) +

(
n− 1

t
+
X ′(t)

X(t)

)
y′(t) +

C · Y (t)

X(t)
y(t) = 0, ∀t ∈ (0, R). (5.13)

The relation between the latter two concepts is presented in Proposition 2.12. The
next proposition should clarify how they are related to simplified Riccati pairs and
dual Riccati pairs.

Proposition 5.9 (see [57]). Concerning Bessel potentials (5.12), Bessel pairs (5.13),
simplified Riccati pairs (5.1) and dual Riccati pairs (5.2), the following relations hold:

(i) If equation (5.12) holds on (0, R), then relation (5.1) holds as well with equality,
for the choices:

G(t) = −z
′(t)

z(t)
+
n− 2

2t
, Lκ(t) =

n− 1

t
, w(t) ≡ 1, and

W (t) =
(n− 2)2

4t2
+ c · Z(t).

(ii) If equation (5.12) holds on (0, R), then relation (5.2) holds as well with equality,
for the choices:

H(t) =
n

2t
+
z′(t)

z(t)
, Lκ(t) =

n− 1

t
, v(t) ≡ 1, and V (t) =

n2

4t2
+ c · Z(t).

(iii) If equation (5.13) holds on (0, R), then relation (5.1) holds as well with equality,
for the choices:

G(t) = −y
′(t)

y(t)
, Lκ(t) =

n− 1

t
, w(t) = X(t), and W (t) =

C · Y (t)

X(t)
.



5.2. APPLICATIONS I: INEQUALITIES ON EUCLIDEAN SPACES 91

Using Theorems 5.3/(i) & 5.5 we obtain the following general result.

Theorem 5.10 (see [57]). Let n ≥ 5 and B ⊆ Rn be a ball centered at the origin
with radius R > 0. Suppose that Z is a Bessel potential on (0, R) with solution z

and best constant c, such that Condition (Z) holds. Define H(t) = n
2t

+ z′(t)
z(t)

. If

E1(t) = H ′(t) +H(t) · n−3
t
≥ 0 for all t ∈ (0, R), then for every u ∈ C∞

0 (B) one has∫
B

|∆u|2 dx ≥ n2(n− 4)2

16

∫
B

u2

|x|4
dx+ c

(
n2

4
+

(n− λ− 2)2

4

)∫
B

Z(|x|)u2

|x|2
dx.

Proof. Proposition 5.9/(ii) implies that the dual Riccati ODI (5.2) is verified for

H(t) =
n

2t
+
z′(t)

z(t)
, Lκ(t) =

n− 1

t
, v(t) ≡ 1, and V (t) =

n2

4t2
+ c · Z(t).

On the one hand, Theorem 5.3/(i) implies∫
B

|∆u|2 dx ≥ n2

4

∫
B

|∇radu|2

|x|2
dx+ c

∫
B

Z(t)|∇radu|2 dx.

On the other hand, using Proposition 2.13 & 5.9/(iii) and Theorem 5.5 we obtain∫
B

|∇radu|2

|x|2
dx ≥ (n− 4)2

4

∫
B

u2

|x|4
dx+ c

∫
B

Z(|x|)u2

|x|2
dx,∫

B

Z(|x|)|∇radu|2 dx ≥ (n− λ− 2)2

4

∫
B

Z(|x|)u2

|x|2
dx.

Combining these results yields the desired inequality.

We note that the proof of the above result is analogous to [50, Theorem 3.6]. Using
the notations of (2.46), i.e., for any function h let h[0](t) = t, h[1](t) = h(t), and
h[i](t) = h(h[i−1](t)), for all i ≥ 2; a corollary of Theorem 5.10 can be stated as follows.

Corollary 5.11 (see [57]). Let n ≥ 5 and B ⊆ Rn be a ball centered at the origin with
radius R > 0. If k ≥ 1 and r = R · exp[k−1](e), then for every u ∈ C∞

0 (Ω) one has∫
B

|∆u|2 dx ≥ n2(n− 4)2

16

∫
B

u2

|x|4
dx

+

(
1 +

n(n− 4)

8

) k∑
j=1

∫
B

u2

|x|4

(
j∏

i=1

log[i]

(
r

|x|

))−2

dx. (5.14)

Proof. By Example 2.10/(b) the functions

Zk,r(t) =
k∑

j=1

1

t2

(
j∏

i=1

log[i]

(r
t

))−2

and zk,r(t) =

(
k∏

i=1

log[i]

(r
t

)) 1
2

satisfy (5.12) for every t ∈ (0, R), with the best constant c = 1
4
; moreover, Condition (Z)

holds for λ = 2.
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Once we show that for all t ∈ (0, R) one has

E1(t) = H ′(t) +H(t) · n− 3

t
> 0, where H(t) =

n

2t
+
z′k,r(t)

zk,r(t)
,

we can apply Theorem 5.10, which provides the desired inequality. To see this, using
relation (5.12) it is enough to show for all t ∈ (0, R) that

−qk,r(t)2 + (n− 4)qk,r(t) +
n(n− 4)

2
− t2

4
Zk,r(t) ≥ 0, where qk,r(t) =

t · z′k,r(t)
zk,r(t)

.

To see this, observe that for all t ∈ (0, R) and i ∈ {1, 2, . . . , k − 1} one has

log[k]

(r
t

)
≥ 1 and log[i]

(r
t

)
≥ exp[k−1−i](e) ≥ e ≥ 2.

For the products, the following estimates hold for all t ∈ (0, R) and j ∈ {1, 2, . . . , k−1}:

k∏
i=1

log[i]

(r
t

)
≥ 2k−1 and

j∏
i=1

log[i]

(r
t

)
≥ 2j.

On the one hand, by simple computation, we obtain for all t ∈ (0, R) that

qk,r(t) = −
1

2

k∑
j=1

(
j∏

i=1

log[i]

(r
t

))−1

≥ −1

2

(
1 +

1

2
+

1

22
· · ·+ 1

2k−1
+

1

2k−1

)
> −1

and qk,r(t) < 0. On the other hand, for all t ∈ (0, R) one has

−t
2Zk,r(t)

4
≥ −1

4

(
1 +

1

22
+

1

24
+ · · ·+ 1

22(k−1)
+

1

22(k−1)

)
≥ −1

2
.

By the above computations, it is enough to show that

−q2 + (n− 4)q +
n2 − 4n− 1

2
≥ 0, ∀q ∈ (−1, 0).

The zeros of the latter polynomial are

q± =
n− 4

2
± 1

2

√
3n2 − 16n+ 14,

thus, a basic computation implies q− ≤ −1 < 0 < q+ for every n ≥ 5, which concludes
the proof.

The limitations of Theorem 5.10 can be illustrated using Example 2.10/(c) as fol-
lows.
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Remark 5.12. Let ℓ(t) = 1
1−log(t)

, k ≥ 1, R > 0 and consider the inequality∫
Ω

|∆u|2 dx ≥ n2(n− 4)2

16

∫
Ω

u2

|x|4
dx

+

(
1 +

n(n− 4)

8

) k∑
j=1

∫
Ω

u2

|x|4
j∏

i=1

ℓ2[i]

(
|x|
R

)
dx. (5.15)

The inequality (5.15) is generated by the Bessel potential with parameters

Z̃k,R(t) =
k∑

j=1

1

t2

j∏
i=1

ℓ2[i]

(
t

R

)
, z̃k,R(t) =

(
k∏

i=1

ℓ[i]

(
t

R

))− 1
2

, ∀t ∈ (0, R),

and c = 1
4
. Moreover, Condition (Z) holds for λ = 2. Observe that

lim
t→R

E1(t) = lim
t→R

(
H ′(t) +H(t) · n− 3

t

)
=
n− k
2

, where H(t) =
n

2t
+
z̃′k,r(t)

z̃k,r(t)
.

The above relation shows that if k > n, the positivity condition does not hold, and
therefore, Theorem 5.10 cannot be applied.

5.3 Applications II: Inequalities on hyperbolic

spaces

In this section, we show that our results can be used to provide Rellich inequalities on
hyperbolic spaces as well. To illustrate this, we provide an improved Rellich inequality,
which follows from Theorem 5.3/(i) & 5.5 for specific choices of parameter functions.
We also note that other alternative choices lead to several different inequalities, yielding
various possibilities.

The first result in this setting is the following interpolation inequality.

Theorem 5.13 (see [57]). Let κ < 0, n ≥ 5, and Ω ⊆ Hn
κ be an open domain. Fix

x0 ∈ Ω and denote by ρ = dκ,x0 the Riemannian distance from x0. Then for every
u ∈ C∞

0 (Ω) one has∫
Ω

|∆κu|2 dxκ ≥ |κ|λ
∫
Ω

|∇rad
κ u|2 dxκ + h2n(λ)

∫
Ω

|∇rad
κ u|2

ρ2
dxκ

+ |κ|
(
n2

4
− h2n(λ)

)∫
Ω

|∇rad
κ u|2

sinh2(
√
−κρ)

dxκ

+ γn(λ)hn(λ)

∫
Ω

(ρ ctκ(ρ)− 1)

ρ2
|∇rad

κ u|2 dxκ, (5.16)

where 0 ≤ λ ≤ (n−1)2

4
, γn(λ) =

√
(n− 1)2 − 4λ and hn(λ) =

γn(λ)+1
2

.
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Proof. In Theorem 5.3/(i) let us choose v(t) ≡ 1, as well as

H(t) =
(n
2
− hn(λ)

)
ctκ(t) +

hn(λ)

t
,

V (t) = |κ|λ+
h2n(λ)

t2
+ |κ|

(
n2

4
− h2n(λ)

)
1

sinh2(
√
−κt)

+ γn(λ)hn(λ)
t ctκ(t)− 1

t2
,

for all t > 0.
Observe that the dual Riccati ODI (5.2) is verified with equality; moreover,

E1(t) = |κ|
(n
2
− hn(λ)

)
+
hn(λ)((n− 3)t ctκ(t)− 1)

t2

+ |κ|(n− 4)
(n
2
− hn(λ)

)
coth2(

√
−κt)

is positive for all t > 0, since n ≥ 5, 1
2
≤ hn(λ) ≤ n

2
, and t ctκ(t) > 1, ∀t > 0.

Corollary 5.14 (see [57]). Choose λ = 0 in (5.16) to obtain for every u ∈ C∞
0 (Ω) that∫

Ω

|∆κu|2 dxκ ≥
n2

4

∫
Ω

|∇rad
κ u|2

ρ2
dxκ +

n(n− 1)

2

∫
Ω

(ρ ctκ(ρ)− 1)

ρ2
|∇rad

κ u|2 dxκ.

