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Introduction

Over the past few decades, Nonlinear Analysis has undergone remarkable de-
velopment motivated mostly by the large number of problems from Physics,
Engineering, Optimization or Economy, that can be effectively solved
using nonlinear methods. Within this domain, hemivariational inequalities,
differ-ential inclusions and elliptic-type partial differential equations stand
out for their fundamental importance.

The present work is devoted to the study of these class of problems
through advanced methods in Nonlinear Analysis. It builds on the author’s
PhD thesis [68] and includes further contributions (either as coauthor or sole
author) during the last two decades.

The first chapter presents the fundamental mathematical results, defini-
tions, properties, and theorems that are used throughout this work.

The Chapter 2 focuses on problems defined on bounded domains. We
study different hemivariational inequalities and differential inclusions on
bounded domains. More precisely, in Section 2.1 we establish two exis-
tence results for the solutions of variational-hemivariational inequalities, in
both the single-variable and two-variable cases, on bounded domains. These
inequalities extend the classical framework of variational inequalities, but
are considerably more general, in the sense that they are not equivalent to
minimization problems and instead give rise to substationary problems. The
theory of hemivariational inequalities was introduced by Panagiotopoulos in
the 1980s ([80]) as a natural tool for modeling and solving a wide range of
problems arising in mechanics, engineering, and economics. The analysis of
hemivariational inequalities differs fundamentally from that of variational
inequalities, due to the nonconvexity of the associated energy functional. In
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Introduction

most cases these nonconvex energy functions are nonsmooth and therefore
the methods of Nonsmooth Analysis are employed for the mathematical
study and numerical treatment of them. Hemivariational inequalities use
the notion of Clarke subdifferential of locally Lipschitz functions (see Clarke
[28]), which is a generalization of classical derivative.

In the second section of Chapter 2 we prove a multiplicity result for a dif-
ferential inclusion problem defined on the unit ball. By variational methods,
we demonstrate that the solutions of this problem are invariant by spheri-
cal cap symmetrization. The main used tools are the symmetric version of
Ekeland’s variational principle proved by Squassina [92], the Mountain Pass
Theorem and the nonsmooth version of the symmetric minimax principle
due to Van Schaftingen [91].

The last section of Chapter 2 examines an elliptic differential inclusion
problem on a bounded open domain with two nonsmooth nonlinear terms,
considered in two different settings. We obtain infinitely many number of
distinct solutions when the generalized gradient of one term oscillates near
the origin or infinity, and the generalized gradient of the other term has
order p > 0 near the origin or infinity.

The Chapter 3 treats hemivariational inequalities and elliptic problems
on unbounded domains. The main problem arising here is the lack of compact
embeddings of Sobolev spaces. In general, if € is unbounded, the Sobolev
space WHP(Q2) (the space of all functions from LP(Q), for which |Vu| €
LP(2)) is not compactly embedded in any Lebesgue space L"(£2). There are
two main approaches to overcome this difficulty. The first is to search for
solutions in suitable subspaces of W'?(Q), such as the weighted or double
weighted Sobolev spaces. The second is to work within subspaces of WP(£2)
whose elements possess specific symmetries. In both cases, there are results
ensuring that these subspaces embed compactly into Lebesgue spaces. The
compact embeddings are needed in order to obtain critical points for the
energy functional attached to the initial problem. These critical points are
the (weak) solutions of the problem.

In Section 3.1, multiplicity results are first proved for a double-eigenvalue
quasilinear problem on an unbounded domain with nonlinear boundary con-
ditions. The solutions are obtained in a weighted Sobolev space. We then
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consider semilinear homogeneous and inhomogeneous elliptic problems in-
volving both superlinear and sublinear nonlinearities. In both cases, we
obtain multiplicity results in double weighted Sobolev spaces. We use varia-
tional methods and some recent results from the theory of best approxima-
tion established by Ricceri in [88] and Tsar’kov in [96].

The Section 3.2 is dedicated to symmetric solutions on striplike domains.
In the first subsection we guarantee two or three non-zero weak solutions to
a quasilinear elliptic problem, which are invariant with respect to certain
groups, whenever the nonlinear term verifies unusual growth assumptions.
In the second subsection a perturbed gradient-type system is considered,
having three distinct, axially symmetric weak solutions.

In the last section of this chapter we prove some multiplicity results
for hemivariational inequalities defined on the whole space. By variational
methods, we demonstrate that the solutions of these inequalities are invari-
ant by spherical cap symmetrization.

Chapter 4 is devoted to a broad class of elliptic differential inclusions in-
volving the Laplace—Beltrami operator together with a Hardy-type singular
term. The problem is formulated in a non-Euclidean setting, more precisely,
on non-compact complete Riemannian manifolds. Depending on the behav-
ior of the nonlinear term and on the curvature of the underlying manifold,
we establish both nonexistence results and existence/multiplicity results for
the studied differential inclusion. The main analytical tools employed are
drawn from nonsmooth variational analysis, complemented by techniques
involving isometric group actions and eigenvalue properties on Riemannian
manifolds.
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Chapter 1

Preliminaries

1.1 Locally Lipschitz functionals

Since the classical variational framework is based on smooth functionals and
their Fréchet or Gateaux derivatives, difficulties arise when dealing with
problems where the underlying energy functionals are only locally Lipschitz
but not differentiable in the usual sense. To overcome this obstacle, the
theory of hemivariational inequalities relies on generalized differential tools
that extend the concept of the gradient to nonsmooth settings.

In particular, a central role is played by the Clarke subdifferential, which
provides a natural substitute for the classical derivative when handling lo-
cally Lipschitz functions. This notion captures the generalized slope of a
nonsmooth function and allows one to formulate variational principles even
in the absence of differentiability.

Therefore, before turning to the analysis of hemivariational inequalities,
we begin by recalling the basic notions of locally Lipschitz functions, Clarke’s
generalized directional derivative, and the Clarke subdifferential. These con-
cepts constitute the foundation of nonsmooth variational analysis and will
be systematically employed throughout the forthcoming sections.

In developing these notions, we will primarily rely on the monographs of
Chang [26], Clarke [28] and Kristdly and Varga [59].

Let X be a Banach space, X* its dual. The euclidean norm in R* and
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Preliminaries

the duality pairing between the Banach space and its dual will be denoted

by | : |7 resp. <'7 >
Let U be an open subset of X.

Definition 1.1.1. A function f : U — R is called locally Lipschitz if every
point u € U possesses a neighborhood N, C U such that

|f(u1) = f(ug)| < Kl|lup —usl|, Vui,ug € Ny,
for a constant K > 0 depending on N,.

Definition 1.1.2. The generalized directional derivative of the locally Lip-
schitz function f : U — R at the point uw € U in the direction v € X is
defined by

f2(u;v) = lim sup flwttv) - f(w)

w—u t

N0
If f:U — R is a function of class C* on U, then h°(u;v) = (h/(u),v) for
all u,v € X.

Hereafter, (-,-) and || - || stand for the duality mapping on (X*, X) and
the norm on X*, respectively.

Definition 1.1.3. Let f : U — R be a locally Lipschitz function. The
generalized gradient or Clarke subdifferential df(u) of f at a point w € U
is the subset of the dual space X* defined as follows

Of(u) ={z € X*: {z,0v) < fO(u;v), Yo € X}.

For all x € X, the functional f°(z,-) is finite and positively homogeneous.
Moreover, we have the following properties.

Proposition 1.1.1. ([28]) Let X be a real Banach space, U C X an open
subset and f,g : U — R be locally Lipschitz functions. The following prop-
erties hold:

(a) For every x € U, 0f(x) is a nonempty, conver and weakly*-compact
subset of X* which is bounded by the Lipschitz constant L > 0 of f
near x;



Locally Lipschitz functionals

(0) fo(z;v) = max{(£,v) : € € df(x)} forallve X;

(e) (f+9)°(z;v) < fo(a;v) + g°(x;v) for allz € U, v € X
(d) O(f + g)(u) C Of (u) + dg(u) for allu € U;

(e) (=f)°(z;v) = fo(x; —v) for all x € U;

(f) The function (x,v) — f(x;v) is upper semicontinuous;

(9) If j : X — R is of class C* on X, then O(j + h)(u) = j'(u) + Oh(u)
and (j + h)°(u;v) = (§'(u),v) + hO(u;v) for every u,v € X.

(h) The set-valued map Of : U — 2% is weakly*-closed, that is, if {x;} C
U and {w;} C X* are sequences such that v; — x strongly in X
and w; € Of(x;) with w; — z weakly” in X*, then z € O0f(x). In
particular, if X is finite dimensional, then Of is upper semicontinuous,
i.e., for every € > 0 there exists v > 0 such that 0f(z") C 0f(z) +
Bx+(0,€), Y2’ € Bx(z,7);

(i) O(sf)(u) = sOf(u) for every s € R and u € X.

Proposition 1.1.2. ([26]) The number A\f(u) = iéI)lff( )Hw|
we U
fined and

x+ 18 well de-

lim inf Ap(u) > Af(ug).

u—uUQ
Definition 1.1.4. ([26]) Let f : X — R be a locally Lipschitz function. We
say that u € X is a critical point (in the sense of Chang) of f, if Af(u) =0,
i.e., 0 € 0f(u).

Remark 1.1.1. ([28]) (a) v € X is a critical point of f if f°(u;v) >
0 for all v € X.

(b) If x € U is a local minimum or maximum of the locally Lipschitz
function f : X — R on an open set of a Banach space, then x is a critical

point of f.



Preliminaries

Proposition 1.1.3. (Lebourg’s mean value theorem [28]) Let X be
a Banach space, x,y € X and f : X — R be Lipschitz on an open set
containing the line segment [x,y|. Then there is a point a € (x,y) such that

fy) = f(x) € (Of(a),y — x).

Proposition 1.1.4. (Chain Rule [28]) Let X be Banach space, let us
consider the composite function f = goh whereh : X — R" and g : R" = R
are given functions. Let denote h;, i € {1,...,n} be the component functions
of h. We assume h; is locally Lipschitz near x and g is too near h(x). Then
f is locally Lipschitz near x as well. Let us denote by «; the elements of Og,
and let a« = (aq, ..., )5 then

of (z) C @{Z ;& : & € Ohi(w), o € Og(h(7))},

where €O denotes the weak-closed convex hull.

1.2 Different continuities of real-valued and

set-valued functions

In this section we are using mainly the monographs of Aubin and Frankowska
[6] and of Kristaly and Varga [59].

Definition 1.2.1. We say that f : U — R is sequentially weakly continu-
ous, if for every sequence {u,} C U converging weakly to a ug € U, we have
that f(u,) converges to f(up), as n — oo.

Definition 1.2.2. We say that f : U — R s upper semicontinuous at

ug € U, if for every € > 0 there exists a neighborhood N, of ug such that

f(u) < f(uo) + € for all win U. Equivalently, this can be expressed as
limsup f(u) < f(uo).

U—uUQ

Definition 1.2.3. The set-valued function F': X — R s upper semicontin-
uous in x if and only if for any neighborhood U of F(x), there exists n > 0
such that for every x' € Bx(x,n), F(2') C U.
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Different continuities of real-valued and set-valued functions

Definition 1.2.4. Let K be a convex subset of X.

(i) A set-valued mapping F : K ~ X* is said to be upper demicontinuous
at xg € K if for any h € X, the real-valued function x v o(F(z),h) =

sup (z*, h) is upper semicontinuous at xo. F is upper demicontinu-
z*eF(x)
ous on K if it is upper demicontinuous in every x € K.

(1)) F : K ~ X* is said to be upper demicontinuous from the line seg-
ments in K if the application t — o(F(tx + (1 — t)y), h) is upper
semicontinuous on the interval [0,1], Yo,y € K,h € X.

(i1i) F : K — X* is said to be w*-demicontinuous in wuq if for any sequence
{un} C K converging to ug (in the strong topology), the image sequence
{F(uy,)} converges to F(ug) in the weak*-topology in X*.

Remark 1.2.1. If F(z) = {F(x)}, that is, if F is a single valued map, then
F is upper demicontinuous at ug € K if and only if the operator F' : K — X*
is w*-demicontinuous at ug € K.

Definition 1.2.5. We say that f : U — R s lower semicontinuous at
ug € U, if for every e > 0 there exists a neighborhood N, of ug such that
flu) > f(uo) + & for all w in U. Equivalently, this can be expressed as
liminf f(u) > f(uo).
uU—uUQ

Remark 1.2.2. The h — o(F(x),h) is a lower semicontinuous sublinear
function.

Let Y, Z be two metric spaces and a set-valued map (with nonempty
values) F': Y ~ Z.

Definition 1.2.6. F' is lower semicontinuous at y € Y if and only if for any
z € F(y) and for any sequence {y,}, converging to y, there exists a sequence
{zn}, 2n € F(yn) converging to z. F is said to be lower semicontinuous if it
15 lower semicontinuous at every point y € Y.

11



Preliminaries

Let us consider a function f : Graph(F) — R. We define the marginal

function g 1 Y — RU{+o0} by ¢g(y) = sup f(y,z). We have the foolowig
2€F(y)
result.

Lemma 1.2.1. (Maximum Theorem [6, Theorem 1.4.16]) If f and F
are lower semicontinuous on Y, then the marginal function is also lower
SEMLCONEINUOUS.

Definition 1.2.7. We say that for a mapping G : X — 2¥ with nonempty
values is upper hemicontinuous if for any p € Y*, the functional

z+— sup (p,y)
yeG(z)

18 UPPET SEMICONTINUOUS.

Remark 1.2.3. If G is upper semicontinuous, then it is upper hemicontin-
uous.

In the sequel, we present two auxiliary results concerning the upper semi-
continuity of certain mappings. These results are used in the proofs of our
main results in Section 2.1. The first was proved by Buzogany, Mezei, and
Cs. Varga in [16], and the second by Buzogany, Mezei, and V. Varga in [17].
For completeness, we include both results here along with their proofs.

Lemma 1.2.2. ([16, Lemma 1.]) Let K be a subset of the Banach space X
and A : K ~» X* be an upper demicontinuous set-valued map with bounded
values. Then the function K x K 3 (z,y) — o(A(z),y — x) is upper semi-
contInuous.

Proof. First, we prove that the function = — || A(z)|| = sup |z*] is
z*€F(z)
locally bounded on K. Indeed, let o € K be an arbitrary fixed element and

assume that the above function is not locally bounded in xy. Then there
exist sequences {x,} C K respectively =¥ € A(x,) such that z,, — z and
|z:|] — oo. By Banach-Steinhaus theorem, there exists v € X such that
(xf,v) is not bounded. Therefore, taking a subsequence {z,} of {z}}, we

12



Different continuities of real-valued and set-valued functions

may suppose that (z},v) — oco. Then o(A(x,,),v) — oco. By the upper
demicontinuity of A4 and the boundedness of A(zy), we get

limsup o(A(z,),v) < o(A(xg),v) = sup{(z*,v)|z* € A(xg)} <

m—0o0
< sup {ll2°[| - o] la* € AGeo)} =
= [lvl[sup {[[z"[| [2" € A(zo)} = [|A(zo) | - [[v]] < o0,
contradiction. Therefore, x — || A(z)]| is locally bounded on K.
Now, let u,v € K be fixed, and {u,, v,} a sequence in K x K, converging
to (u,v). Let L, > 0 be the local bound for A in a neighborhood N,, of w.

Since u,, — u, there exists a number n, € N such that for n > n,,, we have
u, € N,. By the subadditivity we have

U(A(un)7 Un — un) S

< o(A(uy),v, —v) + o(A(up),v —u) + o(A(uy), u — u,) <
< o(Aun), v —w) + [|Aw)[] - [lv = uall + [l = vall] <
< o(A(up), v —u) + Ly[l|lu — up|| + |Jv — vall], ¥V 1 > ny.

Using again the upper demicontinuity of A, we obtain

lim sup o (A(un), vn, — up) <

n—r00

< limsup o(A(uy,),v — u) + Ly limsup|||u — u, || + |[[v — v,]|] <

n—oo n—oo

< o(A(u),v = u),

i.e. the function (z,y) — o(A(x),y — ) is upper semicontinuous in (u,v).
Since u and v were arbitrary fixed, the proof is complete. [J

Lemma 1.2.3. Let F : K ~ X* be an upper demicontinuous set-valued

map with bounded values, i.e. sup ||z*|| < oo, Vo € K. Then the function
*EF (x)
u— o(F(u),v—u) is upper semicontinuous, ¥ v € K.

Proof. In Lemma 1.2.2 we proved that the function x — || F(x)| =

sup ||l«*|| is locally bounded on K.
z*eF(x)

13



Preliminaries

Now, let u € K be fixed, and {u,} be a sequence in K converging to
u € K. Let L, > 0 be the local bound for F in a neighborhood N, of .
Since u,, — u, there exists a number n, € N such that for n > n,,, we have
u, € N,. By the subadditivity (remark 1.2.2), we have that

o(F(up),v—1up) < o(Flup),v—1u)+ o(Fup),u—uy,) <
< o(F(un), v —u) + [|[F(un) | - lu — un| <
< 0(F(un),v — u) + Lyllu — uy |,

for all n > n,,.
Using the upper demicontinuity of F, we obtain

limsup o(F(u,),v — u,) < limsupo(F(u,),v — u) + L, limsup ||u — u,||

n—o0 n—oo n—oo

o(F(u),v —u).

N

Therefore the function z — o(F(z), y—=) is upper semicontinuous in u € K,
for every y € K. Since u was arbitrarily fixed, the proof is complete. O

Definition 1.2.8. Let K be a convex subset of X and let Z be a topological
vector space. The set-valued map F : K ~~ Z (with nonempty values) is
convex if and only if we have

)\F(I1> + (]. - )\)F(l‘z) Q F()\Il + (1 - )\)$2),V X1,T9 € K, VA€E [0, 1]

Remark 1.2.4. F': K ~» Z is convex if and only if for every x4, ..., x, € K,
for all Ay,..., A\, >0, n € N* such that Z)‘i = 1, we have

=1

Zn:)\zF(xl) CF <z”: )\ixi) .

Definition 1.2.9. Let X be a nonempty convexr subset of E. A functional
¢ : X x X = R is said to be 0-diagonally concave in the second argument
(in short 0-DCV), if for any finite subset {y1,vy2,...,ym} C X and any
=Y Ny (N >0, Yo N =1), we have Yt A\ ®(x,y;) < 0.

14



Palais-Smale condition, Mountain Pass Theorem

Remark 1.2.5. If ¢ is concave in the second argument and ®(x,y) < 0 for
each x € X then ® is 0-DCV.

Definition 1.2.10. The mapping F' : K C X ~ X* is monotone if

(fi — foyu—v) >0, Yu,v € K, Vf) € F(u),Vfy € F(v).

1.3 Palais-Smale condition, Mountain Pass

Theorem

The Palais-Smale condition (henceforth denoted by (PS)) is a fundamental
compactness criterion in the calculus of variations and critical point the-
ory, particularly for studying the existence of critical points of functionals
defined on unbounded domains. It ensures that certain sequences, called
Palais-Smale sequences, along which the functional’s value is bounded and
its derivative tends to zero, possess convergent subsequences. This compact-
ness property is essential because, in unbounded settings, bounded sequences
do not automatically have convergent subsequences.

The Palais-Smale condition plays a crucial role in minimax theorems,
which are powerful tools for locating critical points of functionals. Mini-
max methods work by examining the extremal behavior of the functional,
such as taking the maximum of a set of minima or the minimum of a set
of maxima over certain subsets of the domain. The condition ensures that
the sequences constructed via these variational procedures converge to ac-
tual critical points, rather than “escaping” to infinity or failing to converge.
Consequently, the Palais-Smale condition provides the necessary compact-
ness to rigorously justify the application of variational methods in proving
the existence of solutions to nonlinear problems.

Definition 1.3.1. Suppose E is a Banach space. We denote by C*(E,R) the
set of functionals that are Fréchet differentiable and whose Fréchet deriva-
tives are continuous on E. For I € CYE,R), we say that I satisfies
the Palais-Smale condition if any sequence u,, C E for which I(u,,)
is bounded and I'(u,,) — 0 as m — oo possesses a convergent subsequence.

15



Preliminaries

As we mentioned, the (PS) condition is a convenient way to build some
”compactness” into the functional /. Indeed observe that (PS) implies that
K.={ue€ E:I(u) =cand I'(u) = 0}, i.e. the set of critical points having
critical value ¢, is compact for any ¢ € R (see also [4, pp. 59-103], [25]).

The Mountain Pass Theorem, which is due to Ambrosetti and Rabinowitz
[3] is one of the most powerful tools in Nonlinear Analysis for proving the
existence of critical points of energy functionals. A version of the Mountain
Pass Theorem (see [85]) asserts that if a continuously differentiable func-
tion has two local minima, then (under some natural assumptions) such a
function has a third critical point.

Theorem 1.3.1. (Mountain Pass Theorem [86]) Let E be a Banach
space and I € CY(E,R) a functional, satisfying the Palais-Smale condition.
Suppose 1(0) =0 and

(a) there are constants o > 0 and p > 0 such that I(u) > «, for every
lull = p;

(b) there is an e € E with |le|| > p and I(e) < 0.

Then the number

c=inf max I(v),
g€l veg([0,1])

where
I'={g€C([0,1],E) : g(0) = 0,9(1) = e},

s a critical value of I, with ¢ > .

1.4 Principle of Symmetric Criticality

Many functionals in calculus of variations and mathematical physics are
symmetric, meaning they remain unchanged under certain transformations
(ex. rotations, reflections). The Principle of Symmetric Criticality (PSC)
allows us to search for critical points within the smaller space of symmetric
functions, knowing that any critical point found there is also a critical point
in the full space.

PSC is widely used in nonlinear PDEs and variational problems, where
symmetry reduces the complexity of the problem.

16



Principle of Symmetric Criticality

Definition 1.4.1. Let G be a group with identity element e, and X a topo-
logical space. A group action o of G on X is a function a : G x X — X
that satisfies the following two axioms:

1) Identity: a(e,u) = u;

2) Compatibility: a(g,a(h,u)) = a(gh,u)
forall g,h € G and all u € X.

Remark 1.4.1. For simplicity we shall often write gu instead of a(g, u).

Definition 1.4.2. A function h : X — R is called G-invariant if h(gu) =
h(u) for everyu € X and g € G.

Definition 1.4.3. A subset M of X is called G-invariant if
gM ={gu:ue M} C M,Vg € G.

Theorem 1.4.1. (Principle of symmetric criticality [79]) Assume that
the action of the topological group G on the reflexive and strictly convex
Banach space X is isometric. If p € C*(X,R) is invariant and u is a critical
point of ¢ restricted to the space of invariant points, then w is critical point

of v.

This smooth version of the principle of symmetric criticality provided by
Palais [79] was later extended to various nonsmooth settings.

Let G be a compact Lie group acting linear isometrically on the real
Banach space (X, ||-||), i-e., the action Gx X — X, (0, u) — ou is continuous
and for every o € G the map u +— ou is linear such that ||ou| = |lu| for
every u € X. Let

Fixyx(G) ={u e X :ou=u, Vo € G} (1.1)

be the set of fixed points of G over X.

According to Krawcewicz and Marzantowicz [56] (see also Costea, Kris-
taly and Varga [29, Section 3.4]), the principle of symmetric criticality for
locally Lipschitz functions can be stated as follows.

17



Preliminaries

Theorem 1.4.2. (Principle of symmetric criticality for locally Lips-
chitz functionals [56]) Let G be a compact Lie group acting linear isomet-
rically on the real Banach space (X, || -||) and h: X — R be a G-invariant,
locally Lipschitz functional. If hlg denotes the restriction of h to Fixx(QG)
and u € Fixx(G) is a critical point of h|g then u is also a critical point of
h.

1.5 Abstract framework of symmetrization

In this section we present the definitions of different symmetrizations. More
properties and examples can be found in Van Shaftingen [91] and Squassina
[92].

Definition 1.5.1. For f: A +R =R U {—00, +oc} and c € R let

{f>c}={x € Alf(x) > c}.

Definition 1.5.2. Let P € 9B(0,1)NRY. The spherical cap symmetrization
of the set A with respect to P is the unique set A* such that A*N{0} = AN{0}
and for any r > 0,

A*NOB(0,r) = By(rP,p) NOB(0,r) for some p >0,

,HN_l(A* N aB(O,T)) = ’,L[N_l(Aﬂ 8B<07T))a

where HN=1 is the outer Hausdorff (N — 1)-dimensional measure and by
By(rP, p) we denote the geodesic ball on the sphere 0B(0,r) of center rP
and radius p. By definition By(rP,0) = (.

Definition 1.5.3. The spherical cap symmetrization of a function « : Q2 —
R is the unique function u* : Q* — R such that, for all ¢ € R,

{u* > c} ={u>c}"

Definition 1.5.4. A subset H of RN is called a polarizer if it is a closed
affine half-space of RN, namely the set of points x which satisfy a - x < f3
for some a € RY and B € R with |a| = 1. Given z in RY and a polarizer
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H the reflection of x with respect to the boundary of H is denoted by xp.
The polarization of a function u : RY — RT by a polarizer H is the function
ufl : RY — RY defined by
() = max{u(z),u(xy)}, ifreH (1.2)
min{u(x),u(zy)}, ifz € R\ H.

The polarization C* C RN of a set C C RY is defined as the unique set
which satisfies xon = (xc)™, where x denotes the characteristic function.
The polarization uf! of a positive function u defined on C C RN is the
restriction to CH of the polarization of the extension @ : RV — R* of u
by zero outside C. The polarization of a function which may change sign is

defined by u' := |u|", for any given polarizer H.

Following Van Schaftingen [91], consider the abstract framework below:

Let X, V and W be three real Banach spaces, with X C V C W and let
S C X. For the clarity, we present some crucial abstract symmetrization and
polarization results of this work and of Squassina [92]. Let us first introduce
the following main assumption.

Definition 1.5.5. Let H, be a pathconnected topological space and denote by
h:SxH,— S, (u, H) = ufl, the polarization map. Let x: S — V,u s u*,
be any symmetrization map. Assume that the following properties hold.

1) The embeddings X — V and V — W are continuous;
2) h is continuous;
3) (w) = (uf)* = u* and (u)¥ =¥ for allu € S and H € H,;

4) for all u € S there exists a sequence (H),, C H, such that uf-Hm —
u* i V;

5) |[ufl — v |y < |lu—v|ly for allu, ve€ S and H € H,.

Since there exists a map © : (X, - [[v) = (S,|| - |lv) which is Lipschitz
continuous, with Lipschitz constant Cg > 0, and such that ©|g = Id|g, both
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maps h: S X H, — S and x: § — V can be extended to h: X x H, — S
and x : X — V by setting u = (0(u))* and u* = (O(u))* for every u € X
and H € H,.

The previous properties, in particular 4) and 5), and the definition of ©
easily yield that

lu = oIl < Collu—vlly,  llu* —vlly < Collu—vly  (13)

for all u, v € X and for all H € H,.

Some known examples of spherical cap symmetrization with Dirichlet
boundary and of Schwarz symmetrization are given by J. Van Schaftingen
in [91].

We recall three results which will play an essential role in the Section 2.

Proposition 1.5.1. ([37, Proposition 3.3]) Let G : RY x R — R be a
Carathéodory function such as G(z,u) = G(y,u) for a.e. x, y € RN, with
lz| = |y|, and all u € R. Then, for all H € H,

/RN G(z,u(z))dx :/ G, u” (x))dz

RN
along any u : RN — Ry, with G(-,u(-)) € L*(RY).

Remark 1.5.1. The statement of the above proposition remains valid if we
choose 2 = Qf C R instead of the whole space RY (Van Schaftingen [91,
Proposition 2.19)).

In the paper of Cs. Varga and V. Varga [98] a quantitative deformation
lemma is proved for locally Lipschitz functions. Van Schaftingen in [91]
Theorem 3.5 , proves a symmetric version of this variational principle for
C! functionals. Using the mentioned results with slight modifications, one
can prove the following symmetric variational principle for locally Lipschitz
functionals.

Theorem 1.5.1. (Symmetric variational principle)

Let (X, V,%,H,,S) satisfy the assumptions of Definition 1.5.5. Denote
by k > 0 any constant with the property ||ully < k||lu|lx for allu € X. Let
e e X\ {0} be fized and

['={y e C([0,1], X) : 7(0) = 0,7(1) = e}.
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Consider also the locally Lipschitz functional ® : X — R, which satisfies:

1) 0o > c:=inf sup ®(y(t)) > a := max{P(0), P(e)},
7€l tefo,1)

2) ®(ufl) < ®(u), for allu € S and H € H,.

Then for every 0 <e < 5%, 0 >0 and v € T, with the properties

i) sup @(y(t)) <c+e;
te[0,1]

ii) v([0,1]) C S;

iii) {7(0), (1)} = {7(0),7(1)} for some Hy € H.,,

there exists u. € X such that

a) ¢ —2e < P(u.) < c+ 2¢;
b) |lue —utllv <22k +1)4;

c) Ao(u) < 8/6.
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Chapter 2

Hemivariational inequalities,
differential inclusions on
bounded domains

2.1 Existence results

In this section we establish two existence results concerning some hemi-
variational inequalities. As consequences of these results we reobtain some
classical results on Banach spaces, such as the Schauder fixed point theorem.
These results are contained in the papers of Buzogany, Mezei and Cs. Varga
[16] and of Buzogany, Mezei and V. Varga [17].

Through this section we always assume that X is a Banach space, X*
its dual, © is a bounded open set in RY (N > 1) with smooth boundary.
Furthermore we consider the following hypotheses:

(Hyp) T : X — LP(Q,R¥) is a linear, continuous operator, where p > 1,
k>1;

(H;j) j : Q x R* — R is a Carathéodory function which is locally Lips-
chitz with respect to the second variable and satisfying the following growth
condition: there exist h; € LP%(Q, R) and hy € L>(2,R) such that

w| < ha(@) + ha(z)yl"
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for a.e. x € Q, for every y € R¥ and for all w € 9j(z,y), where 9j(z,y) is
the Clarke generalized gradient of j.

The euclidean norm in R* and the duality pairing between the Banach
space and its dual will be denoted by |- |, resp. (-, ).

Using the hypotheses (Hr) and (H;), Panagiotopoulos, Fundo and Radu-
lescu proved the following result in [82]. We will make use of this lemma in
the present chapter, and due to its importance, we include it along with its
complete proof.

Lemma 2.1.1. ([82, Lemma 1.]) If T and j satisfy the (Hy) and (H,)
respectively and Vi, Vo are non-empty subsets of X, then the mapping Vi X
Vo — R defined by

(u,v) — /ng(:r,Tu(l:),Tv(x))d:r, (u,v) € Vi x V4 (2.1)

1S UPPET SEMICONTINUOUS.

Proof. Let {(tum, un)}men C Vi x Vo be a sequence converging to (u,v) €
Vi x Va, as m — oo. Since T : V — LP(Q, R*) is continuous, it follows that

Ty, — Tu, Tv, — Tv in LP(Q,RY),  as m — oo.

There exist a subsequence {(T'u,,, Tv,)} of the sequence {(Tu,, Tv,,)} such
that

limsup/jo(x,Tum(x);Tvm(:z:))dx: lim [ 7%z, Tu,(z); Tv,(x))d.
Q

m—0o0 m—oo Jo

By Proposition 4.11 in [44], one may suppose the existence of two functions
Tug, Tvg € LP(QRF), and of two subsequences denoted again by the same
symbols, such that:

[ Tun ()| < Tuo(x), |Ton(x)] < Tvo(x),

Tu,(z) = Tu(x), Tv,(z) = Tv(z), asn— oo

for a.e. x € Q. On the other hand, for each z where the condition (H,)
holds true and for each y, h € R¥, there exists z € dj(x,y) such that

3@, y:h) = (2, h) = max{(w, h) w € dj(z,y)},
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(see [28, Prop.2.1.2]). Now, by (H,)
7@,y )] < 2Bl < (ha(@) + ha() yl" )R]

Consequently, denoting F(x) = (hy(z) + ho(x)|Tuo(z)|P~1)|Tve(x)|, we find
that
15°(2, Tun(2); Tva(2))] < F(2),

for all n € N and for a.e. x € (L.
From Holder’s inequalities and from the condition (H;) for the functions
hy and hy it follows that F' € L'(Q,R). Fatou’s Lemma yields

lim [ %, Tu,(2); Tv,(z))dz < lim sup/ 3%z, Tu, (x); Tv, (x))dz.
Q

n—00 0 n—oo

I3

Next, by upper-semicontinuity of the mapping j%(z, .;,) (see Clarke [28,
Prop.2.1.1]) we get that

lim sup j%(x, Tu, (2); Tv, () < %2, Tug(z); Tve()),

n—00

for a.e. x € Q2. Hence

lim sup 7° (2, Tt (2); T () < 5°(2, Tuo(x); Tvo (),

m—o0

which proves the upper-semicontinuity of the mapping defined by (2.1). O

2.1.1 Variational-hemivariational inequality
with one variable

Let K be a subset of X, A: K ~» X* and F' : K ~ K two multivalued
mappings (with nonempty values). Under hypotheses (Hy) and (H;) the
main problem of this subsection is the following:

(HVI) Find u € F(u), such that
o(A(u),v —u) + /ng(x,Tu(m); Tv(x) — Tu(z))dx > 0,
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for all v € F(u), where j)(x, Tu(z); Tv(z) — Tu(x)) is the generalized Clarke
derivative of j(x,-) at the point T'u(z) with the direction Tv(z) — T'u(x) and
o(A(u),v — u) denotes the support function of the set A(u), which is

o(A(u),v —u) = sup (z*,v—u).
z*€A(u)

Before presenting the main result of this subsection, Theorem 2.1.1, we
first introduce the following lemma, proved by Abdelkhaled El-Arni in [5].
This lemma serves as a key tool in the proof of Theorem 2.1.1, and we
therefore find it useful to include it here.

