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Preface

The purpose of this monograph is the treatment of important elliptic boundary value problems
for systems of partial differential equations (PDEs) that arise in Fluid Mechanics by using the
methods of potential theory and a fixed point theorem. We have treated various boundary value
problems as the Dirichlet, Robin-Dirichlet, transmission, Robin-transmission in the linear case
as well as the non-linear case. We have provided suggestive numerical examples for a practical
problem with multiple applications, while the objective is to complete the theoretical study, which
is presented in the first three chapters.

In what follows, let D C R™, n > 2 be a bounded Lipschitz domain and we denote its boundary
by I'. Let us consider P, a matrix-valued function, whose entries are essentially bounded functions.
We introduce the generalized Brinkman system by

Av—Pv—-Vp=1f diva=0, in D, (0.0.1)

where the pair (v, p) represents the velocity and pressure fields of the considered fluid flow and f is
a given, external force which acts on the fluid flow. In the special case P = al, where a@ > 0 is a
given constant, the system (0.0.1)) becomes the classical Brinkman system,

Av—av—Vp=f divv=0, inD. (0.0.2)
If we consider P = 0 in the system ((0.0.1]), we obtain the well-known Stokes system,
Av—-Vp=1 divv=0, inD. (0.0.3)
Now, let us also consider the generalized Darcy-Forchheimer-Brinkman system
Av—Pv—klvlv—0(v-V)v—Vp=1f divv=0, inD, (0.0.4)

where k, 8 are positive, essentially bounded functions on D. In the special case P = all, where
a > 0 is a given constant and k,5 > 0 are given constants, the system (0.0.4) reduces to the
classical Darcy-Forchheimer-Brinkman system

Av—av—klvlv—=p(v-V)v—-Vp=f divv=0, inD. (0.0.5)

Let us mention the fact that the Darcy-Forchheimer-Brinkman system is used in problems in which
the inertia of the fluid is not negligible (see, e.g., [I15]).
Finally, for P =0, k = 0 and g > 0 a given constant, the system becomes the Navier-
Stokes system
Av—p(v-V)v—Vp=1f divv=0, inD. (0.0.6)

For additional details regarding the Navier-Stokes equations we refer the reader to [54], [134], [130],
137,
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In this work, we will concern ourselves with the coupling of these aforementioned PDE systems.
In these transmission problems, we will deal specifically with two types of configurations. The
geometry of these configurations is thoroughly specified in Chapter 1. Moreover, in these problems,
we consider the following boundary conditions

Trp, vy —Trp vo =g, tpp, (Vi 04, fy) —tp_ (v, p_,f_)+LTrp, vy =h, on T, (0.0.7)

which will be referred as transmission conditions, where the trace operator Tr, the conormal deriva-
tive operator t and the matrix-valued function L are described in the latter.

We have considered the generalized Brinkman system ([0.0.1]), which we obtained by substituting
the constant a > 0 (in the system (0.0.2)) with a matrix-valued function P whose entries are
essentially bounded functions. In this case, by this aforementioned generalization, we move towards
the concept of an anisotropic Brinkman system. The purpose that we have in mind is that of
investigating fluid flow in porous media, in the case that our porous medium has variable porosity
or permeability. For additional details, see, e.g., [77], [78], [79].

Let us provide some insight for the practical motivation for the study of transmission problems.
Note that, transmission problems appear as a mathematical model for the study of environmental
problems where free air flow is interacting with evaporation from soils and or the transvascular
exchange between blood flow in vessels and the surrounding tissue (for additional details [71] and the
references therein). Also, transmission problems are used to model the production of electric energy
in proton exchange membrane fuel cells (for additional details, see [75] and the references therein).
In addition, we mention that employing transmission problems one can study the geophysical flow
of water which pass through porous rocks or porous soil (for additional details, see [76] and the
references therein). The anisotropic Stokes system is used to describe certain processes (for example,
processes in physics, engineering, industry) in which the flow of immiscible fluids or the flow of
nonhomogeneous fluids with density dependent viscosity are involved (cf. [28], see also [79]).

In order to study such problems, many techniques can be employed. For linear boundary value
problems, we emphasize two approaches, namely, layer potential methods and variational methods,
respectively. Also, for the study of nonlinear boundary value problems, one can employ either fixed
point theory or topological degree theory.

In the latter, we shall provide a historical overview of the scientific literature that concerns
boundary problems.

Let us explore previous works that are concerned with the study of boundary problems in
Euclidean setting. We begin with the work of Verchota [142], who established the invertibility
property of the classical layer potentials for Laplace’s equation, on L?(99) and subspaces of L?(95),
in the case of a bounded Lipschitz domain 2 C R", n > 2. Dahlberg, Kenig and Verchota [34]
have obtained well-posedness results for the Dirichlet and traction boundary problems for the Lame
system in an arbitary Lipschitz domain in R" with L?-boundary data. They have also investigated
the ’slip condition’ for the Stokes equations, for boundary data belonging to L? boundary spaces
accompanied by optimal estimates (see also [35]). Shen [132] has studied constant coefficient elliptic
systems in bounded Lipschitz domains in R", n > 3, and has obtained L?” resolvent estimates.
Amrouche, Girault and Girore [13] have solved the Dirichlet and Neumann boundary value problems
for the Laplacian in exterior domains of R™, n > 2, while working in weighted Sobolev spaces. Fabes,
Mendez and Mitrea [48] have used boundary integral methods for the investigation of inhomogeneous
boundary problems for the Laplacian in arbitrary Lipschitz domains with data in Besov spaces.
Escauriaza and Mitrea [46] have established existence and uniqueness results for the transmission
problem for the Laplacian in the setting of complementary Lipschitz domains in R™ for n > 2, while
the boundary data was considered in Lebesgue and Hardy spaces.
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In what follows, let us name a few papers in which the studies on the Stokes system (0.0.3]) were
conducted. Nevertheless, the list of publication where this subject is discussed is much more longer.
For example, Power and Miranda [I121] have investigated the slow viscous flow of an unbounded fluid
past a single solid particle. Consequently, they have provided the formulation of integral equations
of the second kind for general exterior Stokes flow in dimension n = 3. The work of Fabes, Kenig and
Verchota [47] is an important contribution of the field of layer potential theory. The authors have
used layer potentials in order to obtain existence and uniqueness results for the Dirichlet problem
for the Stokes system in an arbitrary Lipschitz domain in R”, in the case of boundary data in L?.
Dauge [37] has studied the H?*-regularity of solutions of the Stokes system in domains with corners.
Girault and Sequeira [56] have investigated the Dirichlet problem for the Stokes system in exterior
Lipschitz domains in R", n = 2, 3. They have used a variational technique in order to obtain well-
posedness results in the setting of weighted Sobolev spaces. Power [120] has extended the method
used in [121] to that of the Stokes flow problem in multiple cylinders, in the two-dimensional setting
of bounded and unbounded domains. Hence, the author has used the double layer potential in order
to obtain uniquely-solvable second order integral equations of Fredholm type for the analyzed flow
in this particular setting. Shen [I31] has considered the L? Dirichlet problem for the Stokes system
in bounded Lipschitz domains in R™, n > 3, and has provided well-posedness results for such a
problem. Alliot and Amrouche [I0] have devoted a study to the Stokes problem in R™, n > 2, in
weighted Sobolev spaces. This approach allows the authors discuss the decay or growth of solutions
at infinity. Alliot and Amrouche [12] have investigated the nonhomogeneous Dirichlet problem for
the Stokes system in an exterior, connected, Lipschitz domain in R™, n > 2 in weighted Sobolev
spaces, in order to account the behavior of the solution at infinity.

Russo and Tartaglione [127] have provided existence and uniqueness results for the Robin type
problem associated to the Stokes system and also for the Navier-Stokes system, in a bounded
Lipschitz domain in Euclidean setting. They have used layer potential methods in order to show
the well-posedness result for the Robin problem for the Stokes system and the well-posedness result
for the Robin problem for the Navier-Stokes system was established by employing the result from
the linear case together with a fixed point theorem. Mitrea and Mitrea [I05] have investigated
regularity properties for Green functions associated to second order, strongly elliptic, divergence-
form differential operators in bounded Lipschitz domains. Their approach yields an existence and
uniquenss result for the Stokes system with Dirichlet condition in a bounded Lipschitz domain of
R™ n = 2,3. Mitrea, Wright and Monniaux [I10] have studied the Neumann problem for the
Stokes and Navier-Stokes systems, respectively, in Lipschitz domains in R", for n > 2 in the linear
case and n = 3 in the nonlinear case, and have provided existence, regularity and uniqueness
results. Medkova [96] has used a layer potential method in order to determine a weak solution
for the Neumann problem for the Stokes system in a bounded Lipschitz domain in Euclidean
setting. Tartaglione [I35] has studied boundary problems for the Stokes equations in bounded
and respectively unbounded domains of R", which are sufficiently regular (of C*~1! class, k > 2)
and has well-posedness of such problems with boundary data in Sobolev spaces. Bacuta, Hassel,
Hsiao and Sayas [17] have proposed a fully discrete method, which is based on an integral equation
(which, in turn is based on a single-layer potential representation of the velocity), for the exterior
Dirichlet boundary problem for the Stokes equations in two or three dimensions. They have also
discussed the single layer potential associated to the Brinkman equations in Lipschitz domains.

The linear, elliptic Brinkman system was also investigated by a great deal of researchers.
McCracken [94] has studied the Dirichlet problem for the Stokes resolvent system on the resolvent
problem for the Stokes system on half-space of in R? and provided the well-posedness of the Dirichlet
problem in some LP spaces. Deuring [38] has constructed solutions in LP-spaces for the Dirichlet
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problem for the resolvent Stokes system in the exterior of a bounded domain with C? boundary
belonging to R3. Farwig and Sohr [49] have shown that the Dirichlet problem for the Stokes
resolvent system admits a unique solution in weighted Sobolev spaces, in the setting of an exterior
CH! domain of R™, n > 2. Shen [I33] has obtained L” resolvent estimates for the Stokes system in the
setting of Lipschitz domains in R™, n > 3, by employing layer potential methods in his study. Kohr,
Lanza de Cristoforis and Wendland [72] have investigated Robin type boundary problems for the
Brinkman system and the Darcy-Forchheimer-Brinkman system in Lipschitz domains in Euclidean
setting. They treat also mixed Dirichlet-Robin and transmission boundary value problems for the
Brinkman systems in the setting of bounded creased Lipschitz domains in R™, n > 3, as well as
the Navier problem for the Brinkman system in a bounded Lipschitz domain of R3?. Kohr, Lanza
de Cristoforis and Wendland [74] have obtained an existence result for the Poisson problem for a
semilinear Brinkman system on a bounded Lipschitz domain in R™, n > 2 with Dirichlet or Robin
conditions on the boundary. These results were obtained by making use of the well-posedness results
obtained in the linear case and the Schauder fixed point theorem. Medkova [99] has investigated
the Dirichlet problem for the resolvent Stokes system in the setting of bounded and unbounded
domains with compact Lyapunov boundary. The author has provided a well-posedness result in
the bounded domain case and an existence result in the unbounded domain case. Moreover, an
existence result for the Dirichlet problem for the Darcy-Forchheimer-Brinkman has been obtained
in [99].

Now, let us focus on previous studies that aim to investigate boundary value problems for non-
linear equations, such as the Navier-Stokes equations or the Darcy-Forchheimer-Brinkman
equations (0.0.5). We mention the contribution of Alliot and Amrouche [I1], who have studied
regularity properties of the weak solutions of the steady-state Navier-Stokes system in exterior do-
mains of R? and, in particular, have obtained a decomposition result for the pressure and certain
sufficient conditions for the velocity to vanish at infinity. Russo and Tartaglione [128] have studied
the Robin problem for the Oseen and Navier-Stokes systems in an C'-class, exterior domain of R3.
They have used a layer potential approach in order to show the existence of a solution for the Robin
problem for the Oseen system and for existence result for the Robin problem for the Navier-Stokes
system, they have employed a fixed point method. Amrouche and Nguyen [I4] have investigated
the exterior, homogeneous, Dirichlet problem for the Navier-Stokes system in an exterior Lipschitz
domain in R3, in the setting of weighted Sobolev spaces. Russo and Tartaglione [129] have used
a variational approach and fixed point theorems to obtain existence results for the Navier prob-
lem for the Navier-Stokes system in bounded Lipschitz domains and exterior Lipschitz domains in
R3. Kohr, Lanza de Cristoforis and Wendland [74] obtained an existence and uniqueness result for
the Dirichlet problem for the semilinear Darcy-Forchheimer-Brinkman system in the case of small
boundary data.

Researchers have also devoted themselves to the investigation of boundary problems in the
setting of manifolds. We highlight some works in the later. Let us begin by noting that Mitrea,
Mitrea, Mitrea and Taylor [107] have treated boundary problems for the Hodge-Laplacian in the
setting of Riemannian manifolds. In their analysis, the authors employ potential theory techniques.
Also, Dindos and Mitrea [39] employed the method of boundary integral equations to obtain the
well-posedness of the Poisson problem for the Stokes system in Lipschitz domains in the setting
of smooth, compact Riemannian manifolds. In [82], Kohr, Pintea and Wendland have used a
layer potential approach in order to investigate a certain type of general pseudodifferential matrix
operators defined on Lipschitz domains in compact Riemannian manifolds. They apply their findings
to Dirichlet-transmission problems for general Brinkman operators. The authors have proposed a
useful approach, by which, well-posedness results of certain boundary value problems can be derived



PREFACE 9

by using well-posedness results for transmission-type problems. Kohr, Mikhailov and Wendland
[76] have investigated transmission-type boundary value problems for the Navier-Stokes and Darcy-
Forchheimer-Brinkman systems in complementary Lipschitz domains in a compact Riemannian
manifold of dimension m, m = 2,3. Their approach is based on layer potential techniques combined
with fixed point arguments.

Let us point out some papers that deal with transmission-type problems. Mitrea and Taylor
[T12] have developed layer potential methods for partial differential equations on Lipschitz domains
in smooth, connected and compact Riemannian manifolds of dimension m > 3. The authors use
these techniques in order to solve Dirichlet and Neumann boundary value problems for the Laplace-
Beltrami operator whose boundary data belong to Besov spaces. Mitrea and Taylor [113] have
provided well-posedness results for the Dirichlet problem for the Stokes system and for the initial
boundary value problem for the Navier-Stokes system with Dirichlet boundary condition. They
have obtained these results in Lipschitz domains of compact Riemannian manifolds. Kohr, Lanza
de Cristoforis and Wendland [73] have investigated the existence of a solution for the nonlinear
Neumann-transmission problem for the Stokes and Brinkman systems in Lipschitz domains in Eu-
clidean setting. They have used a layer potential approach and the Leray-Schauder degree theory
in order to achieve this. Fericean and Wendland [51] have established a well-posedness result for a
Dirichlet-transmission problem for the Stokes and Brinkman systems in Lipschitz domains in R",
n > 3. This result was obtain by employing the methods of layer potential theory.

Fericean, Grosan, Kohr and Wendland [50] used a layer potential technique to prove an existence
result for an interface problem of Robin-transmission type for the Stokes and Brinkman systems
in Lipschitz domains of R™. An application which involves the exterior three-dimensional Stokes
flow is also considered. Medkova [97] has employed the method of integral equations in order to
provide well-posedness results of transmission problems, Robin-transmission problem and Dirichlet-
transmission problem for the Brinkman system in the setting of complementary Lipschitz domains
in R”, n > 3. The author in [98] has used the method of integral equations to find well-posedness
results for transmission problems associated to the Stokes equations in complementary domains
of R? with Lipschitz boundaries. Kohr, Lanza de Cristoforis, Mikhailov and Wendland [71] have
obtained well-posedness results for a transmission problem for the Darcy-Forchheimer-Brinkman
and Stokes system in complementary Lipschitz domains in R®. Their approach proposes a layer
potential technique combined with a fixed point theorem. Kohr, Lanza and Wendland [75] have
investigated a Robin-transmission problem for the Darcy-Forchheimer-Brinkman and Navier-Stokes
systems in two adjacent and bounded Lipschitz domains in R™, n = 2,3. They have formulated
both linear and non-linear transmission and boundary conditions for this problem. Their analysis
employs layer potential techniques and fixed point arguments. The authors in [75] have studied
a Robin-transmission boundary value problem for the Darcy-Forchheimer-Brinkman and Navier-
Stokes systems in two adjacent Lipschitz domains in R™, n = 2, 3, with linear transmission and linear
Robin boundary conditions. In addition, they have also investigated this particular transmission
problem, in the case of nonlinear Robin and transmission boundary conditions.

Let us also mention important works that concern the investigation of variable-coefficient PDE
systems and boundary value problems for such systems. Duffy [43] has provided a model for an
anisotropic incompressible viscous fluid. In this case, the equations of state of such a fluid involve an
anisotropic physical constant tensor. Mikhailov [I00] has reduced mixed boundary value problems
for a second-order quasi-linear elliptic PDE with variable coefficients to direct or two-operator direct
quasi-linear localized boundary-domain integro-differential equations (BDIEs). Mitrea, Mitrea and
Shi [108] have investigated variable coefficient transmission boundary value problems in the setting
of bounded Lipschitz domains defined on non-smooth manifolds of dimension n > 2. Mazzucato



10 PREFACE

and Nistor [93] have established a regularity result for the anisotropic linear elasticity equation
with mixed boundary condition on a curved polyhedral domain in R3, which is allowed to have
cracks. This result has been obtained in weighted Sobolev spaces. The paper [25] is concerned
with the analysis of direct segregated BDIEs for the Dirichlet, Neumann and mixed boundary value
problems of a Laplace-like PDE with variable coefficient, in domains with cracks, in R3. They
have shown that these boundary domain integral equations are equivalent to the original crack
type boundary value problems. Mikhailov [102] has studied second order elliptic PDE systems
with non-smooth coefficients on interior or exterior Lipschitz domains with compact boundaries in
Euclidean setting and showed that the canonical conormal derivatives and the classical conormal
derivatives for such systems coincide. Chkadua, Mikhailov and Natroshvili [26] have shown that
the Dirichlet, Neumann and Robin boundary value problem for scalar second order divergence-
form elliptic PDEs with variable matrix coefficients are equivalent to some systems of localized
boundary-domain singular integral equations in R3.

Barton and Mayboroda [22] have treated boundary problems and layer potentials for a
divergence-form elliptic operator. This operator has bounded measurable ¢-independent coeffi-
cients which belong to spaces of fractional smoothness. They also obtain existence and uniqueness
results for non-homogeneous boundary value problems for this operator. Barton [21] has used the
Babuska-Lax-Milgram theorem in order to introduce layer potential for elliptic differential opera-
tors, while generalizing Green’s formula, jump relations and other properties. Choi and Lee [29]
have constructed the Green function for the (bounded) measurable-coefficient stationary Stokes
system in a bounded Lipschitz domain in R", n > 3. They have considered this construction under
the hypothesis that the weak solutions of this particular Stokes system are Holder continuous in-
side the bounded Lipschitz domain. Choi and Yang [31] have studied the fundamental solution of
the measurable-coefficient stationary Stokes system in R™, n > 3. Choi, Dong and Kim [28] have
investigated the conormal derivative problem for the stationary Stokes equations with irregular coef-
ficients in Sobolev spaces defined on Reifenberg flat domains. These irregular coefficients have been
considered measurable in one direction and have SMO in the other directions. Choi, Dong and Kim
[30] have constructed Green functions for stationary, measurable-coefficient, Stokes systems with
conormal derivative boundary condition on bounded domains of R™, n > 3. They have provided
existence, uniqueness, estimates for the Green function in the case that the weak solutions of the
Stokes system are continuous inside the domain. Dong and Kim [41] have studied the stationary
Stokes system with variable coefficients, which are measurable in one direction, in a Reifenberg
flat domain. In addition, they establish well-posedness results in standard Sobolev spaces and in
Muckenhoupt type weighted Sobolev spaces as well. Dong and Kim [40] have investigated solutions
of the stationary Stokes system with variable coefficients in bounded Lipschitz domains. They have
considered the coefficients of the strongly elliptic operator to be measurable in one direction. In
the studies [41] and [40], Dong and Kim note that a variable coefficient Stokes system can be used
to model inhomogeneous fluids with density dependent viscosity.

Mikhailov [I03] has investigated segregated direct boundary-domain integral equations which
are associated to boundary value problems for divergence-type PDE with variable coefficient in
the setting of domains in R™, n > 3, with Lipschitz boundaries. The author has investigated
the equivalence of boundary-domain integral equations to the original boundary value problems,
solvability, uniqueness, invertibility of boundary-domain integral equations operators in Sobolev
(Bessel potential) spaces. Kohr and Wendland [86] have obtained, in the setting of Lipschitz domains
on compact Riemannian manifolds, well-posedness results for the Dirichlet boundary value problems
for the L*°-variable coefficients Stokes and Navier-Stokes PDE systems. In order to obtain these
results, the authors have employed a variational approach. Using the tools illustrated in this work,
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they were able to define layer potential operators for the non-smooth Stokes system on Lipschitz
surfaces in compact Riemannian manifolds and provide mapping properties for these operators.
Furthermore, they have obtained an existence result for the Dirichlet problem for non-smooth
variable coefficient Navier-Stokes system by combining the results in the linear case with a fixed
point argument.

Mikhailov and Portillo [104] have analyzed a boundary value problem of mixed type for the
stationary, compressible, Stokes equation with variable viscosity, in an exterior domain of R3. The
authors have obtained two BDIEs systems which they show that are equivalent to the consid-
ered boundary value problem. Kohr, Mikhailov and Wendland [7§] have investigated transmission
problems for the anisotropic Stokes and Navier-Stokes systems with L strongly elliptic coefficient
tensor in the setting of complementary Lipschitz domains in R™, n > 3. The well-posedness of
transmission-type problems that involve the anisotropic Stokes system was extracted by a varia-
tional method, and, as a consequence, the author have introduced volume and layer potentials for
the anisotropic Stokes system with L* strongly elliptic coefficient tensor and mapping properties
for these operators were also established. These aforementioned potentials were used to establish
the well-posedness of certain linear transmission problems. The well-posedness results in the linear
case, together with a fixed point argument, have led the authors to obtain well-posedness results in
the non-linear case as well. Kohr, Mikhailov and Wendland [79] have studied the anisotropic Stokes
system with L viscosity tensor coefficient which fulfills an ellipticity condition for symmetric ma-
trices such that their trace is equal to zero. They have provided a layer potential theory for this PDE
system, in L?-based weighted Sobolev spaces on Lipschitz domains in R™, n > 3. Their approach
is rooted in the investigation of particular transmission problems for the anisotropic Stokes system.
After introducing the layer potentials and the volume potential, they employ these potentials to
analyze Dirichlet and Neumann boundary value problems for the anisotropic Stokes system.

Kohr, Mikhailov and Wendland [77] have investigated the anisotropic Stokes system with L>
viscosity tensor coefficient which satisfies an ellipticity condition in terms of symmetric matrices
with zero matrix trace. For such a system, they have obtained well-posedness results for Dirichlet
and transmission problems in Lipschitz domains in R", n > 3, with data belonging to standard and
weighted Sobolev spaces. Moreover, the authors also treat Dirichlet and transmission problems for
the anisotropic Navier-Stokes system in bounded Lipschitz domains in R®. The main tools, that
were employed in the investigation, are mixed variational formulations and the Leray-Schauder
theorem. Kohr and Precup [84] have provided a theoretical analysis for coupled systems of Navier-
Stokes type with non-homogeneous reaction-type terms. They have used variational, fixed point and
matrix theory methods to obtain existence results. Their approach is inspired by the works of Nield
and Kuznetsov (see [116], [I17]). Kohr and Precup [85] have used a variational approach and fixed
point index theory in order to analyze a Dirichlet boundary value problem for a general coupled
systems of stationary Navier-Stokes type equations with variable coefficients and non-homogeneous
reaction type terms in a bounded domain of R"*, n < 3.

Similar notions and techniques that are employed in this book can are used in other fields as
well. For example, Baias, Popa and Rasa [I8] have studied the Ulam stability for a linear difference
equation, which contains a bounded and linear operator, in the setting of Banach spaces. Moreover,
for a finite dimensional Banach space and the presence of a Fredholm operator in their considered
equation, their study yielded stability results. Moreover, the authors in [119] are concerned with
establishing a stability result for a nonconstant coefficient linear differential operator. Cimpean
and Popa [32] have investigated the Hyers-Ulam stability of a linear differential equation of higher
order with constant coefficients in Aoki-Rassias sense. Precup [124] has studied a class of semilinear
elliptic variational systems and has obtained localization and existence results of positive nontrivial
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solutions by making use of critical point theorems and the technique of inverse-positive matrices. Let
us also mention that Precup [123] has provided techniques of nonlinear analysis which are used in
the investigation of nonlinear integral equations, for example, fixed point theorems. Marinoschi [92]
has studied nonlinear boundary problems which model water flow in porous media (for example, the
interaction of rainfall water with the soil). The authors in [23] investigate a optimization problem
that models a diffusive flow in a non-homogeneous porous medium. In addition, Marinoschi [91]
has studied a time control problem for the linearized Navier-Stokes periodic flow in a channel in
two dimensions. We also remark the contributions of Barbu and Marinoschi [19], [20] related to an
optimal control method to some optical flow problems.

Note that boundary value problems can be investigated also from a numerical point of view.
This has lead to the development of diverse numerical methods (finite differences, finite volumes,
finite element) whose purpose is to find numerical solutions for various boundary value problems
(see also [126]). In the latter we discuss studies that are concerned with the numerical treatment
of these problems. Ghia, Ghia and Shin [55] have used the vorticity-stream function formulation
for the incompressible Navier-Stokes equations in dimension n = 2. The model problem that they
have employed is the driven flow in a square cavity. Vafai [I39] has analyzed the effects that
occur in the case of variable porosity and inertial forces on convective flow and heat transfer in
porous media. AlAmiri [3] has investigated numerically a lid-driven flow in a stable, thermally-
stratified, two-dimensional square cavity, which contains a water-saturated porous media. Guo and
Zhao [60] have proposed a lattice Boltzmann model for an isothermal incompressible flow in porous
media and they have included the porosity into the equilibrium distribution and a force term to
the evolution equation (to account for the drag forces of the medium), i.e., the Darcy term and
the Forchheimer term. Gupta and Kalita [61] have discussed a new paradigm that can be used to
solve the Navier-Stokes equations, which is based on a streamfunction-velocity formulation. Their
proposed approach avoids the difficulties that can appear in the computation of vorticity values
and the difficulties that appear in the endeavor of solving the pressure equations of the classical
velocity-pressure formulation for the Navier-Stokes equations. Erturk, Corke and Gokeol [45] have
used the stream function and vorticity formulation for the Navier-Stokes in order to numerically
investigate the 2-D steady incompressible driven cavity flow. He and Wang [66] have used Navier
slip boundary condition in order to study the driven cavity flow. Their results illustrate that the
Navier slip boundary condition removes the corner singularity that appears in the case of no-slip
boundary condition.

Erturk [44] has provided a brief survey on the studies which concern the driven cavity flow in two
dimensions, where physical, mathematical and numerical properties are examined. Yang, Xue and
Mabhias [144] have concerned themselves with the investigation of the lid-driven rectangular cavity
containing a porous Brinkman-Forchheimer medium. AlAmiri [4] has investigated an incompress-
ible, laminar mixed-convection heat transfer in square lid-driven cavity in the presence of a porous
block. In this analysis, the Navier-Stokes equations appear in order to represent the transport
phenomena. The author has provided comparisons of streamlines, isotherms and other character-
istics. Gutt and Grogan [62] have studied the flow of an incompressible viscous fluid through a
porous medium in a square cavity of dimension n = 2. They analyze this problem theoretically
and numerically, as well. Grosan, Sheremet, Pop and Pop [59] have investigated, numerically, the
thermophoretic transport of small particles by convection in a differentially heated square cavity
which has a wavy wall. They solve numerically the governing partial differential equations and high-
light the effect of thermophoresis, while observing the influence of the number of undulations on
heat transfer and fluid flow. Bondarenko, Sheremet, Ozotop and Abu-Hamdeh [24] have analyzed
mixed convection in alumina or water nanoliquid cavity with two porous blocks which are adherent
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and have different permeability and porosity. Grogan, Patrulescu and Pop [58] have proposed a

mathematical model which contains the Brinkman PDE system in order to discuss the steady free

convection in a square differentially heated cavity which is filled by a bidisperse porous medium.
The monograph consists of four chapters.

e Chapter 1 contains an overview of the notions that are used. In Section [1.1| we define
the concept of a Lipschitz domain, we discuss some useful notations. Moreover, we provide
two assumptions (see Assumption and Assumption [1.1.7, respectively) which describe
the geometric setting in which we investigate our boundary problems. These problems are
analyzed in the following chapters. In Section [1.1}, we introduce the function spaces that are
necessary for our analysis. In this section, we introduce Sobolev spaces in Lipschitz domains
in the Euclidean setting. We provide their definition, their norms and also the Sobolev
Embedding Theorem (see Theorem . Next, we describe Sobolev spaces on Lipschitz
boundaries in the Euclidean setting. Next, we discuss weighted Sobolev spaces in R? as
presented in the work of Hanouzet [65]. This subsection which concerns weighted Sobolev
spaces contains also a definition which specifies how a function tends to a constant at infinity
in the sense of Leray (see Definition and a useful corollary (see Corollary . We
end this section by discussing the (Gagliardo) trace operator in the case of classical Sobolev
spaces and also in the case of weighted Sobolev spaces (see Lemma and Remark.
In Section [1.2] we describe the Stokes operator and the Brinkman operator. For each of these
operators, we give their corresponding conormal derivative operators (see Definition ,
Lemma m Definition Lemma @ We also introduce a generalized version of the
Brinkman system (see Subsection @ . In this subsection we investigate this operator and
provide its associated conormal derivate operator (see Definition and Lemma .
Section [1.3] is concerned with the introduction of fundamental solution of the Stokes system
(see Relation (1.3.1)) and its associated stress and pressure tensors (see Relation (|1.3.4))).
Further on, in this section we give the Newtonian potentials and layer potentials for the
Stokes system (see Definition Definition and Definition [I.3.5). We also provide
their mapping properties (see Theorem m Theorem , Theorem [1.3.20]), their jump
properties (see Lemma and their growth condition (see Relation (1.3.26])). In a similar
manner, in Sectionwe give the fundamental solution of the Brinkman system (see Relation
(1.4.2))) and its associated stress and pressure tensors (see Relation ((1.4.4])). Next, we provide
the Newtonian potentials and layer potentials for the Brinkman system (see Definition ,
Definition m Definition . For each of these operators we provide mapping properties
(see Theorem m, Theorem m, Theorem . We end this section with by giving the
jump properties (see Lemma and growth properties (see Relation ([1.4.28)).

e Chapter 2 is concerned with existence and uniqueness results of transmission type problems
for linear PDE systems. We begin this chapter by providing a well-posedness result for the
Dirichlet-type problem for the Brinkman system in an exterior Lipschitz domain in R3 (see
Theorem [2.1.2). This result is achieved by employing layer potential methods. Next, an exis-
tence and uniqueness result is given for the transmission problem for the generalized Brinkman
equations and Stokes equations in R? (see Theorem and Theorem [2.2.3). This result is
obtained by using the well-posedness result for the transmission problem for the Stokes system
in complementary Lipschitz domains in R? (see Theorem and Theorem together
with certain Fredholm operator theory techniques. We continue by providing a well-posedness
result for the transmission problem for the classical and generalized Brinkman equations in
R3 (see Theorem . This result is obtained by using the existence and uniqueness result
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for the transmission problem for the Stokes and Brinkman systems in complementary Lips-
chitz domains in R? (see Theorem and Fredholm operator theory methods. In the last
section of this chapter, we have the well-posedness result for a Robin-transmission problem
for the Brinkman equations in R", n > 2 (see Theorem . This result holds true after
undertaking a layer potential analysis. In addition, by using a similar procedure as in the
case of Theorem [2.4.1] we provide an existence and uniqueness result for a limiting Robin-
transmission problem for the Brinkman equations in R, n > 2 (see Theorem . As a
consequence of Theorem [2.4.2] we are able to derive an existence and uniqueness result for
the Robin-Dirichlet problem for the Brinkman system (see Corollary . The content of
this chapter is based on the papers [7], [§], [9].

e In Chapter 3 we discuss a generalization of the Darcy-Forchheimer-Brinkman equations
(see Relation (3.1.1)). Also, we have provided a useful lemma (see Lemma [3.1.3). Then,
we give an existence and uniqueness result for the transmission problem for the generalized
Darcy-Forchheimer-Brinkman and Stokes equations in R? (see Theorem . This result
is obtained by employing the well-posedness result which was obtained in the linear case
(see Theorem of Chapter [2) with a fixed point method. Next, we present an existence
and uniqueness result for the transmission problem for the generalized Darcy-Forchheimer-
Brinkman and Brinkman equations in R? (see Theorem . In order to obtain this result,
we use the existence and uniqueness result established in the linear case (see Theorem of
Chapter [2)) together with a fixed point technique. We also have an existence and uniqueness
result for the Robin-transmission problem for the Darcy-Forchheimer-Brinkman equations in
R™ n = 2,3 (see Theorem . This is possible due to the application of the well-posedness
result which was obtained in the linear case (see Theorem of Chapter |2)) together with a
fixed point theorem. Similar arguments are employed in order to get a well-posedness result for
a limiting Robin-transmission problem Darcy-Forchheimer-Brinkman equations in R", n = 2,3
(see Theorem. Finally, due to Theorem , we are able to obtain an existence result for
the Robin-Dirichlet problem for the Darcy-Forchheimer-Brinkman equations in R", n = 2,3
(see Corollary [3.4.3)). The content of this chapter is based on the papers [5], [6], [9].

e Lastly, the goal of Chapter 4 is to give a numerical analysis in order to determine a numer-
ical solution for the Robin-Dirichlet boundary problem for the Darcy-Forchheimer-Brinkman
equations. This numerical study concerns the lid-driven porous cavity problem with Navier
slip boundary condition in the presence of a solid body. The geometric setting of this problem
can be seen in Figure [1.1 In order to solve this problem, first we write our mathematical
model (see Relation (4.1.1))), we conduct a non-dimensional analysis (see Relation (4.1.5)). To
get a numerical solution, we use a numerical software, namely COMSOL Multiphysics. Then,
we determine the optimal grid for our analysis (see Table and we validate our model
via comparison with existent results (see Figure . Finally, we investigate the impact of
dimensionless slip length (see Subsection [£.1.4). The content of this chapter is based on the

paper [9].