Corollary 5.15 (see [57]). Choose λ = (n−1)2

4
in (5.16) to obtain for every u ∈ C∞

0 (Ω)
that ∫

Ω

|∆κu|2 dxκ ≥
(n− 1)2|κ|

4

∫
Ω

|∇rad
κ u|2 dxκ +

1

4

∫
Ω

|∇rad
κ u|2

ρ2
dxκ

+
(n2 − 1)|κ|

4

∫
Ω

|∇rad
κ u|2

sinh2(
√
−κρ)

dxκ.

Lower-order counterparts of Corollary 5.15 can be stated as follows.

Theorem 5.16 (see [57]). Let κ < 0, n ≥ 5, and Ω ⊆ Hn
κ be an open domain. Fix

x0 ∈ Ω and denote by ρ = dκ,x0 the Riemannian distance from x0. Then for every
u ∈ C∞

0 (Ω) one has∫
Ω

|∇rad
κ u|2 dxκ ≥

(n− 1)2|κ|
4

∫
Ω

u2 dxκ +
1

4

∫
Ω

u2

ρ2
dxκ

+
(n− 1)(n− 3)|κ|

4

∫
Ω

u2

sinh2(
√
−κρ)

dxκ, (5.17)∫
Ω

|∇rad
κ u|2

ρ2
dxκ ≥

9

4

∫
Ω

u2

ρ4
dxκ − (n− 1)

∫
Ω

ctκ(ρ)

ρ3
dxκ +

(n− 1)2|κ|
4

∫
Ω

u2

ρ2
dxκ

+
(n− 1)(n− 3)|κ|

4

∫
Ω

u2

ρ2 sinh2(
√
−κρ)

dx, (5.18)∫
Ω

|∇rad
κ u|2

sinh2(
√
−κρ)

dxκ ≥
1

4

∫
Ω

u2

t2 sinh2(
√
−κρ)

dxκ +
(n− 3)2|κ|

4

∫
Ω

u2

sinh2(
√
−κρ)

dxκ

+
(n− 3)(n− 5)|κ|

4

∫
Ω

u2

sinh4(
√
−κρ)

dxκ. (5.19)
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Proof. All these inequalities follow from Theorem 5.5. In each case, the choice of G is

G1(t) =
n− 1

2
ctκ(t)−

1

2t
, G2(t) =

n− 1

2
ctκ(t)−

3

2t
, and G3(t) =

n− 3

2
ctκ(t)−

1

2t
,

respectively, while
Lκ(t) = (n− 1)ctκ(t),

and the functions w and W must be chosen corresponding to the left- and right-hand
side of the given inequality.

Remark 5.17. We note that non-radial versions of the latter three inequalities can
be obtained using Theorem 3.5 by choosing the same parameter functions; see also
Section 3.2.4 and the results therein.

We conclude the section with the following result, which combines Theorem 5.16
and Corollary 5.15. This last result can be stated as follows.

Theorem 5.18 (see [57]). Let κ < 0, n ≥ 5, and Ω ⊆ Hn
κ be an open domain.

Fix x0 ∈ Ω and denote ρ = dκ,x0 the Riemannian distance from x0. Then for every
u ∈ C∞

0 (Ω) one has∫
Ω

|∆κu|2 dxκ ≥
(n− 1)4|κ|

16

∫
Ω

u2 dxκ +
(n− 1)2|κ|

8

∫
Ω

u2

ρ2
dxκ

+
(n− 1)2|κ|

8

∫
Ω

u2

ρ2 sinh2(
√
−κρ)

dxκ

+
(n− 1)(n− 3)(n2 − 2n− 1)κ2

8

∫
Ω

u2

sinh2(
√
−κρ)

dxκ

− (n− 1)κ

4

∫
Ω

ctκ(ρ)|u2|
t3

dxκ

+
(n2 − 1)(n− 3)(n− 5)κ2

16

∫
Ω

u2

sinh4(
√
−κρ)

dxκ +
9

16

∫
Ω

u2

ρ4
dxκ.

Proof. Combining inequalities (5.17), (5.18) and (5.19) as well as inequality (5.16), and
a simple computation yield the proof.





Chapter 6

Hardy inequalities on Finsler
manifolds

In this chapter, we revisit Riccati pairs and Hardy-type inequalities, but now form a
Finslerian point of view. For a brief summary of relevant concepts of Finsler geometry,
see Section 2.2.

The natural habitat for the Finslerian Hardy-type inequalities is a Finsler metric
measure manifold (M,F,m) (or FMMM for short), which is a differentiable manifoldM
equipped with a smooth, positive-homogeneous metric F on the tangent bundle TM ,
and a smooth positive measure m. When formulating Hardy inequalities in this setting,
the expression |∇u(x)| is replaced by either max{F ∗(±Du)} or F ∗(Du), where F ∗ is
the dual metric of F , and Du denotes the derivative of u (see relations (2.16) & (2.23)).
The quantity |x| is typically replaced by a distance function ρ = d(x0, ·) from a point
x0 ∈M . It turns out that three quantities control the behavior of Hardy inequalities:

• The flag curvature K (see relation (2.26)), which is the natural Finslerian extension
of the sectional curvature of Riemannian manifolds.

• The S-curvature S (see relation (2.27)), which is a pure Finslerian quantity that
measures the rate of change of distortion along geodesics. For convenience, one
can also use the reduced S-curvature S = S/F .

• The reversibility λF (M) = sup(x,y)∈TM rev(x, y), where rev(x, y) = F (x,−y)
F (x,y)

. Note

that 1 ≤ λF (M) ≤ +∞. If λF (M) = 1, then the manifold is said to be reversible.
In particular, every Riemannian metric is reversible.

Focusing on spaces with non-positive curvature (K ≤ 0), a fundamental inequality
is the Finslerian version of the classical Hardy inequality, which is due to Huang,
Kristály, and Zhao [56, Theorem 1.4]. It states that if K ≤ 0 and S ≤ 0, then one has∫

M

max{F ∗(±Du)}2 dm ≥
(
n− 2

2

)2 ∫
M

u2

ρ2
dm, ∀u ∈ C∞

0 (M); (6.1)

in addition, if F is reversible, then the constant
(
n−2
2

)2
is sharp. On the other hand,

since λF (M)F ∗(Du) ≥ max{F ∗(±Du)}, we also have

λF (M)2
∫
M

F ∗(Du)2 dm ≥
(
n− 2

2

)2 ∫
M

u2

ρ2
dm, ∀u ∈ C∞

0 (M). (6.2)

97
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Note that if λF (M) = 1, then inequalities (6.1) & (6.2) coincide. If λF (M) = +∞,
then left hand side of the latter inequality blows up. In this case, the authors in [56,
Example 6.2] showed that concerning the Funk metric with K = −1

2
, S = n+1

2
, and

λF = +∞ one has

inf
u∈C∞

0 (M)

∫
M
F ∗2(Du) dm∫
M

u2

ρ2
dm

= 0,

which aligns (in some sense) with inequality (6.2). We also refer to Kristály, Li, and,
Zhao [75, Theorem 1.1] for additional results describing the failure of various functional
inequalities. In the remaining case when 1 < λF (M) <∞, to the best of our knowledge,
there is no evidence on the sharpness of (6.1) & (6.2). In fact, we are not aware of any
particular examples where the sharpness persists.

Concerning spaces with strong negative curvature, (K ≤ −κ2 < 0) a fundamental
inequality is the celebrated spectral gap estimate of McKean [79]: if a Riemannian
manifold has strong negative sectional curvature, then there exist a positive, domain
independent lower bound for the first eigenvalue of the Laplacian (which is also the
fundamental tone of the fixed membrane). The Finslerian version of this result is due
to Yin and He (see [108, Theorem 3.5]), which can be stated as follows (for p = 2): if
K ≤ −κ2 and supTM |S| < (n− 1)κ for some κ > 0, and λF (M) <∞, then

inf
u∈W 1,2

0 (M)

∫
M
F ∗(Du)2 dm∫
M
|u|2 dm

≥
(
(n− 1)κ− supTM |S|

2λ

)2

. (6.3)

The goal of tha chapter is twofold. Fist, we provide a Finslerian extension of the
method of Riccati pairs, which can yield inequalities of type (6.1), (6.2) & (6.3). Next,
we address the issue of sharpness, and provide some special Finsler manifolds on which
the obtained inequalities turn out to be sharp. Our constructions also suggest that it
is enough to consider the relevant curvature assumptions along geodesics starting from
a point. The plan of the chapter is as follows.

In Section 6.1 we present out Finslerian extension of Riccati pairs, for the main
result, see Theorem 6.1. In Section 6.1.1 we provide some applications: In Theorem 6.3
we prove a weighted version of Hardy inequalities (6.1) & (6.2). In Theorem 6.4, we
provide a McKean-type spectral gap estimate in the Finsler setting.

In Section 6.2 we address the issue of sharpness in case of non-positive flag curvature.
First, in Section 6.2.1 we construct a family of Finsler spaces on which we investigate
the sharpness (see Theorem 6.5). Next, in Section 6.2.2 we establish some sufficient
conditions for the sharpness of a Hardy-type inequality on the aforementioned spaces
(see Theorem 6.7). Finally, in Section 6.2.3 we provide an application: We prove the
sharpness of (the weighted version of) inequalities (6.1) & (6.2) on the constructed
spaces (see Theorem 6.8 and Corollary 6.9).

In Section 6.3 we proceed similarly in case of the strong negative flag curvature.
First, in Section 6.3.1 we construct a family of Finsler spaces on which we investigate
the sharpness (see Theorem 6.10). Next, in Section 6.3.2 we establish some sufficient
conditions for the sharpness of a Hardy-type inequality on the constructed spaces (see
Theorem 6.12). Finally, in Section 6.3.3 we provide an application: We prove the
sharpness of a McKean-type estimate (see Theorem 6.13).
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6.1 A Finslerian extension of Riccati pairs

In this section, we present a Finslerian extension of the approach of Riccati pairs
presented in Section 3.2. The key ideas of the proof are similar, however, some extra
workarounds are needed due to the specificities of the Finsler geometry. Our extension
can be stated as follows.