Lemma 2.1.2. ( [5]) Let K be a convex, closed subset of a Banach space
X. If

(1) F: K ~ K is upper semicontinuous with closed convexr nonempty
values;

(i) & : K x K — R is lower semicontinuous in first argument on every
compact conver subset of X and 0-diagonally concave in the second
argument and ®(x,z) <0, Vo € K;

(i) the set {x € K : supyep(, ®(w,y) < 0} is closed in K;

(1v) there exists a nonempty compact conver subset Z C K such that for
allz € K\ Z exists y € Z N F(x) with ®(x,y) > 0.

Then there exists xo € F(x0) such that Sup,ep(,,)®(zo,y) < 0.

Now, we can state the main result of this subsection.

Theorem 2.1.1. ([16]) Let K be a convex closed subset of a Banach space
X, A: K ~ X* is upper demicontinuous on K with bounded values, T :
X — LP(Q,R¥) is satisfying (Hr) and j : QxRF — R satisfies (H;). Let F :
K ~ K be a multivalued upper-hemicontinuous and lower semicontinuous
mapping with convex, closed and nonempty values. Moreover, we suppose
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that there ezists a compact subset Ko of K such that for all x € K\ K, there
exists y, € Ko N F(x) such that

o(A(z),y, —x) + /ng(w,Tx(w),Tyx(w) — Tz(w))dw < 0.

Then (HVI) has at least one solution.
Proof. Let ®: K x K — R, defined by

O(u,v) = —o(A(u),v —u) — /ng(:t:,Tu(x);Tv(x) — Tu(z))dz.

We will verify the hypotheses of Lemma 2.1.2.

(ii) From Lemma 2.1.1 and Lemma 1.2.2 we obtain that ® is lower semi-
continuous in the first argument. Using the facts that h — o(A(zx), h) and
h = [oJo(z, Tu(x); h)dx are sublinear functions (therefore convex), from
Remark 1.2.5 we obtain that ® is 0-DCV in the second argument, taking
into account that ®(u,u) =0, Yu € K.

(iii) Since (u,v) — ®(u,v) and F are lower semicontinuous, using the
Maximum Theorem (Lemma 1.2.1), we get that x + sup,cp, ®(z,y) is
lower semicontinuous function. Therefore, the level set

o € K+ sup,ern @(2,9) < 0}

is closed in K.
(iv) is exactly the our coercivity hypothesis.
Therefore, there exists g € F(xo) such that sup,cp(,)®(vo,y) <0, i.e.

o(A(xg),v —xg) + /ng(w,Txo(w);Tv(w) —Txo(w))dw >0, Yv € F(xy),

which completes the proof. [l
As a consequence of this theorem, we obtain a result of Pangiotopoulos,
Fundo, Radulescu, proved in [82, Theorem 1].

Corollary 2.1.1. Let K be a compact and convex subset of a Banach space
X and let j satisfying the condition (j). If A : K — X* is w*-demi-
continuous, then there exists an u € K such that for allv € K

(Au,v —u) + /ng(m, Tu(x); Tv(z) — Tu(z))dx > 0.
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Proof. We choose F(u) = K, which is continuous with convex and
closed values. Then using Remark 1.2.1 and applying the above theorem,
we conclude this corollary. O

2.1.2 Variational-hemivariational inequality
with two variables

In this subsection we consider the set-valued mappings with nonempty values
A: Kx K ~ X"and G : K x X ~ R, where K is a subset of X.
Under hypotheses (Hr) and (H;) the main problem of this subsection is the
following differential inclusion problem

(P) Find u € K such that, for every v € K

o(A(u,u),v —u) + G(u,v —u) + /ng(x, Tu(z); Tv(r) — Tu(z))dx C R;.

Here o(A(w,u),v — u) denotes the support function of the set A(w,u),
ie.

o(A(w,u),v —u) = sup (z*,v—u).
z*eA(w,u)

The problem (P) can be formulated in the form of a hemivariational
inequality
(P") Find u € K such that, for every v € K

o(A(u,u),v —u) +infG(u,v —u) + /ng(at:7 Tu(zx); Tv(x) — Tu(z))dx > 0.

Furthermore, we assume that the following hypotheses are satisfied on the

mappings G and A.

(He)(1) G(u,0) SRy, Vue K;
(2) G(u,-) is convex, Yu € K;
(3) G(-,-) is lower semicontinuous on K x X;
(4) G(u,-) is subhomogenous, i.e.
tG(u,y) C G(u,ty), YVt € [0,1], Vu € K, Vy € X.
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(Ha)(1) A has bounded values, i.e. sup [|z*]| < o0, Yu,v € K
z*€A(u,v)

(2) A(v,-) : K ~» X* is upper demicontinuous on K, Vv € K;

(3) A(,u) : K ~» X* is upper demicontinuous from the line segments in
K, Vu e K.

(4) A(-,u) has the monotonicity property

o(A(v,u),v —u) > o(A(u,u),v —u),Vu,v € K.

The main result of this subsection is the following

Theorem 2.1.2. ( [17]) Let K be a convez, closed subset of a Banach space
Xand A: KxK ~ X*,G: KxX ~ R T:X — LP(QRF) and

Jj: Qx RF = R satisfying (Ha), (Hg), (Hr) and (H;) respectively. In
addition, if

(Heper) there exists a compact subset Ky of K and ug € K such that for all
u € K\ Ky we have

{otatun,u =)+ Gl )+ [ 8o Tule). Taote) = Tuta)dsf R 20,
Q
then (P) has at least one solution.

Proof. For w € K, let
Ti(w) ={ue K :o(Au,u),w —u)+ inf G(u,w —u)+

+ /jg(x,Tu(x),Tw(x) — Tu(z))dx > 0};

Th(w) = {u € Ky : o(A(w, u),w —u) + inf G(u,w —u)+

+ /jg(x,Tu(a:),Tw(w) — Tu(z))dx > 0}.
Q

Step 1. We prove that T3(ug) C Ko, where ug is from the condition
(Hcoer)‘
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Suppose that there exists u € Ty(ug) C K such that u ¢ K,. From the
definition of 77 (ug), we have that

U(A(u7u),u0—u)+infG(u,uo—u)—k/gjo(ac,Tu(:c),Tuo(x)—Tu(x))dm > 0.

But this contradicts the (Hy,). Therefore T7(ug) C K.
Step 2. We prove that T} : K ~~ K is KKM-mapping, i.e.

Vwy, ..., w, € K : co{wy, ..., w,} C UTl(wi).
i=1

We argue by contradiction, we suppose that there exist

A, A, >0, i)\izl
i=1

such that w = > \w; ¢ Ti(w;), for i = 1,n. Therefore
=1

o(A(w, w), w; — w) + inf G(w,w; — W)+
+/‘7'0(967T@(:L“%Twi(ac) — Tw(x))dz <0, i =1,n.
Q

Let T = {i = 1,n : \; # 0}. Multiplying the above inequalities by \; for
i € Z and using the homogenity of 7" and the positive homogenity of j°, we
have

o(A(w,w), \iw; — \w) + \; inf G(w, w; —w)+

+ /Q . T (), TOwws) (x) — TOm)(@))de < 0.¥i € T.

Adding the above relations for i € 7 and using that h — o(A(w, w), h) and
h— j°(x, Tw(x), h) are subadditive, we get

i€l 1€ 1€

+ /Q 3z, Tw(x), > T(Awi)(x) = > T(A\D)(x))dz < 0.

1€ 1€l
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On the other hand since z +— inf G(w, z) is convex for all w € K, T is
additive and the condition (Hg)(1) holds, we get

( (@, ), Y Aw; — ZAw>+ZAmwawl W)+

€L 1€l €L
+/ (z, Tw(x ZT)\wZ ZT ))dxz > 0,
Q icT icT

which is absurd. Therefore, T7 is KKM-mapping.
Step 3. We prove that (| Ti(w) # 0. Here, Ty (w) is the closure of T3 (w).

wekK
Indeed, from Step 1, we have that T (u) C Kj. Since Ky is compact, 17 (uo)
is also compact. Using the Step 2 and applying Lemma 2 of Ky Fan, we
obtain that () Ti(w) # 0.

weK

Step 4. (1 Ti(w) = [ Ta(w).
weK weK
(a) Let w e () Ti(w) i.e. Yw € K. we have
weK

o(A(u, u), w—u)+inf G(u, w —u) —l—/jo(x,Tu(:p),Tw(x) —Tu(x))dz > 0.

From the condition (H,.), we have that u € Ky, and from the mono-
tonicity property (H,4)(4) of A, we have

o(A(w,u),w—u)+inf G(u, w—u) —|—/j0(:c,Tu(:L’),Tw(x) —Tu(x))dz >0,

for every w € K, therefore u € () Ta(w).

(b) Let u € [ Tz(w). rJf‘l)]rfelil o(A(v,u),v — u) + inf G(u,v — u) +
fjo(ac,Tu(m),TU(lsse)K— Tu(z))dz > 0, Vv € K. Let v € K be an arbi-
?rary element, and v, = tv+ (1 —t)u, for t € [0,1]. Clearly, v; € K. We have
for every t € [0, 1]

o(A(vg, u), vy —u)+inf G(u,vt—u)#—/QjO(x,Tu(x),Tvt(m) —Tu(x))dx > 0.
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From the linearity of T, we have
o(A(vg,u), t(v —u)) +inf G(u,t(v —u))+
—I—/jo(:z:,Tu(x),t(TU(m) —Tu(x)))dx >0, Vt € [0, 1].
Q

From the (H¢) (4) and from the fact that j)(x, Tu(z),-) is positive homo-
geneous, we obtain

o(A(ve, u),v —u) +inf G(u,v—u)+ / 3%(z, Tu(x), Tv(z) — Tu(z))dx > 0,
Q
for every t € (0,1]. Using (H4) (3), we have that limsup o (A(vg, u), v —u) <
t—0+
o(A(u,u),v —u). Therefore,
o(A(u,u),v —u) +inf G(u,v —u) + / 3%z, Tu(z), Tv(z) — Tu(z))dz > 0.
Q

Since v € K was arbitrarily choosen, it follows that v € (] T3 (w).

weK
Step 5. () Ti(w) = () Ta(w).
weK weK
Clearly, (| To(w) € () Ti(w) from Step 4. Conversely, let
weK weK
ve () Tiw).

weK

We prove that v € [ Th(w).

weK
Since K, is compact, from Step 1. it follows that 77 (ug) C Ko, we have

that () Ti(w) C Kg. Therefore, v € Ko N T (w), Yw € K.

weK
Now, let © € K be a fixed element. Since v € Tj(u), there exists a
sequence {v,} from T (u) such that v, — v. Since v,, € T}(u), we have

o(A(vp, vp), u—vy,) +inf G(vg,u—vy) +/ 3%z, T, (z), Tu(x) — T, (z))dz > 0.
Q
From (H4)(4), we have

o(A(u, vyp),u —vy) +inf G(vp, u —vy) —l—/QjO(a:,TUn(a:), Tu(z) — Tvp(x))dz > 0.
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From (H4)(1) and (2), applying Lemma 1.2.3 we obtain that v — o(A(u,v),
u — v) is upper semicontinuous, therefore

lim sup o (A(u, vy ), u — vy) < o(A(u,v),u —v).

n—oo

From Lemma 1.2.1 (with F = G, Y := K x X, Z =R, f((y1,42),2) = —=z,
where z € G(y1,y2)) and (Hg)(3) we have that v — inf G(v,u — v) is upper
semicontinuous, therefore

limsup inf G(vy, v — v,) < inf G(v,u — v).

n—oo

Using the Lemma 2.1.1 we get the following inequality

lim sup/QjO(m,Tvn(x),Tu(az) — Ty (z))dz <

n—s00
< /ﬂjo(x, Tv(z), Tu(z) — Tv(x))dx.
Summarizing the above relations, we get
o(A(u,v),u —v) +inf G(v,u —v)+
—|—/Qj0(x,Tv(x),Tu(x) —Tv(z))dz > 0,

i.e. v € Ty(u). Since u was arbitrary, we have that v € [ Ta(u).
ue K

Step 6. From Steps 3, 4 and 5, we have that (| T1(w) # 0, which means that
weK
there exists at least one w € () Ti(w), which is a solution for (P). O

weK

Remark 2.1.1. If K is compact in the above theorem, the hypothesis (Heper)
can be omitted.

In the following we present some applications of the Theorem 2.1.2.
As a first application, we can deduce easily the Schauder resp. Brouwer fixed
point theorem on Banach spaces. For the completeness, we give the proof.

Corollary 2.1.2. Let K be a compact, convexr subset of a Banach space X and
f: K — K be a continuous function. Then f has at least one fized point.
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Proof. Let A =0, =0,T =0 and G : K x X ~ R defined by G(u,v) =
llu+v = f)l = llu— flu)l,o0).

We verify (Hg). Clearly, G(u,0) = [0,00) = R4 and v ~ G(u,v) is convex,
Vv € K. Since f is continuous, the function (u,v) — [[u+v— f(u)| — ||u— f(u)]]
is continuous also. Therefore, it’s easy to prove that (u,v) ~» G(u,v) is lower
semicontinuous on K x X. The subhomogenity of G(u,-) for t =0 and t = 1 is
trivial. Otherwise, this follows from the triangle inequality.

Therefore, the hypotheses of (Hg) are fulfilled, so from Theorem 2.1.2 it fol-
lows that there exists ug € K such that

v = f(uo)ll = lluo = f(uo)ll; 00) = G(uo, v —ug) SRy, Vv € K.
In particular, we have ||v— f(uo)||—|luo—f(uo)|| > 0, Vv € K. Let v := f(uop).
We have —|jug — f(ug)|| >0, i.e. up = f(up). O

Corollary 2.1.3. (Brouwer fixed point theorem) Let f : K — K be a continuous
function, K being a compact, convexr subset of R™. Then f has at least one fized
point.

As an other application we can prove a result obtained by Panagiotopoulos,
Fundo and Radulescu, namely

Corollary 2.1.4. ([82, Theorem 1.])Let K be a compact and convex subset of
a Banach space X and j and T satisfying (H;) and (Hr) respectively. If the
operator A : K — X* is w*-demicontinuous, then there exists u € K such that

(PFR) (Au,v —u) + /Qj??(x,Tu(ac),TU(x) —Tu(z))dx >0, Yv € K.

Proof. Let A : K x K ~» X* defined by A(v,u) = {A(u)}, Yu,v € K and
G = 0. Let v € K be fixed. From Remark 1.2.1, A(v,-) is upper demicontinuous
on K (with bounded values). Therefore, (H4) holds. Since o(A(u,u),v —u) =
(Au,v — u), the assertion follows easily from Theorem 2.1.2. O

The following result is of Browder’s type, see [15].

Corollary 2.1.5. Let K be a convez, closed subset of a Banach space, A : K x
K ~ X* be an operator satisfying (H). Suppose that there exists a compact
subset Ko C K and ug € K such that o(A(u,u),up —u) <0, Yu € K\ Ko. Then
there exists u € K such that

o(A(u,u),v —u) >0, Vv € K.
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Proof. We apply Theorem 2.1.2 for G =0, j=0and T =0. O

Remark 2.1.2. Similar results were obtained by Chen in [27].

Finally let X; and X5 two Banach spaces, K1 C X1, Ko C X5 two nonempty
closed, convex sets. Let F; : Ky x Ko — X, ¢ = 1,2 two operators. Our aim is
to give existence result for the following problem:

Find (u1,us) € K1 x Kz such that

<F1(U1,U2),$ — u1> >0, Vx € Ky,
(NP)
(Fy(u1,uz),y —ug) >0, Yy € Ko

The above problem is originated from the Nash equilibrium points (see [42]
and [43]).

Theorem 2.1.3. ([17]) Suppose that

(i) for every z; € K;, i = 1,2 the mappings F\(-,x2) : K1 — X{ and F(x1,-) :
Ky — X5 are monotone, w*-demicontinuous and upper demicontinuous on
the line segments in K respective Ko;

(ii) there exist K? C K;, 1 =1,2 compact sets and x? € Klo such that for every
(z1,22) € (K1 x K3) \ (K} x K7)

<F1(351,$2),:17(1) — l‘1> + <F2<I1,$2>,x8 — :172> < 0.

Then (N P) has at least a solution.

Proof. First let j = 0, G = 0 and T = 0 in Theorem 2.1.2. Moreover, let
X =X1xXy, K=K xKyand A: K x K ~ X* be a single-valued map,
defined by

*A((xay)) (th)) = (Fl(x’t)’FQ(Zvy))’ V(m,y), (Zrt) € K.

Clearly, A satisfies (H4). Let Ko := KY x K§ and ug := (29,29) € Ko. The Ky
and wuq satisfy the (Hgper) condition from Theorem 2.1.2. Therefore, there exists
u = (u1,u2) € K such that (A(u,u),w—u) >0, Yw € K. This is equivalent with

(Fi(u1,u2), w1 — up) + (Fa(u, uz), we — ug) >0, Vw,; € K;, i =1,2.

Substituting we := ug and w; := u; respectively, we obtain that u = (u1,ug) €
K is a solution for (NP). O
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Remark 2.1.3. If Ky and Ka are compact sets, the hypothesis (ii) from the
Theorem 2.1.3, can be omitted.

Remark 2.1.4. From the Theorem 2.1.3 we obtain also the Brouwer fixed point
theorem (see Corollary 2.1.3), choosing K = K1 = Ko , Fi(u1,u2) = —f(u1) +ue
and Fa(uy,uz) = ug — uj.

2.2 Multiple symmetric solutions for differ-

ential inclusions

In this section we prove a multiplicity result for a differential inclusion problem
defined on the unit ball. By variational methods, we demonstrate that the so-
lutions of this problem are invariant by spherical cap symmetrization. We shall
follow the paper of Mezei, Molndr and Vas [70].

Consider the following semi-linear elliptic differential inclusion problem, cou-
pled with the homogeneous Dirichlet boundary condition:

—Apu + |ulP~?u € NOF(z,u(z)) in Q, 1
(Py)

u=0 on 0f),

where ) is a positive parameter, 1 < p < N, © C RY is the unit ball, Aj,(u) =
div(|Vu[P~2Vu) is the p-Laplacian operator, and dF (z, s) stands for the general-
ized gradient of the locally Lipschitz function F':  x R — R at the point s € R
with respect to the second variable (see for details Section 2). Here and in the
sequel | - | denotes the Euclidean norm in R,

Such problems arise mostly in mathematical physics, where solutions of elliptic
problems correspond to certain equilibrium state of the physical system. This is
the reason why problems of this type were intensively studied by several authors
in the last years.

The purpose of this section is ensure the existence of multiple spherical cap
symmetric solutions for the problem (P1), where the natural functional space is
the Sobolev space W, (£2), endowed with its standard norm

full = ([ 1vator+ [ |u<:c>|P)1/p.

In order to obtain our result, we need the following assumptions on the func-
tion F":
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max{|{| : £ € OF(z,s)}

Fy) | = 0;

(Fa) lim s ’

(F3) lim max{|¢|: £ € OF (x,s)} .
S e |s[p=1 o

(F3) There exists an ug € W, (§2), ug # 0 such that

/F(J:,uo(x))dx > 0.

Q
(F4) F(z,s) = F(y,s) for a.e. z,y € Q, with |z| = |y| and all s € R;
(F5) F(z,s) < F(z,—s) fora.e. z € Qand all s € R™.
The main result of the subsection is the following:

Theorem 2.2.1. ([70]) Assume that 1 < p < N. Let Q C RY be the unit ball
and F : Q@ x R — R be a locally Lipschitz function with F(x,0) = 0, satisfying
(F1)-(Fs). Then,

(a) there exists a Ap such that, for every 0 < X\ < Ap the problem (P}) has only

the trivial solution,

(b) there exists a \i such that, for every X\ > Ay the problem (P3) has at least
two weak solutions in Wol’p(Q), invariants by spherical cap symmetrization.

Remark 2.2.1. Choosing p = 3, the function F : Q x R — R defined by

Flz.s) lz|(s* — s%), if |s|] <1
z,s) =
|z| In 52, if |s| > 1.

fulfills the hypotheses (F1)-(F'5).

Definition 2.2.1. We say that u € Wol’p(Q) is a weak solution to problem (P})
if there exists & € OF (x,u(x)) for a.e. © € Q such that for all v € Wy'(Q) we
have

/(|Vu|p_2Vqu + [ulP~2uv)de = /\/ Epv(x)de. (2.2)
Q Q
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We consider the functionals I, F : Wy ?(Q2) — R defined by

1
I(u) =~ / (IVul? + |ul?)dz, Flu) = / F(z,u(x))d.
P Ja Q
Now, we can define the energy functional associated to the problem (P}) by
Ex(u) = I(u) — NF(u).

Remark 2.2.2. If Q is bounded, using [77, Theorem 1.3], we have
OF (u) C / OF (z,u(z))dx.
Q

Hence, the critical points of the energy functional £y are exactly the (weak) solu-
tions of the problem (Pi) So, instead of seeking for the solutions of the problem
(P)l\), it is enough to look for the critical points of the energy functional £).

Before proving our main result, we prove that the functional E) is coercive
and it satisfies the non-smooth Palais-Smale condition on VVO1 P(Q).

Lemma 2.2.1. The functional &) : Wol’p(Q) — R is coercive for every A > 0,
that is, Ex(u) — oo as |lu| — oo, for all u € Wy P(Q).

Proof. Let us fix a A > 0. In particular, from (Fp), there exists a §; > 0 such
that
1

1 1 _ _
|£| S §‘§Cpp1+)\|s|p 17|S| <517

where ¢, is the best Sobolev constant in the embedding W, (Q) < LI(5)
(g€ [1,p)).

Due to (F2), it follows that for every € > 0 there exists d2 = da(e) > 0, such
that

max{|{|: £ € OF (z,s)} < s|s|p717 |s| > d.

1.1 .-p 1

Moreover, if € = 5 - ~¢; then for every £ € OF (x, s) one, has

P INEDY
1 1 _ 1 _
1€l < §‘§Cpp1+)\|5|p 17|5| > 0a.

Since the set-valued mapping JF is upper-semicontinuous, then there exists
Cr = sup{90F(x, [2,01])}, thus
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|s|P~! + Cp, forall s € R. (2.3)

1 1
< ZeP
€l = pcp 1+ A
Now we can use Lebourg’s mean value theorem (see Theorem 1.1.3), obtaining
that:
|F(z,s)| = |F(z,s) — F(z,0)] <|&s| for some & € IF (x,0s),0 € (0,1).

Combining this inequality with the relation (2.3), we get
1

1
|F(z,s)] < 50;7’1 +)\|5|p + Cpls|.
Moreover,
1 1A (ullp
£ > —ulff ———— | —~ ] = \C .
w2 e - 2 (152) < acepuly
Therefore,
1 1 A
> = p_-_° p_ ).
Ex(u) = pHUH pan 5 Ch[[ull
1 A

as ||u|| — oco,where C} is a constant, which concludes our proof.

Lemma 2.2.2. For every A > 0, £, satisfies the non-smooth Palais-Smale con-
dition.

Proof. Let A > 0 be fixed. We consider a Palais-Smale sequence {u,} C
WOLP(Q) for £y, i.e., for some €, — 0T, we have

ES(Un;u —up) > —epllu — uy| (2.4)

and {€)(un)} is bounded in W,P(£2). Since €, is coercive, the sequence {u,} is
bounded. Therefore taking a subsequence if necessary, we may assume that u, —
u weakly in WyP(Q) and u, — u strongly in LP (note that W, (Q) < LP(Q) is
compact, see Brezis [19]). One clearly has,

(I'(up)yu — up) = /Q (IVun P72V, (Vu — Vu,) + /Q |t [P 2 (w0 — ),
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and
(I'(w), up, — u) = /Q (|Vu|p72Vu) (Vuyp, — Vu) + /Q ulP 2w, — u).

Adding these two relations and from the fact that |[v — w|P < (Jv|[P~2v —

|w|P~2w)(v — w), one can conclude that

<II(Un)7 U — Un> + <I/(u), Up — u> =
(190l = [96P2V0) (V= Vo) + [ (a2 = a0 = )
@ Q

< /Q (—|Vuyp — Vul? — |uy — ulP) = —|juy, — ullP. (2.5)
On the other hand, by the relations
EX(uniu — un) = (I'(un); u — tn) + AF°(tps tn — w),
E{(uyun — w) = (I'(u); up — u) + AF(usu — uy),
and the inequalities (2.4) and (2.5), we have
[un — ul]” < enllu —un| — EX(u; upn — u)+
FNF (un; up, — u) + FO(u;u — uy)) (2.6)
Since the sequence {u,} is bounded in W& (), we clearly have
Tim enlu— || = 0. (2.7)

Now fix w* € 9€\(u). In particular, by the definition, we have (w*;u, — u) <
&S (u; up — u). Since u, — u weakly in Wol’p(Q), we obtain
lim inf &3 (u; u, — u) > 0. (2.8)

n—oo

Now, for the remaining two terms in the estimation (2.6), we use the fact that
Fo(uyv) < / Fo(z,u(z);v(x))dx,Vu,v € Wol’p(Q).
Q
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Therefore,
FOtnun —u) < / FO(, un(); wn () — u())da

Q
= Qmax{f(un(x) —u(x)): & € OF (x,up(x)) dx

/Q ltun () — u(z)| - max{|£| : &€ € OF (z, un(x))}dx.

IN

From the upper semi-continuity property of 0F, one has
sup {|¢] : € € OF (z,up(z)} < oco.
neN
e

Proceeding in the same way for F°(u;u — u,) and adding the outcomes, we
obtain

FO (st — 1) + F (50 — 1) < K - / (&) — u(z)] = K Jum — ull11,
Q

where K is a constant. Since u,, — u strongly in L(2), we have that

lim sup (F°(wp; un, — u) + F(u;u — uyp)) < 0. (2.9)

n—oo

Now, combining the inequalities (2.7), (2.8) and (2.9), we obtain

limsup ||u — uy,||P <0,
n—oo

which means that u,, — u strongly in W, ?(€).
From the symmetric Ekeland’s variational principle, given by Squassina in [92,
Theorem 2.8], we can state the following corollary for locally Lipschitz functions.

Lemma 2.2.3. Let (X,V,x, Hy,S) satisfy the assumptions given in Definition
1.5.5, with V. = LP(Q), X = Wol’p(Q) and with the further property that if (up,), C
WOLP(Q) such that u, — w in LP(Q), then u} — u* in LP(?). Assume that
P W&’p(Q) — R s a locally Lipschitz functional bounded from below such that

d(u?) < ®(u) for allu € S and H € H,.

and for all u € Wol’p(Q) there exists € € S, with ®(£) < D(u).
If ® satisfies the (PS)infe condition, then there exists v € Wol’p(Q), such that
®(v) =inf ® and v = v* in LP(Q).
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Proof. Put inf® = d. For the minimizing sequence (u,), we consider the
following sequence:

O(up) —d, if ®(u,)—d>0
en=1+1

— if ®(uy) —d=0.

L i a(m)

Then ®(uy,) < d+ ¢, and €, — 0 as n — oco. By [92, Theorem 2.8], there exists
a sequence (vy)n C Wol’p(Q) such that:

a) (vn) < (un);
b) Ae(un) — 0;
c) llon —villy = 0;

Since ® satisfies the (PS)4 condition, there exists v € W&’p(Q) such that v, — v
in W, ?(€). Hence v, — v in LP(Q) (because W, ?(Q) is compactly embedded in
LP(Q)) and so vy — v* in LP(Q) by assumption. In particular,

lo =o™llp < v = wnllp + lon = v3llp + [lvg = v7[lp = 0.
Therefore v = v* in LP(Q2), as stated.

Lemma 2.2.4. One has,
g)\(UH) < Ex(u).

Proof. One has that ||[Vu |, = ||[Vull,, and ||u'?||, < |Jull, (see Van Schaftingen
[91]). On the other hand, due to Proposition 1.5.1, one has

/QF(x,u(m))da:—/QF(x,uH(x))da;,

therefore

Ex(u) < & (u).

Now we can prove the Theorem 2.2.1.
Proof of Theorem 2.2.1: (a) Suppose that u € Wol’p(Q) is a weak solution of
(P}). Now, if we put v = u as the test function in the relation (2.2), we obtain

l|ul|P = /(|Vu|p + |u|P)dx = /\/ Epudr < /\CF/ |ulPdz < Acpcb]|ull?,
Q Q Q
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: F
where ¢ — max PXUEL: £ € OF (2, 5)}
5>0 sp—1
(b) By Lemma 2.2.3 there exists the global minimum vy = v} of the energy

> 0. Therefore, if A < —, then u = 0.
CFCp

functional &).
We now turn to establish the existence of the second nontrivial solution of

(PR)-

From the assumption (F3), one has
1
(o) = 3 uoll” = X | Fla.uofa)do = 4~ 2B,
p Q

where A = %HUOHP > 0, and B = [, F(z,up(x))dz > 0. Consequently, there
exists A9 > 0 such that for every A > X9, we have that h(A\) = A — AB < 0,
therefore

1
&wwzpwmw—yéFumame<o

In fact, we may choose,

)\0 = 11Df{ HUHP U € WOLP(Q),.F(U) > O} .
p F(u)

Now, fix A > A\g. From (F;) it follows that for fixed p—)\lcp > ¢ > 0, there exists
P
d =0(e) > 0, such that

max{|] : € € DF (x,5)} < els|P~1,|s| <6,
therefore for every & € F (z,s), |s| < § one has,
€l <o lsP . (2.10)
Using the Lebourg’s mean value theorem (see Theorem 1.1.3), we obtain:
|F(z,s)| =|F(x,s) — F(z,0)| < |&s| for some & € OF(x,0s),0 € (0,1),
which means that using the (2.10) iequality, we have
|F(z,5)] <e-|s]’,
whenever |s| < 4.
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0
Thus, if u € Wol’p(Q) with ||ul| = p < min {, [luoll }, then
p

En(u) = ;|u||p — AF(u)

1
> —|lul[” = eAcpfull”
D P

1
= ||ul|P (p - 5)\c§>

1
Since &) satisfies the Palais-Smale condition and

”i‘I‘lf EA(U) >0= 5)\(0) > SA(U()),
ul|=p
we are in the position to apply the Mountain Pass theorem, which means that

c= in% sup Ex(y(t)) is a critical value of £y, therefore there exists a critical point
7€l te(o,1)
u such that &\ (u) = c.

From the definition of ¢, we have

1
sup Ex(1(1) < ¢+ —.
te[0,1] n

From the above inequality and from the fact that we can choose v(0) = 0 and

H we can apply Theorem 1.5.1 for e = %, and § = % Thus, there

(1) =u=u
exists u, € WyP(Q) such that

(a) [Ex(un) = < 53
(b) [lun —upllp < 2(26 + 1)
(C) )‘5>\ (un) < %

Since &) satisfies the Palais-Smale condition, up to a subsequence u,, converges
to u in WyP(Q), with Ex(u) = ¢, Ag, (u) = 0 and w = u*. This means that u
is a critical point for the energy functional &), different from the critical point
obtained in (a) and it is invariant by spherical cap symmetrization as well. [J
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2.3 Infinitely many solutions for differential

inclusions

Motivated by mechanical problems where external forces are non-smooth, we con-
sider the differential inclusion problem

—Au(z) € OF (u(x)) + AM0G(u(x)) in O
u >0, in (Dy)
u =0, on 0f2,

where A > 0, p > 0, 2 C R” is a bounded open domain, 0F and 0G stand for the
generalized gradients of the locally Lipschitz functions F,G : Ry — R. Hereafter
we will use the notation Ry = [0, 00).