The monograph ends with a section dedicated to further research directions, a section dedicated
to conclusions and an appendix consisting of two sections. One is devoted to Agmon-Douglis-
Nirenberg-elliptic systems in Euclidean setting and another one to the main properties of Fredholm
operators.

Finally, T would like to express my sincerest and deepest gratitude to Prof. Mirela Kohr. I
would like to thank her for her continued guidance, constant encouragement throughout these years
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and I deeply appreciate her unshakable belief in me. Without her endless patience and loving care
this monograph wouldn’t have been possible. I am grateful that she introduced me to this domain
and for the act of sharing with me her experience and expertise.

Moreover, I am grateful to Prof. Gabriela Kohr. I had the honor of attending her lectures
and I had the unique opportunity to assist her as a seminar teacher in her didactic activities in
Complex Analysis during my studies. Due to her and Prof. Mirela Kohr, I was able to learn the
most important principles in order to be a true teacher and I have learned from both of them what
it takes to be a true researcher. Prof. Gabriela Kohr is deeply missed.

Next, I would like to offer sincere thanks to Prof. Radu Precup, Prof. Teodor Grosan and
Assoc. Prof. Cornel Pintea for their useful insights they have imparted with me throughout
my studies.

I would like to express my gratitude to Prof. Massimo Lanza de Cristoforis for the opportu-
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Layer Potential Methods for the Stokes and
Brinkman systems in Lipschitz domains

This chapter establishes the functional setting in which we will analyze our boundary values
problems for the Stokes, Brinkman, Navier-Stokes and Darcy-Forchheimer-Brinkman equations. To
this end, we recall definitions, notations and properties that we will use throughout this work.

Hence, we will introduce the concepts of a bounded Lipschitz domain and an unbounded (or
exterior) Lipschitz domain in (the Euclidean setting of) R™, where n > 2. We will also place
an emphasis on the case n = 3 in whose setting, we have obtained many of our well-posedness
results. Next, we will recall the definitions of the Sobolev spaces in the Euclidean setting and their
properties, which are most relevant to our study. In addition, we will also discuss the Gagliardo
Trace Lemma which allows us to define the trace operator in the setting of Sobolev spaces. This
previous operator is involved in the boundary conditions of the boundary value problems that we
study.

Further, we will study the Stokes and Brinkman systems. In the case of these two systems, we
will discuss their associated conormal derivative operators. These operators, again, will appear in
the boundary conditions of the boundary value problems that we treat in the latter.

One important aspect that we wish to point out is that, in this chapter, we deal with a generalized
version of the Brinkman system. Our original results involve these particular systems of PDEs.

Finally, we conclude this chapter with two very important sections. These sections contain the
layer potential operators associated to the Stokes and Brinkman equations, respectively. These
operators are used in the proof of our well-posedness results, due to the fact that with their help,
we are able to construct solutions for our boundary value problems. The sources that were used in
the preparation of this chapter are [1], [2], [63], [68], [70], [05], [122], [136], [138], [143].

1.1 Functional Setting

This section is dedicated to the description of the main notions that are used all through this
work. First of all, we define the concept of Lipschitz domain and we describe important notations
that we use throughout this work. Also, we describe the geometry of the Lipschitz domains that are
involved in the boundary problems that we will study in the latter. Next, we provide an overview
of Sobolev spaces in R", on Lipschitz domains and Lipschitz boundaries. Some properties of these
Sobolev spaces are also given. Moreover, we recall the concept of a weighted Sobolev space in the
exterior of a bounded Lipschitz domain in R?. We end this section with the useful Gagliardo trace
lemma.

16



Chapter 1. Layer Potential Methods

1.1.1 Lipschitz domains

We will review the definition of a bounded Lipschitz domain and introduce the spaces in which
we seek our solutions for our boundary value problems. Also, we will discuss the systems that are
encountered in our study, and describe the operators that appear in our boundary conditions. Let
us provide in the latter the definition of the concept of a Lipschitz domain (cf., e.g., [I09, Def. 2.1],
see also, [64, Def. 2.1]).

Definition 1.1.1. Let D C R", n > 2 be a nonempty, open and bounded set. Denote by I' the
boundary of the set D. We say that D is a bounded Lipschitz domain if for any x € T, there are
some constants r1,r9 > 0, a coordinate system (yi, ..., yn) = (', yn) € R"1 x R that is isometric to
the canonical one and has its origin at x, and a Lipschitz function ¢ : R"™' — R, such that

DNC(ri,me) ={y =%, y,) ER" T xR: || <7y and (y) < yn < 72},

where
Clri,re) :={y = (v, yn) ER" ' X R: ¢/ <71, |yn|] <72} CR™

Next, we state some useful remarks.
Remark 1.1.2. In this work, we will use the repeated index summation convention.
Remark 1.1.3. In this work, we use the notation a.e. instead of almost everywhere.
Remark 1.1.4. If X denotes a Banach space, its topological dual is denoted by X'.

Remark 1.1.5. IfY is an open subset of R™, n > 2, then we denote the duality pairing between
two dual spaces defined on'Y by (-,-)y.

In the latter, we will state some assumptions that allow us to represent the geometry of the
Lipschitz domains, the setting where our problems will be formulated.

Assumption 1.1.6. Let Dy := D C R", n > 2, be a bounded Lipschitz domain with connected
boundary I'. Denote by D_ := R"™ \ D the complementary (exterior) Lipschitz domain (see Figure

.

Assumption 1.1.7. Let D C R", n > 2, be a bounded Lipschitz domain with connected boundary
I'_. Assume that Dy is a bounded Lipschitz domain, with connected boundary denoted by Iy, such
that Dy C D and let D_ := D \ D,. Hence, the boundary of D_ has two connected components,

namely, T'y and I'_ (see Figure|[1.9).

D

Figure 1.1: The complementary Lipschitz domains D, and D_ in R™.

17



Chapter 1. Layer Potential Methods

r_

Figure 1.2: A bounded Lipschitz domain D = D, U D_ which satisfies Assumption

1.1.2 On Sobolev spaces in Lipschitz domains

The purpose of this section is to provide an overview of Sobolev spaces in an Euclidean setting
in R™. These spaces are used in the investigation of (weak) solutions of certain PDEs, for which no
classical solution can be found. We will use these spaces in the latter.

In the latter, Z, denotes the set of non-negative integers and the vector a = (o, ..., ) € Z7}
is called a multi-index. Let us set |a| = )" | a;. We introduce the differential operator

o
peo_ 9" (1.1.1)

0r1...01, "
Moreover, we also introduce the differential operator

19

Dy = -2
b i Oxk’

i2 = —1. (1.1.2)

Now, we denote by D C R", n > 2, either a bounded Lipschitz domain or an exterior Lipschitz
domain or R™. In the case of a bounded Lipschitz domain or an exterior Lipschitz domain D, we
denote the boundary of such domains by I'.

Note that space C(D) is the space of continuous functions on D and it is endowed with the
sup-norm.

For a function g : D — R, we define the support of g by

supp g :={z € D | g(x) # 0}. (1.1.3)

We denote by C*°(D) the space of infinitely differentiable functions defined on D. We also denote
by C5°(D) the space of infinitely differentiable functions, that vanish in some neighborhood of T'.
Let us note that if ¢ € C§°(D) then g|r = 0. Also, if g € C3°(D) then the set is compact in
D. We also introduce the vector function spaces C*°(D)"™ and C§°(D)™ by

C*MD)":={u:D - R" |u= (uy,...,u,),u; € C*(D) 1,n
in

! b (1.1.4)
Co’(D)" :={u:D—=R" | u=(ur,....,un),u; € Cg°(D),i = 1,n}.

For p € [1,00), the Lebesgue space LP(D) of (equivalence classes of) measurable functions, p-th
power, absolute value Lebesgue integrable on D is given by

Hmy:%uD%R‘AW@WM<m} (1.1.5)
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Chapter 1. Layer Potential Methods

lullzro) = ( / ru<x>|pdx);, (1.16)

for 1 < p < oo. Also, we define the space of vector functions LP(D)" by

and its norm is given by

LPD)" :={u:D = R" | u= (uy,...,un), u; € LP(D),i = 1,n}. (1.1.7)

Note that the space L>(D) is the space of (equivalence classes of) essentially bounded functions
on D. Its norm is given by

[ull < o) = esssup, eplu(z)]. (1.18)
The quantity in the right hand side of relation ((1.1.8]) is called the essential supremum of u. It is

the smallest number € such that the set {x € D | u(z) > €} has Lebesgue measure equal to zero. In
addition, we define the space L>(D)"™ by

L¥MD)" :={u:D = R" | u= (uy,....,up),u; € L°(D),i=1,n}. (1.1.9)
In the latter, we will also use the space
L*D)™":={U:D = R"xR" | U = (u;;),w; € L*(D), 4,5 = 1,n} (1.1.10)

Note that, for p € (1,00), the topological dual of the space LP(D) is the space L(D), where
+ % = 1. In addition the dual of the space L'(D) is the space L>(D). Let us note that, for
< p < oo, the space L?(D) is a Banach space. In addition, L?(D) is a Hilbert space.

In the latter, let us view the space C5°(D) as a topological vector space. Then, let us introduce
the spaces D(D) and D'(D).

1
p
1

Definition 1.1.8. The Schwarz space of test functions D(D) is the space C§°(D) endowed with the
inductive limit topology.

Note that, the space D(D)™ can be defined in a similar way, namely,
DMD)":={yp:D = R" | p = (Y1,...,%n),%; € D(D),i =1,n}. (1.1.11)

Definition 1.1.9. The space of distributions D'(D) is the space of all linear and continuous func-
tionals on D(D).

The space of vector functions D’(D)™ is given by
D'(D)" :={¥:D—=R"|¥=(V,..,¥,),¥ cD(D),i=1n} (1.1.12)

Next, we describe the notion of a Sobolev space. Note that, henceforth, we use L2-based Sobolev
spaces that are defined on D. Consequently, we introduce the integer order L?-based Sobolev spaces
as follows.

Definition 1.1.10. Assume that k € Z. Then, the Sobolev space H*(D) is defined by
H*(D) :={u € L*(D) | D*u € L*(D),V a € Z, |a| < k}, (1.1.13)

and its norm 1s given by

D=

ull ey = | D 1D%ullF2py | - (1.1.14)

| <k
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Chapter 1. Layer Potential Methods

We also introduce the Sobolev space H*(D)" by

H*D)" :={u:D = R" | u=(uy,...,up),u; € H*(D),i = 1,n}. (1.1.15)
Let us also introduce the space HY(D) = H*(D) as the closure of D(D) in Hk(D) with respect
to the norm || - [|zxp). Similarly, we can introduce the space H§(D)" = H"(D)". Moreover,

HE(R™) = H*(R") and H*(R™)" = H*(R")".
The spaces H*(D) and H*(D) are Hilbert spaces. Also, let us mention that the Hilbert space
H*(D) is endowed with the inner product

(V) ey = Y (D*u, D*v )LQ(D) (1.1.16)
loe| >k
The following definitions allow us to introduce the fractional order L?-based Sobolev spaces.

Definition 1.1.11. Assume that 0 < s < 1. The fractional order Sobolev space H*(D) is defined
by

H*(D) := {u e L*(D ’ / |x ~ |n+22|2dxdy < oo} (1.1.17)

and its norm is given by

2(D) </ e 2d:c+/ Dlul(x)_ |n(+22|2d dy)é. (1.1.18)

Definition 1.1.12. Assume that 0 < s < 1 and k € Zy. Let 0 = k+ s. The fractional order
Sobolev space H?(D) is defined by

H°(D) := {u € H*(D) | D*u € H*(D),Ya € Z", 0 < |a| < k} (1.1.19)

[Jul

and its norm is given by

N

el o) == | D D ullfremy | - (1.1.20)

o] <k

By taking into account Definition and Definition [1.1.12] one can introduce the spaces
of vector-valued functions H*(D)" and H?(D)" component-wise. Moreover, the fractional order
Sobolev space H?(D) is a Hilbert space.

Let us discuss the negative order L?-based Sobolev spaces. Let k € Z,. In order to introduce
these Sobolev spaces, let us note that the space HY(D) is the closure of C§°(D) in the space H*(D).
In addition,

HE(R™) = H*(R"). (1.1.21)

Similarly, we can define the space of vector functions H(D)" component-wise and relation (1.1.21))
can be written also for the vector-valued space HEY(R™)".
Let us now define the negative order L2-Sobolev spaces.

Definition 1.1.13. Assume that k € Z,. Then, the negative order Sobolev space H~*(D) is the
dual of the space HY(D), i.e.,
H7*D) := (H}(D)Y, (1.1.22)

and its norm is given by

[|h|g-+@) == sup Nyl (1.1.23)

ue HE (D), uz0 ||| |H(’)“(D)
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Let us note that the vector-valued space H *(D)" is defined component-wise. Moreover, we
have that H=*(D)" = (H}(D)")". In addition, we have that the density of C5°(D) in HY(D) implies
the inclusion H*(D) C D'(D). Note that the space H~*(D) is a Hilbert space.

Since C5°(D) is not dense in the space H*(D), for k € Z, , the dual of H*(D) cannot be embedded
as a subspace of the space of distributions D’'(D).

Definition 1.1.14. Assume that s € R. Assume that D is a Lipschitz domain in R™. The space
H?*(D) is defined as the closure of D(D) in H*(R").

Moreover, the vector-valued space H*(D)" is given by
D) :={u:D = R" |u=(uy,..,u,),u; € H*(D),i = 1,n}. (1.1.24)
The space H*(D) can be characterized as
H*(D) = {u € H*(R™) | supp u C D}. (1.1.25)
In addition, H*(R") = H*(R").
We have the following duality relations
(Hy(D))' = H™*(D), (H*(D))' = H*(D), (1.1.26)

for k € Z,. Let us mention that the duality relations in (|1.1.26)) hold also in the case of the vector
function Sobolev spaces.
Next, we provide the Sobolev embedding theorem (see, e.g., [1, Theorem 4.12], [2]).

Theorem 1.1.15. Assume that k € Z,. Let D C R"™ be a bounded Lipschitz domain. We have that
(i) the embedding H*(D) — C(D) is continuous if k > 2.
(i) the embedding H*(D) < L%(D) is continuous and compact, for all g € [1,00), if k =%

(iii) the embedding H*(D) — L%(D) is continuous for % =1L fk<?

nJ

(iv) the embedding H*(D) — L"(D) is compact for 1 <r < q, % =1Lt k<2

TL’

Sobolev (Bessel potential) spaces on R".

In the latter, let us provide a different way of viewing Sobolev spaces. This can be done by
employing a powerful tool, namely the Fourier transform. To this end, we recall the Schwartz space
of rapidly decreasing functions,

S(R™) := {1 € C™(R") | sup |z*D’¢(z)| < oo,V multi-indices o, B € Z}, (1.1.27)
z€R™
and the space of tempered distributions S'(R") := (S(R"))’. In addition, let us introduce the
following vector-valued function spaces

SR :={¢Y :R*" = R" | ¢ = (¢1,...,10,),0; € S(R"),i = 1_}

SR ={¥T:R" - R" | ¥ = (¥y,..,0,), ¥, € S(R"),i = 1,n}. (1.1.28)

Let F: S(R") — S(R™) is the Fourier transform, defined on S(R™) by

(Fu)(¢) == (2;)3 /n e Py (r)dr, (1.1.29)
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for all u € S(R") and ¢ € R™.
The Fourier transform is an isomorphism and its inverse F~! : S(R") — S(R") is given by

1

FOe) = / e (1.1.30)

for all v € S(R™) and = € R".
We extend this isomorphism to the space S'(R™) by the following relation

(Fh,¢) := (h, Fib), (1.1.31)

for all h € S'(R™) and ¢ € S(R™), where (-, -) represents the duality pairing of two dual spaces.
Now, we use the Fourier transform to give an alternative introduction for the space H*(R") if
k € Z,. To this end, let us note that the norms

_ k
A | e gey and |[F7H(1+ | - [2)2FR]|| o gny (1.1.32)

are equivalent.
Consequently, for k € Z,, the L*-based (Bessel potential) Sobolev space H*(R") is given by

H*2(R™) = {h e SR | |F[(1 4 [¢1)2FR)|| gy < oo} . (1.1.33)

Based on relation ([1.1.33)), for s € R we introduce the L?-based (Bessel potential) Sobolev spaces
with real index by

H**R") :={h e S'(R") | F'[(1+|¢|*)2FR] € L*(R™)}, (1.1.34)
H**(D) :={u € D'(D) | 3U € H*(R") such that u = U|p}, o
where |p is the operator of restriction to D. In addition, the space H*2(D) as the closure of D(D)
in the space H**(R"™).
In addition, for s > 0, the negative index (Bessel potential) Sobolev spaces are introduced by
the following duality relations

A~2(D) := (H*(D)), H**(D) := (H**(D)). (1.1.35)

Now, let us consider s := k € Z,. Then, the space H*?(D) coincides with the integer order
Sobolev space H*(D) which is introduced in Definition . Hence, throughout this work, both
spaces will be denoted by H*(D).

Let us note that the vector-valued versions of the spaces H**(R"), H*2(D) and H**(D) will be
denoted by H*2(R™)", H>?(D)" and H*?(D)". These vector function spaces are defined component-
wise. We omit their full description for the sake of brevity. Finally, all L?-based (Bessel potential)
Sobolev spaces considered in the former are Hilbert spaces.

1.1.3 Sobolev spaces on Lipschitz boundaries

In our transmission problems, we are concerned with the behavior of our solutions on the
boundary of our domains. Since we are dealing with fields in Sobolev spaces, we have to generalize
the concept of restriction to the boundary (from the classical case). To this end, we employ the
Sobolev spaces on the boundary.

22



Chapter 1. Layer Potential Methods

In order to discuss these spaces, let us proceed by considering a bounded Lipschitz domain
D C R”, n > 2 and denote its boundary by I'. Let us consider (4;),_i;; a finite covering of I'. Let
(a;)i—1 be a partition of unity, that is, a family of functions a; € D(R"), a; : R* — [0,1], i =1, m
which have compact support supp (a;) C A;, satisfying

a;(x) =1,
i=1

for all z in an n-dimensional open neighborhood of I'. Since we deal with Lipschitz domains, the
tangent vector and the unit surface measure do, exist for a.a. y € I' N A;. We define the surface
integral of g on I' by

m

gdo, = / ga;do,. 1.1.36
Joo =3 [ gud, (1.1.30)

=1
Let us take into account the local representation of I' in order to determine that the integrals in
the right hand side of relation are reduced to integrals over a subset of R™. Consequently,
this definition is independent of the chosen partition of the unity and also independent of the local
coordinate representation of I'.
Let us now define the space L*(T") of (equivalence classes of) square-power integrable functions
on I as the completion of the space C°(T") with respect to the norm

9| z2(ry = (/F |g(y)|2da);.

Let s € (0,1). Define the boundary Sobolev space H*(I") as the completion of the space
Cy = {feC(D) | |fl

_ 2 3
o= {1+ [ O IO 00, )

Let us conclude this part by taking into account that, for s € (—1,0), we define the Sobolev spaces
of negative index by duality, that is, H*(I") = (H*(T"))’. As usual, we have H°(I') = L*(T"). The
vector-valued versions of the spaces introduced in the former are defined component-wise.

Hs(D) < OO},

with respect to the norm

I

1.1.4 Weighted Sobolev spaces

In this subsection, we will consider the setting provided by Assumption in the case n = 3.
We point out that, in this particular case, we work with an exterior (or complementary) Lipschitz
domain D_ in R3. This fact brings an issue to the forefront. Some of our considered transmission
problems contain the Stokes system in this complementary Lipschitz domain D_. Our purpose will
be that of taking into account the behavior at infinity of the solutions of our studied boundary
value problems. As such, the behavior of these solutions must be included in the spaces that will
be used in our analysis and this can be done in terms of weights. Hence, in the setting of R3, we
introduce the weighted Sobolev spaces, as in the work of Hanouzet (see [65]).

Let Assumption be satisfied for n = 3. Let us consider the weight function

p(x) = (1 + [x|)2, for x € R®.
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We introduce the weighted Lebesgue space
L*(p™D):={f:D- =R |p 'f € L*(D-)}
and with its help, we are able to define the weighted Sobolev space

HU(D_):={f € D(D) | p~f € L*(D_),Vf € L*(D_)*},

where the vector-function space L*(D_)? can be described component-wise (as in (1.1.7)). The

weighted Sobolev space H!(D_) is a Hilbert space with respect to the norm

1By = (Il IBso_y + IV o) (1.1.37)

Let us introduce also the space

H'(D_) as the closure of D(D_) in H'(R?).
We introduce the spaces
WD) = (WD), HD.) = (H'(D.)).

Let us remark that D(D_) is dense in the space H'(D_) and the space D(D_) is dense in H' (D_).
In view of the fact that the seminorm

19lni o) = IVl )

is equivalent to the norm ([1.1.37) and by the Sobolev inequality (see [I, Theorem 4.31]) we have
the embedding

HY(D_) — L%(D_).
Note that the vector-value weighted Sobolev spaces H'(D_)? and 7—~[_1(D_)3 are given by

H' (D) :={u:D_ =R |u= (uy,us,u3),u; € H'(D_),i = 1,3},

- - _ 1.1.38
H D) :={u:D_ =R |u= (u,us,u3),u; € H (D_),i =1,3}. ( )

Finally, let us describe the notion of a function that tends to a constant at infinity in the sense
of Leray and a particular result. These concepts will be used in the following chapters (see, e.g.,
[71], Definition 2.3 and Corollary 2.4] and the references therein).

Definition 1.1.16. A function u tends to a constant U, at 0o, in the sense of Leray if

lim lu(ry) — ux|do, =0,
r—00 S2

where 8% denotes the unit sphere in R3.

Corollary 1.1.17. Ifu € H'(D_), then u tends to zero at oo in the sense of Leray.
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1.1.5 The trace operator on Sobolev spaces

In this subsection, our aim is to introduce an operator which appears in the boundary conditions
of our transmission-type problems that are studied in this work.

The connection between the Sobolev spaces defined on Lipschitz domains and the Sobolev spaces
defined on Lipschitz boundaries is given by the following result known as the Gagliardo Trace Lemma
(see, e.g., [33], [52], [69, Proposition 3.3], [10I, Lemma 2.6]).

Lemma 1.1.18. (The Gagliardo Trace Lemma) Let Assumption be satisfied. Then, there
exist linear and bounded operators

Trp, : H'(Dy) — Hz(T), (1.1.39)
called the (Gagliardo) trace operators, such that
Trp,v = v, (1.1.40)

for all v € D(D+). Moreover, these operators are surjective and have (non-unique) linear and
bounded right inverse operators
1
Trp, : H2(I') — H'(Dy), (1.1.41)

that is Trp, o Trp; = L.
We end this subsection by pointing out some useful remarks.

Remark 1.1.19. Similar to Lemma one can define the exterior trace operator on the
weighted Sobolev space HY(D_), that is, Trp_ : HY(D_) — H2(T) (for additional details, see,
e.g., [101, Theorem 2.3, Lemma 2.6], [71, Lemma 2.2]).

Remark 1.1.20. Lemma holds also in the case of vector-valued and matriz-valued functions.
For the sake of brevity, we keep the notations Trp, and Trgi in the setting of vector-valued or
matriz-valued functions.

1.2 The Stokes, classical Brinkman and generalized
Brinkman operators

In this section we will discuss the operators that appear in this work. These operators are
involved in the transmission problems that we study. Recall the S(R™) is the Schwartz space of
rapidly decreasing functions introduced in relation and recall that its dual, denoted by
S'(R™), is the space of tempered distributions. The vector function spaces S(R")"” and S’'(R")" are
given by relation ([1.1.2§]).

The Stokes operator is given by

S = Lf _V] L S(R™)" x S(R) = S(R™)" x S(R™) (1.2.1)
iv 0
and the operator
Lo : S(RM)" x S(R")" — S(R™)", Lo(v,p) :=Av — Vp. (1.2.2)
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Let us note that the operator S introduced in relation (1.2.1]) is Agmon-Douglis-Nirenberg elliptic
(see Remark and see also [68], [143]) and this operator S together with the operator Ly can be
extended to linear and bounded operators, that is,

S: HY(R™M™ x LAR™" — H-'(R")" x L*(R"), Lo: H'(R™" x LAR™" — H-'(R")". (1.2.3)

Let o > 0 be a given constant. Let us introduce also the Brinkman operator as follows

B, = [@d_ivo‘m _OV] L SR x S(RY) = S(R™)" x S(RY) (1.2.4)

and it associated operator
Lo : S(R")" x S(RM)™ — S(R™)",  Lua(v,p) := (A —al)v — Vp. (1.2.5)

The operator B, introduced in relation (1.2.4) is Agmon-Douglis-Nirenberg elliptic (see Remark
and see also [68], [143]) and together with its associated operator L, are extended to linear and
bounded operators, as follows

B, : HY(R™" x L*(R")" — H Y(R™" x L*(R"), L,: H'(R")" x L*(R™)" — H '(R™)". (1.2.6)
Finally, we address some notations that we will employ from now on.

Notation 1.2.1. Consider the spaces of divergence free vector fields
H},(D)" = {u € H'(D)" | divu =0 in D}, (1.2.7)

and
Hiy (D) ={uecHY(D_)*|divu=0inD_}. (1.2.8)

Notation 1.2.2. Throughout this work, we introduce the operator IOEi, which represents the exten-
sion by zero operator outside Dy. More specifically, it allows us to extend functions from H'(D.)
by zero to R™\ D.. We keep the same notation Ex in the case of vector-valued spaces.

1.2.1 The conormal derivative operator associated to the Stokes and
Brinkman systems

This subsection is dedicated to the introduction of the conormal derivative operators associated
to the Stokes and Brinkman systems. We discuss the classical derivative operator and the generalized
conormal derivative operator associated for these systems. In the latter, let D C R", n > 2, be a
bounded Lipschitz domain with connected boundary I'.

We will introduce the classical conormal derivative operator as follows. For a pair (v,p) €
CY(D1)" x C°(D..) satisfying div v = 0 in D1 we have that classical derivative operator (or traction
field) associated to the Stokes or Brinkman operator is provided by the constitutive equation of the
Newtonian (viscous) incompressible fluid, i.e.,

t=(v,p) := Trpo (v, p)v, (1.2.9)

where
o(v,p) = —pl+2E(v) (1.2.10)
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is the stress tensor and E(v) is the symmetric part of Vv, that is E(v) = (Vv + (Vv)'), where
the superscript ¢ denotes the transpose. The symbol v represents the outward unit normal to D,
which is defined a.e. on I.

Note that, for ¢ € D(R™)™, we have the following Green identity for the Brinkman system,

+(t5 (v, p), @)r = 2E(v), E(@))p, + a(v. #)o, — (p.div @)o. + (La(v,p). d)o,,  (1.2.11)

where o > 0 is a given constant. In particular, for a = 0, we obtain the Green identity for the
Stokes system,

j:<ti(v7p)’ ¢>F = 2<E(V)7E(¢)>Di - <p7 div ¢>Di + <L0(va)a ¢>Di' (1212)

Formulas (1.2.11)) and ((1.2.12)) follow after repeated integration by parts.

Formula (|1.2.12)) suggests the definition of the generalized conormal derivative operator associ-
ated to the Stokes system, and the corresponding Green formula in the setting of Sobolev spaces
(see, e.g., [114, Theorem 10.4.1], [33, Lemma 3.2], [101], Defintion 3.1, Theorem 3.2]).

Definition 1.2.3. Let D, := D C R", be a bounded Lipschitz domain and let D_ := R™\ D. Define
the space H' (D, L) by

H'(D:,Lo) == {(vi,ps,g.) € H'(D)" x L*(Ds) x H (D)™ : Lo(v,ps) = 84lp.
and div vy =0 in Di}.

Then, the generalized conormal derivative operators tp, for the Stokes system in D1 are defined on
each (Vi,ps,g.) € H' (D4, Lo) by the following relation:

£(to, (Vi pe. 81), @)r o= 2(E(va), E(Tip, @))o. — (ps. div (Trp, é))o.,
(g, Trol @)o.,V ¢ € Hz(I)".

Lemma 1.2.4. In the setting of Definition[1.2.3] the generalized conormal derivative operators
tp, : H'(Ds,Lo) — H 2(I)" (1.2.14)
are linear and bounded and Definition 15 independent of the choice of a right inverse Trgi :

Hz(T)" — HYD,)" of the trace operator Trp, : HY(D,)" — Hz(I). Moreover, the following
Green formulas hold

+(to, (Ve, pe, 84 ), Trop ¥ )r i= 2(E(va), E(¥.))p, — (p+, div ¥4)p,
+(g+, ¥ )by,

(1.2.13)

(1.2.15)

for all (vi,ps,g.) € H (Dx,Ly) and for any v, € H' (D)™

Similarly, formula ([1.2.11]) suggests the definition of the generalized conormal derivative operator
associated to the Brinkman system, (see, e.g., [33, Lemma 3.2], [75, Lemma 2.2], [T1, Lemma 2.5]).

Definition 1.2.5. Let D, := D C R", be a bounded Lipschitz domain and let D_ := R™\ D. Define
the space H' (D, Ly) by
H'(Dy,La) == {(vz,ps,84) € H'(D+)" x L*(Dx) x H'(D+)" : La(va,ps) = g2l
and div vy =0 in Di}.

Then, the generalized conormal derivative operators t, p, for the Brinkman system in Dy are defined
on each (vi,ps,gy) € H (D4, Ly) by the following relation:

:l:<ta,Di (Vi>pi7 g:l:)? ¢>F = 2<E(Vi)a E(Trai(ﬁ»Di + CY(Vi, TrBi(ﬁ)Di

- 1.2.16
—(ps, div (Trp_ @))o. + (8x. Trp, d)o,.V ¢ € H2 (D)™, ( )
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Lemma 1.2.6. In the setting of Definition the generalized conormal derivative operators
tup, : H(Dy,Ly) — H 2(D)" (1.2.17)

are linear and bounded and Definition s independent of the choice of a right inverse Trgi :

H2(D)" — HY(D,)" of the trace operator Trp, : HY(D,)® — Hz(T')*. Moreover, the following
Green formulas hold

+(ta,ps (Ve s, 84), Tro ¥y )r == 2(E(vy), E(¥1))p. + af{ve, ¥ )o.

—(p+,div ¥ )p, + (84, Yi)oos

for all (Vi,ps,8y) € Hl(Di, L,) and for any 1, € H(Dy)".

(1.2.18)

Let us end this subsection by pointing out some useful remarks (see also [71, Remark 2.6, Lemma
2.9], [75, Remark 2.4]).

Remark 1.2.7. For a =0, the conormal derivative for the Brinkman system (see Deﬁm’tionm
reduces to the conormal derivative for the Stokes system (see Definition .

Remark 1.2.8. Let D, := D C R3, be a bounded Lipschitz domain and let D_ := R3>\ D. For
(v_,p_,g ) € HND_)*xL*(D_)xH Y(D_)? satisfying Lo(v_,p_) = g_|o_, the conormal derivative
operator tp_(v_,p_,g_) is well-defined by relation and a corresponding Green formula
similar to relation holds true in D_.

Remark 1.2.9. Let D, := D C R?, be a bounded Lipschitz domain and let D_ := R*\ D. Then
for (v_,p_,g_) € H(D_)® x M(D_) x HY(D_)?, such that Lo(v_,p_) = g_|p_, the conormal
derivative top (v_,p_,g_) is well-defined by relation . In addition, in this case, the Green
formula also holds, in D_. The space M(D_) is provided by Definition .

Remark 1.2.10. Let D C R™, n > 2, be a bounded Lipschitz domain and denote its boundary by
I. In the case I' = T'; UTy, where I'y and 'y are connected components of I' such that T'y N Ty = (),
we define the operator

(oo, )le, « HY(D,La) — H2(T)", (1.2.19)
by the relation
<t0{7D<v7p7 g)’FU ¢>F1 = <ta,D(V7p7 g)a @>F7 (1220)
for all ® € C*(R™)" which vanish in an open neighborhood of I's.

Remark 1.2.11. We will write t,p(v,p) instead of top(v,p,0).

1.2.2 The generalized Brinkman system and related results

In this monograph, we consider a generalized type Brinkman system. Indeed, the term ol which
appears in the classical Brinkman operator (see relations and (1.2.7])) has been replaced by
another, much more general term. Part of the original results that are included in this book are
transmission problem in which this generalized version of the Brinkman system is involved. More
recently, this generalized type Brinkman system has also been treated in the much more general
setting of variable coefficient PDE systems (see, e.g., [T7], [78], [79], [86]).

Hence, for the introduction of this generalized version of the Brinkman system, we consider a
bounded Lipschitz domain D C R3. The generalized Brinkman system is given by

Lp(v,p) :=Av—Pv—-Vp=ginD, divv=0inD, (1.2.21)
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where P € L>*(D)3*3 such that P satisfies the following non-negativity condition
(Pv,v)o > cp|lVilizpy. ¥ v e L*(D), (1.2.22)

where ¢p > 0 is a constant.
The system ([1.2.21)) is viewed in a distributional sense, that is, for (v,p) € H'(D)? x L?(D), we
have

(Lp(v,p), ¥)p, = (8 ¥)p, (div v,g0)p =0, (1.2.23)
for all (1, go) € D(D)? x D(D), where
<I—’P(V7p>7¢>D = <AV —Pv — Vpa ¢>D = —<VV, V'lp)D - <7)V7'¢>D + <p7 div ¢>D

Also, the continuous embedding L*(D) < H~!(D) implies the linearity and boundedness of the

operator
' Lp : H'(D)® x L*(D) — H~'(D)® = (H"(D)?)". (1.2.24)

Note that, we are able to extract from this generalized version of the Brinkman system the
classical Stokes or Brinkman systems, respectively. This fact is emphasized in the following remarks.

Remark 1.2.12. For P =0, the system (1.2.21]) is the classical Stokes system.
Remark 1.2.13. For P = al, where a > 0 is a constant, the system (1.2.21]) is the classical

Brinkman system.

For this generalized version of the Brinkman system, we introduce its associated conormal
derivative operator (see, e.g., [, Lemma 2.4]).