Theorem 6.1 (see [58]). Let (M,F,m) be a forward complete, non-compact FMMM,
with dimension n ≥ 2 and reversibility λ ∈ (1,∞). Let Ω ⊆ M be a domain, p > 1,
x0 ∈ M and ρ = d(x0, ·) the distance from x0. Suppose that the couple (L,W ) is a
(p, ρ, w)-Riccati pair in (0, supΩ ρ) that is

(c1’) L,W,w : (0, supΩ ρ)→ (0,∞) such that L,W are continuous and w is C1;

(c2’) ∆Fρ ≥ L(ρ) in the distributional sense in Ω;

(c3’) there exists a C1 function G : (0, supΩ ρ)→ (0,∞) such that the following Riccati
ODI holds:

(G(t)w(t))′ +G(t)w(t)L(t)− (p− 1)G(t)p
′
w(t) ≥ W (t)w(t), (6.4)

where t ∈ (0, supΩ ρ) and p
′ = p

p−1
. Then for every u ∈ C∞

0 (Ω) one has

λp
∫
Ω

w(ρ)F ∗(Du)p dm ≥
∫
Ω

w(ρ)max{F ∗(±Du)}p dm ≥
∫
Ω

w(ρ)W (ρ)|u|p dm. (6.5)

Proof. The convexity of the map ξ 7→ F ∗(ξ)p implies

F ∗(ξ)p ≥ F ∗(η)p +

〈
ξ − η, ∂

∂η
F ∗(η)p

〉
, ∀ξ, η ∈ T ∗Ω. (6.6)

By using the chain rule and the properties of Legendre transforms (see relations (2.20) &
(2.21)), we obtain

F ∗(ξ)p ≥ pF ∗(η)p−2⟨ξ, ℓ∗(η)⟩ − (p− 1)F ∗(η)p, ∀ξ, η ∈ T ∗Ω. (6.7)

Introduce the notation

sgn(t) =


1 if t > 0,

0 if t = 0,

−1 if t < 0,

and let us make in inequality (6.7) the following choices:

ξ = − sgn(u)Du and η = sgn(u)G(ρ)
1

p−1uDρ. (6.8)

On the one hand, the positive homogeneity of F ∗ implies

pF ∗(η)p−2 = pG(ρ)
p−2
p−1F ∗(Dρ)p−2|u|p−2,

(p− 1)F ∗(η)p = (p− 1)G(ρ)p
′
F ∗(Dρ)p|u|p.
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On the other hand, since ℓ∗ is positive homogeneous and the canonical pairing is
bilinear, we have

⟨ξ, ℓ∗(η)⟩ = −G(ρ)
1

p−1u⟨Du, ℓ∗(Dρ)⟩.
Thus, the chain rule yields

pF ∗(η)p−2⟨ξ, ℓ∗(η)⟩ = −G(ρ)F ∗(Dρ)p−2⟨D(|u|p), ℓ∗(Dρ)⟩.

By the above computations, it follows that

F ∗(− sgn(u)Du)p ≥ −G(ρ)F ∗(Dρ)p−2⟨D(|u|p), ℓ∗(Dρ)⟩ − (p− 1)G(ρ)p
′
F ∗(Dρ)p|u|p.

Multiplying both sides by w(ρ) > 0 and integrating over Ω yields∫
Ω

w(ρ)F ∗(− sgn(u)Du)p dm ≥ −
∫
Ω

w(ρ)G(ρ)F ∗(Dρ)p−2⟨D(|u|p), ℓ∗(Dρ)⟩ dm

− (p− 1)

∫
Ω

w(ρ)G(ρ)p
′
F ∗(Dρ)p|u|p dm. (6.9)

First, by the eikonal equation (2.18), both the factors F ∗(Dρ)p−2 and F ∗(Dρ)p can be
omitted. Second, the integration by parts formula (2.25) for u1 = w(ρ)G(ρ)|u|p and
u2 = ρ implies∫

Ω

(w(ρ)G(ρ)∆Fρ)|u|p dm = −
∫
Ω

(w(ρ)G(ρ))′⟨Dρ,∇ρ⟩|u|p dm

−
∫
Ω

w(ρ)G(ρ)⟨D(|u|p),∇ρ⟩ dm.

Next, since ∇ρ = ℓ∗(Dρ), by relation (2.19) and the eikonal equation, the factor
⟨Dρ,∇ρ⟩ can also be omitted. Thus, inequality (6.9) can be rewritten as∫

Ω

w(ρ)F ∗(− sgn(u)Du)p dm ≥
∫
Ω

((w(ρ)G(ρ))′ + w(ρ)G(ρ)∆Fρ) |u|p dm

−
∫
Ω

(p− 1)w(ρ)G(ρ)p
′|u|p dm.

Next, since w and G are positive, condition (c2’) implies∫
Ω

w(ρ)F ∗(− sgn(u)Du)p dm ≥
∫
Ω

((w(ρ)G(ρ))′ + w(ρ)G(ρ)L(ρ)) |u|p dm,

−
∫
Ω

(p− 1)w(ρ)G(ρ)p
′|u|p dm,

thus, applying the Riccati ODI (6.4) from condition (c3’) yields∫
Ω

w(ρ)F ∗(− sgn(u)Du)p dm ≥
∫
Ω

w(ρ)W (ρ) dm.

Finally, since λF (M) = λF ∗(M) = λ (see relation (2.17)), one has

λF ∗(Du) ≥ max{F ∗(±Du)} ≥ F ∗(− sgn(u)Du), (6.10)

which combined with the positivity of w finishes the proof.
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Several comments are in order.

Remark 6.2. (a) The above theorem extends the combination of Theorems 3.1 & 3.5.
For a more simple presentation we imposed more simpler but stricter conditions on
the parameters: We assumed smoothness instead of local integrability, eliminated an
extra parameter, considered only distances from a point, and so on. However, if the
applications require, one can easily relax these conditions, without affecting the proof.

(b) Conceptually, Theorem 6.1 has the same benefit as its Riemannian counterpart: It
reduces the proof of a Hardy inequality from the relation (6.5) to the solvability of the
Riccati ODI (6.4). In addition, the Riemannian applications presented in Section 3.2
gain natural Finslerian extensions: One only needs to formally replace |∇u| by either
max{F ∗(±Du)} or λF ∗(Du) in the corresponding inequalities. In addition, by using a
similar scaling argument as in the proof Theorem 3.1/(ii) one can deal with uncertainty
principles (such as the Heisenberg–Pauli–Weyl uncertainty principle and the Hydrogen
uncertainty principle) and Caffarelli–Kohn–Nirenberg inequalities. The details are left
to the interested reader.

(c) Theorem 6.1 highlights the effect of K, S, and rev on Hardy inequalities. First,
condition (c2’) is ensured by the Laplace comparison theorem (see Theorem 2.3), the
exact form of L depends on the upper bound of the flag curvature K and the reduced
S-curvature S along the geodesics starting from x0. The effect of reversibility is made
precise in relation (6.10).

(d) Theorem 6.1 also gives some hints about the sharpness of Hardy-type inequalities:
one can expect the inequalities of (6.5) to be close to the equality if the inequality
of condition (c2’), the inequalities from (6.10), and the convexity inequality (6.6) are
close to equality. The first two of them are related to the geometry of the ambient
space (see also Theorem 2.3), while the third provides information concerning u.

Define the limit function u⋆ of the Hardy inequality (3.5), as a radially symmetric
function u⋆ = v(ρ) for some v : (0, supΩ ρ)→ R, for which ξ = η in relation (6.8), and
thus inequality (6.6) becomes an equality. Then we obtain

−(log(v(t)))′ = −v
′(t)

v(t)
= G(t)

1
p−1 , ∀t ∈ (0, supΩ ρ).

For u = u⋆ the integrals of the inequality (3.5) do not converge (there exists no extremal
function), but considering its approximations/truncations may yield sharpness. To get
close to the equality in (c2’) & (6.10), in Sections 6.2.1 & 6.3.1, we construct some
suitable spaces for these approximations. We note, however, that a general proof of
sharpness (if exists) would not require such constructions.

6.1.1 Applications

In this section, by applying Theorem 6.1, we prove a Finslerian version of a weighted
Hardy inequality and a McKean-type spectral gap estimate. We note that our choice
of parameters agree with the corresponding Riemannian counterparts from Section 3.2.
The first application can be stated as follows.



102 CHAPTER 6. HARDY INEQUALITIES ON FINSLER MANIFOLDS

Theorem 6.3 (see [58]). Let (M,F,m) be a forward complete, non-compact FMMM,
with dimension n ≥ 3, and reversibility λ <∞. Let Ω ⊆M be a domain, x0 ∈M and
ρ = d(x0, ·) the distance from x0. Suppose that K ≤ 0, S ≤ 0 along ∇ρ. Let α, p ∈ R
such that 1 < p < n+ α. Then for every u ∈ C∞

0 (Ω) one has

λp
∫
Ω

ρα · F ∗(Du)p dm ≥
∫
Ω

ρα ·max{F ∗(±Du)}p dm ≥ cn,p,α

∫
Ω

ρα
|u|p

ρp
dm, (6.11)

where cn,p,α =
(

n+α−p
p

)p
.

Proof. In Theorem 6.1 let us choose Ω =M \ {x0}, as well as,

w(t) = tα, L(t) =
n− 1

t
, W (t) = cn,p,α ·

1

tp
, and G(t) = (cn,p,α)

p−1
p · 1

tp−1
,

for every t > 0. Obviously, the above functions satisfy (c1’). The Laplace comparison
(see Theorem 2.3) implies that (c2’) holds as well. By a simple computation, the
Riccati ODI of condition (c3’) is verified with equality. Thus, Theorem 6.1 implies that
inequality (6.11) holds for every u ∈ C∞

0 (M \{x0}). Finally, according to Remark 3.14,
since the p-capacity of ρ−1(0) ⊂ M is zero, thus, inequality (6.11) holds for every
u ∈ C∞

0 (M) as well.

We notice that Zhao in [109, Theorem 1.1] showed that if K ≤ 0 (globally) and
S ≥ 0 along ∇←−ρ , where ←−ρ = d(·, x0), then one has∫

Ω

←−ρ α ·max{F ∗(±Du)}2 dm ≥ cn,p,α

∫
Ω

←−ρ α |u|p←−ρ p
dm, ∀u ∈ C∞

0 (M);

additionally, if F is reversible, then the constant cn,p,α is sharp. Since, S ≥ 0 along
∇←−ρ if and only if S ≤ 0 along ∇ρ, this result perfectly aligns with inequality (6.11).

The second application can be stated as follows.

Theorem 6.4 (see [58]). Let (M,F,m) be a forward complete, non-compact FMMM,
with dimension n ≥ 3, and reversibility λ <∞. Let Ω ⊆M be a domain, x0 ∈M and
ρ = d(x0, ·) the distance from x0. Suppose that K ≤ −κ2, S ≤ (n− 1)h along ∇ρ, for
some κ > h ≥ 0, and let p > 1. Then for every u ∈ C∞

0 (Ω) one has

λp
∫
Ω

F ∗(Du)p dm ≥
∫
Ω

max{F ∗(±Du)}p dm ≥ cn,p,κ,h

∫
Ω

|u|p dm, (6.12)

where cn,p,κ,h =
(

(n−1)(κ−h)
p

)p
.