In this section we provide a quite complete picture on the number of solu-
tions of (D)) whenever JF oscillates near the origin/infinity and 0G is a generic
perturbation of order p > 0 at the origin/infinity, respectively.

We follow Kristély, Mezei and Szildk [53] which extends in several aspects the
results in Kristdly and Moroganu [55].

2.3.1 Localization: a generic result

First of all, We consider the following differential inclusion problem

u(@) + ku(z) € 9A(u(z)), u(z) 20  zel,
{ u(z) =0 x € 09, (D%)

where k£ > 0 and

(HY): A :[0,00) — R is a locally Lipschitz function with A(0) = 0, and there is
M4 > 0 such that

max{|0A(s)|} = max{|§| : £ € DA(s)} < My
for every s > 0;

(H2): there are 0 < § < 7 such that max{¢ : £ € 9A(s)} < 0 for every s € [5, 7).
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For simplicity, we extend the function A by A(s) =0 for s < 0; the extended
function is locally Lipschitz on the whole R. The natural energy functional T :
H () — R associated with the differential inclusion problem (DY) is defined by

Tw) = 5l —|—§/Qu2dx—/QA(u(m))dx

The energy functional 7 is well defined and locally Lipschitz on H}(f2), while
its critical points in the sense of Chang (see Definition 1.1.4) are precisely the
weak solutions of the differential inclusion problem

{ —Au(z) + ku(z) € 0A(u(z)),  z€Q, (DE0)

u(z) =0 x € oS

Note that at this stage we have no information on the sign of u.
Indeed, if 0 € OT (u), then for every v € H{ () we have

/QVU(JJ)VU(:L’)dx - k/ﬂu(:r)v(x)d:v - /Qﬁz(x)v(:t)dx =0,

where &, € 0A(u(x)) a.e. x € Q, see e.g. Motreanu and Panagiotopoulos [77]. By
using the divergence theorem for the first term at the left hand side (and exploring
the Dirichlet boundary condition), we obtain that

/QVU(J:)VU(x)dmz—/QdiV(Vu( Yo(z)dx /Au

Accordingly, we have that

/Au d:z:+k:/ /éx

for every test function v € HE () which means that —Au(z) + ku(z) € dA(u(z))
in the weak sense in €2, as claimed before.

Let us consider the number 7 € R from (H%) and the set
W' = {u e Hy(Q) : [|ull e < n}.

Our localization result reads as follows (see [56, Theorem 2.1] for its smooth
form):
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Theorem 2.3.1. ([53]) Let k > 0 and assume that hypotheses (HY) and (H2)
hold. Then

(i) the energy functional T is bounded from below on W' and its infimum is
attained at some u € W',

(i) a(x) € [0,9] for a.e. x €
(iii) @ s a weak solution of the differential inclusion (DR).

Proof. The proof is similar to that of Kristdly and Moroganu [55]; for com-
pleteness, we provide its main steps.

(i) Due to (HY), it is clear that the energy functional 7 is bounded from below
on H{ (). Moreover, due to the compactness of the embedding HE(Q) C L4(Q),
g € [2,2%), it turns out that 7 is sequentially weak lower semi-continuous on
H&(Q) In addition, the set W" is weakly closed, being convex and closed in
H(Q). Thus, there is @ € W which is a minimum point of 7 on the set W, cf.
Zeidler [100].

(ii) We introduce the set L = {z € Q : a(z) ¢ [0,6]} and suppose indirectly
that m(L) > 0. Define the function v : R — R by 7(s) = min(s,d), where
s+ = max(s,0). Now, set w =y o@. It is clear that v is a Lipschitz function and
7(0) = 0. Accordingly, based on the superposition theorem of Marcus and Mizel
[73], one has that w € H}(£2). Moreover, 0 < w(z) < § for a.e. Q. Consequently,
we W,

Let us introduce the sets

Li={zeL:u(r)<0} and Ly={x € L:a(x) > d}.
In particular, L = L1 U Ly, and by definition, it follows that w(z) = a(z) for all

x € Q\ L, w(x) =0 for all z € L1, and w(z) = ¢ for all x € Ly. In addition, one
has

T(w) =T = g [l — lally] +5 [ [~ -
- [ [AGw(a) - Ada(e))]
= =5 [Vl [ - e [ ) - )
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On account of k > 0, we have

k/[ﬁ-@ﬂ:-k/ a2+k/ (62 — 42 < 0.
L L Lo

Since A(s) =0 for all s <0, we have

/ [Alw() — Aa(z))] = 0.
Ly

By means of the Lebourg’s mean value theorem 1.1.3, for a.e. & € Lo, there exists
O(z) € [6,u(x)] C [d,n] such that

A(w(z)) — Aa(z)) = A(9) — A(a(z)) = a(0(2)) (6 — a(x)),

where a(f(z)) € A(O(x)). Due to (HY), it turns out that

/L [A(w(z)) — A(a())] > 0.

Therefore, we obtain that 7 (w) — 7 (%) < 0. On the other hand, since w € W,
then 7(w) > T (u) = infyn T, thus every term in the difference T (w) — T (a)
should be zero; in particular,

/LlaQZ/LZ[aQ(S?]:o.

The latter relation implies in particular that m(L) = 0, which is a contradiction,
completing the proof of (ii).

(iii) Since u(z) € [0,0] for a.e. = € Q, an arbitrarily small perturbation % + ev
of & with 0 < e < 1 and v € C3°(Q) still implies that 7 (4@ + ev) > T(a); ac-
cordingly, % is a minimum point for 7 in the strong topology of HA(f2), thus
0 € 9T (u), cf. Remark 1.1.1. Consequently, it follows that @ is a weak solution
of the differential inclusion (D¥,). d

In the sequel, we need a truncation function of H}(2), see also [55]. To
construct this function, let B(zg,7) C 2 be the n-dimensional ball with radius
r > 0 and center xg € 2. For s > 0, define

0, if xeQ\ B(xg,r);
ws(z) =< s, if x€ B(xo,7/2); (2.11)
2s

2Z(r—|r—=z0]), if x€ B(xo,r)\ B(zo,7/2).
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Note that that ws € HE(Q), ||ws| =~ = s and
2 n 2 —-n 2 __ 2 .
sl 2 = / V|2 = 47 2(1 — 27 )ws? = C(r,n)s? > 0; (2.12)

hereafter wy, stands for the volume of B(0,1) C R™.

2.3.2 Nonlinearities with oscillation near origin

We assume:

(Fg) F(0) =0;

F(s)
52

mi F(s). y; .
—oo < liminf,_,o+ —5*; limsupg_,o+ = 400;

max{&:£€0F (s)} <0.

(F7)

(F9) lp = liminf, o+
(Go) G(0) =0;

(G7) There exist p > 0 and ¢, ¢ € R such that

¢ — liminf min{¢ : £ € 0G(s)}

s—07F sP s—0+

< lim sup max{¢ : ipe 0G(s)} .

Remark 2.3.1. Hypotheses (F}) and (FY) imply a strong oscillatory behavior of
OF near the origin. Moreover, it turns out that 0 € 9F(0); indeed, if we assume
the contrary, by the upper semicontinuity of OF we also have that 0 ¢ 0F (s) for
every small s > 0. Thus, by (FY) we have that OF(s) C (—oc, 0] for these values of
s> 0. By using (F)) and Lebourg’s mean value theorem (see Proposition 1.1.3),
it follows that F(s) = F(s) — F(0) = &s < 0 for some & € OF (0s) C (—o0,0] with
6 € (0,1). The latter inequality contradicts the second assumption from (Flo).
Similarly, one obtains that 0 € G(0) by exploring (GJ) and (GY), respectively.
In conclusion, since 0 € 9F(0) and 0 € dG(0), it turns out that 0 € H(Q) is
a solution of the differential inclusion (D, ). Clearly, we are interested in nonzero

solutions of (D).

Example 2.3.1. Let us consider Fy(s / fo(t), s > 0, where fy(t) = \[(,

sint™1), t > 0 and fo(0) = 0, or some of its jumping variants. One can prove
that OFy = fo verifies the assumptions (F))) — (FY). For a fixed p > 0, let
Go(s) = In(1 + sP"2) max{0,cos s~ 1}, s > 0 and Gp(0) = 0. It is clear that Gy is
not of class C* and verifies (GY) with ¢ = —1 and ¢ = 1, respectively; see Figure
2.1 representing both fy and Gy (for p = 2).
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Figure 2.1: Graphs of fy and G around the origin, respectively.

In the sequel, we provide a quite complete picture about the competition
concerning the terms s — 9F(s) and s — OG(s), respectively. First, we are going
to show that when p > 1 then the ’leading’ term is the oscillatory function OF;
roughly speaking, one can say that the effect of s — O0G(s) is negligible in this
competition. More precisely, we prove the following result.

Theorem 2.3.2. ([53]) (Case p > 1) Assume that p > 1 and the locally Lipschitz
functions F,G : Ry — R satisfy (FY) — (FY) and (GY) — (GY). If

(i) either p =1 and \¢ < —ly (with A > 0),

(ii) orp > 1 and X\ > 0 is arbitrary,
then the differential inclusion problem (D)) admits a sequence {u;}; C H}(Q) of
distinct weak solutions such that

i ol gy = lim gll= = 0.
1—00 1—00
In the case when p < 1, the perturbation term 0G may compete with the
oscillatory function 0F'; namely, we have:

Theorem 2.3.3. ([53]) (Case 0 < p < 1) Assume 0 < p < 1 and that the locally
Lipschitz functions F,G : Ry — R satisfy (FY) — (FY) and (G) — (GY). Then,
for every k € N, there exists A > 0 such that the differential inclusion (Dy) has
at least k distinct weak solutions {ui y,...,urr} C HE(Q) whenever X € [0, Ag].
Moreover,

||ui,>\||Hg <i'and |uip|lpe <iT' foranyi=T1,k; A€ [0,\].  (2.13)
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Before proving the main theorems of this subsection, we study the differential
inclusion problem

{ —Au(x)o—l— ku(x) € 0A(u(x)), wu(x) >0 x €9, (Dk)

u(x) = x € 09,

where k > 0 and the locally Lipschitz function A : Ry — R verifies
(Hp): A(0) = 0;

(HY): —oo < liminf,_,q+ AS(;) and limsup,_,o+ % = +o0;

(H9): there are two sequences {d;}, {n;} with 0 < m;41 < & < m;, lim;_y00 m; = 0,
and
max{0A(s)} := max{¢: & € 0A(s)} <0
for every s € [d;,m], 1 € N.

Theorem 2.3.4. ([53]) Let k > 0 and assume hypotheses (HY), (HY) and (HY)
hold. Then there exists a sequence {ul}; C H}(Q) of distinct weak solutions of
the differential inclusion problem (DY) such that

Tim [l gy = lim ]z = 0. (214)
Proof. We may assume that {0;};, {m;}; C (0,1). For any fixed number i € N,

we define the locally Lipschitz function A4; : R — R by
Ails) = Al (5), (2.15)

where A(s) = 0 for s < 0 and 7, : R — R denotes the truncation function
Ty(s) = min(n,s), n > 0. For further use, we introduce the energy functional
T; : H}(Q) — R associated with problem (D’jli).

We notice that for s > 0, the chain rule (see Proposition 1.1.4) gives

0A(s) it s <m,
0A;(s) =1 ©o{0,0A(n;)} if s=mn;,
{0} if s>mn.

It turns out that on the compact set [0,7;], the upper semicontinuous set-valued
map s — 0A;(s) attains its supremum (see Proposition 1.1.1); therefore, there
exists M4, > 0 such that

max |0A;(s)| == max{|¢] : £ € 0Ai(s)} < Ma,
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for every s > 0, i.e., (H} ) holds. The same is true for (H% ) by using (H9) on
[61'7771']7 1€ N.

Accordingly, the assumptions of Theorem 2.3.1 are verified for every ¢ € N
with [d;,7;], thus there exists u) € W such that

u is the minimum point of the functional 7; on W, (2.16)
ud(z) € [0,0,] for a.e. z € Q, (2.17)
ul is a solution of (Dfﬁxi). (2.18)

On account of relations (2.15), (2.17) and (2.18), u is a weak solution also for

the differential inclusion problem (D).
We are going to prove that there are infinitely many distinct elements in the
sequence {uY};. To conclude it, we first prove that

Ti(ud) < 0 for all i € N; and (2.19)
Jim Ti(ud) = 0. (2.20)
The left part of (H)) implies the existence of some ly > 0 and ¢ € (0,7;) such that
A(s) > —lps* for all s € (0,¢). (2.21)
One can choose Ly > 0 such that

%C(r, n) + (g + lo> m(Q) < Lo(r/2)" wy, (2.22)
where 7 > 0 and C(r,n) > 0 come from (2.12). Based on the right part of (HY),

one can find a sequence {3;}; C (0,¢) such that §; < ¢; and
A(3;) > Loa? forallie N. (2.23)

Let i € N be a fixed number and let ws, € H3(2) be the function from (2.11)
corresponding to the value §; > 0. Then ws, € W and due to (2.21), (2.23) and
(2.12) one has

Ti(ws,) = f||wsl|\H1+ / w? / A(ws, (z))de
Q
= —C(r,n)s? + - / / A(8;)dx —
2 B(zo,r/2)

-/ Afws, () da
B(wo,m)\B(zo,r/2)
1
< [20(1“, n) + gm(ﬂ) — Lo(r/2)"wy, + lom(2)| §
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Accordingly, with (2.16) and (2.22), we conclude that
Tiu) = min i < Ti(ws,) < 0 (2.24)

which completes the proof of (2.19).
Now, we prove (2.20). For every i € N, by using the Lebourg’s mean value
theorem, relations (2.15) and (2.17) and (HY)) , we have

Ti(ud) > —/QAi(ug(x))dx = —/QA1(u?(x))dx > —My,m(2)0;.

Since lim;_,o §; = 0, the latter estimate and (2.24) provides relation (2.20).
Based on (2.15) and (2.17), we have that 7;(u}) = T1(u?) for all i € N. This
relation with (2.19) and (2.20) means that the sequence {u}}; contains infinitely
many distinct elements.
We now prove (2.14). One can prove the former limit by (2.17), i.e. [|ul||r~ <
0; for all 7 € N, combined with lim; ., §; = 0. For the latter limit, we use k& > 0,
(2.24), (2.15) and (2.17) to get for all i € N that

1 k
nﬁﬁlswm#+/WW</Am%m=/Ammm
2 0 2 2 Ja Q Q

< Ma,m(Q)d;,

which completes the proof. O

Now, we are in position to prove the main theorems of this subsection.
Proof of Theorem 2.3.2. We split the proof into two parts.
(i) Case p=1. Let A > 0 with A\¢ < —lp and fix Xo € R such that A\¢ < \g < —lo.
With these choices we define

k:=Xo—A¢ >0 and A(s) := F(s)+%s2—|—)\ (G(s) - 552> , Vs € [0,00). (2.25)

It is clear that A(0) = 0, i.e., (HY)) is verified. Since p =1, by (GY) one has

max{9dG(s)}

<limsup ———= ==¢.

s—0t S s—0+ S

In particular, for sufficiently small € > 0 there exists v = y(e) > 0 such that

max{J0G(s)} —¢s < es, Vs € [0,7],
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and
min{dG(s)} —cs > —es, Vs € [0,7].

For s € [0,7], Lebourg’s mean value theorem and G(0) = 0 implies that there
exists & € 0G(6,s) for some 05 € [0,1] such that G(s) — G(0) = &ss. Accordingly,
for every s € [0,v] we have that

(c—€)s? < G(s) < (C+e€)s°. (2.26)

By (2.26) and (F}) we have that

A F \o — G
lim inf (5) > liminf ﬂ + M + Alim inf G(s)
s0t 82 ss0+t 82 2 s0t 82
> liminf F(QS) + Ao — A + Ac > —00
s—0t S 2
and -
A ’a — X
lim sup () > lim sup (5) + Ao — A + Aliminf G(s) = +00,
s—0t 52 s—0t+ 52 2 s—0t 82
i.e., (HY) is verified.
Since
DA(s) C OF(s) + Aos + A(OG(s) — ¢s), (2.27)
and A > 0, we have that
max{9A(s)} < max{OF(s) + Ags} + Amax{dG(s) — cs}. (2.28)
Since 5
lim sup 7max{ Gs)} =T,
s—0t s
cf. (GY), and
lim inf 2OFG)}
s—0t S
cf. (FY), it turns out by (2.28) that
A r -
AL CRIC)) S Rl LA C) S W
s—0+ S s—0t S
-l—)\limsupM <ly+ 5\0 < 0.
s—0+ §
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)}
0 i.e., max{0A(s;)} < 0 for all ¢ € N. By using the upper semicontiﬁuity of
s +— 0A(s), we may choose two numbers d;,7; € (0,1) with d; < s; < n; such that
0A(s) C 0A(si) +[—€i, €] for every s € [d;,n;], where €; ;== —max{JA(s;)}/2 > 0.
In particular, max{9A(s)} < 0 for all s € [§;,7;]. Thus, one may fix two se-
quences {0;}i,{n;}i C (0,1) such that 0 < n41 < §; < 83 < i, lim; 00 m; = 0, and
max{0A(s)} <0 for all s € [§;,7;] and i € N. Accordingly, (HY) is verified as well.
Let us apply Theorem 2.3.4 with the choice (2.25), i.e., there exists a sequence
{u;}i C HE(Q) of different elements such that

Therefore, one has a sequence {s; }; C (0,1) converging to 0 such that %

—Aug(x) + (Ao — Ae)ug(z) € OF (ui(z)) + Nous(z)+
FAOG (uwi(x)) —eui(x)) z€Q,
r € Q,

ui(z) >0
=0 x € 0N,

i
ui(x)
where we used the inclusion (2.27). In particular, u; solves problem (D,), ¢ € N,
which completes the proof of (i).
(ii) Casep > 1. Let A > 0 be arbitrary fixed and choose a number Ay € (0, —lp).
Let

2
k:= X >0 and A(s) := F(s) + A\G(s) + /\0% for every s € [0,00).  (2.29)

Since F(0) = G(0) = 0, hypothesis (HJ) clearly holds. By (GY) one has

s—0t sP s0+ sP

In particular, since p > 1, then
i OGS} o maddGs)} (2.30)
s—0F S s—0t s

and for sufficiently small € > 0 there exists v = y(€) > 0 such that
max{0G(s)} —¢s? < esP, Vs € [0,7]

and
min{9G(s)} — cs? > —esP, Vs € [0,7].

For a fixed s € [0,7], by Lebourg’s mean value theorem and G(0) = 0 we conclude
again that G(s) —G(0) = &ss. Accordingly, for sufficiently small € > 0 there exists
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v = v(€) > 0 such that (c—€)sP™t < G(s) < (e+¢)sPH! for every s € [0,7]. Thus,

since p > 1,
G(s) G(s) p1
lim —* = lim ——=s7" =0.
50+ 82 s—0+ sptl

Therefore, by using (2.29) and (Fy), we conclude that

A F(s
liminf —~% (5) = liminf ()+>\1 G(2)+&>—
s—0t S s—0t 52 s—0t S 2
and 1
lim sup (28) = o0,
s—0t S

i.e., (H}) holds. Since
0A(s) COF(s) + A0G(s) + Aos,
and A > 0, we have that

max{0A(s)} < max{OF(s)} + max{\0G(s) + Aos}.

Since 50
lim sup 7max{ ()} =,
s—0t sP
cf. (GY), and
lim inf max{oF(s)} = lp,
s—0t S

cf. (FY), by relation (2.30) it turns out that

limlnfM limlnfM+)\ lim M‘i‘/\o
s—0t S S0+ s S50+ s
= lo+ X <0,

and the upper semicontinuity of 9A implies the existence of two sequences {d; };
and {n;}; € (0,1) such that 0 < m41 < & < 85 < n;, limioom = 0, and
max{9A(s)} <0 for all s € [§;,7;] and i € N. Therefore, hypothesis (H}) holds.
Now, we can apply Theorem 2.3.4, i.e., there is a sequence {u;}; C H}(2) of
different elements such that

—Aui(z) + Aoui(z) € 0A(u;(z)) C OF (ui(x))+

+A0G(ui(x)) + Aoui(x) x €9,
0 x €,
0 x € 09,

v

56



Infinitely many solutions for differential inclusions

which means that u; solves problem (D,), ¢ € N. This completes the proof of
Theorem 2.3.2. U

Proof of Theorem 2.3.3. The proof is done in two steps:
(i) Let A\p € (0,—lp), A > 0 and define

2
k=X >0 and A*(s) := F(s) + A\G(s) + )\0% for every s € [0, 00).

One can observe that 9A*(s) C OF(s)+ Ags+AIG(s) for every s > 0. On account
of (FY), there is a sequence {s;}; C (0,1) converging to 0 such that

max{dA*(s;)} < max{OF(s;)} + Aogs; < 0.

Thus, due to the upper semicontinuity of (s, \) — dA*(s), we can choose three se-
quences {0;}i, {mi}i, {\i}i C (0,1) such that 0 < n;41 < 6; < s; <y, im0 =
0, and

max{9A*(s)} <0 for all X € [0, \i], s € [, 7], i € N.

Without any loss of generality, we may choose

6; < min{i™1, 27172 [1 + m(Q)( max |0F(s)| + max [0G(s)])]7'}.  (2.31)
s€[0,1] s€[0,1]

For every i € N and A € [0, \;], let A2 : [0,00) — R be defined as
A}(s) = ANy, (9)), (2.32)
and the energy functional 7; \ : H}(2) — R associated with the differential inclu-

sion problem(D"j‘_A) is given by

1 k
7;,/\(u):2||u|§[6+2/Qu2dx—/QAg\(u(x))dx,

One can easily check that for every i € N and A € [0, \;], the function A} verifies
the hypotheses of Theorem 2.3.1. Accordingly, for every i € N and A € [0, \;]:

T;.» attains its infinum on W at some u?’ \E W (2.33)
u?y)\(x) € [0,6;] for a.e. x € (2.34)
ug’/\ is a weak solution of (Dﬁﬂ). (2.35)
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By the choice of the function A* and k& > 0, u?y ) is also a solution to the differential
inclusion problem (DZ*)’ so (Dy).

(ii) It is clear that for A = 0, the set-valued map A} = A verifies the
hypotheses of Theorem 2.3.4. In particular, 7; := 7,0 is the energy functional
associated with problem (DZQ). Consequently, the elements u? = u?’

only (2.33)-(2.35) but also

o Vverify not

Ti(ud) = min7; < 7i(ws,) <0 for all i € N. (2.36)

Similarly to Kristaly and Morosanu [55], let {6;}; be a sequence with negative
terms such that lim; o 8; = 0. Due to (2.36) we may assume that

0; < Ti(u¥) < Ti(ws,) < Oir1. (2.37)

Let us choose

A= b1 = Ti(ws,) and )/ = Ti(ud) — 0;

' om(Q) max,e,1) |G(s)| + 1 m(2) maxgepo1) |G(s)| + 17

i €N,

and for a fixed k € N, set

A = min(1, AL, oo Aoy AL ey Ak 3 AL 5oy A ) > 0.

Having in our mind these choices, for every i € {1,....,k} and X € [0, \?] one has
A —/ F(ws, (z))da — )\/ G (ws, (x))dz
0 Q Q

< Oyl (238)

7;,)\(“?,\)

)

A
=
>

S
»

and due to ug \ € W7 and to the fact that « is the minimum point of 7; on the
set W7, by (2.37) we also have

Toalul) = Tituln) = [ Glul(@)de > i) = [ Glads@)do > 0. (239
Therefore, by (2.38) and (2.39), for every i € {1,...,k} and A € [0, \)], one has
0; < Tia(ugy) < 0it1,
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thus
Tia(uly) < .. < Tealup ) < 0.

We notice that u) € W™ for every i € {1,...,k}, so ﬁ,A(ug/\) = 7‘17,\(u2)\) because
of (2.32). Therefore, we conclude that for every A € [0, AY],

Tia(uly) < o < Tia(ugy) < 0=Tix(0).

Based on these inequalities, it turns out that the elements u(f, P ug’ y are distinct
and non-trivial whenever A € [0, A}].
Now, we are going to prove the estimate (2.13). We have for every i € {1, ..., k}
and A € [0, \)]:
Tl,/\(ug,)\) = 7;,)\(“?,)\> < fip1 <0.

By Lebourg’s mean value theorem and (2.31), we have for every i € {1,...,k} and
A €[0,\?] that

1
Sty < [ Fds@)de+ 2 [ Gludy@)is
Q Q

< 0)6; or oG
< m(@)8{max [0F(s)]+ max [9G(s)]
1
22"
This completes the proof of Theorem 2.3.3. (I

2.3.3 Nonlinearities with oscillation at the infinity
Let assume:

(F5°) F(0) =0;

(F7°) —oo < liminfg o Fs(f); lim sup,_, % = +o0;

(F5°) loo = liminf, ., REEEOPG]

(G57) G(0) =0;
(G$°) There exist p > 0 and ¢, € R such that

¢ = limint TRHEECICE)} o omax{E: £ OG(s)}

5300 sp 5300 spP
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Remark 2.3.2. Hypotheses (F7°) and (F5°) imply a strong oscillatory behavior
of the set-valued map OF' at infinity.

Example 2.3.2. We consider F(s) = / foo(t), s > 0, where foo(t) = VE(3 +
0

sint), t > 0, or some of its jumping variants; one has that Fi, verifies the assump-
tions (F§°) — (F5°). For a fixed p > 0, let Goo(s) = sP max{0,sins}, s > 0; it
is clear that G is a typically locally Lipschitz function on [0,00) (not being of
class C1) and verifies (G5°) with ¢ = —1 and ¢ = 1; see Figure 2.2 representing

mﬂ

both fo and G, (for p = 2), respectively.

® S

Figure 2.2: Graphs of f,, and G at infinity, respectively.

In the sequel, we investigate the competition at infinity concerning the terms
s+ OF(s) and s — OG(s), respectively. First, we show that when p < 1 then
the ’leading’ term is the oscillatory function F, i.e., the effect of s — JG(s) is
negligible. More precisely, we prove the following result:

Theorem 2.3.5. ([53]) (Case p < 1) Assume that p <1 and the locally Lipschitz
functions F,G : Ry — R satisfy (F§°) — (F5°) and (G3°) — (G9°). If
(i) either p =1 and A¢ < —ly (with A > 0),
(ii) or p <1 and A > 0 is arbitrary,
then the differential inclusion (D)) admits a sequence {u;}; C H}(Q) of distinct
weak solutions such that
Tim ]| = o0, (2.40)
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Remark 2.3.3. Let 2* be the usual critical Sobolev exponent. In addition to
(2.40), we also have lim;_, ||uf°||Hé = oo whenever

sup max{|é] : § € OF(s)} < 0. (2.41)

s€[0,00) 1+s271

In the case when p > 1, it turns out that the perturbation term 0G may
compete with the oscillatory function dF'; more precisely, we have:

Theorem 2.3.6. ([53])(Case p > 1) Assume that p > 1 and the locally Lipschitz
functions F,G : Ry — R satisfy (F§°) — (F5°) and (G5°) — (G$°). Then, for every
k € N, there exists \p° > 0 such that the differential inclusion (Dy) has at least k
distinct weak solutions {uy x,...,upx} C H}(Q) whenever X € [0, A°]. Moreover,

lusallzm >i—1 for anyi =T,k Xe 0,37 (2.42)

Remark 2.3.4. If (2.41) holds and p < 2* — 1 in Theorem 2.41, then we have in
addition that

||u;7“,’\||Hé >i—1 foranyi=1,k; \€[0,\]

We consider again the differential inclusion problem

(D%),

{ u(z) + ku(z) € dA(u(z)), u(z)>0  zeq,
u(z) =0 x € 09,

where k > 0 and the locally Lipschitz function A : Ry — R verifies
(H5"): A(0) = 0;

As(zs) = +09;

(H®): —o00 < liminf oo 252 and limsup, o

(HS®): there are two sequences {d;}, {n;} with 0 < ¢; < n; < djq1, lim;_y00 §; = 00,
and

max{0A(s)} :=max{: & € 0A(s)} <0
for every s € [0;,mi], i € N.

The counterpart of Theorem 2.3.4 reads as follows.
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Theorem 2.3.7. ([53]) Let k > 0 and assume the hypotheses (HE®), (H®) and
(HS®) hold. Then the differential inclusion problem (D) admits a sequence {u$°};
in HY(Y) of distinct weak solutions such that

lim [|ul®|| e = oc. (2.43)
1—>00

Proof. The proof is similar to the one performed in Theorem 2.3.4; we shall
show the differences only. We associate the energy functional 7; : H}(Q2) — R
with problem (Dljli)7 where A; : R — R is given by

Ai(s) = A(my,(s)), (2.44)
with A(s) =0 for s < 0. One can show that there exists M4, > 0 such that
max |0A;(s)| == max{|¢] : £ € 0A;(s)} < My,

for all s > 0, i.e, hypothesis (Hi‘l) holds. Moreover, (Hi) follows by (H$°). Thus
Theorem 2.3.4 can be applied for all ¢ € N, i.e., we have an element u;® € W
such that

ug is the minimum point of the functional 7; on W, (2.45)

u(z) € [0,6;] for a.e. x € Q,
ui® is a weak solution of (D]j‘i).

By (2.44), u$® turns to be a weak solution also for differential inclusion problem
(D%).
We shall prove that there are infinitely many distinct elements in the sequence
{ug°}; by showing that
lim 7;(u;®) = —o0. (2.46)
1— 00
By the left part of (H$°) we can find I2 > 0 and ¢ > 0 such that
A(s) > —I2 for all s > C. (2.47)

Let us choose LOAO > 0 large enough such that
1 koa A n
§C(r, n) + 5t 15 ) m(Q) < L (r/2)" wy,. (2.48)
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On account of the right part of (H$®), one can fix a sequence {§;}; C (0,00) such
that lim;_, $; = oo and

A(8;) > L2 52 for every i € N. (2.49)

We know from (H3°) that lim; ,o, d; = 0o, therefore one has a subsequence {d,, }4
of {4;}; such that §; <, for all i € N. Let i € N, and recall ws; € HZ(Q) from

(2.11) with s; := §; > 0. Then wz; € Wi and according to (2.12), (2.47) and
(2.49) we have

1 k
Toitws) = glwsliy+5 [ wd = [ An(ws(@)do

= 1C(r,n)§?+k/w§. —/ A(8)dx
2 2Ja 7 JB(or/2)

- / A(wg, (z))dx
(B(wo,m)\B(wo,r/2)){ws, >}

-/ Afws, (2))da
(B(xo,m)\B(xo,r/2)){ws; <¢}

IN

|:;C(T, n) + gm(Q) — Lo (r/2)"wn + lem(Q) | 5

+MAm(Q)<a

where M, = max{|A(s)| : s € [0,¢]} does not depend on i € N. This estimate
combined by (2.48) and lim;_,~ §; = oo yields that

lim 7, (ws,) = —o0. (2.50)

1—00
By equation (2.45), one has

It follows by (2.50) that lim; o0 T, (usy,) = —o00.
We notice that the sequence {7;(u$°)}; is non-increasing. Indeed, let i < k;
due to (2.44) one has that
Ti(u®) = minTi = min Ty, > min Ty = Ti(ui?),

which completes the proof of (2.46).
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The proof of (2.43) goes in a similar way as in [55]. O

Proof of Theorem 2.3.5. We split the proof into two parts.
(i) Case p = 1. Let A > 0 with A\¢ < —l and fix Moo € R such that \é < Ay <
—lso- With these choices, we define

k= Aoo—AC > 0 and A(s) := F(s)—l—%sz—ﬁ—)\ (G(s) — 232> for every s € [0, c0).

(2.51)
It is clear that A(0) = 0, i.e., (HY®) is verified. A similar argument for the p-order
perturbation dG as before shows that

A F 0o — AC
lim inf (5) > liminf (25) + A AC + Alim inf G(s)
S§—00 S 5—00 S 2 §—00 S
r =
> liminf <28) + Ace = A + ¢ > —o0,
s—o0 8 2
and -
lim sup Als) > limsup F(s) + Ao = AC + Aliminf G(s) = 400,
S—00 52 S—00 52 2 §—00 52
i.e., (HY®) is verified.
Since
0A(s) COF(s) + Aoos + A(0G(s) —¢s), s >0, (2.52)
it turns out that
hmmfw < hmmfw + 5\00 —\e+
S§—00 S S§—00 S
A Jim sup P0G (5)}
5—00 S
= oo+ Ao < 0.