Definition 1.2.14. Let D, := D C R?, be a bounded Lipschitz domain and denote its boundary by
L. Let P € L>(D, )33 such that condition is satisfied. Define the space H' (D4, Lp) by

H'(Dy,Lp) = {(vy,ps,84) € H'(D4)? x L*(Dy) x H'(Dy)* : Lp(vy,p4) = g [o,
and div vy =0 in D, }.
Then, the conormal derivative operator
tpp, : H'(Dy,Lp) — H2(I)? (1.2.25)

for the generalized Brinkman system in Dy is defined on each (vy,p;,g.) € H'(Dy,Lp) by the
following relation:

<t7’7D+ (V+,p+, g—l—)? ¢>F = 2<E<V+)7 E(Tr5i¢>>D+ + <PV+> Tr5i¢>D+
— (py, div (Trp' @))o, + (g4, Tip  P)o,.V & € HE (D).

Lemma 1.2.15. In the setting of Definition |1.2.14] the conormal derivative operator for the gen-
eralized Brinkman system,

(1.2.26)

tpp, : H'(Dy,Lp) — H 2(I)? (1.2.27)
1s linear and bounded, and Definition s 1ndependent of the choice of a right inverse Trgi :
H2(T')® — HY(D.,)® of the trace operator Trp, : H'(Dy)® — H2(T)®. Moreover, the following
Green formula holds

(tro, (Vi 0+, 84), Tro, ¥, )r = 2(E(vy),E(¢,))p, + (Pvy, ¥ )p,
_<p+> div ¢+>D+ + <g+7¢+>D+>

for all (vy,py,g.) € H(Dy,Lp) and for any v, € HL (D)™

(1.2.28)
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The proof of Lemma [1.2.15| follows similar ideas to those used in the proof of Lemma[1.2.6] i.e.,
the special case P = all, where o > 0 is a given constant. For additional details, we refer the reader
to [75, Lemma 2.2].

Remark 1.2.16. Tuaking into account the definitions of the conormal derivative operators for the

Stokes and generalized Brinkman systems, given by and , we deduce that
tpo, (V.0 8) = to, (v.p, g + EL(PV)), (1.2.29)

where IOEJr denotes the operator of extension by zero outside D, .

1.3 Stokes layer potentials and their properties

In this section we give the fundamental solution for the Stokes system in R, n > 2, and with its
help we define the layer operators that are involved in the solutions of our transmission problems.
The sources that we used for the preparation of this section are [68], [71], [83], [114].

1.3.1 The Stokes system and its fundamental solution

Let (G(+,),P(-,-)) € D'(R™ x R")™" x D'(R™ x R")"™ denote the fundamental solution of the
Stokes system. By G(:,-) we denote the fundamental velocity tensor and by P(-,-) we denote the
fundamental pressure vector for the Stokes system in R".

Note that the fundamental solution of the Stokes system satisfies the equations

AxG(x,y) — VxP(x,y) = =6y (x)I, diviG(x,y) =0, (1.3.1)

where the symbol dy denotes the Dirac distribution with mass at y. Also, the differential operators
Ay, Vi and divy act with respect to the variable x.

The components of the fundamental solution (G(G,i), P(Py)) are given by (see, e.g., [83] p.
38-39], [114], Relation (4.19), Relation (4.20), Relation (4.21)], [141])

Gip(x,y) = L {(n—Z)éj + T3k }, Pr(x,y) = 1 _ Tk (1.3.2)

2wn ly—x"? |y —x|" wy |y — x|’
for n > 3, and

1 T

1 T;T
G]k(X7y) = {]—k - 6]]6 10g|y_X|n2} ’ Pk<XJ Y) =

— 1.3.
A | |y — x|? (1.3.3)

2 [y — x[?’
for n > 2. Note that §;; denotes the Kronecher symbol and w, is the surface measure of the unit
sphere S"! in R™.

Let also S(S;i) and R(R;x) denote the associated stress and pressure tensors for the Stokes
system. Their components are given by (see, e.g., [83, Chapter 2|, [114])

no T;T;Tk 2 0, Ty
, — R. == 1.3.4
S]k:l(X7 y) w, ‘y—X|n+2’ jk<x7 Y) W, { |y—X|n +n!y—x|”+2 ) ( 3 )
for n > 2.
For x,y € R", x # y, the pair (S(S;x), R(Rji)) satisfies the Stokes system
8R-k(y X) 0S ‘kl(X y)
AS, _ IRy X) g kX Y) 13.
Sik(x,y) Ry 0, 9, 0 (1.3.5)
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1.3.2 The volume potential for the Stokes system and its properties

The purpose of this subsection is to introduce the Newtonian (volume) potential operators
associated to the Stokes system and to give their mapping properties. To this end, we consider
the Lipschitz domains D4 as described in Assumption and we will take into account the
fundamental solution of the Stokes system, that is, the pair (G(:,-),P(-,-)) € D'(R™ x R")™*™ x
D'(R™ x R™)™ given by formula ((1.3.2)) or (1.3.3]).

Definition 1.3.1. For f € H Y(R™)", define the Newtonian (volume) velocity and pressure poten-
tials for the Stokes system, by

(Nnf)(@) := —(G(a, ), Fzn, (Qgnf)(@) = —(P(a,-), Fgn. (1.3.6)

Moreover, the Newtonian (volume) velocity and pressure potentials for the Stokes system corre-
sponding to Dy, are given by

NDif = (NR"f)|Dj:7 QDif = (Q]Rnf)bi, (137)

where |p.. is the restriction operator to D, which acts on vector-valued or scalar-valued functions
m R™.

The following lemma describes the mapping properties of the Newtonian (volume) layer potential
operators in the setting of Sobolev spaces (see, e.g., [T1, Lemma A.3]).

Theorem 1.3.2. The Newtonian (volume) velocity and pressure potential operators for the Stokes

system, introduced in relation ,

Nan : HTY(R™Y® = HYR™", Qg : H™Y(R")" — LA(R"),

Nt HOURY)Y = HARPY, Qg - ML (RP)? o LA(R) (1.3.8)

are linear and continuous operators. Moreover, the Newtonian (volume) velocity and pressure po-
tentials for the Stokes system, introduced in relation ,

No, : HY(Dy)" — H'(D,)", Qp, : H (D))" — L*(Dy), (1.3.9)

and

No_ - HHD_)® = HYD_)®, Qp_ : H'(D_)® — L*(D_), (1.3.10)

in the case n = 3, are linear and continuous operators as well.

Finally, by taking into account relation (|1.3.1]), we have that the Newtonian potentials satisfy
the following equations (in the sense of distributions):

ANanf) — V(Qgnf) = f, div (Mpaf) =0, in R", (1.3.11)

and
A(NDif) - V(QDif) = f, div (NDif) = 0, in Di, (1312)

respectively.
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1.3.3 Stokes layer potentials and related results

In this subsection, we concern ourselves with the single layer potential and the double layer
potential operators associated to the Stokes system. Our purpose is to give their definitions, their
mapping properties their jump relations and specify their behavior at infinity. From now on, let
Assumption be satisfied and in addition, we assume that the bounded Lipschitz domain D,
has a connected boundary I'.

Firstly, let us focus on the single-layer velocity and pressure potentials, associated to the Stokes
system (see, e.g., [114, Relation (4.24), Relation (4.27)]).

Definition 1.3.3. Let Assumption be satisfied. Let ¢ € H_%(F)”. Define the single-layer
velocity potential Vi and its associated pressure potential Q. for the Stokes system, by

(VFQO) = <G($7 ')’90>F7 (QILZQO) = <P(£B, ')’90>F7 VazeR" \ L. (1'3'13)

By taking into account relation (1.3.1]), we have that the pair (Vre, Qf¢) satisfies the homo-
geneous Stokes system
A(Vrp) = V(Qip) =0, div (Vre) =0 (1.3.14)
in R*\ T
The following theorem gives some useful mapping properties for the single layer potential oper-
ators associated to the Stokes system (see, e.g., [71, Lemma A.4]).

Theorem 1.3.4. Let Assumption[1.1.0 be satisfied. Then the following operators

(Vo)lo, : HH(D)" = H'(D.)", (Q})lo, : HH(I)" — L*(D,) (1.3.15)
are linear and bounded. Moreover, for n = 3, we have that the operators

(Vp)lp. : H (D) = H'(D_)*, (Qd)|p : H3(I)* — L*(D_) (1.3.16)

are linear and bounded as well, where the weighted Sobolev space H'(D_)3 is given in relation
.

Secondly, we focus on the double-layer velocity and pressure potentials, associated to the Stokes
system (see, e.g., [114] Relation (4.25), Relation (4.28)]).

Definition 1.3.5. Let Assumption be satisfied. Let ¢ € H2(I)". Then, the double-layer

velocity potential Wr¢ and its associated pressure potential QL for the Stokes system are defined
by

(Wro)i(z) = / Siu(y, 2)vi(y)d;(y)doy, ¥V € R"\ T,

r (1.3.17)

(Q19)(a) = [ Rule u(y)o,()doy. ¥ e R\,

r
where v(vy),—1, 5 the outward unit normal to D, defined a.e. on T

Note that, in view of relation ([1.3.5)), we have that the pair (Wr¢, Ql¢) satisfies the homoge-
neous Stokes system
A(Wre) —V(Qip) =0, div (Wre) =0 (1.3.18)
in R*\ T.
In addition, let us introduce the boundary version of the Stokes double layer velocity potential
in the sense of the principal value, as follows (see, e.g., [I14, Relation (4.44)]).

32



Chapter 1. Layer Potential Methods

Definition 1.3.6. Define the principal value of Wr, denoted by Krg and given by:

(Kro)i(z) : = p-V-/Sjkz(C% x)v(y)¢;(y)doy
r (1.3.19)
= hI% B Sin(y, »)vi(y)d;(y)doy,
=0 Jr\(rnB(z.¢))

for x € T', where this limit makes sense.

Also, the following result provides us with useful mapping properties of the double layer potential
operators for the Stokes system (see, e.g., [71, Lemma A.4]).

Theorem 1.3.7. Let Assumption [[.1.0] be satisfied. Then, the following operators

(Wp)lp, : H2(T)" = H'(D4)", (QY)|p, : HZ(I)" — L*(Dy), (1.3.20)
are linear and bounded. Moreover, for n = 3, we have that the operators

(Wp)lo_ : H2(T)* = H'(D_)*, (Q)|o_ : H2(T')* — L*(D_) (1.3.21)
are linear and bounded as well.

Let us also provide the lemma which describes the jump relations of the single and double layer
potentials for the Stokes system, in the setting of Sobolev spaces (see, e.g., [T1, Lemma A.4], [114],
Proposition 4.2.2, Proposition 4.2.5, Proposition 4.2.9, Corollary 4.3.2, Theorem 5.3.6, Theorem
5.4.1]).

Lemma 1.3.8. Let Assumption be satisfied.
(i) For ¢ € H 2(I)" and ¢ € Hz(I')", the following jump relations
Trp, (Vre) = Trp_(Vre) =: Vre,

TI'D:‘E (WF¢> = (:F%]I + KF) ¢7
(1.3.22)

1
tD+ (WF¢7 Q?‘¢) =tp_ (WF¢7 qu‘(p) = DF¢

hold a.e. on I', where K : H2(I)" — H 2(I)" is the adjoint of the double layer potential
operator Ky : H2(T)* — Hz (I)".

(i1) The following Stokes layer potential operators

Vr: H 2(D)" = Hz2(I)", Kp: H2(I)" — H2(I)",

’ (1.3.23)
K:: H 2(0)" — H 2(I)", Dp: H2(D)" — H 2(I)",

are linear and bounded. Moreover, the operator Vr : H_%(F)” — H%(F)" is a Fredholm
operator of index zero and its kernel, denoted by Ker Vr (see Definition , s given by

Ker {Vr: H*(I')" — H?(I')"} = Ru. (1.3.24)
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We have the following useful remark.

Remark 1.3.9. If f and g are two functions defined in a neighborhood of a point x (which could
also be 00 ), then
@

l9(2)]

Let us end this subsection by stating the following asymptotic formulas which are satisfied by
the Stokes layer potential at infinity (see, e.g., [73, Relation (3.14)])

(Vro)(x) = O(lnfx|), (Qre)(x) = O(|x|™") as |x| — 0o, n =2
(Vre)(x) = O(x[*™),  (Qre)(x) = O(x|'™) as [x| = 00, n >3 (1.3.26)
(Wre)(x) = O(Ix|'"™"),  (Qe)(x) = O(jx|™") as |x| = 00, n > 2.

is bounded. (1.3.25)

1.4 Brinkman layer potentials and their properties

In this section we consider the fundamental solution for the Brinkman system in R, n > 2,
and then we define the layer potential operators that are useful in the analysis of the transmission
problems in the next chapters. The sources used in the preparation of this section are [68], [73],
[z5), [71].

1.4.1 The Brinkman system and its fundamental solution

Let a > 0 be a given constant. Let (G*(-,-),P%(-,-)) € D'(R" x R")™" x D'(R™ x R™)" denote
the fundamental solution of the Brinkman system, where G*(-, -) is the fundamental velocity tensor
and by P%(-,-) is the fundamental pressure vector for the Brinkman system in R™. Therefore, the
pair (G®(+,-), P%(+,-)) satisfies the following equations

AxGY(x,y) — aG%(x,y) — VxP%(x,y) = —0y(x)I, divyG*(x,y) = 0. (1.4.1)

Recall that d, denotes the Dirac distribution with mass at y and the differential operators A, Vy
and divy act with respect to the variable x.

The components of the fundamental solution (G*(Gj,), P*(Py)) are given by (see, e.g., [73
Relation (2.29)], [141])

o 1 0, ;T
k(X y) = P Ei(aly = x|) + ———Ey(aly —x|) { ,
P (x,y) S N
X —
Y Wn |y - X|n7
where . %*IK na p
1 ) ST(3)
> 2 (1.4.3)
S §+1
(3)* Kynls)
Es(s) := 4 :
R O

and K is the second kind Bessel function of order § > 0, I'(+) is the Euler Gamma function. Recall
that 4, is the Kronecher symbol and w,, is the surface measure of the unit sphere S»~tin R, n > 2.
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Chapter 1. Layer Potential Methods

In addition, let S*(S%;) and R%(R},) be the associated stress and pressure tensors for the
Brinkman system. Their components are given by (see, e.g., [73 Relation (2.31) and Relation

(2.32)])

o 1 Z;j 5jl$i + (5@'1’[ Ti;T;
Siu(x,y) = o {53‘ m&(@’y —x|) + WEz(@\y —x|)+ [ +2 Ez(aly —x|) ¢,
oY 1 Ayp — 1) 2 i
Rjn(x,y) = o {—(yi - xi)w — (aly —x["log |y — x| + Q)M ,n =2,
)= {0 P 4 e ot o
(1.4.4)
where .y
(E)E Knyi(s) 2n
Ei(s) = 8-2 : —~=+1
1(®) 2T (2) 22
2 2+l Kn S 2 2 Kn(s 2
Ey(s) := g ; fl( ) o) n2( . o (1.4.5)
s*-T'(3) r(3) §
(3)° Ky +2)
E — _16 B} 5 +2 i n{n
3(3) 2.7 (%) 52
For x,y € R", x # y, the pair (§%(Sj;,), R*(Rj;)) satisfies the Brinkman system
«a «a aRak<y7 X) aSC‘Ykl<X7 Y)
ASH (X, y) — aSf,(x,y) — j@T =0, j@T = 0. (1.4.6)

1.4.2 The volume potential for the Brinkman system and its properties

The purpose of this subsection is to introduce the Newtonian (volume) potential operators
associated to the Brinkman system and to give their mapping properties. To this end, we consider
the Lipschitz domains DL as described in Assumption and we will take into account the
fundamental solution of the Brinkman system, that is, the pair (G*(-,-), P“(-,-)) € D'(R"xR")™*" x

D'(R™ x R™)™ given by relation (1.4.2)).

Definition 1.4.1. Let a > 0 be a given constant. Forf € H'(R™)", define the Newtonian (volume)
velocity and pressure potentials for the Brinkman system, by

(Nagnf) (@) = —(G(, ), Fpn, (Qurnf)(z) i= —(P(z, ), Fge. (1.4.7)

Moreover, the Newtonian (volume) velocity and pressure potentials for the Brinkman system corre-
sponding to D4, are given by

Na,Dif = (Na,Rnf”Diy Qa,Dif = (QOC7Rnf)|Di‘ (148)

Recall that |p, is the restriction to Dy operator, which acts on vector-valued or scalar-valued dis-
tributions in R".

The following result describes the mapping properties of the Newtonian (volume) layer potential
operators in the setting of Sobolev spaces (see, e.g., [T1, Lemma A.3]).
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Theorem 1.4.2. Let o > 0 be a given constant. The Newtonian (volume) velocity and pressure
potential operators for the Brinkman system, given by relation ,

Na,R” . H—l(Rn)n N Hl(]Rn)n’ Qa,]Rn . H—I(Rn)n N LQ(Rn),

Qurs 1 H1(R?)? — M(R?) (1.4.9)

are linear and continuous operators. Moreover, the Newtonian (volume) velocity and pressure po-
tentials operators for the Brinkman system, introduced in relation ,

Nop, : HY(Dy)" = H'(D})", Qap, : H*(Dy)" — L*(Dy) (1.4.10)
and 3 .
Nop_ : HYD_)* = HYD_)?, Qup._ : HH(D_)® - M(D_), (1.4.11)

in the case n = 3, are linear and continuous operators as well, while the spaces M(R?) and M(D_)

are given by Definition |2.1.1.

Finally, by taking into account relation (1.4.1)), we have that the Newtonian (volume) potentials
for the Brinkman system, introduced in Definition satisfy the equations (in the sense of
distributions)

A(Na,R7Lf> - Oé(NQ’Rnf) - V(Qaﬂgnf) - f, le (N(X,R"f) == 07 111 Rn, (1412)
and
A(Noa,Dif) — C\J(Napif) — V(Qapif) = f, div (Na,Dif) = O, in Di, (1413)

respectively.

1.4.3 Brinkman layer potentials and related results

In this subsection, we consider the single layer potential and the double layer potential operators
associated to the Brinkman system. We give their definitions, their mapping properties, their jump
relations and we describe their behavior at infinity. As in the previous section, let Assumption [1.1.6]
be satisfied and let D, be a bounded Lipschitz domain with connected boundary I'.

Firstly, let us focus on the single-layer velocity and pressure potentials, associated to the
Brinkman system (see, e.g., [75, Relation (3.6)], [73, Relation (3.1)]).

Definition 1.4.3. Let Assumption be satisfied. Let o > 0 be a given constant. Let ¢ €
H_%(F)”. Define the single-layer velocity potential V,re and its associated pressure potential
Qi rp for the Brinkman system, by

(Vare) = (G*(x,-), ¢)r, (Qore) = (P*(z,-), p)r, VX R"\T. (1.4.14)

By taking into account relation (1.4.1), we have that the pair (V.re, Q; re) satisfies the
homogeneous Brinkman system

A(Vare) —a(Vare) = V(Qire) =0, div Vare =0 (1.4.15)
in R*\ T.

The following theorem provides some useful mapping properties of the single-layer potentials
associated to the Brinkman system (see, e.g., [73, Lemma 3.1], [71, Lemma A.§]).
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Theorem 1.4.4. Let Assumption be satisfied. Let o > 0 be a given constant. Then the
following operators

(Var)lo, : H3(I)" = H'(D4)", (Qir)lo, « H *(I)" = L*(D..), (1.4.16)
are linear and bounded. Moreover, for n = 3, we have that the operators

(Vor)lo : H™*(1)* — HY(D_)*, (Qp)lo- : H*(I)* = L*(D-) (1.4.17)
are linear and bounded as well.

Secondly, we focus on the double-layer velocity and pressure potentials, associated to the
Brinkman system (see, e.g., [75, Relation (3.7)]).

Definition 1.4.5. Let Assumption be satisfied. Let o > 0 be a given constant. Let ¢ €

1

H2(I')". We define the double-layer potential W, r¢ and its associated pressure potential ngrgz’)
for the Brinkman system, by

(Ward)u() = / S (4 Di(9) 65 (w)doy, ¥ & € RP\T,
r (1.4.18)

(O 1) (z) = / R (x y)u(y)é;(y)do,, ¥ w€ R'\T.

Recall that v(v)),_1, s the outward unit normal to Dy, defined a.e. on T

Note that, in view of relation (1.4.6), the pair (Wore, Q% ¢) satisfies the homogeneous

Brinkman system
A(Word) — a(Word) — V(QL 1) =0, div (W,re) =0 (1.4.19)
in R*\ T.

Moreover, we introduce the boundary version of the Brinkman double layer velocity potential
in the sense of principal value, as follows (see, e.g., [75, Relation (3.8)]).

Definition 1.4.6. Let o > 0 be a given constant. Define the principal value of W, ¢, denoted by
Kor@ and given by:

(Kard)i(a) : = pov. / Sy, D)u(9),(y)do,
r (1.4.20)

= lim B S?kl(ya a:)yl(y)¢j(y)d0y,
€20\ (NB(x,e))

for ¢ € I, where this limit makes sense.

Also, we state some useful mapping properties of the double-layer potentials in the following
statement (see, e.g., [73, Lemma 3.1], [71, Lemma A.8]).

Theorem 1.4.7. Let Assumption be satisfied. Let o > 0 be a given constant. Then the
following operators

(War)lo, « H2(I)" = H'(D4)", (Qr)lo. : H*(I)" — L*(D,) (1.4.21)
are linear and bounded. Moreover, for n = 3, we have that the operators

(War)lo : HE(D)? = HY(D_)*, (Q%1)lo_ : H(I)* — M(D_) (1.4.22)
are linear and bounded as well and the space M(D_) is given by Definition .
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Next, we concern ourselves with the jump relations of the single and double layer potentials

for the Brinkman system, in the setting of Sobolev spaces (see, e.g., [73, Lemma 3.1], [71, Lemma
A 4]).

Lemma 1.4.8. Let Assumption be satisfied. Let o > 0 be a given constant.
(i) Let ¢ € H*%(F)” and ¢ € H%(F)”. Then, the following jump formulas
TrD+(Vo¢,F‘P) = Ter (Va FCP) = Vare,

1
Trp, (Ware) = (?511 + Ka,F) o,

) (1.4.23)
toz,Dj[ (Va,F(P7 QZ,FLP) = <i§]l + KZ,F) P
tcv,D+ (Wa,F¢7 Qi F¢) - 13a,D7 (Wa,Fﬁb, Qi,l“¢) - Da,Fd)
hold a.e. on I', where K, 1 H=2(D)" — H™2(I)" is the adjoint of the double layer potential
operator K, : H:(T)" — H2( ).
(i1) The following operators
Vor : H2(I)" — H2(T)", K,p: H2(D)" — H2(D)",
p HEH o HEDY, Ko s HAT) > HED) o

Kip: H3(D)" = H 3(D)", Dur: H2(I)" — H 3(I)"

are well-defined, linear and continuous. Moreover, the operator Vorp : H=2(I)" — Hz(I)" is
a Fredholm operator of index zero and its kernel, denoted by Ker V,r (see Definition , 1S
given by

Ker {Vor: H2(I')" — H2(I')"} = Ru. (1.4.25)

Now, we introduce the operators

VaOI‘ = VaF - VF) Ka,O,F = Ka,F - KF;

' ’ (1.4.26)
KLor =K,r — Ky, Daor :=Dsr — Dr,

which will be called complementary layer potential operators. Note that the operators Vr, Kp, K¥;
and Dr are introduced in Lemma [1.3.8] which concerns the jump formulas for the single layer and

double layer potentials associated to the Stokes system. We have the following lemma (see, e.g.,
[73, Theorem 3.1]).
Lemma 1.4.9. The complementary layer potential operators
Vaor: H2()" = H3()", Kor: H2(I)" — H2 ()",
Kiop: H3(0)" = H3(I)", Dagr: H2(D)" — H 3(D)", 2
are compact a.e. on I'.

Now, we provide the asymptotic formulas (see Remark [1.3.9) which specify the behavior at
infinity for the Brinkman layer potentials (see, e.g., [73, Relation (3.12)])

(Vare)(x) = O(x|™),  (Ware)(x) = O(|x|"™") as x| = 00, n > 2
(Qare)(x) =O0(x|™), (Qar¢)(x)=O0(n[x]) as [x| = 0o, n =2 (1.4.28)
(Qure)(x) =O0(x'™), (Qare)(x)=O0(x[*") as x| = 00, n > 3.
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Remark 1.4.10. The results presented in Section |1.3| and in Section |1.4], including the definitions
of the layer potentials, can be extended to the case of the Stokes (or Brinkman) system with variable
coefficients (which belong to L) by using a variational approach (see, e.g., [T7], [T8], [79], [86]).
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2

Linear Boundary Value Problems of
Transmission-type related to the Stokes and
Brinkman systems

This chapter deals with certain linear transmission-type problems which involve the Stokes
system, the Brinkman system and a generalized version of the Brinkman system (see relation
(1.2.21))) in the Lipschitz domains in Euclidean setting (see Assumption and Assumption
[1.1.7). The content of this chapter follows the results that were obtained in the papers [7], [8], [9].

We present and prove well-posedness results for the following boundary value problems. Firstly,
we treat the Poisson problem of transmission-type for the generalized Brinkman and Stokes sys-
tems in complementary Lipschitz domains in R3. Secondly, we analyze the Poisson problem of
transmission-type for the generalized Brinkman and classical Brinkman system in complementary
Lipschitz domains in R3. Next, we look at the Poisson problem of Robin-transmission-type for the
Brinkman system in Euclidean setting provided by Assumption [I.1.7]

Let us note that, the Stokes system can be seen as a particular case of the Brinkman system.
Even so, we have separated the study of transmission problems involving the Brinkman and Stokes
system from the transmission problems involving only the Brinkman system. Such a distinction
can be justified in view of different practical applications (see, e.g., [16], [71]). Moreover, we use
different solution spaces for each of the studied transmission problems, namely, if we work with the
Stokes system in an unbounded, exterior domain, we use weighted Sobolev spaces, while if we work
with the Brinkman system in an unbounded, exterior domain, we use the usual Sobolev spaces.

In order to obtain the results that are presented in this chapter, the main tools of investigation
that we have employed are layer potential theory and Fredholm operator theory. Indeed, using the
Stokes layer potentials, the Brinkman layer potentials, results regarding Fredholm operators and
Green formulas we construct unique solutions to our considered boundary problems.

In the latter, let us mention some past works that have contributed to investigation of elliptic
boundary value problems. Firstly, let us note the paper of Fabes, Kenig and Verchota [47] which
concerns the investigation of the Dirichlet problem for the Stokes system in a Lipschitz domain in R
and they provided representation formulas in terms of layer potential for the solution. Costabel [33]
has studied simple and double layer potentials for second order linear elliptic differential operators
on Lipschitz domains in Euclidean setting and has provided continuity and regularity results. Dalla
Riva, Lanza de Cristoforis and Musolino [36] have analyzed basic boundary value problems for the
Laplace equation in singularly perturbed domains, with an emphasis on domains with small holes.

Varnhorn [140] has used potential theory to construct an explicit solution of the Stokes rezolven
system in a bounded domain in R? with C?-boundary. Also, Varnhorn [141] has provided a theory
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of solvability for the Stokes system in exterior domains and has analyzed the existence of strong
solutions in Sobolev spaces and further properties. Medkova [97] has used the integral equation
method in order to obtain L2-solutions for the transmission problem, Robin-transmission problem
and the Dirichlet-transmission problem for the Brinkman system, while in [98], she used the same
method in order to study the transmission problem for the Stokes system, in homogeneous Sobolev
spaces in Lipschitz domains in R3. Medkova [99] has also studied the Dirichlet problem for the
resolvent Stokes system with bounded boundary data in the setting of bounder and unbounded
domains with compact Lyapunov boundary. Chkadua, Mikhailov and Natroshvili [26] have used
localized integral potentials associated with the Laplace operator in order to reduce boundary value
problems for variable-coefficient divergence-from second-order elliptic PDEs to systems of localized
boundary-domain singular integral equations. Escauriaza and Mitrea [46] have used layer potential
methods to obtain the well-posedness of the transmission problem for the Laplacian in the presence
of a Lipschitz interface with boundary data belonging to Lebesgue and Hardy spaces. The work of
Mitrea and Wright [I14] concerns also transmission boundary value problems for the Stokes system
in Lipschitz domains in the Euclidean setting, for n > 2.

The authors in [75] have obtained a well-posedness result for a linear Robin-transmission problem
for the Stokes and Brinkman systems in adjacent Lipschitz domains in R", n > 2 with linear
transmission conditions on the Lipschitz interface and Robin condition on the remaining boundary.
Kohr, Wendland and Lanza de Cristoforis [73] have analyzed a nonlinear Neumann-transmission
problems for the Stokes and Brinkman systems in Euclidean Lipschitz domains with boundary
data in LP, Sobolev and Besov spaces. Fericean, Grogan, Kohr and Wendland [50] have treated
interface boundary value problems of Robin-transmission type for the Stokes and Brinkman systems
in Lipschitz domains in R™ for n > 3 and with boundary data in L” or Sobolev spaces. Fericean
and Wendland [51] have used layer potential theory in order to obtain well-posedness results for a
Dirichlet-transmission problem for the Stokes and Brinkman systems in Lipschitz domains in R"
for n > 3. The authors in [71] have obtained a well-posedness result for a transmission problem for
the Stokes and Brinkman systems in complementary Lipschitz domains in R? in weighted Sobolev
spaces by making use of layer potential techniques. In [104], Mikhailov and Portillo have studied a
mixed boundary value problem for the stationary compressible Stokes system with variable viscosity
in an exterior domain of R? by the means of boundary-domain integral equations (BDIEs). Mitrea,
Mitrea and Mitrea [106] have proved well-posedness and Fredholm solvability results for boundary
value problems for elliptic second-order homogeneous constant coefficient systems in domains of
general geometric nature.

Regarding the setting of manifolds, let us mention that Kohr, Pintea and Wendland [82] have
developed a potential analysis for certain pseudodifferential matrix operators on Lipschitz do-
mains in compact Riemmanian manifolds and they have studied Dirichlet-transmission problems
for Brinkman operators in Lipschitz domains in compact Riemmanian manifolds. Also, Kohr,
Mikhailov and Wendland [76] have investigated a linear transmission problem for the Stokes and
generalized Brinkman system in two complementary Lipschitz domains in a compact Riemannian
manifold of dimension m > 2.

More recently, a great deal of attention has been directed to the variable coefficient PDEs.
Note that the works of Kohr, Mikhailov and Wendland [77], [78], [T9] concern the analysis of the
anisotropic Stokes system with L* coefficient tensor. They investigate diverse boundary problems,
Dirichlet type, transmission type and they have also discussed potentials for this anisotropic system.
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2.1 Dirichlet type problem for the Brinkman system in an
exterior domain

The goal of this section is twofold. First, we introduce a special function space which is involved
in the mapping properties of the Newtonial layer potentials for the Brinkman system (see relation
of Theorem . Secondly, we study an exterior Dirichlet boundary value problem for
the Brinkman system, which is involved in the proof of our well-posedness results (see Theorem
2.3.1] Theorem [2.3.3] Theorem [3.3.1)).

In the latter, let D be either of the domains R?, D, or D_, which are described in Assumption
, for n = 3. Let us introduce the space H_' (D)3 by

curl

H 1 (D)? :={he H'(D)’:curl h =0}.

curl

Definition 2.1.1. Let D be either of the domains described in Assumption forn = 3. Define
the space M(D) by
M(D) :={g € L*(p*,D) : Vg € H_,(D)*}. (2.1.1)

curl

Now, denote by 2 (D) the dual of the space (D), we have the following continuous chain of
embeddings (see, e.g., [T1, (A.24)])

L*(p,D) Cc 9'(D) c L*(D) c M(D) C L*(p~",D) C L} (D). (2.1.2)

In the latter, we concern ourselves with two important results. First, we analyze exterior Dirich-
let problem for the classical Brinkman system in the space H'(D_)* x 9(D_), where D_ is the
exterior Lipschitz domain introduced in Assumption [I.1.6] in the case n = 3. The well-posedness
result is as follows (see, [7, Theorem A.1], [71, Lemma A.2], and [I40, Prop. 4.5] in the case of an
exterior domain with a C%--boundary).

Theorem 2.1.2. Let Assumption|[1.1.0 be satisfied forn = 3. Let a > 0 be a given constant. Then,
the exterior Dirichlet problem for the Brinkman system
Au—au—Vr=0inD_,
divu=0in D_,
Trp u=he Hz(T)? on T,
u(x) = O(|x|™), Vu(x) = O(|x|™"), 7(x) = O(|x|™") as [x] — oo,

(2.1.3)

has a unique solution in the space H*(D_)? x M(D_).

Proof. First of all, we focus on showing the problem admits at most one solution. In order
to achieve this, we consider the difference between two solutions of the problem (2.1.3)), which will
be denoted by (ug,m) € H'(D_)3 x M(D_).

We proceed as follows. We introduce Dy := D_ N Bg(0), where Bg(0) is a large ball in R3
centered at the origin such that D, C Br(0). Now, we apply the Green formula in the case
of the bounded domain Dg, we get

(ta,n, (19, m), Trp, ug)r, — (ta,n_ (1o, m), Trp_ug)r
= 2(E(ug), E(uo))py + a(uo, uo)py,

where I'p := 0Bg(0) and the £ signs in the left hand side of (2.1.4)) are provided by the orientation
of the unit normal to I and I'g, respectively.

(2.1.4)
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Due to the fact that Trp_ug =0 on I, we get
<t0¢,D— (u077TO)7TrD_uO>I‘ =0. (215)

Moreover, in view of the far field conditions from ([2.1.3), we have

}%i_rfolo“a,D-s- (u07 770)7 TrD+u0>FR = }%1_{20 - ta,D-s— (uO’ 7T0) ) TrD+u0dUR = 0. (2'1'6)
Now, let R — oo in (2.1.4) and by employing relations (2.1.5) and (2.1.6]) we get
2(E(uo), E(uo))p_ + afuo, ug)p_ =0, (2.1.7)

which shows that ug = 0 in D_. Furthermore, the Brinkman equation and the conditions at infinity
satisfied by my imply that 7o =0 in D_.
The previous arguments imply

UOZO, 7T0:O, in D_,

and consequently, our problem ({2.1.3) admits at most one solution in the space H*(D_)3 x 9(D_).
Secondly, we focus on showing that a solution the problem (2.1.3)) exists. To fulfill this claim,
we seek a solution of our problem ([2.1.3)), in the form

u=W,rp, ™= 0%, (2.1.8)

where ¢ € Hz(I')? is unknown.