Proof. In Theorem 6.1 let us choose Ω =M , as well as

w(t) ≡ 1, L(t) ≡ (n− 1)(κ− h), W (t) ≡ cn,p,κ,h, and G(t) ≡ (cn,p,κ,h)
p−1
p .

These functions satisfy (c1’), by the Laplace comparison theorem (see Theorem 2.3)
one has

∆F (ρ) ≥ (n− 1)(κ coth(κρ)− h) ≥ (n− 1)(κ− h) = L,

hence (c2’) holds as well. The Riccati ODI from (c3’) is verified with inequality, thus,
Theorem 6.1 proves inequality (6.12).
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6.2 Sharp Hardy inequalities – non-positive

curvature

In this section, we present our sharpness results concerning Hardy-type inequalities
assuming non-positive flag curvature. First, in Section 6.2.1, we present a family of
Finsler spaces on which our sharpness results are established (see Theorem 6.5). Next,
In Section 6.2.2, we provide some sufficient conditions ensuring the sharpness of Hardy
inequalities obtained by Riccati pairs, on the aforementioned spaces (see Theorem 6.7).
Finally, in Section 6.2.3 we present an application: In Theorem 6.8 we prove a sharpness
result concerning a weighted Hardy inequality, as a consequence we also obtain the
sharpness of the classical Finlserian Hardy inequality (see Corollary 6.9).

In the sequel, we use various properties of projectively flat Randers spaces; we refer
to Section 2.2.2 for a brief summary on these special manifolds.

6.2.1 Construction

According to the proof of Theorem 6.1 (see also Remark 6.2/(d)) an ideal space for
discussing the sharpness of Hardy-type inequalities has a radially symmetric metric F
and constant K, S, and rev along geodesics starting for a point x0. Unfortunately,
such spaces are not available in the Finsler setting, however, we can make the following
observation.

Consider the triple (Rn, F,m), where F : Rn × Rn → [0,∞) is defined by

F (x, y) = |y| − ⟨x, y⟩θ
|x|

, if x ̸= O and F (O, y) = |y|, (6.13)

for some θ ∈ (0, 1) and m stands for the Busemann–Hausdorff measure induced by F .
Here, O ∈ Rn is the origin, | · | and ⟨·, ·⟩ denote the norm and the inner product in
Rn. The function F is not a Finsler metric, since it is not continuous at the origin.
However, it has various remarkable properties (away from O).

On the one hand, since relation (2.29) holds, Theorem 2.4 implies projectively
flatness, i.e. all the geodesics are straight (Euclidean) lines. Denote ρ = d(O, ·) the
Finslerian distance from the origin. Since the geodesics starting from the origin are
precisely the integral curves of ∇ρ, if follows that x is parallel with ∇ρ, as vectors in
Rn. Hence, using Proposition 2.5 and the homogeneity of the flag curvature and the
reduced S-curvature, we obtain

K(x,∇ρ(x)) = K(x, x) = 0 and S(x,∇ρ(x)) = S(x, x) = 0, (6.14)

for every x ∈ Rn with x ̸= O; which precisely means that K = 0, S = 0 along ∇ρ.
On the other hand, by an easy computation we obtain for every x, y ∈ Rn that

rev(x, y) ≤ rev(x, x) =
1 + θ

1− θ
def
= λ, if x ̸= O, and rev(O, y) = 1, (6.15)

hence λF (Rn) = λ ∈ (1,∞). If u = v(ρ) is a radially symmetric function with v′ < 0,
then one has equality in (6.10); the latter provides the difference between the two
common forms of Hardy inequalities in the Finsler setting (compare (6.1) & (6.2)).
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To remedy the discontinuity at the origin, one could simply puncture the space
(considering only Rn \ {O}), which results in loss of computational convenience: By
construction, the distance from O is easier to compute than the distance from any
other base point. An other option (what is chosen here) is to ‘smooth out’ the jump
at the origin, which can be done by a careful approximation of F , partially retaining
the aforementioned favorable properties. We have the following result.

Theorem 6.5 (see [58]). Let λ ∈ (1,∞) and θ = λ−1
λ+1

. Construct the family F0,0,λ =
{(Rn, Fε,mε)}ε>0 of FMMMs, where Fε : TRn ≃ Rn × Rn → [0,∞) is defined by

Fε(x, y) = |y| −
⟨x, y⟩(|x|+ 2ε)θ

(|x|+ ε)2
, (6.16)

and mε is the Busemann–Hausdorff measure induced by Fε. The following statements
hold:

(i) For every ε > 0, the triple (Rn, Fε,mε) is a Finsler metric measure manifold. In
addition, Fε is a projectively flat Randers metric, with reversibility λFε(Rn) = λ.

(ii) For every x ∈ Rn with x ̸= 0 one has

Kε(x, x)→ 0, Sε(x, x)→ 0, and revε(x, x)→ λ, as ε→ 0.

(iii) For every ε > 0 and x ∈ Rn, one has

Kε(x, x) ≤ 0, Sε(x, x) ≤ 0, and revε(x, x) ≤ λ.

Proof. Denote r = |x|. Using the familiar notation of Randers metrics presented in
Section 2.2.2, we can write

Fε(x, y) =
√
aij(x)yiyj + bi(x)y

i, where aij(x) = δij and bi(x) = −
xi(r + 2ε)θ

(r + ε)2
,

while δij is the Kronecker delta (see (2.32)). Since aij(x) = {aij(x)}−1 = δij, we have

∥b(x)∥a =
√
aij(x)bi(x)bj(x) =

r(r + 2ε)θ

(r + ε)2
< θ < 1.

Obviously Fε is smooth, hence it is a Randers metric on Rn. In addition, according
to Remark 2.6, the metric Fε is projectively flat. Indeed, the Euclidean metric is
projectively flat, and one has

bi dx
i = Dβ(x), where β(x) = −

(
r +

ε2

r + ε

)
θ.

Let O ∈ Rn be the origin. For ρε(x) = d(O, x) and ←−ρε(x) = d(x,O) we obtain:

ρε(x) = r · r(1− θ) + ε

r + ε
and ←−ρε(x) = r · r(1 + θ) + ε

r + ε
.
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In addition, one has

Dρε(x) =

(
1

r
− (r + 2ε)θ

(r + ε)2

)
· x and ∇ρε(x) =

(r + ε)2

r(r + ε)2 − r2(r + 2ε)θ
· x. (6.17)

According to relation (2.31), the density of the Busemann–Hausdorff measure mε in-
duced by Fε is

σFε(x) =

(
1− r2(r + 2ε)2θ2

(r + ε)4

)n+1
2

.

By Proposition 2.5, for every ε > 0 and x ∈ Rn we obtain

Kρε(r)
def
= Kε(x, x) = −

3ε2(r + ε)4θ(1− θ)
((r + ε)2 − r(r + 2ε)θ)4

≤ 0,

Sρε(r)
def
= Sε(x, x) = −

(n+ 1)ε2(r + ε)θ

(r + ε)4 − r2 (r + 2ε)2 θ2
≤ 0,

revρε(r)
def
= revε(x, x) =

1 + ∥b(x)∥a
1− ∥b(x)∥a

=
1 + r(r+2ε)θ

(r+ε)2

1− r(r+2ε)θ
(r+ε)2

≤ 1 + θ

1− θ
= λ.

Considering the limit cases of the above inequalities, we obtain

lim
r→∞

Kρε(r) = 0, lim
r→∞

Sρε(r) = 0, lim
r→∞

revρε(r) = λ, ∀ε > 0,

and
lim
ε→0

Kρε(r) = 0, lim
ε→0

Sρε(r) = 0, lim
ε→0

revρε(r) = λ, ∀r > 0.

Moreover, for every ε > 0 and x, y ∈ Rn one has

revε(x, y) =
Fε(x,−y)
Fε(x, y)

≤ Fε(x,−x)
Fε(x, x)

= revε(x, x) ≤ λ, if x ̸= O (6.18)

and revε(O, y) = 1, thus, one also has λFε(Rn) = λ, for every ε > 0.

We make the following of observations.

Remark 6.6. (a) The construction presented in Theorem 6.5 can be motivated as
follows. First, Randers-type metrics are often considered as a first step towards Finsler
geometry from Riemannian geometry, it is quite natural to consider them in this case
as well. Second, every radially symmetric Randers metric with respect to some x0,
needs to have rev(x0, ·) = 1 (as in (6.18)), otherwise it would be discontinuous at x0.
Since our F in (6.13) has constant rev ̸= 1 along ∇ρ, some smoothing/perturbation
is unavoidable at x0. Indeed, one can consider other perturbations instead of the one
in (6.16). The latter is chosen due to its simplicity and computational convenience.

(b) One can consider a measure mε with density σε = σF · e−sρε , to obtain

sup
x∈Rn

Sε(x, x) ≤ s and lim
ε→0

Sε(x, x) = s, ∀x ∈ Rn \ {x0}.

In this section we only need s = 0, however, this observation is exploited in Section 6.3.
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(c) We note that for the reduced S-curvature, S ≤ 0 holds also globally. Surprisingly,
for the flag curvature, K ≤ 0 is not a global property. For example, one has

Kε(x,−x) =
3ε2(r + ε)4θ(1 + θ)

((r + ε)2 + r(r + 2ε)θ)4
> 0, ∀x ∈ Rn.

Fortunately, this phenomena is permissible (see Theorem 6.3), it also suggests that the
well-known global assumptions may be relaxed.

(d) Observe that max{F ∗
ε (±Dρε)} = F ∗

ε (Dρε) = 1. Indeed, relation (2.18) implies
F ∗
ε (Dρε) = 1, and one has

F ∗
ε (−Dρε) =

1− r(r+2ε)
(r+ε)2

θ

1 + r(r+2ε)
(r+ε)2

θ

def
= hε(r), where

1− θ
1 + θ

≤ hε(r) ≤ 1.

Note that F ∗
ε can be computed as in Shen [101, Example 3.1.1], while Dρε is given by

relation (6.17).

6.2.2 Sufficient conditions for sharpness

In this section, we present sufficient conditions for the sharpness of Hardy inequalities
provided by Riccati pairs on the spaces of F0,0,λ, introduced in Theorem 6.5.

Let (Rn, Fε,mε) ∈ F0,0,λ for some ε > 0 and λ ∈ (1,∞). Then for every x ∈ Rn,
one has

Kε(x, x) ≤ 0, Sε(x, x) ≤ 0, and revε(x, x) ≤ λ = λFε(Rn).