By using the upper semicontinuity of s — 0A(s), one may fix two sequences
{8:}i,{ni}s € (0,00) such that 0 < §; < s; < 1 < ig1, limj00 6; = 00, and
max{0A(s)} < 0 for all s € [0;,7;] and @ € N. Thus, (H3°) is verified as well.
By applying the inclusion (2.52) and Theorem 2.3.4 with the choice (2.51), there
exists a sequence {u;}; C H(Q) of different elements such that

—Aui(z) + (Moo — Ao)ui(x) € OF (ui(x)) + Aooui(z)+

+A(0G(ui(x)) —cui(x)) x €9,
0 x € €,
0 x € 01,

v
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i.e., u; solves problem (D)), i € N.
(ii) Case p < 1. Let A > 0 be arbitrary fixed and choose a number A\, €
(0, —lx). Let

82

k:=MXx >0 and A(s) := F(s) + AG(s) + /\005 for every s € [0,00). (2.53)
Since F'(0) = G(0) = 0, hypothesis (HF°) clearly holds. Moreover, by (G5°),
for sufficiently small € > 0 there exists sy > 0, such that (c — €)sP*! < G(s) <
(¢ + €)sPT! for every s > sg. Thus, since p < 1,

G(s) _ . G(s)

lim —2 = lim —2sP~1 = .
s—00 8§ 5—00 5p+1

Accordingly, by using (2.53) we obtain that hypothesis (H{®) holds. A similar
argument as above implies that

max{0A(s)}

lim inf <lp+ Aoo <0,

S5—00
and the upper semicontinuity of 9A implies the existence of two sequences {0; };
and {n;}; C (0,1) such that 0 < &; < s < 7 < dj41, im0 d; = 00, and
max{0A(s)} <0 for all s € [§;,n;] and i € N. Therefore, hypothesis (H3°) holds.
Now, we can apply Theorem 2.3.4, i.e., there is a sequence {u;}; C Hol(Q) of
different elements such that

—Aui(x) + Ao () € OA(ui(x)) C OF (ui(x))+

+A0G (u;i(x)) + Acui(z) €,
x €,
x € 01,

ui(z)

v

0
0
which means that u; solves problem (D,), ¢ € N, which completes the proof. [

Proof of Theorem 2.3.6. The proof is done in two steps:
(i) Let Ao € (0,—lso), A > 0 and define

82

k=X >0 and AM(s) := F(s) + AG(s) + )\OOE for every s € [0, 00).

One has clearly that 0A*(s) C OF(s)+Asos+AIG(s) for every s € R. On account
of (F5°), there is a sequence {s;}; C (0,00) converging to oo such that

max{0A*(s;)} < max{OF(s;)} + Aoosi < 0.

65



Hemivariational inequalities, differential inclusions on bounded domains

By the upper semicontinuity of (s,)\) — 9A*(s), we can choose the sequences
{(51}1, {ni}i7 {)\1}1 C (0, OO) such that 0 < §; < s; < n; < 5i+1,limi_>oo d; = 0o, and

max{9A*(s)} <0

for all A € [0, \i], s € [0;,7m;] and ¢ € N.
For every i € N and A € [0, \;], let A : [0,00) — R be defined by

A’L)\(S) = AA(Tm(SDv (2.54)

and accordingly, the energy functional 7; : H}(2) — R associated with the
differential inclusion problem(DZ%) is

1 k
Toalw) = 5 lluly + 2 /Q Wda /Q ANu(2)da.

Then for every i € N and A € [0, \;], the function A} clearly verifies the hypotheses
of Theorem 2.3.1. Accordingly, for every i € N and A € [0, ;] there exists

7:,x attains its infimum at some ;3 € W' (2.55)
a7 €[0,4;] for ae. z € (2.56)
7 () is a weak solution of (DZ}\)~ (2.57)

Due to (2.54), @ is not only a solution to (DZ%) but also to the differential
inclusion problem (D), so (Dy).

(ii) For A = 0, the function JA} = QA verifies the hypotheses of Theorem
2.3.4. Moreover, 7; := T; o is the energy functional associated with problem (D];l@)'
Consequently, the elements ug® := ugy verify not only (2.55)-(2.57) but also

Toni (Upy,) = V%%ll (Tm;) < T, (ws,;) for all i € N, (2.58)

where the subsequence {ug? }i of {u§°}; and wz, € W' appear in the proof of
Theorem 2.3.7.

Similarly to Kristaly and Morosanu [55], let {6;}; be a sequence with negative
terms such that lim; o 0; = —0o. On account of (2.58) we may assume that

i
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/ 01 - Tml ('U)gb) and )\” _ Tm1 (uﬁl) - e’i"rl

;= 5 ,1 €N,
m(Q) max,ep,1) |G(s)| + 1 m(Q) max,e(,1) |G(s)| + 1

and for a fixed k € N, we set
20— min(1, AL, ooy Moy AL > ey Ak 3 AL 5oy A ) > 0.
Then, for every i € {1,....,k} and A € [0, A}°], due to (2.59) we have that

Tmi,A(ﬂ?r?i,)\) < Tmiy)\(wgi)
= Slws 2 - / F(ws, (2))dz — A / G(ws, (2))dz
Q
= Tm,;(ws,) /G wg, (z))d
< ;.

Similarly, since ug;. \ € Wi and up; is the minimum point of 7; on the set

Wi on account of (2.59) we have
TG ,) = / G2 \)dz > T, / G(i
> Oit1.
Therefore, for every i € {1,...,k} and X € [0, A\?°],
Oit1 < Ty A (U 2) < 0; <0,

thus
T A (U 2) < oo < Tong AT, 2) < 0.

Because of (2.54), we notice that @y \ € W' for every i € {1,...,k}, thus
Tmin(Ups. ) = T A(45S,). Therefore, for every A € [0, A7°],

ka )\( Uy, )\) <..< ka,)\(uml )\) <0= ka,)\(o)a

Le, the elements a7, Y ,ﬂzlok , are distinct and non-trivial whenever A € [0, A?°].
The estimate (2.42) follows in a similar manner as in [55]. O

67



Hemivariational inequalities, differential inclusions on bounded domains

68



Chapter 3

Hemivariational inequalities,
elliptic problems on unbounded
domains

3.1 Solutions in weighted Sobolev spaces

3.1.1 Multiplicity results for a quasilinear elliptic prob-
lem in weighted Sobolev spaces

In this section we prove two multiplicity results for a double eigenvalue quasilin-
ear problem on unbounded domain with nonlinear boundary conditions following
Mezei [66] and Mezei and Varga [71]. The solutions of the problem will be found
in a weighted Sobolev space.

Let © C RN be an unbounded domain with smooth boundary I'. We assume
throughout this section that m,p, ¢ and ay, g are real numbers satisfying

N-—p

N
1 <p<N, pgqgj\;n , —N<a;<gq- — N, (3.1)
-D

N-—-1 N —
p§m§p~N and —N<ax<m- P

—N+1. (3.2)

We define the space E as the completion of C§°(£2) in the norm

el = ( /Q (IVu()P + WMWW);
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We denote by L(€;w;) and by L™ (I'; wg) the weighted Lebesgue spaces with
respect to

wi(x) = (14 |z|)*,i=1,2 (3.3)

and norms
il = [ wr@lu(@)ide and [full, = [ wela)luta)"ar.
We shall use the following embedding result.

Proposition 3.1.1. ([83]) Assume that (3.1) holds. Then the embedding E —
L1(Q;wq) is continuous. If the upper bound for q in (3.1) is strict, then the
embedding is compact. Suppose that the inequalities in (3.2) are satisfied. Then
the trace operator E — L™(T';ws) is continuous. If the upper bound for m in
(3.2) is strict, then the trace operator is compact.

Notations: The best embedding constant of F < L9(Q;w,) will be denoted by
Cqw, and that of E <— L™(T';wa) by Cpy -
We assume throughout this section that a € L>(Q) and b € L>°(T") such that

a(x) >ap >0 for ae. x€Q

and # < b(fL‘) < L
(L JzP=t = 7 (L [P

where 0 < ¢ < C' are constants.

for a.e. x €T,

Remark 3.1.1. Note, that

IMK—AMMWMWM+AMMMMWF

defines an equivalent norm on FE, see [83].
For A > 0 and pu € R we consider the problem
—div(a(x)|VuP~2Vu) = Af(z,u) in Q,

(Pp) a(z)|VulP=2Vu - n + b(x)|ulP~?u = Aug(x,u) on T

u#0in £,
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where n denotes the unit outward normalonT', f: QxR —>Rand g: 'xR — R

are Carathéodory functions.

We consider the following assumptions:

(F1)

f(-,0) = 0 and |f(x,s)| < fo(x) + fi(z)|s|""1, where p < r < ]\?N

fo, f1 are measurable functions which satisfy 0 < fo(z) < Crwi(z), and
0< fi(z) < Crwi(x) ae x €, fo € L7 (X wl1 ").

1
520 fo(@)]s[”

, and

=0, uniformly in z € €;

F
lim sup Ls)p < 0, uniformly for all z € Q and max F(-,s) € L'() for
soto0 fo()|s] s|<M
all M > 0, where F' denotes the primitive function of f with respect to the

second variable, i.e. F(x,u) :/ f(z,s)ds;
0

there exist g € 2, Rg > 0 and 59 € R such that inf  F(x,s9) > 0.
|z—z0|<Ro

=

-1
N —p’
and go, g1 are measurable functions satisfying 0 < go( ) < Cywa(z) and

0 < gi(x) < Cywa(z), ae xzel, goeLml(Fw ")

9(,0) = 0 and |g(z,s)| < go(x) + g1(x)]s|™ !, where p < m < p-

lim Ls)fl =0, uniformly in z €T}

520 go(z)|s|’

) G(x,s) 1

lim sup < 0, uniformly for all z € I' and max G(-,s) € L' (I") for

s—too go(z)|s[” |s|<M
all M > 0, where G is the primitive function of g with respect to the second
u

variable, i.e. G(x,u) —/ g(x, s)ds.
0

The energy functional corresponding to (P ,) is given by

8)\7# : E—)R,

Evplu) = ;/S)a(x)|Vu(x)|pdx + 219 /F b(x)|u(x)[Pdl’ — AJ,(u),

where J,, : E — R is defined by J,(u) = Jp(u) + pJe(u), with

Jp,Jg: E— R
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Jp(u):/QF(x,u(x))dx and Jg(u):/FG(:U,u(x))dF.

Proposition 3.1.1 implies that £, , is well defined. The solutions of problem
(Py,,) will be found as critical points of &£ . Therefore, a function u € E is a
solution of problem (P, ,) provided that, for any v € E,

/a(a:)|Vu(x)|p_2Vu($)Vv(a:)dx+/b(:v)|u(:v)|p_2u(x)v(z)df‘
Q

T

= /\/Qf(:c,u(a;))v(x)dx—l—ApAg(x,u(:c))v(:c)dF.

The main results of this subsection are the following theorems.

Theorem 3.1.1. ([71]) Let f : @ xR - R and g : I' x R — R two functions,
which satisfies the conditions (F'1) — (F4) and (G1) — (G3) respectively. Then
there exists po > 0 such that to every u € [—uo, o] it corresponds a nonempty
open interval I, €]0,4o00[ and a number o, > 0 for which (Py ) has at least two
distinct, nontrivial weak solutions: uy ,, vy, € E, with the property

maz{|[ux ull e, [[oxullE} < o,

whenever A € T',.

Theorem 3.1.2. ([66]) We suppose that the functions f : Q xR — R and g :
I'x R — R satisfy the conditions (F1) — (F4) and (G1) — (G3) respectively. Then
there exists Ao > 0 such that to every X\ €]Xg,+o0[ it corresponds a nonempty
open interval Iy C R such that for every p € Iy the problem (Py,) has at least
two distinct, nontrivial weak solutions wy ,,vx, € E, with the property

5>\7H(U)\7M) <0< 5)\,”(1})\#).

Auxiliary results

First, we prove some results used in the proofs of the main theorems.

Lemma 3.1.1. We assume that the conditions (F1)-(F2) and (G1)-(G2) are
satisfied. Then the functional J, = Jr + pJg is sequentially weakly continuous.
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Proof. First we observe that, from assumption (F1)-(F2) and (G1)-(G2), for every
e > 0, there exist C(¢),C2(e) > 0 such that

[F (2, u(z)| < efolz)|u(@)[” + Cile)(folz) + fi(z))lu(@)]" (3.4)

|G (2, u(z)| < ego(@)|u()” + Ca(e)(go(x) + g1(x))u(2)|™, (3.5)

where 7 € [p, p*[ and m € [P:p%{-

Now we prove our assertion, arguing by contradiction. Let {u,} be a sequence
in F, weakly convergent to u € E, and d > 0 be such that

|Ju(tn) — Ju(u)| > d for allm e N.

Without loss of generality, we can assume that there is a positive constant M
such that

un|lp < M, ||up —ullp < M, for all neN.

Because the embeddings E — L"(Q;w;) and F — L™(T';ws) are compact, it
follows that ||u, — u||rw, — 0 and [|uy — w||mw, — 0.

Using (3.4), Proposition 3.1.1 and the Holder inequality we have

[ Ju(un) — Ju(u)| <

IN

/ |F(x,un(z)) — F(x,u(x))|dr + |y / |G (, un () — G(z,u(z))|dl
) T
ec’/ fo(@)|un () — w(@)|(Jun ()P~ + |u(z)[P~Y)dz
Q
+CE [ (o) + A@) (o) = u(a) (@) + u(w)

IN

#lulec” [ a0(o)lan (@) = @)l (@) + )T
HulCac" (@) [ (au(a) + g1 Dlun(z) = )| ()™ )™
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IN

=<y / w1 () [un (2) — (@) |(un ()P~ + Ju) P~ da
+201(E)c’0f/9w1($)|un(x) — u(@)|(Jun (@) + [u(@)| ) dz
w2 ulCy | wala) () = u(e)l ()P + u(w)

2l Cole)Cy | wa(a)lunla) = w(@l(fun @)+ (o) o

P P

ec Cyllun = ullpun (|lunl s + [[ul Fan)
.
T

r
+2C1¢ () O un — vl (|[wnl|Fwr 4 |2y )
P P
5:102 + Hu||1177:w2)
=

+2||Ca(e)e” Cyllun — ullmyuwy ([[n [y + ul [, ),

IN

+5C//|.U|Cg| |un, — ul |p7w2 (|ln]

where ¢ and ¢’ are some positive constants given by the Mean Value Theorem,

1 1 1 1
—+ — =1and — + — = 1. By the embedding results from Proposition 3.1.1 it
D roor

p
follows that

d < | Ju(un) — Ju(u)] < 2eMP (I CpCP., + |ulc"CyCP ) +
+4d'Cy (E)CfCE;mM%HUn = Ul + 4|M|C,,02(5)Cgcﬂn?:w2M%||un = Um0, -
Therefore, if € > 0 is sufficiently small and n € N is large enough, we have
d < [Jp(un) = Ju(u)| <d,

which is a contradiction. ]

Lemma 3.1.2. Suppose that (F4) is fulfilled, then there exists ug € E such that
JF(UQ> > 0.

Proof. Let Ry > 0 and sp € R from (F4) and fix ¢ € (0, %) We consider the
function u. € C§°(Q2) such that

e () = 0, if |x—x0| > Ro
Y s, i |z — x| < Ry — ¢

and [|us||oo < |So|- Then, we have u. € E.

74



Solutions in weighted Sobolev spaces

If we denote by Vol(B, (%)), the volume of the ball B,(z¢) = {z € RV :
|z — xo| < r}, we have

Jp(ug):/QF(x,us)d:r:/ F(z, u(z))da+

BRO,E(Z())PIQ

+/ F(x,us(a:))dar—k/ F(z,us(z))dx >
(RN\BR (x0))NQ2 (Brg (20)\BR-<(20))N2

> AoVol(Brg (20) N €2) + Bo[Vol(Br,(20) N ) = Vol(Bry—c(x0) N )],

where Ag = min F(z,s9) > 0and By = min min F(z,s). If € goes
|z—az0|<Ro B0 <Jg—a0|<Ro 8|50l

to 0, then [Vol(Bg,(x0) NQ2) —Vol(Bry—c(x0) N2)] — 0 as well, so we can choose
an € = gg, such that Jp(u.,) > 0. Now, we choose uyp = u, and the proof is
complete. O

Lemma 3.1.3. Suppose that the conditions (F1), (F3), (G1) and (G3) are sat-
isfied. Then, for every A >0 and p € R the functional £y, is coercive on E.

Proof. If A =0, then statement is trivial.
Now fix A > 0, 4 € R and a,b > 0 such that A\aC;Ch ., + A|p|bCyCh.wy < ]1)
There exist the positive functions k, € L*(Q;w1), ky € L*(T'; wy) such that
F(z,s) < afo(x)|s|’ + kq(z)wi(z), for all (x,s) e QxR
G(z,s) < bgo(x)|s|’ + kp(x)wa(z), for all (z,s) e’ x R.
Then, it follows that

[lully

Explu) = o Ay (u) =
_ el
= —2 - F(z,u(z))dr +p | G(z,u(x))dl | >
p Q r
[[ullf »
> —=2 = XaCy | wi(x)u(z)|Pde — X | ki(z)wi(x)dr —
p Q Q
NGy [ wa(@lu(o)Pdr ~ Nal [ ky(ax)wa(o)dr >
r r
1
>l (5~ AaCsC, ~ A, Ch, ) -
—Allkall1wr = Alpll[Fo][1,0
that goes to oo as ||ul|, — oo. O
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Lemma 3.1.4. For every A > 0 and every p € R, &, , : E — R satisfies the
Palais-Smale condition.

Proof. Let {u,} C E be a (PS)-sequence for the function &) ,, i.e.

(1) {&xpu(un)} is bounded,;

(2) &, (un) = 0, as n — oo.

Since &£, is coercive, we have that {u,} is bounded. The reflexivity of the
Banach space F implies the existence of a subsequence notated also by {u,} such
that {u,} is weakly convergent to an element v € FE. Because the inclusion
E — LP(Q,w;) is compact, we have that u, — u strongly in LP(2, w;). We want
to prove, that u, converges strongly to u in F. For this end, we will use the
following inequalities from ([32], lemma 4.10)

€ = ¢P < My([€P26 = [¢P20) (€~ ¢), forp>2 (3.6)
€ — ¢ < Ma(|€P726 — [CPP2O) (€ = O (€l + 1<), forpell,2],  (3.7)

where M7 and My are some positive constants. We separate the proof into two
cases. In the first case let p > 2. Then we have:

[R—T - /Q o(2)| Viun(z) — V() Pda + /F () un () — u() Pl <

< M /Q a(@) [[Van (@) 2V, () — [Vu(2)P V()] -
(Vup(z) — Vu(z))dz +
My | (@) [fun )2 (0) ) P2 () = ) r =
— ML(E (), i — 1) — (E ()t — )+ AT (10m) — T (1), 1 — )
AT ) — Ti(w), i — )
< MIE ()| + Al () = ()]

Al Je (un) = Je@)]) - [lun = ully = Mi(E) ,(u), un — u).

Since u, — u weakly in E and Jp,J{; are compact (see [83]), we have that
[T (un) = Jp(u)|] = 0 and [|Jg(un) — JG(u)|| — 0. Moreover &)  (u) = 0 and
1€ . (un)l| = 0, so [[un — ully — 0, i.e. u, converges strongly to u in E.

In the second case, when 1 < p < 2, we use the following result: for all
s € (0,00) there is a constant Cs > 0 such that

(x +y)° < Cs(2® +vy°), for any z,y € (0,00). (3.8)
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Then we obtain
lun — wllf =

= </Q a(z)|Vuy(x) — Vu(z)|Pdx + /F b(x)|un(z) — u(a:)|pdf>

P

<a, < /Q a(2)|Vun(z) — Vu(z) |de> ’ (3.9)

2
P

+C, ( /F b(x)un(a;)—u(a:)|pdf> .

Now, using the (3.7) and the Holder inequalities we get

/ a(x)|Vuy,(z) — Vu(z)[Pde = / a(x)(|Vun(z) — Vu $)|2)§dx
Q Q

D
2

< M- /Q a(@) (|Vtn () P2V un(2) — [Vu(@) P2 Vu(z)? -

p(2—p)

2 dx

(V) = V(@)% - (|Vun (2)] +[Vu()])
- /Q (@) ([Vn(@) > Vun () = [Vu(z) V() -

(Vun(z) — Vu(@))]? [a(@)(|Vua(@)] + [Vu(@))?] 2 da

2—p

< M ( /Q a(@)|Vun (2)[Pdz + /Q a(x)|Vu(x)|pdx) ’

(S]]

(/Q a(x)(|Vun (2) P2 Vu, (z) — |Vu(@) [P 2Vu(z)) (Vu, (z) — Vu(x))dm)

p 2—p

M, K /Q a(:r)|Vun(m)|pda;>2 + ( /Q a(a:)|Vu(:L‘)|pdm> ] .

(/Q a(x)(\Vun(x)|p72Vun(az) - |Vu(:1:)|p72Vu(x))(Vun(x) - Vu(:r:))dac)

— (@2-p)p 2-pp
Mz-(|un||b2 Tl )

(/Q a(x)(\Vun(x)P_QVun(a:) — |Vu(:r)|p_2Vu(x))(Vun(x) — Vu(x))dx)

IN

(M)

IN

[SIiS]

Then using again the relation (3.8) and the above inequality we have:
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2

([ aFunte) - Vutalpar)” <385 (lanl 7+l ?) - (320
-/Qa(x)(|Vun($)|p2Vun(x) — [Vu(z)|P2Vu(z)) (Vg (x) — Vu(z))dz.

In a similar way we obtain the following estimate

([ ounto) = aopar)” < (fuallE + 1l ) - 310
A (P20 () = ) () — ()

We introduce the following notation: ®(u) = %||u||§ As we used before, the
directional derivative of @, in the direction v € E is

(@ (u),v) :/Qa(x)|Vu(;E)|p2Vu(x)Vv(x)dx+/b(m)|u(m)|pQu(x)v(x)df.

r
Using the inequalities (3.9), (3.10), (3.11) we have

—92 2
[len — ully < M3 (@ (un) — (), un — ) + ([funl ;™ + [Jull;™).

Since u,, is bounded, the same argument as in the first case (when p > 2) shows
that w, converges to u strongly in F.
Thus &, ,, satisfy the (PS) condition for all A > 0 and p € R. O

Lemma 3.1.5. For every u € R we have

o SR < el < o)
p—=0 P

=0.

N N-—-1
Proof. Fix arbitrarily ¢ > 0 and r € |p, P , m € |p,p——|, then from
N-—p N-—p
(3.4) and (3.5) it follows that

Ju(u) eCrCY uyllully + elulCoCR o llully + 2C1()CrCry, llully +

< pyw2
T+ 20plCa(e)CyCry iy llul 5" <
S € [Cfcgwl + ‘/’L|C pwz] + 201(€)Cf T"wlpp +

+ 2|/1’|CQ(E) g m,wgpp-
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Therefore,

\sup{Ju(u) ¢ Jlullf < p}
11m =
p—0 P

0.

In order to prove the Theorem 3.1.2, let us define m = / |G (z, up(x))|dT,
r

@(UO) 1
- >0 and pi=—"
Tr(uo) MEENT XA+ m)

: ()\ — /\Q)JF(U()) > 0.

Lemma 3.1.6. For A > A\ and |u| €]0, 3] we have

inf £ 0.
S Ernlu) <

Proof. 1t is sufficient to prove, that, for A > A\g and |u| €]0, 3] we have &y ,,(ug) <
0. Indeed,

Explug) = P(ug) — AJf(ug) — Audg(ug) <
< )\()JF(QL()) — )\JF<U()) + )\|,u|m =
= (Ao = A)Jr(u) + Alulm =

AL+ m)p3 _

(Ao — )\))\—7)\0 + Alplm =

= —(L4+m)Ap} + Alplm =

= —=Auy —mA(uy — [pl) <0.

for all A > g and |u| €]0, 13]. O
Lemma 3.1.7. For every A > Ao and p €]0, 3], the functional €y, satisfies
the Mountain Pass geometry, i.e. satisfies the hypotheses of the Mountain Pass
Theorem 1.5.1.
Proof. From the inequalities (3.4), (3.5), using (F1) and (G1) we get

|F (2, u(z))| < ewi()Crlu(x)]” + 2C1(e)Crws (2))|u(x)]", (3.12)

|G, u(x))] < ewz(2)Cylu()[” + 2C5(e) Cywa () [ulx)[™. (3.13)
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Fix A > A\g and p €]0, p1}[, then using the (3.12)and (3.13) inequalities for every
u € I we have

1
EML(U) = 5||u|\§—)\Ju(u)
1
> |mwA/WmammWMMm/xxawmww
yy Q T
1
> = ||ullp

)\EC’f/le(x)|u(x)|pdx2)\01(5)Cf/9w1(x)|u(x)|rdx

~NuleCy [ un(elu(o)Pdr = A Co(e)C, | wa(o)ufa)"ar

1
= ];IIUHP AeCslul [} w, — 2AC1(E)Crllul I a0,

—AlpleCyllullh 1y — 2A[p|C2(e) Cyl[ull 1w,
(p = XeCyCP 0 — MpleCy pwz) [ull?
— 2XC1(e)CrCr o, [ully — 2A[1]C2(e)CyCry iy [ |ullp"

Y

Using the notations
1
A= < = AeCyCh ., — AlpleCy pw) ,
p

= 2)\C1(e)C4CL,,,, C = 2A|u|Cale)CyCM

m,w2"’

we get

Exp() 2 (A= Bllull, ™" = Cllully")[ull}-

We choose ¢ € }0, %A(CfCﬁ,lerllungCﬁ,wz) [, so A>0. Now, let [ : Ry — R be
the function defined by I(t) = A— Bt""P — Ct"™ P. We can see, that [(0) = A > 0,
so because [ is continuous, there exists an €* > 0 such that I(t) > 0, for every
t €]0,e*[. Then for every u € E, with ||[u|| = ¢ < min{e*, ||ug||}, we have
Exp(u) > n(A, pu,e*) > 0. From Lemma 3.1.6 we have &) ,,(ug) < 0.

Therefore the functional &), satisfies the hypotheses of the Mountain Pass

Theorem 1.3.1. O
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Proofs of the main results

The key tools used in the proofs of the main results are the Mountain Pass The-
orem 1.3.1 and the Theorem 3.1.3 established by Bonanno in [12]. We recall here
this later one.

Theorem 3.1.3. ([12]) Let X be a separabile and reflexive real Banach space and
let ,J : X — R be two continuously Gateaux differentiable functionals. Assume
that

(i) there exists xo € X such that ®(xo) = J(zo9) = 0;
(i) ®(xz) >0 for every x € X;

(1i1) there exists x1 € X, p > 0 such that p < ®(z1) and sup{J(z) : ®(z) < p} <
J(z1)
P3(zr)

(tv) the functional ® — \J is sequentially weakly lower semicontinuous, satisfies
the Palais-Smale condition for every X > 0 and it is coercive, for every
A € [0,a], where a = <p , with ¢ > 1.

p — sup J(z
(@) o,

Then there is an open interval A C [0,a] and a number o > 0 such that for
each X\ € A, the equation ®'(z) —\J'(x) = 0 admits at least three distinct solutions
in X, having norm less than o.

Proof of Theorem 3.1.1. Let ug € E from Lemma 3.1.2 and fix

JF(U())

M= T e (uo)|

1
Now, we apply the Theorem 3.1.3 of Bonanno, by choosing X = E, ® = —|[u[}
p

and J = J, = Jp + pJg, for pn € [—po, po]. Note that £, , = ® — A\J,. For every
W € [—po, po] we have

Ju(uo) = Jp(uo) + pJa(ug) > Irluo) > 0.

~ 14 |Jg(uo)|

Taking account the Lemma 3.1.5 and the above inequality, for every u € [—po, o)
one can choose p, > 0 so small that

p
pu < min {1, ”uo"b} (3.14)
P
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sup{Jy(u) : ||u||§ < pu} < pJu(uo)  Ju(uo)

— 3.15
o Wl ~ ®(uo) (3.15)

Since &), satisfies the PS-condition (see Lemma 3.1.4) , using the Lemma
3.1.1 and choosing z1 = ug, g =0, ( = 1+ p,, and

1+ pu
P (uo)lluolly” = sup{Ju(u) « |lull} < pu}ou*

a=a, =

all the assumptions of Theorem 3.1.3 are verified. Then, there is an open interval
A, C [0,a,] and a number o, > 0 such that for any A € A, the functional &, , =
® — \J, admits at least three distinct critical points: ué\yu € E, (i€{l,23}),
having norm less than o, concluding the proof of Theorem 3.1.1.

Remark 3.1.2. Taking into account the equations (3.14)and (3.15), we have

[luolly

u p( 1+min{1,
7 O 1 (

S o= Do) [l 0 — 1) (u)

}) (1 + |Ja(uo)l)-

Since the right side does not depend on i € R, we have an uniform estimation of
A, ie. for every p € [—po, o] we have

P
Uy
|l |7 <(1 +min{1, [[uoll

(p —1)JF(uo)

A, C |0, }) (1 + |Ja(uo)|)

Proof of Theorem 3.1.2.

Fix A > g and p €]0, pu3[= 1.

The functional &) , satisfies the (PS)-condition (Lemma 3.1.4), it is coercive
(Lemma 3.1.3), therefore it attains its infimum (see [86]), i.e. there exists an
element uy , € E such that &y ,(uy,) = in}fE Exu(v). So, using Lemma 3.1.6 uy ,

ve
is a critical point of £y ,, such that &y ,(uy,) < 0.

Then by Lemma 3.1.7 and the Mountain Pass Theorem 1.3.1, there exists an
element vy, € E such that &  (vy,) =0 and &, (o) = 1A, p,e*) > 0, which
completes the proof. O
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3.1.2 Semilinear elliptic problem in double weighted
Sobolev spaces

In this section we study two semilinear elliptic problems on an unbounded do-
main ©Q C RN, The first one is an inhomogeneous semilinear double eigenvalue
problem with nonlinear boundary conditions. To obtain existence and multiplic-
ity results for this problem, we use the Mountain Pass Theorem 1.3.1 and the
result of Bonanno (Theorem 3.1.3) as in Section 3.1.1. The second problem is a
homogeneous semilinear elliptic problem. We obtain multiple solutions for this
problem, using variational methods and some recent results from the theory of
best approximation established by Ricceri in [88] and Tsar’kov in [96]. In both
cases the solutions are from a double weighted Sobolev space. A main difference
between the considered problems is that in the first one the nonlinearity function
f is superlinear at the origin in the second variable, in the second one we assume
that f is sublinear at the same point.

We will follow mainly the articles of Mezei [66] and of Mezei and Kovacs [69].

Superlinear inhomogeneous problem

Let Q ¢ RY, (N > 3) be an unbounded domain with smooth boundary T
For the positive measurable functions v and w, both defined in €2, we define the
weighted p-norm (1 < p < o0)

= ([ |u<x>|pw<x>dm)’1’

and denote by L7(£2; w) the space of all measurable functions u such that ||u||q,0,w
is finite. The double weighted Sobolev space

WP (€; 09, v1)

is defined as the space of all functions u € LP(§;vg) such that all derivatives %

belong to LP(2;v1). The corresponding norm is defined by

pRvo = ( /Q [Vu(z)[Por(z) + |u(z) ]pvo(a:)d:v> '

We are choosing our weight functions from the so-called Muckenhoupt class

[lul

Ay, which is defined as the set of all positive functions v in RY, which satisfy

1 % 1 L;l _
(/vdm) </v pldm) <C,ifl<p<oo
1Ql \Ja Q
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1/ = . .
— [ vdx < Cessinf v(x), if p=1,
Q| Ja Q()

IS

for all cubes Q € RY and some C' > 0.
In this section we always assume that the weight functions vy, v, w are
defined in €2, belong to A, and are choosen such that the embeddings

Wh2(Q; 09, v1) — LP(;w) (3.16)
and the trace
W2 (Q; v, v1) = LT w) (3.17)

are compact for 2 < p < 2N/(N —2),2 < g <2(N —1)/(N —2) and continuous
for 2 <p <2N/(N —2),2 < q <2(N —1)/(N — 2) respectively. Such weight
functions there exist, see for example [83], [84]. The best embedding constants
are denoted by Cp, o and Cy 1, i.e. we have the inequalities

[t|p. 0.0 < Cpal|[ullvger, for all u € WH(Q;v9,v1) (3.18)
ullgrw < Corlltllogw, for all u € WH2(Q; v, v1) (3.19)
where we used the abbreviation ||u||v,,v; = ||u||2,0,00,01 -

For A > 0 and p € R we consider the following semilinear elliptic double
eigenvalue problem

—Au+b(x)u = Af(x,u) in Q
(PX)
Opu = Ag(z,u) on T,

where b is a positive measurable function, 9, is the outer normal derivative on I,
fOxR—=>Rand g:I' xR — R are Carathéodory functions.