Now, the pair (u,7) defined in relation satisfy the Brinkman system as well as the far
field conditions in (see, e.g., [140, Prop. 4.5]). By imposing the exterior Dirichlet boundary
condition, we can determine the unknown density ¢ € H 2 (T')3. To achieve this, we use the Dirichlet
boundary condition of problem together with relation (|1.4.23)) of Lemma and we get

1
(§]I+Ka7p>cp =h. (2.1.9)

Then, our next goal would be to show that the operator

1 1 1
511 +Kar: H2(T)? — H2(T)?, (2.1.10)

is an isomorphism.
To show that the operator (2.1.10)) is an isomorphism, we will prove that (2.1.10]) is Fredholm

of index zero and one-to-one as well.
In order to show that the operator (2.1.10)) is Fredholm of index zero, we note that we have the
following decomposition

1 1
I+ Kar = 51+ Kr + Koor - H2(T')* — H2(T')%. (2.1.11)
We also know that the operator

1
I+ Kr: H2(T')? — H2 (D)3,
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is a Fredholm operator of index zero (see, e.g., [114, Theorem 10.5.3], see also [39, Proposition 3.5]).
Note that, the operator ) )
Ka,O,F : Hﬁ(F>3 — H> (F)37

is compact (see Lemma [1.4.9). Thus, the operator (2.1.10) is, indeed, Fredholm of index zero.
Moreover, its adjoint

1
SI+ Ko H™2(I')? — H 2(I')?, (2.1.12)

is also a Fredholm operator of index zero. Moreover, if we would show that (2.1.12) is an isomor-

phism, then (2.1.10]) is an isomorphism as well.
Hence, we will focus on the operator (2.1.12)) and we show that (2.1.12) is one-to-one, or equiv-
alently that

Ker{%]l + K H 2 (D) — Hé(r)?’} = {0}. (2.1.13)

We consider
1

1 1
(RS Ker{§]l + K, H () — H2(F)3} (2.1.14)
and we construct the fields
ug = Varp € H(Dy)?, mo = Q5 pp € L*(Dy). (2.1.15)

In addition, by using relation ((1.4.23) of Lemma [1.4.8] we find
1
ta,n, (g, M) = <§H + KZ,F)‘/’ =0. (2.1.16)

and if we take into account Green’s formula ((1.2.18]) from Lemma |1.2.6| we obtain
O:2<E(UO),E(UQ)>D+ +Oé<ll0,l,10>D+. (2117)

Due to the fact that a > 0, it follows that that ug = 0 in D,. Consequently, we get 1o = c € R
in D,. Using the relation (2.1.16|) and the fact that

ta,n, (19, M) = —cv, (2.1.18)
we obtain ¢ = 0 and consequently, we have
Uy = 07 o = 0in D+. (2119)

The continuity of the single-layer potential operator for the Brinkman system across I' (see

Lemma [1.4.8]), implies that
Vorp =0on I’ (2.1.20)

and since

Ker{va,p H3(T)? > H%(F)3} ~ Ru,

where Rv := {cv : ¢ € R} (see, e.g., [(2, Lemma 3.1]) implies the existence of a constant p € R
with the property that ¢ = pr. Now, if we take into account that Q; v = —1, we obtain

T = p(QarV) = —p (2.1.21)
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It remains to apply relation (2.1.19) to deduce that @ = 0, which shows the operator (2.1.12) is

one-to-one.
The previous arguments show that the operator (2.1.12)) is an isomorphism and hence the oper-
ator (2.1.10]) is an isomorphism as well. This implies that the problem ([2.1.3]) has a unique solution

in the form:
1 -t 1 !
u= Wa’r <(§H + Ka,l“) h) , T = Z,I‘ ((5]1 + Ka,l") h) .

This concludes our proof of our result. n

Lastly, we conclude this section with a result, which shows that if we have a pair (v,p) €
H'(D_)? x 9MM(D_) satisfies the Brinkman system in an exterior Lipschitz domain, then the far field
conditions described in problem ({2.1.3)) are also satisfied (see [7, Lemma A.2], [71, Lemma A.2]).

Lemma 2.1.3. Let Assumption be satisfied for n = 3. Let a > 0 be a given constant. If the
pair (v,p) € H'(D_)3 x 9M(D_) satisfies

Av—av—-Vp=0, divv=0inD_, (2.1.22)

then
v(x) = O(]x| %), Vv(x) = O(|x| ™), p(x) = O(]x| ™) as |x| — co. (2.1.23)

Proof. To show this result, we employ steps similar to those in the proof of [71, Lemma A.2]. First,
by using the fields (v,p) € H'(D_)? x 9MM(D_), we introduce the following exterior Dirichlet problem
for the Brinkman system

Au—au—Vr=0in D_,

divau=0, inD_,

Trp.u=Trp v e Hz(I')?, on T,

u(x) = O(|x|7?), Vu(x) = O(|x|™"), 7(x) = O(|x[ "), as |x| = cc.

(2.1.24)

We apply Theorem in order to deduce that problem (2.1.24)) has a unique solution (u,7) €
HY(D_)? x Mm(D_).

Secondly, we have that the exterior Dirichlet problem for the Brinkman system

Aw —aw —Vqg=0in D_,
divw=0inD_, (2.1.25)
Trp.w = Trp_ v € H2(I')?,

has a unique solution in the space H'(D_)? x MM(D_). This fact can be proved if we apply the

Green formula (1.2.18) from Lemma [1.2.6] in the case of the exterior domain.
Now, both pairs (v,p) and (u,7) in the space H'(D_)? x 9(D_) satisfy the exterior Dirichlet

problem (2.1.25)). It follows that
v=u, p=m, inD_. (2.1.26)

Finally, the asymptotic relations in (|2.1.24]) satisfied by u and 7 imply the fact that v and p
satisfy the asymptotic relations ([2.1.23]), as stated. This concludes the proof of our result. O
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2.2 Transmission problem for a Brinkman type system and
the Stokes system in complementary Lipschitz domains
in R3

In this section we aim to state and prove a well-posedness result, for a transmission-type problem,
which was obtained in the setting of Assumption for n = 3, i.e., complementary Lipschitz
domains in R3. We consider a generalized version of the Brinkman system in the bounded Lipschitz
domain D, and the Stokes system in the complementary Lipschitz set D_. Also, we have the
following assumption that we will use in the latter.

Assumption 2.2.1. Letn > 2. Assume that £ € L>°(I')"*" is a symmetric matriz valued function,
which satisfies the following non-negativity condition

(Lu, u)r > 0, (2.2.1)
for all w € L*(T)".

To ensure the clarity of our exposition, we consider the following spaces, namely the space of
solutions,
X 1= H3,(D4)? x L3(D.) x Hy (D_)* x LA(D_) (2.22)

and the space of given data,
Yy = H(Dy)* x H7Y(D_)* x HA(D)* x H™2(I)?, (2.2.3)

respectively. Note that the space H;, (D_)? is given by relation (1.2.8) and the space H~'(D_)? is

given by relation (|1.1.38)).
The considered transmission problem of Poisson type for the Stokes and generalized Brinkman

systems is
(Au, —Pu, —Vr, =f,|p, in D,
Au_ —Vrn_=f|p_inD_,
divuy =0 in D4, (2.2.4)

Trp,u;y —Trp. u_=gonl,

L trp, (uy, 7y, fy) —tp_(u_, 7, f )+ €Trp,uy =hon T,

with the unknown fields (uy, 7, u_,7_) € X,,. Note that, the presence of the Stokes system in the
unbounded Lipschitz domain D_ justifies the inclusion of the space H}, (D_)? in the solution space
Xy provided in relation ([2.2.2)).

We will treat the transmission problem ([2.2.4)) in two separate cases. First, we state and prove
the well-posedness result for the transmission problem in the case that the velocity field u_
tends to zero at infinity in the sense of Leray. Secondly, we state and prove the well-posedness
result in the case that the velocity field u_ tends to a constant at infinity in the sense of Leray. In
the latter, let us denote that particular constant by u,, € R?.

Hence, we begin with the well-posedness result that was obtained for the transmission problem

(2.2.4)), in the case us, = 0 (see [8, Theorem 4.5], [71, Theorem 4.2], [76, Theorem 4.4]).

Theorem 2.2.2. Let Assumption and Assumption be satisfied, for n = 3. Let P €
L>(D,)3*?® such that condition holds. Then, for (f.,f_,g, h) € Y, given, the Poisson
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problem of transmission type for Stokes and generalized Brinkman systems has a unique
solution (uy,my,u_,m_) € X,. Moreover, there is a constant C' = C(Dy,D_, P, £) > 0 such that

H(u+7 T4, U, W*)wa < 0H<f+7 ff’ g, h)HYw7 (225)

and u_ vanishes at infinity in the sense of Leray.

Proof. The proof of this result is inspired by the proof of [76, Theorem 4.4]. We will treat two
distinct cases. The first case is P = 0 and the second case is P # 0.

Case 1. P = 0. We stress the fact that in this case, the transmission problem becomes
the transmission problem for the Stokes system, in complementary Lipschitz domains in R3. This
transmission-type problem is well-posed (see problem , Theorem and also [98, Propo-
sition 5.1, Theorem 5.1]). Due to the well-posedness of the transmission problem for the Stokes
system, in complementary Lipschitz domains in R? (see, e.g., Theorem we get a solution
operator

S:VY, — Xy, (2.2.6)

(see also relation ([2.2.60])), which maps the given data to the solution of this transmission-type
problem (see problem ([2.2.31])).

Case 2. P # 0. We underline the fact that our objective is to reduce this case, P # 0, to
a Fredholm equation of the second kind which admits a unique solution, as in the previous case
P =0.

Consequently, our objective is to ensure that our transmission problem has a unique
solution, which depends continuously on the given data. To this end, we begin by showing that we
have at most one solution of the problem . Hence, we consider the difference between two
possible solutions of the problem , and we denote their difference by (u?r, 7r9r, u’ 1) € X,,
which satisfies the the homogeneous version of .

Next, we use Green formulas for the Stokes system ([1.2.15)) and generalized Brinkman system
(1.2.28]) in order to obtain the following relations

<t7’7D+ (u3-77r?i-)7 TrD+u9|->F = <E(u3—)7E<u3—>>D+ + <Pu3—7 u3—>D+’ (2 2 7)
{to_(u°,7°), Trp_u’)pr = —2(E(u’),E(u’))p_. o
Now, we subtract (2.2.7), from (2.2.7); and we have that
<t77,D+ (u(jr? ﬂ-(J)r)? TrD+ug>F - <tD— (u(l? 7.‘-9)7 TI'D_U(1>1" = (2 9 8)
2(E(uf), E(ul))o, +2(E(ul),E(ul))p_ + (Pul,ul)o,.

If we take into account the transmission conditions of the homogeneous version of (2.2.4)), we
get
(tpp, (u?r, 7T3_), TrD+u0+>p — (tp_(u®,7%), Trp_u®)r = —<,£§T1rD+uE)H TrD+u3_>F7

which, in turn, yields the fact that
—<£TrD+ui, TrDJrugr)p :2(E(u9r), ]E(ui)>D+ +2(E(u”),E(u®))p_ + (Pu(}r, ui}m.
Recall that, the operator £ satisfies the non-negativity condition ({2.2.1)), hence, we get

2(E(u}), E(u})o, +2(E(u?),E(u?))p_ + (Pu}, uf)p, =0,

2.2.9
<£TrD+u9r,TrD+u9r)p =0. ( )
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In view of relation ([2.2.9)), while taking into account that P satisfies the non-negativity condition
(1.2.22)), we have that u} = 0 in Dy and E(u?) = 0 in Dy. Also, due to the fact that Vz} =
Auf} — Puf =0, it follows that the function 7} is constant, i.e., 70 = ¢ € R in D;.

By employing the first transmission condition of the homogeneous version of ([2.2.4)), we get

Trp,ul = Trp_u? = 0. (2.2.10)

Then, we have that the pair (u?,7%) € H}. (D_)3x L?*(D_) solves the exterior Dirichlet problem
associated to the Stokes system with homogeneous Dirichlet boundary condition. This boundary
value problem is well-posed (see, e.g., [56, Theorem 3.4]) and in view of this, we get that u® = 0
and 70 = 0 in the set D_.

The second transmission condition of the homogenous version of , implies the fact that

tpp, (ul, %) = 0. (2.2.11)

On the other hand, we have that
tpp, (ul, 7)) = —cv. (2.2.12)

By relations (2.2.11)) and (2.2.12)) we deduce that ¢ = 0.
We conclude that

ul =0, 71 =0in Dy, (2.2.13)

which proves that the transmission problem (2.2.4]) has at most one solution.
Now, our goal is to show the ezistence of a solution in the case P # 0. First, we rewrite the
transmission problem ([2.2.4)) in the equivalent form

(Au, — V7, =f,|p, +Puy, in Dy,

Au_ —Vr_=f|p ,inD_,

divu, = 0in D, (2.2.14)
Trp,uy —Trp_u_=gonl,
L to, (wy, 7y, £y + E,(Puy)) —tp_ (u_,7_,f )+ LTrp,uy =honl.

Note that, we denote by IOEJr the extension by zero operator outside D, and due to Remark [1.2.16}
the operator tpp, can be expressed in terms of tp,. Moreover, the fact that P € L>(D;)**3

implies that the embedding )
Pu, € L*(Dy)* — H (D, )?, (2.2.15)

is compact, and . 3
E,(Pu,) € H (D))" (2.2.16)

Now, by taking into account the well-posedness result for the transmission problem for the
Stokes system in complementary Lipschitz domains in R? (see also Theorem [2.2.6)), we rewrite the
transmission problem ([2.2.14)) in terms of the solution operator

S: Y, — X, (2.2.17)

which maps the given data to the unique solution of transmission problem for the Stokes system
(see also relations (2.2.31)), (2.2.60) and Theorem [2.2.6|). Hence, we obtain

(uy,mo,u, ) =S(f, +E,(Puy),f, g h). (2.2.18)
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Since S is linear, we have that
S(f.+E, (Puy),f_, g h)=S(f,,f_, g h)+S(E,(Pu,),0,0,0). (2.2.19)
Consequently, (2.2.18)) is equivalent to
(s, 74, u_, ) — S(E4(Puy),0,0,0) = S(f,,f_, g, h). (2.2.20)
In view of the embedding (2.2.15)), we deduce that the operator Sp : X,, — X,,, given by
Sp(uy, 7, u_,m_) :=S(E,(Puy),0,0,0), (2.2.21)

is a compact operator.

We consider the operator Ap := 1 — Sp : X, — X,,. Then, in view of the compactness of the
operator Sp : X, — X, (due to the compactness of the embedding ({2.2.15))), we have that the
operator Ap : X,, = X,, is a Fredholm operator of index zero. Also, relation ([2.2.20]) is equivalent
to

AP(U+,7T+,11_,7T_) = S(f-i-?f—agv h) (2222)

Next, we show that Ap : X, = X,, is injective. To this end, we investigate the equation
Ap(ul, %, u’,7%) =0, (2.2.23)

which is equivalent to the homogeneous version associated to the problem . In the second
step of this proof, we have shown that the homogeneous version of admits only the trivial
solution. Hence, the injectivity of Ap : X, — X,, is guaranteed.

Consequently, the operator Ap : X,, — X,, is an isomorphism, which means that, the equation
(2.2.22) provides a solution the transmission problem in the space X, for the given data
(f,,f_ g, h) €Y,. Indeed, the solution is provided by

(up,m,u_, 7 ) = (Ay' 0 S)(f,f_, g h). (2.2.24)

The existence of a solution of the problem (2.2.4)) is thus proved.
Lastly, relation ([2.2.24]) together with the continuity of the operators

AS Xy = X, St Yy = Xy, (2.2.25)

(see also relation ([2.2.60))), imply the existence of a constant C' = C(D;,D_, P, £) > 0 such that
relation (2.2.5)) is satisfied. Moreover, Corollary [1.1.17] together with the fact that u_ € H!'(D_)3
implies that u_ vanishes at infinity in the sense of Leray. This concludes our proof. O]

Now, we provide the well-posedness result for the transmission problem (2.2.4)), in the case
Us # 0 (see, [8, Remark 4.6], [7T1, Theorem 4.4]).

Theorem 2.2.3. Let Assumption and Assumption be satisfied, for n = 3. Let P €
L>(D,)**3 such that condition holds. Then, for (f,,f_ g, h,uy) € Y, x R3, the Poisson
problem of transmission-type for the generalized Brinkman and Stokes systems has a unique
solution

(U+77T+,u_,7r_> (2226)

satisfying the condition
(W, T, U — Upo, T ) € Xy (2.2.27)
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In addition, the corresponding solution operator,
T:Yy, xR = Xy, (2.2.28)

is linear and bounded, and hence, there ezists a constant C' = C(D,,D_, P, £) > 0 such that the
unique solution of satisfies the estimate

[|(ug, T, us — Uoo, m2)||x,, < C||(£5, £, g, h,us)||v, xr3, (2.2.29)
and u_ — u., vanishes at infinity in the sense of Leray.

Proof. To show this result, we employ steps similar to those in the proof of [71, Theorem 4.4]. Let
us consider the following change of variables

Vi = Uy, Vo (= U_ — Uyo-

Consequently, we obtain the following transmission problem

(AV+ — PV+ - V7T+ = f+|D+ in D+,

Av_ —Vn_=f|p inD_,

div vy =0in Dy, (2.2.30)
Trp, vy —Trp_.v_=g+u,onl,

tpp, (ve, my, fy) —tp_(vo,m_,f_) + £Trp, vy =hon T,

\

which is equivalent to the transmission problem in the unknowns (vy, 7y, v_,m_) € X,.
Although, such a problem was shown to be well-posed via Theorem [2.2.2 We note the fact that
the vector u,, is present in the right hand side of the transmission condition 3, it will also
be present in the estimate .

Now, it remains only to apply Theorem in obtain the desired conclusion. This completes
our proof. n

2.2.1 Transmission problem for the Stokes system in complementary
Lipschitz domains in R?

This subsection is dedicated to the study of the transmission problem for the Stokes system in
complementary Lipschitz domains in R3, i.e., the setting of Assumption for n = 3. Although it
can be easily seen that the well-posedness result associated to this particular transmission problem
is a consequence of Theorem and Theorem (see also [T1, Theorem 4.2, Theorem 4.4],
[76, Lemma 4.1, Lemma 4.2, Theorem 4.3]), respectively, our goal is to show that, indeed, such a
problem is well-posed. We want to prove this result by using a different layer potential approach,
in order to construct the solution to this type of boundary value problem.

Again, let us consider the setting provided by Assumption [1.1.6] for n = 3. In addition, let
Assumption be satisfied, for n = 3. The considered transmission-type problem for the Stokes
system reads as follows

(Au+ - V7T+ = f+|D+ in D+,
Au_ —Vr_=f_|p_ inD_,
divug =0 in Dy, (2.2.31)
Trp,uy —Trp_u_=gonl,

L to, (uy, 7y, £r) —tp (w7, f )+ L£Trp,uy =honI.
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Let us describe the steps that we follow in order to show that the transmission problem ([2.2.31)),
is well-posed. Firstly, we will state and prove the following lemma (see, [8, Lemma 4.1, Corollary
4.2]).

Lemma 2.2.4. Let Assumption and Assumption be satisfied, for n = 3. Then, the
operators
I+ Vr€: H2(T)® — H? (D),

| L (2.2.32)
I+ &Vr: H 2()* — H 2(I)%
are 1somorphisms.
Proof. We proceed by stating the fact that the mappings
£:LAT) — LAT)*, Vp: H 3(I)® — H2(I)?, (2.2.33)

are linear and continuous (see also Lemma [1.3.8) and the embedding L2(I')® < H~2(I')? is contin-
uous and compact. Hence, the operator

Ve H:(T)® - H2(T)?, (2.2.34)

is linear, continuous, compact and consequently, the operator (2.2.32)); is Fredholm of index zero.
Since the operators in relation (2.2.33)) are self-adjoint, we deduce that the operator ([2.2.32)), is

the adjoint of operator 1. Also, 2 is a Fredholm operator of index zero (see, e.g., [68,
Theorem 5.3.7]).

Now, in order to show that the Fredholm operators of index zero are isomorpshims, we
need to show that, for example, they are also one-to-one. To this end, we will concern ourselves

with proving that (2.2.32])5 is one-to-one.

Let us consider ) 1
p, € Ker {I+ £Vr: Hii(l“)g’ — Hiﬁ(F)?’}, (2.2.35)

or equivalently, that

Next, we introduce the fields
ug = Vr,, 7 = OQry. (2.2.37)

These fields satisfy the Stokes system in DL in view of the definition of the single layer potentials for

the Stokes system (see Definition and relation ([1.3.14)). Now, relations ((1.3.22)); and ((1.3.22))3

of Lemma [1.3.8|imply the following relations
Trp,up = Trp_uo, tp, (W0, 70) — to_ (U0, M) = #q- (2.2.38)

Furthermore, by applying Green formulas for the Stokes system (see relation ([1.2.15])) in D,
we get

<tD+ (u07 7T0>7 TrD+u0>F = 2<E<u0)7 E(u0>>D+7
—<tD_ (1,10,71'0), TI'D_U.()>F = 2<E(u0),E(u0)>D_.
We add the relations in (2.2.39)), while taking into account relations ([2.2.38]) and ([2.2.36)), we

obtain the identity

(2.2.39)

—(LVrpg, Vreg)r = 2(E(uo), E(uo))p, + 2{E(uo), E(uo))o_- (2.2.40)

o1



Chapter 2. Linear Transmission Problems

Due to the fact that £ satisfies the non-negativity condition (2.2.1)), we have that each side of
(2.2.40) is equal to zero and we get E(up) = 0 in Dy. Consequently, there exist (see, e.g., [96]
Lemma 3.1]) skew-symmetric matrices Ay and constants by € R? such that

Uy = b:l: + A:I: X X, in D:I:- (2241)

However, by taking into account the expression of the field ug given in relation and the
asymptotic formula Ve, = O(|x|™!) (see, e.g., [73, relation (3.14)]) that uy(x) — 0, as |x| — oo
and hence, b_ = 0 and A_ = 0. It follows that that uy = 0 in D_ and thus, Trp_uy =0 on I.

Since ug := Vreg,, we have

Trp, up = Trp_up = 0, (2.2.42)
and my = 0 in D_, since m(x) — 0 as |x| — oo, in view of the fact that Qfp, = O(|x|72) (see, e.g.,
[73, relation (3.14)]).

Taking into account relation ([2.2.42)), we notice that the pair (ug, ) is a solution of the interior
Dirichlet problem for the Stokes system in D, C R3. Such a problem has at most one solution (up
to an additive constant pressure) in the space H*(D, )3 x L?(D,) (see, e.g., [114, Theorem 10.6.2]),
which is given by

Ug = O, g = C in D+, (2243)
where ¢ € R is a constant.

Until now, we have shown that

u=0inDy, mp=c€eRinD,, mp=0in D_. (2.2.44)

The fields that we have obtained in relation (2.2.44)) satisfy the homogenenous version of the
transmission problem ([2.2.31]) and in particular, the second transmission condition of the aforemen-
tioned transmission problem. We deduce

0 = tp, (ug, mp) = —cv, (2.2.45)

and we get myp = 0. Due to this fact, we obtain
uy = Vrpg =0, m = Qlwy=0in D.. (2.2.46)

Now, since Trp, up = Vreo, we deduce that

VFQOO =0. (2‘2.47)

Relations (2.2.36]) and ([2.2.47)) imply the fact that ¢p9 = 0. This shows that the Fredholm opera-
tor of index zero 2 is one-to-one which means that the operator (2.2.32) is an isomorphism.
Consequently, the operator (2.2.32); is an isomorphism as well (see, e.g., [68, Theorem 5.3.7]). This
completes our proof. O

Secondly, we state and prove a lemma that shows that our transmission problem ([2.2.31)) has at
most one solution (uy, 7, u_ — Uy, 7 ) € X,, where u,, € R3 is a constant vector (see [8, Lemma
4.1], [71, Lemma 4.1]).

Lemma 2.2.5. Let Assumption and Assumption be satisfied, for n = 3. Then, for
(f,,f,g h,uy) € Y, xR3, the Poisson problem of transmission-type for the Stokes system (2.2.31
has at most one solution (wy, 7, u_,m_) which satisfies (Wy, T, U_ — Upo, T_) € Xy
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Proof. To prove our result, we use a similar reasoning to that in the proof of Lemma 4.1 of [71]. We

consider (uf, 7, u’,7%) € X,, the solution of the homogeneous version of our problem (2.2.31)).

Then, by [114], Proposmon 10.6.1] (see also [98, Relations (4.4), (4.5), Lemma 4.2]), the vector fields
u} admit the following representation

‘1+ VF(tD+(u9r>7T+)) WF(TTD+‘1+)
u’ = —Vr(tp. (0, 7%)) + Wr(Trp_u?).

Now, we apply the trace operators Trp, and Trp_, to relations (2.2.48); and ((2.2.48)),, respec-
tively, while taking into account the jump properties of the Stokes layer potentials (see Lemma

1.3.8) Relations ([1.3.22)); and (1.3.22)),)

1
(§H+Kp) (TI"D+11+) VF(tD_‘_(US_,ﬂ'_O’_))

(2.2.48)

1 (2.2.49)

If one subtracts (2.2.49), from ([2.2.49),, while considering the transmission conditions of the
homogeneous version of the transmission problem (2.2.31]), we get the following operator equation

(I+Vr) (Trp,ul) = 0. (2.2.50)

Now, by Lemma we have that the operator involved in relation ([2.2.50)) is an isomorphism
and it follows that Trp, ui = 0. By taking into account the representation of the vector field ug

(relation (2.2.48));), we get
u’ = Vr(tp, (u, 7)) =0in D;. (2.2.51)

We apply the trace operator Trp, to relation (see and we have
Vr(tp, (u,79)) =0onT. (2.2.52)
It follows that (see, e.g., [74, Lemma 3.1}),
tp, (0, 7)) € Ker{Vr: H3(I')* = H2(T)*} = Ru. (2.2.53)

Relations (2.2.51]) and (2.2.53)), together with the fact that Vrr = 0 in R? (see, e.g., [114, Lemma
5.3.1]), imply that
u} =0inD,. (2.2.54)

The transmission conditions of the homogeneous version of problem (2.2.31)) give Trp_u’ = 0
and tp_(u’,7%) = 0. So,
uw =0inD_, (2.2.55)

by relation ([2.2.48§])s.

Using Stokes’ equations and relations ([2.2.54)), (2.2.55]), we deduce that

) =cy € Rin Dy. (2.2.56)
Recall that 7° € L?(D_). Hence ¢y = 0 and we have
7 =0in D_. (2.2.57)

93



Chapter 2. Linear Transmission Problems

Now, by the second transmission condition of the homogeneous version of the transmission

problem, i.e., (2.2.31))5, and relations ([2.2.54)), (2.2.55)), (2.2.57)), we get

0=tp, (u), 7)) = —cv. (2.2.58)

It follows that ¢, = 0.
Consequently, we have shown that

ul =0, 70 =0inDy, u =0, 72 =0in D_, (2.2.59)
that is, the transmission problem ([2.2.31)) has at most one solution. This completes our proof. [

Let us now state and prove the well-posedness result, that we have obtained, for our transmission
problem for the Stokes system in complementary Lipschitz domains in R? in the case u,, = 0 (see

[8, Theorem 4.3], [71, Theorem 4.2}, [98, Theorem 5.1]).

Theorem 2.2.6. Let Assumption and Assumption be satisfied, for n = 3. Then, for
(f,,f_ g, h) € Y,, the Poisson problem of transmission-type for the Stokes system (2.2.31) has a
unique solution (uy,m,u_,m_) € X. Moreover, there exists a linear and continuous operator

S: Yy = X, (2.2.60)

that maps the given data (f.,f_,g h) € Y, to the unique solution (uy, 7, u_,m_) € X, of the
problem (2.2.31), in the sense that, there is a constant C = C(Dy,D_, £) > 0 such that

||<u+7 Ty, 0, 7T—)||Xw < C||(f+7 f—7 g; h)||Yw (2261)
In addition, u_ vanishes at infinity in the sense of Leray.

Proof. First of all, this well-posedness result is a consequence of Theorem 5.1 in [98]. Our objective
will be to prove this theorem in a different way, which is inspired by the proof of Theorem 4.2 in
[71].

Secondly, by Lemma , the uniqueness of the solution of the transmission problem
is assured.

Now, we devote our attention to the existence of the solution of our problem. To achieve
this goal, we will construct a solution of the transmission problem with the help of the
Newtonian, single-layer and double-layer potential. The fields (u., 7+) are sought in the form

u; = Np, fi + Vrp + Wpe in Dy,

! o (2.2.62)
Ty = Q. + Qrp + Qr¢ in Dy,
where the densities (¢, ) € H2(I')3 x Hz(I')3 are unknown.
Due to our construction and by taking into account the mapping properties of layer potentials
involved in relation (2.2.62)) (see relations (1.3.9), (1.3.15) and ([1.3.20])), we have that

(uy, 7)€ H'(Dy)® x L*(D), (u_,7_) € HY(D_)* x L*(D_).

Moreover, due to relations (1.3.12), (1.3.14)) and (1.3.18), we have that the pairs (u;,7;) and
(u_, 7_) satisfy relations (2.2.31)); and (2.2.31)), respectively.
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Now, we use the transmission condition ([2.2.31))3 and relation (|1.3.22)) of Lemma m in order
to obtain the value of the density ¢ € H %(F)S, which is given by

¢ = (Trp, (Mp,fy) — Trp_(Np_f_)) — g. (2.2.63)

Furthermore, by using the transmission condition (2.2.31)3 and, again, relation (|1.3.22) of
Lemma to deduce the equation

I+ LVr)e=Ce H (), (2.2.64)
where ¢ € H_%(F)?’ is given by

C =h — (tD+(ND+f+7 QD+f+> f—i—) —tp_ (Nfo—7 QD,f—a f—))

2.2.65
-I—S(TI‘D+ND+f+)+£(—%H+KF) . ( )

Note that, the operator I+ £Vr : H~2(I')® — H~2(I')® is an isomorphism (sce Lemma [2.2.4)
and consequently, the solution of equation ([2.2.64]) is unique and it is given by

@ =(I+LV)"'¢e H (), (2.2.66)

where the expression of ¢ is provided in relation (2.2.65]).

Consequently, the densities ¢ and ¢ given by relations and , together with the
layer potential representations determine a solution of the problem in the space
Xw- This means that the existence of a solution is assured. Moreover, the fields (u_,7_) satisfy
the Stokes system in the exterior domain. We apply Corollary in order to deduce that u_
vanishes at oo in the sense of Leray.

Finally, since the transmission problem ([2.2.31)) has a unique solution, we deduce that the
solution operator introduced by relation ([2.2.60)) is a well-defined, linear and continuous operator
that maps the given data to the unique solution of . Moreover, there is a constant C' =
C(Dy,D_, £) > 0 such that the inequality holds. This completes our proof. O

Lastly, we provide the well-posendess result of the transmission problem ([2.2.31)) in the case
U # 0 (see, e.g., [8, Theorem 4.4], [71], Theorem 4.4]).

Theorem 2.2.7. Let Assumption and Assumption be satisfied for n = 3. Then, for
(f.,f_,g hyuy) € Y, xR3, the Poisson problem of transmission-type for the Stokes system
has a unique solution (uy,my,u_,7_) satisfying the condition (uy, Ty, u_ — Us,m_) € X,y. More-
over, there is a constant C = C(Dy,D_, £) > 0 such that

(e, us —uee, 7 )lx, < Cll(f4 £-, 8, by us) [y, xes, (2.2.67)
and u_ — u., vanishes at infinity in the sense of Leray.

Proof. In order to prove this result, we will follow similar steps to those in the proof of [71, Theorem
4.4]. Consequently, we consider the change of variables

V+ = u+, V_ ‘= U_ — Uy,
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and we obtain
AV+ — V'/T+ - f+’D+ ln D+,

Av_ —Vr_=f |p_inD_,

div Vi = 0 in D:t, (2268)
Trp, vy —Trp_.v_=g+u,onl,

L to, (Vi 7y ) —tp (v, m f ) + £Trp, vy =hon I.

Let us note that the transmission problem ([2.2.68)) is equivalent to the transmission problem ([2.2.31))
in the unknowns (v, m,,v_,m_) € X,,. The transmission problem was shown to be well-
posed (see Theorem . Moreover, since U, is present in the right hand side of the transmission
condition 3, it will also appear in the estimate . Hence, our assumptions stated in
the theorem are all valid. This completes our proof. ]

2.3 Transmission problem for the generalized Brinkman
and classical Brinkman systems in complementary Lip-
schitz domains in R?

In this section we will state and prove a well-posedness result, for a transmission-type problem,
which was obtained in the setting of Assumption for n = 3, i.e., complementary Lipschitz
domains in R3. We have considered a generalized version of the Brinkman in the bounded Lipschitz
domain D, and the Brinkman system in the complementary Lipschitz set D_. Also, let Assumption
be satisfied, for n = 3.

In order to keep our arguments clear, let us introduce the following spaces, namely the space of
solutions,

Xp = H},(D4)* x L2(Ds) x Hj,(D_)* x 9M(D-) (23.1)

and the space of given data,
Ys:=H '(Ds)? x H(D_)® x Hz(I')® x H2(I')?, (2.3.2)

respectively. We point out the fact that the space 9(D_) is introduced in Definition m

Let us emphasize the fact that the presence of the Brinkman system in the exterior Lipschitz
domain D_, provided in Assumption[I.1.6] n = 3, leads to the use of classical Sobolev spaces, instead
of the weighted Sobolev spaces (as in the case of the Stokes system in exterior Lipschitz domains),
in order to find the velocity field in D_. This is a consequence of the behavior of the fundamental
solution of the Brinkman system at infinity, in the case n = 3.