Denote ρ = d(O, ·) the distance from the origin. The Laplace comparison theorem (see
Theorem 2.3) implies

∆Fε(ρε) ≥
n− 1

ρε

def
= L0,0(ρε).

Let R ∈ (0,+∞], L(t) ≤ L0,0(t) for every t ∈ (0, R), and define

Ωε = {x ∈ Rn : ρε(x) < R}.

Suppose that (L,W ) is a (p, ρε, w)-Riccati pair in (0, R), that isW : (0, R)→ (0,∞)
is continuous, w : (0, R) → (0,∞) is of class C1, and there exists G : (0, R) → (0,∞)
of class C1 such that

(G(t)w(t))′ +G(t)w(t)L(t)− (p− 1)G(t)p
′
w(t) ≥ W (t)w(t), ∀t ∈ (0, R). (6.19)

Then by Theorem 6.1, for every u ∈ C∞
0 (Ωε) one has:

λp
∫
Ωε

w(ρε)F
∗
ε (Du)

p dmε ≥
∫
Ωε

w(ρε)W (ρε)|u|p dmε. (6.20)

As in Remark 6.2/(d), suppose that a function G > 0 verifies the Riccati ODI (6.19)
with equality, and define v : (0, R)→ R by

−(log v(t))′ = −v
′(t)

v(t)
= G(t)

1
p−1 . (6.21)
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Since G is smooth and positive, it follows that v is smooth, positive, and decreasing.
Introduce the notation

I(f ; a, b) =
∫ b

a

f(t)tn−1 dt, (6.22)

for arbitrary continuous functions f : [a, b]→ R, with 0 < a < b < R.
We have the following result.

Theorem 6.7 (see [58]). Fix δ0 > 0 and let t1 = t1(δ), t2 = t2(δ), t3 = t3(δ), t4 = t4(δ)
be continuous functions admitting a (possibly infinite) limit at infinity, such that for
every δ > δ0 one has 0 < t1 < t2 < t3 < t4 < R. Suppose that the following limits hold:

l0(δ)
def
=

v(t2)
p · I(w; t1, t2)

(t2 − t1)p · I(wWvp; t2, t3)
+

v(t3)
p · I(w; t3, t4)

(t4 − t3)p · I(wWvp; t2, t3)
→ 0, as δ →∞,

l1(δ)
def
= max

t∈[t2,t3]

G(t)p
′

W (t)
→ 1, as δ →∞.

Then inequality (6.20) is sharp on F0,0,λ, in the sense that it no longer holds on each
FMMM of F0,0,λ if we multiply its right hand side by a constant c > 1.

Proof. Let ε > 0 and define the limit function u⋆ε : Ω→ (0,∞) of inequality (6.20) by

u⋆ε(x) = v(ρε(x)).

Denote T = (t1, t2, t3, t4) and construct

u⋆ε,T = vT (ρε),

where the function vT and its derivative satisfy

vT (t) =



0, if 0 < t ≤ t1,

v(t2)
t−t1
t2−t1

, if t1 ≤ t ≤ t2,

v(t), if t2 ≤ t ≤ t3,

v(t3)
t4−t
t4−t3

, if t3 ≤ t ≤ t4,

0, if t4 ≤ t < R,

and v′T (t) =



0, if 0 < t < t1,
v(t2)
t2−t1

, if t1 < t < t2,

v′(t), if t2 < t < t3,

− v(t3)
t4−t3

, if t3 < t < t4,

0, if t4 < t < R.

(6.23)

Note that v′T is not defined in t1, t2, t3 and t4. In addition, both vT and v′T are supported
in [t1, t4].

To prove the sharpness of inequality (6.20), we show that under a suitable limiting
procedure, one has

λp
∫
Ωε

w(ρε)F
∗
ε (Du

⋆
ε,T )

p dmε∫
Ωε

w(ρε)W (ρε)(u
⋆
ε,T )

p dmε

→ 1.

As a first step, we use polar transforms to reduce the above integrals to one dimension.
We also establish some fine estimates on the distance and the density of the measure.
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Using the notations r = |x| and t = ρε(x), it follows that

t = r · r(1− θ) + ε

r + ε
⇐⇒ r =

t− ε+
√

(t+ ε)2 − 4tεθ

2(1− θ)
def
= φε(t),

hence we obtain

σε(r)r
n−1 dr = σε(φε(t))φε(t)

n−1φ′
ε(t) dt

def
= ψε(t) dt. (6.24)

Since for every t ∈ (0, R) one has

t ≤ φε(t) ≤
t

1− θ
, 1 ≤ φ′

ε(t) ≤
1

1− θ
, and

(
1− θ2

)n+1
2 ≤ σε(φε(t)) ≤ 1,

we obtain

ctn−1 def
=
(
1− θ2

)n+1
2 tn−1 ≤ ψε(t) ≤

tn−1

(1− θ)n
def
= Ctn−1. (6.25)

Note that c and C are independent of ε.
Since v is positive and decreasing, the positive homogeneity of F ∗

ε and the relations
from (6.23) imply

F ∗
ε (Du

⋆
ε,T ) = F ∗

ε (v
′
T (ρε)Dρε) =


v(t2)
t2−t1

F ∗
ε (Dρε), if ρε ∈ (t1, t2),

|v′(ρε)|F ∗
ε (−Dρε) if ρε ∈ (t2, t3),

v(t3)
t4−t3

F ∗
ε (−Dρε) if ρε ∈ (t3, t4),

0, if ρε ∈ (0, t1) ∪ (t4, R).

(6.26)

According to Remark 6.6/(d), one has

F ∗
ε (Dρε) = 1, and F ∗

ε (−Dρε) =
1− r(r+2ε)

(r+ε)2
θ

1 + r(r+2ε)
(r+ε)2

θ

def
= hε(r), where

1− θ
1 + θ

≤ hε(r) ≤ 1.

By a simple computation, we obtain that hε(r) is decreasing in r, increasing in ε, and
approaches to 1−θ

1+θ
= 1

λ
as ε→ 0. Since r = φε(t) ≥ t, we also have

hε(φε(t)) ≤ hε(t) ≤ 1. (6.27)

In the sequel, denote by ω the volume of the Euclidean unit ball of dimension n.
On the one hand, relations (6.24) and (6.26) yield

I
def
=

1

nω

∫
Ωε

w(ρε)F
∗
ε (Du

⋆
ε,T )

p dmε =
v(t2)

p

(t2 − t1)p

∫ t2

t1

w(t)ψε(t) dt

+

∫ t3

t2

w(t)|v′(t)|phpε(φε(t))ψε(t) dt

+
v(t3)

p

(t4 − t3)p

∫ t4

t3

w(t)hpε(φε(t))ψε(t) dt.
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Applying relations (6.25) & (6.27), and using the definition of I from (6.22), it
follows that

I ≤ v(t2)
p

(t2 − t1)p

∫ t2

t1

w(t)ψε(t) dt+

∫ t3

t2

w(t)|v′(t)|phpε(t)ψε(t) dt

+
v(t3)

p

(t4 − t3)p

∫ t4

t3

w(t)hpε(t)ψε(t) dt

≤ Cv(t2)
p

(t2 − t1)p

∫ t2

t1

w(t)tn−1 dt+ hpε(t2)

∫ t3

t2

w(t)|v′(t)|pψε(t) dt

+
Chpε(t3)v(t3)

p

(t4 − t3)p

∫ t4

t3

w(t)tn−1 dt

=
Cv(t2)

p · I(w; t1, t2)
(t2 − t1)p

+ hpε(t2)

∫ t3

t2

w(t)|v′(t)|pψε(t) dt+
Cv(t3)

p · I(w; t3, t4)
(t4 − t3)p

.

By relation (6.21), for every t ∈ [t2, t3] one has

1

W (t)

∣∣∣∣v′(t)v(t)

∣∣∣∣p = 1

W (t)

(
−v

′(t)

v(t)

)p

=
G(t)p

′

W (t)
.

This function is continuous, thus, it attains its maximum on [t2, t3]. Hence, we have∫ t3

t2

w(t)|v′(t)|pψε(t) dt =

∫ t3

t2

1

W (t)

∣∣∣∣v′(t)v(t)

∣∣∣∣pw(t)W (t)|v(t)|pψε(t) dt

≤ max
t∈[t2,t3]

G(t)p
′

W (t)
·
∫ t3

t2

w(t)W (t)(v(t))pψε(t) dt.

On the other hand, we obtain

J
def
=

1

nω

∫
Ωε

w(ρε)W (ρε)(u
⋆
ε,T )

p dmε =

∫ R

0

w(t)W (t)(vT (t))
pψε(t) dt

≥
∫ t3

t2

w(t)W (t)(v(t))pψε(t) dt ≥ c · I(wWvp; t2, t3). (6.28)

Combining the above results, and using both estimates of (6.28), it follows that

λpI

J
≤ λphpε(t2) · max

t∈[t2,t3]

G(t)p
′

W (t)

+
λpC

c

(
v(t2)

p · I(w; t1, t2)
(t2 − t1)p · I(wWvp; t2, t3)

+
v(t3)

p · I(w; t3, t4)
(t4 − t3)p · I(wWvp; t2, t3)

)
= λphpε(t2)l1(δ) +

λpC

c
l0(δ).

Observe that the above inequality holds for every ε > 0 and δ > δ0, in addition, δ,
T = (t1, t2, t3, t3), c, C, λ, l0, and l1 are independent of ε.

To prove the sharpness of (6.20), it is enough to choose for every δ > δ0 an ε = ε(δ)
such that hε(t2(δ)) → 1

λ
as δ → ∞. Indeed, in this case, since l0 → 0 and l1 → 1 as

δ →∞ we obtain λpI/J → 1 as δ →∞.
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By assumption there exists

lim
δ→∞

t2(δ)
def
= l ∈ [0, R].

We distinguish two cases: If l > 0, then choose ε = 1/δ, to obtain

lim
δ→∞

hε(t2(δ)) = lim
δ→∞

1− t2(δ)(t2(δ)+2/δ)
(t2(δ)+1/δ)2

θ

1 + t2(δ)(t2(δ)+2/δ)
(t2(δ)+1/δ)2

θ
=

1− θ
1 + θ

=
1

λ
.

If l = 0, then choosing ε = t2(δ)
2 yields

lim
δ→∞

hε(t2(δ)) = lim
t2→0

1− t2(t2+2t22)

(t2+t22)
2 θ

1 +
t2(t2+2t22)

(t2+t22)
2 θ

= lim
t2→0

1− (1+2t2)
(1+t2)2

θ

1 + (1+2t2)
(1+t2)2

θ
=

1− θ
1 + θ

=
1

λ
,

which concludes the proof.