We define a bilinear form on W2(Q;vg,v;) associated with the operator Au =
—Au + b(x)u by

(u,v)4 = /Q(Vqu + b(z)uv)dx. (3.20)

A weak solution of the problem (P ) is a function u € Wh2(Q; v, v1), such
that for every v € WH2(;vp,v1) we have

(u,v)a — )\/Qf(:r,u(x))v(a:)dx = )\/L/Fg(x,u(x))v(x)df.

Furthermore we consider the following assumptions on A, f, g:
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(A)

(F1')

(¥2)

(F3)

(F4')

(G1')

(G2')

(G3')

the bilinear form (-,-) 4 defined by (3.20) on W12(Q;vg,v;) is continuous
and satisfies the ellipticity condition

(u,u) 4 > 2KHU||12;0,U1 for every u € W'2(9; v, v1),

with some positive constant K > 0;

f(-,0) = 0 and |f(x,s)| < fo(x) + fi(x)|s|P~t for z € Q, s € R, where

2<p < ——=
p N_9

foe Lﬁ(ﬂ;wflp), fo(z) < Crw(x) and fi(z) < Crw(x) for ae. €,
with an appropiate constant C'y;

and fy, fi are positive measurable functions satisfying

lim f@ 3) =0, uniformly in z € §;
s—0 f()(l‘)|8|

F
lim (x 5) =0, uniformly in x € §,

s=o0 fo(a)]s[?
(

‘II|1<2L])\(4F ,s) € LY(9Q), for all M > 0, where F(z,u) = / f(x,s)ds
0

there exist g € 2, sg € R and Ry > 0 such that min F(x,sg) > 0.
|lz—z0|<R
g(-,0) = 0 and |g(z,s)] < go(x) + g1(x)|s|7 !, forz € T, s € R, where
2(N -1)
N
q

go € La=1(T';wi=7), go(x) < Cyw(x) and g1(z) < Cqw(z), ae. z €T, with
an appropiate constant Cg;

2<gx< , and go, g1 are positive measurable functions satisfying

li 9(z, ) =0, uniformly in z € I';
s—0 go(z)]s]
G
lim (z,9) = 0, uniformly for € T,

s=+o0 go(x)|s|?

‘IIIISLX G(-,s) € L}(T), for every M > 0, where G(z, s) = / g(z, s)ds.
0

Next, we introduce the functionals Jr, Jg, J, : Wh2(Q;v9,v1) — R, defined

by

Jr(u) z/QF(a:,u(z))dx, Ja(u) :/FG(J:,u(m))dF
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Ju(w) = Jp(u) + plo(u)

and the energy functional €y ,, : W12(;v9,v1) — R associated to (P)’\yﬂ), defined
by

Explu) = %(u,u)A — Ay (u).

The main result is the following

Theorem 3.1.4. ([67]) We suppose that the assumption (A) is satisfied and the
functions f: QxR — R and g : T’ x R — R satisfy the conditions (F1') — (F4')
and (G1') — (G3') respectively. Then

(a) there exists Ao > 0 such that to every A €] Ao, +00[ it corresponds a nonempty
open interval Ix C R such that for every u € I the problem (P/'\yﬂ) has at
least two distinct, nontrivial weak solutions uy , and vy, € WLQ(Q; Vo, V1),
with the property

Enpuny) <0< Expu(vau);

(b) there exists pog > 0 such that to every p € [—po, o] it corresponds a
nonempty open interval T, €]0,4+00[ and a number o, > 0 for which
(Py,,) has at least two distinct, nontrivial weak solutions: u}\# and u?\# €
Wh2(Q; v, v1), with the property

mam{’lu%\,u"vo,vlv HU’%\,;LHUO,UI} < Op;

whenever A € I'y,.

In what follows we present the auxiliary results needed for the proof of this
theorem. We shall omit the proofs of those properties, which are similar to the
corresponding proofs given in the previous chapter.

We recall here first a classical inequality that is widely used in our proofs. For
all s € (0,00) there is a constant Cs > 0 such that

(z+y)° < Cs(x® +y°), forany z,y € (0,00). (3.21)

, , o . . /B
We denote by p’ and ¢’ the dual indices of p, respectively ¢, i.e. p’ = =Y and
/ q

=7
The next result deals with the Nemytskii operator of a Carathéodory function
h:Q xR — R, which is the function defined by Nj(u) = h(z,u(z)).
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Lemma 3.1.8. Assume that the conditions (F1'), (G1') are satisfied. Then, the
1

Nemytskii operators {I\ff : Lp(lﬁgw) — LP%(Q;pr), Ng : LP(Q;w) — LY(Q),

Ny : LY(T;w) — LT (Ty;wi4) and N : LI(T;w) — LYT) are bounded and

CONEINUOUS.

Proof. To prove that Ny is bounded, we choose an arbitrary set A C LP(Q;w)
and prove that Nf(A) is bounded. For this, let u € A be an arbitrary element

1
and we claim that Ny(u) is bounded in L5t (Q; wi=r). Using the (F1") condition,
the (3.21), the Holder’s inequalities, we have

1N >|i o= [l )P e <

< [ (fola) +f1<a:>|u<a:>|f’—1)p’w<x>ﬁdx <
Q
Cy (/Q fO(ﬂc)p'w(iv)liPdm—I—/Qf1(a:)p'|u(x)|(p—1)p’w(x)li,,dx> <
< Cy (C+/ C]]f,w(x)p,w(x)lipm(x”pdx) _
= CyC+CyCY [ fula)Pute)ds = CyC+ oY lull g

where in the last inequality we used that fy € Lﬁ(Q;wﬂ) , so there exists
C > 0 such that / fg(x)#w(x)ﬁdx < C. Since u € A C LP(Q;w), we have

Q
that [[ul[}  ,, is finite, therefore Ny is bounded. Then the continuity follows from
standard properties of the Nemytskii operators.
In the same way we obtain for u € LP(Q; w)

| IP@ @l < [ (@] + @) ds -
= [ h@we) Fu@lu@ide + [ i@ <

<(/ fo(x)p’w(x)llpdxy (f u(x)\?w(x)dx)”wf [ @Putes <

< O |[ullp0 + Crlfull 0.0

therefore N is bounded. For the operators N, and Ng the arguments are iden-
tical, therefore we omit the details here. O
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Lemma 3.1.9. (Pfliiger [84]) The energy functional €y ,, is Fréchet differentiable
in WH2(Q;vp,v1) and its derivative is given by

<E§\7#(u),v> = (u,v)4 — )\/Qf(:r,u(:v))v(x)dm — )\u/Fg(x,u(:r))v(x)dF.
for every v € WH2(Q;vg, v1).

Remark 3.1.3. Due to this result, we can see, that the critical points of £, ,, are
exactly the weak solutions of (P} ).

Lemma 3.1.10. Suppose that the conditions (F2'), (F3'), (G2') and (G3') are
satisfied. Then, for every A > 0 and p € R the functional £y, is coercive and
bounded from below on W12(Q; vg, v1).

Proof. Let us fix A > 0 and p € R arbitrarily and a, b > 0 such that
NaCyC3 g+ AlbCyC3p < K.

By the conditions (F2'),(F3’) and (G2'),(G3') there exist the positive functions
ko € L' (Q;w) and k, € LY(T';w) such that

|F(x,5)| < afo(x)|s]* + ko(z)w(x), VY(z,5) € QxR

|G(x,5)] < bgo(x)|s|* + ky(x)w(z), V(z,s)€QxR.

Thus, for every u € W12(Q; vg,v1) we obtain

1
Euult) = =2 [ Feu@)ds - [ Glou@)de) >
> Kl — A / afo(@)u()Pdz — A / Fa(z)w(z)dz
Q Q
Y / bgo ()| () 2T — Al / k() w ()l >
T I
> Klull2, 0, — AaCyllulE g — Mkallow —
MIBCyllulE s — Al Rl 1.0 >
> (K — AaCyC2 g — NulbCyC2r) [ull2, 4, —

—Allkall1.0.w = AlpulllKs] |10 -

Since k, € LY(jw), ky € LY (T;w), we have that ||ka||1.0.w, ||koll1rw are fi-
nite. Therefore &, , is bounded from below on W12(€;vp,v1) and &, ,(u) — oo,
whenever ||ul|y,,»; — 00. Hence &) , is coercive. O
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Lemma 3.1.11. &, , : Wh2(Q;v9,v1) — R satisfies the Palais-Smale condition
on W12(Q;vg,v1), for every A >0 and p € R.

Proof. Let {u,} C W'?(Q;v9,v1) be an arbitrary Palais-Smale sequence for &, ,,
ie.

(a) {&xpu(un)} is bounded;

(b) & ,.(un) — 0.

We will prove that {u,} contains a strongly convergent subsequence. Since
Exy s coercive, we have that {u,} is bounded. W1'2(Q;uvp,v1) is a reflexive
Banach space, so taking a subsequence if necessary (denoted in the same way),
we get an element u € W12(Q; vg, v1) such that u, — u weakly in W1H2(;vg, v1).
Because the embeddings (3.16) and (3.17) are compact for 2 < p < 2N/(N —2),
2<q<2(N-1)/(N-2), we have that u,, — u strongly in LP(; w) and L4(I'; w).

From the condition (b) we have that ‘(é’ﬁ\#(un)
and for large n € N. So

)‘ <eg, foreverye >0

Un
’ H“nHvoﬂq

i un)a+ A [ faun()unlade + A [ gl un@)ug(2)dr <

< gHunHvo,vy

Then we have
2KH“n - U||12;0,v1 <Un — Uy Up — U>A < |<umun - U>A| + |<U7un - U>A|

2]t — g n + A \ [ 5l une) = )i

IN

A ' [ 5 u(@)) ) — )

Al \ [ el ) - u(x»df]

+ Al

[t ut@) ) ~ uopar].
Using the Hélder’s inequality we get

<

[ ettt

1

(tn () — ule) w(e)7| da

< [ [#te o)t
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< ([ vl vt pdx)l (f |un(x)_u($)|pw(x)d$>i
~ ([ 1 wm@P w@ ) - s

and arguing in the same way for g, we obtain

H

<

/ 92, un (2)) (tn () — u(2))de
I

1
, 1 4
< ( 1otz w(x)lqdr)" [t — gt
T

Since € > 0 is arbitrary, ||un, — ul||p.0w and |Ju, — ullqrw tend to zero and

/ | f @, un ()P w(z )llpd:c /g(x un(x ))|q,w(x)1%qdf are bounded (by

Lemma 3.1.8, using that {u,} is bounded), it follows that ||u, — ||y, tends to
Zero. U

The proofs of the next three lemmas can be made following the same ideas as
in the corresponding proofs presented in the previous chapter, therefore we shall
omit them.

Lemma 3.1.12. ([71, Lemma 3.2]) Assume that (F{') is satisfied. Then there
exists a ug € WH2(Q; v, v1) such that Jg(ug) > 0.

l(uoyu())

Letusdeﬁnem:/ G(x,uo(x))|dl’, A
16 (), 29 = 270

(/\ — /\0)JF(U()) > 0.

>Oanduj:m-

Lemma 3.1.13. ([67, Lemma 2.6]) For A > \g and |u| €]0, u}] we have

inf Ex () <0.
ueW1L2(Q;v0,v1) /\,,u( )

Lemma 3.1.14. ([67, Lemma 2.7]) For every A > g and pu €]0, u3], the func-
tional £y, satisfies the Mountain Pass geometry.

Lemma 3.1.15. For every u € R4, we have

.1
o sup{u() < §
p—0 p
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Proof. From the assumptions (F1'), (F2’), (G1’) and (G2') results the existence
of ¢1(g), éa(e) > 0 such that, for every € > 0 we have

|f(@,9)| < Efo(@)ls] + éa(e) fal@)ls”", for 2 <p < (3.22)
lg(z,5)| < égo(x)|s| + é2(e)g1(x)]s|77!, for 2 < g < % (3.23)

Then integrating with respect to the second variable, from 0 to u(z), we get the
existence of ¢1(g), ca(e) > 0 such that, for every ¢ > 0 we have

(e u(@))| < fo()u@)P + @) A@) @), for2 <p< 20 (3.24)
G, u())] < 2go()ul@)? + ex@ o)), for2 <g < 20— (3.5)

Fix arbitrarily e > 0 and p € }2, ]\%—ij [, q€ }2, 28{,\[:21) [, then from (3.24) and

(3.25) and the ellipticity condition (A), it follows that

Ju(u) = Jp(u) + pJa(u)

< e (CrC3q + HCyCor) lullsy o + c1(e)CrCh gl luly .,
+ ple2(e)CyCy pllulld, o,
P
< £ (C;C2g +1ulC,C3r) {4 Lo cser <<““>A> i
’ ’ 2K P, 2K
q
T Jlea(e)CyCY (<U,U>A> .
’ 2K
Therefore, we have
sup{J,(u) : %(u,u)A <p} <
__(erCBa+ i) L& s @GO
- K K3 K3 '

Since p > 2, ¢ > 2, dividing this last inequality with p and taking the limit
whenever p — 0, we have the required equality.

Lemma 3.1.16. Assume that the conditions (F1')-(F3') and (G1')-(G3') are sa-
tisfied. Then, the functional J, = Jp + pJg is sequentially weakly continuous.
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Proof. We argue by contradiction. Let u, be a sequence from W12(Q;wvg,v1)
weakly convergent to some u € W2(;vg,v1) and d > 0 such that

|Ju(un) — Ju(u)| > d,  forallm e N.

At the same time we have

[ Juun) = Ju(w)| - < /QF(%un(iv))—F(w,U(fﬂ))ldw

+ ol /F Gz, un(2)) — Gl u(x))|dT.

In the sequel, we will estimate the previous two integrals. For this end, first we use
the Mean Value Theorem for the mapping F' on the interval (uy(z),u(x)), then
we make use of the (3.18), (3.22) and the Holder inequalities. So, there exists a
6 €]0, 1] such that

/Q|F(x,un($)) — F(z,u(x))|dx
= /Qlf(x,(l—9)un(x)+9u(x))||un(l‘)—u(ﬁf)ldx

IN

é/ fo(@)|(1 = Oyun(x) + Ou(x)[un () — u(z)|dz
Q

+ ae) /Q F1(@)[(1 = 0)un () + Bu(@) P~ un () — u(z)|dz

IN

: /Q fol@) (Jun ()] + [u() ) un () — u(z) | da
+é1(e) /Q Fi(@)(fun (@) P+ Ju(@) [P~ fun (@) — u(x)|de
eCy /Q Jun () — u(@)|w(z) 2w (@) ? (g ()] + Ju(z)|)de

1
v

+a()07 [ (o) ~ w@lol@ @ (i@l + o)) do

IN

IN

gel ( /Q | () — u(gc)|2w(gc)d$>é

(f |un<x>|2w<x>dx)$ (] |u<ac>|%<ac>dac)é
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rale)Cy ([ o) - ula >|pw<x>dx)"1’

([ o atayia)” + ([ e ueee)’

L
Y

| S

< eCfllun — ullagran(tnl 20 + llinll20)
r b
+e1()C lum — e (||un||;jﬂ,w i ||u||pjﬂ,w)
< EACfCQQ,QHun - u||vo,v1(||un||vo,v1 + ||u||vo,v1)

. -1
+e1(2)CrCy g lltn — ullp.ow (llunl g o, + [ullfy.,) -

Since u,, is weakly convergent to u € WH2(Q; vg, v1), we can assume without loss
of generality, that there exist a constant M > 0 such that

lun ooy < M and ||uy, — ulfyy,0, < M, for all n € N.
Then we have
|F (2, un(x)) — F(z, ul))| < 2605C5qM? + 261()CyCp o MYt — ul |2,
Arguing as above for the function G, we obtain

|G (@, un (@) — G, u(x))| < 26C,C5 p M + 265(e) CyCL L MT|uy,

Therefore
d < | Ju(un) — Ju(u)] < 26M?(C3C3 0 + CyC3r)+

+2¢1(€)CCE S MP ™ [y, — .o + 262(2)CoClT MT [, — )l -

Because the embeddings (3.16) and (3.17) are compact for 2 < p < 2N/(N —2),
2 <q<2(N-1)/(IN-2),it follows that ||u, —u||p0,w — 0and ||u,—u|lqrw — 0.
Therefore, if £ > 0 is sufficiently small and n € N is large enough, we have

d <[ Ju(un) — Ju(u)| < d,
which is a contradiction. O

The proof of Theorem 3.1.4 is similar to the proof of the Theorems 3.1.1
and 3.1.2. We will give the proof only for the completeness.

(a) Fix A > XAg and p €]0, u3[= In. From the Lemma 3.1.10 and Lemma
3.1.11 we have that the functional £, ,, is bounded from below and satisfies the
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(PS)-condition. Then &), achieves its infimum, i.e. there exists an element

uy, € WH2(Q;v9,v1) such that € ,(uy,) = U€W11i2r(1£;007v1)5)\,ﬂ(v) (see[86, Theo-

rem 2.7]). So & ,(u,) =0 and by Lemma 3.1.13, we have &y ;,(uy ) < 0.

On the other hand, there exists an element v, € WH2(Q; v, v1) such that
Expag) = 0 and & u(va,) > n(A, p,e*) > 0 (by the Lemma 3.1.14 and the
Mountain Pass Theorem 1.3.1), which completes the proof.

(b) Let ug € W12(Q;vg,v1) be the function from Lemma 3.1.12 and fix pp =
Jr(up)
——————— . Then for ever € |—po, e have
TF [Ja(uo) very i € [~puo, po] we hav

Ju(uo) = Jp(uo) + pJa(ug) > Tr(u)

— > 0.
~ 1+ |Ja(uo)|

Now, we apply the Theorem 3.1.3 of Bonanno, by choosing
1,2 1
X =WH2(Qv9,v1), P(u) = §<u,u>A

and

J = J#,fOI‘ IS [_M07M0]'

Taking account the lema 3.1.15 and the inequalities J,(ug) > 0, ®(up) > 0, we
can choose for every p1 € [—po, po] a p, > 0 so small that p, < 3{(uo, ug)a = ®(uo)
q sup{Jy(u) : %(u,u>A < put _ Juluo)

Pu ®(uo)
Now, choosing z1 = ug, zg =0, ( =1+ p, and

1+ pu

Tu(up) _ sup{Ju(w):Ewu)a<pu}’
@ (uo) Pu

a:au:

all the assumptions of the Theorem 3.1.3 are verified. Then, there is an open
interval A, C [0,a,] and a number o, > 0 such that for any A € A, the
functional &), = ® — A\J, admits at least three distinct critical points: ué\’# €
WL2(Q;v9,v1), (i € {1,2,3}), having norms less than o,,.

We can see, that v = 0 is a solution of the problem (P/'\yﬂ). So if we are
looking for nontrivial solutions, we can affirm that (P;\ u) has at least two distinct,
nontrivial solutions in W12 (£2;vg, v1), having norms less than o, concluding the
proof of the Theorem 3.1.4. O
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Example 4.1 As an example, we consider the weight functions

_ ) |lzl7E if 2z e RN\ By
,UO(J‘.) —’U)(l') - { 1’ ifre Bl p

vi(z) = 1,Vz € RV,
where By = {x € R" : ||z|| < 1}. For these functions the embeddings
WL2(Q;v0,1) — LP(Q;w) and WH2(Q; v, 1) — LY(T;w)

are compact, if 2 < p < 2N/(N —2), 2 < ¢ < 2(N —1)/(N — 2) (see [84]).
Assuming that f and g satisfy the conditions (F1')-(F4'), (G1')-(G3') respectively
and A defines a bilinear form with (A), we can apply the Theorem 3.1.4.

Sublinear homogeneous problem

Let Q ¢ RN be an unbounded domain with smooth boundary T.

We consider the double weighted Sobolev space W 2(€2; v, v1) with the weight
functions vg, vi, w, which are defined on (2, belong to A, and are choosen such
that the following condition holds:

(E) for p €]2,2*[ the embedding W12(Q; vg, v1) < LP(;w) is compact.

The best embedding constant is denoted also by C, o as in the previous section,
i.e. the inequality (3.18) is satisfied.
We recall the definition of the following Sobolev space

L*(Q) = {u:Q— R|u is measurable,
and 3C > 0 such that |u(z)| < C a.e. in Q}

endowed with the norm
[|u]|oo = Inf{C : Ju(x)| < C for a.e. x € Q}.

We consider on W12(Q; v, v1) the continuous bilinear form (3.20) associated with
the operator Au = —Awu + b(z)u and the corresponding norm with

all% = ()4 = / (V@) + b(a)|u())d.
Q
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Now, we define the Banach space
XA ={ueWh(Q;v,v1) : ||ul|a < oo} (3.26)
endowed with the norm || - || 4.

In this section we will prove a multiplicity result for the following problem:

For a given ug € X4 and A > 0 find u € X4 such that:

—A(u — up) + b(x)(u —up) = Av(z) f(u) in Q
(P)
u=0onT,

where f : R — R is a continuous function, o :  — R and b : ) — R are a positive
and measurable functions.

By the weak solution to this problem we mean a function u € X4, such that
for every v € X 4 we have

(u —up,v)a — )\/Qa(x)f(u(:v))v(:c)da: =0.

In the previous problem (P)/\ H) the function f was superlinear at the origin in
the second variable. Here, we study the problem (Py) assuming that f is sublinear
at the same point, that is

(f) f(0) =0 and there is a positive measurable function fj : 2 — R satisfying
1
foe L%(Q,wﬂ), fo(z) < Cpw(x) for a.e. x € 2, where Cf is a positive
constant and there exists ¢ €]0, 1[ such that

If(s)] < fo(x)|s|?, for every s € R and every x € ;

Furthermore we consider the following assumptions:

(K) ellipticity condition: there is a positive constant K, such that [[u]|% >
2K |u|[?, ,, for every u € Wh2(€; v0,v1).

(@) a€ LYQ,w)N L®(9Q).
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We define the funtional J : X4 — R by
Iw) = [ ale)F(u@)d.
Q

where F(t) = fg f(s)ds

Now, we can state the main result of this subsection.
Theorem 3.1.5. ([69]) Let Q C RY be an unbounded domain with smooth bound-
ary T or Q = RY(N > 2).

Suppose that WH2(Q; v, v1) satisfies the embedding property (E) and X 4 is
the subspace defined by (3.26). Let f : R — R be a continuous function satisfying

(f) and let a : Q@ — R be a strictly positive function satisfying ().

Then for every o €] i)?f Jysup J| and every ug € J7Y(] — 0o, 0]), one of the
A A
following assertions is true:

(B1) there exists A > 0 such that the problem (Py) has at least three solutions
m Xa;
(B2) there exists v € J1(0) such that for all u € J~ ([0, 00[), u # v,
[lu = uolla > |lv = uol| 4-
In the proof of this theorem we need some auxiliary results, proved below.
Lemma 3.1.17. LY(Q;w) N L>®(Q) C L™ (% w), for every r € [1,00].
Proof. Let u € LY(Q;w) N L>®(£2). Then for every r > 1 we have

lullon = ([ latolu ) (/ jua) " () o )dx>

< ([ iz uoute >d:c) = 1l ] g
which means that ||u||, o, is finite, so u € L"(€; w). d
Notation. Let v = S and we denote by v/ = P its dual index,
p—I(q+1) 1

that is % + 5 = 1. Using the Lemma 3.1.17 we have that
LY (Q;w) N L=(Q) € LY (Qw),
so a € LY(Q;w).

The next lemma summarize the properties of the functional J.

97



Hemivariational inequalities, elliptic problems on unbounded domains

Lemma 3.1.18. Let condition (f) be satisfied. Then, the functional J is well de-
fined and it is sequentially weakly continuous.

Proof. From the assumption (f) we have

u(z)

F(u(z))] < /0 F($)lds < folx) /0 slods < fola)|u(z)|T.

Then, using the conditions (f), (E) and the Holder’s inequality, we get

IN

IN

<

()] = \ [ a@Fa@)n < [ o) a
Cf/ﬂOé(.Z')|U(.ﬁL’)|q+1w({L')dx§ Cf/QOz(x)w(x)i|u(x)|q+1w(x)u1'dx

Cy ( /Q oz(m)”w(x)dx)i ( /Q |u(x)|”’<q+1>w(m)dx)”l'

g+l
P 41
Crllallvgu ( /Q |u<x>|Pw<m>dx) = Cllellaullully
_afl
CrllallmawCitHullél < CyllallowCiil (2K) ] [

v0,v1 —
Cllul 4,

which means that the functional J is well defined over X 4.

We prove now, that J is sequentially weakly continuous. Let {u,} be a se-

quence in X 4, weakly convergent to some v € X4. Then, by the embedding (E),

it follows that ||u, —u

|p797w - 0'

Applying the (3.21), the Holder inequalities and the Mean Value Theorem, we

obtain

| (un) = J ()| =

/Q (@) F (un(z))dz — / a(z)F(u(z))dz

Q

< /Q () | F (un(2)) — F(u(z)|da
- /Q (@) (1 = B)un () + Bu)) [un () — u(z)|de

< [ @) (1 Oun(a) + 00t o) -
< /Qa<:r>fo(x>((1—9)Iun<w>|q+9|u(x)|q) up (#) — u(x)|ds
= Cf/Qa(fv)w(a:)i<|un(a:)q+|u(x>|q) lun (z) — w(z)|w(z) ¥ da
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IN
.
8

sl st ( [ (a4 @) () = ) w(2) )

q

= CyllallvguCi- [ / (Jun (@) |75 + Ju(@)| 77 ) w(w) 7 -
Q

(lun(@) = (@) )77 w(z)#1dz|”

< Cfllalluanr | [ l@Putas) ™ + ([ juto)puteias)
Q Q
1 1
q+1 o/
([ funte) — utorPutoye)
Q
q+1
= CHlledhowCi (Il + llEiy ) llun — o
< CyllalluawCiCe (Jlunllf g + il g ) lin = ullpau
S Cf”a”l/,QﬂUClCQCq,w (||un||go,v1 + ||u||go,vl) Hun - quyng S
< CyllallunuCrCaCl(2K) 7 (Juallh+ l[ul%) s — ullpge

where 6 €]0, 1] is the constant from the Mean Value Theorem, C;, Cy are the
constants from the inequality (3.21) and K is the constant from the ellipticity
condition (K).

Since u, is weakly convergent to u € X4, we can assume without loss of
generality that there exist a constant M > 0 such that

llun|la < M and ||u, — ul|la < M, for all n € N.
Then we have
| (un) = J ()] < [l 0,wCrCLCCE , (2K)™22M - [[uy, — |0,
concluding that J(uy) — J(u), whenever n — oo. O

Now, for a given ug € X4 and for A > 0, we can define the energy functional
Ex 1 X4 — R related to the problem (Py) by

1
Eu) = Sllu— ul% — A (w).
We observe, that for every v € X 4, we have
(&5 (u),v)a = (u —ug,v)a — A /Q a(x) f(u(z))v(x)dz. (3.27)
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Hence the critical points of the energy functional &£, are exactly the weak
solutions of the problem (P)). Therefore, instead of looking for solutions of the
problem (Py), we are seeking for the critical points of &.

In the next lemmas we prove two properties of the energy functional, namely
that &) is coercive and it satisfies the Palais-Smale condition.

Lemma 3.1.19. Let the condition (f) be satisfied. Then the functional &y is
coercive, for every A > 0.

Proof. Using again the Holder’s inequality combined with the conditions (f)
and (E), we obtain

() = 3llu— ol — A /Q (@) F(u(z))o(z)dz

1

> lhe=wally = A [ at)fife)lu(e)rdo
Q

1
> Sl wlfy = AC; [ a@u(e)u(e) (@) ds

1 ) v 4
> Sllu- upl|[% — AC ( / a(m)”w(x)d:v) < / |u(x)|(q+1)’/w(m)dx>

Q Q

1

= Sllu— uol[% = ACy el [ullih,

V0,01

1
> Sl —uolli = AC;CE lallv.o.wllullfy
1 _atl +1
> S llu = uol[h = ACsCEL o lnow(2K) ™2 [Jul[§7
Therefore Ey(u) — 0o, whenever ||u||4 — oo, since ¢+ 1 < 2. O

Lemma 3.1.20. Assume that (f) is satisfied. Then Ey satisfies the Palais-Smale
condition for every A > 0.

Proof. Let {u,} C X4 be an arbitrary Palais-Smale sequence for &, i.e.

(a) {Ex(uyn)} is bounded;

(b) &\ (up) — 0, as n — oo.

We will prove that {u,} contains a strongly convergent subsequence in X 4.
From the coercivity of &y, it follows that {u,} is bounded, hence we can find a
subsequence, which we still denote by {u,, }, weakly convergent to a point u € X 4.
Then by the embedding condition (E), u, tends strongly to w in LP(€;w), so
llun — ullpow — 0, as n — oo.
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Since the sequence from (b) tends to 0, for n € N big enough, we have

Up,

(€3 ) < e

[|un]

or equivalently
[(EA(un), un) a| < ellun||a-

Then, by (3.27) we get

(i = 0t} = A [ (@) (o)) ) < el
Q
Rearranging the inequality and taking the absolute value, we obtain

i = 0,00} a] < elfunlla % [ )l (vao))n0)ld
After simple computations this inequality gives us
[l =l < [un — w0, un — ) al + [{wo — u, up — u)a| <
< [(un, wn — ) al + [{u, wn — u) al + 2|(uo, up —u)a| <

< delfun —ulla + A/S)a(x)lf(un(x))(un(ﬂf) — u(x))|dz+

A /Q (@) | (u(@)) (tn () — () |z + A /Q (@) (o)) (un(x) — u(e))|d.

Now, we will estimate the integrals from the above inequality using the in-
equalities of Holder, the ellipticity condition (K) and the embedding (E). The first
integral can be estimated as follows

/Qa(x)f(un(w))(un(ﬂi) —u(z))|dz <

Cr [ at)ule)? un (o) (o) — ) hole) da

IN

=

v

IA

Csllallut ([ 1m0 un(0) = o) ()i )

= Ol ( / <|un<x>|pw<m>>#1<|un<x>—u<m>|pw<x>>qildx) <
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.
< Chllolbo [( / |un<x>|pw<x>dx> "
.
([ 1unto) = Ptz ) ]
= Cf”o“|V,Q,w||un||q,9,w‘|un = ullpow
< CllallvowClyllunllly o llim — ullprs
< CllallonCly (2K) M un — ullyo

where in the last inequality we used that {u,, } is bounded, hence there is a constant
M > 0 such that [|up|la < M, ||ulla < M.
Proceeding in the same manner for the other two integrals, we obtain:

/Q () | f (ul2)) (un () — () e <

Crllelln0,0C  (2K) 2 My — ullpo.w

/Qa(w)lf(w(ﬂf))(un(iv) —u(z))|dz <
< CfllallyouwCiw (2K) 2 Juol 4 |tn — |0
Then, we have

||un - u||,24 < 45”“71 - UHA +
AACH |l 0,wC, (2K) 2 (2M7 + [Juol|%)Jun — ullpo,u-

Since € > 0 was arbitrarily choosen, ||u, —u||4 is bounded, ||ug||p,0,w is finite
(up being given) and ||u, — u||p 0w tends to 0 as n — oo, we conclude that
[|un, — ul|la — 0, whenever n — oco. O

Now, we are in position to prove our main result, where a key tool is the
following result of Ricceri [87].

Theorem 3.1.6. ([87, Theorem 1 and Remark 1)) Let X be a topological space, T
a real interval, and f : X x I' = R a function satisfying the following conditions:

(A1) for every x € X, the function f(x,-) is quasi-concave and continuous;
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(A2) for every A\ € T, the function f(-,\) is lower semicontinuous and each of
its local minima is a global minimum;

(A3) there exist pg > suppinfx f and Ao € T such that {x € X : f(x, o) < po}
18 compact.