We turn our attention to the transmission problem for the generalized Brinkman and classical
Brinkman system, which is given by

(ALI+ — Pu+ — V7T+ = f+‘D+ in D+,

Au_ —au_ —Vr_=f|p_inD_,
div uy = 0 in Di, (233)

Trp,uy —Trp_u_=gonl,

\t'p7D+(u_|_, . f1) —tep_ (uo, 7, f) + £Trp,uy =hon T,

where unknown fields are (uy, 7., u_,7_) € Xp.
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Let us state and prove the well-posedness result that we have obtained for problem ([2.3.3) (see
also [, Theorem 3.3] and [76, Theorem 4.4] in the case of compact Riemannian manifolds). In
addition, the following well-posedness result also provides the far field conditions that our solution

satisfies (see Remark [1.3.9)).

Theorem 2.3.1. Let Assumption and Assumptionl,?.,?.] be satisfied forn = 3. Let o« > 0 be a
constant. Let P € L>®(D)**® be such that the condition (1.2.23) holds. Then, for (f,,f_,g,h) € Yz
given, the Poisson problem of transmission-type for the generalized and classical Brinkman systems

has a unique solution

<U+,7T+,u,,7'[',) c XB. (234)
In addition, the corresponding solution operator,
Ts:Ys = Xg, (2.3.5)

is linear and bounded, and hence, there exists a constant C = C(Dy,D_, P, £) > 0 such that the
unique solution of satisfies

H(u-H T4, U, 7T—)HXB < CH(f-i-a f g, h)”YB' (236)
Moreover, the pair (u_,w_) satisfies the following far field conditions
u_(x) = O(|x| %), Vu_(x) = O(|x| ), 7 (x) = O(|x| ™), (2.3.7)
as |x| — oo.

Proof. The proof of this result follows similar steps to those in Theorem 4.4 of [76]. Firstly, we
concern ourselves with the uniqueness of our solution. We take two different solutions of the
problem (2.3.3) and we denote their difference by (ul, 7%, u’,7%) € Xlg We deduce that the fields
(u(}r7 7r9r, u’ V) satisfy the homogeneous version of our problem in the space Xg.

By applying now the Green formulas for the classical and generalized Brinkman system (i.e.,

relations (|1.2.18) and ((1.2.28])), we deduce that

(tp, D+(u9r,7f+) TTD+113> = 2(E(uf),E(uf))p, + (Puf,uf)p,, (2.38)
(tap_ (0, 7°), Trp_u’)p = —2(E(u?), E(uﬂ)}D —a(u’, u’)p_. o
If we subtract (| -2 from 1, we get
(tpp, (ul, 7)), Trp, ul)r — (tap_ (U2, 72), Trp_u?)r
= 2(E(ul), E(u))p, + (Pul,ul)o, +2(E(ul),E(u’))p +afu’,ul)p_,
and hence
—(£Trp, ul, Trp, ul)r = 2(E(ul), E(u?))p, + (Pul,ul)p, (2.39)

+ 2<E< —)7 ]E(ug))D— + Oé<u[1, 11(1>D_ :

Note that each side of relation ([2.3.9)) is null, by taking into account that the matrix operator £

satisfies condition (2.2.1). On the other hand, by making use of the fact that matrix operator P
satisfies condition ([1.2.22)), we deduce that

ul =0, 7 =ceRinD;, u’ =0, " =deRinD_. (2.3.10)
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We apply now Lemma which states that 7° (x) = O(|x|™!) as |x| — oo. Consequently, we
have that 7° vanishes at infinity, or, equivalently, d = 0.

Let us now use the definition of the conormal derivative operator for the generalized Brinkman
system (see Definition in order to obtain

tpup, (ul, 7)) = —cv. (2.3.11)
On the other hand, by using relation (2.3.3)), and we get

tP,u,D+ (ug, 7T3_) =0.

Hence, we deduce that ¢ = 0.
In conclusion, we have shown that

ul =0, 7} =0inD;, v’ =0, 7> =0inD_, (2.3.12)

that is, our problem has at most one solution.

Secondly, we aim to show that a solution of the transmission problem exists. To this
end, we proceed in the following way. Note that, the transmission problem for the Stokes and
Brinkman system in complementary Lipschitz domains in R? (see relation ) is well-posed
(see Theorem . Due to its well-posedness, we are able to introduce the solution operator (see
relation ((2.3.36))

The role of this operator is to map the given data to the solution of the transmission problem for
the Brinkman system in complementary Lipschitz domains in R3. In view of the well-posedness of
the transmission problem for the Stokes and Brinkman system in complementary Lipschitz domains
in R3, the operator S : Yz — Xp is well-defined, linear and continuous.

Next, we will view the problem in terms of the solution operator S : Yg — Xg. To
accomplish this, we rewrite the transmission problem in the equivalent form

(AU.+ — V7T+ = f+|D+ +7DU.+ in D+,
Au_ —ou_ —Vr_=f|p_inD_,
divuy =0in Dy, (2.3.14)
Trp,uy —Trp_u_=gonl,

(to, (uy, 7y, £y + E,(Puy)) — tap (u_,m_,f) + LTrp,u;y =honT,

where, recall that, IOEJr denotes the operator of extension by zero outside D,. Note that, here, we
have used Remark [1.2.16|in order to express the tpp, in terms of tp, .
Now, it is possible to write the problem ([2.3.14)) in the form

(u+> T, U, 7‘-*) = S(f+ + E+(Pu+)7 ffa g, h) (2315)
If we use the fact that the operator S is linear and
S(f+ + E+(Pu+)a f—7 g, h) = S(f-‘rv f—7 g, h) + S(E+(PU+), 07 07 0)7 (2316)

we obtain

(uy, mp,u_, ) — S(E.(Pu,),0,0,0) = S(f,,f_, g, h), (2.3.17)
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which is equivalent to relation ([2.3.15]).
Furthermore, since P € L>(D,)3*3, we are able to deduce that the embedding

Pu, € L*(Dy) — H YD, )3, (2.3.18)

in the sense that
E,(Pu,) e H'(D,)? (2.3.19)

is compact. This fact allows us to deduce that the operator Sp : Xg — Xg given by
Sp(uy, 7, u_,m_) = S(E.(Puy),0,0,0), (2.3.20)

is compact in view of relation ([2.3.18]). Note that Sp : Xz — Xg is also well-defined, linear and
continuous.
Thus, equation (2.3.17]) can be written in the equivalent form

Ap(up,mp,u_,m_) =S(f,,f g h), (2.3.21)
where it is obvious that Ap : Xz — Xg given by
Ap =1 Sp, (2322)

is a Fredholm operator of index zero.

Moreover, we will show that Ap : Xg — Xg is also one-to-one. To achieve this, we look at the
equation

Ap(ul,n%,u’,7%) =0 (2.3.23)

and we notice that the homogeneous version of our transmission problem ([2.3.3)) is equivalent to
this relation (2.3.23)). Our problem ([2.3.3) has at most one solution, as we have seen in the proof of
this result. Then, we have that equation (2.3.23]) admits only the trivial solution in the space Xg,
which proves that Ker {Ap : Xz — Xz} = {0}.

To conclude, we have shown that the Fredholm operator with index zero, Ap : Xz — Xz is

one-to-one. This means that Ap : Xg — Xp is an isomorphism. Consequently, equation ([2.3.21)) has
a unique solution in the space Xg,

<U+,7T+,11_,7I'_) = (A7_31 OS)(f-Hf—aga h), (2324)

which is also the unique solution of the transmission problem ({2.3.3)).
Finally, the continuity of the operators

A;l : XB — XB7 S: YB — XB7 (2325)

imply the existence of a constant C' = C(D;,D_, P, £) > 0 such that the estimate (2.3.6) holds.
This concludes the proof of our theorem. O
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2.3.1 Transmission problem for the Stokes and Brinkman systems in
complementary Lipschitz domains in R?

This subsection is dedicated to the study of the transmission problem for the Stokes and
Brinkman systems in complementary Lipschitz domains in R3, i.e., the setting of Assumption m
for n = 3. Although it can be easily seen that the well-posedness result associated to this partic-
ular transmission problem is a consequence of Theorem (see also [T1, Theorem 4.2, Theorem
4.4], [76l, Theorem 4.3]), respectively, our aim to to prove the well-posedness of such a boundary
value problem. We prove this result in a different manner, that is, we use a different layer poten-
tial approach based on a combination of single-layer and double-layer potentials with a Newtonian
potential in order to construct the solution for this type of boundary value problem.

Let us consider the setting provided by Assumption [1.1.6] in the case n = 3. In addition, let
Assumption be satisfied, for n = 3. The considered transmission-type problem for the Stokes
and Brinkman systems is given by

( .
Auy — Vry =f,|p, in Dy,

Au_ —au_ —Vr_=f|p_inD_,

divuyx =0 in Dy, (2.3.26)
Trp,uy —Trp_u_=gonl,

L to, (up, iy £1) —top (w7, )+ €Trp,ur =hon T

First of all, we have a preliminary result in which we will show that the transmission problem

(2.3.26)) has at most one solution (see [7, Lemma 3.1], [71, Lemma 4.1]).

Lemma 2.3.2. Let Assumption and Assumption be satisfied forn = 3. Let o > 0 be a
constant. Then, for the given data (fy,f_ g, h) € Yg, the Poisson problem of transmission-type for
the Stokes and Brinkman systems has at most one solution (uy, 7y, u_,m_) € Xg.

Proof. We prove this result by following similar arguments as in the proof of Lemma 4.1 of [71].
We proceed by considering the difference of two possible solutions of and we denote this
difference by (u,7%,u%,7%) € Xz. We notice that the fields (u%, 7%, u’,7°) € Xp satisfy the
homogeneous version of the problem ([2.3.26)).

Now, if we apply the Green formulas for the Stokes and the Brinkman system (see relations

(1.2.15)) and (|1.2.18)), we get

<tD+ (u(jr, 778»7 O>7 TrD+ U-(br = 2<]E<u9r)7 E<u9r)>D+’

2.3.27
(tu (10, 72.0), Trp_u )y = —2(E().Ew o —aful,ul)p . 0D
By subtracting ([2.3.27))s from ([2.3.27]);, we obtain the equality
tp, (U2, 7%,0), Trp, ul)r — (tap_ (U2, 72,0), Trp u®)r =
(to, (ui,7,0), Trp, ui)r — (ta,p_(ul,72,0), Trp_ul)r (2.3.28)

2(E(uf), E(uf))p, +2(E(u?),E(u’))p_ +afu’, u’)p_.

Furthermore, by applying the transmission conditions from the homogeneous version of ([2.3.26)),
we obtain the relation

2(E(uf),E(u}))p, +2(E(u°),E(u’))p_ + a(u’,u’)p = —(€Trp, u’, Trp, ul)r. (2.3.29)
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In view of the fact that £ satisfies the non-negativity condition (2.2.1), we deduce that the
left-hand side of relation ([2.3.29) is non-negative and the right-hand side of relation (2.3.29)) is
non-positive. It follows that, both sides are null, that is

2E(u?),E(ul))p, +2(E2),E®))p_ +a(u’,u’)p =0,

2.3.30
<£TI‘D+119F,TI‘D+113>F =0. ( )
By taking into account the Brinkman equation and relation (2.3.29)), we have that
u =0, 7 =deRinD_, E(u})=0, in Dy, (2.3.31)
and due to the behavior of 7% at infinity (see Lemma [2.1.3), we get
u =0, 7 =0inD_. (2.3.32)

On the other hand, by the uniqueness of the solution of the interior Dirichlet problem associated
to the Stokes system (see, e.g., [114, Theorem 10.6.2]), we deduce that

ul =0, 70 =c€eRinD,. (2.3.33)

By employing the definition of the conormal derivative operator for the Stokes system (see
Definition [1.2.3]), and we get

tp, (ul,7},0) = —cv. (2.3.34)

Now, it remains to apply the second transmission condition of the homogeneous version of the

problem ([2.3.26]) and we obtain

tD+(u9r,7Ti,O) = O

which implies that ¢ = 0. Consequently, we have that
u} =0, 7} =0, in Dy, (2.3.35)
which shows that our problem ([2.3.26)) has at most one solution. This concludes our proof. O]

We are now able to state and prove the well-posedness result for the transmission problem
(2.3.26) (see, [7, Theorem 3.2], [71, Theorem 4.2]).

Theorem 2.3.3. Let Assumption and Assumption be satisfied for n = 3. Let o > 0 be
a constant. Then, for the given data (f,,f_, g, h) € Yg, the Poisson problem of transmission-type
for the Stokes and Brinkman systems has a unique solution (uy,my,u_,m_) € Xg. In
addition, the operator

S: YB — XB: (2336)

which maps the given data (f.,f ,g,h) € Yg to the corresponding solution (uy, 7, u_,7_) € Xg
of the transmission problem s linear and continuous. Consequently, there is a constant
C=C(D,,D_, £) >0 such that:

||(u+7 Ty, 0, ﬂ-—)HXB < C||(f+’ f g, h)||YB’ (2337)
Moreover, u_, w_ satisfy the far field conditions
u_ (%) = O(x|%), Yu_(x) = O(x| "), 7_(x) = O(Ix|", (2.3.39)

as |x| — oo.
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Proof. The proof of this result follows similar steps to the proof of [71, Theorem 4.2]. First, we
emphasize the fact that the problem ([2.3.26)) has at most one solution, due to Lemma m
Secondly, we turn our attention to the existence argument. We seek a solution of the problem

(2.3.26)) in the form

u; =ANp fy +vy, 71 =Qp fi +ry, inDy,
u =N,p f +v_,7.=Q,p f +r_, inD_.
Now, we substitute the fields given in relation ([2.3.39) into (2.3.26f) and we get a new version of

our transmission problem, which is

(2.3.39)

(AV+ - VT+ =0 1in D+7
Av_—av_—Vr_=0inD_,
div vy =0 in Dy, (2.3.40)

Trp, vy —Trp_v_ =g, onT,

(to, (V4+,74+) —tap_(vo,r-) + £Trp, vy =hy on I,
in the unknowns (v,,r,,v_,r_) and the quantities g; and h; are given by

g = g— (Trp, (Mo, f) — Trp (Nap £)) € H2 (D),
hy = h—tp, (Np,fy, Qb i, fy) + tap (Nap fo, Qup f_,f) (2.3.41)
— £Trp, (Np, f.) € H2(I)°.

Furthermore, we are searching for the fields vy and r1 in the form

Vi = WF¢ + VF¢7 Ty = Qg(p + Qf‘w? in D+a

2.3.42
Vo =War¢+Varth, ri = Qhr¢p+ Q5 3, in D_. ( )

in the unknown densities (¢, %) € Hz(I')® x H2(I')3.
Now, we apply relation ([2.3.40))5 to the fields v and r., which are provided in relation (2.3.42)).

Then, by employing relations ((1.4.23)); and ([1.4.23])s of Lemma |1.4.8] we obtain the equation
(—]I — Kmo,[‘)(ﬁ - Va,O,I"()b = 8. (2343)

By analogy, we apply relation (2.3.40)4 to the fields v and ry. An application of relations
(1.4.23))3 and (|1.4.23])4 of Lemma m yields the following equation
1
(—DQ,O,F + g (—51[ + KF)) ¢ + (H - K;,O,F + SVF)'lp == hl' (2344)

Hence, we have obtained a system of equations which is comprised of relations (2.3.43)) and
(2.3.44]). We will write these equations in matrix form as follows

911 {&}

T.|% = , 2.3.45
MBI (2:3.5)
where T, : H2(T)® x H2(I')3 — Hz(I')® x H~2(I')? is the operator defined by

—I - Kaor — Va,0,I
T = 0, 0, . 9.3.4
8 {—DQ,O,F + (- Kp) T—Kiop+SVr (2.3.46)
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Our purpose is to show that the equation (2.3.45)) has a unique solution. The strategy that we
employ is to show T, is a Fredholm operator of index zero, which is also one-to-one.
1 1 1 1
Note that, the operator T,, : H2(T')3*x H 2(T")* — Hz(T")*x H 2(T")® admits the decomposition

Ta — T0 + Cm (2.3.47)
where
-1 0
Ty = {O I[] (2.3.48)
and
Kot — Va0
C, = Y e . 2.34
[—Dmo,r +£(—31+Kp) -Kior+ ’SVF} (23.49)

We observe that the operator is an isomorphism. Regarding the operator , we
note that the embeddings Hz(I')® — L2(I')® and L*(I')® — H—2(I')® are compact, which imply
that the operators

1 CH3(T)3 -1m3
Q( 2H+Kr) cH2(T)” — H =2(I")°, (2.3.50)
eV H 2(I')? — H 2(I)?,
are, in turn, compact. Relations 1 and 2 together with relation of Lemma
imply that the operator C,, given by relation ([2.3.49)), is a compact operator.

We conclude that the operator To : H2(I')® x H-2([')> — H=2(I')® x H-2(I')® is a Fredholm
operator of index zero.

Next, we show that the operator T, : H2(I')3x H2(I')3 — Hz(I')3x H~2(I')? is also one-to-one.
In order to achieve this goal, we consider the fields ((;bo, ¢0) € Ker T,, where

Ker Ty = {(¢, %) € Hz(I')® x H™2(I')*: To[op, %' = [0,0]'} (2.3.51)

and the superscript ¢ denotes the transpose.
Since (¢°, ") € Ker T, the pair (¢°, ") satisfies

(=1 = Kaor)9’ = Vaory’, (2.3.52)
and X
(_]D)a,O,F + 2 (_5]1 + KF)) ¢0 - _(]I - KZ,O,F + SVF)"J)O (2353)

By using the pair (¢°, "), we construct the fields

WO = WF¢O + VF¢0a p() = Q?‘d)o + Q?¢O7 n Rg \ Fa

2.3.54
VO =Word” + Vory®, =02 19"+ Q5 14p°, in R*\T. ( )

Consequently, the fields (w?, p°, v%,r%), given by ([2.3.54)), solve the homogeneous version of the
transmission problem (2.3.26]). Recall that, due to Lemma we must have

wl=0, p"=0inD,, v'=0, 7°=0in D_. (2.3.55)
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Now, we will prove the following assertion is true. The statement is as follows
TI‘D_WO = ¢0, TI'D+V0 = _¢O on I‘,
tp_ (WO’pO’ 0) = _1700’ toz,DJr (V07T0, 0) = ’l,[)o on I

In order to show our claim, we begin by using formulas (|1.4.23)); and (1.4.23)), together with
the linearity of our trace operators Trp, (see Lemma|1.1.18)) and again the expressions of the fields

(w?, p%) given by (2.3.54)) which lead to the fact that
TI'D7W0 = TI‘D7 (Wrd)o + Vp’l’/lo)
= [Trp_(Wr¢°) — Trp, (Wr¢®)] + Trp, (Wre®) + Trp, (Vry”)
= ¢" + Trp, (Wre® + Viy")
= ¢’ + TrD+W0.

(2.3.56)

Now, due to relation (|2.3.55)), we deduce that TrD+w0 =0 on I'. Then, we get
Trp w' = ¢°, on T (2.3.57)

The formula Trp_ v? = —¢° on I' can be similarly obtained, where the field v° is given by (2.3.54)).
In order to show the last parts of our claim, we use the formulas (|1.4.23))5 and ((1.4.23])4 together
with the linearity of the conormal derivative operators (see Lemma [1.2.4] and Lemma [1.2.6)), we
obtain
to (w’,p°) = to_ (Wre” + Vi, Qf¢° + Qi) = to_ (Wr¢®, Q1¢°) + to_ (Vrep’, Qf¢)”)
- tD+ (WF¢07 Q?‘¢O) + [th (qupoa le"qpo) - tD+ (VF¢07 le",‘vbo)] + tD+ (VF"J)Oa le'"‘vbo)
= tp, (Wre’, Q1¢") — ¢° + tp, (Vrep”, Q7¢p°)
= —p" +tp. (Wre" + Vry®, 01" + Qe)”)
= _¢O + tD+ (W07p0>'

By taking into account the relation (2.3.55)), we have that tp, (W p") =0 on I'. Then, we obtain
tp_ (W%, p%) = —¢° on I (2.3.58)

The formula t,p_(v° %) = 4 on I can be similarly obtained.
We apply now the mapping properties of the layer potentials (see also [71, Lemma A.4, Lemma
A.6]) in order to deduce that

(W’lo,,p"lp, ) € Hg;,(D1)” x L*(Dy),  (W'lo_,pp_) € Hay,(D-)* x L*(D-),
(v’Jo;,m"lp.) € Haiy(D1)* x L*(D+),  (vVlo_,7"|p_) € Hg;,(D-)* x 2(D-).

Now, we are able to apply Green’s formulas (see relations ([1.2.15)) and ([1.2.18))). It is important to
underline the fact that even if r%|p_ € 9(D_), the Green formula still holds, cf. [71, p. 25]. The

same property can be also obtained if we take into account the behavior at infinity of the single and
double layer potentials representations in (2.3.54]). Taking into account the expressions obtained in

relation ([2.3.56[), we obtain

— (9%, ¢°)r = (to_(w",p°), Tro_w)r = —2(E(w’), E(w"))p_,
- <¢Oa ¢O>F = <ta,D+ (VO’ TO)’ TrD+VO>F = 2<E( 0)7E(VO)>D+ + a/<VO’ VO>D+‘

(2.3.59)

(2.3.60)
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By subtracting relation ([2.3.60)); from ([2.3.60f)2, we get
2EWV),EV"))p, +a(v’,v)p, + 2(E(w"),E(w"))p_ =0, (2.3.61)

which shows that
v'=0inD,, E(w’)=0in D_. (2.3.62)

Now, by using the relation Trp, v = 0 together with the second relation in we conclude
that ¢° = 0. Moreover, the first relation in implies the fact that Trp_ w® = 0, and we deduce
that the pair (w”, p%) € HL. (D_)3 x L*(D_) solves the homogeneous exterior Dirichlet problem for
the Stokes system. Due to [56, Theorem 3.4], the solution of this problem is unique, that is,

w’=0,p°=0, inD_. (2.3.63)

It remains to see that the relation tp_(w? p®) = 0 together with the third relation from
imply the fact that ¢° = 0.

Consequently, we have proved the fact that Ker T, = {[0,0]'}, which translates to the fact the
operator T, is an isomorphism. It immediately follows that the equation has a unique
solution and the layer potential representations and provide us with the unique
solution (uy, 7, u_,7_) € Xp (recall Lemma of our transmission problem (2.3.26).

The linearity and continuity of the single layer potentials, double layer potentials and Newtonian
potentials that appear in relations ([2.3.39)) and (2.3.42)) together with the fact that the operator T,
is an isomorphism, lead to the relation

H<u+7 Ty, U, W*)HXB < CH<f+7 f.g, h)HYzaa (2'3'64)

where C'= C(D4,D_, £) > 0 is a constant.

Lastly, in view of the well-posedness of the transmission problem implies that the
operator S : Yg — Xpg, which maps the given data (f,,f_,g,h) € Yz to the unique solution
(uy,m,u_,m_) € Xp of the transmission problem ([2.3.26|) is well-defined, linear and continuous.
This concludes the proof of our result. n

2.4 On a Robin-Transmission problem for the Brinkman
system

In this section we aim to state and prove a well-posedness result, for a transmission-type problem,
which was obtained in the setting of Assumption [I1.1.7] Before we state the transmission problem,
let us mention that such problems are used to model the fluid flow in the exterior of a cavity or
in cavities filled with porous media, in the case of the jump of either tensions or velocity on the
interface. Another idea is to analyze the fluid flow in a porous media in reservoirs whose boundary
has two parts, the first one that of a solid surface and the second, an interface between the fluid
and another fluid or viscoelastic material (for additional details, see, e.g., [72]). From a practical
point of view, Baber [I6] has analyzed applications of transmission problems, such as the water
management in fuel cells or the processing of nutrients between two domains, one containing blood,
the other porous tissue.

The transmission-type problem that we wish to treat will be called the Robin-transmission
problem for the Brinkman system (see problem (2.4.3)). In addition, let Assumption be
satisfied.
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To ensure the clarity of our exposition, we consider the following spaces, namely the space of

solutions,
Xpr i= Hig(D4)" x L*(D.) x Hk,(D_)" x L*(D_), (2.4.1)

and the space of given data,

Yrr = H YD) x HYD_)" x HZ(T.)" x H 2(T.)" x H™2(I_)", (2.4.2)
respectively.
We will study the Robin-transmission problem for the Brinkman system, which is given by

'Aui — au4 — Vﬂ'i = f:l:|Di n D:t,

div uy = 0 in D4,

MTrp,uy) — (Trp_u_) |p, =g on Ty, (2.4.3)
ta7D+ (11_,_, 7T+, f+) — (ta7D_ (11_, T, f_)) |1“+ = h1 on F_;’_,
\ (tapf (u_,ﬂ_,f_)) Ir_+ £ (Teru_) . =gyonl_,

where @ > 0 and A € (0,1] are given constants. We aim to determine the unknown fields
(uy,m,u_,m_) € Xpr.

Let us state and prove the well-posedness result that was obtained for the Robin-transmission
problem ([2.4.3)) (see also [9, Theorem 1], [75, Theorem 4.1], [82, Theorem 5.8]).

Theorem 2.4.1. Let a > 0 and )\ € (0, 1] be given constants. Let Assumption and Assumption
be satisfied. Then, for all data (fy,f_,g,,h1,8,) € Ygr, the Poisson problem of Robin-
transmission type for the Brinkman system has a unique solution

<U+,7T+,u_77T_) € XRT. (244)
In addition, the corresponding solution operator,

TRT : YRT — XRT7 (245)

is linear and bounded, and hence, there exists a constant C = C(Dy,D_, a, £,A) > 0 such that the

unique solution of satisfies
H(u-H Ty, U, 7T—)HXRT < C||(f+v f g h, gZ)HYRT' (2'4'6)

Proof. We prove this result in a similar way as to the one used in the proof of Theorem 4.1 in [75]
and Theorem 5.8 in [82]. This approach uses layer potential methods. In order to preserve the
simplicity of our arguments, let us introduce the space

Y= HZ(T.)" x H3(Ty)" x H5(T_)", (2.4.7)

which will appear in the latter.

We divide our arguments into two separate cases. The first case concerns the situation A € (0, 1)
and the second case refers to the situation A = 1.

Case 1: Assume that A € (0,1). Firstly, we show that our problem admits a solution, (i.e., the
existence of a solution) and we aim to construct it by using a layer potential approach. To this end,
let us seek a solution in the form

u, =Nop, £y + Wor, @+ Var, e,

Ty = Qap, Iy + Qi,mq’ + QZ,F+90a

u =MN,p £ +W,r, @+ V,r. o+ Var ¢,
m_ = Qap_f_+ Qi,mq) + Qar,¥ + Qor ¥,

(2.4.8)
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where (®, ¢, 1) € Y are unknown densities and the space Y is given in relation (2.4.7)).

Note that, the mapping properites of the Newtonian, simple and double layer potentials for the
Brinkman system (see Theorem [1.4.2] Theorem [1.4.4] Theorem[1.4.7)) imply that (u;, 7y, u_,m_) €
X RT-

Next, by taking into account the jump formulas for single and double layer potentials (see
relation ((1.4.23)) of Lemma [1.4.8) and by substitution into relation (2.4.3)3, we get

1 1
<>\ (—511 + K%m) - (511 + Ka,p+>) ® + (War, = Var,) ¥ —Vo_r, % = gy, (2.4.9)

and g, is given by

go1 = 81 — AM(Trp, (Nap, fr)) + (Tro_ (Nap_f-))Ir. - (2.4.10)
Note that, the operator

Ver, s H3(0O)" = HE(D)", Ve_r, 4= (Tro. (Var %)) Ir,, (2.4.11)

is compact, as an integral operator with real analytic kernel (see [36, Theorem A.28, Statement
(ii)] which deals with the properties of integral operators with real analytlc kernels) and due to the

compact embedding H'(I')" < H2(T'.)". Also, we have g, € H (I'y)™. This assertion holds
true after the application of the Divergence Theorem while taking into account relation (|1.4.13]).
Now, let us take into account again the jump formulas for single and double layer potentials,

and by substitution into relation (2.4.3)),, we get

¢ — Kt r, % = hg, (2.4.12)
and hg; is given by
ho; :=hy —top, Nap,fr, Qap. fi ) + (tap Nap £, Qap £, £ )|, . (2.4.13)
Let us notice that the operator
Kr_r, ¢ H_l(r )= H (F+)na K p, 9= (ta,o_ (Var_ v, Qur_ %)) Ir,, (2.4.14)

is a compact operator, based on [36, Theorem A.28, Statement (ii)] and the compactness of the
embedding L2(I',)" < H~2(I',)".

It remains now to apply, again, the jump properties of the single-layer and double layer potentials
for the Brinkman system (see Lemmal|[L.4.8) and by substitution into relation (2.4.3)5 (i.e., the Robin
boundary condition), we get the equatlon

(Dr.r_+€Kp, r )@+ (Ki, p +£Ve,r )@+ (2}1 +Kip +LVar. ) Y=gy, (2.4.15)

and g, is given by
800 =8 — (tap Nap f,Qap f,f))|r — L(Trp. (Nap )0 (2.4.16)
We emphasise the fact that the following operators
Dr,r : H2(Dy)" = H3(T2)", Dp,p @ = (tap (War, ,QLr, @) Ir_,
Kp,r :H2(I'y)" — H2( )" Ke,p @ = (TrD_ (Wa,p+<I>)) Ir_,
Ki, g B0 HEO)" Kip o= (top- (Voroe Qar, @) e
Veor. t H™ (F+) — HQ( )" Vrrop = (TrD (Voz,F+90)) r_,

[N

N

(2.4.17)
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which are present in relation (2.4.15)) are compact operators. This assertion holds true if we apply
[36, Theorem A.28, Statement (ii)] and if we take into account the compactness of the embeddings
HYT,)" < Hz(Iy)" and L3(T,)" — H2([)".

Consequently, the Robin-transmission problem reduces to the equations given by relations
(2.4.9), (2.4.12)), (2.4.15)). Let us write these equations in matrix form as follows

A((I)7 L) ,(p)t = (g017 h017 g02) in Ya (2418)

in the unknown (®,p, )" € Y. The matrix operator A : Y — Y involved in relation (2.4.18)) is
given by

AM=3T+Kar,) — A1+ Kar,)  MWar, = Var. —Vror,
A= 0 I ~Ki_ r, . (2.4.19)
Dr, r_ + £Kr, r_ Ki ro + €V, r. I+ Ko +LVar

Let us write the matrix operator (2.4.19)) in the following equivalent form,

A (A= DKar, (A= 1)Var, Vror,
A= 0 I —Ki: Ty . (2.4.20)
DF+,F_ + SKD_,F_ KE_,F_ -+ SVF+,F_ ]I + K* T + SVa T_

We claim that the matrix operator A : Y — Y is an isomorphism. In order to prove this claim,
we will prove operator A : Y — Y is a Fredholm operator of index zero, for A € (0,1] and that it is
also an injective operator.

Let us proceed by showing, first of all, that A : Y — Y is a Fredholm operator of index zero. A
simple rearrangement allows us to rewrite operator in the following form

A=1) (3 RI+Kar,) (A=1)Var, —Vr_r,
A= 0 I Kt _r, . (2.4.21)
Dr,r +£Kr, r_ Ki,r + &V . sI+Kip +LSVar_

It is immediate that the matrix operator A : Y — Y is well-defined, linear and continuous.
Let us now recall the definition of the complementary layer-potential operators (see relation

(1.4.26))) and with their help we are decompose the matrix operator (2.4.21)) as
A=A)+Ac: Y=Y, (2.4.22)

where the operators Ag : Y — Y and Ac : Y — Y are defined by

A =1 G+ Kr,) (A= 1D)Vr, 0
Ap = 0 I 0 (2.4.23)
0 0 sI+Kq +£2Vr
and
(A= DKapor, (A= 1)Vaor, —Vr_r,
Ac = 0 0 K} ¢ : (2.4.24)

DF+7F7 + £KF+7F7 K;+,F, + £VF+7F7 K2707F7 + ‘SVO[,O,F7

Let us analyze the properties of the operator Ay : Y — Y given by relation (2.4.23]). Let us take
into account the fact the operator

ST+ Ky, H2(Dy)" — H2 (D)™, (2.4.25)
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is a Fredholm operator of index zero (see, e.g., [114, Corollary 9.1.2], [82] Lemma 5.3]). Next, by
the second statement of Lemma the operator

Vr, : H2(T.)" — H2(T,)", (2.4.26)

is also a Fredholm operator of index zero. Moreover, the operator
1
S+ Ki + 2V H (D))" — H 3(T'_)", (2.4.27)

is another Fredholm operator of index zero, since

1 1 1
SI+Ki  HOH(IL)" — HOH ()" (2.4.28)

is Fredholm operator of index zero and the operator
eV H i)' — H 2(I_)" (2.4.29)

is a compact operator in view of the compact embeddings Hz ()" < L*(T'_)" and L2(I_)" <
H~2(I'_)" (for additional details see, e.g., [75, Theorem 4.1]).

By the arguments in the former, we have shown that the operators (2.4.25)), (2.4.26) and
are Fredholm operators of index zero and it follows that the operator Ay : Y — Y is Fredholm of
index zero.

Let us now focus on the operator Ac : Y — Y provided in relation ([2.4.24]). In view of the
compactness of the complementary layer-potential operators Ko or,, Vaor,, K,or , Vaor_ (see
relation of Lemma and also the compactness of the operators (2.4.11)), (2.4.14]) and
(2.4.17)), we have that, in turn, the operator Ac : Y — Y is a compact operator.

Since our operator A : Y — Y is a sum of a Fredholm operator of index zero and a compact
operator, we deduce that A : Y — Y is a Fredholm operator of index zero, for A € (0,1).

In order to fully prove our claim, we show that the operator A : Y — Y is injective, or equiva-
lently, we show that the kernel of the operator A : Y — Y is the null space, i.e.,

Ker {A:Y — Y} = {0}. (2.4.30)

To achieve this, we consider (@, ¢y, )" € Ker{A:Y — Y}. Then, we construct the fields

(u,79) and (u?,n?) as follows

ug» - Wa,l"+ @0 + VCX,F+ (P() 7T+ Qa F+ ¢0 + Qa F+ (PO
=W,r.®o+ Var,po+ Var_ v, 0 = a F+ ®,+ Q. ry%Po T+ Q. T Py.
Let us note that these fields (u%,7}) and (u”,7?) satisfy

(2.4.31)

AMTrp,u?) = (Trp_u?) |r, ae. on Iy,
ta,D+(u3_77T3_) = (taD (uo T )) lr, a.e. on I'y, (2.4.32)

(top_(0*, 7)) Jr_ + £ (Trp_u’) [r_ =0, ae. onI'_.