6.2.3 The sharpness of a weighted Hardy inequality

In this section, we present a sharpness result concerning a weighted Hardy inequality
on F0,0,λ. Our result can be stated as follows.

Theorem 6.8 (see [58]). Let n ≥ 3, λ ∈ (1,∞), and α, p ∈ R such that 1 < p < n+α.
For every (Rn, Fε,mε) ∈ F0,0,λ and u ∈ C∞

0 (Rn) one has

λp
∫
Rn

ρα · F ∗
ε (Du)

p dmε ≥ cn,p,α

∫
Rn

ρα
up

ρpε
dmε, where cn,p,α =

(
n+ α− p

p

)p

. (6.29)

Moreover, cn,p,α is sharp in F0,0,λ, in the sense that it is the greatest constant with this
property.

Proof. The proof of inequality (6.29) follows from Theorem 6.3. To prove the sharpness,
we use Theorem 6.7. According to the relation (6.21), we obtain

v(t)p =
1

tn+α−p
, ∀t ∈ (0,∞).

For every δ > 1 define

t1(δ) = δ/2, t2(δ) = δ, t3(δ) = δ2, and t4(δ) = 2δ2.

By simple computations we obtain

v(t2)
p · I(w; t1, t2)
(t2 − t1)p

=
2n+α − 1

(n+ α)2n+α−p
= const,

v(t3)
p · I(w; t3, t4)
(t4 − t3)p

=
2n+α − 1

n+ α
= const,

I(wWvp; t2, t3) = cn,p,α log(δ)→∞, as δ →∞.

It follows that l0 → 0 as δ → ∞. Since l1 = G(t)p
′

W (t)
= 1, for every t > 0, thus,

Theorem 6.7 yields the sharpness of the inequality (6.29).
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By choosing α = 0 and p = 2 in Theorem 6.8 we obtain the following result.

Corollary 6.9 (see [58]). Let n ≥ 3, λ ∈ (1,∞). For every (Rn, Fε,mε) ∈ F0,0,λ and
u ∈ C∞

0 (Rn) one has

λ2
∫
Rn

F ∗
ε (Du)

2 dmε ≥ cn

∫
Rn

u2

ρ2ε
dmε, where cn =

(
n− 2

2

)2

. (6.30)

Moreover, cn is sharp in F0,0,λ, in the sense that it is the greatest constant with this
property.

6.3 Sharp Hardy inequalities – strong negative

curvature

In this section, we present our sharpness results concerning Hardy-type inequalities,
assuming strong negative curvature. We proceed similarly to the previous case. First,
in Section 6.3.1 we present a second construction of spaces (see Theorem 6.10). Next,
in Section 6.3.2 we provide sufficient conditions for sharpness of Hardy-type inequalities
on them (see Theorem 6.12). Finally, in Section 6.3.3 we present an application: In
Theorem 6.13 we prove a sharpness result concerning a McKean-type spectral gap
estimate.

6.3.1 Construction

Consider the triple (Bn, F,m), where Bn denotes the Euclidean (open) unit ball, the
function F : Bn × Rn → [0,∞) is defined by

F (x, y) =

√
|y|2 − |x|2|y|2 + ⟨x, y⟩2
κ(1− θ)(1− |x|2)

− θ⟨x, y⟩
κ(1− θ)|x|(1− |x|2)

, (6.31)

for some θ ∈ (0, 1) and κ > 0; while m is a measure with density

σ = exp(−(n− 1)hρ) · σF ,

for some h ∈ R. As before, ρ is the distance from the origin and σF is the density of the
Busemann–Hausdorff measure induced by F . Note that F is precisely a perturbation
of the Klein metric on Bn (to see this, substitute θ = 0 in (6.31)).

We observe that F is not a Finsler metric, since it is not continuous at the origin.
However, for every x ̸= O, one has

K(x, x) = −κ2, S(x, x) = (n− 1)h, and rev(x, x) =
1 + θ

1− θ
def
= λ = λF (Bn).

The following result provides an approximation of the above structure by a family
of Randers spaces.
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Theorem 6.10 (see [58]). Let λ ∈ (1,∞), θ = λ−1
λ+1

, κ > 0 and h ∈ R. Construct the
family Fκ,h,λ = {(Bn, Fε,mε)}ε>0 of FMMMs, where Fε : TBn ≃ Bn × Rn → [0,∞) is
defined by

Fε(x, y) =

√
|y|2 − |x|2|y|2 + ⟨x, y⟩2
kε(1− θ)(1− |x|2)

− θ⟨x, y⟩
kε(1− θ)|x|(1− |x|2)

· arctanh(|x|) (arctanh(|x|) + 2ε)

(arctanh(|x|) + ε)2
,

kε is given by relation (6.34), mε is a measure with density σε = exp(−(n−1)hρε) ·σFε,
and σFε denotes the density of the Busemann–Hausdorff measure induced by Fε. The
following statements hold:

(i) For every ε > 0, the triple (Bn, Fε,mε) is a Finsler metric measure manifold. In
addition, Fε is a projectively flat Randers metric, with reversibility λFε(Bn) = λ.

(ii) For every x ∈ Bn with x ̸= 0, one has

Kε(x, x)→ −κ2, Sε(x, x)→ (n−1)h, and revε(x, x)→ λ, as ε→ 0. (6.32)

(iii) For every ε > 0 and x ∈ Bn, one has

Kε(x, x) ≤ −κ2, Sε(x, x) ≤ (n− 1)h, and revε(x, x) ≤ λ. (6.33)

Proof. For simplicity of presentation, denote

r = |x|, r = arctanh(|x|), and ϑε = kε(1− θ).

Using the standard notation of Randers metrics (see Section 2.2.2) one has

Fε(x, y) =
√
aij(x)yiyj + bi(x)y

i,

where

aij(x) =
δij

ϑ2
ε(1− r2)

+
xixj

ϑ2
ε(1− r2)2

and bi(x) = −
θr(r + 2ε)xi

ϑεr(1− r2)(r + ε)2
.

Let aij(x) = {aij(x)}−1, it follows that

∥b∥a(x) =
√
aij(x)bi(x)bj(x) =

θr(r + 2ε)

(r + ε)2
< θ < 1.

Since Fε is also smooth, it is a Randers metric on Rn. According to Remark 2.6, the
metric Fε is projectively flat. Indeed, the Klein metric (obtained from Fε for θ = 0) is
projectively flat, and

bi dx
i = Dβ(x), where β(x) = − θ

ϑε

(
r +

ε2

r + ε

)
.
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Let O ∈ Rn denote the origin, ρε(x) = d(O, x) and ←−ρε(x) = d(x,O). Then

ρε(x) = r · r(1− θ) + ε

ϑε(r + ε)
and ←−ρε(x) = r · r(1 + θ) + ε

ϑε(r + ε)
.

In addition, one has

Dρε(x) =

(
(r + ε)2 − r(r + 2ε)θ

ϑεr(1− r2)(r + ε)2

)
· x and ∇ρε(x) =

ϑε(1− r2)(r + ε)2

r((r + ε)2 − r(r + 2ε)θ)
· x.

According to relation (2.31), the density of the Busemann–Hausdorff measure induced
by Fε is

σFε =
1

ϑn
ε

·
(

1

1− r2

)n+1
2

·
(
1− r2(r + 2ε)2θ2

(r + ε)4

)n+1
2

def
=

1

ϑn
ε

·
(

1

1− r2

)n+1
2

· f
n+1
2

ε .

Observe that 1− θ2 ≤ fε ≤ 1. The density of mε is

σε = exp (−(n− 1)hρε) ·
1

ϑn
ε

(
1

1− r2

)n+1
2

f
n+1
2

ε .

In the sequel, we compute the flag curvature, the reduced S-curvature, and the
reversibility of (Bn, Fε,mε) along the geodesics starting from O. Recall that ϑε =
kε(1− θ). Concerning the flag curvature, we obtain

Kρε(r)
def
= Kε(x, x) = −

k2ε(1− θ)2(r + ε)4 (e0 − e1θ + e2θ
2)

((r + ε)2 − r(r + 2ε)θ)4
,

where e0 = (r+ε)4, e1 = 2r4+8r3ε+(10r2−3)ε2+4rε3, and e2 = r4+4r3ε+(4r2−3)ε2.
Our goal is to choose kε such that relations (6.32) & (6.33) hold. For every ε > 0,

one has

lim
r→∞

Kρε(r) = −k2ε ,

and

lim
r→0

Kρε(r) = −k2ε ·Kε,0, where Kε,0 = (1− θ)2
(
1 +

3θ(1− θ)
ε2

)
.

By a simple derivative test, we obtain that if ε ≤
√

3(1−θ)
8θ

def
= ε0, then r 7→ Kρε(r)

admits a unique maximum on (0,∞), which is given by

−k2ε ·Kε,

where

Kε =
6(1− θ)2

(
(1− θ) (3(1− θ)− 2ε2θ) +

√
3(1− θ)3 (3(1− θ)− 8ε2θ)

)3
(
3(1− θ)2 +

√
3(1− θ)3 (3(1− θ)− 8ε2θ)

)4 ≤ 1.
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For simplicity defineKε =∞, when ε > ε0. To ensureKρε(r) ≤ −κ2, ∀ε > 0, r ≥ 0,
choose

kε = max

{
κ,

κ√
Kε,0

,
κ√
Kε

}
. (6.34)

If ε→ 0, then
Kε,0 →∞, Kε → 1, and kε → κ.

Thus, for every r > 0 we obtain

Kρε(r)→ −κ2 as ε→ 0.

The reduced S-curvature along ρε can be computed as

Sρε(r)
def
= S(x, x) = (n− 1)h− ϑε(n+ 1)(r + ε)θε2

(r + ε)4 − r2(r + 2ε)2θ2
≤ (n− 1)h.

We easily obtain that if r > 0, then

Sρε(r)→ (n− 1)h as ε→ 0.

If r = 0, then
Sρε(r)→ −∞ as ε→ 0.

In addition, for every fixed ε > 0 one has

Sρε(r)→ (n− 1)h as r →∞.

Finally, for the reversibility we obtain

revρε(r)
def
= rev(x, x) =

1 + r(r+2ε)θ
(r+ε)2

1− r(r+2ε)θ
(r+ε)2

≤ 1 + θ

1− θ
= λ.

It follows that, if r > 0, then

revρε(r)→ λ as ε→ 0,

and for every fixed ε > 0 one has

revρε(r)→ λ as r →∞, and revρε(r)→ 1 as r → 0.