Then,
inf f = inf .
supiy f=i Sllgpf

Proof of Theorem 3.1.5. Fix A and ug as in the statement of the theorem
and assume that (B1) does not hold. We shall prove that (B2) is true.

Choosing A = [0, 00) and endowing X4 with the weak topology, we define the
function g : X4 x A — R by

9w, X) = 3l — wglf3 + Ao — ().

We show that all the hypotheses of Theorem 3.1.6 are satisfied.

(A1): Tt is trivial.

(A2): Let A > 0 be fixed. By Lemma 3.1.18, the functional g(-,\) is se-
quentially weakly continuous. Moreover, g(-, A) is coercive. Indeed, using Lemma
3.1.19, we have the following inequality for all u € X4

1
9(u,A) = 5llu = wol i = AC;CEL (2K) " ([l lugullull5 + o,

which goes to co as ||ul|4 — oo, since g + 1 < 2.

Then, as a consequence of the Eberlain-Smulian theorem, g(-, \) is weakly
continuous.

It remains to show that every local minimum of g(-, \) is a global one. Assume
by contradiction that g(-,\) has a local minimum which is not global. Since
g(-,A) is coercive and satisfies the Palais—Smale condition (Lemma 3.1.20), it
admits a global minimum, and by the Eberlein-Smulian theorem it has two strong
local minima. By the Mountain Pass Theorem (see [85]), g(-, \) (equivalently the
energy functional £,) then admits a third critical point. Hence (Py) would have at
least three solutions in X4, contradicting the assumption that (B1) fails. Thus,
condition (A2) holds.

(A3): We observe that there exists some u; € X4 such that J(u;) > o, so

1
sup inf g(u,A) < 5uP9(U17/\) = Sllur —uolla < oo,
AcA UEX A 2
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hence (A3) is satisfied.
Now, the Theorem 3.1.6 assures that

sup inf g(u,\) = inf supg(u,\) := (3.28)
AeA uEX uEXA NeA
We observe, that the function A\ — inf,cx, g(u, \) tends to —oo as A — oo
(since o < sup,¢cx, J(u)) and it is upper semicontinuous in A. Hence, it attains
its supremum in some A € A, that is,

[lu — uol%
= inf A\) = inf Mo —J . 3.29
o= inf gu %) = it (1520 45 - ) (3.29)

We shall determine the infimum in the right-hand side of (3.28). Since for any
u € J71(] — 00, 0[) we have supycp g(u, A) = 00, it follows that

B 2
a— int ool
ueJ =1 ([o,00]) 2

|

_ 2
Then, since the functional u — %HA is coercive and sequentially weakly lower
semicontinuous while the set J~1([o, oo) is sequentially weakly closed, there exists

v € J7Y([o, o0[) such that it attains its infimum in v, that is

[lv — uol[%

o = 9

We can observe that v is actually belonging to J~!(c), so we can write

B 2
a— nf v uolla

> 0, 3.30
ueJ~1(o) 2 ( )

where the inequality is motivated by the choice of ug in the assertion.
Combining (3.29) and (3.30) yields that

: [l — uol% o =l
f by = 1= TONA
uler}(A < 2 + Mo = J(w) ue}gl(a) 2 ’

which became after a rearrangment of the equation

_ 2 _ 2 B
inf <|“2“°”A - J(u)> — inf (”“'“OHA - /\o) . (3.31)

ueXa ueJ=1(o) 2

Now, we prove that A > 0. Arguing by contradiction, we suppose that A = 0.
Then by (3.29) we get, that a = 0, against (3.30).
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Finally, we prove (B2), namely we prove that v defined above is the only point
of J71([o, +00[) minimizing the distance from ug. We argue by contradiction.

Let w € J~!([o, +00]) be such that ||w —ug||a = ||v —up||4 and w is different
from v. As above, we have that w € J~1(0), so w and v are global minima of the
functional £, over J~!(c) for A = A. Hence, by (3.31) both w and v are global
minima for £y over the all space X 4. Thus, applying the mountain pass theorem
again (see [85]), we obtain that £, has at least three critical points, against the
assumption that (B1) does not hold (recall A is positive). This concludes the
proof. O

In the next corollary the alternative of Theorem 3.1.5 is resolved, so we obtain
a multiplicity result for the problem (Py). Here we shall use a result of Tsar’kov
[96], which we recall here for completeness.

Theorem 3.1.7. ([96, Theorem 2|) Let X be an uniformly convex Banach space,
with strictly convex topological dual, M a sequentially weakly closed, non-convex
subset of X. Then, for any conver, dense subset S of X, there exists xy € S such
that the set

{y € M : [ly — zol| = d(zo, M)}

contains at least two points.

Corollary 3.1.1. ([69])Let Q, f, o, X4 be as in the Theorem 3.1.5 and let S be a
convez, dense subset of X 4. Moreover, let J~ ([0, +00[) be not convex for some
o €]infy, Jsupy, J[.

Then there exist ug € J (] —o0,a[) NS and X\ > 0 such that the problem (Py)
admits at least tree solutions.

Proof. From Lemma 3.1.18, it follows that J is sequentially weakly contin-
uous, hence the set M = J~1(]o, +00[) is sequentially weakly closed. Since M is
not convex, we can apply the Theorem 3.1.7 , which assures the existence of some
ug € S, such that the set {y € M : ||y — uo||a = d(ug, M)} contains at least two
points. So, there exist two different points v1,v9 € M such that

l[v1 — uo|[a = |[va — uol|[a = d(uo, M).

Clearly ug ¢ M, so ug € J~!(] — 0o,0[). Then the condition (B2) in Theorem
3.1.5 is false, so (B1) must be true, which means that there exist A > 0 such that
(Py) has at least three solutions in X 4. O
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3.2 Symmetric solutions on strip-like domains

3.2.1 Group-invariant multiple solutions for quasilinear
elliptic problems

In this section following Farkas and Mezei [36], we consider a quasilinear equation
coupled with the homogeneous Neumann boundary condition

(M)

du _ on 052,

{ —Apu+ |ulP2u = Aa(z,y) f(u) in Q,
on

where © = w x RN=™_ € R™ being bounded and open with smooth boundary,
p> N, N—m > 2, A, is the p-Laplacian operator, A is a positive parameter,
a € L>®(Q) is a non-zero potential with compact support, n is the outward normal
vector, and f : [0,00) — R is a continuous function with f(0) = 0.

Our purpose is to ensure the existence of multiple solutions for the problem
(Ny) where the natural functional space is WP(Q).

The main difficulty to treat this problem comes from the unboundedness of the
domain Q = w x RN=™; indeed, no compact embedding is available for W1P(()
into any Lebesgue space. Since p > N, due to Morrey’s theorem (see Brézis
[18]), the embedding W1P(Q) « L>(Q) is continuous, without being compact.
The latter fact is due to the lack of concentration compactness along certain
directions inside of the strip-like domain © = w x R¥~™. On the other hand,
Faraci, lannizzotto and Kristaly (see [34]) proved a compact embedding result for
cylindrically symmetric functions on strip-like domains in low dimension; namely,
if p > N, the subspace of cylindrically symmetric functions of W1?(€2), denoted
in the sequel by W2 (Q) is compactly embedded into L>(€2). More precisely, the
(closed) subspace of WP(Q) consisting of the cylindrically symmetric functions
is defined by

WiP(Q) = {u € WHP(Q) : u(z,-) is radially symmetric for all z € w}.

It is clear that such a compactness result, combined with a suitable variational
method, figures out to be a hopeful argument to handle the problem (V). Indeed,
in [34], by assuming suitable oscillatory behavior on the nonlinear term f (at zero
and infinity), the authors guaranteed the existence of a whole sequence of weak
solutions for the problem (N)), by exploiting the aforementioned compactness
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result, the principle of symmetric criticality and a recent variational principle of
Ricceri.

In this subsection we guarantee two or three non-zero weak solutions to prob-
lem (N)) which are invariant with respect to certain groups, whenever the non-
linear term verifies unusual growth assumptions, similar to the ones assumed by
Faraci and Kristdly in [33] (for a Dirichlet problem studied on bounded domains).
In order to present our main result, we first recall that u € WP(Q) is a weak
solution to problem (N}) if for all v € W1P(Q)

/(|Vu|p2Vqu + u|P2uw)dedy = )\/ alz,y) f(u)vdedy. (3.32)
Q Q
Assume that N —m > 2, and let

Gnm = {G = id x O(ky) % ... x O(ky) < kryooos ki > 2, k1 + o+ by = N — m).

Let G € Gn,m. We say that a function i : @ — R is G—invariant, if h(g(z,y)) =
h(z,y) for all g =id x g € G and (x,y) € Q. The function h is called cylindrically
symmetric, if it is id x O(N — m)—invariant.

For later use, if K is a subset of R and u > 0, we introduce the notation

K, ={z € Q:dist(z,K) < u},

m(-) is the Lebesgue measure, while c¢s, > 0 is the embedding constant in the
embedding W1P(Q) — L>(Q).

Remark 3.2.1. Based on [18], after elementary estimation, one certainly has

Now, we are in the position to state the main result of this subsection.

Theorem 3.2.1. ([36]) Let p > N >m+2, Q =w xRV o € L®(Q) be a
cylindrically symmetric, non-negative, non-zero function with compact support K.
Let p = dist(K,09). Let f : [0,00) = R be a continuous function with f(0) =0
and assume that

i) Mp = sup F < oo, where F(s) = [} f(t)dt;
(0,00

f(s)

L =0.

ii) lim
s—0+ sP~

Moreover, assume that there exists r > 0 such that
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i) F(r)= max  F < Mp;
[0,co0 (PMp || 1) P]

F 1 KN\K
7" plleh P

Then the following statements hold:

+ m(K#)

(a) For every G € Gy and X > 1, problem (N)) has at least two non-zero,
non-negative G—invariant weak solutions.

(b) For every G € Gy m, there exists A\g > 1 such that (Ny,) has at least three
non-zero, non-negative G—invariant weak solutions.

Remark 3.2.2. (a) Since f(0) = 0, without loss of generality we can assume
that f is defined on the whole real axis, putting f(s) = 0 for all s < 0. If we still
denote by F' the primitive of f, then F(s) =0 for all s <0.

(b) Note that if u € WHP(Q) is a weak solution of (N ), then u > 0. Indeed,
if we put v = u_ = min{0, u} as a test function in (3.32), then from

/(|Vu|p_2VuVu_ + [ulP2un_)dxdy = )\/ alz,y) f(u)u_dedy = 0,
Q Q

it follows that u_ = 0.
(c) Note that beside of the above assumptions, if

lim 1(s)

s—o00 gP—1

=0,

then for small values of A > 0, problem (N)) has only the trivial solution. Indeed,
if u € WHP(Q) is a weak solution of (N3 ), and we put as the test function v = u
in relation (3.32), one obtains

/(|Vu|p + |u|P)dzdy = /\/ a(z,y) f(u)udzdy < )\Cf|]a|Loo/ |u|Pdxdy,
Q Q Q

where ¢y = max 1/(5)]
s>0 sp—1

> 0. Therefore, if A < (cf||a||pe)~", then u = 0.

We conclude with a simple consequence of Theorem 3.2.1.

Corollary 3.2.1. Let p > N > m+2, Q = w x RN o € L®(Q) be a
cylindrically symmetric, non-negative, non-zero function with compact support
K. Let p = dist(K,09Q), and besides of i) and i) from Theorem 3.2.1, we assume
that there exists constant ¢,d and coo < 0 and 0 < r < min{l, i, cs}, such that
0 < F(r) = maxy s F' < Mp. Then, there exists py > n such that for each p > po,
both conclusions of Theorem 3.2.1 hold.
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Auxiliary results

This subsection is devoted to some preparatory results.

Let m > 1, and n = N —m > 2 be integers and w C R™ be a bounded
domain with Lipschitz boundary dw, and let p > N be a real number. We set
Q = w x RY~™ and consider the Sobolev space W1?(€), endowed with the norm

1
lull = (IVull?, + [ull?,) 7.

We note that 0Q = 0w x RN~ is Lipschitz. Then, by Morrey’s theorem, W1P(£2)
is continuously embedded into L>(£2), endowed with the sup-norm

[[ull oo = esssup(, y)eolu(z, y)l-

We consider the energy functional £, : WP(Q2) — R associated with problem
(N)), which is defined by

Ex(u) = ;|u||p ~AL(w),

where

E(u):/Qoz(x,y)F(u(x,y))dxdy.

In a standard manner, we can prove that £ is of class C', while the critical
points for £, are precisely the weak solutions for the problem (N)). We recall the

notation
gN7m = {G =id x O(k1> X ... X O(kl) : kh ...,k’l > 2,k1 + ...+ kl =N — m}

Let G € Gn,m be fixed. We introduce the action of the group G' on the Sobolev
space W1P(Q) by

gu(z,y) =u(z,g y) forall g=id x g € G, (z,y) € Q, u € WHP(Q).

Note that G acts linearly, continuously and isometrically on WP (Q), i.e., ||gu| =
|u|| for every § € G and u € WHP(Q). Let

WEP(Q) = {u e WYP(Q) : gu = u for all § € G}
be the subspace of G—invariant functions in WP(2). In particular, one has that
wlp Q) = WIP(Q).

idxO(N—m)
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Theorem 3.2.2. Let m, N, Q, w and p be as above, and G € Gn,,. Then the
embedding WP (Q) < L*®(Q) is compact.

Remark 3.2.3. Note that in [34], the authors proved that W2 P (Q) < L°(Q)
is compact, which is a particular case of Theorem 3.2.2. In fact, the proof of
Theorem 3.2.2 works similarly, since the set Q = w x RN™™ is compatible with
every group G € Gn m,, see Willem [99, Definition 1.22], and Kobayashi and Otani
[45].

Due to the Principle of Symmetric Criticality 1.4.1, the critical points of £ =
5,\|Wé,p(Q) become critical points of £y as well, so G—invariant, weak solutions
of the problem (N)). Therefore, it is enough to guarantee critical points for
¢ = EA|Wé,p(Q) where the compactness of the embedding W(l;’p(Q) — L>®(Q)
resulted in Theorem 3.2.2 will be deeply exploited.

We use the following notation

G
L7 = Lwir oy

We mention that under the assumptions of Theorem 3.2.1 on «, we have that
a € LY(Q), since a € L>(Q) has a compact support.

Lemma 3.2.1. We assume that all assumptions of Theorem 3.2.1 are satisfied.
Then

(a) The functional L is weakly lower semicontinuous.

(b) For every A >0, EC satisfies the Palais-Smale condition.

Proof. (a) Let {u,} be a sequence in Wé’p () which converges weakly to u €
Wé’p (©) and suppose that the sequence {£%(u,)} does not converge to L& (u) as
n — 0o. Thus, there exist € > 0 such that

0 < e <|L%un) — LE(u)]| for every n € N.

Thanks to the compact embedding Wé’p (Q) < L*>(Q), up to a subsequence, one
has u, — wu strongly in L*°(Q). By the mean value theorem, we can conclude
that for some 6,, € (0,1) with n large enough, one has

0 < & < [{(LDY (u+ Ot — ),y — )| <
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< /a(% YIf (@, y) + On(un(z,y) = ulz, y))lfun(2,y) — u(z, y)|dedy <
Q
< [laflpr max{|f(s)| : [s| < [lullze + 1}{Jun — ul| oo

But the last term tends to 0, which is a contradiction.
(b) First of all, due to i), one has for every u € Wé’p (Q) that

1
E5 (u) > EHUHP — A1 M.

In particular, 6’)\G is coercive of every A > 0.
Now, we consider a Palais-Smale sequence {u,} C Wé’p(ﬂ), e, {E¢ (un)} is
bounded and
IS )y =0 a5 m = o

Since Ef is coercive, the sequence {uy} is bounded. Therefore, taking a subse-
quence if necessary, due to Theorem 3.2.2, we may assume that

u, = u weakly in Wé’p(Q);
up — u  strongly in L>°(Q).

For simplicity, let I(u) = %Hu”p. Then,

() =) = [ (VP9 00) (Tt = Va0 + [ a0, =),
and
(I'(w), up — u) = /Q (IVuP=2Vu) (Vu, — Vu) + /Q JulP~2u(uy — u).
On the other hand,

/ (VP2 Vu, — |VulP~2Vu) (Vun—Vu)—l—/ (JunlP~2un — [uP~2u) (up—u) =
0 Q

<(5AG)'(un)7un—U>+<(5§)'(U)7u—un>+>\/ a(z, y)[f (un(z,y)) = f(u(z, y)))(un—u).

Q

Since ||(E5) (un) |{1/I’,I;(Q)* — 0 and u, — u weakly in WS (Q), the first two terms
at the right hand side tend to 0. Since u,, — u strongly in L>°(Q), for n € N large
enough, one has

<

/ (@, ) [f (tn) — F(20)] 1t — )
Q
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< 2l|allillu = unl| e max{[f(2)| : [2] < [[ul|zee + 1} = 0.

Therefore,
/ (IVun P 2Vu, — |VulP~2Vu) (Vu, — Vu)+
Q
—I—/ (JunlP~un — |ulP~?u) (u, — u) — 0. (3.33)
Q

Using the fact that [v — w|? < (Jv|P~2v — |w|P~2w)(v — w), one has

|t — ul? < / (IVun P2V, — |VulP~2Vu) (Vu, — Vu)+
Q

-I—/ (|un|p72un — |u|p72u) (up, — u)
Q

Consequently, the last inequality combined with (3.33) leads to the fact that
U, — u strongly in Wé’p (R2), which proves the claim. O

Proof of main results

Besides of the well known Mountain Pass Theorem1.3.1, our main tool is the
Theorem 3.2.3 of Ricceri combined with the Principle of Symmetric Criticality
1.4.1 and a suitable compactness result which extends the embedding result from

Theorem 3.2.3. ([90, Theorem 1]) Let (X, ||-]|) be a reflexive real Banach space,
p>1,L:X = R abounded C' functional, with compact derivative such that

L(0) =0 and
max {lim sup ﬁ(u)? lim sup £(u) } <0

w0 |[UllP ju—oo [lullP

Moreover, assume that u; € X such that ||ui||P < pL(u1) and

L(uy) = sup L(u) <supL.
[|ul|lP<psupx L X

Then there exists A > 1 such that the functional £y : X — R defined by
Lo s
&5 (u) = ];\IUII — AL(u)

has at least three non-zero critical points.
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We recall that p = dist(K, 09).
Proof of Theorem 3.2.1.

(a) Define u, : 2 — R as

O (e I
+

I

where t; = max{0,t}, while the number r is from assumption iii). A simple
estimate shows that ||u,||? > rPm(K) > 0. Since « is cylindrically symmetric,
and K = supp(a), then K is a id x O(N — m)—invariant set, i.e. gK = K
for every g = id x g € id x O(N — m). Consequently, u, € Wcl’p(Q) and it is
Lipshitzian; in particular, u, € Wé’p (Q).

From the definition of £ and u,, one has

£9ur) = [ ale)Furle, v)dedy
Q
~ [ e ) Fur (o) dody
K
=F(r)|alg:- (3.34)
Consequently, there exists Ag > 0 such that for every A > Xy, we have
G 1 p G 1 p

Ex (ur) = Ellurll — ALY (uy) = Ellurll — AF(r)|lall1 <0. (3.35)

In fact, we may choose

1. ul|P »
Ao = pmf{ﬁ”giu) u € WEP(Q), LY (u) > o} . (3.36)

Fix A > A\g. From ii) it follows that for fixed W > € > 0, there exists

so > 0 such that |F(s)| < ¢|s[P for all s € [~s0,50]. Then, if u € W5P(Q) and
Jull < 22, one has

Fu(z,y)) <elu(z,y)|P for every (z,y) € Q.
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Thus, if u € W5"(R) with [[u| = p < min{22, [, |}, then

1
£ (u) = Il = AL (u)

1

=l = eXllaf et ful®
p (1

= [Jul["{ ~ = eAllallpred

p

1

=pPf < — 5)\||a||Llc§o> > 0.
p

Since

Hiﬁf EC(u) > 0=E5(0) > ¥ (uy)
ul|=p
and Sf satisfies the Palais-Smale condition, we are in the position to apply the
Mountain Pass Theorem 1.3.1. Consequently, for A > Ay, the functional Ef has
a critical point with positive energy level. On the other hand, it is clear that the
functional £ achieves its global minimum; on account of (3.35), the energy level
of this minimum point is negative. Summing up the above facts, for every A > Ag,
the energy function Sf\; has two distinct critical points. Due to the Principle of
Symmetric Criticality 1.4.1, these critical points of Ef are also critical points
of £y; thus, they are non-zero, non-negative G—invariant weak solutions of the
problem (N)).

We now show that A\g < 1, which will conclude the proof of the first part. To
see this, a direct calculation provides

||ur||p=/(|Vur|"+ jurl?) =

Q
:KKK (;) +ZTP+KXKTP(1_W> _
- (;)pm(Ku\K) - rPm(K) + P / (1 - diSt(;”’K )>p _

K \K

T P » pm _
< (U) m(K,N\K) + rPm(K) + rPm(K,\K) =
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=:(;)pnukm\Jo—+ﬂmukm>=

oo [N i)
)

By relations (3.36), (3.34) and assumption iv), we have

[P A TN
PLG (ur) ~ pF(r)]al 1 I

(b) The functional £ is of class C', has compact derivative and £&(0) = 0.
Moreover,

Ap < +m(KM)} < 1.

sup LY < |la||p: sup F = |jal| 1 Mp. (3.37)
WP () [0,00(
In particular,
EG
lim sup = < o (3.38)

As above, if u € W5P(Q) and [|ul| < 20, then
F(u(x,y)) < elu(x,y)|P for every (x,y) € Q.
Therefore, when [lul| < 22, one has
L% () < ellallpflulll < ellaf prckllull?,

which implies at once

<0. (3.39)

We claim to apply Theorem 3.2.3 to the space Wé’p () and functional L¢
defined above which, in view of (3.38) and (3.39), verifies

L¢ £¢
max limsup&, limsupﬂ <0.
w0 NullP T o ull?

Consider u, : 2 — R as above; we have that

nwwswrmzyﬂ+m&ﬂ.

The assumption iv) implies at once that

Jur|[P < pLY (uy). (3.40)
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From assumption iii) we also have that u, is not a global maximum of £,
1 1
Ifue Wé’p(Q) and ||ul| < (pMp||a||z1)?, then ||u|pe < coo(pMp||lc||z1)?; thus,
due to assumption iii), one has

1
£9w) < L9(uy), u € Wg"(Q) and JJul| < (pMp|lalL)7.

1
The above inequality together with the fact that ||u,|| < (pMpl|la|p1)? (cf.
(3.40)), gives that

£6(u,) = max { £ (u) : u € WEP(Q), Jull < (pMrlalr)7 }

By choosing u; = u,, the conclusion of Theorem 3.2.3 implies that there exists
Acg > 1 such that the functional 5)% has at least three non-zero critical points. By
applying again the Principle of Symmetric Criticality 1.4.1, the problem (V)
has at least three non-zero, non-negative G—invariant weak solutions. (I

Example 3.2.1.

Let us choose Q = [—1,1] x R? and
1
K= {(m,y,z) ER32? +92 422 < 1 }

Then, we can see that p = dist(K,09) = £, and m(K) = §, m(K,,) = 4.

We assume that
7572

o7
Let us consider the following function g : [0, +o0o[— R, g(z) = sin®(2rz) and a
positive integer kg € N, such that ky > coo /4| a||1 and a function A : [0, +oo[—
R such that h(z) = %—6 (:c — ko + %)2 . Now we are in the position to the construct

|| > (3.41)

the following function:

;_n

Z L 1 — 0 ko " X[k—1,k] (l‘) ’ g(fL‘) + 5k,k0 ) X[ko—l,ko](x) ) h(l')? (V)l‘ >0,
k=1

where X[;_1,)is the characteristic function of the interval [k — 1, k], and gy, is

the Kronecker’s delta, i.e 0 1, = { 10’ lff];;# 'IZO , more precisely
, LR =Ko
fa) 1 sin®(27), ifxelk—1k]k# ko
€Tr) =
3 6(x—ko+ 1), ifxelko— 1,k
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xT
First of all, we show that F(x) = [ f(t)dt is bounded from above. Indeed, from
0

the construction yields that

1
2
F(z) = F(z) = [ sin®(2nz)dr = —.
pen o Fl@) = max F(z) / sin® (2rz)de = 7.
0

On the other hand

ki

E 1\2
F(z) = 2 ka4 s
i, F@) / [2 6 (95 ot 2)

ko—1

dr =1,

which means, that F, is bounded from above and Mp = 1.
On the other hand, one has

s—=0t S s—0F S

SN
sin?(2ms) _ (3.42)

By choosing p = 4, N = 3 and taking into account (3.42) and Mp = 1 it is
easy to see that I satisfies the assumptions i) and ii).

In our case, the estimation described in Remark 3.2.1 reduce to ¢y < 8

Inequalities (3.41) and ko > 8-v/4||a||;1 guarantees assumptions iii) and iv)
of Theorem 3.2.1. In conclusion, we can apply Theorem 3.2.1,

3.2.2 Axially symmetric multiple solutions for a per-
turbed system

We prove a multiplicity result for a perturbed gradient-type system defined on
strip-like domains. The approach is based on a Ricceri-type three critical point
theorem in [89]. We follow mainly the paper of Kristaly and Mezei [52].

Let us consider the following system

—Apu = () Fy(u, v) + pf(z)Gy(u,v) in Q,
Ao = Mal@)Fo(u,v) + pB(@)Golwv) O, (D})
u=v=0 on 0f),

where 1 < p,g < N; Q = w x RV~ c RY is a strip-like domain, where w C R™
is a bounded domain with smooth boundary, N —m > 2; A\, u > 0 are parameters;
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a, B € LY(Q) N L>®(Q); and F, (resp. G,) and F, (resp. G,) denote the partial
derivatives of F' € C'(R% R) (resp. G € C'(R? R)) with respect to the first and
second variables.

Systems of the type (Dg:g) have been the object of intensive investigations on
bounded domains; see for instance Afrouzi and Heidarkhani [1], [2], Boccardo and
de Figueiredo [11], Heidarkhani and Tian [40], Li and Tang [60], etc. Carrido and
Miyagaki [24] studied the existence of positive non-trivial solutions of a related
system to (Dﬁ”i) on strip-like domains and on domains which are situated between
two infinite cylinders when p = q. They assumed that the nonlinear terms F' and
G have some sort of homogeneity. Their approach is based on a suitable version
of the concentration compactness principle. Here, we allow the case p # g and we
do not assume any homogeneity properties either on F' or on G.

Before to present our main result, we notice that the unperturbed problem
(DE) on strip-like domains has been considered by Kristaly [50], where the ex-
istence of an open interval A C (0, 00) is guaranteed such that the system (Df’)g)
has at least two non-trivial solutions whenever A € A. In the present paper, not
only the perturbed case can be treated (with any subcritical perturbation) but
also a half-interval (X9, o0) can be constructed such that (Df\’i) has at least three
distinct solutions whenever A € (\g, 00) and p is small enough.

We assume that the nonlinear term F € C!(R? R) satisfies the following
properties:

(F) There exist ¢; > 0, r € (p,p*), I € (q,¢"*) such that
p—1 _
[Fs(s, )] < erllslP~ 4 [t 7 T4 [s"1),
a-1
[Fi(s, )] < ea(jt 0+ Is| o 7+ [t 1),
for every (s,t) € R?;

(F4) F(s,t) >0 for every (s,t) € R%, F(0,0) =0, and F # 0;

F(s,t
(Fo) lim 7(8’) =0;
(s,0)—(0,0) |s[P + [t]9
F(s,t
(Fo) lim L0
||+t =00 |s|P + [£]7

On the perturbation term G € C'(R% R), we assume that it is of subcritical
type (as F' in the (F)), i.e.

118



Symmetric solutions on strip-like domains

(G) There exist ca > 0, r € (p,p*), | € (¢,¢") such that

-1

p—1
|Ga(s, )] < ea(|slP~ + [t 77+ [s]77),

-1 _
|Gel(s, )] < (|t [s| 7 7+ [,
for every (s,t) € R2.

Finally, we assume on « : {2 — R that

(O{+) a >0 and SUPpRr>0 inf(w,y)EwXBR Oé(l', y) > 0,

where B, denotes the (N — m)—dimensional open ball with radius » > 0 and

center 0.

Our main result reads as follows.

Theorem 3.2.4. ([52]) Let F € CY(R? R) be a function which satisfies (F),
(Fy), (Fo) and (Fw), o, B € LY(Q) N L*>®(Q) awially symmetric functions such
that («y) holds. Then there exists Ag > 0 such that for every A > Ao, and every
G € CY(R%R) which verifies (G), there exists § > 0 such that for every u €
[0, 6], problem (D’j\’fi) has at least three distinct, axially symmetric weak solutions

(i, v;) € WoP(Q) x Wy'(Q), i € {1,2,3}.

We use the notation C,j for the best embedding constant of the continuous
embedding Wol’a(Q) — L*(Q), where b € [a,a*], a* = A’}ﬁl, a € {p,q}, ie.

lullps < Capllulla,

where || - ||;» denotes the usual norm of the Lebesgue space L’(Q) and || - ||, the

norm on WOI’C‘(Q)7 ie.
1/a
full = ([ 1vur)
Q

A solution for (DY) is a pair (u,v) € W, P () x Wy () such that

Jo |VulP=2VuV pdx = A [ a(x)Fy(u,v)pdx + p [o B(x)Gu(u, v)pdz, (3.43)
Jo IV|T2VoVyde = X [ a(@)F, (u, v)de + p fo B(2)Gy(u, v)ipdz, )

for all ¢ € Wy P(Q) and ¢ € Wy (Q).
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Remark 3.2.4. Note that we cannot expect usually the existence of nontrivial
solutions for small values of A > 0 and x> 0. Indeed, let K = max{C%,,C¢,}.
If the numbers

sFy(s,t) + tFy(s,t
Sp= Kllal|~ sup RGO
(5,6)#(0,0) |s[P + [¢]

sGs(s,t) +tGe(s,t
So = Kl|fllps sup PGl H G D)
(5,)£(0,0) |s[P + [¢]

are finite, problem (Di’fi) has only the trivial pair of solutions whenever
0 < ASp+ uSg < 1.

Proof. Let (u,v) € WyP(€2) x Wy ¥(©) be a solution of (DY),
Choosing ¢ = u and ¥ = v in (3.43), we obtain that

[ullp +lollg = /Q(WlpﬂLVvlq)dw

/Q[/\a(:c) w(t, V)u 4 pB(x)Gy(u, v)u + Aa(z) Fy(u, v)v
+uB(x)Gy(u, v)v]de
= /\/ a(z) (Fy(u,v)u + Fy(u,v)v) dx

+,u/ﬁ Gu(u,v)u + Gy(u,v)v) dx
SF
< GE [+ ol)dn +n5E [ (ul + ol da
SF Sa
= (W52 452 (halty + 01
1
< OSE+ S) (Cpyllulf + €y ol

< (ASp + pSe) (llullh + [lvllg) -

Now, if 0 < ASp + uSg < 1, we necessarily have that (u,v) = (0,0), which
concludes the proof. O

Example 3.2.2. The function F(s,t) = In(1 + |s|P|¢|9) fulfills hypotheses (F),
(F4), (Fo) and (Fo). Even more, if p = ¢ then Sp = LK|[a|[ze.
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We associate to the system (Di"i) the energy functional
oy s WoP(Q) x Wy(Q) = R

defined by
1 1
Ly u(u,v) = Z;HU\I;]Z + 5HU|IZ — AF(u,v) = pG(u,v),

where

f(u,v):Aa(x)F(u,v) and g(u,v):/gﬁ(m)G(u,v).

Note that if F,G € C'(R? R) verify the hypotheses (F) and (G), the func-
tional 7, ,, is well-defined, of class C! on Wol’p(Q) X W(}’q(Q) and its critical points
are exactly the solutions for (D}"%).

Taking into account the unboundness of Q2 (which causes, among other things,
the non-compactness of the Sobolev embeddings W, *(Q) < LY(Q), b € [a,a*],
a € {p,q}), we construct a subspace of Wol’a(Q),a € {p,q}, which can be em-
bedded compactly in L°(Q),b € (a,a*). The compactness of this embedding will
be useful in order to obtain critical points for 7, ,. This construction can be
described as follows.