Now, we apply the Green formula ([1.2.18)) to the fields introduced in relation (2.4.31)) and we
get

2(E(u}),E(u)), +a(ul,ul)y =(top, (ul,x) Trp,uf).
2(E(u?) E(u?)), +a<U-’u9>D_ = ((tap_ (2, 70)) [r,, (Tro_u) [r, ). (2.4.33)
+ ((tan_(u?, 7)) |r_, (Tro_u?) |r_),. -
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Let us now multiply relation (2.4.33); by A and we add the resulting quantities to relation

(2.4.33)2 and by using relations (2.4.32));, (2.4.32)s and ([2.4.32))3 we have

A (2B, E),, +a(ulul)y ) +2(E@),E@)), +a(u’ul),
= — (e (Trou?) |r_, (Trou?) |r_ ), -

(2.4.34)

Note that, the left hand side of the equality (|2.4.34]) is non-negative and the right hand side of
the equality (12.4.34)) is non-positive (due to the fact that £ satisfies condition (2.2.1])). This leads
to the fact that

A (2 (E(u)).E(?)), +a(ul, ug>D+) +2(E?),BE(?)), +a(u,u’), =0. (2435)

Consequently, we get u). = 0 in Dy, which, in turn, implies that 7} = ¢, where ¢}, € R are

constants. Also, relations ([2.4.32), and ([2.4.32)3 imply ¢} = ® = 0. Hence, we have that
u)l =0, in Dy, 71 =0in D.. (2.4.36)

Let us now apply relation ((1.4.23)) of Lemma in order to get

Trp_ uJr D, Ter+ = —®y, ae. on 'y,

ta,p_ (u(iﬂri) —%o; ta,DJr(u(l,WO,) =g a.e onl.

(2.4.37)
1

In addition, the membership ®, € H; (I';)" implies that (W, r, ®o)(x) = O(|x|™") as |x| = oo,

(see [141], Lemma 2.12]). Let us mention that the single-layer potential V1, ¢, behaves in a similar

manner at infinity (see [141, Lemma 2.12]). Hence, uf(x) = O(|x|™") as |[x| — oco. Consequently,

the fields (u,7Q) satisfy the Green formula (1.2.18)) corresponding to the domain R" \ D,. Let

us apply the Green formula (|1.2.18) for the fields (uf,79) in R™ \ Dy, while taking into account

relation (2.4.37). We get

2 (B O, + (00,0,
0 .0 0 (2.4.38)
- <ta’”’Rn\5+ (u+, 7T+)’ Tar\D+u+>F+ = (o, (I)0>F+

Moreover, we apply the Green formula (1.2.18)) for (u®,7%) in D, while taking into account
relation ([2.4.37]) and we obtain
2 <IE(u‘1),H~Z(u9)>D+ +a(u’, u(i>D = (top, (0, 70), Trp, u _>F = — (0, ®o)r, (2.4.39)

Let us now add relations (2.4.38) and (2.4.39). We obtain the following
2 <E(u9r), I[:E(u(}r)>Rn\6+ +« <u9r, ui>Rn\B+ +2(E(u’), IE(u(i)>D+ + « <u(l, uO_>D+ =0, (2.4.40)

which shows that _
ul =0, 70 =0inR"\D;, u’ =0, ¥ =0in D,. (2.4.41)

Let us stress the fact that 70 = 0 in R™\ D, is a consequence of the fact that the pair (ul,7%)

satisfies the homogeneous Brinkman equation in R™ \ D and also the fact that 79 (x) = O(]x|*™")
as |x| — oo (see [73, Relations (3.12), (3.13)]).

70



Chapter 2. Linear Transmission Problems

Now, by relations (2.4.37]) and ([2.4.41]) we are able to deduce that
P, =0, p,=0. (2.4.42)

Relation together with the fact that u’ = 0 in D, implies that V,r_ 1, = 0 in D,. The
continuity of the single layer potential for the Brinkman system on I'_ (see Theorem implies
that

Var 1, =0in R"\ Dy, (2.4.43)
while the behavior at infinity of the single layer pressure potential (namely, that Qg r 1, =
O(|x|'™™) for n > 2, as it can be seen in relation (3.12) of [73]) leads to the fact that

S0 %o =0inR"\D,. (2.4.44)

Therefore, by relations and we get
tap, (Var 9o, Qor_v) =0, onT'"_, taurn\D, (Var_ v, Qor_%y) =0, on I'_. (2.4.45)
Let us subtract 2 from 1 and by using the jump formulas of Lemma m

we obtain

P, = 0. (2.4.46)

To conclude our argument, we have that, in view of relations and , we have that
property is satisfied, namely the kernel of the matrix operator A : Y — Y is the null space,
or equivalently, A : Y — Y is injective.

It follows that our matrix operator A : Y — Y is an isomorphism and equation has
a unique solution (®,, )" € Y. The unique solution of the equation together with the
layer potential representations provided in relation (2.4.8)) give a solution of the Robin-transmission
problem in the space Xgr.

Next, we are concerned about the uniqueness of the solutz’on of the problem . In order
to show this property, let us assume that the problem (|2 admits two solutions and we denote
their difference by (v, 7). Hence, the fields (v, 7Y, V0 ,mo ) € Xpr satisfy

( AV} + av) — Vp). = 0 in D,

div vl =0 in Dy,

AMTrp, v5) = (Trp_v?) |r, =0 on Iy, (2.4.47)
tap, (Vi 73) = (tap (V2 72)) [, =0on Ty,

\ (tap- (v, 7)) [r_ + £ (Trp_v?) [r_ =0on I'_,

i.e., the homogenenous version of (2.4.3)).
Let us now use Green’s formula ([1.2.18)) in the domains D4 in order to get the following relations

2(E(V)). EV)))p, +a (v} v0)p, = (bap, (v],79). Tro,v2 ),
2(E(v?),E(V? ), +a(v?,v?), =—(tap (v?,m° )\F+,(TrD vO) ey ), (2.4.48)
+ ((tap (v2,7)) ooy (Tro v2) e )y

Let us multiply relation (2.4.48)); by A and to the result we will add (2.4.48))s, while taking into
account the boundary conditions in problem ([2.4.47)). After computations, we get

A <2 (E(v]),E(vY) >D +a (v, vl), ) +2(E(V?),E(NY)), +a(v?,v?)

(2.4.49)
:—<2(TrD v )‘r ,(TTD v )|F >F
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Let us note that, left hand side of (2.4.49)) is non-negative and since £ satisfies condition (2.2.1)),
the right hand side of (2.4.49)) is non-positive. It follows that

vi=0, 1. =c. €RinD.. (2.4.50)

Now, in view of relation and the boundary conditions in (2.4.47), we get ¢?. = 0 in D..
This shows the uniqueness of the solution of the problem ([2.4.3)).

Finally, the continuity of the potentials involved in relation implies the existence of some
constant C' = C(D4,D_, o, £, \) > 0, such that the solution (uy, 7, u_,7_) € Xgr of the problem
(2.4.3) satisfies (2.4.6)).

Case 2: Assume that A = 1. In this particular case, the matrix operator A in becomes

—I 0 —Vr_r,
A= 0 I K o, . (2.4.51)
Dr,ro+£Ke,ro Kip + &V r. I+KL +£Vor.

By using similar steps as presented in the case A € (0,1), we are able to prove that the Robin-
transmission problem ([2.4.3)) admits a unique solution which depends continuously on the given
data for A = 1. This concludes our proof. ]

2.4.1 The Brinkman system and a related Limiting Robin-Transmission
problem in the case A =0

In the latter, let Assumption be satisfied. We dedicate our efforts to the treatment of
the Robin-transmission problem of the Brinkman system in the special case A = 0. This
particular choice leads to the problem which contains a special transmission condition on
the boundary 'y, namely, that it contains just a trace of the unknown velocity u_ on I',. Hence,
we will call problem the limiting Robin-transmission problem for the Brinkman system.
We treat this case separately due to the fact that the Robin-transmission problem is not the
same problem as the limiting Robin-transmission problem (2.4.52)). These problems are different
because they have different transmission conditions on the interior boundary. The analysis of the
Robin-transmission problem for the Brinkman system is very useful as its well-posedness
provides the well-posedness of the Dirichlet-Robin problem for the same system. This analysis
comes from the idea to find well-posedness results for Dirichlet, Neumann, and Robin problems,
and of their combination, from well-posedness results for transmission problems (see [82]).

We consider now A = 0 in our Robin-transmission problem and we obtain the following
limiting transmission problem

(Auy —auy — Vg = fi|p. in Dy,
div uy = 0 in D4,
(Trp_u_) |p, = —g, on Iy, (2.4.52)
tap, (uy, mp, fy) — (ta,Df (u_,w_,f_)) lr, =hyonly,
| (tao (w7, £)) e+ € (Tro u) |r_ —gyon T,

where o > 0 is a given constant. We aim to determine the unknown fields (u;, 7, u_,7_) € Xgr.

In this special case, we have obtained the following well-posedness result (see also [9, Theorem
2], [75, Theorem 4.1], |82, Theorem 6.1]).
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Theorem 2.4.2. Let a« > 0 be a given constant. Let Assumption [1.1.7 and Assumption [2.2.1
be satisfied. Then, for all data (f1,f_,g,,h1,8,) € Yrr, the limiting Poisson problem of Robin-

transmaission type has a unique solution
(uy,m,u_,m_) € Xgr. (2.4.53)

In addition, the corresponding solution operator,
Tiim : YrT — Xpr, (2.4.54)

is linear and bounded, and hence, there ezists a constant C' = C(D,,D_,a, £,\) > 0 such that the

unique solution of satisfies
||(u+7 Ty, U, 7T_)||XRT < C||(f+7 f, 81 hy, g2)||YRT’ (2455)

Proof. We will prove this result by using similar steps to those in the proof of Theorem 6.1 of [82]
and Theorem . Let us begin with existence of a solution of the problem (2.4.52)). By using
a layer potential approach, we seek a solution of the limiting Robin-transmission problem ([2.4.52])
in the form of the fields (u;,my,u_,7_) € Xgr provided in relation in which we have the
unknown densities (®, ¢, )" € Y. Recall that the space Y was introduced in relation .
Now, we substitute the fields (uy,m,u_,7_) € Xpr (given by relation (2.4.§)) into relations
(2.4.52)3, (2.4.52))4, (2.4.52)5. Then, if we take into account relation of Lemma [L.4.8] we

obtain the equations

2
¢ —Ki_r, ¥ = hino1, (2.4.56)

1
(Dryr_ + £Kr,r ) @+ (Kﬁ,r_ +LVrr ) e+ (—]I +Kor + SVQ,F) Y = Blim,02-

1
— (—H + Ka,lﬂr) P — Va,r+80 - VF_,F+’¢ = 8lim,015

2

Note that (015 Niim,01, 8lim,02) € Y, where

8limo1 = —81 T (Ter(Na,Df f—))|F+a
hyimo :=hy —top, Nap, i, Qup, i f1) + (tap. (NMap o, Qup f,f))Ir,, (2.4.57)
8lim,02 ‘= 82 — (tap WNap £, Qap £, f))[r. — £(Trp. (Nap £ ))|r_,

1
while the membership g;;,, o1 € go; € HJ (I';)" is justified in view of relation (1.4.13)) and the Flux-
Divergence Theorem. Recall that, the compact operators Vr_ ., Ki‘i_’m, Dr,r_, Kr, r_, Kl’ﬁ+7r_
and Vr, r_, which are involved in relation ({2.4.56)), are introduced in relations (2.4.11), (2.4.14) and

(2.4.17)), respectively.

In view of relation (2.4.56), we have that the limiting Robin-transmission problem for the
Brinkman system ([2.4.52)) can be rewritten in the matrix form

Alim (@, @, ¢)t = (glim,()la hlim,Olaglim,m) in Y, (2.4.58)

where (®, ¢, )" € Y are unknown densities and the matrix operator A, : Y — Y is given by

- (_%H + KafrJr) _VC"vFJr _VF77F+
A = 0 I _Klt,,F+ . (2.4.59)
Dr+’11 + 2KF+,F, Kl*“+,11 + 2VF+,F7 %]I + K;ll + LV
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Our next objective is to prove that Ay, : Y — Y is an isomorphism. To achieve this, we show
that the operator Ay, : Y — Y is a Fredholm operator of index zero and afterwards, we show that
Aim Y — Y is one-to-one.

Let us focus on the first claim, namely, that A, : Y — Y is Fredholm of index zero. Note that
this operator is well-defined, linear and continuous and it admits the decomposition

Alim = Alim,O =+ Alim,C Y — Ya (2460)

where the operators Ay, : Y = Y and Ajpc 0 Y — Y are given by

- (%]I + KF+) —Vr, 0
Atimo = 0 I 0 (2.4.61)
0 0 SI+Kp +£Vr
and
_Ka,O,F+ —Va,or, —VF,,M
Alim,c := 0 0 -Ki r : (2.4.62)

Dr,r_ +2Kr,r. Ki o +&Vrr Kior +&Vaor

Recall that the operators that appear in Ay, 0, i.e., relation (2.4.61), are Fredholm operators
of index zero (as in relations (2.4.25)), (2.4.26)), (2.4.27)), (2.4.28) and (2.4.29)), which shows that
Aiimo : Y — Y is Fredholm on index zero. Also, the operators that are involved in Ay, ¢, i.e., relation
(2.4.62)), are all compact operators (see Lemmal[l.4.9)and relations (2.4.11)), (2.4.14), (2.4.17)). This
means that Aj,c: Y — Y. Consequently, the operator Ay, = Ajim.o + Alim.c : Y — Y is Fredholm
of index 0.

Let us prove that Ay, : Y — Y is one-to-one, which is equivalent with showing that

Ker {Aym : Y — Y} = {0}. (2.4.63)

In order to prove that relation (2.4.63) holds, let (im0, @m0 Yiimo)' € Ker {Am : Y — Y}.
Next, we define the fields

= War, Piimo + Var, Piimo

= QU ®rimo + Qor, Primo

= War, Pimo + Var, Pimo+ Var_Vimo
= Qa,r+ Piimo0 + Qar, Piimo + Qar_ Yiim,o-

(2.4.64)

Note that, the fields in (2.4.64]) satisfy

(TrD u )|p+ =0ae onl,,
tap. (0, 70) = (tap_(u®,72)) |, ae. on Ty, (2.4.65)
(taﬁD (u?, 7" )) Ir_ —|—L‘(TrD u )|[‘ =0, a.e. on I'_.

Let us apply Green formula (1.2.18) to the pair (u’,7°) introduced in relation (2.4.64). We
obtain
2(E(ul),E(ul))o_ +a(ul,ul)p. = —((tap_(ul,72))[r,, (Trp_ul )\m)m

+ ((tap_ (0, 7)), (Trp_u®)|r_dr_ (2.4.66)
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In view of relation (2.4.65|), we rewrite relation (|2.4.66|) as
2(E(u®),E(u’))p_ +a(u’,u)p = —(&(Trp_u®)|r_, (Trp_u®)|r_)r_. (2.4.67)

Recall that £ € L>(I'_)"*" satisfies condition (2.2.1). Then, we have that, the left hand side of
(2.4.67)) is non-negative and the right hand side of (2.4.67)) is non-positive. Consequently, u’ = 0,

in D_ and 7 = ¢ € R in D_. Moreover, ¢ = 0 in D_, in view of relation and the fact
that (tap_(u2,7°))|r. = —"w.

Now, since u? = 0 and 72 = 0 in D_, the second relation of (2.4.65)) is equivalent to
tap, (u}, 7)) = 0. Hence, we apply Green formula to the pair (uf,79) introduced in
relation and we obtain

2(E(uY),E(ul))p, + a(ul,ul)p, = (tap, (0, 7%), Trp, u)r, . (2.4.68)
In view of the fact that t,p, (ul,79) = 0, we deduce that u% = 0,7} = ¢} € R in D;. Moreover,
since tqp, (U}, %) = —c}v, we have that ¢} = 0.

Consequently, we have shown that
ul =0, 7, =0in Dy. (2.4.69)

Now, we can use arguments similar to those presented in the proof of Theorem [2.4.1] relations

(2.4.37) through (2.4.46) in order to obtain
Piimo =0, Plimo =0, VY0 =0. (2.4.70)

Hence, the operator A, : Y — Y is one-to-one, as asserted.

We deduce that our operator Ay, : Y — Y is an isomorphism and the unique solution of
equation together with the potentials given in relation provide a solution for our
problem in the space Xgr. Thus, the existence of a solution of is established.

Now, in order to show the uniqueness property, let us assume that there are two solutions, and
we denote their difference by (u%, 7). Then, the fields (u%, 71) satisfy relation (2.4.65). In view of
the arguments presented in the former, we have that relation holds, that is the uniqueness
property is established.

Finally, the continuity of the potentials (see Theorem Theorem m, Theorem that
are present in relation (2.4.8)) assures that the unique solution of the problem ([2.4.52)) must satisfy
the estimate . This concludes our proof. O]

2.4.2 The Brinkman system and a related Robin-Dirichlet problem

In this subsection, we aim to emphasize the special role that a transmission-type problem
fulfills. In the latter, let @ > 0 be a given constant and let Assumption be satisfied. Let us
mention that, we will be focusing on the Lipschitz domain D_ and we use similar arguments to those
presented in [82] p. 4581]. We point out the fact that the problem (2.4.52)) is well-posed, as it was
established in Theorem [2.4.2] This means that we get a unique solution (uy,m,u_,7_) € Xgr, of
the problem ({2.4.52)). This solution produces a pair (u_,7_) € Hj (D_)" x L*(D_) that satisfies
another boundary value problem, namely, the following Robin-Dirichlet problem for the Brinkman
system

Au_—ou_ —Vr_=f|p_inD_,

divu_. =0in D_,

(Trp_u_)|r, = —g; on I'y,

(tap (u_,m_.f )| + L(Trp u)lp. =g, on I'_.

(2.4.71)
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In other words, we are able to determine the solution to a boundary value problem (namely, prob-
lem (2.4.71)) by extracting it from the solution of a transmission-type problem (namely, problem
([2.4.52)). Consequently, the pair (u_,7_) is a solution of the Robin-Dirichlet problem (2.4.71]).

Moreover, an uniqueness argument, similar to that presented in the proof of Theorem [2.4.2]
will lead to the fact that, the Robin-Dirichlet problem for the Brinkman system is, in turn,
well-posed. Under the assumption of Theorem , we obtain the following result (see [9, Corollary
1], [82, p. 4581]).

Corollary 2.4.3. The Robin-Dirichlet problem for the Brinkman system (2.4.71) has a unique
solution (u_,7_) € H} (D_)* x L*(D_), forn € N, n > 2.

76



3

Nonlinear Boundary Value Problems of
Transmission-type related to the Navier-Stokes
and Darcy-Forchheimer-Brinkman systems

This purpose of this chapter is to treat nonlinear transmission-type problems which contain a
generalized version of the Darcy-Forchheimer-Brinkman system or the classical Darcy-Forchheimer-
Brinkman system (see relation in Lipschitz domains in Euclidean setting (see Assumption
and Assumption [I.1.7). All these problems are important for their practical applications (see,
e.g., [53], [115]). The content of this chapter follows the results that were obtained in the papers
51, [6], [

Let us briefly describe the content of this chapter. We give existence and uniqueness results
for the following boundary problems. First of all, we analyze Poisson problem of transmission-type
for the generalized Darcy-Forchheimer-Brinkman and Stokes systems in complementary Lipschitz
domains in R3. Next, we investigate the Poisson problem of transmission-type for the generalized
Darcy-Forchheimer-Brinkman and Brinkman systems in complementary Lipschitz domains in R3.
Lastly, we have the the Poisson problem of Robin-transmission-type for the Darcy-Forchheimer-
Brinkman system in Euclidean setting provided by Assumption [1.1.7]

The well-posedness results for the linear problems analyzed in Chapter [2|introduce their solution
operators, which are linear and continuous. Taking them into account together with the nonliniari-
ties of the PDEs considered in this chapter (Navier-Stokes equations, Darcy-Forcheimer-Brinkman
equations), we reduce the analysis of the boundary value problems for such nonlinear PDEs to the
study of certain nonlinear operators and of their fixed points in some special cases. Such nonlinear
operators appear from the composition of the linear operators mentioned above and the operators
that describe the nonlinearities of the nonlinear PDEs. Their fixed points will provide the solutions
of our nonlinear boundary problems (see also [89]).

Let us also take note of some works that concern the investigation of boundary problems which
involve nonlinear PDE systems. For example, Choe and Kim [27] have obtained the existence and
regularity of solutions for the non-homogeneous Dirichlet problem for the Navier-Stokes system
in a bounded Lipschitz domain in R*, whose boundary data possesses minimal regularity. Kohr,
Lanza de Cristoforis and Wendland [74] have obtained an existence and uniqueness result for the
Dirchlet problem for the semilinear Darcy-Forchheimer-Brinkman system in a bounded Lipschitz
domain in R™, n < 4. The authors in [71] have obtained an existence and uniqueness result for a
transmission-type problem for the Darcy-Forchheimer-Brinkman and Stokes systems in R3. Also,
in [80], the authors have obtained the existence of solutions of a Dirichlet-transmission problem for
the anisotropic Navier-Stokes system in Lipschitz domains in R™, n = 2,3 (see also [15], [87], [90]).
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3.1 The generalized Darcy-Forchheimer-Brinkman system
and related results

In this section, let us consider D C R? a bounded Lipschitz domain, unless specified otherwise.
We present a generalized version of the Darcy-Forchheimer-Brinkman system, which is given by

Av —Pv—klvlv—-p(v-V)v—Vp=ginD, divv=0inD, (3.1.1)

where P € L>*(D)3*3 such that condition (1.2.22)) holds and k,3 : D — R, are given functions,
such that k,f € L>*(D,RR,), i.e., essentially bounded, non-negative functions defined on D (for
additional details, see also [57]). We have the following useful remarks.

Remark 3.1.1. For P = ol and a,k,8 > 0 given constants, the system becomes the
classical Darcy-Forchheimer-Brinkman system.

Remark 3.1.2. For P =0, k =0 and for > 0 a given constant, the system becomes the

well-known Navier-Stokes system.

Now, let us state and prove a lemma that we will employ in the proofs of our well-posedness
results of this chapter. The lemma reads as follows (see also, [71, Lemma 5.1]).

Lemma 3.1.3. Let D C R", n = 2,3, be a bounded Lipschitz domain and let k, 5 : D — R, such
that k, 5 € L>*(D,R,). Let ]
Jepp(u) = E(klufu + S(u- V)u), (3.1.2)

where E is the extension by zero operator outside D. Then, the nonlinear operator
Jrpp : Hy (D)" — H(D)", (3.1.3)
is continuous and bounded, in the sense that there exists a constant co = co(D, k, 5) > 0 such that
[1k,8.0 (Wl -1y < collull7p - (3.1.4)
In addition, the following Lipschitz-like relation
[He,g0(w) = Je (V) < collfallmr oy + |[VIlaoy)lla = vi|m oy, (3.1.5)
holds, where co = co(D, k, B) > 0 is the constant that is present in relation .

Proof. The proof of this lemma follows ideas similar to those presented in [71, Lemma 5.1]. Let us
describe the main arguments. Since D is a bounded Lipschitz domain in R", n = 2,3, we have that
the embeddings

H'(D)" — LY(D)", (3.1.6)

are continuous, for all ¢ such that 2 < ¢ < 6. The embedding (3.1.6) has dense range and we have
LY(D)" — HY(D)", (3.1.7)
continuously, in the sense that

Euec HY(D)", Y ue L7 (D), g <q <2, (3.1.8)
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and there is exists constant ¢, > 0 such that

B ullz-1pyn < cqllull Lo pyn- (3.1.9)
If we take ¢ = 4 in relation (3.1.6) and if we apply Holder’s inequality, we deduce that
lvlw € L*(D)", ¥ v,w € H'(D)". (3.1.10)

Now we define the operator

b: H'(D)” x H'(D)" — H~'(D)", b(v,w) := E, (k|v|w), (3.1.11)

which is well-defined. This property holds due to the application of relation (3.1.9)) in the case
q=2.

Let us use relation (3.1.9) in the case ¢ = 2 and Holder’s inequality. Consequenly, we deduce
that

160v, W) 10y < 2l ¥l 20y W]l oy (3.1.12)

where ¢, = ¢.(I'y, k) > 0 is a constant. Thus, the nonlinear operator (3.1.11)) is bounded.
We return to relation (3.1.6)) and we set ¢ = 6. Let us use, again, Holder’s inequality and we get

(v-V)w e L2(D)", Vv,w € H'(D)". (3.1.13)
Consequently, we have
(v - D)Wl 3 5y < IVl o2 [ [WlL11 0 (3.1.14)

where ¢ = ¢(D) > 0 is a constant.
Let us define the operator

t: H'(D)" x H'(D)" — H~'(D)", t(v,w) := E,(B(v - V)w). (3.1.15)

By applying relation (3.1.9) in the case ¢ = 3, we deduce that the operator (3.1.15)) is well-

defined. Another application of relation (3.1.9) with ¢ = 2 together with relation (3.1.14) yields
v, Wl o < € I1¥] oy ] 1oy (3116

where ¢* = ¢*(D, 5) > 0 is a constant. This shows that the nonlinear operator (3.1.15)) is bounded.
Next, we have that

Jipp(v) =b(v,v) +t(v,v). (3.1.17)

Let us set ¢ := ¢, 4+ ¢*. Then, in view of relations and , we have that the nonlinear
operator (3.1.3)) satisfies relation , which shows that it is bounded. In addition, the nonlinear
operator (3.1.3)) satisfies the Lipschitz-like inequality . This can be shown by using relations
and @ and some simple computations. We omit the full arguments for the sake of

brevity. Thus, our proof is complete. O
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3.2 Transmission problem for the generalized Darcy-
Forchheimer-Brinkman and classical Stokes systems in
complementary Lipschitz domains in R’

The purpose of this section is to provide a well-posedness result, for a transmission-type problem,
which was obtained in the setting of Assumption for n = 3, i.e., complementary Lipschitz
domains in R?®. We have considered a generalized version of the Darcy-Forchheimer-Brinkman
system in the bounded Lipschitz domain D, and the Stokes system in the complementary Lipschitz
set D_. Also let Assumption be satisfied, for n = 3.

Let us recall the space in which we seek our solution, that is,
X, i= Hly(D1)* x L(Dy) x My, (D) x LA(D_) (3.2.1)
and the space of given data,
Yo = H Y(D,)? x HY(D_)® x H3(T')® x H 2(T")®. (3.2.2)

We study the following transmission problem of Poisson type for the generalized Darcy-
Forchheimer-Brinkman and Stokes systems,

(Au, —Puy — klupfuy — S(uy - Vuy — Vo =i [p, in Dy,
Au_. —Vr_=f|p inD_,
divuy =01in Dy,

Trp,uy —Trp_u_=gonT, (3.2.3)

tpo, (U, me, Fr + Eq (klug[us + B(ug - V)uy))
(| —tp (u_,7_,f )+ LTrp,uy =honl,

and we aim to determine the unknown fields (uy, 7., u_,7_) € X,,. Once again, since the Stokes
system appears in the unbounded Lipschitz domain D_, we must work with the weighted space
HL. (D_)3, which is included in the solution space X,,.

The following result regarding the well-posedness of the transmission problem was ob-
tained, for u,, € R3 a given constant (see [6, Theorem 3.3] see also [71, Theorem 5.2 in the case
k,p >0, P = al, where @ > 0 is a constant).

Theorem 3.2.1. Let Assumption and Assumption be satisfied, for n = 3. Let P €
L>(D1)3*3 such that condition holds. Let us, € R? be a constant vector. Then, there exist
two constants

§:€(D+7D—77)7k7672) >07 n:n(D+7D—7P7k7/87£) >07 (324)
such that for all given (f,f_ g, h,uy) € Y, x R? that satisfy

”(f+>f—agahauoo)”Yw><R3 S 57 (325)

the Poisson problem of transmission-type for the Darcy-Forchheimer-Brinkman and Stokes systems
has a unique solution (Ui, 7y, u_,m_) € X,y and

H(u+,7r+,u_ - lloo,’/T_)wa <. (326)
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In addition, the solution depends continuously on the given data and satisfies the following estimate

H(U+,7T+,u, - uoo,ﬂ',)wa < COH(meffagahauoo)HYwXR?’a (327)

where Cy = Co(Dy,D_,P,£) > 0 is a constant and u_ — uy, vanishes at infinity in the sense of
Leray.

Proof. We will follow similar similar steps as those presented in the proof of [T, Theorem 5.2].

Step 1. We begin our proof by concerning ourselves with the existence of a solution of the
problem . To achieve this, we consider the following change of variables v, := u,, v_ :=
u_ — u,. Consequently, our problem reduces to the problem

(AV-I— —Pvy —Vm, = f+|D+ + Jkﬂ,D-o- (V+)|D+ n D-i-a

Av_—Vr_=f|p_inD_,
div vy =0in D4, (3.2.8)
Trp, vy —Trp_.v_=g+u,onl,

Ltro, (Vi T B+ Jkgp, (Vi) —to (v, 7 ) + €Trp, vy =hon I

The technique that we will apply is as follows. We focus on the construction of a nonlinear
operator Uy that maps a closed ball of the space Hj, (Dy)? to the same ball and that is a con-
traction on the same ball. Consequently, the unique fixed point of the operator U, will aid in the
determination of a solution of the problem (3.2.8)).

We begin the construction of the operator U,. To do this, we will fix v, € H} (D) and we
consider transmission problem for the generalized Brinkman and Stokes systems in the unknowns
(v, 7%, v2, 7%), which is given by
'AV(_)F — PVg_ — Vﬂ'g_ = f_;,_|DJr + Jk,ﬁ,D+(V+)|D+ n D+,

AV —Vr? =f_ |p_inD_,
div vl = 0 in Dy, (3.2.9)

0 0
Trp, v, —Trp_.v_ =g+u,onl,

\tP,D_,_ (VE)HW?H f+ + Jk,ﬁ,D_,_ (V+)) —tp_ (Vg,ﬂ'g, f7> + ,Q«TI'D_FV(J)r =hon F,

where g 4+ uy, € H2(T')® and the membership Jisp, (v4) € H~(D)? holds due to Lemma [3.1.3
Now, by employing Theorem [2.2.3] we deduce that the linear transmission problem ((3.2.9)) has

a unique solution, given by the following relation

(Vimi,v(iﬁ(l) = (Ui (v4), Ri(v4), U (v), R (v4))

3.2.10
= T(f+’D+ +Jk7ﬁ,D+(V+)|D+7f—|D,7g+u007h> 6Xw- ( )

Note that, the operator T : Y,, x R® — X,, which is present in relation (3.2.10) is the solution oper-
ator described in relation . It is a well-defined, linear and continuous operator, which maps
the given data (belonging to the space Y, x R?) to the unique solution of the Poisson transmis-
sion problem for the generalized Brinkman and Stokes systems in complementary Lipschitz
domains in R3, in view of Theorem . In addition, the solution operator T : Y, x R® — X,
satisfies the estimate of Theorem .

Furthermore, if we fix the given data (f,,f_, g, h,uy) € Y, x R? we obtain the fact that the

nonlinear operator
(Uy,Ry,U_JR) - HY (Dy)? — X, (3.2.11)
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is continuous and bounded, in the sense that there is a constant d, = d.(D,,D_, P, £) > 0 such
that the estimate

|(Us(v4),Re(v4), U_(v4),Ro(vy))||x, < d*“(f+|D+ + Jk,B,D+(V+)|D+7f7‘D—7ga h, )| ly,, xrs

< d*||(f+|D+v f—|D7 ) 8, h> uoo)Hwa[[@ + d*00| |V+||§{1(D+)37
(3.2.12)

holds, for all v, € HJ} (D;)® and the constant ¢y = ¢y(D.,k,3) > 0 is the same constant as in
Lemma3.1.3. Moreover, if we use the operators (U;, Ry, U_,R_), we are able to rewrite the problem

(3.2.8) in the form

(AU4(vy) = PUi(vy) = VR(vy) = fifo, + Jisp, (V4)[p, in Dy,

AU_(vy)—VR_(vy)=f_|p_ inD_,

div UL(vy) =0in Dy,

Trp, Up(vy) —Trp U_(vy) =g+ u,on T,

tpp, (Up(vi), Re(vi), £ + Jipp, (v4)) — to_(U-(v), Ro(vy), £2)
+ £Trp, Uy (vy) =honT.

(3.2.13)

\

We underline the fact that we need to show that our operator U, has a fixed point v, €
H} (Dy)3. Indeed, the fixed point of the operator U, together with the fields v_ = U_(v,) and
Ry = Ry(vy) will provide a solution of our nonlinear problem (3.2.8).

Our goal is to we show that U, has a fixed point, which it to say, that U; maps a closed ball B,
in A, (D4)? to the same closed ball B, in Hj, (D,)* and that Uy is a contraction on the ball B,,.

We define the following constants

= 16030d3 >0, n:= 4czd* >0 (3.2.14)
and we introduce the closed ball
B, = {v. € HL(D)": Ivallmo,» < ). (3.2.15)
Now, we assume that the given data satisfies
(4o, £-[p_, & B, uso) ||y, xrs < €. (3.2.16)
Relations (3.2.12)), (3.2.14)), (3.2.15)), (3.2.16) imply the fact that
(U4 (V) Re (v, U (v ), R (v)) I, < 40(1) o= (3.2.17)

for all uy € B,.

Due to relation (3.2.17), we have that |[U;(v)||g1p,)s <7 for all v, € B,, that is, U, maps
the ball B, to the same ball B,, of the space H}; (D} )>.

Next, we shall prove that U, is a contraction on our closed ball B,. In order to achieve this
goal, let us fix the data (f}|p,,f_|p_, g, h, uy), let us consider two arbitrary functions wy, wo € B,

and by relation (3.2.10)), we get

U+ (w1) = Up(Wo)[[mp,)p < dul k0, (W1) = Jikgpy (W2l g-1(p, )2

< dico(|[willmpyys + [[Wellmro.2) Wi = Wal[m1 (o, )2 (3.2.18)

1
< 2dyco||W1 — Wal|gip, s = §||W1 = Wallmi(p, e,
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for all wi, wy € B,. Note that, the first inequality in relation (3.2.18) holds due to the continuity
of the solution operator T : Y, x R3> — X, defined by Theorem and described in relation
. The second inequality of relation holds due to inequality of Lemma ,
while the constants d,, cy are the same constants as in relation . Consequently, it follows
that Uy : B, — B, is a %—contraction.