The latter limit ensures the continuity of Fε at the origin. In addition,

λFε(Bn) = λ, ∀ε > 0.

Indeed, for every x ∈ Bn, and y ∈ Rn one has

revε(x, y) =
Fε(x,−y)
Fε(x, y)

≤ Fε(x,−x)
Fε(x, x)

= revε(x, x) ≤ λ, if x ̸= O,

and revε(O, y) = 1, which concludes the proof.
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We make the following observations.

Remark 6.11. (a) Although there exist various similarities between Theorem 6.5 and
Theorem 6.10, we highlight a main difference, which is the monotonicity of the map
r 7→ Kρε(r). In case of non-positive curvature this function is increasing, hence its
limit as r →∞ is its upper bound. In case of strong negative curvature, for sufficiently
small ε, it increases to a global maximum −k2ε,ϑ ·Kε, then decreases (in the proof, that
maximum was adjusted to ensure the required upper bound).

It is an interesting question, if there exists a perturbation of the metric (6.31) (or
some other construction), in which K ≤ −κ2 along ∇ρε with a strictly increasing flag
curvature along ∇ρε, or if this phenomena is directly implied by the constraints on the
geometry. We note that on each alternative prototypes of families of spaces that were
examined during the research, the same phenomena occurred.

(b) As we anticipated in Remark 6.6/(b), the construction of the measure mε allows
for non-zero upper bound of the reduced S-curvature, which is particularly important
for our applications.

(c) Since Kε,0 → ∞ as ε → 0, there exists ε1 ∈ (0, ε0) such that kε =
κ√
Kε

, for every

ε ∈ (0, ε1). Moreover, since kε → κ from above, there exist ε ∈ (0, ε1) and κ > κ, such
that

κ ≤ kε ≤ κ, ∀ε ∈ (0, ε). (6.35)

(d) Similarly to Remark 6.6/(d), we have max{F ∗
ε (±Dρε)} = F ∗

ε (Dρε) = 1, since

F ∗
ε (−Dρε) =

1− r(r+2ε)
(r+ε)2

θ

1 + r(r+2ε)
(r+ε)2

θ

def
= hε(r), where

1− θ
1 + θ

≤ hε(r) ≤ 1. (6.36)

6.3.2 Sufficient conditions for sharpness

In this section, we present sufficient conditions for the sharpness of Hardy inequalities
on the spaces of Fκ,h,λ, introduced in Theorem 6.10.

Let (Bn, Fε,mε) ⊂ Fκ,h,λ for some ε > 0, λ ∈ (1,∞), κ > 0 and h ∈ R. Then for
every x ∈ Bn, one has

Kε(x, x) ≤ −κ2, Sε(x, x) ≤ (n− 1)h, and revε(x, x) ≤ λ = λFε(Bn),

Denote by ρε the distance from the origin. Applying the Laplace comparison theorem
(see Theorem 2.3) one has

∆Fε(ρε) ≥ (n− 1)κ coth(κρε)− (n− 1)h
def
= Lκ,h(ρε).

Let R ∈ (0,+∞], L(t) ≤ Lκ,h(t) for every t ∈ (0, R), and define

Ωε = {x ∈ Bn | ρε(x) < R}.
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Suppose that (L,W ) is a (p, ρε, w)-Riccati pair in (0, R), that isW : (0, R)→ (0,∞)
is continuous, w : (0, R) → (0,∞) is of class C1, and there exists G : (0, R) → (0,∞)
of class C1 such that

(G(t)w(t))′ +G(t)w(t)L(t)− (p− 1)G(t)p
′
w(t) ≥ W (t)w(t), ∀t ∈ (0, R). (6.37)

By Theorem 6.1, for every u ∈ C∞
0 (Ωε) one has

λp
∫
Ωε

w(ρε)F
∗
ε (Du)

p dmε ≥
∫
Ωε

w(ρε)W (ρε)|u|p dmε. (6.38)

Suppose that G > 0 satisfies the Riccati ODI (6.37) with equality, and define the
function v : (0, R)→ R by

−(log v(t))′ = −v
′(t)

v(t)
= G(t)

1
p−1 . (6.39)

Since G is smooth and positive, v is smooth, positive, and decreasing. Introduce the
notation

Ik,h(f ; a, b) =
∫ b

a

f(t) sinh(kt)n−1e−(n−1)ht dt, (6.40)

where k, h ∈ R and f : [a, b] → R is a continuous function, with 0 < a < b < R. We
have the following result.

Theorem 6.12 (see [58]). Fix δ0 > 0 and let t1 = t1(δ), t2 = t2(δ), t3 = t3(δ), and
t4 = t4(δ) be continuous functions admitting a (possibly infinite) limit at infinity, such
that for every δ > δ0 one has 0 < t1 < t2 < t3 < t4 < R. Let ε = ε(δ) such that ε→ 0,
as δ →∞, and suppose that the following limits hold as δ →∞:

lkε,h0 (δ)
def
=

v(t2)
p · Ikε,h(w; t1, t2)

(t2 − t1)p · Ikε,h(wWvp; t2, t3)
+

v(t3)
p · Ikε,h(w; t3, t4)

(t4 − t3)p · Ikε,h(wWvp; t2, t3)
→ 0,

lkε,h1 (δ)
def
= max

t∈[t2,t3]

G(t)p
′

W (t)
→ 1,

lkε,h2 (δ)
def
= hε((1− θ)κt2)→

1

λ
, (see relation (6.36)).

Then inequality (6.38) is sharp on Fκ,h,λ in the sense that it no longer holds on each
FMMM of Fκ,h,λ if we multiply its right hand side by a constant c > 1.

Proof. Let ε > 0 and T = (t1, t2, t3, t4). Define the limit function u⋆ε : Ω → (0,∞)
of (6.38) and its truncation u⋆ε,T by

u⋆ε(x) = v(ρε(x)) and u⋆ε,T (x) = vε,T (ρε(x)),

where

vε,T (t) =



0, if 0 < t ≤ t1,

v(t2)
t−t1
t2−t1

, if t1 ≤ t ≤ t2,

v(t), if t2 ≤ t ≤ t3,

v(t3)
t4−t
t4−t3

, if t3 ≤ t ≤ t4,

0, if t4 ≤ t < R,

and v′ε,T (t) =



0, if 0 < t < t1,
v(t2)
t2−t1

, if t1 < t < t2,

v′(t), if t2 < t < t3,

− v(t3)
t4−t3

, if t3 < t < t4,

0, if t4 < t < R.

(6.41)
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Proceeding similarly to the proof of Theorem 6.7, we reduce the following integrals
to one dimension:

I
def
=

1

nω

∫
Ωε

w(ρε)F
∗
ε (Du

⋆
ε,T )

p dmε and J
def
=

1

nω

∫
Ωε

w(ρε)W (ρε)(u
⋆
ε,T )

p dmε.

For simplicity, denote r = |x|, r = arctanh(r), and ϑε = kε(1 − θ). Introduce the
following notations:

t
def
= ρε(x) = r · r(1− θ) + ε

ϑε(r + ε)
and e(t)

def
= exp(−(n− 1)ht).

By a simple computation, we obtain that

r = tanhφε(t), where φε(t) =
tϑε − ε+

√
(tϑε − ε)2 + 4tϑεε(1− θ)
2(1− θ)

,

dr =
1

(coshφε(t))2
φ′
ε(t) dt, where φ′

ε(t) =
k

2

(
1 +

tϑε − ε+ 2ε(1− θ)√
(tϑε − ε)2 + 4tϑεε(1− θ)

)
,

σε = e(t) · 1

ϑn
ε

(coshφε(t))
n+1(fε(t))

n+1
2 , where fε(t) = 1− φ2

ε(t)(φε(t) + 2ε)2θ2

(φε(t) + ε)4
.

It follows that

σεr
n−1 dr = e(t) · φ′

ε(t)
1

ϑn
ε

(fε(t))
n+1
2 (sinhφε(t))

n−1 dt
def
= e(t) · ψε(t) dt. (6.42)

In the sequel, we provide suitable bounds for ψε(t). First, we observe that

(1− θ)kεt ≤ φε(t) ≤ kεt, (1− θ)kε ≤ φ′
ε(t) ≤ kε, and 1− θ2 ≤ fε(t) ≤ 1, ∀t ≥ 0.

Next, we show that there exists ε̃ > 0 and c̃ > 0 such that

c̃ · sinh(kεt) ≤ sinh(φε(t)) ≤ sinh(kεt), ∀t ≥ 0, ε ∈ (0, ε̃). (6.43)

Since the hyperbolic sine is increasing, we obtain

sinh((1− θ)kεt) ≤ sinh(φε(t)) ≤ sinh(kεt), ∀t ≥ 0, ε > 0,

thus, the second inequality of (6.43) holds. To verify the first inequality, define

ψ(k, t) =
sinh((1− θ)kt)

sinh(kt)
, ∀k > 0, t ≥ 0.

Recall from Remark 6.11/(c) that there exists ε > 0 and κ > κ such that

κ ≤ kε ≤ κ, ∀ε ∈ (0, ε).

On the one hand, observe that t 7→ ψ(κ, t) is continuous and ψ(κ, t) → 1 − θ > 0
as t→ 0, which implies that there exists c̃1 > 0 and t̃ > 0 such that

sinh((1− θ)κt) ≥ c̃1 · sinh(κt), ∀t ∈ [0, t̃].
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On the other hand, since k 7→ ψ(k, t) is decreasing, the above estimate holds for every
kε ∈ [κ, κ]. Hence,

sinh((1− θ)kεt) ≥ c̃1 · sinh(kεt), ∀t ∈ [0, t̃], ε ∈ (0, ε).

Now we focus on the case when t > t̃. Studying the asymptotic behavior of φε we
obtain

φε(t) ≥ tkε −
εθ

1− θ
def
= tkε − sε, ∀t > 0, ε ∈ (0, ε).

Note that kε → κ and sε → 0 as ε → 0. Thus, since t̃ > 0, there exists an ε̃ ∈ (0, ε)
such that

φε(t̃) ≥ t̃kε − sε > sε > 0, ∀ε ∈ (0, ε̃). (6.44)

Since t 7→ φε(t) is increasing, we also have

φε(t) ≥ tkε − sε > sε > 0, ∀ε ∈ (0, ε̃), t > t̃. (6.45)

It follows that

sinh(φε(t)) ≥ sinh(tkε − sε) = sinh(tkε) cosh(sε)− cosh(tkε) sinh(sε)

= sinh(tkε) · (cosh(sε)− coth(tkε) sinh(sε)) .