The action of the compact group G = id"™ x O(N —m) on Wol’a(Q) is defined
by

gu(Z,T) = u(Z, g ')
for every (#,7) € w x RN™™ g =id™ x gy € G and u € Wol’a(Q),a € {p.q}.
It is clear that the action G on WO1 “*(2) is isometric. Indeed,

llgulla = [[ulla, for every g € G,u € Wy*(),a € {p,q}.
The space VVO1 P(Q) x VVO1 () will be endowed with the norm
(s 0)llp.g = [lullp + [[ollg,
while the group G acts on it by
g(u,v) = (gu, gv), for every g € G, (u,v) € WyP(Q) x W, 9(5).
Let Wolg(Q) be the following subset of W, "*()
Wolg(Q) = Fizg(Wy () = {u € Wy*(Q) : gu = u, for everyg € G}.
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Since N —m > 2, the embedding Wol’ca;(Q) — L(Q) with b € (a,a*), a € {p,q} is
compact (see Lions [61, Théoreme II1.2]).
We have that

Fizg(WyP(Q) x Wy 9(Q)) =
={(u,v) € Wy P(Q) x Wy (Q) : g(u,v) = (u,v) for everyg € G}
=W 5(9) x Wo ().

We say that a function h : Q — R is axially symmetric if h(z,z) = h(Z, 9T),
for every # € w,z € R¥N"™ and g € O(N — m). In particular, the elements of
W(}E(Q) are exactly the axially symmetric functions of I/VO1 ().

In order to prove Theorem 3.2.4, we must find critical points for 7, ,. Let us
denote by I)C\’:M the restriction of 7 , to the space Wolg(Q) X Wolgy(Q) Due to
the principle of symmetric criticality 1.4.1 of Palais, the critical points of the Iﬁu
will be critical points of 7, as well. Therefore, it is enough to guarantee the
existence of critical points for I)C\*:H.

To do this, we recall the following Ricceri-type three critical point theorem.
First, we need the following notion: if X is a Banach space, we denote by Wx
the class of those functionals F : X — R that possess the property that if {u,}
is a sequence in X converging weakly to v € X and liminf, E(u,) < E(u) then
{un} has a subsequence strongly converging to u.

Theorem 3.2.5. ([89, Theorem 2] Let X be a separable and reflexive real Banach
space, let By : X — R be a coercive, sequentially weakly lower semicontinuous C*
functional belonging to Wy, bounded on each bounded subset of X and whose
derivative admits a continuous inverse on X*; and Fy : X — R a C' functional
with a compact derivative. Assume that Eq1 has a strict local minimum ug with
E1(ug) = Es(ug) = 0. Setting the numbers

; Ey(u) . Es(u)
7 = max ¢ 0, limsup ,lim sup , 3.44
{ lul—oo B1(1)" u—suo Er(u) (3.44)

X = sup E2 (U)
Br(wy>0 E1(u)’

(3.45)

assume that T < x.
Then, for each compact interval [a,b] C (1/x,1/T) (with the conventions 1/0 =
oo and 1/oo = 0) there exists k > 0 with the following property: for every A € [a, b]
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and every O functional E3 : X — R with a compact derivative, there exists § > 0
such that for each 0 € [0,6], the equation

Ej(u) — AE)(u) — 0E4(u) =0

admits at least three solutions in X having norm less than k.

Proof of Theorem 3.2.4

Proof. In Theorem 3.2.5 we choose X = Wol’p(Q) X Wolg(Q) endowed with the
lp.a = lullp + llvllg, and By, Bz, B3 : X — R defined by

norm ||(u,v)
1 1
Eq(u,v) = ;Hu”ﬁ + 5||v||g, Es(u,v) = F(u,v) and Es(u,v) = G(u,v).

It is clear that both E;, i = {1,2,3} are C' functionals and I)Cjﬂ =FE1 — \Ey —
wEs. It is also a standard fact that F; is a coercive, sequentially weakly lower
semicontinuous functional which belongs to Wx, bounded on each bounded subset
of X, and its derivative admits a continuous inverse on X*. Moreover, due to (F)
and (G) both Ey and Es3 have a compact derivatives since Wol”g;(Q) — Lb(Q) are
compact embeddings for every b € (a,a*),a € {p, q}.

E
Now, we prove that the functional (u,v) — QEU % has the following property
m 20 By(wv) (3.46)
w)lip.a—0 B (1,0)  w)lip.g—oo Bi(u,v)

First, relations (Fo) and (Fo ) imply that for every € > 0 there exists 6. € (0,1)
such that for every (s,t) € R? with |s| + [t| € (0,0.) U (61, +00), one has

F(s,t)

—— < E. 3.47
=P + 1 347
Fixv € (1, min {%*, % }) . Note that the continuous function (s, t) — %

is bounded on the set {(s,t) € R? : |s| + [t| € [6c,6-1]}. Therefore, for some
me > 0, we have that in particular

g
0< F(s,t .
(59 < [fall= <max{pc£,p,qcz,q}

mg 2
I R e tq"’),forall s,t) € R2.
e gy (7 +1417) (5.1)

(Isl” + [¢7)
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Therefore, for each (u,v) € Wy () x Wy%(Q) we get

0 < Es(u,v) :/Qa(x)F(u,v)

1 €
< z)([ul” + |v]?)
HO‘”L‘X’ max{pCp,p,qC’q q}
1 Me /
+ - (@) (JulP? + v]™)
laf|ree  (max{p,q})? Jo
€

< (lulf?, + ||v]|4
max{pCf,’p,qu,q} ” ‘LP H HLq)

+ m(” 170 + 1ol Ter)

£

< (Cppllully + CF g llvllg)+
max{pChy, qCa 1 ppIp T =gl

me

S Y
* G, a7 !

1 1 1 1
<e( =[ulb+ ||v||") + m.C. (IUIIm + IIvII‘”>
(p Plgt T\ e

1 p 1 q p K 1 q K
=< (Dl + 2ol + mecs | (Gialy) + (Sl

1 1 v
SEQﬂM@ qmw)+m4a<|up mm),

where C, = max{C%),, Cfiqv} and in the last inequality we used the fact that

the function v — (87 + t'y)v is decreasing, s,t > 0. Consequently, for every
(u,v) # (0,0), we obtain

|ullp” + Cay 013"

EQ('LL )

0<

1 1 -1
< <5+mC<up+vq> )
il Oy (S ullp+ Il

Since v > 1 and € > 0 is arbitrarily small, we obtain the first limit from (3.46),
whenever |[|(u, v)||pq — 0.

Now, we fix 0 < 1 < 1. Since a € L' (2) N L>°(Q) and it verifies (), then 0 <
[l |L L <oo. Using the relation (3.47) and the fact that the continuous function
-n

(5.1) F(s,t)

PR S 2.
[S[P7 + [t is bounded on the set {(s,t) € R? : |s| + [t| € [0, 07 1]}, for
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some M. > 0, we have that

3

0< F(s,t) < (Is[” + [t]9)+

~ o[z max{pCﬁp, ch,q}
1 M,
+ = n(|s\p" + |t|9), for all (s,t) € R2.
loll, 1 (max{p,a})

Therefore, we have

0 < Es(u,v) —/Qa(:c)F(u,v)

! : a(@)(ul? + [v]9)
“Tall~  max{pChy aCia} Jo
1 M.

5 [ @+ ol

_|_ .
llafl 1, (max{p, ¢}
A similar calculation as above on the first term in this inequality shows that

1 €
lla]| Lo max{pCf;’p, ch,q}

1 1
o) (|ul? + |v]?) < (IIUIIP+IIUIIq>-
pt P g

To estimate the second term we use the Holder’s inequality and we obtain

||a||1 L (max]g; q)" /Qa(x)(|u(x)|m + [v(@)|*")dx
LT=7 ’

: llalllm e (o)
- [(/Q |u(a:)|pdx>n+ </Q|v(x)|quﬂ <

< . (|| ||pl77 || ||q[n) S ¢ |:<p1|| |P)n <1| |q>n:|
u +||v u v y
B (max{p, Q})n ! Yo P q I

where C), = max{Cp}, Cd"}}. Therefore, we have the following estimate

1 p 1 q 1 p ! 1 q !
0 < Ea(u,v) <e §\|U|lp+5llvllq + MGy, EHUHp + gHqu :

Here we use the concavity of the function s — s", with s > 0 and n < 1, which
yields that

2171 (s" 4 17) < (s 4 t)" for every s,t > 0.

125



Hemivariational inequalities, elliptic problems on unbounded domains

Therefore,

1 1 (1 1 "

0< Ba(u) < = (Slhllp+ Tlolg) + MGyt (Sl + Clol)
p q p q
For every (u,v) # (0,0), we have that
n—1
0< m < et MG <;||u||g + ;||v||g> |

Due to the arbitrariness of ¢ > 0 and n < 1, by letting the limit ||(u,v)||,q — o0,
we obtain the second relation from (3.46).

Note that F; has a strict global minimum (ug,v) = (0,0), and E1(0,0) =
E5(0,0) = 0. The definition of the number 7 in Theorem 3.2.5, see (3.44), and the
limits in (3.46) imply that 7 = 0.

In the sequel we will prove that there exists (u1,v1) € X such that Ea(uq,vy) >
0. From the assumption (F) follows the existence of the numbers (sg,to) € R?
such that

F(So, to) > 0.
Due to the condition (o) there exists an R > 0 such that « #Z 0 on w x Bg.

We define the functions ui, v : w x RV"" - R by

0, if & Bg
uy(%,Z) = 52(;70 ) ?f 3:5 € Bry2
f(R_HxHRN*m)v if € Bgr\ Bg
0, if z¢Bgp
01(%, 1) = tQOt,O if =€ Bp
f(R —||zllgv-m), if @€ Br\ Bgrja

It is clear that (uj,v1) belongs to X, so using the conditions (F4), (ay), we

get

ZF(So,to)/ Oz(.i‘,f)di‘di’ > 0.
wXBR/2
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Furthermore, keeping the notation from (3.45), we obtain that

, Eq(u,v)
— = inf N
X Ea(u,w)>0 Ea (u, ’U)

is well-defined. Therefore, applying Theorem 3.2.5, we obtain that in particular
for every A > % and every G € C*(R?,R) which verifies (G), there exists § > 0
such that for each p € [0, 6], the equation (If’#)’(u,v) = FEj(u,v) — AES(u,v) —
pE4(u,v) = 0 admits at least three distinct pairs of solutions in X, which are
also critical points to T, by the principle of symmetric criticality (see [79]).
Consequently, for every \ > % =: \o and every G € C*(R?,R) which verifies (G),
there exists 6 > 0 such that for each p € [0,4], the system (DKZZ) has at least
three distinct, axially symmetric weak solutions (u;,v;) € VVO1 P(Q) x I/VO1 1(Q),
i € {1,2,3}. This concludes the proof. O

3.3 Spherical cap symmetric solutions for

hemivariational inequalities on R

In this section, following Mezei, Molnar and Vas [70], we obtain multiplicity results
for hemivariational inequalities on the whole space. Our approach relies on varia-
tional methods, combining the symmetric version of Ekeland’s variational princi-
ple [92] with a nonsmooth symmetric minimax principle due to Van Schaftingen
[91], and shows that solutions are invariant under spherical cap symmetrization.

Let Q = RY. Consider a real, separable, reflexive Banach space (X, ||-||x) and
its topological dual (X*, || -||x+). Let F: Q x R — R a locally Lipschitz function.

In addition, let p be such that 2 < p < N, while p* = NN_p 7 denotes the Sobolev

critical exponent.
Our problem is formulated as follows:
Find v € X such that

(Au,v) + /RN Fz?(x; u(z); —v(z))dr >0, Yv € X, (P3)

where Fg denotes the generalized directional derivative of F in the second variable.
In order to derive our existence result, we need to impose the following hy-
potheses:
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(CT) Suppose that for r € [p,p*], the inclusion X < L"(RY) is continuous with
the embedding constant Cj.

CP) Assume that for r € (p, p*), the embedding X < L"(R") is compact.
( pp g p

Notice that (-,-) denotes the duality pairing between X* and X and || - ||, is the
norm of L"(RY).
Let A: X — X* be a potential operator with the potential a : X — R, that
is, a is Gateaux differentiable and for every u,v € X we have
a(u+ tv) — a(u)

%i_r}r(l) ; = (A(u),v).

For a potential we always assume that a(0) = 0. In addition, we suppose that
A X — X* satisfies the following properties:

(A1) A is hemicontinuous, i.e. A is continuous on line segments in X and X*
equipped with the weak topology.

(A2) A is homogeneous of degree p — 1, i.e. for every u € X and ¢ > 0 we have
A(tu) = P~ A(u).

(As) A:X — X* is a strongly monotone operator, i.e. there exists a continuous
function 7 : [0,00) — [0,00) which is strictly positive on (0,00), 7(0) = 0,
lim 7(t) = oo and
t—o0

(A(u) = A(v),u —v) 2 7([Ju —v||x)[|lu - vl[x,
for all u,v € X.

(Ag) a(u) > cllu|l%, for all u € X, where ¢ is a positive constant.

(As) a(uf!) < a(u), for all u € X, where ul denotes the polarization of u (for
details, see Section 2.).

Remark 3.3.1. By conditions (A1) and (Az), we have a(u) = %(A(u),u)

Furthermore, we suppose that the following additional condition holds: there
exists ¢ > 0 and r € (p, p*) such that

(F1) €] <c(|s|P~t +[s]"71),¥s € R, € € F(x,s) and a.e. z € RY.
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(F2) there exists ¢ € (0,p), v € (p,p*), a € LV%Q(]RN), B € LY(RY) such that
F(z,5) < af2)]s|? + B(2)
for all s € R and a.e. z € RV,
(F3) F(xz,s) = F(y,s) for a.e. z,y € Q, with |z| = |y| and all s € R;
(F4) F(z,s) < F(x,—s) for a.e. z € Q and all s € R™.
Our main result reads as follow

Theorem 3.3.1. ([70]) Assume that2 <p < N and let Q =RN. Let F : QxR —
R be a locally Lipschitz function, A : X — X* be a potential operator such that
the conditions (A1) — (As) and (CT), (CP), (F1), (F1), (F2), (F3), (F4) are
fulfilled. Then, there exists Ao > 0 such that for every A > o the problem (P3) has
two nontrivial solutions, which are invariants by spherical cap symmetrization.

The energy functional related to the problem (P3) is defined as follows:

where F : X — R is a function defined by F(u) = / F(z,u(z))dz.
RN

Remark 3.3.2. We observe that, using Proposition 5.1.2. from Varga and
Kristaly [59], due to condition (F7), we have that

OU'?} O.T’LL.TI"U.T Z.
Pl < [ Filau)oa)d

Therefore, it follows that the critical points of the energy functional Ay are the
(weak) solutions of the problem (P%).

Lemma 3.3.1. Let the conditions (F2) and (Ay4) be satisfied. Then the functional
Ay : X — R is coercive for each A\ > 0, that is, Ax(u) — oo as ||ul|x — oo, for
allue X.
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Proof. Due to (F2), for all u € X we have:
Fz, u(z)) < a(z)u(@)|? + 5(z).

Hence, by using Holder’s inequality, it follows that

/RN Pz u@)dr < /R @) u(@)|dz + /R Bla)da

[/sza(x)”uq} V [/RN U“(x)lq]g} do+ | B(a)da
el -l + 81 s)

IN

IN

Since X < L¥(RY), when v € [p,p*], one can find a number C,, > 0 such that
lullf < Cllullk- (3.49)

Combining the relations (3.48) and (3.49), we obtain that for all A > 0, we
have

—/\/RN F(z,u(@))de > =Ml _« - Clllully — Al

Therefore, from the definition of the energy functional Ay and using the condition
(Ayg), we get

Ax(u)

A\

a(u) = Alal = - Clllull% = AlBlh
cllull = Allal = - CEllullk = AllBll:-

v—q

V

Taking into account (Fg) and the fact that ¢ € (0, p), it follows that Ay (u) — +oo,
whenever |lu| x — +o0c. This completes the proof.

Lemma 3.3.2. If the conditions hold then for every A > 0 the functional Ay :
X — R satisfies the Palais-Smale condition.

Proof. The proof of this lemma is similar to the proofs of the Lemma 2.2.2 and
of [59, Theorem 5.1.1].

Lemma 3.3.3. Assume that (F3),(F4) and (As) are satisfied. Then, for all
H € H,, we have

AA(uH) < Ay(u),Vu € X.
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Proof. From (As), we have that a(u'’) < a(u). Therefore, using (F3), (F4) and
taking inspiration from the proof of Lemma 4.6. in Squassina [92], we obtain

/RN F(z,u(z))ds < /RN Fe, uf (2))de.

Hence, by the definition of Ay, we have that for all A > 0:

Ar(w) = ;a(u)—)\/RNF(x,u(x))dx
1(7/ 'LLH — X 'l,LH X X
> Ca) < [ el @)a
= Ay(uf).

Proof of Theorem 3.3.1 is similar to the proof of Theorem 2.2.1 so it is left
to the reader.

Particular case. Let V : RY — R a function such that:

(V1) Vp:= inf V(z)>0;

zeRN

(V2) For every M > 0, we have meas({z € RY : b(z) < M}) < oc;
(V3) For z,y € RN if |2| < |y| then V(z) < V(y).
The space H = {u € H'(RY) : / (|Vu|? + V(z)u*dz < oo}, equipped with
RN

the inner product

(u,v)g = /RN(VUVU + V(z)uv)dzx

is a Hilbert space. It is known that H is compactly embedded into L*(R"™) for
s € [2,2%) (see Bartsch and Wang [9]).

A particular case of the problem (P$) can be formulated as follows: Find a
positive u € H such that for each v € H we have

/ (VuVo + V(x)uv)dz —|—/ F)(z,u(z) — v(z))dz > 0. (PY).
RN RN

Similarly to the proof of Theorem 3.3.1, we can prove the next result:

Lemma 3.3.4. If f : RN xR — R satisfies the conditions (F1), (F2), (F3), (F4)
and (V1) — (V3), then there exists two nontrivial solutions of the problem (P%),
which are invariants by the spherical cap symmetrization.
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Proof. Theorem 3.3.1 can be applied since the conditions (A1) — (A5) are ful-

filled. Indeed, the assumptions (A1) — (A5) follow from the fact that a(u) =

1
§<u,u> On the other hand, the condition (V3), implies (A5). Then, by The-

orem 3.3.1, it follows that problem (P?%) has two nontrivial solutions, which are
invariants by the spherical cap symmetrization.
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Chapter 4

Differential inclusions on
Riemannian manifolds

This chapter explores a wide class of elliptic differential inclusions on non-compact,
complete Riemannian manifolds, involving the Laplace—Beltrami operator and a
Hardy-type singular term. We establish conditions for existence, non-existence,
and multiplicity of solutions, depending on the nonlinear term and the manifold’s
curvature. Our approach relies on nonsmooth variational techniques, isometric
actions, and eigenvalue properties on Riemannian manifolds. These results were
first presented in [54] by Kristély, Mezei and Szildk.

4.1 The problem

Various geometric/physical phenomena can be reduced to finding solutions for the
problem
Lu(z) = a(z)f(u(z)), z € Q, (P)

where {2 is an open domain in an ambient metric measure space, £ is an elliptic-
type operator, « : 2 — R is a measurable potential, and f : R — R is a nonlinear
function having certain regularity and growth properties. Such problems arise
from the Yamabe problem on compact/non-compact Riemannian manifolds, the
standing Schrédinger equation in R™ (n > 2), Dirichlet and Neumann problems
on bounded/unbounded domains, etc. Wide range of strategies and theories have
been applied in the last century in order to investigate problem (P), as variational
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methods, fixed point arguments, sub- and super-solution techniques, etc.

An important class of problems within (P) appears when the nonlinear term
f(x,) is not necessarily continuous; such a relevant example appears in the de-
scription of the von Kérman adhesive plates, see Panagiotopoulos [81]. Due to
the jumping effect of f(x,-), as a first approach, problem (P) need not has any
solution. However, from physical reasons, we expect to obtain certain equilibrium
states of the phenomena described by means of problem (P). Accordingly, a nat-
ural way to handle the aforementioned discontinuity situation is to ’fill the gaps’,
defining a differential inclusion associated with problem (P). More precisely, if
f is locally essentially bounded on R, we consider instead of the value f(¢) the
interval [f(t), f(t)], where

£#) = Jim essinfy, o5/ (s), F0) = Jim esssup, o (5);

here, essinfsf = sup{a € R : f(z) > a fora.e. z € A} and esssup,f =
—essinf 4(—f) whenever A # (). In this way, we replace (P) by the differential
inclusion problem
Lu(x) € a(x)0F (u(zx)), = € Q, (DI)
t
where F(t) = / f(s)ds is a locally Lipschitz function, and 0F(t) = [f(t), f(t)],
t € R. Hereafteg, OF stands for the subdifferential of F' at ¢ € R in the sense of
Clarke [28].

Differential inclusion problems, similar to (DI), may appear on not neces-
sarily Euclidean structures; indeed, in certain circumstances the domain ) can
be a subset of a curved space (Riemannian or Finsler manifolds, sub-Riemannian
structures as Heisenberg or Carnot groups, etc.), while the operator £ may reflect
the geometric feature of the ambient space.

In the present paper we consider the variational differential inclusion

u(z)

Lyou(z) = —Agu(x) — um
g )

+u(x) € Aa(z)OF (u(x)), € M, (4.1)
where (M, g) is an n-dimensional complete Riemannian manifold, n > 3 (endowed
with its canonical measure dvy), A, is the Laplace-Beltrami operator on (MM, g),
dg : M x M — R is the distance function associated with the Riemannian metric
g, xg € M is a fixed point, o : M — R is a measurable potential, u, A € R are
some parameters, F' : R — R is a locally Lipschitz function and 0F stands for
the Clarke subdifferential of F. An element u € H'(M) is a solution of (4.1)
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if there exists a measurable selection z +— &, € OF(u(z)) such that the map
x — a(r)éw(x) belongs to L(M) for every test-function w € H'(M) and one

has
| Vautavauan, — [ B au, 1 [ @
. qu(x)Vw(x)dy, H vt B(z0.2) Vg Mua:wx Vg
= )\/ a(z)&w(x)dug. (4.2)
M
One can readily observe that (4.2) reduces to the fact that u is a weak solution of
—Agu(z) — ,uﬂ +u(z) = Aa(z) f(u(x)), ze M (4.3)
g d2(zo, ) ’ ’

whenever f is continuous (and consequently, F is of class C* and OF (t) = F'(t) =
£(0))-

On one hand, variational elliptic differential inclusions as (4.1) — or slightly
different versions of them formulated in terms of variational-hemivariational in-
equalities — have been deeply studied in the last three decades, mostly in Eu-
clidean spaces (both for bounded and unbounded domains), see e.g. Bonanno,
D’Agui and Winkert [13], Candito and Livrea [20], Carl and Le [21, 22], Carl, Le
and Motreanu [23], Costea, Kristaly and Varga [29], Gasinski and Papageorgiou
[38], Kristaly and Varga [58], Liu, Liu and Motreanu [64], Liu, Livrea, Motreanu
and Zeng [65], Migérski, Ochal and Sofonea [72], Motreanu and Panagiotopoulos
[77], Panagiotopoulos [81], Varga [97], etc.

On the other hand, various forms of (4.3) have been investigated both on com-
pact and non-compact Riemannian manifolds (mostly without the singular term),
see e.g. Berchio, Ferrero and Grillo [10], Bonanno, Molica Bisci and Radulescu
[14], Jaber [41], Lisei and Varga [62], Liu and Liu [63], Molica Bisci and Pucci
[74], Molica Bisci and Secchi [75], Molica Bisci and Vilasi [76], etc. As expected,
on non-compact manifolds additional restrictions and approaches are needed to
compensate the lack of compactness.

We shall focus to a broad class of non-compact Riemannian manifolds and
prove various non-existence, existence and multiplicity results for the differential
inclusion problem (4.1), by assuming certain curvature hypotheses and growths
for the function F' (at the origin and at infinity). In fact, we consider two classes of
Riemannian manifolds having different curvature restrictions; namely, we assume
that a complete, non-compact Riemannian manifold (M, g) satisfies one of the
conditions:
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(i) K < —k for some k > 0, where K is the sectional curvature of the Cartan-
Hadamard manifold! (M, g);

(ii) Ric(azg) > 0, where Ric(y; ) is the Ricci curvature on (M, g).

The ’clash’ of (i) and (ii) is precisely the Euclidean space R™ endowed with the
usual metric. In the case (ii), i.e., when Ricar,g) = 0, a crucial role is played by
the asymptotic volume ratio
_ i Vo(Be(r))
AVR(yg) = lim o

where V, stands for the volume in (M, g), By(r) = {y € M : dy(x,y) < r} is
the ball of radius r > 0 and center x € M, while w, = 7/2/T'(1 4+ n/2) is the
volume of the Euclidean unit ball in R™. By Bishop-Gromov comparison principle
it turns out that the asymptotic volume ratio is well-defined (i.e., independent of
the choice of z € M) and

AVR(My) S [0, 1]. (44)

4.2 Auxiliary results

In this section we recall those notions and results that are crucial to carry out
our proofs. Before to do this, we fix some notations. If (M,g) is a complete
Riemannian manifold, the Sobolev space H!'(M) over M is the completion of
C5°(M) with respect to the norm

1/2
o, = ([ 19ty + [ )
M M

while the L9-Lebesgue norm (g > 1) is

1/q
nwm=(Ayme ,

with the supremum-norm for ¢ = +oo.

!Complete, simply connected Riemannian manifold with non-positive sectional curva-
ture.
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Auxiliary results

Functional inequalities and spectral estimates on Riemannian ma-
nifolds.

I. Cartan-Hadamard manifolds.

Throughout this subsection, let (M, g) be an n-dimensional Cartan-Hadamard
manifold, n > 3. We notice that in this geometric context, there exists C,, > 0
such that

1/2
lul|f2x < Cp (/M |Vgu|2dvg> , Yu e C°(M),

see e.g. Hebey [39, Chapter 8], where 2* = 2n/(n — 2) is the critical Sobolev
exponent. Moreover, the best Sobolev embedding constant C,, is precisely its
Euclidean counterpart AT,,, provided by Aubin [7] and Talenti [95], whenever the
Cartan-Hadamard conjecture holds on (M, g) (e.g. in dimensions 3 and 4). In
high-dimensions, the sharp constant C;, > 0 is not known; however, a non-optimal
form can be given by means of the Croke-constant as in Hebey [39, p. 239].

A density argument combined with a simple interpolation shows that the
Sobolev space H'(M) is continuously embedded into LI(M) for every q € [2,2*];
more precisely, there exists K, > 0 such that

lullza < Ky llullar, V€ H(M). (45)

Let g € M be fixed. Then the Hardy inequality holds on (M, g), which reads
as

n—2)2 u?(x
( I ) /M dg(x(o )x)dvg</MVgu|2dvg, Yu e HY(M), (4.6)
g )

,2)2

where (" 1 is sharp and never achieved, see e.g. D’Ambrosio and Dipierro [31],
and Kristaly [47].
In addition, if the sectional curvature has the property K < —k for some

Kk > 0, then McKean’s spectral gap theorem asserts that

/ |Vgu|2dvg 2
-1
w0} N > 1 = (47)
ue
/qu’vg
M

V(M,g) =

The inequality (4.7) is sharp, see e.g. on the n-dimensional hyperbolic space H}
with constant sectional curvature K = —xk; we also notice that the infimum in
(4.7) is not achieved by any function u € H*(M);
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II. Riemannian manifolds with non-negative Ricci curvature.

In this subsection we consider an n-dimensional (n > 3) complete non-compact
Riemannian manifold (M, g) with Ric(y;4) > 0. As we already noticed in (4.4),
the asymptotic volume ratio AVR, 4) € [0, 1] provides deep geometric information
about the manifold; for instance, AVR(y7 4 = 1 if and only if (M, g) is isometric
to the Euclidean space R". Quantitatively speaking, closer value of AVR ;7 4y to 1
implies topologically closer manifold (M, g) to the Euclidean space R", expressed
in terms of the trivialization of higher homotopy groups of M, see Munn [78].

In the geometric context when (M, g) is a complete non-compact Riemannian
manifold with Ric(prg) > 0, a necessarily and sufficient condition to have the
Sobolev embedding is the fact that AVR(,74) > 0, see Coulhon and Saloff-Coste
[30] and Hebey [39]. Moreover, a recent result of Balogh and Kristély [8] asserts
that if AVR(,7,4) > 0 then

_1
n

N 1/2
[l 2 < AVR(M/yg)ATn </M |Vgu|2dvg> , Yu e HI(M)7

_1
where the constant AVR( M g)ATn is sharp; here AT,, stands for the best Sobolev
embedding constant in the Euclidean Sobolev inequality on R", see Aubin [7] and
Talenti [95]. In particular, H'(M) is continuously embedded into LI(M) for every

q € [2,2*]; more precisely, there exists K(j > 0 such that
llullre < K;r||u||H1, Yu e HY(M). (4.8)

Given xg € M fixed, the Hardy inequality on (M, g) is verified as

2 (n-—2)> u?(z) 9 .
AVR O™ /M Beoa) "= /M IVouldvg, Vu € HAM),  (49)

see Kristaly, Mester and Mezei [51]. The sharpness of the constant in (4.9) is not
known unless we are in the classical Euclidean setting. However, if we assume that
there exists a non-zero function realizing the equality in (4.9), from the proof in
[51] (based on a Pélya-Szegé inequality involving the asymptotic volume ratio) we
would obtain that AVR(s g = 1, i.e., (M, g) is isometric to the Euclidean space
R™, which is a contradiction (since no non-zero extremal function exists in the
Hardy inequality in R™).
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Compact embeddings via isometric actions.

According to the previous subsections, the Sobolev space H'(M) is continuously
embedded into LY(M), q € [2,2*], whenever (M, g) is either a Cartan-Hadamard
manifold or a complete non-compact Riemannian manifold with Ricys4) > 0;
however, none of them is compact, which represents an impediment to apply
variational arguments on H'(M). To handle the lack of compactness, we use
certain symmetrization & la Lions [61] by means of isometries of M.

Let (M, g) be an n-dimensional complete non-compact Riemanian manifold,
n > 3, and — as in the Introduction — Isomy(Af) be the group of isometries of
(M, g). Let G be a subgroup of Isomy(M) and Fixj;(G) be the set of fixed points
of the isometry group G in M, see (4.13). Let

HL(M) ={uc H' (M) :uo0o =u, Yo € G}

be the closed G-invariant subspace of H'(M). The consequences of the main
results in the paper by Farkas, Kristdly and Mester [35] state that if one of the
following assumptions hold, i.e.,

e (M,g) is a Cartan-Hadamard manifold and Fixys(G) is a singleton, or
e Ric(arg) = 0, AVR(51,9) > 0 and G is coercive,

then the space H} (M) can be compactly embedded into LY(M) for every g €
(2,2%).

4.3 Non-existence of solutions

We assume on the potential o : M — R that
(H)o: a>0and o € LY (M) N L>®(M) \ {0}.

For the locally Lipschitz function F' : R — R we require
(H)p : there exists Cp > 0 such that

&l < Colt], V&€ dF(t), teR.
The first result of the section reads as follows.

Theorem 4.3.1. ([54]) Let (M,g) be an n-dimensional complete non-compact
Riemannian manifold, n > 3, and assume that the potential o : M — R and
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the locally Lipschitz function F' : R — R satisfy assumptions (H), and (H)g,
respectively. Assume in addition that one of the following curvature conditions
holds:

(i) K < —k for some k >0, (M, g) is simply connected and
(i1) either K =0, p < % and |AColla|p~ <1,

(i2) 0rn>0,u§% and

n—92)2
(n = 2P Collallm — 1) < (0= 12 (52 - )

where py = max(u,0);

. 2 n—2)2
(ii) Ricarg) > 0, p < ARy, 2 and [A|Collal|r= < 1.

Then the differential inclusion (4.1) has only the zero solution.

Remark 4.3.1. The assertions in (i) show that there is a balance in the sense
that when a stronger curvature restriction occurs, the analytic assumption can be
relaxed.