By applying the Banach Fixed Point Theorem, we obtain the existence of a unique fixed point
vy € B, of the operator U,. This fixed point v, together with the fields v_ := U_(v,) and

m+ = Ry(vy) given by (3.2.10), provide a solution of the nonlinear problem (3.2.8)) in the space

X,. Furthermore, v_ vanishes at infinity in the sense of Leray, since v_ € H} (D_)3.

The original fields (uy, 7, u_, 7_) provide us with a solution of our transmission problem
satisfying (uy, 7, u_ — Uy, 7_) € X,,. Relation together with the expressions of v_ and R.
in terms of v imply that the estimate is satisfied by our constructed solution. Furthermore,
the quantity u_ — u,, vanishes at infinity in the sense of Leray.

Also, due to the fact that v € B,, we are able to deduce that

ducol[villa oy <

e

and by using relation (3.2.12)), we obtain

Vil +llmellzo0 + [IV-llao ) + 7]z 00

! (3.2.19)
< d*|’(f+‘D+7 ff|D_>g> h7 uoo)HYwX]R3 + ZHV+HH1(D+)37
which is equivalent to (cf. [71, Theorem 5.2]),
4
[[Villmiopys < gd*||(f+\o+,fJD_,g7 h, us)|lv, xrs- (3.2.20)

Now, we substitute relation (3.2.20) into relation (3.2.19)) and we obtain the desired estimate
with Cy = %d*. Thus, we conclude our argument for the existence part.

Step 2. Next, we will show that our problem (3.2.3)) has a unique solution. To this end, we con-
sider two solutions of the transmission problem nd we denote them by (ul,7}, ul,7!) and
(u?,73,u?,72), respectively. Note that (ul, 7}, ul —uy,7t) € X, and (0, 73,02 — uy, 72) €
Xw. Note that both solutions satisfy relation (|3.2.6]).

Now, we consider (v2,v?) = (u?,u® — uy), which implies that u? € B,. Due to the fact

that v2 € B,;, it must also follow that U, (v2) € B,, where (U;(v2),R(v1),U_(v1),R_(v%)) are
provided by relation (3.2.10)) and these fields satisfy the problem (|3.2.13]) with v, substituted with

2
Vi
Then, we consider the problem (3.2.13)), as well as the problem (3.2.8)) written in the variables

(vZ,73,v2 — us, m2) and by subtracting one from the other we gen another linear problem, which

1S

(A(UL(v2) = v2) = P(U,(v3) = v2) — V(R (v3) — %) = 0 in D..
AU_(v3)=v2) = V(R_(v})—72)=0in D_,
div (U+(v%) —v%) =0 in Dy,
Trp, (Uy(v2) = v2) —Trp (U_(v}) —=v2)=0onT,
tpo, (U (v2) = v2), (R, (v2) — 12)) — to ((U-(v2) — v2), (R_(+2) — %))
[ + LT, (Up(v2)—v3)=0onT.

(3.2.21)
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We apply Theorem in order to conclude that our problem admits only the trivial
solution in X,,. Consequently, U, (v2) — vZ = 0, that is, v} is a fixed point of the operator U..
Let us recall that we have proved that U, : B,, — B, is a contraction (see relation (3.2.18))), hence,
there must be only one unique fixed point v} in B,. We deduce that vi = v}, v> = vl and also
75 = m1. We have proved that our problem has at most one solution.

Step 3. We want to show that the solution of our problem depends continuously on the
giwen data. Consequently, let us note that, the continuity of the operator U, with respect to the
given data together with the continuity of the operator T : Y,, x R® — X,, (see relation and
Theorem , implies that the solution (u,, 7., u_,7_) € X,, depends continuously on the given
data and hence, the estimate is satisfied with the constant Cy = %d*.

This concludes the proof of our result. n

We end this section by stating some important remarks which show the particular situations
that are also treated by Theorem [3.2.1]

Remark 3.2.2. In the case k = 0 and § : Dy — R, such that 5 € L>(D,,R,), Theorem|3.2.1] gives
a well-posedness result for the nonlinear transmission problem for the generalized Navier-Stokes and
Stokes systems.

Remark 3.2.3. In the case k : Dy — R, such that k € L>(Dy,R,) and 5 = 0, Theorem|3.2.1] gives
a well-posedness result for a semilinear transmission problem for a semilinear Darcy-Forchheimer-
Brinkman system and Stokes system.

3.3 Transmission problem for the generalized Darcy-
Forchheimer-Brinkman and classical Brinkman sys-
tems in complementary Lipschitz domains in R?

In this section, our goal is to provide a well-posedness result, for a transmission-type problem,
which was obtained in the setting of Assumption for n = 3, i.e., complementary Lipschitz
domains in R3®. We have considered a generalized version of the Darcy-Forchheimer-Brinkman
system in the bounded Lipschitz domain D, and the Brinkman system in the complementary
Lipschitz set D_. Also, let Assumption be satisfied, for n = 3.

Let us recall the space
Xg i= Hiy (D2 ) x L2(Dy) x HY,(D_)* x M(D_) (3.3.)

that is, the space in which we seek our solution and

Yi = H ' (D,)* x H(D_)* x H2(T)® x H 2(T")?, (3.3.2)

the space of given data. Note that 9(D_) is the space provided by Definition m

Since we are dealing with the Brinkman system in the exterior Lipschitz domain D_ (see As-
sumption in the case n = 3), it follows that we are able to use the classical Sobolev space
Hj, (D_)?, instead of the weighted Sobolev space Hg; (D-)?, as the space in which we seek the ve-
locity field in D_. This is due to the behavior of the fundamental solution of the Brinkman system
at infinity, in the case n = 3.

84



Chapter 3. Nonlinear Transmission Problems

Now, we consider the transmission problem for the generalized Darcy-Forchheimer-Brinkman
and classical Brinkman systems, which is given by
(Auy — Puy — kluy|uy — fluy - V)uy — Vry =fip, in Dy,
Au_ —ou_ —Vr_=f|p_inD_,
divuy =0 in D4,
- - (3.3.3)
Trp,u;y —Trp. u_=gonl,

tpo, (W, me, £r + B (klug[us + B(uy - V)uy)) — tap_(u_,7_f )
+LTrp,uy =honT,

\
in the unknown fields (uy, 7y, u_,7_) € Xg.

The well-posedness result that we have obtained is as follows (see e.g., [3, Theorem 3.2], and
[7T, Theorem 5.2] in the case P = al, where a, k, 5 > 0 are constants).

Theorem 3.3.1. Let o > 0 be a given constant. Let Assumption and Assumption be
satisfied, forn = 3. Let P € L>(Dy)**® such that condition holds. Then, there exist two

constants,

€=€(D,,D_P.k,B,€) >0 n=n(Ds,D P k3 L) >0 (3.3.4)
such that, for all given data (f,,f_, g, h) € Yg that satisfy the condition
H(er7f77g7 h)HYB S 67 (335)

the Poisson problem of transmission-type for the generalized Darcy-Forchheimer-Brinkman and
Stokes systems has a unique solution (u,, 7 ,u_,7_) € Xg such that
lwillm o) <. (3.3.6)

In addition, the solution depends continuously on the given data, which means that there exists a
given constant Cy = Cy(Dy,D_, P, £) > 0 such that

||(U+,7T+,11_,7T_)||XB < CO||(f+7f—7g7 h)||YB' (337)

Proof. The proof of this result is similar to that of Theorem 5.2 in [71]. Consequently, we will
employ similar arguments.

Step 1. We show that a solution of the transmission problem (3.3.3)) exists. To this end, note
that our problem (3.3.3) can be rewritten as
Au; —Puy =V =fip, +Jypp, (us) in Dy,
Au_ —ou_ —Vr_=f|p_inD_,
divuy =0 in Dy, (3.3.8)

Trp,u; —Trp.u_=gonl,

(tro, (uy, 7y, £ + i, (uy)) —tap (w7, f )+ £Trp,uy =hon I,

where Ji sp. (uy) € H1(Dy)? is given by Lemma m

Let us now fix u, € H}, (D,)? and we write another linear transmission problem for the gener-

alized and classical Brinkman systems in the unknowns (u%,7%,u”,7%) as follows

(A —Pu) — V7l =f|p, +Jisp, (uy) in Dy,
A’ —au’ —-Vr’ =f |p inD_,
div u’. =0 in Dy, (3.3.9)
TrD+u3 —Trp u’ =gonT,

\tp7D+(u3_,7T_0~_, £ 4+ Jipp,(uy)) — taij(u(i,Wg, f)+ £.5T1"D+119r =honT.
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Theorem states that problem (3.3.9) has a unique solution (u},79,u”,7°) in the space
Xg, which is given by

(U?H 7T3_, 11(1, W(l) = (U4(uy),Ri(us), U_(uy), R-(uy))

3.3.10
= Tg(filo, +Jesp. (ui)lo,,f-lo_,g h) € Xz ( )

Let us note that, the operator T : Yz — Xg which is involved in relation (3.3.10]) is the solution
operator provided relation . Namely, Tg : Y — Xp is the well-defined, linear and continuous
operator, which maps the given data (belonging to the space Yg) to the unique solution of the
Poisson transmission problem for the generalized Brinkman and classical Brinkman systems
in complementary Lipschitz domains in R3. Also, Tp : Yz — Xp satisfies the estimate of
Theorem 2.3.11
If we fix our given data (f.,f_ g h) € Y, we are able to introduce the following nonlinear
operators
U,Ry : Hy (DL)? — Xg, (3.3.11)

which are bounded, in the sense that there is a constant d = d(D,,D_, P, £) > 0, such that the
following relation

[|(Ux(ug),Re(ug), U_(ug), Ro(uy))||x,
< dH(f+|D+ + Jkﬂ,D-&- (u+)’D+a ff’D_aga h)HYB (3312)
< d|[(fr]o., f-lo_, & h)[lvs + deollug |7 o, )5,

holds for all fields u, € H} (Dy)3. Indeed, this inequality is a consequence of Lemma and
co > 0 is the constant that appears in Lemma [3.1.3]
The operators Uy, Ry allow us to to write the problem (3.3.9) in the following equivalent form

(AU (uy) = PUs(uy) — VR(uy) = fifp, + ko, (uy) in Do,

AU_(uy) —aU_(uy) = VRy(uy) =1 [p_ in D_,

div Uys(us) =0in Dy,

Trp, Uy(uy) —Trp U_(uy) =gon T,

tpo, (Up(uy), Ri(uy), £y + ko, (uy)) —tap (U-(uy),R-(uy), )
+ £Trp, Ui (uy) =hon I

(3.3.13)

\

Next, we aim to show that our nonlinear operator U, has a unique fixed point. Indeed, if we
show that U, has a unique fixed point, then, that fixed point u, € HL (D)3, together with the
fields u_ = U_(u;) and with p; = Ry (u;) will provide us with a solution for our nonlinear problem
(13.3.8).

Let us now show that U, maps a closed ball B,, to the same closed ball B, of the space Hj; (D4 )?
and that U, is a contraction on B,,.

We begin our construction by choosing some constants, namely

-— 3 > 0 .— 1
o 1600d2 ’ 1= 4COd

>0, (3.3.14)

and we define the closed ball B,, by
B, = {vy € Hy,(Dy)*: [[Villmoy): < 0} (3.3.15)
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and, also, suppose that the given data satisfies

||(f+|D+7f—|D77g7h)||YB < § (3316)
Now, relations (3:3.12), (33.14), (33.15), (8:3.16) imply that
[(Us(uy), Ry (uy), U—(uy), Ro(uy))|[xs < m, (3.3.17)

for all uy € B, and hence ||Uy(uy)||g1(p,)s < 7 for all uy € B, that is, U, maps the ball B, to
itself.

We focus on showing that U, is Lipschitz continuous on B,. To achieve this, we fix the given
data (fi|p,,.f_|po_,g,h) € Yz and let two arbitrary functions wq, wo € B,. We obtain

U+ (w1) = Us(Wo)|[mpyye < d|[dkppy (W1) — ko, (Wo)|l -1, 5

< deo([[willm.p + lIwellmo)llwe = wollme.s (3.3.18)

1
< 2OZCo||W1 - W2||H1(D+)3 = §||W1 - W2||H1(D+)3a

for all wy, wy € B,, where we have taken into account the continuity of the operator Tg : Yg — Xg,
which is introduced in relation , and inequality , while the constants d and ¢y are the
same constants as in relation (3.3.12). Based on the arguments presented in relation (|3.3.18]), we
have that Uy : B, — B, is a %—contraction.

Banach’s fixed point theorem implies that there is a unique fixed point u; € B, of the operator
U., which, together with the fields given by u_ = U_(u,) and 7+ = Ry(u,), produces a solution
of our transmission problem .

Now, since uy € B,, we get

deo|[us||mip, )2 <

)

A~ =

and by using relation (3.3.12)), we have that

uy||arpsys + 17l 2oy + [u|[ar ooy + |7 |lmo-)

1 (3.3.19)
< d||(+lo,, £-[o_ & B)lvs + Jl[us]lm .2,
and, consequently,
4
o < 5l Eloy E-lo & By, (3:3.20)
If we substitute relation (3.3.20]) into relation (3.3.19) we get the desired estimate (3.3.7) where

Co = 4d.

St?ép 2. We aim to show that the solution of the problem is unique. Since the arguments
are similar to those presented in the proof of Theorem [3.2.1], let us provide the main ideas that are
used in the proof of this step. Let (ul,n},u',x!) and (u?,n3,u?,7?) be two solutions of the
transmission problem . We note that these fields belong to the space Xz and both satisfy
relation (3.3.6]).

Using the fields (u?, 7%, u?,72), we get the linear and homogeneous transmission problem for
the classical and generalized Brinkman systems in the setting of Assumption [1.1.6] n = 3, in the
unknowns (Uy(u?)—u?,Ry(ul)—73,U_(u})—u?,R_(u?)—n?). Theorem guarantees that
this particular problem admits only the trivial solution in Xg. Hence, Uy (u?) —u? = 0, that is,
u? is a fixed point of the nonlinear operator U. Recall that Uy : B, — B, is a %—contraction, and
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hence, there is a unique fixed point u} in B,. Consequently, u? =u}, u> =u' and 7} = 7}. The

uniqueness is thus, established.

Step 3. It remains to show that the solution of our problem depends continuously on
the given data. We have that the continuity of the operator U, with respect to the given data and
the continuity of the operator Tg : Yz — Xz (see relation (2.3.5) and Theorem imply that
the solution (uy, 7, u_,7_) € X,, depends continuously on the given data and hence, the estimate
1D is satisfied with the constant Cy = %d*. This concludes the proof of our result. n

We end this section by stating some useful remarks that are derived from our well-posedness
result, that is, Theorem [3.3.1]

Remark 3.3.2. Ifk =0 and 5 : Dy — R, such that B € L>®°(D,,Ry) in Theorem|3.3.1], then we get
the well-posedness result for the nonlinear transmission problem for the generalized Navier-Stokes
and Brinkman systems in complementary Lipschitz domains in R3.

Remark 3.3.3. Ifk : Dy — Ry such that k € L>°(D,,Ry) and 8 = 0 in Theorem|3.3.1}, then we get
the well-posedness result for a semilinear transmission problem for a semilinear Darcy-Forchheimer-
Brinkman system and the Brinkman system in complementary Lipschitz domains in R3.

3.4 On a Robin-Transmission problem for the Darcy-
Forchheimer-Brinkman system

In this section, we give an existence and uniqueness result for a transmission-type problem,
which was obtained in the setting of Assumption This particular transmission-type problem
that we study will be called the Robin-transmission problem for the Darcy-Forchheimer-Brinkman
system (see problem (3.4.3))). In addition, let A € (0,1] be a constant and let Assumption be
satisfied, for n = 2, 3.

Let us recall the space in which we seek our solution,

Xpr = iy (D4)" x L3(D.) x HY, (D_)" x LA(D_), (3.4.1)
and the space of given data,
Yrr = H(D)" x B (D_)" x HZ(T4)" x H 3(I'y)" x H-3(T_)". (3.4.2)
The Robin-transmission problem for the Darcy-Forchheimer-Brinkman system is given by

(Auy — auy — klui|ur — f(ug - V)uy — Vg = fo|p, in Dy,
divuy =0 in Do,
A (TrD+u+) - (Teru_) lr, =g, onI'y,
top, (wy, my £ + E+(k|u+|u+ + B(uy - V)uy)) (3.4.3)
- (ta,Df(u_,W_, £+ E_(klu_u_+ Blu_ - V)u_))> I, =h;on T,

(ta,D,(u_, 7 £+ B (klu_|u_ + B(u_ - V)u_))> I
+ £ (TrD_u,) . =g,onl_,

\

in the unknown fields (uy,my,u_,m_) € Xxr. Note that Ei is the extension by zero-operator
outside D4.
We have obtained the following well-posedness result (see also, [71, Theorem 5.2]).
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Theorem 3.4.1. Let a > 0, k, f € R* and X € (0, 1] be given constants. Let Assumption and
Assumption be satisfied, for n = 2,3. Then, there exist two constants,

€E§(D+,D_,OJ,]{5,B,)\,2) >07 nEU(D+aD—7avk757>\a£) >0a (344)
such that, for every (f..f_ g, hy,g,) € Ygr, which satisfies the condition

||<f+7f—7g17h1ag2)||YRT S 57 (345)

the Poisson problem of Robin-transmission type for the Darcy-Forchheimer-Brinkman system
has a unique solution (uy,my,u_,7_) € Xgr with the property

e, 7w, 1) < 0 (3.4.6)

Moreover, there ezists a constant Cy = Co(Di,D_,a, £,\) > 0 such that the unique solution

satisfies
H(u+> T+, U, ’/T*)HXRT < COH<f+7 £ hy, hy, gQ)HYRT' (347)

Proof. We prove this result by employing similar arguments to those presented in the proof of [71
Theorem 5.2]. We divide our arguments into three steps.
Step 1. We will show that a solution of the problem (3.4.3)) exists. We rewrite the nonlinear

transmission problem (3 as

(Auy — auy — Vg =4 |p, + Jrgp,(ug)|p, in Dy,
divuy =0 in Dy,
A (TrD+u+) - (TrD_u,) lp, =g, on Iy,
tap, (wy, m, £y + Jpspe(uy)) — (tme (w7, £+ Jrpps (u_))) Iry
=h;on Iy,
\ (ta,Df(u_, m_,f_+ Jk,IB,Di<u_))) r_+ £ (Teru_) . =g,onl_.

(3.4.8)

Next, we aim to construct a nonlinear operator H that maps a closed ball B, of the space
Hj, (D)™ x Hy, (D-)™ into itself, and also is a contraction on B,. Hence, the unique fixed point of
H will provide a solution of the problem .

Let us construct our nonlinear operator in the following way. Recall that the given data
(fo,f g, hy,8,) € Yrr which appears in (3.4.8) is fixed. In addition, we fix

(u+7u—) € Héiv(D"r)n X H(}iv<D—>n' (349)

Let us consider the following linear Poisson problem of transmission type for the Brinkman system

in the unknowns (uf, 79, u’, x?%)

'Aui—ozui Vﬂ'j:—f:l:|Di+Jk,8Di<u:|:>|Di in Dy,

div ul =0 in D,

A (TrD+u9r) (TrD u ) lp, =g, onl,

tao, (W, 78, £ + Jepps (uy)) = (tap (0,72 f + Jpsp, (u))) Ir,
= h1 on F+,

| (tap_ (02,72, f + Jigp, (u))) [r- + € (Trp_u?) [r_ =gy on T'_.

(3.4.10)

In addition, the membership E(k|u.|uy + B(us - V)uy) € H-(D1)" holds in view of Lemma[3.1.3|
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Let us apply Theorem Consequently we deduce that the transmission problem ([3.4.10))
has a unique solution

(ul, 7%, u,72) := Trr(filo, + Jkso. (ui)lo,, folo- + Jesp_(u_)|o_, g, hi, &) € Xpr

= (Uy(uy,u ), Ri(uy,u),U_(uy,u_),R_(us,u)).

Let us note that, the operator Ty : Ygrr — Xgr which is involved in relation is the solution
operator given by relation . Let us recall that Ty : Yrr — Xgr is the well-defined, linear
and continuous operator, which maps the given data (belonging to the space Ygr) to the unique
solution of the Poisson problem of Robin-transmission type for the Brinkman system in the
setting of Assumption , for n = 2,3. Also, Tgrr : Yrr — Xpgr satisfies the estimate of
Theorem 2.4.1]

Furthermore, by Lemma and Theorem and for (f,f_,g,,hi,8,) € Ygr, the nonlinear
operators given by relation (3.4.11)),

(3.4.11)

(Uy,Ry,U_JR) - H} (Dy)" x H} (D)™ = Xgr, (3.4.12)
are continuous and there exists a constant C'= C(D,,D_, o, A, £) > 0 such that

[[(Us (g, us), Ry (ug,us ), Us(uy, us ), Ro(uy, u ) [xgy

< Cll(f+]os + Jkso. (ui)los, £ + Jepo_(0-)[o_, 81, 01, &) lver

< Cl(f4|ps, T-o_, &1 11, 8)[var + (k80 (W)l g-10, )0 + [Hks0- (@)l g-1p_yn
< Cll(f+loy . f-lp_ 81, b 8o)llver + & Cllusllzn o,yn + e Cllu(lzn o

(3.4.13)

for all (uy,u_) € H} (D)™ x H},(D_)", where ¢f and ¢] are the constants provided by Lemma
3.1.3| corresponding to D, and D_, respectively.
By taking into account (3.4.10f), we have

(AUi(ug,u-) —aUi(uy,u_) — VRi(uy,u)

=f.|p. +Jkpsp.(us)|p, in Dy,
div Ui(u+,u_) =01in Di,

A (TrD+U+(u+7u*)) - (TrD—U (u+7 )) |F+ g, on F+7

tOé,D+(U+(u+a u_),Ry(ug,u_), £y + Jpsp, (uy)) (3.4.14)
_ (ta7D,(U_(U+,u_), R_ (U+, ) f_ + Jk;/BDi( ))) |F+
= h1 on F+,

(ta,o_ (U-(uy,u_),R_(up,u), fo + Jp, (u))) Ir_
[ +£(Trp_U_(uy,u))|r.=gyonl_.

Let us introduce the nonlinear operator
H: HéiV(D+)n X Hjiv<D*)n — Hjiv<D+)n X Héiv(D*)n

by
H(u+7u—> = (U+(u+7u—>7u—<u+7u—))' (3415)
Now, if we prove that the nonlinear operator H possesses a fixed point (uy.u_) € H} (D,)" x
H} (D_)™, this fixed point will solve the equation H(uJr7 _) = (uy,u_) and together with 7 =

Ry (uy,u_) provides a solution of the problem (3 in Xgr.
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In order to justify our claim, we show that H maps a closed ball B, C H}, (D)™ x Hy, (D-)"
to itself and also is a contraction on the ball B,
Let us introduce the constants
3 1
= > 0, = >
: 16C2 max{c{, c; } TS max{c;, ¢ }

0, (3.4.16)

and the closed ball
B, :={(u},u-) € Hg,(D4)" x Hy, (D-)": ||(11+aU—)||H§iv(D+)an5iv(D,)n <n}, (3.4.17)

while the constants ¢ and ¢ are the same constants that appear in relation (3.4.13)). In addition,
we assume that the given data satisfies

(£, £, g1, ha, go)l vy <€ (3.4.18)
In view of relations (3.4.13)), (3.4.16), (3.4.17)), (3.4.18]), we get
(U4 (00, U (1, 1)) e < 7 (3.4.19)

for all (us,u-) € By, which shows that |[H(us+,u-)||g1 o )xmr ©_y» < 1. Consequently H maps
B, to B,,.

Let us prove that H is a contraction on B,. To achieve this, let us fix the given data
(fr.f_,g,h1,8) € Ypr. If (v, v_), (Wi, w_) € B, are arbitrary fields, we obtain

[H(vy,vo) — H(W+7w—)HHéiv(DJr)”xHéiv(D,)n
< Oll(Jkpps (V4) = kg0 (W), Jis 0, (Vo) = Jkos (W)l -1 (o ynx 10 yn
< Cei (Iv+llm, o + 1Willm o) Ive = Wil o)

+ Cer ([Iv-|lm1 o

< 2nCmax{cy, oy H|(vy — Wi, vo — W—)||H;iV(D+)n><H3HV(D,)n

4.2
ym + ||W—||H§iv(D,)n)||V— - W—||Héiv(D,)n (3.4.20)

1
= §||(V+ — W4,V — W*)l‘HéiV(D+)"><HéiV(D_)”-

In (3.4.20)) we have used the linearity and continuity of the operator Ty : Ygr — Xgr (see relation
2.4.5))) together with relation of Lemma m Hence we have that the operator H : B, — B,
is a 5-contraction.

Due to Banach’s fixed point theorem we get the existence of a unique fixed point (uy,u_) € B,
of the operator H, namely, H(u,,u_) = (uy,u_). The pair (u;,u_) together with the functions
74+ = Ry(uy,u_) given by (3.4.11)), determine a solution of the nonlinear problem in the
space Xgr. Hence, (uy, 7, ,u_,7_) is a solution of the nonlinear transmission problem in
XRT-

In view of the membership (ui,u_) € B, we get

1 _ _ 1
Cefllullg: o,y < Cein < 7 Gallullm o < Cans< . (3.4.21)
Then, we apply inequality (3.4.13]) to obtain
Hu+HHd11V(D+)" + |7 r2 oy + |\u—|!H§iV(D_)n + - lr2o) = [[(wg, T, 0, 7 ) [
(3.4.22)

1 1
< Cll(E+los, £-lo-, g1, by 8)lIver + 110l 00 + 110l 0 n
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hence

4
Hu+’|Héiv(D+)" + HufHHéiv(D,)" < gCH(fﬂDMfJD_;gphl,gz)HYRT- (3.4.23)

By substituting relation (3.4.23)) into relation (3.4.22)), we get the desired estimate with
Co = 2C.

Step 2. We want to show the uniqueness property of the solution of the nonlinear transmssion
problem . The Banach fixed point theorem implies the uniqueness property of the solution of
problem (3.4.3)) inside the ball B,. Since the arguments that are involved in the proof of this step
are similar to those in the proof of Theorem [3.2.1] we omit them for the sake of brevity.

Step 3. It remains to show that the solution of our problem depends continuously on the
given data. To this end, the continuity of the nonlinear operator H : B, — B, and the continuity
of the solution operator Tgrr : Yrr — Xgr (see relation (2.4.5))) show that the unique solution
(uy,my,u_,m_) € Xgr depends continuously on the given data and the estimate holds with
the choice of constant Cy = %C. This concludes our proof. m

3.4.1 The Darcy-Forchheimer-Brinkman system and a related Limiting
Robin-Transmission Problem in the case A =0

In this subsection, we will work in the setting of Assumption [I.1.7] We wish to discuss a special
Robin-transmission problem of the Darcy-Forchheimer-Brinkman system. This new transmission-
type problem is obtained by choosing A = 0 in the transmission problem (3.4.3). Consequently,
we get the problem (3.4.24)) which includes a particular transmission condition on the boundary
I',, that is, it contains just a trace of the unknown velocity u_ on I'y. Due to this fact, problem
will be called the limiting Robin-transmission problem for the Darcy-Forchheimer-Brinkman
system. Note that, this limiting Robin-transmission problem contains a Robin-Dirichlet boundary
value problem for the Darcy-Forchheimer-Brinkman system in D_. Our purpose is to state the well-
posedness of the limiting Robin-transmission problem for the Darcy-Forchheimer-Brinkman system
and, as a consequence, obtain a well-posedness result for the Robin-Dirichlet problem for the Darcy-
Forchheimer-Brinkman system. Equivalently, we isolate the solution of the Robin-Dirichlet problem
from the solution of the limiting Robin-transmission problem. This original method emphasizes the
fact that the solutions of certain boundary value problems can be determined by considering, first
of all, particular transmission problems.

Let us consider A = 0 in the Robin-transmission problem for the Darcy-Forchheimer-
Brinkman system ([3.4.3). We get the following limiting Robin-transmission problem for the Darcy-
Forchheimer-Brinkman system,

(Auy — auy — klug|us — B(ug - V)ug — Vg = f4|p, in Dy,
div uy =0 in D4,
(Trp_u_) |p, = —g; on 'y,
top, (wy, e, £1 + E(kluy|uy + B(us - V)uy))
. (ta,D, (u_, 7, £+ E_(Klu_|u_ + B(u_ - V)u_))> I,
=h;onT,,
<ta7D7 (u_, 7, f_ +E_(klu_|u_ + B(u_ - V)u_))> Ir_
+ £ (Teru_) Ir. =gy,onl_,

(3.4.24)

\
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in the unknown fields (u,,m,,u_,7_) € Xyr. Note that, Ey is (the extension by zero)-operator
outside D4. In addition, let Assumption be fulfilled, for n = 2, 3.

Before we state the well-posedness result that we have obtained for the limiting transmission
problem , let us mention the fact that the proof of this result, namely Theorem follows
very closely the arguments that are presented in the proofs of Theorem [3.2.1and Theorem [3.4.1 We
highlight an important aspect, namely, the solution operator Ty, : Yrr — Xgr and its properties
(introduced in Theorem are used in the proof of Theorem [3.4.2] The well-posedness result
that was obtained is as follows (see, e.g., [71, Theorem 5.2]).

Theorem 3.4.2. Let a > 0, k, 3 € R* be given constants. Let Assumption[I.1.7 and Assumption
be satisfied for n = 2,3.s Then, there exist two constants,

§E€<D+7D—7a7k7672) >07 7]577<D+7D—704;k575;2) >07 (3425)
such that, for every (f1,f_,g,,h1,8,) € Yrr, which satisfies the condition

(£ £, gy, hy, o) llver <6, (3.4.26)

the limiting Poisson problem of Robin-transmission type (3.4.24) for the Darcy-Forchheimer-

Brinkman system has a unique solution (uy, 7, ,u_,m_) € Xgr with the property

||<u+7 Ty, 7T—)||XRT <1 (3427)

Moreover, there exists a constant Cy = Co(Dy,D_,a, £,X) > 0 such that the unique solution
satisfies the estimate

H(qu, Ty, U, W*)HXRT < CUH(f+7 f, g, hy, gQ)HYRT' (3'4'28)

Proof. In order to prove our result, we use a similar technique to that of |71, Theorem 5.2] and
Theorem [3.4.1] This proof consists of three steps.

Step 1. Ezxistence of a solution of problem . To this end we rewrite the limiting nonlinear
Robin-transmission problem (3.4.24) as

(Allj: — a4y — Vﬂ':t = f:t|D:t + Jkﬁ’Di(uiﬂDi in Di,
div Uy = 0 in D:t,
(TI"D_IL) Ir, = —g; on I'y,

3.4.29
b (0 s By + s (10) = (b (07 £+ s () |, (3:4:29)
=h;onTly,
. (ta,D, (11_, T, f_+ Jk,ﬂ,Di (11_))) |1“7 + £ (Trpfu_) |p7 = g5 0n I_.
Next, we aim to construct a nonlinear operator
H:B, — B, (3.4.30)

where B, is a closed ball of the space H}, (Dy)" x H},, (D-)". We show that the nonlinear operator
H maps the ball B, to itself and then, we show that H is a contraction. Hence, the unique fixed
point of the nonlinear operator H gives a solution of the nonlinear problem (3.4.29)).

In order to introduce the nonlinear operator H, we proceed as follows. We note that the

given data (f,f_ g, hi,8,) € Yrr, which is present in (3.4.29), is fixed. We also fix (uy,u_) €
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Hj, (D)™ x H}, (D_)". Then, we write the following linear limiting Robin-transmission problem
for the Brinkman system

(Auj —auf — Vrl = fifp, +Jisp.(us)lp, in Dy,

div u =0 in Dy,

(Trp_u?) |FJr =—gyonl,

tan, (ul, 7}, f + koL (uy)) = (tap_ (02, 7%,f + Jpgp, (u))) I,

=h;on Iy,
\ (ta,D_ (110_,7T0_,f_ + kag,Di(u_))) r_+ £ (TrD u ) Ir. =g,onl_,

(3.4.31)

where (uf,79,u’,n%) is the unknown, while, by Lemma [3.1.3] we obtain the membership

E(klus|us + B(us - Vius) € H1(Dy)".
We apply Theorem in order to deduce that our transmission problem (3.4.31]) has a unique
solution

(us)r’ﬂ-?rauo T_ ) - Tl’lm<f+’D+ + JkﬁD+( +)‘D+7f7’D_ + Jk,ﬁ,D_ (u*)’D_agla h17g2> € XRT

—(U+(U+, —)>R+(u+v —)7U—(u+>u—)aR—(u+7u—))'

In relation , the operator Ty, : Yrr — Xgr is the solution operator provided by relation
(2.4.54). Recall that, in view of Theorem , the operator Ty, : Yrr — Xgr is well-defined, linear
and continuous. It maps the given data to the unique solution of the limiting Robin-transmission
problem for the Brinkman system, under Assumption , n = 2,3. Moreover, the

operator Ty, : Ygr — Xgr satisfies the estimate (2.4.55), given in Theorem [2.4.2]
Now, for the fixed given data (f,f_, g, hi,g,) € Ygr and in view of Lemma and Theorem
2.4.2), we deduce that the operators

(Uy,R,U_ R : HY (D))" x H} (D))" — Xpr, (3.4.33)

introduced in relation (3.4.32)) are continuous operators. Moreover, in view of Lemma [3.1.3] there
exists a constant C'= C(Dy,D_, «r, £) > 0 such that

||(U+(u+7 ) R+(u+7u ),U,(qu,u,),R (u+7 ))HXRT
< Oll(Erlo. E-lo- 81 B8 Ivr + e CIRZ 0,0 + e Cll I o

(3.4.32)

(3.4.34)

o

for all fields (uy,u_) € H} (D)™ x HL (D_)™ (see also relation (3.4.13))). Note that the constants
cf and ¢ which are present in relation (3.4.34)) are obtained by employing relation (3.1.4)) of Lemma
3.1.3| in the sets D, and D_, respectively.