Since the hyperbolic cotangent is decreasing, using relation (6.45), we obtain that

sinh(φε(t)) ≥ sinh(tkε) · (cosh(sε)− coth(2sε) sinh(sε)) = sinh(tkε) ·
1

2 cosh(sε)

Define sε̃ =
ε̃θ
1−θ

, the monotonicity of the hyperbolic cosine implies

sinh(φε(t)) ≥ sinh(tkε) ·
1

2 cosh(sε̃)
def
= c̃2 · sinh(tkε).

Thus, c̃ = min{c̃1, c̃2} and ε̃ yield inequality (6.43), for every t ≥ 0.
Combining the above estimates, we obtain for every t ≥ 0 and 0 < ε < ε̃ that

c sinh(kεt)
n−1 def

=
(1− θ2)n+1

2 (c̃)n−1

ϑn−1
ε

sinh(kεt)
n−1

≤ ψε(t) ≤
kε
ϑn

sinh(kεt)
n−1 def

= C sinh(kεt)
n−1. (6.46)

Since v is positive and decreasing, the positive homogeneity of F ∗
ε and the relations

from (6.41) imply

F ∗
ε (Du

⋆
ε,T ) = F ∗

ε (v
′
ε,T (ρε)Dρε) =


v(t2)
t2−t1

F ∗
ε (Dρε), if ρε ∈ (t1, t2),

|v′(ρε)|F ∗
ε (−Dρε) if ρε ∈ (t2, t3),

v(t3)
t4−t3

F ∗
ε (−Dρε) if ρε ∈ (t3, t4),

0, if ρε ∈ (0, t1) ∪ (t4, R).

(6.47)
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According to Remark 6.11/(d), one has

F ∗
ε (Dρε) = 1, and F ∗

ε (−Dρε) =
1− r(r+2ε)

(r+ε)2
θ

1 + r(r+2ε)
(r+ε)2

θ

def
= hε(r), where

1− θ
1 + θ

≤ hε(r) ≤ 1.

Observe that hε(r) is decreasing in r, increasing in ε, and approaches to 1−θ
1+θ

= 1
λ
as

ε→ 0. Clearly one has

r = φε(t) ≥ (1− θ)kεt ≥ (1− θ)κt,

thus, we also obtain

hε(r) = hε(φε(t)) ≤ hε((1− θ)κt) ≤ 1. (6.48)

As before, denote by ω the volume of the Euclidean unit ball of dimension n.
On the one hand, relations (6.42) and (6.47) yield

I =
v(t2)

p

(t2 − t1)p

∫ t2

t1

w(t)ψε(t)e(t) dt+

∫ t3

t2

w(t)|v′(t)|phpε(φε(t))ψε(t)e(t) dt

+
v(t3)

p

(t4 − t3)p

∫ t4

t3

w(t)hpε(φε(t))ψε(t)e(t) dt.

Applying relations (6.46), (6.48), and using the definition of Ik,h from (6.40), we obtain

I ≤ v(t2)
p

(t2 − t1)p

∫ t2

t1

w(t)ψε(t)e(t) dt+

∫ t3

t2

w(t)|v′(t)|phpε((1− θ)κt)ψε(t)e(t) dt

+
v(t3)

p

(t4 − t3)p

∫ t4

t3

w(t)hpε((1− θ)κt)ψε(t)e(t) dt

≤ Cv(t2)
p

(t2 − t1)p

∫ t2

t1

w(t) sinh(kεt)
n−1e(t) dt+ hpε((1− θ)κt2)

∫ t3

t2

w(t)|v′(t)|pψε(t)e(t) dt

+
Chpε((1− θ)κt3)v(t3)p

(t4 − t3)p

∫ t4

t3

w(t) sinh(kεt)
n−1e(t) dt

≤ Cv(t2)
p · Ikε,h(w; t1, t2)
(t2 − t1)p

+ hpε((1− θ)κt2)
∫ t3

t2

w(t)|v′(t)|pψε(t)e(t) dt

+
Cv(t3)

p · Ikε,h(w; t3, t4)
(t4 − t3)p

.

By relation (6.39), for every t ∈ [t2, t3] one has

1

W (t)

∣∣∣∣v′(t)v(t)

∣∣∣∣p = 1

W (t)

(
−v

′(t)

v(t)

)p

=
G(t)p

′

W (t)
.

The above function is continuous, thus, it attains it maximum on [t2, t3], hence we have∫ t3

t2

w(t)|v′(t)|pψε(t) dt =

∫ t3

t2

1

W (t)

∣∣∣∣v′(t)v(t)

∣∣∣∣pw(t)W (t)(v(t))pψε(t) dt

≤ max
t∈[t2,t3]

G(t)p
′

W (t)
·
∫ t3

t2

w(t)W (t)(v(t))pψε(t)e(t) dt.
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On the other hand, we obtain

J =

∫ R

0

w(t)W (t)(vε,T (t))
pψε(t)e(t) dt ≥

∫ t3

t2

w(t)W (t)(v(t))pψε(t)e(t) dt

≥ c · Ikε,h(wWvp; t2, t3). (6.49)

Combining the above results, and using both inequalities of (6.49), it follows that

λpI

J
≤ λphpε((1− θ)κt2) · max

t∈[t2,t3]

G(t)p
′

W (t)

+
λpC

c

(
v(t2)

p · Ikε,h(w; t1, t2)
(t2 − t1)p · Ikε,h(wWvp; t2, t3)

+
v(t3)

p · Ikε,h(w; t3, t4)
(t4 − t3)p · Ikε,h(wWvp; t2, t3)

)
= λp · (lkε,h2 (δ))p · lkε,h1 (δ) +

λpC

c
· lkε,h0 (δ).

By our assumptions, the last relation approaches 1 as δ →∞, thus, the inequality (6.38)
is sharp on Fκ,h,λ.

Observe that in contrast with Theorem 6.7, the limits appearing in the statement
of the above result are strongly dependent on ε. The reason for this stems from the
observation of Remark 6.11/(a): Since the flag curvature is not increasing along ∇ρ,
we need to work with kε instead of κ, which explains the dependence on ε. Fortunately,
by suitable choices of ε(δ), one can provide sharpness results in this setting, as well.
Such an example is presented in the sequel.

6.3.3 The sharpness of a McKean-type spectral gap estimate

In this section, we prove a sharpness result concerning a McKean-type spectral gap
estimate on Fκ,h,λ, which can be stated as follows.

Theorem 6.13 (see [58]). Let n ≥ 2, λ, p ∈ (1,∞), and κ > h ≥ 0. For every
(Bn, Fε,mε) ∈ Fκ,h,λ and u ∈ C∞

0 (Bn) one has

λp
∫
Bn

F ∗
ε (Du)

p dmε ≥ cn,p,κ,h

∫
Bn

|u|p dmε, (6.50)

where

cn,p,κ,h =

(
(n− 1)(κ− h)

p

)p

.

Moreover, cn,p,κ,h is sharp in Fκ,h,λ, in the sense that it is the greatest constant with
this property.

Proof. The validity of inequality (6.50) follows from Theorem 6.4. To prove the sharp-
ness, we use Theorem 6.12. Recall the definition of ε̃ from (6.44). Let δ > 1, such that
ε = 1

δ
∈ (0, ε̃), and define

t1(δ) = δ, t2(δ) = 2δ, t3(δ) = 3δ, and t4(δ) = 4δ.
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By a simple computation, we obtain

lkε,h2 = hε((1− θ)κt2) =
1 + 4δ2(1− θ)2κ+ 4δ4(1− θ)3κ2

1 + 4δ2(1− θ2)κ+ 4δ4(1− θ)2(1 + θ)κ2
→ 1− θ

1 + θ
= λ,

as δ →∞. Consider the following functions (see also the proof of Theorem 6.4):

w(t) = 1, W (t) = cn,p,κ,h, G(t) ≡ (cn,p,κ,h)
p−1
p , and v(t)p = e−(n−1)t(κ−h),

for every t > 0. Since kε > κ > h, the following expressions are strictly increasing in t:

w(t) sinh(kεt)
n−1e−(n−1)ht = sinh(kεt)

n−1e−(n−1)ht,

w(t)W (t)v(t)p sinh(kεt)
n−1e−(n−1)ht = cn,p,κ,h sinh(kεt)

n−1e−(n−1)κt.

On the one hand, we have

v(t2)
p · Ikε,h(w; t1, t2)

(t2 − t1)p · Ikε,h(wWvp; t2, t3)
≤ v(t2)

p

(t2 − t1)p
· (t2 − t1) sinh(kεt1)n−1e−(n−1)ht1

(t3 − t2)cn,p,κ,h sinh(kεt3)n−1e−(n−1)ht3

=
e(n−1)δ(κ+h) sinh(δkε)

n−1

δpcn,p,κ,h sinh(3δkε)n−1

=
e(n−1)δ(κ+h−2kε)

δpcn,p,κ,h
· e

(n−1)δ(2kε) sinh(δkε)
n−1

sinh(3δkε)n−1
→ 0 · 1 = 0,

as δ →∞. On the other hand, observe that

v(t3)
p · Ikε,h(w; t3, t4)

(t4 − t3)p · Ikε,h(wWvp; t2, t3)
≤ v(t3)

p

(t4 − t3)p
· (t4 − t3) sinh(κt3)n−1e−(n−1)ht3

(t3 − t2)cn,p,κ,h sinh(κt3)n−1e−(n−1)κt3

=
1

δpcn,p,κ,h
→ 0, as δ →∞.

Combining the above two limits, we obtain lkε,h1 (δ)→ 0 as δ →∞.
Finally, since

G(t)p
′

W (t)
= 1, ∀t > 0,

we also obtain lkε,h1 (δ) = 1. Thus, Theorem 6.12 yields the sharpness of the inequal-
ity (6.50), which concludes the proof.

Finally, for p = 2 we obtain the following result.

Corollary 6.14 ([61]). Let n ≥ 2, λ ∈ (1,∞), and κ > h ≥ 0. For every (Bn, Fε,mε) ∈
Fκ,h,λ and u ∈ C∞

0 (Bn) one has

λ2
∫
Bn

F ∗
ε (Du)

2 dmε ≥ cn,κ,h

∫
Bn

u2 dmε, where cn,κ,h =

(
(n− 1)(κ− h)

2

)2

. (6.51)

Moreover, cn,κ,h is sharp in Fκ,h,λ, in the sense that it is the greatest constant with this
property.
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[57] S. Kajántó. Rellich inequalities via Riccati pairs on model space forms. J. Math.
Anal. Appl., 531(2, Part 1):13, Paper No. 127870, 2024.
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