Proof. Let u € H'(M) be a solution of (4.1), i.e., relation (4.2) holds for every
v € H'(M). Let us choose v = u in (4.2), obtaining

2 u? () 2 _
/M |V ou(x)|*dvg — ,u/M deg + /M u”(z)dvgy = (4.10)
= )\/M a(z)&u(r)dug,

where &, € OF(u(z)) is a suitable selection, x € M, such that x — a(z)&v(x)
belongs to L'(M). By assumptions (H),, (H)o and relation (4.10) we obtain that

u’(w)
/M |V gu(x)*dv, — ,u/M deg + /M u?(x)dv, < (4.11)

< |A|co||a||m/ W2 () dv,.
M

Assume by contradiction that u # 0.
Proof of (i): K < —k for some k > 0.
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Let k =0. If p < @, by the Hardy inequality (4.6) and relation (4.11), it
turns out that

[ @, < NColallie [ vy
M M

here we used the fact that equality cannot occur in the Hardy inequality (4.6)
unless u = 0. Consequently, if |A|Cyl|e||= < 1, we arrive to a contradiction, i.e.,
we necessarily have u = 0, concluding the proof of (il).

Let & > 0. Assume first that 0 < p < =2 2)
(4.6) we have that

u?(x) 4p
———dv </Vux2dv,
Y < e f T

where we again used the fact that no equality occurs in (4.6) for non-zero functions.
Thus, by (4.11) it follows that

. Then by the Hardy inequality

- u(x) Py af|poo — u?(x)dv
<1 (n—2)2>/M|Vg (@) "dvg < (|A|IColled|z 1)/M (z)dv,.  (4.12)

First, if [A\|Colla]|pe < 1, since p < (=27 2) , relation (4.12) gives a contradiction.

Second, if |A|Cylla||r > 1, by our assumption (n — 22(|\|Collaflp= — 1) <

(n —1)2 <% - ,u) k we obtain that p < ("_42)2; moreover, relation (4.12) and
the assumption imply that

2 Ml‘i 'U/2.I' v
[ IVau@)an, < S | i@,

The latter inequality is in contradiction to McKean’s spectral gap theorem, see

(4.7). Therefore, we necessarily have v = 0, concluding the proof of (i2) for u > 0.

If 41 < 0, then our assumption reduces to |ACollafg~ — 1 < &= 1)

(4.11) one has that

/ IV guu(z) 2du, < (MCollalz — 1) / w2 (x)dv,.
M M

Therefore, we obtain that

2 M:‘i UQJT v
[ Vi@, < S | @,

Since no equality occurs in McKean’s spectral gap estimate (4.7) for any non-zero

k and by

function u € H*(M), we arrive to a contradiction. In conclusion, we necessarily
have that u = 0, which ends the proof of (i2) also for p < 0.
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2
Proof of (ii): Ric(ysg > 0. Since p < AVR(’;V[g) (”;2)2, the Hardy inequality
from (4.9) (together with the fact that no non-zero function realizes the equality)

and relation (4.11) imply that

/uQ(a:)dvg<)\|C’0||a||Loo/ w2 () dv,.
M M

Consequently, if |A|Co|la|r~ < 1, we arrive to a contradiction; thus u = 0. This
ends the proof of (ii). O

4.4 Sub-quadratic case

In order to produce existence or even multiplicity of non-zero solutions to (4.1),
we require on the locally Lipschitz function F' : R — R the following assumptions:

o max{[€] - £ € OF ()}

(H)y - Jim t =0
(A0 S

|[t| =00 4

(H)3 : F(0) = 0 and there exist t; < 0 < tJ such that F(ta—L) > 0.
Note that (H); and (H)2 mean that the function ¢ — max{|{| : £ € IF(t)} is
superlinear at the origin and sublinear at infinity, respectively; in particular, by
using Lebourg’s mean value theorem, we observe that I is sub-quadratic at infin-
ity. In addition, by the upper semicontinuity of the set-valued function ¢ — OF(t)
and conditions (H); and (H)s, it turns out that the hypothesis (H)g is also valid
for a suitably large value of Cy > 0; in particular, Theorem 4.3.1 can be applied
(under the assumptions (H); and (H)2), and for sufficiently ’small’ values of ||
only the zero solution exists for the differential inclusion (4.1). However, for ’large’
values of A > 0, we can guarantee the existence of multiple non-zero solutions for
(4.1) by requiring further assumptions on the behavior of the isometric group of
the Riemannian manifold (M, g). In fact, the latter assumptions are destined to
balance the lack of compactness of the Riemannian manifolds we are dealing with.
To state the second result of the section, we denote by Isom, (M) the group of
isometries of the complete Riemannian manifold (M, g). Let G be a subgroup of

Isomy (M) and

Fixapr(G) ={x € M : o0(z) = z,Vo € G} (4.13)

be the set of fized points of the isometry group G in M. The G-orbit of a point
x € Mis Of = {o(x) : 0 € G}. The continuous action of the group G on M is
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coercive if for every t > 0 the set Oy := {x € M : diam(O%) < t} is bounded, see
Skrzypczak and Tintarev [93, 94]; here diam(S) denotes the diameter of S C M.
A function u : M — R is G-invariant if u(z) = u(o(x)) for every x € M and
oedG.

Theorem 4.4.1. ([54]) Let (M,g) be an n-dimensional complete non-compact
Riemannian manifold, n > 3, and G be a compact connected subgroup of lsomy (M)
such that Fixpr(G) = {xo} for the same o € M as in problem (4.1). Let
a: M — R be a potential satisfying (H), which depends only on dy(xo,-) and the
locally Lipschitz function F : R — R satisfying assumptions (H);, i € {1,2,3}, re-
spectively. In addition, we assume that one of the following curvature assumptions
holds:

(i) (M,g) is of Cartan-Hadamard-type and 0 < p < (-2 2) ;

(i4) Ric(arg)y = 0, AVR(p14) > 0,0 < pp < AVR(Mg)( 42)2 and G is coercive.

Then there exists g > 0 such that for every X\ > Ag the differential inclusion (4.1)
has at least four non-zero G-invariant solutions in H'(M).

Proof. Step 1. (Truncation and nonsmooth energy functional) Since F'(0) = 0 (by
(H)3), we consider the truncated locally Lipschitz function F*(¢t) = F(t4), t € R.
The energy functional £ : H'(M) — R to the slightly modified problem (4.1),
considering F'* instead of F, is defined as

£¥(u) = GNw) ~ AF* (),

u) = /M |V gu(x)*dv, — /,L/M Cét(i(j)@dvg + /M u?(x)dv,

Ftu) = /M a(x)F+(u(x))dvg.

On one hand, it is clear that N, is of class C! on H!(M) and due to the
Hardy inequalities (i.e., (4.6) and (4.9)), for the corresponding values of p from
the statement of the theorem, N, ﬁ/ ? turns out to be equivalent to the usual norm
|- lgr on HY(M), i.e.,

where

and

cullullfp < Nu(w) < Jlullfp, Yu e H' (M), (4.14)
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where
1—47“7 in the case (i);
0< ¢ = (7172)_22 \ ( )
1—AVR g)ﬁ in the case (ii).

On the other hand, one can prove that F is well-defined and locally Lipschitz
on H'(M). To see this, we first observe that by (H); and (H)s, for every ¢ > 0
there exists d. € (0,1) such that

€] < et, VEE€OFT(t), VO <t <d. &t > 6 L. (4.15)

Fix €y > 0. Since OF T is an upper semicontinuous set-valued map with non-empty
compact values, see Proposition 1.1.1/(a), we also have for some K., > 0 that
€] < Kot for every & € OFT(t) and t € [0q,, 0,']. The latter fact with (4.15)

implies that
€] < Cept, VE € DFT(t), ¥t >0,

where C,, = max{ey, K, }. Now, let w € H'(M) and U, be any open bounded
neighborhood of u in H(M), i.e., for some K > 0 we have ||w| ;1 < K for every
w € U,. If uy,us € Uy, then by Lebourg’s mean value theorem, see Proposition
1.1.3, for a.e. z € M there exist v € [0,1] and & € OFT((1 — y)ui(x) + yuz(z))
such that

|FT (u (@) — F* (uz(2))] [Eallur(z) — uz(2)|

< O ()] + |ug(@)])ur(z) — ug(2)].

By Hoélder’s inequality and the trivial embedding H'(M) C L?(M), we have that

|7 (ur) = F ¥ (u2)]

IN

| a@IF (@) - F* (ua(o)do,

20 ||l oo K [luy — uz|| g1,

A

which means that F7 is Lipschitz on U,,. The fact that F* is well-defined follows
in a similar way. Having these properties, a similar argument as in Clarke [28,

Section 2.7] (see also Costea, Kristdly and Varga [29]) shows that for every closed
subspace W of H'(M) we have that

IFt w)(u) C /M a(x)OF T (u(x))dvy, Yu e W;

here, F |y is the restriction of the functional 1 to the subspace W and the latter
inclusion has the following interpretation: to every & € O(F T |w)(u) there exists
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a measurable selection z — &, € OF T (u(x)) such that the map = — a(z)&w(x)
belongs to L'(M) for every w € W and

(€)= /M o (@) (x)dv,.

By using Fatou’s lemma, Lebourg’s mean value theorem, Lebesgue’s dominated
convergence theorem, and a careful limiting argument, see e.g. Kristdly [49] in
the Euclidean setting, it turns out that

(.7:+|W)0(u;w) §/ a(:v)(F+)0(u(:r);w(x))dvg, Yu,w € W. (4.16)
M

Let uw € H'(M) be a critical point of £F, i.e., 0 € 0T (u). We are going to
prove that u is a non-negative solution to the differential inclusion (4.1). First,
by Proposition 1.1.1/(g)& (%), we have that

%N;(u) € NOF T (u),

i.e., for every test-function w € H'(M) one has

u(z)w(z)

/M Vou(z)Vgow(x)dvg — u/M deg + /M u(z)w(zr)dvg =

=2 [ a@gula)du,

with the above interpretation for the right hand side. Let u— = min(0,u) be the
non-positive part of u and note that it belongs to the space H'(M), see Hebey
[39, Proposition 2.5]. If we put v = u_ into the latter relation, we obtain that
&u—(z) = 0 for ae. x € M since & € IFT(u(z)) (thus & = 0 whenever
u(x) < 0). In consequence, N, (u_) = 0, thus u_ = 0, i.e., u > 0. In particular,
& € OF T (u(z)) = OF (u(x)), therefore the latter relation is precisely (4.2), which
means that v € H'(M) is a non-negative solution of (4.1).

Step 2. (Isometry actions) Let G be a compact connected subgroup of Isom (/)
with the property that Fixy;(G) = {x¢} for the same x¢p € M as in problem (4.1).
The action of G on H'(M), i.e., G x H'(M) — H(M), is defined by

(ou)(x) = u(c™ (), Yo € G, u € H' (M), z € M. (4.17)
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It is standard to prove that G acts continuously and linearly on H'(M). For
instance, if 01,09 € G, it turns out that for every v € H'(M) and o € G we have

(010 o2)u(w) = u((o1 0 02) 7 (2)) = u(oy ' (o7 ' (2))) =

= (02u)(07 ! (2)) = (01(02u))(2).

Moreover, since GG contains isometries of (M, g), the functionals

u»—)/ |V gu(z)*dv,
M
and
u»—>/ u?(x)dvy
M

are both G-invariant; in particular, ||ou|lyr = ||u||g: for every o € G and u €
HY(M), i.e., G acts isometrically on H'(M).

Since Fixps(G) = {xo}, it turns out that for every o € G and y € M, we have
dg(zo,0(y)) = dy(o(x0),0(y)) = dg(x0,y); therefore, a change of variables implies
that

e, et [ e
Jy @™ = [, e ) = |, B sty o)
_ ) 4
B /M d?,(wo,y)d o(v):
In particular, the functional u — N, (u) is G-invariant on H'(M).

Furthermore, since a : M — R depends only on dy(zo, -), it is also G-invariant,
and one can prove by a change of variables that for every o € G and u € H' (M),

au = a\T ou){x Vg ) = a\T +'U,O'_1ZE Vgl
Frow = [ a@F (o)) = [ al@)F (ulo @)du(z)

/awmﬁMWMWW—/MWWWWMm
M M
— Fu),

i.e., FT is G-invariant on H'(M). In conclusion, the energy functional £T =
N, /2 — AFT is G-invariant on H'(M).

The set, of fixed points of G over H' (M), i.e., Fixy1(pp)(G), is nothing but the
closed subset of G-invariant functions of H'(M). Now, according to the principle
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Sub-quadratic case

of symmetric criticality, see Proposition 1.4.2, if u € Fixg(p(G) =: HL(M)is a
critical point of the restricted energy functional £ := 7| HL(M) then v is also a
critical point of the initial energy functional £¥.

Step 3. (Spectral gap estimate for 7 /N, on H}(M).) We are going to prove
that for every admissible y from the statement of the theorem, one has

+
0< sup F(u)

< +o00. (4.18)
ueHL (M)\{0} Nu(u)

Let ¢ € (2,2%) and fix arbitrarily € > 0 together with the number 6. > 0
appearing in (4.15). By the boundedness of the function ¢ — %ﬂ*(t)\ on

[6c, 6] and due to (4.15), there exists I, > 0 such that
0< || <et+ 1771 V>0, £ € IFT(t) = OF (). (4.19)

Note that we have
0 < |FH(t)| < et? + 1t Yt eR. (4.20)

Indeed, on one hand, by definition F*(t) = F(0) = 0 for every ¢t < 0, thus the

latter relation trivially holds. On the other hand, for ¢ > 0, the estimate (4.19)

and Lebourg’s mean value theorem immediately imply the required estimate.
Consequently, the estimate (4.20) shows that for every u € HL (M) we have

o< Il = | [ al@rtut)dn| < [ a|F ]

vl oo ( el 7+ Le(BG) 1l G0) -

IN

where KF > 0 are the embedding constants from (4.5) and (4.8), respectively.
Accordingly, for every u € H4(M) \ {0} one has that

7 ()l
N#(U)
where ¢, > 0 is the constant from (4.14). Due to the fact that ¢ > 2 and € > 0 is
arbitrarily fixed, it turns out that

0<

<c*1\|a||oo(e+l( ) ullf )

I (w) 1
—0 0,u e Hg(M). 4.21
i =0 sl = 0.0 € YD (a2)
The counterpart of (4.21) at ’infinity’ reads as
F*(u) 1
M). 4.22)
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Indeed, combining the boundedness of ¢ — on [6, . t] with the esti-

mate (4.15), one can find L. > 0 such that

max [0F T (2)]
t1/2

0 <€ <et+Lt'?, vt >0, € € OFF(t) = OF (t).

Due to hypothesis (H),, one has that « € L*(M). Then using Lebourg’s mean
value theorem and Holder’s inequality, we can proceed as before, obtaining

3
0<|F (u) < /M a(z) |[FF(u(@))| dvg < ellallpelulF + Lella] o Jull 7. (4.23)

Consequently, for every u € HL(M) \ {0} we have

Frw) _ ( ~3
0< <c, | ellallre + L[l pallull 41 ) -
Nu(u) . - i

This estimate together with the arbitrariness of € > 0 immediately imply (4.22).

In particular, (4.21) and (4.22) imply that the second inequality in (4.18)
holds. In order to check the first inequality in (4.18), we recall by (H)s that
there exists t§ > 0 such that F(tJ) > 0. Moreover, by (H),, since a # 0 and it
depends only on dg4(zo, ), there exists an open xg-centered annulus on M with
radii 0 < r < R, le. Ay (r,R) = {x € M : r < dy(xo,z) < R}, such that
essinfu, (nr)0 = ag > 0. For sufficiently small € > 0 (e.g. € < (R —1)/3), we
consider the function w, : M — R defined by

%(dg(:vo, xz)—r) if dy(zo,z) € (r,r +e),

welz) = tér if dg(xo,z) € [r+¢€, R —¢,
(R = dy(wo,)) i dy(z0,7) € (R—€,R)
0 if z¢ Ay (r,R).

Note that w, € H5(M) and w. > 0. Moreover,

+ w, = a\xr WelT Vg = a\T WelT v
F (we) /M () F(we(x))dug / () F(we(x))dvg

Az (r,R)
QP () V(A r + €, R — €))
el max [E)[(V(Aay(r,r + €)) + Vo(Azo (R = € R))).

[0,

v

By continuity reason, there exists ¢y > 0 such that for every € € (0, €),

FH(we) > agF(tT)Vy(Agy (1, R))/2 > 0.
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On the other hand, by (4.14) and the eikonal equation (|V,d4(zo,-)| = 1 a.e. on
M) we have the estimate

Nu(we) < [wellzp < (87)2(1 + )V (Agy (r, R)) < 00
Consequently, it turns out that

Frlwgp) o Fi

0< = )
Niu(weg2) ~ wert oy Nu(w)

which shows the validity of the first inequality in (4.18).

Step 4. (Analytic properties of Sa“ ) We shall prove three basic properties of
&L on HL(M), namely, coercivity and boundedness from below, as well as the
validity of the nonsmooth Palais-Smale condition.

Let A > 0 be arbitrarily fixed and g be in the admissible range (cf. the state-
ment of the theorem). First, we observe by (4.14) and (4.23) that for every
u € H} (M) we have

E4w) = SNulw) ~AFF(w)

%

3
(% — elallz ) lul%s = ALllal| g ull -
In particular, for sufficiently small € > 0, e.g. 0 < € < %A} el 7%, it follows that
&S is bounded from below and coercive, i.e., £ (u) — +oo whenever |[ul g —
+00.

Let {uy}r, C HL(M) be a Palais-Smale sequence for £}, i.e., for some M > 0,
one has | (uy)| < M and m(uy) — 0 as k — oo, where m(u) = min{|[{[|. : € €
853 (u)}. We want to prove that, up to a subsequence, {uy} strongly converges
to some element in H}:(M). Being £} coercive, the sequence {uy}r C H5(M) is
bounded in H}(M). Therefore, due to the fact that H (M) can be compactly
embedded into LI(M), q € (2,2%), see §4.2, up to a subsequence, one has that

up — u weakly in Hb(M); (4.24)
up — u strongly in LY(M), q € (2,2%). (4.25)

By Proposition 1.1.1/(g) and the definition of £} we have that

(E5) (ugiw — ug) = +

2<N[L(Uk)7 w—up) + M=F ") (ups u — ug);
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1
(€5 (us up, — u) = §<NL(U),U1€ —u) + A=F ) (s up — w).
Note that
1 ! 1 !
5 Nulur) s w = k) + 5 N (u) up — 1) = =Ny (ug — ).
By adding the above relations and using Proposition 1.1.1/(e), it turns out that

Nolug —u) = AN((FH(uk; —u+ wg) + (F5)(w; —uy, + )
—(Eg)o(uk; u—up) — (Eg)o(u; Up — ). (4.26)

In the sequel, we are going to estimate the terms in the right hand side of (4.26).
First, by inequality (4.16), Proposition 1.1.1/(b) and (4.19) together with the fact
that F*(t) = {0} for t <0, we have
I o= (FN)%up; —u + ug) + (FNO(u; —up + u)

< /M a(z) [(F) (up(@); ur(x) — u(@) + () (u(@); u(z) — up(x))] dvg

=] ale) [max{gu(un(e) = @) : & € OP*(ua(a))}
+ max{(u(z) — up()) : £ € OF* (u(x))}] duy

< laflpe /M[E(Iuk(fcﬂ + [u(@)]) + le(lug (@)| 7 + fu()|7)]Ju(z)
—ug,(z)[dvg
< 2|l o (g + ullFp) + lelledllzoe (unllFet + llullFe ) lur = ullza.

By the arbitrariness of ¢ > 0 and the convergence property (4.25), the latter

estimate shows that

limsup I} < 0. (4.27)
k—o0
Let &, € OES (ui,) be such that m(uy) = ||¢k«. Thus, we have that
I} = (68) (upsu — ) > (€ — ) = — 1€kl — wg| -
Consequently, since m(ux) = ||€x|l« — 0 as k — oo, we have that
(4.28)

liminf I > 0.
k—o0
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Sub-quadratic case

Moreover, for every £ € OE/; (u), we also have that I} := (€5)%(u;uy, — u) >
(&, u — u); thus, by the weak convergence property (4.24) we have that

liminf I} > 0. (4.29)
k—o0
By the estimates (4.27)-(4.29) and relation (4.26) we have that

0 < limsup N, (ug — u) < limsup I} — liminf I — liminf I} <0,

k—o0 k—o0 k—oo k—oo
ie., Ny(ug —u) = 0 as k — oo. Due to (4.14), it turns out that u, — u strongly
in the H'-norm as k — 0o, which is the desired property.

Step 5. (Local minimum point for £: first solution) Let

R R 1)
weHL (M) 2F T (u)
Ft(u)>0

Due to Step 3, see (4.18), one has that 0 < A\ < oo.
If we fix A > A\J, one can find @) € H:(M) with F(@,) > 0 such that

Nyu(@)
A > BT SO
T 2F (i) ~ O
Thus, by the latter inequality we have
1
1. + +im ) =\ N T (o7
Cy = Hg(ljfw) EL < EL(wy) = 2NH(wA) AF T (wy) < 0.

Due to the fact that 525 is bounded from below and verifies the nonsmooth Palais-
Smale condition (see Step 4), C} is a critical value of £/, see Chang [26, Theorem
3.5], i.e., there exists u} € HL(M) such that 4 (u}) = Ci < 0 and 0 € 9ES (u}).
In particular, u} # 0 (since £} (u}) < 0 = ££(0)), and by the principle of sym-
metric criticality, u}\ is a critical point also for the initial energy functional (see
Step 2), i.e., 0 € OET(u}). According to (the final part of) Step 1, ul € H} (M)
is a non-negative solution to the differential inclusion (4.1).

Step 6. (Minimax-type critical point for Eg : second solution) Let \ > )\g.

Due to (4.20), for sufficiently small € > 0 (e.g., % > e)|laz) and for every
u € H} (M) one has that

Eh(w) = %N#(u)fA}"Jr(u)Z

Y

C
(% — eAlallz ) llulds = Al o le ()l
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where ¢ € (2,2%) and K > 0 are the embedding constants from (4.5) and (4.8),
respectively. Let

1
in { [|@y ( % — eMlall~ )
px = min q [[0x] g1,
2\ ||al| poole (K )

The choice of py > 0 and Step 4 show that

1 /c
inf &) = 5 (%~ eMlallz=) g} > 0= £5(0) > €5 ().
llull ;1 =pr;uc HE (M) a(u) 2\2 e A ¢ (0) e (10y)

The latter estimate shows that the functional 525 has the mountain pass geometry.
On account of Step 4, since Séf satisfies the nonsmooth Palais-Smale condition,
we can apply the mountain pass theorem for locally Lipschitz functions, see e.g.
Kourogenis and Papageorgiou [46] or Kristdly, Motreanu and Varga [57, Theorem
2], guaranteeing the existence of u3 € H}(M) with the properties 0 € 92 (u3)
and

£G(u}) = CX = inf max EG(v(1)),

where
I = {y € ([0, 1]; HE(M)) : 5(0) = 0, 4(1) = i }.

Since
c3 > inf EL(u) >0,
7l =prwe g )€

it is clear that 0 # u%\ # ui The rest of the proof is similar to the end of Step
5, which shows that u3 € H} (M) is a non-negative solution to the differential
inclusion (4.1), different from u}.

Step 7. (Repetition of Steps 1-6 for £7) Let F~(t) = F(t_), t € R, where
t_ = min(¢,0). The locally Lipschitz energy functional £~ : H'(M) — R is

defined as )
£ (u) = yNu(w) ~ AF~(u),

where

F(u) = /N a(@)P (u(e)dv,

One can show that if u € H(M) is a critical point of £, i.e., 0 € 9~ (u), then
it is a non-positive solution of (4.1), cf. Step 1.

152



Super-quadratic case

By using the isometry action (4.17), one can prove that F~ is G-invariant on
HL(M), and if u € Fixg1 () (G) =: H} (M) is a critical point of £ := g_|Hé(M)
then 0 € €~ (u) as well, cf. Step 2.

Instead of the spectral gap estimate (4.18), one can prove

F~(u)
0< sup
weHL(\ {03 Nou(1)

< 400,

cf. Step 3, and similar analytic properties are valid for £, as in Step 4 (i.e,

coercivity, boundedness from below, and the validity of the nonsmooth Palais-

Smale condition). Here, we use again the compact embedding results from §4.2.
Finally, if

AT = inf NH(U’)
o= 1 -
ueH¢ (M) 2F (U)
F~(u)>0

)

by the previous part we know that 0 < A\; < oo and similarly to Steps 5 and 6, we
can guarantee for every A > )\ a local minimum point u3 € H}(M) of £ with
&5 (u3) < 0 and a minimax-type point u§ € HL(M) of &5 with £ (u}) > 0; in
particular, ug’\ #+ u‘i and none of them is trivial. These elements are G-invariant,
non-positive solutions to the differential inclusion (4.1).

If we choose \g = maux()\ar , Ay ), we can apply the above arguments, providing
four different, non-zero G-invariant solutions to the differential inclusion (4.1) for
every A > Ag, two of them being non-negative and the other two being non-
positive. The proof is complete. 0

Remark 4.4.1. Examples of Riemannian manifolds with the above curvature re-
strictions and isometric actions are presented in Kristély [48] and Farkas, Kristaly
and Mester [35] in the setting (i), and Balogh and Kristaly [8] in the framework

(i)

4.5 Super-quadratic case

As we already noticed, assumptions (H); and (H), imply that F' is sub-quadratic
at infinity. In the sequel, we establish a counterpart of Theorem 4.4.1 whenever F'
is super-quadratic at infinity. More precisely, we assume that the locally Lipschitz
function F': R — R satisfies the following assumptions:

153



Differential inclusions on Riemannian manifolds

(H)4: F(0) = 0 and there exist ¥ > 2 and C' > 0 such that
2F(t) + FO(t; —t) < —C|t|", VteR;

(H)s : there is ¢ € (2,2+ 2) such that max{[¢| : £ € OF(t)} = O(|t|?7!) as
[t| — oo.
Here, Fo(t; s) is the generalized directional derivative of F' at the point ¢t € R and
direction s € R. Note that by (H); and (H)4, F is super-quadratic at infinity.

Theorem 4.5.1. ([54]) Let (M, g) be an n-dimensional complete non-compact Rie-
mannian manifold, n > 3, and G be a compact connected subgroup of lsomgy(M)
such that Fixpr(G) = {zo} for the same xzo € M as in problem (4.1). Let
a € L®(M) be a potential which depends only on dg(xo,-) and essinfyepo(z) =
ag > 0, while the locally Lipschitz function F : R — R satisfies the assumptions
(H);, ¢ € {1,4,5}, respectively. If one of the curvature assumptions (i) or (ii)
holds from Theorem /4.4.1, then for every A > 0 the differential inclusion (4.1)
has at least a non-zero G-invariant solution in H'(M). In addition, if F is an
even function, (4.1) has infinitely many distinct G-invariant solutions in H(M).

Proof. We divide again the proof into some steps.
Step 1. (Functional setting) In view of the previous section, this part is stan-
dard. Indeed, the energy functional £ : H'(M) — R is defined as

£(u) = GNu(u) — AF (),

where

Flu) = /Ma(:r:)F(u(m))dvg.
Note that by (H); and (H)s, for every € > 0 there exists C. > 0 such that
€] < €|t] + C|t]97t, Yt € R, € € OF(t). (4.30)
Consequently, one has
|F(t)] < et® 4+ CJt|?, Vt € R. (4.31)

Since 2 < ¢ < 2+ % < 2*) by using Lebourg’s mean value theorem 1.1.3 and
(4.30), one can prove that F is well-defined and locally Lipschitz on H'(M). It
is now standard to show that any critical point u € H(M) of & is a solution of
(4.1).
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Step 2. (Isometry actions) By using the action (4.17), one can prove in a

similar way as in §4.4 that &£ is G-invariant on H'(M). Moreover, the principle

of symmetric criticality (Proposition 1.4.2) implies that if u € Fixgi(hn(G) =:

HA(M) is a critical point of &g := E|H(1;(M) then w is also a critical point of £.
Step 3. (Super-quadraticity of F' at infinity) We are going to prove that

C
F(t) > ——tl", vt R, (4.32)

where v > 2 and C' > 0 come from hypothesis (H),; this means in particular that
F is super-quadratic at infinity (as v > 2). To do this, let h : R — R be defined
by
h(t) =t 2F(t) — LW—Q, t#0,
v—2
and h(0) = 0. Note that h is well-defined and locally Lipschitz (indeed, by (H);
and F(0) = 0 we have that F(t) = o(t?) as t — 0). By Proposition 1.1.1/(g), one

has
Oh(t) = —2t73F(t) + t 20F(t) — C|t|"~, Vvt e R\ {0}.

We shall prove (4.32) for ¢ > 0, the case t < 0 being similar. Let ¢ > 0;
then by Lebourg’s mean value theorem, there exist 6 € (0,¢) and &, € 0h(0)
such that h(t) = h(t) — h(0) = &xt. In turn, there exists (g € OF(0) such that
& = —2073F(0) + 0~2(p — CH”~3 and by (H)4 we have that

h(t) = &xt=(—2073F(0) + 0 %¢p — CO"3)t
—073(2F(0) + Ep(—0) + CO”)t
—073(2F(0) + F°(9; —0) + Co")t

07

AVARY

which concludes the proof. In particular, combining (4.31) with (4.32), we neces-
sarily have that
v <gq. (4.33)

Step 4. (Nonsmooth Cerami compactness condition for &) Let {uy }, C HL(M)
be a Cerami sequence for &g, i.e., for some M > 0, one has |Eg(ug)| < M and
(1 + |lugllgr)m(ug) — 0 as k — oo, where m(u) = min{|[{]]« : £ € 0Eg(u)}. Our
objective is to prove that, up to a subsequence, {uy} strongly converges to some
element in H}(M).

155



Differential inclusions on Riemannian manifolds

We first prove that {uy}y is bounded in LY(M). For every k € N, let &, €
0Ec(ux) be such that |||« = m(ug). We observe that

E& (ups u) > (Eyur) = —l|€k e lurllzr > — (1 + [Jwg]l g )m(ug).

Since (1 + ||ug| gr)m(ug) — 0 as k — oo, there exists kg € N such that for
every k > ko one has that £ (ux;ux) > —1. Consequently, Proposition 1.1.1/(g),
inequality (4.16) (which is also valid due to (4.30)) and hypothesis (H),4 imply for
every k € N that

OIM +1 > 28q(up) — E&(up; uz)
= Nu(ok) — DAF (k) — N )5 k) — A=) ()
= =X (2F (ug) + FO(ur; —ur))

) / () (2F (up()) + FO(ug (2); —up(x))) do,
)\C’/ x)|ug(x)]”do,.

v

v

Since av € L*°(M) and essinf cpra(x) = ap > 0, the latter estimate implies that
2M +1 > MNCo||ugl|7v, Vk € N.

Consequently, {uy}x is bounded in L¥(M).
Now, we prove that {ug} is bounded in H}(M). By (4.31), for every small
¢ > 0 there exists C. > 0 such that for every k € N,

M > Eqluy) = 1/\/ () — AF (u)
> (C; eAllal = ) el = ACclled oo w4
In particular, if % > eA||a| o0, then there exists M. > 0 and C. > 0 such that
Jur)|? < M+ Celjug||,, Yk € N. (4.34)
On account of (4.33), we distinguish two cases:
a) v = ¢. Since {uy}r is bounded in L”(M) and v = ¢, by (4.34) we also have

that {uy}x is bounded in H}(M).
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b) v < q. Let n € (0,1) be such that % =114 2. By (4.34) and a standard

14
interpolation inequality we have that

luglZp < M+ Coellugl| %y < M+ Cellugl| 5 g |75

< M+ Co(KE ) g | g | 74, (4.35)

where K;t > 0 are the embedding constants from (4.5) and (4.8), respectively.
Since ¢ < 2 + %, we have that v > 2 > "(QT_Q). We observe that v > n(qT_Q)
together with % = 177" + 5& is equivalent to g < 2. The latter inequality and
(4.35) imply that {uy}x is bounded in H}(M).

Now, we can proceed as in Step 4, see §4.4; in this way we conclude that {uy }x
strongly converges (up to a subsequence) to some element in Hé(M ).

Step 5. (Existence/multiplicity of critical points for ;) Under the assump-
tions of the theorem, one can prove as above that £; has the mountain pass
geometry. By Step 4 and on account of the mountain pass theorem for locally
Lipschitz functions, see e.g. Kourogenis and Papageorgiou [46], we conclude the
existence of a non-zero critical point for £;. When F' is even, we may apply the
nonsmooth fountain theorem involving the Cerami compactness condition, see
e.g. Kristdly [49], guaranteeing the existence of a sequence of critical points for
the functional ;. All these points are G-invariant solutions to the differential
inclusion (4.1), which concludes the proof. O
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