Now let us use relation (3.4.32)) in order to rewrite problem (3.4.31)) as
(AUi(up,u_) —aUi(uy,u_) — VRy(uy,u)

= filp, + Jkpps(us)lp, in Dy,
div Ux(uy,u_) =01in D4,

(TI"D_U (uy,u )) |F+ =—gyonly,

taaDJr(U-‘r(u-i—a —)7 R+(ll+, —) f+ + Jk: ,B,D+ (Ll+)) (3435)
_ (ta’D,(U_<U+, u_), R_ (u+, ) f + Jk:ﬁ D:t( ))) |F+
=h;onl,,

(tap_ (U-(ur,u), Ro(up,u), £+ Jipp. (u))) I
(. + £ (Trp_ U_(up,u))|r.=gyonl_.
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We introduce the nonlinear operator
H: HL (D) X Hiy (D) — HY(D4)" x HY, (D)™, (3.4.36)

which is given by
H(uy, 1) = (U (e, u ), U (uy,u). (3.4.37)

Then, a solution of the problem (3.4.29) in the space Xgr can be found, if we prove that our
nonlinear operator ((3.4.36) admits a fixed point (u,,u_) which belongs to the space Hj (D)™ x
H} (D_)". This fixed point satisfies H(u;,u_) = (u;,u_) and together with 7. = R(u;,u_)
determine a solution of ([3.4.29).

To show that the nonlinear operator admits a fixed point, we show that the operator
(3.4.36) maps a closed ball of the space HL (D, )" x HL (D_)" to the same ball and is a contraction
on that ball.

Now, we define the constants £ > 0 and n > 0 by relation . Let us choose the close ball

B, as in relation (3.4.17) and we assume the given data satisfy inequality (3.4.18). Then, in view
of relation (3.4.34)), we have that

U (e us), U (g u )l < 1, ¥ (s, € B, (3.4.38)

which shows that the nonlinear operator H maps the closed ball B,, to itself, as claimed.

Our next aim is to show that the operator H : B,, — B, is a contraction on the ball B,,. Then, for
fixed given data (f,f_,g,,hy,8,) € Ypr and (v4,v_), (w4, w_) € B,, we have that (see relation
(3.4.20))

[H(vs,vo) = H(W+7W—)||H§iV(D+)"><HéiV(D,)"
1 (3.4.39)
< Sl(ve —wy,ve — W*)HHéiV(D+)anC1“V(D_)n-

In order to obtain the estimate in relation , we use relation and the linearity and
continuity of the operator Ty, : Yrr — Xgr (see relation ) Hence, the nonlinear operator
H:B, = B,isa %—contraction.
Let us apply Banach’s fixed point theorem in order to obtain the existence of a unique fixed
point (u;,u_) € B,, that is
H(uy,u ) = (uy,u). (3.4.40)
Then, the fields (u,, u_) together with 7, = Ry (u,,u_) given in relation (3.4.32)) provide a solution
for the nonlinear problem in the space Xpr. Hence, the fields (u,, 7, u_,m_) € Xpr give

a solution of the nonlinear limiting Robin-transmission problem ([3.4.24)).
Moreover, by using arguments similar to those employed in relations (3.4.21), (3.4.22) and

(13.4.23]) of Theorem , we have that the estimate (3.4.28)) holds, for Cy = %C.
3.4.24])

Step 2. Uniqueness of a solution of problem ( . By using similar ideas to those presented
in Theorem and Theorem , we are able to prove that the solution of the problem (3.4.24)
is unique, in view of the uniqueness property of the fixed point belonging to B,,, which is guaranteed
by Banach’s fixed point theorem.

Step 3. Continuous depedence of the solution of the problem on the given data. As in
Theorem and Theorem [3.2.1] we note that the continuity of the operators H : B,, — B,, and
Tim : Yrr — Xgr (see relation (2.4.54))) implies that the unique solution (uy,7,u_,7_) € Xgr
of the problem depends continuously on the given data and estimate holds with
Co = %C’ . Thus, our proof is complete.

m
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3.4.2 The Darcy-Forchheimer-Brinkman system and a related Robin-
Dirichlet problem

The goal of this subsection is to highlight the particular role that a transmission-type problem
satisfies. In the latter, let «, k, 8 > 0 be given constants and let Assumption be satisfied. Note
that, we consider the Lipschitz domain D_ and we use similar arguments as those described in [82),
p. 4581]. Let us proceed by stating the fact that the problem (3.4.24)) is well-posed (see Theorem
. Consequently, we obtain a unique solution (uy, 7, u_,7_) € Xgr of the problem (3.4.24)).
From it, we extract the pair (u_,7_) € HL (D_)" x L?*(D_) and we note that this particular pair
satisfies another boundary value problem, namely, the following Robin-Dirichlet problem for the
Darcy-Forchheimer-Brinkman system in D_. This boundary value problem is given by

Au_ —ou_ —kju_|u- = f(u- -V)u. —=Vr_=f|p inD_,

divu_ =0in D_,

(Trp_u-)|r, = —gy on I'y,

(tap (u_,7m_,f_ +E_(klu_ju_ +B(u_ - V)u_))|r_ + £(Trp_u)|r. =g,, on I'_.

(3.4.41)

To summarize, we can obtain the solution for a boundary value problem (that is, problem
3.4.41))) by extracting it from the solution of a transmission-type problem (that is, problem
3.4.24])). It follows that the pair (u_,7_) is a solution of the Robin-Dirichlet problem (3.4.41))
for the Darcy-Forchheimer-Brinkman system.

Let (f_,g,,8,) € H(D_)" x HZ(I',)” x H™2(I'_)" satisfying conditon (3.4.26) of Theorem
3.4.2l Then, we have the following consequence (see [82, p. 4581]).

Corollary 3.4.3. The Robin-Dirichlet problem for the Darcy-Forchheimer-Brinkman system
3.4.41) has a solution in the space H} (D_)" x L*(D_), where n = 2, 3.
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4

A numerical approach related to the
Darcy-Forchheimer-Brinkman system with
Robin-Dirichlet conditions

The aim of this chapter is to study, numerically, the Robin-Dirichlet problem for the Darcy-
Forchheimer-Brinkman system, namely problem . In addition, we have an existence result
for the problem (3.4.41]), which is Corollary [3.4.3] We solve numerically a lid-driven cavity problem.
This problem consists of a square cavity which contains a solid square. Consequently, we have an
interior boundary (that is, the boundary of the internal solid square) and an exterior boundary
(that is, the exterior walls of the cavity). The interior walls are considered to be fixed. The exterior
walls slide at different constant velocities. In addition, the domain contained between the exterior
and the interior boundary is filled with a porous media and is saturated by a viscous Newtonian
incompressible fluid, which is modelled by the Darcy-Forchheimer-Brinkman system (see Relation
(4.1.1)). The geometry is given in Figure The content of this chapter follows the results that
were obtained in the paper [9].

We note that our previous approaches in Chapter 2 and Chapter 3 have focused on obtaining
a unique solution for our transmission-type problems. Indeed, we have used layer potential theory
to construct a solution in the linear problems. We have also used the Banach fixed point Theorem
in order to get a solution in the non-linear setting. In addition, we have seen that we may obtain
a solution to other boundary value problems by extracting it from a transmission problem. We
present another approach to finding a solution for a boundary value problem which is rooted in
some devices that stem from Numerical Analysis.

In the latter, we take note of some past works that concern the lid-driven cavity flow problem.
Firstly, let us emphasize the contribution of Ghia, Ghia and Shin [55]. The authors have obtained
numerical results for a driven flow in a square cavity. These results provide a useful test case by
which other numerical methods can be checked against. In [88], the authors note that the lid-driven
cavity flow problem is a test problem, in two or three dimensions, through which diverse numerical
schemes can be validated or invalidated. The attractiveness of such a problem consists of its simple
geometry and its perceived flow structure. Gutt and Grosan [62] have investigated numerically
a mixed Dirichlet-Robin boundary problem for the Darcy-Brinkman system in the setting of the
lid-driven porous cavity problem. They also analyze the influence of various parameters on the fluid
flow. Papuc [I18] has investigated a lid-driven porous cavity flow problem with an internal square
block. The author has analyzed this problem both theoretically and numerically by investigating a
Dirchlet problem for the Darcy-Forchheimer-Brinkman system.
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4.1 Numerical study of the lid-driven cavity flow problem
in a 2-dimensional cavity with Navier slip boundary
condition in the presence of a solid body

4.1.1 Statement of the problem and remarks

Let us describe the mathematical model of our lid-driven problem in a two-dimensional cavity
with Navier slip boundary condition, in the presence of a solid body. Our goal is to study the
flow of a viscous Newtonian incompressible fluid in a porous medium in a special Lipschitz domain
denoted by D_, as seen in Figure 4.1} while we consider Dirichlet boundary condition on the interior
boundary and Robin boundary conditions on the exterior boundary. Let us describe the geometry
of our problem. We consider D C R? a square cavity of length L which contains a solid square
obstacle, denoted by D, of length [ such that [ < L. Let us define D_ := D \ D,. The interior
boundary, denoted by I', is considered to be fixed, while the exterior boundary I'_, consist of four
walls T ) Y, ', T" which are sliding at different constant velocities (see Figure .

yh
1—16
I,
L r
rt D, r
D_
o Tt e

Figure 4.1: The porous cavity with internal square block

4.1.2 Mathematical model of the problem

Inside the porous cavity, i.e., Fig [£.1 the fluid flow is described by the Darcy-Forchheimer-
Brinkman system (see, e.g., [4], [60], [I44]). On the exterior boundary I'_, we impose the Navier-slip
condition which is a Robin type boundary condition (see, [66], [I25]) and on the interior boundary
I'y, we impose the Dirichlet boundary condition. The mathematical model for our problem is

r 1 _ C
Au _ %ui — VipVﬂ' — ;(ui . V)u? —+ VK\/%’LI‘U in D,
divu_ =0 in D (4.1.1)
u_ =g, on Iy
Ju_
\u,+81(9?—g2 onI'_

Let us describe the quantities that are involved in (4.1.1)). We have

— u_ = (Uy, uy)|p_ is the two-dimensional velocity field
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7_ is the pressure function

k is the porosity of the medium

K is the permeability of the medium

- Cf = \/% is the friction coefficient (see, e.g., [139])

— s is the slip length parameter
— n_ is the outward unit normal to I"_.
In addition, the values of g;, g, and n_ are given by

) onT%
(0,u") onI"
(u’,0) on Tt
(0, u)

on I't,

g = (0.0)onl,, g — (4.1.2)

and
,1) on I'

= (0
(1,0) on I'
= (0, —
(-1

\@I* I“

) on I (4.1.3)

,0) on I,

where I'", T, I'® and I'" are the top side, the right side, the bottom side and the left side of the

exterior square in Figure (4. respectlvely Consequently, by employing relations (4.1.2]) and (4.1.3] -
we can rewrite the boundary condition 4 as

n
n
n
n

r Ou,
ut — 5 auy O) on I't
0
0,u" — sl%) on I'"
u_ = g (4.1.4)
ub—l—sl—y,()) on I'”
ox
0
0,ul + sl&> on I'" .
L Oz

Now, in order to conduct the non-dimensional analysis, let us replace the dimensional variables

in (4.1.1) and (4.1.4)) with the dimensionless variables

. Hence, we obtain
'AU_—D—U_—RMVH Re (U_ V)U* R\‘;;_CHU U_ D
e
U —I—SZ(ZU_ G on I'_
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and )
(1,0) on I'
(0,U7) on I'"
Gy = (U, 0) on T (4.1.6)
(0,U" on I'!
(
In addition, in view of the non-dimensional analysis, in (4.1.5) we have that
— Re = % - the Reynolds number
— Da = % - the Darcy number
and the right hand side of contains the values
U= % Ul = Z—: Ul = Z—i (4.1.7)

which are the ratios between the sliding velocities of the outer right, bottom and left walls and the
velocity of the upper wall.
In our analysis, we also consider the stream function ¥ which is given by
ov ov
Uy ==, Uy = ——. (4.1.8)

oY 0X
We use this function to compute the maximum stream function value reached inside the cavity,
U, ez Also, we use the stream function ¥ in order to visualize the fluid flow pattern, which is
observed in the form of the stream lines.

4.1.3 Numerical method and validation of the model

We use the finite element based software COMSOL Multiphysics (see [I45]) in order to solve
the system (4.1.5)) together with the equation

_ou, 0,
oY 0X
Note that equation (4.1.9) is derived from relation (4.1.8)).

In order to discretize the domain in Figure 4.1} we consider a free quad mesh. The mesh was
constructed as follows. We starting with a fixed number of elements, N, which established on either

AT (4.1.9)

side of I'_. On the side of the I'y we have N 7 elements. The maximum size of an element inside

1
the cavity is set to N To get a numerical solution, the nonlinear solver iterates until the relative

error is less than e = 1075,

Next, we perform a convergence test for the maximum value of the stream function, V,,,.,
depending on the refinement level of the mesh. This is done in order to determine the dependence
of the solution on the chosen mesh. Moreover, it allows us to find the optimal grid from the
perspective of computational cost and as well as the accuracy of the results. Then, for our problem

(4.1.5)) together with (4.1.9) we have the following default settings
L=1,1=04, k=0.3, Re=100, Da=0.01, U"=U"=—-0.1, U' =0.1. (4.1.10)
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N (elements on exterior side) Vo Errory, .
20 0.04366673
40 0.04358508 | 0.000081465
60 0.04358398 | 0.0000011
80 0.04358332 | 0.00000066

Table 4.1: Mesh dependence

In view of we have obtained Table , which contains the computed values of V,,,, for
different values N. From Table [4.1] we determine that the choice of the mesh containing 80 elements
on each side of I'_ of in Figure is appropriate for our simulations.

Now we compare our numerical solutions with previous established results in order to validate
our approach. To this end, we have the following settings

Ur=0'=U'=0, p=1,1=0, S, =0, (4.1.11)

which is the case of the porous lid-driven square cavity problem with vanishing obstacle and no-slip
boundary condition. Next, for the values

k =0.1, Re =10, Da = 0.01, (4.1.12)

we plot the x component of the velocity, U,, along the vertical line through the cavity center and the
y component of the velocity, U,, along the horizontal line through the cavity center. We compare
the obtained velocity profiles that we determined with the data obtained in [60]. Both graphs in
Figure show a good agreement.

W(x,1/2)

WK(Li2,Y)

(a) U, along vertical cen- (b) U, along horizontal
terline centerline

Figure 4.2: The components of the velocity along vertical and horizontal center-lines of the squared
cavity, compared with [60].

4.1.4 Results and discussion

We aim to determine the impact of the dimensionless slip length, S;, on the fluid flow inside the
porous cavity. To this aim, we set the parameters

=04, k=03, Re=100, Da=0.01, U" =U"= 0.1, U' =0.1 (4.1.13)

and we study the flow properties for S; € (0,0.003).
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Sl ‘ qjmaw

0 0.04371041
0.0005 | 0.04317579
0.001 | 0.04290319
0.0015 | 0.04262631
0.002 | 0.04234790
0.0025 | 0.04206969
0.003 | 0.04179283

0.044

0.0435

0.043

0.0425

0.042

Maxumum stream function value (Wnay)

0.0415

0 0.0005 0.001 0.0015 0.002 0.0025 0.003
S

Table 4.2: Maximum stream function Figure 4.3: Dimensionless slip length ef-
values for different S fect

The computed values V,,,,. inside the cavity for different values of the dimensionless parameter
S, € (0,0.003) are displayed in Table [1.2] These values are also represented in Figure Figure
[4.3] shows the linear decrease of W,,,, between S; = 0.0005 and S; = 0.003. The fluid displacement
inside the porous cavity is highlighted in Figure[4.4, An important remark that can be made here is
that the variation of the dimensionless slip parameter S; does not suddenly change the flow pattern.
This can be seen in the similarity of all three images in Figure being quite similar. Even if the
stream lines and the velocity profile are different in each case, these differences are negligible and
not so obvious.

(b) S' = 0.0015 (c) S' =0.003

Figure 4.4: Streamlines and Velocity profiles for different values of slidding parameter .5;.

We continue our analysis and we set S; = 0.0005. We consider
Ur=0"=U, U = -1, (4.1.14)
where U is a constant which takes the values
U =0.1,0.3,0.5,0.7,0.9, (4.1.15)

respectively. Hence, we want to see the how fluid flow behaves inside the cavity, whether the
velocity of the vertical walls and the bottom one increases towards the velocity of the top lid. The
other parameters remain the same as in relation . In this situation, the stream lines and
the velocity profiles for the fluid particles for U = 0.1,0.5,0.9 are provided in Figure [£.5] Let us
note that, for increasing values of U, the center of the secondary vortex, which is initially close to
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the top side, tends to approach the center of the cavity, eventually being assimilated by the main
vortex rotating around the obstacle. This is due to the balance of forces generated by the four walls
arranged symmetrically. In Table we see how W,,,, varies, while its minimum is reached for
U = 0.3. Beyond U = 0.3, ¥,,,, tends to increase as U approaches the velocity of the upper wall,
reaching a maximum value for U = 0.9.

(a) U =0.1 (b) U=0.5 (c) U=0.9

Figure 4.5: Streamlines and Velocity profiles for S; = 0.0005 and U = 0.1,0.5,0.9.

Finally, let us consider the default values given by and we fix S; = 0.0005. Let us modify
one by one, the sliding direction of the left, bottom and right walls, in order to verify the influence
on the flow pattern.

In Table [4.4] we see that lowest value of W,,,, is obtained when the right wall has an upward
sliding direction and the highest when the bottom wall moves to the right. Let us note that, in
all three situations, high values are obtained inside the cavity, similar to those encountered in the
case where the walls form a movement similar to the clockwise rotation motion. This means that
the sliding of a wall in the opposite direction does not slow the flow inside the cavity, but rather
enhances it through the vortices it forms. These vortices can be seen in Figure having the
direction of flow opposite to the one of the main vortex.

U ‘ \IijLZE

0.1 | 0.04317579

0.3 | 0.04286458 LU U) | Ve

0.5 | 0.04294202 (-0.1,-0.1, -0.1) | 0.04347869

0.7 | 0.04330634 (0.1, 0.1, -0.1) | 0.04356940

0.9 | 0.04392932 (0.1,-0.1, 0.1) 0.04298635
Table 4.3: Maximum stream function values Table 4.4: Maximum stream function values
for for different sliding directions of U!,U® U"
variation of U (right)
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(a) Ul = —0.1 (b) U*=0.1 (c) U" =0.1

Figure 4.6: Streamlines and Velocity profiles for S; = 0.0005 and different slidding directions of the
three lower walls.
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Further research directions

We would like to point out some research directions that could be followed after this monograph.

Extension of the obtained results

As a first future direction, we aim to extend the original results that were presented to more
general function spaces such as LP-based Sobolev space, for p € (1, 00), Besov spaces, Bessel poten-
tial spaces, Triebel-Lizorkin spaces. We can also consider our boundary value problems in certain
domains whose geometry is more general or more complex, for example, polyhedral domains, do-
mains with cusps. In addition, we intend to obtain such results by using other techniques such
variational methods and the fixed point index theory. In addition, we can pursue a practical study
such as the investigation of the correlation between physical parameters (for example, the Reynolds
number) and the existence of vortexes in some viscous fluid flows in the presence of solid obstacles.
In such a study we can formulate boundary value problems which are similar to the ones which we
have investigated.

Variable coefficients

In recent years, a great deal of work has been devoted (see, e.g., [78], [79], [86]) to the generaliza-
tion of the Stokes equations. Namely, instead of the Laplacian, one can consider another divergence
form, second-order elliptic differential operator. Consequently, this approach leads to the anisotropic
Stokes system and anisotropic Navier-Stokes system, respectively. These generalizations account of
the possibility of the modeling of a incompressible fluid with variable viscosity.

This new perspective leads to the future idea of studying boundary problems for more gen-
eral Brinkman or Darcy-Forchheimer-Brinkman equations, in various configurations, while all the
coefficients that appear in these systems are variable (see, e.g., [85]).

Bidisperse (Multidisperse) Porous Media Models

Another possible development that can be pursued is the theoretical and/or numerical study of
bidisperse porous media.

The authors in [84] have developed a theoretical analysis for a general system of coupled Navier-
Stokes-type equations in the incompressible case in the setting of a bounded domain, where a
homogeneous Dirichlet condition was considered. Their approach is based on the model proposed by
Nield and Kuznetsov in the papers [116] and [117]. Kohr and Precup [85] have studied a general class
of coupled anisotropic Navier-Stokes-like equations with variable coefficients that describe viscous
fluid flows in multidisperse anisotropic porous media. They have considered also non-homogeneous
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reaction-type terms in the incompressible case. The authors have employed a variational technique
and fixed point index theory in order to obtain existence results.

The papers [84] and [85] suggest an a possible research direction, that of the investigation of
other models that appear in the study of flows in anisotropic bidisperse (or multidisperse) porous
media with the goal of obtaining existence results for other boundary problems associated to the
underlying PDE systems.

Moreover, another point of exploration can be the diversification of the numerical methods that
can be employed in the study of boundary problems suggested by applications in Fluid Mechanics
and porous media. Let us mention that, in addition to the classical approaches as finite difference
methods (e.g., employed in [58]), finite volume methods (see also the monograph of Hoffmann
and Chiang [67]), there are powerful PDE solvers such as FreeFem++, Ansys, Comsol that can be
employed in order to obtain numerical results for future studies of various boundary value problems.

Boundary value problems on manifolds

Finally, we want to specify the results included in this monograph have all been obtained in
the Euclidean setting of R"™. There are also many works devoted to the investigation of boundary
problems on compact manifolds (see, e.g., [76], [82], [86], [I12], [I13]). A natural step would be to
consider similar boundary value problems, with those that we have treated, but in the setting of
compact Riemannian manifolds or non-compact Riemannian manifolds.

More recently, a new concept has been developed. We want to highlight a contribution made
by Kohr, Nistor and Wendland in [81], in which they obtained the results needed to introduce and
investigate layer potentials on manifolds with conical or cylindrical ends. They devoted their study
to the introduction of classes of pseudodifferential operators that are defined on these manifolds,
called ’translation invariant at infinity” and ’essentially translation invariant’ operators and studied
their properties, having in view applications to the Stokes system. As a future research direction
that can be inferred, the work [81] (see also [I11]) provides an opening for the analysis of various
boundary problems for other elliptic PDE systems in the setting of manifolds with cylindrical ends.



Conclusions

The aim of this book is to provide existence and uniqueness results for transmission-type bound-
ary value problems for certain constant-coefficient and variable-coefficient elliptic systems. Some
of these systems can be found in the field of Fluid Mechanics, while others are involved in certain
models of porous media. The aforementioned transmission-type problems are investigated in the
Euclidean setting using the means of potential theory and fixed point methods and we complement
the theoretical results with a numerical investigation of a boundary value problem.

We begin by describing all notions that we use throughout this monograph. We discuss Lipschitz
domains, L?-based Sobolev spaces, weighted Sobolev spaces (see Section . We continue with the
introduction of the (Gagliardo) trace operator (see Theorem in the classical Sobolev spaces
as well in the weighted Sobolev spaces (see Remark[1.1.19). Next, we analyze the Stokes, Brinkman
and generalized Brinkman equations (see relation (|1.2.21])) and we provide their associated conormal
derivative operators (see Definition , Lemma m Definition , Lemma m, Definition
, Lemma. For the Stokes and Brinkman systems, respectively, we give their respective
fundamental solution (see Subsection , Subsection , we introduce their associated single
layer, double layer and Newtonian potentials (see Definition [1.3.1] Definition [1.3.3] Definition [1.3.5
Definition , Definition m Definition . For each of these potentials we have given their
mapping properties (see Theorem m, Theorem m Theorem m, Theorem m, Theorem

1.4.4) Theorem [1.4.7)), their jump properties (see Lemma Lemma [1.4.8) and their growth
conditions at infinity (see relation (1.3.26)), relation (1.4.28))).

The following chapter is concerned with existence and uniqueness results for transmission prob-
lem for linear PDE systems. First, we have a well-posedness result for the exterior Dirichlet prob-
lem for the Brinkman system in R?® (see Theorem . This is an auxiliary result that we use in
our monograph. Next, by using a layer potential analysis and Fredholm operator theory, a well-
posedness result for the transmission problem for the generalized Brinkman and Stokes systems
is obtained in the setting of weighted Sobolev spaces in complementary Lipschitz domains in R3
(see Theorem [2.2.2)). Another existence and uniqueness result for the transmission problem for the
generalized Brinkman and classical Brinkman systems is also obtained in the setting of classical
Sobolev spaces in complementary Lipschitz domains in R3 (see Theorem [2.3.1). This is possible
by making use of a layer potential technique. Each of the well-posedness results mentioned in the
former is accompanied by a well-posedness result for some transmission-type problems which con-
tain constant coefficient systems (see Theorem and Theorem respectively). Moreover,
in the Euclidean setting of R, n > 2, in the geometric configuration given in Assumption [1.1.7], we
have a well-posedness result for the Robin-transmission problem for the classical Brinkman system
(see Theorem . This result was established with the help of potential theory and Fredholm
operator theory. A similar approach is adopted in order to show that, in R™, n > 2, the limiting
Robin-transmission for the classical Brinkman system is also well-posed (see Theorem and in
view of its well-posedness, we obtain, as a consequence, the well-posedness of the Robin-Dirichlet
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problem for the Brinkman system (see Corollary .

The next chapter follows a similar structure to the second chapter. It contains the generalization
of the Darcy-Forchheimer-Brinkman system (see relation (3.1.1))) and a lemma (see Lemma
that we use in this particular chapter. The main technique of this chapter is that of combining the
results that were obtained in the previous chapter with a fixed point theorem in order to obtain
existence and uniqueness results. Here, we have the well-posedness result for the generalized Darcy-
Forchheimer-Brinkman and Stokes systems in the setting of Assumption [1.1.6|in weighted Sobolev
spaces in R? (see Theorem . Next, we have the well-posedness result for the generalized
Darcy-Forchheimer-Brinkman and Brinkman systems in the setting of Assumption in R? (see
Theorem . Also, another well-posedness result is obtained for the Robin-transmission problem
for the classical Darcy-Forchheimer-Brinkman systems under the Assumption [I.1.7] in R, n > 2
(see Theorem . In addition, the limiting Robin-transmission problem for the classical Darcy-
Forchheimer-Brinkman in the setting of Assumption is also well-posed (see Theorem .
This previous well-posedness result gives an existence result for the Robin-Dirichlet problem for
the classical Darcy-Forchheimer-Brinkman system in D_ in the setting of Assumption m (see
Corollary .

The final chapter consists of a numerical investigation for the lid-driven cavity flow problem in
two dimensions for the Darcy-Forchheimer-Brinkman system. For this problem we have considered
Dirichlet boundary conditions on the interior wall and Robin boundary conditions on the exterior
wall (see Figure . We analyze the impact of the dimensionless slip length on the behavior of
the fluid flow inside the porous cavity.

Lastly, this work employs layer potential methods and a fixed point theorem in order to ob-
tain well-posedness results for transmission problems which contain PDE systems that appear in
Fluid Mechanics and Porous Media. This study is complemented by a numerical investigation of a
boundary value problem. All results are obtained in an Euclidean setting.



Appendix

A Agmon-Douglis-Nirenberg elliptic systems

The goal of this section is to give the notion of an Agmon-Douglis-Nirenberg elliptic system. Let
us note that, the linear PDE systems that are involved in our work, such as the Stokes or Brinkman
systems are examples of Agmon-Douglis-Nirenberg systems. In order to describe such a system, we
provide, first of all, some useful concepts (see [42] and see also [68], [70], [143]).

Let n € N, n > 2. Let us begin by considering a differential operator of order r € N,

S, D)= faly)D", (A1)

laf<r

where o € Z7} is a multi-index, D® is given by relation (I.1.1) and |a| = > 7, [a|. Recall that Dy,
is given by relation (1.1.2]) and let ¢* := ({*...(2". Now, assume that f, € C*°(R™). Consequently,
the symbol of F(y, D) is the polynomial

Fy,Q) =" faly)C™ (A.2)

la|<r

The principal symbol of F(y, D) is given by

(0 (W €)= D faly)(™ (A.3)

|a|=r
We provide the following useful definition.

Definition A.1. For r € R, the space S" of symbols of order r is the space of functions f €
C®(R™ x R™) such that the following condition

[DEDf(y, Ol < dag(L+ ¢, V iy, ¢ e R (A4)
holds for all multi-indices o, 3 € Z1 .

Next, we discuss pseudodifferential operators. This notion is used in the description of a Agmon-
Douglis-Nirenberg system. We have the following proposition.

Proposition A.2. Let f € S". Ifv € S(R"), then §(y, D)v(y) € S(R™), where

Sy, D)v(y) =

el ISl (A.5)
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Definition A.3. An operator §(y, D) given by relation 15 called a pseudodifferential operator
of order r on R™.

Let us give the definition that allows us to introduce elliptic symbols.

Definition A.4. Let f € S". The symbol f s elliptic if there exist d,R > 0 two constants, such
that
£, Q) > diCI", ¥ ¢ € R™ such that (] > % (A.6)

In the latter, we use Definition [A.3] We consider

%’<y7 D) = (SU (y7 D))i,j:m7 Y € Rn7 (A7)

a matrix of pseudodifferential operators §;;(y, D), whose symbols are denoted by §7 = §(y, D).
In addition, we assume that there are a;, b; for 4,7 = 1,m such that F¥ € Se+b,
In our description, let us now deal with the Agmon-Douglis-Nirenberg system of PDEs

m a7,+b

> S W) D) = filx), j=Tm. (A.8)

j=118|=0
In this case, the matrix of pseudodifferential operators § = (§i;); j—1m s given by

ai+bj

= > 3D’ (A.9)

|8]=0

and its corresponding symbols {S’Zﬁj(y) € S%*%  Next, we assume that a; < 0 for i = 1, m.
Now, for the system (A.8) we have its symbol matrix (§(y,¢)); j—1;m, which is given by

a;+b;
(. Q) =) T (A.10)
|8]=0
and its principal part is given by
a;+b;
S, Q) =D T (A.11)
181=0
where § 15, (Y, C) Is zero if §(y, () is of order at most a; + b;.

Let us state the definition of an elliptic system in the sense of Agmon-Douglis-Nirenberg.

Definition A.5. Let (Fij); j—17: be a matriz of pseudodifferential operators. Then, the system
((Fi5)) s elliptic in the sense of Agmon-Douglis-Nirenberg if its characteristic determinant o(y, C)
satisfies

o(y, () #0, VyeR" (eR"\ {0}, (A.12)

aierjSi’:—i—bj <y7 |g|):| (A13)

We end this section with the following remark.

where

o(0:6) = det I
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Remark A.6. The Stokes operator is elliptic in the sense of Agmon-Douglis-Nirenberg. In
addition the Brinkman operator is elliptic in the sense of Agmon-Douglis-Nirenberg as well

(see [2], [68]).

Let us end this section by mentioning the fact that even in the anisotropic case, the anisotropic
Stokes and anisotropic Brinkman systems are elliptic in the sense of Agmon-Douglis-Nirenberg. The
authors in [77] have proved this claim by using a variational argument.

B Fredholm operators

The aim of this section is to provide the reader with very useful results regarding Fredholm
operator theory, which have appeared in the proof of our results, in Chapter 2 and Chapter 3,
respectively. We will introduce the notion of a Freholm operator and two results that we have used
throughout this work (see, e.g., [2], [68], [143]).

To this end, assume that X and Y are two Banach spaces. Recall that, for a linear operator
A: X —Y, we have

KerA :={z € X | Az = 0}, (B.1)

the kernel (or null space) of A,
Im A:={y €Y | 3z € X such that Az = y}, (B.2)
the image of A. We will also need the quotient space
Y/InA:={yl=y+ImA|yeY} (B.3)
Also, let us denote by
LC(X,Y):={A: X =Y | Ais linear and continuous}, (B.4)

the set of all linear and continuous operators defined on X with values in Y. This space is a normed
space and its norm is given by

Allzoexyy == sup [(A,2)]. (B.5)

zeX||z||x <1
We have the following definition (see [143], Definition 9.1]).

Definition B.1. Let A € LC(X,Y). Then, A is a Fredholm operator if

(i) ng = dim(KerA4) < oo.

(11) ny := dim(cokerA) := dimY/Im A < oo
(111) Tm A := A(X) is a closed subspace of X.
Moreover, we define the index of A by

indA := dim(KerA) — dim(cokerA) = ny — ny < oo. (B.6)

Note that if condition (7i) of Definition (B.1]) holds, then condition (i) of Definition (B.1]) holds
as well (see [143, Definition 9.1]).
Now, let us recall a useful definition.
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Definition B.2. Assume that X and Y are normed spaces and let A : X — 'Y be a linear operator.
Then, A : X — Y is a compact operator if it maps bounded subsets of X into relatively compact
subsets of Y.

In the latter, we give some results that are involved in the proof of our well-posedness results in
Chapter 2 and Chapter 3.

Lemma B.3. Assume that X andY are Banach spaces and let A : X — Y be a Fredholm operator.
Let K : X —'Y be a linear and compact operator. Then the operator A+ K : X — Y is a Fredholm
operator as well and ind(A + K) = indA.

Corollary B.4. Assume that X andY are Banach spaces. Let K : X — Y be a linear and compact
operator. Then the operator 1+ K : X — 'Y s a Fredholm operator of index zero.

Corollary B.5. Assume that X and Y are Banach spaces. Let A : X —'Y be a Fredholm operator
of index zero. Then, the operator A : X — Y is an isomorphism if either one of the following
condition holds

(i) A is injective
(i1) A is surjective.
Now, we consider X a real Banach space. The dual space of X, denoted by X’ is given by
X' = LC(X,R). (B.7)
Note that, X’ is also a Banach space and its norm is given by

lgllxr = sup  [(g,20)]. (B.8)

o€ X, |xo||x=1

Assume that X and Y are Banach spaces. Let A € LC(X,Y). Then, the adjoint of A €
LC(X,Y) is the operator A’ € LC(Y’, X') defined by

(Az,y') = (x,B"y), Ve e X,y € Y. (B.9)
Let us end this section by providing the following result.

Lemma B.6. Let A : X — Y be a Fredholm operator. Then A’ : Y’ — X' is also a Fredholm

operator and
indA’ = —indA. (B.10)
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